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Hyperbolic triangular prisms with one ideal vertex
Grant S. Lakeland and Corinne G. Roth

(Communicated by Kenneth S. Berenhaut)

We classify all of the five-sided three-dimensional hyperbolic polyhedra with one
ideal vertex, which have the shape of a triangular prism, and which give rise to a
discrete reflection group. We show how to find each such polyhedron in the upper
half-space model by considering lines and circles in the plane. Finally, we give
matrix generators in PSL2(C) for the orientation-preserving subgroup of each
corresponding reflection group.

1. Introduction

A convex polyhedron in hyperbolic 3-space H3 generates a discrete group of
isometries if the dihedral angles at which its bounding planes meet are all integer
submultiples of π — that is, each angle is of the form π

n radians for an integer n≥2 —
and if the dihedral angles satisfy some other combinatorial criteria. The set of all
such polyhedra is infinite, with some partial classifications completed. For example,
the fewest sides such a polyhedron may have is four, and the 32 hyperbolic tetrahedra
were found in [Lannér 1950; Vinberg 1967; Thurston 1979]. The 825 smallest-
volume all-right-angled polyhedra were found in [Inoue 2015].

For certain computations, it is helpful to know matrix generators in PSL2(C)

for the orientation-preserving index-2 subgroups of these reflection groups. Such
generators were found for some of the tetrahedral groups by Brunner, Lee, and
Wielenberg [Brunner et al. 1985], and the second author has shown how to find
these for all 32 tetrahedra [Lakeland 2010]. These matrix generators have recently
been used, for example, in [Hoffman 2014] to study knot complements which cover
tetrahedral orbifolds, and in [Şengün 2012] to study growth in torsion homology of
subgroups of the tetrahedral groups.

In this paper, we perform the same calculations for one class of five-sided
polyhedra, which when drawn schematically resemble triangular prisms. The set of
all such polyhedra is infinite, and for simplicity we restrict our attention to such

MSC2010: primary 57R18; secondary 20F55.
Keywords: hyperbolic reflection group, prism, ideal polyhedron.
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362 GRANT S. LAKELAND AND CORINNE G. ROTH

polyhedra which have one ideal vertex and five finite vertices. As such, all of our
examples are noncompact. We find:

Theorem 1.1. Up to relabeling by symmetry of the prism, there are 12 infinite
families of prisms with exactly one ideal vertex, each of which has one dihedral
angle which may be any integer submultiple of π less than or equal to π

6 . In
addition, there are 78 specific arrangements, where in each case all dihedral angles
not incident to the ideal vertex are at least π5 .

We note that the list of polyhedra considered in this paper overlaps with those
considered by Kaplinskaja [1974], who studied finite-volume simplicial prisms in
H3, H4 and H5 which give rise to discrete reflection groups, and listed their Coxeter
graphs. Each of our prisms either appears there, or can be decomposed into two
polyhedra which do. As such, our classification is not new, although we do not
believe that our polyhedra have previously been listed in this way. The Coxeter
graphs of these polyhedra do not immediately allow one to produce isometries
which generate the orientation-preserving subgroup, and in this paper we provide a
method for this.

The method used is the following. First, we use Andreev’s theorem to set up
the combinatorial rules which the dihedral angles must satisfy, and we find all
admissible arrangements of angles which satisfy these rules. Then, we reduce the
problem of finding hyperbolic planes in the upper half-space H3 which meet at
these prescribed angles to a similar problem, involving finding lines and circles in
the plane which meet at the same angles. Finally, we use this geometric data to
write down matrix generators for each group.

This paper is organized as follows. After some geometric preliminaries in
Section 2, in Section 3 we describe all of the possible arrangements of angles which
are possible for our prisms, grouped by the possible angles at the ideal vertex. We
also outline a method to locate each prism precisely in H3. In Section 4 we describe
a general method to find each prism and write down corresponding matrices which
generate the orientation-preserving subgroup of isometries of H3, and in Section 5
we summarize the possible angle arrangements in tables.

2. Geometric preliminaries

We recall some definitions and results about hyperbolic polyhedra. We will work in
the upper half-space model for H3, {(x, y, z) ∈ R3

| z > 0}, and we recall that in
this model, geodesic lines are vertical lines and semicircles which meet the plane
{z = 0} perpendicularly, and geodesic planes are vertical planes and hemispheres
whose equators lie in the plane {z = 0}.

We first note that in order for a polyhedron to generate a discrete reflection group,
all of its dihedral angles must be integer submultiples of π radians, and the integer
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must be no less than 2. In this paper, we will label a dihedral angle of π
n by the

natural number n.

Definition. A triangle is Euclidean if its angles p, q , and r satisfy

π

p
+
π

q
+
π

r
= π or

1
p
+

1
q
+

1
r
= 1.

Definition. A triangle is spherical if its angles p, q, and r satisfy

1
p
+

1
q
+

1
r
> 1.

Definition. A triangle is hyperbolic if its angles p, q, and r satisfy

1
p
+

1
q
+

1
r
< 1.

With these definitions in mind, we will appeal to Andreev’s theorem [1970]
for hyperbolic polyhedra, which specifies exactly what conditions a combinatorial
arrangement of dihedral angles must satisfy in order for it to give rise to a hyperbolic
polyhedron. For the precise statement given below, we refer to work of Dunbar,
Hubbard, and Roeder [Roeder et al. 2007].

Theorem 2.1 (Andreev). If P is a compact, finite-sided hyperbolic polyhedron with
dihedral angle αi at each edge ei , then the following conditions hold:

(1) For each i , we have αi > 0.

(2) If three edges ei , ej , ek meet at a vertex, then αi +αj +αk > π .

(3) If there exists a prismatic 3-circuit intersecting ei , ej and ek , then αi+αj+αk<π .

(4) If there exists a prismatic 4-circuit intersecting ei , ej , ek and el , then αi +αj +

αk +αl < 2π .

(5) For a quadrilateral face with edges enumerated successively e1, e2, e3 and e4,
if e12, e23, e34, and e41 are such that e12 is the third edge meeting at the vertex
where e1 and e2 intersect (and similarly for other ei j ), then

(a) α1+α3+α12+α23+α34+α41 < 3π , and
(b) α2+α4+α12+α23+α34+α41 < 3π .

The dihedral angle of intersection of two planes in the upper half-space model
of H3 is the same as the angle between the respective tangent planes at any point of
intersection. Since these planes are either vertical Euclidean planes or Euclidean
spheres with center on the plane {z= 0}, if two planes intersect, they have a common
point on the plane {z = 0}. In this case, the respective tangent planes are both
vertical Euclidean planes, and so the dihedral angle is the angle the tangent planes
make in the xy-plane.
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Figure 1. The vertical line is x = r cos θ .

With this in mind, we observe that the aim of finding five hyperbolic planes
which intersect at prescribed angles may be reduced to finding five lines and circles
in the xy-plane which intersect at the same prescribed angles. Since three of our
planes intersect at an ideal vertex, we may place this ideal vertex at∞, and thereby
assume that the three planes are vertical Euclidean planes. These will correspond
to Euclidean lines in the xy-plane. The remaining two sides will then correspond
to circles in the xy-plane; since angles of intersection are preserved by Euclidean
similarities, we may take one of the circles to be the unit circle in the xy-plane.

With these assumptions about our setup in place, when finding lines and circles
which intersect at given angles, we will appeal frequently to the following results.

Lemma 2.2. A line that intersects a circle of radius r at angle θ comes distance
r cos(θ) away from the center of the circle at its closest point.

Proof. After translating and rotating if necessary, we may assume that the line is
vertical, and further that it is of the form x=a for a≥0, and that the circle is centered
at the origin. The intersection points are then (a,

√
r − a2) and (a,−

√
r − a2);

we focus on the former. The angle θ is the angle at which the line x = a and the
tangent line to the circle at this point intersect (see Figure 1). Since the radius of
the unit circle meets the tangent line at a right angle, the triangle with vertices at
(0, 0), (a, 0) and (a,

√
r − a2) has an angle of π2 − θ at (a,

√
r − a2). This triangle

has a right angle at (a, 0), and so must have angle θ at (0, 0). Since the hypotenuse
of the triangle is a radius of the unit circle, it follows that a = cos (θ). �

When finding the precise location of the prism in the upper half-space, we will
need to find three lines (corresponding to vertical planes which “meet” at the ideal
vertex) and two circles (corresponding to nonvertical planes). We will take one
circle to be the unit circle and then find the three lines based on that. One of the
lines will be taken to be x = c for some constant c; the other two lines will have
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(x0,y0)

φ

φ

Figure 2. The circle has center (x0, y0) and radius r ; the other arc
is part of the unit circle.

the form y = mx + b, with slope m and y-intercept b. In order to find the second
circle, we will find three equations, corresponding to the three angles at which that
plane meets three other planes, in the three unknowns (x0, y0) and r , representing,
respectively, the coordinates of the center, and the radius, of the second circle.
This circle will meet the unit circle and two lines; in some circumstances, we will
need an equation coming from the fact that the second circle meets a given line
y = mx + b at a prescribed angle φ.

Lemma 2.3. If a circle with center (x0, y0) and radius r meets the line y =mx+b
at angle φ, and (x0, y0) lies on or above the line (that is, y0 ≥mx0+b), then x0, y0

and r satisfy

y0−
r cosφ
√

m2+ 1
= m

(
x0+

mr cosφ
√

m2+ 1

)
+ b.

Proof. The vector 〈1,m〉 is parallel to the line, so the vector 〈m,−1〉 is perpendicular
to the line. The unit vector parallel to this is〈

m
√

m2+ 1
,
−1

√
m2+ 1

〉
.

By trigonometry (see Figure 2), we see that the point which is distance r cosφ away
from (x0, y0) in the direction of this vector lies on the line. Therefore, plugging the
x- and y-coordinates of the vector〈

x0+ r cosφ
m

√
m2+ 1

, y0− r cosφ
1

√
m2+ 1

〉
into the formula y = mx + b yields the required equation. �
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(0, 0)

1

φ
r

(x, y)

√

x2
+y2

Figure 3. The circles meet at angle φ.

We will obtain another of our three equations by using the angle φ at which the
second circle meets the unit circle.

Lemma 2.4. If a circle with center (x, y) and radius r meets the unit circle at
angle φ, then x, y, and r satisfy

x2
+ y2
= 1+ r2

+ 2(cosφ)r.

Proof. This is an application of the cosine law to the triangle whose vertices are at
(0, 0), (x, y), and one of the points where the circles intersect (see Figure 3). This
triangle has side lengths, 1, r and

√
x2+ y2. The angle opposite the latter side is

π − φ because the angle between the respective tangent lines at this vertex is φ,
and the two angles between the tangent lines and their respective radii are both π

2 .
The equation follows from the fact that cos (π −φ)=− cosφ. �

3. Prisms

We now will describe the dihedral angles of all hyperbolic triangular prisms with one
ideal vertex, and a way to construct each prism in the upper half-space model of H3.
There, the dihedral angles will be the angles at which the vertical and hemispherical
geodesic planes intersect. We will find these planes by considering the lines and
circles where they intersect with the plane {(x, y, z) | z = 0}, where we find lines
and circles which must intersect at the same prescribed angles.

Such a prism is specified by nine positive integers, which we will denote as
a1 through a9, corresponding to dihedral angles π/ai . We label the prism as in
Figure 4.
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a1 a2

a3

a4 a5
a6

a7 a8

a9

Figure 4. The labels a1 through a9.

We note that due to the reflectional symmetry of the prism, once we have treated
one prism, we have also treated the prism one obtains by exchanging the pairs a1

and a2, a4 and a6, and a7 and a8.
There are restrictions on the combinations of values taken by the labels ai which

correspond to the conditions given in Theorem 2.1. Specifically:

• Condition (1) of Theorem 2.1 means that all labels must be positive (i.e., not 0
or∞; we assume this of the ai ).

• Condition (2) states that at the five nonideal vertices, the three edges incident
to the vertex must have the labels of a spherical triangle, and we add here that
the three edges incident to the ideal vertex must have the labels of a Euclidean
triangle.

• Condition (3) states that labels a4, a5 and a6 must be the labels of a hyperbolic
triangle.

We disregard the other two conditions: condition (4) does not apply because the
prism has no prismatic 4-circuits, and any labeling of the prism which meets the
stated conditions will already meet condition (5). This is because all dihedral angles
in question are at most π2 , at most one of a4, a5 and a6 can be 2 (the others must
be larger) from condition 3, and at most one of a1 and a2 may be 2 from the ideal
vertex condition.

3A. [2, 3, 6]-cusp.

Lemma 3.1. There are eight infinite families and 32 specific configurations with
labels 2, 3, and 6 at the ideal vertex.

Proof. Here a1, a2 and a5 take the values 2, 3 and 6. We first note that a5 6= 2. This
is because whichever of a4 or a6 labels an edge which meets the edge labeled 6 must
take the value 2, and then a4, a5 and a6 are not the labels of a hyperbolic triangle.

Let a5 = 3. Then, by symmetry, without loss of generality we suppose a1 = 2
and a2 = 6. Then a3 = a6 = 2. Since a6 = 2 and a5 = 3, we must have a4 ≥ 7,
and thus that a7 = a9 = 2. The remaining label a8 may take the values 2, 3, 4 or 5.
Each of these four cases gives us one infinite family of labelings, indexed by n ≥ 7
which corresponds to the value of a4.
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2 6

2

7
3

2

2 3
2

Figure 5. The left quadrilateral face is green; the right is blue; and
the lower triangular face is red.

Now suppose a5 = 6, and without loss of generality a1 = 2 and a2 = 3. Since
a5 = 6, we must have a7 = a8 = 2. If a3 = 4 then we must have a6 = 2 and a4 ≤ 3,
in which case a4, a5 and a6 are not the labels of a hyperbolic triangle. A similar
argument applies if a3 > 4. If a3 = 3, then we must have a6 = 2, and then a4 must
be 4 or 5. In each of these two cases, a9 may be 2 or 3.

Finally, if again a5 = 6, a1 = 2, a2 = 3, and a7 = a8 = 2, it remains to consider
a3 = 2. If a6 = 2, then a4 could be 4 or 5 — in each case a9 is either 2 or 3 — or
a4 ≥ 6, in which case a9 = 2. If a6 = 3, then a4 could be 3, 4 or 5 — if a4 = 3, a9

is 2, 3, 4 or 5; if a4 is 4 or 5, a9 is 2 or 3 — or a4 ≥ 6, in which case a9 = 2. If
a6 = 4, then a4 could be 2, 3, 4 or 5 — in each case a9 is either 2 or 3 — or a4 ≥ 6,
in which case a9 = 2. If a6 = 5, then a4 could be 2, 3, 4 or 5 — in each case a9 is
either 2 or 3 — or a4 ≥ 6, in which case a9 = 2. �

We will compute explicitly the location of the prism in upper half-space for one
label arrangement, where a1 = 2, a2 = 6, and a5 = 3. Let a3 = 2, a4 = 7, a6 = 2,
a7 = 2, a8 = 3, and a9 = 2. This is shown in Figure 5.

The values for all the edges were specifically chosen to satisfy the definitions on
page 363. Using these definitions, we can examine different arrangements of the
Euclidean vertex with values of 2, 3, and 6.

We will refer to the left quadrilateral face, whose edges have labels a1, a4, a7

and a5, as the red face. The left quadrilateral face, with edges a2, a6, a9 and a5, will
be the blue face. The lower triangular face, with edges a1, a2 and a3, will be the
red face. These faces all meet at the ideal vertex, and hence correspond to vertical
lines in the horizontal plane.

Making the back quadrilateral face correspond to the unit circle, we choose the
red face to correspond to the line x = 0, which meets the unit circle at a right angle.
By Lemma 2.2, the green face is the line y = cos π7 , which meets the red face at
a right angle, and the unit circle at π7 . The blue face is the line y =

√
3x , which

meets the unit circle at a right angle and the red face at angle π
6 (see Figure 6).

It remains to find the last circle, corresponding to the top triangular face of the
prism. Suppose this circle has center (x, y) and radius r . This circle intersects the
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Figure 6. Three lines and the unit circle.

unit circle at an angle of π2 . Using the Pythagorean theorem to find an equation, we
have that the equation of this intersection is

1+ r2
= x2
+ y2. (1)

Since this circle meets the green line at a right angle, we see that the center must
be on the green line, and hence that

y = cos π7 . (2)

We need one more equation in x , y and r , and this comes from the fact that the last
circle meets the blue line at π3 . By Lemma 2.3,

y− r =
√

3x (3)
(see Figure 7).

These equations, subject to x > 0 and r > 0, are sufficient to determine x , y
and r , and thus to determine the location of the prism precisely. We find that as
well as y = cos π7 , we have

x = 1
4

(
2
√

3 cos π7 −
√

6 sin 3π
14 − 2

)
≈ 0.4504,

r = 1
4

(√
18 sin 3π

14 − 6− 2 cos π7
)
≈ 0.1209.

Figure 7. The point (x, y− r) lies on the blue line.
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Figure 8. The lines and circles define the hyperbolic planes bound-
ing the prism.

Now that we have found the equations of the three lines and two circles which
intersect at the prescribed angles, the hyperbolic prism we seek is the region inside
the triangle defined by the three straight lines, and exterior to the two spheres whose
equators are the given circles (see Figure 8).

Changing the value of a4 edge from 7 to 8, the equation of the green line changes
to y = cos π8 by Lemma 2.2. And the same thing happens changing it to equal 9.
This result shows that the line gets taller as the value of that side increases. That
edge can be left as a4 = m > 6.

3B. [2, 4, 4]-cusp.

Lemma 3.2. There are four infinite families and 24 specific configurations with
labels 2, 4, and 4 at the ideal vertex.

Proof. First, we note that if a5 = 2, then a1 = a2 = 4. Then a4 and a6 are both at
most 3, and then a4, a5 and a6 are not the labels of a hyperbolic triangle. Thus we
must have a5 = 4, and without loss of generality we will assume a1 = 2 and a4 = 4.

With these assumptions in place, we next note that a3 must be 2 or 3. Let us first
treat the case a3 = 3. In this case, we must have a6 = 2, and then a4 = 5, because
it forms a hyperbolic triangle with 2 and 4 and a spherical triangle with 2 and 3.
The possible labels for (a7, a8, a9) are then (2, 2, 2), (2, 2, 3), (2, 3, 2), (2, 3, 3)
and (3, 2, 2).

Finally, suppose a1 = 2, a2 = 4, a3 = 2, and a5 = 4. Then a6 is either 2 or 3.
If a6 = 2, then a4 ≥ 5. If a4 = 5, then as above, the possible labels for (a7, a8, a9)

are (2, 2, 2), (2, 2, 3), (2, 3, 2), (2, 3, 3) and (3, 2, 2). If a4 ≥ 6, then a7 = a9 = 2,
and a8 may be 2 or 3. If a6 = 3, then a4 ≥ 3. If a4 = 3, then the possible labels
for (a7, a8, a9) are (2, 2, 2), (2, 2, 3), (2, 2, 4), (2, 2, 5), (2, 3, 2) and (3, 2, 2). If
a4 = 4 or 5, then the possible labels for (a7, a8, a9) are (2, 2, 2), (2, 2, 3), (2, 3, 2)
and (3, 2, 2). If a4 ≥ 6, then a7 = a9 = 2, and a8 may be 2 or 3. �
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2 4

2

5
4

2

2 2
3

Figure 9. A [2, 4, 4]-cusp.

The first possibility of this arrangement we will work with is where a9 = 3,
a8 = 2, a7 = 2, a5 = 4, a4 ≥ 5, a6 = 2. This means a1 = 2, a2 = 4, and a3 = 2
(see Figure 9).

With the bottom vertex being 2, 4, 4, we have a
(
π
2 ,

π
4 ,

π
4

)
triangle, with blue, red

and green sides. The back face of the prism meets green at an angle of π
5 , and the

back face meets the blue and red faces at π2 . The back face corresponds to the unit cir-
cle. We choose the red face to correspond to the line x=0. By Lemma 2.2, the green
face corresponds to the line y = cos π5 . The blue line corresponds to the line y = x .

Finally, the top face meets blue and green at angle π
2 , and the unit circle at

angle π
3 . Meeting blue and green at π2 means the center of the last circle is on both

blue and green lines. Their intersection point is (x, y)=
(
cos π5 , cos π5

)
. Meeting

the unit circle at π3 means that, by Lemma 2.4, we have

x2
+ y2
= 12
+ r2
− 2

(
cos 2π

3

)
r

and so
x2
+ y2
= 1+ r2

+ r.

Here we find r = 1
2(

4
√

5− 1).
As we saw, with the [2, 4, 4]-cusp the edges a7, a8 and a9 are always labeled

2, 3 or 4, and they cannot all be labeled 3. We now describe what happens to the
equations defining x , y and r when these labels change, noting that the red, blue
and green faces, as well as the unit circle, are unaffected by these changes.

If we change a9 to be 2, keeping a7 = a8 = 2, this means that the top face
intersects the back face at π2 . The intersection between the last circle and the unit
circle creates an angle of π

2 . We still have x = y = cos π5 , and the third equation
becomes x2

+ y2
= 1+ r2.

If a9 is kept as a 2, and we change a8 to 3, then because the new circle meets
the green line at right angles, we still have y = cos π5 . Also, since a9 = 2, the new
circle meets the unit circle at right angles, and so x2

+ y2
= 1+ r2. By Lemma 2.3,

the final equation in this case is

y = x +
√

2
2 r.
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The next arrangement we consider has a7 = a8 = a9 = 2, the vertical edges
satisfy a4 ≥ 5, a5 = 4 and a6 = 2, and the bottom edges are a1 = 2, a2 = 4, and
a3 = 3. This change shifts the red face from intersecting the unit circle at x = 0
to x = −1

2 . The green line will be y = cos (π/a4), and the blue will be y = x .
Since a7 = a8 = 2, the center of the second circle is at the intersection of the blue
and green lines. Letting a9 = 2 results in the final equation of the last circle being
1+ r2

= x2
+ y2.

Lastly, keeping a3 = 3
(
so the red line is still x =− 1

2

)
, we change a6 to 3. By

Lemma 2.2, this shifts the blue line downward from y = x to y = x −
√

2
2 . The

equations defining x, y and r here are y = cos (π/a4), y = x −
√

2
2 and x2

+ y2
=

1+ r2.

3C. [3, 3, 3]-cusp.

Lemma 3.3. There are no infinite familes and 22 specific configurations with labels
3, 3, and 3 at the ideal vertex.

Proof. In studying labelings here, we note that this labeling at the Euclidean vertex
is symmetric, and thus we will discard some labelings as being symmetric to other
labelings already listed.

We first note that if a3 > 2, then a4 = a6 = 2 and we do not have a hyperbolic
triangle. So a3 = 2. Then by spherical triangles, a4 and a6 must both be one of
2, 3, 4 or 5, but neither can be 2 because of the hyperbolic triangle, and also they
cannot both be 3. Because of symmetry considerations, we suppose without loss of
generality that a4 ≤ a6:

• If a4 = 3 and a6 = 4, then (a7, a8, a9) can be (2, 2, 2), (2, 2, 3), (2, 3, 2),
(3, 2, 2), (4, 2, 2) or (5, 2, 2).

• If a4 = 3 and a6 = 5, then (a7, a8, a9) can be (2, 2, 2), (2, 2, 3), (2, 3, 2),
(3, 2, 2), (4, 2, 2) or (5, 2, 2).

• If a4 = 4 and a6 = 4, then (a7, a8, a9) can be (2, 2, 2), (2, 2, 3) or (2, 3, 2)
(we discard (3, 2, 2) as it is symmetric to (2, 3, 2)).

• If a4 = 4 and a6 = 5, then (a7, a8, a9) can be (2, 2, 2), (2, 2, 3), (2, 3, 2) or
(3, 2, 2).

• If a4 = 5 and a6 = 5, then (a7, a8, a9) can be (2, 2, 2), (2, 2, 3) or (2, 3, 2)
(we discard (3, 2, 2) as it is symmetric to (2, 3, 2)). �

The arrangement we examine is

[a1, a2, a3, a4, a5, a6, a7, a8, a9, ] = [3, 3, 2, 3, 3, 4, 2, 2, 2].

As before, we will let the back side of the prism be the unit circle. Since all of the
admissible labelings here have a3 = 2, we will fix the red line to be x = 0.
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a4, a5, a6 green line blue line

3, 3, 4 y =−
√

3
3 x +

√
3

3 y =
√

3
3 x −

√
6

3

3, 3, 5 y =−
√

3
3 x +

√
3

3 y =
√

3
3 x − 2

√
3

3 cos π5
4, 3, 4 y =−

√
3

3 x +
√

6
3 y =

√
3

3 x −
√

6
3

4, 3, 5 y =−
√

3
3 x +

√
6

3 y =
√

3
3 x − 2

√
3

3 cos π5
5, 3, 5 y =−

√
3

3 x + 2
√

3
3 cos π5 y =

√
3

3 x − 2
√

3
3 cos π5

Table 1

Since the blue side meets the back side at π
4 , the blue line intersects the unit

circle at π4 . The green side meets the back side at π3 , and the red side meets the back
side at π2 . This means that the red side creates a line that passes through the center
of the unit circle at angle π

2 . The red, green, and blue lines create an equilateral
triangle since their sides meet each other at π3 .

If we shift the green line so that it passes through the center of the unit circle,
we can find the slope of the blue line. Since this line creates an angle of π

3 , in the
fourth quadrant, there is a remaining π

6 in order to make a right angle. Thus the
slope of the blue line is

tan π
6 =

sin π
6

cos π6
=
−

1
2
√

3
2

=−

√
3

3
.

The slope −
√

3
3 corresponds to the vector

〈
1,−

√
3

3

〉
. The vector 〈1,

√
3〉 is orthog-

onal to this vector, and its corresponding unit vector is
〈 1

2 ,
√

3
2

〉
. Using Lemma 2.2,

we multiply the unit vector by cos π3 to get the point
( 1

4 ,
√

3
4

)
. Thus we get the line

y =
(
−

√
3

3

)
x +

√
3

3 .
The slope of the blue line is

√
3

3 . The vector corresponding to this slope is〈
1,−
√

3
〉

and the unit vector is
〈 1

2 ,−
√

3
2

〉
. We multiply the unit vector by cos π4 to

find the point
(√2

4 ,−
√

6
4

)
. Thus we get the line y =

(√3
3

)
x −

√
6

3 .
Since a7 = a8 = a9 = 2, the last circle intersects the unit circle at right angles.

This also means that the center of this last circle lies on the intersection of the green
and blue lines. Since the last circle intersects the unit circle at right angles, we use
the Pythagorean theorem to find that the last equation is 1+ r2

= x2
+ y2.

Table 1 lists the equations of these arrangements, where we adjust the values of
a4 and a6.

As long as a7 = a8 = a9 = 2, the third equation defining the last circle that
intersects the unit circle does not change for all of these specific arrangements.
Thus, for all of these arrangements, the equation of the last circle is 1+r2

= x2
+ y2.

When we change a9 to 3, the equation of the last circle for the arrangements listed
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above is x2
+y2
= 1+r2

+r . When a7 or a8 change, the equations change according
to Lemmas 2.3 and 2.4.

4. Matrices

We describe a general method which produces lines and circles which intersect at
the prescribed angles, which produces the same results described in the previous
section. We then show how to take this geometric data of the lines and circles
and use it to produce matrix generators in PSL2(C) for the orientation-preserving
subgroup of the group generated by reflections in the faces of the corresponding
prism. Each group will be generated by four matrices, where each matrix acts by
pairing two faces of the polyhedron one obtains by doubling the prism across one
face.

We note at this point that this method also works for examples of prisms which
have more than one ideal vertex, that is, where one or more of the five vertices not
located at∞ in the upper half-space is found in the complex plane. In this paper,
we restrict to the case of prisms with one cusp, but the method we describe should
work for some, if not all, labelings of the prism which correspond to prisms with
more than one cusp.

4A. The case a3 = 2. As above, we suppose that the back quadrilateral face lies
on the unit sphere, or equivalently that one of the two circles is the unit circle. We
further suppose that the red face lies above the imaginary axis, or equivalently that
one of the straight lines is x = 0; this corresponds to asking that a3 = 2. Lastly,
we assume that the polyhedron lies to the right of the imaginary axis as we view it
from above; in other words, we assume that it lies in the region of H3 with x ≥ 0.

By considering Figure 1 and applying Lemma 2.2, we see that the blue line has
equation

y = cot
(
π

a2

)
x −

cos (π/a6)

sin (π/a2)

and, by similar reasoning, the green line has equation

y =− cot
(
π

a1

)
x +

cos (π/a4)

sin (π/a1)
.

The final face is on a circle with center (x, y) and radius r , which meets the blue
line at angle π/a8. By Lemma 2.3 we have one equation

y−
r cos (π/a8)√
cot2 (π/a2)+ 1

= cot
(
π

a2

)(
x +

r cot (π/a2) cos (π/a8)√
cot2 (π/a2)+ 1

)
−

cos (π/a6)

sin (π/a2)
,
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which simplifies to

y− r cos
(
π

a8

)
sin
(
π

a2

)
= cot

(
π

a2

)(
x + r cos

(
π

a2

)
cos

(
π

a8

))
−

cos (π/a6)

sin (π/a2)
. (4)

By applying Lemma 2.3, with appropriate modifications, to the green line, we also
have the equation

y+ r sin
(
π

a1

)
cos

(
π

a7

)
=− cot

(
π

a1

)(
x + r cos

(
π

a1

)
cos

(
π

a7

))
+

cos (π/a4)

sin (π/a1)
. (5)

Finally, the two circles intersecting at angle π/a9 yield, via the cosine law and
Lemma 2.4, the equation

x2
+ y2
= 12
+ r2
− 2(1)(r) cos

(
π −

π

a9

)
or

x2
+ y2
= 12
+ r2
+ 2r cos

(
π

a9

)
. (6)

Equations (4), (5) and (6) together define x, y and r and determine the final circle
required.

With all of this work in mind, we require seven quantities to write down the
matrices we seek. These quantities are y1 = cos (π/a4)/ sin (π/a1) and y2 =

− cos (π/a6)/ sin (π/a2), the y-intercepts of the green and blue lines, the angles
θ1 = π/a1 and θ2 = π/a2 of the ideal triangle at these points, and the center (x, y)
and radius r of the second circle. Given these quantities, the matrices are

M1 =

(
0 −1
1 0

)
,

which pairs two sides which both lie on the unit sphere,

M2 =

(
e−iθ1 y1i(eiθ1−e−iθ1)

0 eiθ1

)
,

which rotates counterclockwise by angle 2θ1 about (0, y1),

M3 =

(
eiθ2 y2i(e−iθ2−eiθ2)

0 e−iθ2

)
,
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which rotates clockwise by angle 2θ2 about (0, y2), and

M4 =

(1
r (−x+yi) 1

r (x
2
+y2)−r

1
r

1
r (−x−yi)

)
,

which sends the second circle to its reflection in the imaginary axis. These matrices
satisfy the relations

Ma1
2 = 1, Ma2

3 = 1, Ma3
1 = M2

1 = 1,

(M−1
2 M1)

a4 = 1, (M−1
3 M2)

a5 = 1, (M−1
3 M1)

a6 = 1,

(M−1
4 M2)

a7 = 1, (M−1
4 M3)

a8 = 1, (M−1
4 M1)

a9 = 1.

4B. The case a3 = 3. In the case that a3 6= 2, we saw that a3 = 3. In this case, we
keep the back face as corresponding to the unit circle, and move the red line to
x =−1

2 so that it intersects the unit circle at angle π
3 . The equations of the green

and blue lines will be the same as in the case a3 = 2, and the second circle will be
defined by the same three equations (4), (5) and (6). As in the previous case, we
define θ1 = π/a1 and θ2 = π/a2, and let (x, y) and r be the center and radius of
the second circle. In place of y1 and y2 we define

z1 =−
1
2 +

(
cos (π/a4)

sin (π/a1)
+

cot (π/a1)

2

)
i,

z2 =−
1
2 +

(
cos (π/a6)

sin (π/a2)
−

cot (π/a2)

2

)
i,

the points where the green and blue lines meet the red line x =−1
2 . Our matrices

are then

M1 =

(
−1 −1

1 0

)
,

which pairs two sides which lie on the unit sphere and the unit sphere centered at
(−1, 0),

M2 =

(
e−iθ1 z1(eiθ1−e−iθ1)

0 eiθ1

)
,

which rotates counterclockwise by angle 2θ1 about z1,

M3 =

(
eiθ2 z2(e−iθ2−eiθ2)

0 e−iθ2

)
,

which rotates clockwise by angle 2θ2 about z2, and

M4 =

( 1
r (−(x+1)+yi) 1

r (−(x+1)+yi)(−x−yi)−r
1
r

1
r (−x−yi)

)
,
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which sends the second circle to its reflection in the line x =− 1
2 . These matrices

satisfy the relations

Ma1
2 = 1, Ma2

3 = 1, Ma3
1 = M3

1 = 1,

(M−1
2 M1)

a4 = 1, (M−1
3 M2)

a5 = 1, (M−1
3 M1)

a6 = 1,

(M−1
4 M2)

a7 = 1, (M−1
4 M3)

a8 = 1, (M−1
4 M1)

a9 = 1.

5. Results

We now list all of the possible labelings of the prism that were described in Section 3.
We note that the twelve infinite families, where one label may vary, are written in
bold to distinguish them.

5A. [2, 3, 6]-cusp.

5A1. a3 = 3.

a1 a2 a3 a4 a5 a6 a7 a8 a9

2 3 3 4 6 2 2 2 2
2 3 3 4 6 2 2 2 3
2 3 3 5 6 2 2 2 2
2 3 3 5 6 2 2 2 3

5A2. a3 = 2.

a1 a2 a3 a4 a5 a6 a7 a8 a9

2 6 2 n≥7 3 2 2 2 2
2 6 2 n≥7 3 2 2 3 2
2 6 2 n≥7 3 2 2 4 2
2 6 2 n≥7 3 2 2 5 2
2 3 2 4 6 2 2 2 2
2 3 2 4 6 2 2 2 3
2 3 2 5 6 2 2 2 2
2 3 2 5 6 2 2 2 3
2 3 2 n≥6 6 2 2 2 2
2 3 2 3 6 3 2 2 2
2 3 2 3 6 3 2 2 3
2 3 2 3 6 3 2 2 4
2 3 2 3 6 3 2 2 5
2 3 2 4 6 3 2 2 2
2 3 2 4 6 3 2 2 3
2 3 2 5 6 3 2 2 2
2 3 2 5 6 3 2 2 3
2 3 2 n≥6 6 3 2 2 2

a1 a2 a3 a4 a5 a6 a7 a8 a9

2 3 2 2 6 4 2 2 2
2 3 2 2 6 4 2 2 3
2 3 2 3 6 4 2 2 2
2 3 2 3 6 4 2 2 3
2 3 2 4 6 4 2 2 2
2 3 2 4 6 4 2 2 3
2 3 2 5 6 4 2 2 2
2 3 2 5 6 4 2 2 3
2 3 2 n≥6 6 4 2 2 2
2 3 2 2 6 5 2 2 2
2 3 2 2 6 5 2 2 3
2 3 2 3 6 5 2 2 2
2 3 2 3 6 5 2 2 3
2 3 2 4 6 5 2 2 2
2 3 2 4 6 5 2 2 3
2 3 2 5 6 5 2 2 2
2 3 2 5 6 5 2 2 3
2 3 2 n≥6 6 5 2 2 2
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5B. [2, 4, 4]-cusp.

5B1. a3 = 3.

a1 a2 a3 a4 a5 a6 a7 a8 a9

2 4 3 5 4 2 2 2 2
2 4 3 5 4 2 2 2 3
2 4 3 5 4 2 2 3 2
2 4 3 5 4 2 2 3 3
2 4 3 5 4 2 3 2 2

5B2. a3 = 2.

a1 a2 a3 a4 a5 a6 a7 a8 a9

2 4 2 5 4 2 2 2 2
2 4 2 5 4 2 2 2 3
2 4 2 5 4 2 2 3 2
2 4 2 5 4 2 2 3 3
2 4 2 5 4 2 3 2 2
2 4 2 n≥6 4 2 2 2 2
2 4 2 n≥6 4 2 2 3 2
2 4 2 3 4 3 2 2 2
2 4 2 3 4 3 2 2 3
2 4 2 3 4 3 2 2 4
2 4 2 3 4 3 2 2 5
2 4 2 3 4 3 2 3 2

a1 a2 a3 a4 a5 a6 a7 a8 a9

2 4 2 3 4 3 3 2 2
2 4 2 4 4 3 2 2 2
2 4 2 4 4 3 2 2 3
2 4 2 4 4 3 2 3 2
2 4 2 4 4 3 3 2 2
2 4 2 5 4 3 2 2 2
2 4 2 5 4 3 2 2 3
2 4 2 5 4 3 2 3 2
2 4 2 5 4 3 3 2 2
2 4 2 n≥6 4 3 2 2 2
2 4 2 n≥6 4 3 2 3 2

5C. [3, 3, 3]-cusp.

a1 a2 a3 a4 a5 a6 a7 a8 a9

3 3 2 3 3 4 2 2 2
3 3 2 3 3 4 2 2 3
3 3 2 3 3 4 2 3 2
3 3 2 3 3 4 3 2 2
3 3 2 3 3 4 4 2 2
3 3 2 3 3 4 5 2 2
3 3 2 3 3 5 2 2 2
3 3 2 3 3 5 2 2 3
3 3 2 3 3 5 2 3 2
3 3 2 3 3 5 3 2 2
3 3 2 3 3 5 4 2 2

a1 a2 a3 a4 a5 a6 a7 a8 a9

3 3 2 3 3 5 5 2 2
3 3 2 4 3 4 2 2 2
3 3 2 4 3 4 2 2 3
3 3 2 4 3 4 2 3 2
3 3 2 4 3 5 2 2 2
3 3 2 4 3 5 2 2 3
3 3 2 4 3 5 2 3 2
3 3 2 4 3 5 3 2 2
3 3 2 5 3 5 2 2 2
3 3 2 5 3 5 2 2 3
3 3 2 5 3 5 2 3 2
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On the sandpile group of
Eulerian series-parallel graphs

Kyle Weishaar and James Seibert

(Communicated by Joshua Cooper)

A sandpile configuration is a representation of the current layout of theoretical
sand on a graph in which every vertex is assigned a nonnegative integer value.
The Abelian sandpile group is a finite group composed of the recurrent sandpile
configurations of a graph. We investigate the sandpile group of graphs constructed
using the composition rules of series-parallel graphs, and determine the sandpile
groups of parallel compositions of path-graphs.

1. Introduction

The Abelian sandpile model was originally introduced as a simple example of
self-organized criticality [Bak et al. 1988]. The model was later generalized into a
form that can be expressed in terms of a rooted graph [Dhar et al. 1995]. On such
a graph, nonnegative integers are assigned to each vertex to represent the current
configuration of sand. Toppling happens when a vertex with an amount of sand that
is at least its degree transfers one grain of sand to each of its neighboring vertices.
The root (also called the sink in this context) is the only vertex that is not allowed
to topple. The sink acts as an outlet for sand to escape the system. As a result, the
amount of sand on the sink is inconsequential and therefore not included in the
configuration of a graph. A configuration with no toppleable vertices is said to be
stable. Two configurations can be added by adding the sandpiles on corresponding
vertices and then toppling until stable. A configuration is recurrent if it is stable and
can be reached from any starting configuration by adding some other configuration.
The set of recurrent configurations makes up a finite Abelian group known as the
sandpile group. The order of the sandpile group is equal to the number of spanning
trees of the graph [Dhar et al. 1995]. The recently published book [Corry and
Perkinson 2018, Chapters 6–9] provides a comprehensive introduction to all of
these ideas, and much more.
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Previous works have classified the sandpile groups of several families of graphs
[Cori and Rossin 2000; Hou et al. 2006; Levine 2009; Shen and Hou 2008;
Toumpakari 2007]. Furthermore, the sandpile groups of the Cartesian products of
many types of graphs have also been identified [Hou et al. 2008; Jacobson et al.
2003; Liang et al. 2008]. A better understanding of how graph compositions affect
sandpile groups may allow for the classification of sandpile groups on more complex
graphs. The growing catalog of classified sandpile groups can be used to view
complicated graphs as the composition of graphs with known sandpile groups. In
this spirit, we investigate the sandpile group of series-parallel graphs constructed
from graphs with known groups.

This paper is organized as follows. In Section 2 we provide necessary background
information. In Section 3 we prove the general form of series compositions involving
an Eulerian graph. We present this known result (it appears as an exercise in [Corry
and Perkinson 2018]) in order to prepare the reader for the new result on parallel
compositions of paths in Section 4. We demonstrate a significant reduction that
lends itself to several corollaries. In Section 5 we find the sandpile group of an
example series-parallel graph and offer concluding remarks.

2. Background

On a directed graph, the number of edges leaving a vertex is called the outdegree.
Similarly, the number of edges entering a vertex is called the indegree. A graph
is said to be Eulerian if the outdegree of every vertex is equal to its indegree. A
graph with v vertices can be represented by a v× v matrix known as the Laplacian
matrix, L . The Laplacian of a graph is defined by

L i, j =

{
outdegree of vertex i if i = j ,
−(number of edges directed from j to i) if i 6= j .

Column j of the Laplacian then reflects the result of toppling vertex j . Specifically,
vertex j loses grains of sand equal to its outdegree (represented by the positive
number on the diagonal), and each vertex connected to j gains grains of sand equal
to the number of edges coming from vertex j (represented by the corresponding
off-diagonal entries). The reduced Laplacian is obtained by removing the row and
column that corresponds to the sink of the full Laplacian. The choice of sink does
not impact the sandpile group of an Eulerian graph [Cori and Rossin 2000]. For
such graphs, the reduced Laplacian can be created by removing any corresponding
column and row.

The Laplacian of a graph determines its sandpile group in the following manner.
We can define an equivalence relation on the additive group Zv by declaring two
configurations (now allowing negative as well as nonnegative integers) equivalent if
one can be reached from the other by a sequence of toppling (or untoppling) moves.
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Each equivalence class has a unique representative that is a recurrent configuration.
(This nontrivial result is proven in several sources, including [Cori and Rossin 2000;
Corry and Perkinson 2018].) The columns of the Laplacian are a complete set of
relations using the standard basis vectors as a generating set of the group. In other
words, the Laplacian is a presentation matrix for a finitely generated Abelian group.
The torsion subgroup of this group is the sandpile group.

In order to identify the sandpile group, we can manipulate the presentation matrix
of a group by using the following elementary row and columns operations [Dummit
and Foote 2004]:

(1) Add an integer multiple of one row or column to another. This changes the
generating set of the group and the corresponding relations.

(2) Multiply a row or column by −1. This replaces the generator with its inverse.

(3) Delete a column of zeros. This eliminates a trivial relation.

(4) Delete a row and a column that form the standard basis vector. This eliminates
a redundant generator.

(5) Swapping corresponding rows and columns. This reorders the generators and
adjusts the relations accordingly.

These operations do not change the group represented. If a matrix A can be
changed into a matrix B by use of these operations, we will say that A is Z-
equivalent to B and we will write A ≡ B. Note that operations (1), (2), and (5) can
be accomplished by left or right multiplication by an invertible matrix.

Every integer matrix has a unique Smith normal form, arrived at using the row
and column operations above. The Smith normal form is defined as the diagonal
matrix Z-equivalent to the original in which every entry is divisible by the previous
entries. For every matrix M with integer entries, there exist invertible matrices P
and Q such that P M Q is in Smith normal form. The Smith normal form of the
matrix can be written as an (n+m)× (n+m) matrix

a1,1
. . .

an,n

0
. . .

0


in which ai,i divides ai+1,i+1. This matrix represents the group( n⊕

i=1

Zai,i

)
⊕Zm .
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We arrive at the sandpile group by discarding the infinite summands and keeping
the finite Abelian group that remains (the torsion subgroup). A common technique
used to determine the sandpile group of a family of graphs is to show that the
Laplacian matrix (or reduced Laplacian) for graphs in the family is equivalent to a
predictable Smith normal form.

This paper focuses on the sandpile groups of graphs constructed using the
composition rules of series-parallel graphs. A series composition of two graphs,
G1 and G2, is formed by taking a vertex x ∈ G1 and a vertex y ∈ G2 and merging
x with y to produce the vertex z, while all other existing vertices and connections
remain unchanged:

x

+

y

=⇒

z

Similarly, a parallel composition of two graphs, G1 and G2, is formed by taking
the vertices a, x ∈ G1 and b, y ∈ G2, merging a with b to produce the vertex c,
and merging x with y to produce the vertex z, while all other existing vertices and
connections remain unchanged:

a

x

+

b

y

=⇒

c

z

3. Series compositions

Theorem 3.1. Let G1 and G2 be Eulerian graphs with the sandpile groups SG1

and SG2, respectively. A series composition of G1 and G2 will have a sandpile
group of the form SG1⊕ SG2.

Proof. Let G1 and G2 be Eulerian graphs with the respective sandpile groups SG1

and SG2. The Laplacian of a series composition of G1 and G2 will be composed of
the values ai, j , which come from the Laplacian of G1, listing the vertex to merge
last, and the values bi, j , which come from the Laplacian of G2, listing the vertex
to merge first. The merged vertex has outdegree an,n + b1,1 and connections to G1
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and G2 preserved. Therefore, the Laplacian is of the form
a1,1 · · · a1,n
...

. . .
...

an,1 · · · an,n+b1,1 · · · b1,m
...

. . .
...

bm,1 · · · bm,m

 .

We will now use the elementary row operations defined in Section 2 to show
this Laplacian is Z-equivalent to a useful diagonal matrix. Since G1 and G2 are
both Eulerian graphs, the series composition of these graphs will also be Eulerian.
Therefore, we can let the sink be represented by the n-th row and column of the
full Laplacian. As a result, the reduced Laplacian will have the form

a1,1 · · · a1,n−1
...

. . .
...

an−1,1 · · · an−1,n−1

b2,2 · · · b2,m
...

. . .
...

bm,2 · · · bm,m


=

[
A

B

]
.

Let P1 and Q1 be the invertible matrices that put A in Smith normal form.
Similarly, let P2 and Q2 be the invertible matrices that put B in Smith normal form.
Then [

P1

P2

]
·

[
A

B

]
·

[
Q1

Q2

]
would produce the matrix

f1
. . .

fn−1

g1
. . .

gm−1


,

where the values f1, . . . , fn−1 and g1, . . . , gm−1 are the nonzero entries of the Smith
normal form of the Laplacian of G1 and G2, respectively. This matrix presents(n−1⊕

i=1

fi

)
⊕

(m−1⊕
j=1

gj

)
= SG1⊕ SG2.

Since the reduced Laplacian of a series composition of the Eulerian graphs is
Z-equivalent to a diagonal matrix with the nonzero entries of the Smith normal
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forms of G1 and G2 as values, the sandpile group of a series composition of G1

and G2 is SG1⊕ SG2. �

Corollary 3.2. The sandpile group of any series combination of two Eulerian
graphs, G1 and G2, will be of the form SG1⊕ SG2, independent of which vertices
are merged.

Proof. The choice of vertices to merge simply rearranges the rows and columns using
the fifth elementary operation in order to list the merged vertices in an overlapping
row. The sandpile groups of G1 and G2 are unique, independent of the order in
which the vertices are listed and independent of the vertices chosen as the sinks
[Cori and Rossin 2000]. The sandpile group of the series composition of graphs
will be SG1⊕ SG2, no matter which vertices are merged. �

4. Parallel composition of paths

We now focus on a family of undirected multigraphs made of the parallel compo-
sition of h paths of length 1 and n paths of the varying lengths f1, . . . , fn , where
fi ≥ 2. Graphs in this family have the following form:

c

z

· · ·

h
· · · fnf1

We define a partitioned matrix that represents the general Laplacian of graphs in
this family as follows. The top row of the Laplacian will correspond to the vertex c
and it will have the form [

n+ h D1 · · · Dn −h
]
,

where each Di is a 1× ( fi − 1) matrix of the form Di =
[
−1 0 · · · 0

]
. The first

entry of this row corresponds to the degree of c, which is the sum of the number of
paths of length 1 and the number of paths of length 2 or greater. Each Di matrix
corresponds to the path fi , with its vertices listed from top to bottom. We see that
c is only connected to the first vertex of each path. The last entry of the top row of
the Laplacian corresponds to the h paths of length 1 connecting the vertices c and z.
The Laplacian of an undirected graph is symmetric. Therefore, the first column
will be the transpose of the first row.

The bottom row of the Laplacian will correspond to vertex z and have the form[
−h C1 · · · Cn n+h

]
,
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where each Ci is a 1× ( fi − 1) matrix of the form Ci =
[
0 · · · 0 −1

]
. The first

entry reflects the h connections from z to c, while the last represents the total degree
of n+ h. Each Ci corresponds to the path fi and shows that z is only connected to
the last vertex in this path. The last column of the Laplacian will be the transpose
of the bottom row.

The vertices of the path fi (excluding c and z, accounted for above) correspond
to a diagonal block in the Laplacian, Bi . When fi > 2, Bi is an ( fi − 1)× ( fi − 1)

matrix of the form

Bi =


2 −1
−1 2

. . .
. . .

. . . −1
−1 2

 .

Here we see that each vertex in the path has degree 2 and is connected to the vertices
immediately before and after it. When fi = 2, Bi is the 1× 1 matrix with entry 2,
and the corresponding matrices Di and Ci are 1×1 matrices consisting of entry −1.
Putting this all together we see that the full Laplacian of the parallel composition
of h paths of length 1 and n paths of the varying lengths f1, . . . , fn , where fi ≥ 2,
is of form 

n+h D1 · · · Dn −h

Dᵀ1 B1 Cᵀ1
...

. . .
...

Dᵀn Bn Cᵀn
−h C1 · · · Cn n+h


.

The empty partitions are zero matrices that reflect the fact that vertices from
distinct paths fi do not connect to each other. Now that we have the Laplacian
for this graph of parallel paths, we can use the row operations from Section 2
to simplify it as much as possible. Since the graph is undirected (and therefore
Eulerian), we can let the first row and column represent the sink. The resulting
reduced Laplacian will be of the form

B1 Cᵀ1
. . .

...

Bn Cᵀn
C1 · · · Cn n+h

 .

The following lemma will allow us to further reduce this matrix.
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Lemma 4.1. An m×m matrix Fm , where m ≥ 2, of the form

Fm =


2 −1
−1 2

. . .
. . .

. . . −1
−1 2


satisfies

Fm ≡

[
m −1

−(m−1) 2

]
.

Proof. We start by considering cases with small m. When m = 2,

F2 =

[
2 −1
−1 2

]
=

[
2 −1

−(2−1) 2

]
,

which is in the desired form.
When m = 3, we have the matrix

F3 =

 2 −1 0
−1 2 −1

0 −1 2

 .

We create the standard basis vector in the first row and column by adding the second
column to the first, and then adding the first column to the second. The top row
will now have 1 as the first entry and zeros everywhere else. Next, we use the first
row to eliminate the entries in the rest of the first column: 2 −1 0

−1 2 −1
0 −1 2

≡
 1 −1 0

1 2 −1
−1 −1 2

≡
 1 0 0

1 3 −1
−1 −2 2

≡
1 0 0

0 3 −1
0 −2 2

 .

We now use the fourth elementary operation to remove the first row and column,
and see the desired form [

3 −1
−2 2

]
=

[
3 −1

−(3−1) 2

]
.

The m = 3 example shows the basic process that we can iterate. If we start with
a matrix of the form 

k −1
−(k−1) 2 −1

−1 2
. . .

. . .
. . . −1
−1 2

 ,
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we can add (k− 1) times the second column to the first column, and then add the
first column to the second column to get

1 0 · · · 0
k−1 k+1 −1

−(k−1) −k 2 −1
−1 2

. . .
. . .

. . . −1
−1 2


.

Now use the first row to eliminate the rest of the entries in the first column, and we
can use the fourth elementary operation to remove the first row and column. The
result is a matrix of the same form, one dimension smaller, with k increased by 1:

k+1 −1
−k 2 −1

−1 2
. . .

. . .
. . . −1
−1 2

 .

Starting with Fm , we iterate this process m− 2 times and the result is[
m −1

−(m−1) 2

]
.

�

We will apply Lemma 4.1 to reduce the blocks Bi in the Laplacian, which leads
to the following significant reduction in size. We initially deal with the case where
there are three or more longer paths, and address the cases with fewer long paths
separately.

Theorem 4.2. The reduced Laplacian of an undirected graph made of the parallel
composition of h paths of length 1 and n paths of the varying lengths f1, . . . , fn ,
where fi ≥ 2 and n ≥ 3, is Z-equivalent to the form

f3 − f1
. . .

...

fn − f1

f2 · · · f2 f1+ f2+h( f1 f2)

 .

Proof. Recall that the reduced Laplacian of graphs in this family has the form
B1 Cᵀ1

. . .
...

Bn Cᵀn
C1 · · · Cn n+h

 .
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We begin by treating paths of length 3 or greater separately from paths of length 2.
Sorting the paths by length from shortest to longest gives the matrix

2 −1
. . .

...

2 −1

Bm Cᵀm
. . .

...

Bn Cᵀn
−1 · · · −1 Cm · · · Cn n+h


,

where fm through fn are all greater than 2.
We now utilize Lemma 4.1 to condense all paths with length greater than 2 (paths

fm through fn). We can do this because none of the row and column operations
used in Lemma 4.1 involve the last row or column of the block. The entries
in the corresponding rows and columns outside of the block Bi are all zero and
unaffected by the operations in Lemma 4.1. We now see that the reduced Laplacian
is Z-equivalent to the matrix



−2 −1
. . .

...

−2 −1

− fm−1 −1 0
−( fm−2) 2 −1

. . .
...

− fn−1 −1 0
−( fn−2) 2 −1

−1 · · · −1 −0 −1 · · · 0 −1 n+h



.

We can further condense each 2× 2 block along the diagonal using row and
column operations similar to those used to prove Lemma 4.1. Corresponding to
each 2×2 block we add ( fi −2) times the second column to the first column. Next,
we add the first column to the second column. Every corresponding diagonal block
now has a top row with 1 as the first entry and zero everywhere else. We can utilize
this to eliminate all other values of each section’s first column. The first row and
column of each section are now in the form of the standard basis vector and can
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therefore be eliminated. The resulting matrix is of the form
f1 −1

. . .
...

fn −1
−( f1−1) · · · −( fn−1) n+h

 .

The paths of length 2 also fit into this form since such paths are represented by a
diagonal value of 2 and −1 as the bottom entry. Next, we add ( f1− 1) times the
rightmost column to the leftmost column to put the matrix in the form

1 −1
−( f1−1) f2 −1

...
. . .

...

−( f1−1) fn −1
(n+h−1)( f1−1) −( f2−1) · · · −( fn−1) n+h

 .

From here we can add the leftmost column to the rightmost column. As a result,
the top row has a first entry of 1 and zeros everywhere else. Therefore, all the rest
of the entries of the leftmost column can be made into zero using row operations.
Note the first row and column form the standard basis vector and can therefore be
eliminated. The matrix is now of the form

f2 − f1
. . .

...

fn − f1

−( f2−1) · · · −( fn−1) (n+ h) f1− f1+1

 .

Adding the bottom row to the top row produces the matrix
1 −( f3−1) · · · −( fn−1) (n+h) f1−2 f1+1

f3 − f1
. . .

...

fn − f1

−( f2−1) −( f3−1) · · · −( fn−1) (n+h) f1− f1+1

 .

We can now add ( f2− 1) times the top row to the bottom row. The first column
will have 1 as its first entry and zeros everywhere else. Utilizing this, we can make
the top row into the form of the standard basis vector. This allows us to once again
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eliminate the top row and first column. The matrix is now in the form
f3 − f1

. . .
...

fn − f1

− f2 f3+ f2 · · · − f2 fn+ f2 (n+h−2)( f1 f2)+ f1+ f2

 .

Notice that this is an (n − 1)× (n − 1) matrix. We can add the first n − 2 rows
multiplied by f2 to the bottom row, which results in

f3 − f1
. . .

...

fn − f1

f2 · · · f2 f1+ f2+h( f1 f2)

 .

�

Theorem 4.2 is useful in computing the sandpile group of specific graphs, as
it dramatically reduces the size of the Laplacian used to compute the group. This
theorem can also be used to classify the sandpile group of a family of graphs, as
the following corollaries show.

Corollary 4.3. The sandpile group of the parallel composition of n paths, where
n ≥ 3, with length a, where a ≥ 2, is of the form(n−2⊕

i=1

Za

)
⊕Zan.

Proof. Since all paths are of length a and a ≥ 2 we know by Theorem 4.2 that the
reduced Laplacian is Z-equivalent to the (n− 1)× (n− 1) matrix

a −a
. . .

...

a −a
a · · · a 2a

 .

Adding the first n− 2 columns to the rightmost column, and then adding −1 times
the first n− 2 rows to the bottom row produces

a
. . .

a
an

 .

This presents the group (n−2⊕
i=1

Za

)
⊕Zan. �
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Corollary 4.4. The sandpile group of the parallel composition of n−1 paths, where
n ≥ 3, with length a and one path of length b, where a, b ≥ 2, is of the form(n−3⊕

i=1

Za

)
⊕Zgcd(a,b)⊕Z(a2+(n−1)ab)/ gcd(a,b).

Proof. Since a, b ≥ 2 we know by Theorem 4.2 that the reduced Laplacian is
Z-equivalent to the (n− 1)× (n− 1) matrix

a −a
. . .

...

a −a
b −a

a · · · a a 2a

 .

Adding the first n− 3 columns to the rightmost column, and then adding −1 times
the first n− 3 rows to the bottom row produces

a
. . .

a
b −a
a a(n−1)

 .

We can use row operations to perform the extended Euclidean algorithm on the
b and a entries of the last two rows, replacing them with gcd(a, b) and zero. To
see how this works, consider the case where a < b. The first step of the Euclidean
algorithm asks us to divide b by a,

b = aq1+ r1,

and replace b with the remainder r1. We achieve this in the matrix by multiplying
the last row by −q1 and adding to the penultimate row. The second step of the
Euclidean algorithm asks us to divide a by the remainder r1,

a = r1q2+ r2,

and replace a with the remainder r2. We multiply the penultimate row by −q2 and
add to the last row. This process continues until one remainder evenly divides the
previous. At this point the last nonzero remainder is gcd(a, b), and the other entry
is zero. If needed we can switch the last two rows to ensure gcd(a, b) is on the
diagonal. The entries in the last column started as multiples of a, and are now linear
combinations of multiples of a. We write them as a · j and a · k, where j and k are



394 KYLE WEISHAAR AND JAMES SEIBERT

some integers. This yields a matrix of the form
a

. . .
a

gcd(a, b) a · j
0 a · k

 .

Of course gcd(a, b) divides any multiple of a; therefore we can simplify this
expression to 

a
. . .

a
gcd(a, b)

a · k

 .

This presents the group (n−3⊕
i=1

Za

)
⊕Zgcd(a,b)⊕Zak .

Recall from Section 1 that the order of a sandpile group is the number of spanning
trees on its graph [Dhar et al. 1995]. The number of spanning trees in this family
of graphs can be found by counting the number of ways to remove an edge from all
paths except one. If we leave the path of length b intact, we would need to remove an
edge from the n−1 paths of length a. There are an−1 ways of doing this. Similarly,
we can choose a path of length a to keep intact and remove an edge from the rest
of the paths. There are an−2b(n− 1) ways to do this, making the total number of
spanning trees an−1

+an−2b(n−1). Another way of finding the order of the group
is to take the product of the components. For this group this is an−3

×gcd(a, b)×ak.
Setting these values equal to each other and solving for k yields

k =
a+ b(n− 1)

gcd(a, b)
.

Therefore, the group is(n−3⊕
i=1

Za

)
⊕Zgcd(a,b)⊕Z(a2+ab(n−1))/ gcd(a,b). �

We now offer the sandpile groups of undirected graphs made of the parallel
composition of h paths of length 1 and n paths, where n = 0, 1, 2, of the varying
lengths f1, . . . , fn , where fi ≥ 2.

Theorem 4.5. The sandpile group of the parallel composition of h paths with
length 1 is of the form

Zh .
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Proof. The Laplacian of this family of graphs is of the form[
h −h
−h h

]
.

The reduced Laplacian is a 1× 1 matrix with h as the only entry, representing the
group

Zh . �

Theorem 4.6. The sandpile group of the parallel composition of h paths with
length 1 and one path with length f1, where f1 ≥ 2, is of the form

Zh f1+1.

Proof. We will proceed by using a method similar to the one used to prove
Lemma 4.1. The Laplacian of this family of graphs has the formh+ 1 D1 −h

Dᵀ1 B1 Cᵀ1
−h C1 h+1

 .

Since the graphs in this family are Eulerian, the choice of sink does not affect the
sandpile group. For simplicity’s sake, we let the first row and column correspond
to the sink. The resulting reduced Laplacian will be of the form[

B1 Cᵀ1
C1 h+1

]
.

Lemma 4.1 does not require adding the last column (or row) to any other column
(or row). Therefore, we can utilize Lemma 4.1 to show the reduced Laplacian is
Z-equivalent to the matrix [

f1 −1
−( f1−1) h+1

]
.

We now add ( f1− 1) times the right column to the left column. Then we add the
left column to the right column. As a result, the top row will have 1 as the first
entry and zeros everywhere else. We use the top row to eliminate all other entries
in the first column. In matrix form, these steps are[

1 −1
h( f1−1) h+1

]
≡

[
1 0

h( f1−1) h f1+1

]
≡

[
1 0
0 h f1+1

]
.

Consequently, the group presented is

Zh f1+1. �
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Theorem 4.7. The sandpile group of the parallel composition of h paths with
length 1 and two paths with respective lengths f1 and f2, where f1, f2 ≥ 2, is of the
form

Z f1+ f2+h( f1 f2).

Proof. The Laplacian of this family of graphs is of the form
h+2 D1 D2 −h

Dᵀ1 B1 Cᵀ1
Dᵀ2 B2 Cᵀ2
−h C1 C2 h+2

 .

Graphs in this family are Eulerian; thus we can let the first row and column represent
the sink. The resulting reduced Laplacian will be of the formB1 Cᵀ1

B2 Cᵀ2
C1 C2 h+2

 .

We utilize Lemma 4.1 and additional steps seen in the proof of Theorem 4.2 to
condense B1 and B2, producing the matrix f1 0 −1

0 f2 −1
−( f1−1) −( f2−1) h+2

 .

We add ( f1− 1) times the right column to the left column. Then we add the left
column to the right column and use the top row to eliminate all other entries in the
first column: 1 0 −1

−( f1−1) f2 −1
h( f1−1)+( f1−1) −( f2−1) h+2

≡
1 0 0

0 f2 − f1

0 −( f2−1) h f1+ f1+1

 .

Observe, the top row and left column form the standard basis vector and can
therefore be eliminated using the fourth elementary operation:[

f2 − f1

−( f2−1) h f1+ f1+1

]
.

Adding the bottom row to the top will produce the matrix[
1 h f1+1

−( f2−1) h f1+ f1+1

]
.

We now add ( f2− 1) times the top row to the bottom row. As a result, the left
column has 1 as the first entry and 0 everywhere else. We use this to put the top
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row and column into the form of the standard basis vector:[
1 0
0 f1+ f2+h( f1 f2)

]
Therefore, the group is

Z f1+ f2+h( f1 f2). �

5. Conclusion

The techniques of the preceding sections allow us to easily find the sandpile group
of a wide range of graphs. For example, consider the following graph:

This graph is the series composition of four parallel graphs. We apply Corollary 4.3
to the first parallel graph from the left. This graph is the parallel composition of
three paths of length 2, so it has a sandpile group of(3−2⊕

i=1

Z2

)
⊕Z2·3 = Z2⊕Z6.

Observe that the second graph is the parallel composition of four paths of length 3.
Therefore, applying Corollary 4.3 yields(4−2⊕

i=1

Z3

)
⊕Z3·4 = Z3⊕Z3⊕Z12.

The third graph is the parallel composition of four paths, three of length 2 and a
single path of length 3. Therefore, applying Corollary 4.4 yields(4−3⊕

i=1

Z2

)
⊕Zgcd(2,3)⊕Z(22+2·3(4−1))/ gcd(2,3) = Z2⊕Z22.

The fourth graph is the parallel composition of four paths, three of length 2 and a
single path of length 4. Therefore, applying Corollary 4.4 yields(4−3⊕

i=1

Z2

)
⊕Zgcd(2,4)⊕Z(22+2·4(4−1))/ gcd(2,4) = Z2⊕Z2⊕Z14.

The entire graph is formed by using series operations to combine all four parallel
graphs. By Theorem 3.1 the resulting sandpile group will be the direct sum of the
sandpile groups of all four parallel graphs. Consequently, the sandpile group is

Z2⊕Z6⊕Z3⊕Z3⊕Z12⊕Z2⊕Z22⊕Z2⊕Z2⊕Z14.
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This example shows how the tools presented in this paper allow us to easily compute
the sandpile groups of rather complicated graphs.

We have presented the completely general result for the series composition of
graphs, namely that the sandpile group is the direct sum of the component sandpile
groups. We initially sought a similar result for parallel composition of graphs.
While a completely general result about parallel composition eluded us, we were
able to prove results about the parallel composition of paths, including a significant
reduction in the size of the matrix needed to compute the sandpile groups for such
graphs. This work has been fascinating, and we hope to see more general results
involving the sandpile groups of the parallel composition of graphs in the future.
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Linkages of calcium-induced calcium release
in a cardiomyocyte simulated by a system of
seven coupled partial differential equations
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Cardiac arrhythmias affect millions of adults in the U.S. each year. This irreg-
ularity in the beating of the heart is often caused by dysregulation of calcium
in cardiomyocytes, the cardiac muscle cell. Cardiomyocytes function through
the interplay between electrical excitation, calcium signaling, and mechanical
contraction, an overall process known as calcium-induced calcium release (CICR).
A system of seven coupled nonlinear time-dependent partial differential equations
(PDEs), which model physiological variables in a cardiac cell, link the processes
of cardiomyocytes. Through parameter studies for each component system at a
time, we create a set of values for critical parameters that connect the calcium store
in the sarcoplasmic reticulum, the effect of electrical excitation, and mechanical
contraction in a physiologically reasonable manner. This paper shows the design
process of this set of parameters and then shows the possibility to study the
influence of a particular problem parameter using the overall model.

1. Introduction

The leading cause of death in the United States is currently heart disease [Mozaffar-
ian et al. 2015]. In order to continue searching for methods to combat heart disease,
it is vital that the heart and its underlying processes are understood with greater
depth. The importance of having a greater understanding of the heart provides the
motivation for this research.

This project focuses on a single cardiac cell and uses a mathematical model
in order to represent the electrical-excitation, calcium-signaling, and mechanical-
contraction components of a cardiomyocyte. The study of a single cardiac cell

MSC2010: primary 35K57, 65M08, 65Y05, 68U20, 92C30; secondary 65L04, 65M20, 68W10,
92C37, 92C50.
Keywords: cardiac arrhythmia, calcium-induced calcium release, reaction diffusion equations,

finite-volume method, parallel computing.

399

http://msp.org
http://msp.org/involve/
https://doi.org/10.2140/involve.2020.13-3
http://https://doi.org/10.2140/involve.2020.13.399


400 G. C. KROIZ, C. BARAJAS, M. K. GOBBERT AND B. E. PEERCY

1© 2©

3© 4©

electrical excitation

calcium signaling

mechanical contraction

Figure 1. The three components of the model and their links
labeled 1© to 4©.

is important as it is the basic building block of cardiac behavior. The original
model for calcium-induced calcium release (CICR) was introduced in [Izu et al.
2001a; 2001b] with a three-variable model and included only calcium signaling.
This original model makes up the heart of the calcium-signaling component of the
system indicated in Figure 1. Figure 2 sketches the domain of the simulation. We
use a hexahedron elongated in the z-direction for the shape of a cell, since the focus
of CICR research is on estimating reasonable physiological parameter values. A
key of the model in [Izu et al. 2001a; 2001b] is to place the calcium release units
(CRUs) on a regular lattice of size, for instance, 15× 15× 31= 6,975 throughout
the cell; Figure 2 shows three z-planes of 3×3 CRUs as an example. At these many
locations, calcium ions are released from the calcium store in the sarcoplasmic
reticulum (SR) into the cytosol of the cell, and CRUs can open (“fire”) and close
repeatedly over time [Izu et al. 2001a; 2001b].

The model was extended for the first time to include the electrical-excitation
component in Figure 1 [Alexander et al. 2015], which implemented a one-way
interaction from electrical excitation to calcium signaling indicated by link 1© in
Figure 1. Studies with six variables in [Angeloff et al. 2016] extended the coupling
to include a two-way cycle between electrical excitation and calcium signaling by
incorporating both links 1© and 2© in Figure 1. The formulation of the complete
eight-variable model for all components in Figure 1 was introduced in [Angeloff
et al. 2016], but not all model variables were used in the simulations, and the studies
did not incorporate the mechanical system.

The most recent work in [Deetz et al. 2017a; 2017b] studies the introduction of
the mechanical-contraction component in Figure 1 by activating the links 3© and 4©

in Figure 1. This is facilitated by adding a buffer species whose concentration
can be related to the contraction of the cell. Thus, this work uses a model with
seven variables to represent the excitation-contraction coupling (ECC) occurring
in the cardiomyocyte, in which CICR is the mechanism through which electrical
excitation is coupled with mechanical contraction through calcium signaling. The
initial results for the newly extended model produce simulations promising in their
predictive capability.
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Figure 2. The CRU lattice with spacings 1x s , 1ys , 1zs through-
out the three-dimensional cell.

From the previous work, the linkage of the mechanical contraction was existent,
but not physiologically correct with the previous set of parameters. The result-
ing simulations may not have provided realistic behaviors of a cardiac muscle
cell. As such, it is important to create a set of parameters with physiologically
reasonable simulations. To do this, we reduce the seven-variable model to the
three-variable model from [Izu et al. 2001a; 2001b] by setting key parameters
to zero. This removes several CICR components: the calcium store in the SR,
electrical excitation, and mechanical contraction. By this process, the additional
CICR components are negated as they all reduce to zero. From this base case, we
reintroduce physiologically reasonable values for these parameters in successive
order. First, the corresponding parameter for the calcium store is implemented,
reconnecting this component to the system. The selected parameters which negated
electrical excitation are then introduced. To complete the system, the key variable
connecting mechanical contraction to the rest of the model is included. By creating
this set of parameters that includes the CICR components, we are eventually able to
study the model as a whole rather than individual components. This paper shows the
design process of this set of parameters and then studies the influence of mechanical
contraction on the rest of the model for simulations to an extended final time. This
shows the possibility of studying the influence of a particular problem parameter
using the overall model.

This paper is organized as follows: Section 2 details the seven-variable model
used in this work. Section 3 specifies the numerical method used, including its
parallelization and implementation. Section 4 is divided into several subsections.
Sections 4.1–4.4 show the step-by-step implementation of the CICR components of
the seven-variable model. With the complete construction of the set of parameters,
Section 4.5 presents a sample application using the new set of parameters. Section 5
collects the conclusions of the work.
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2. Dynamics of a cardiac cell

This section details the seven-variable model used in this work. The seven variables
of the model are calcium in the cytosol c(x, t), a fluorescent dye b(c)1 (x, t), a
contractile protein (troponin) b(c)2 (x, t), a contractile force b(c)3 (x, t), calcium in
the sarcoplasmic reticulum (SR) s(x, t), voltage V (x, t), and the potassium gating
function n(x, t). These are listed in Table 1 with their units and initial values. The
evolution of the system is modeled by the system of seven time-dependent, coupled,
nonlinear reaction diffusion equations

∂c
∂t
=∇ · (Dc∇c)+ R(c)b1

+ R(c)b2

+ (JCRU+ Jleak− Jpump)+ κ JLCC+ (Jmleak − Jmpump), (1)

∂b(c)1

∂t
=∇ · (Db(c)1

∇b(c)1 )+ R(c)b1
, (2)

∂b(c)2

∂t
=∇ · (Db(c)2

∇b(c)2 )+ R(c)b2
, (3)

∂b(c)3

∂t
=∇ · (Db(c)3

∇b(c)3 )+ R(c)b3
, (4)

∂s
∂t
=∇ · (Ds∇s)− γ (JCRU+ Jleak− Jpump), (5)

∂V
∂t
=∇ · (Dv∇V )+ τv

1
C

[
Iapp− gL(V − VL)− gK n(V − VK )

−
2F

Sτflux
JLCC−ω(Jmleak − Jmpump)

]
, (6)

∂n
∂t
=∇ · (Dn∇n)+ τvλn cosh

(
V − V3

2V4

)
(n∞(V )− n). (7)

The domain in our model is a hexahedron

�= (−6.4, 6.4)× (−6.4, 6.4)× (−32.0, 32.0) (8)

with units µm with isotropic CRU distribution as sketched in Figure 2 with a sample
of three z-planes of 3×3 CRUs. A typical cell has on the order of 15× 15× 31=
6,975 calcium release units (CRUs) throughout the cell. A cell is reasonably
modeled by the hexahedral shape elongated in the z-direction, since the focus of
CICR research is on estimating correct physiological parameter values. The model
uses no-flux boundary conditions for all dependent variables, so that no species
escapes or enters the cell through the domain boundary ∂�; this corresponds
to the goal of modeling the behavior of a single cell. To finish the well-posed
statement of an initial-boundary value problem of parabolic type, such as the seven
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variable definition initial value

x spatial position variable (x, y, z) µm
t time variable ms

c(x, t) calcium in the cytosol c0 = 0.1µM A
b(c)1 (x, t) free fluorescent dye in the cytosol 45.918µM A
b(c)2 (x, t) free troponin in the cytosol 111.818µM A
b(c)3 (x, t) inactive actin-myosin cross-bridges 145.20µM C

s(x, t) calcium in the SR s0 = 10,000µM A
V (x, t) membrane potential (voltage) −50 mV B
n(x, t) fraction of open potassium channels 0.1 B

Table 1. Independent and dependent variables of the seven-
variable model and their initial conditions. The concentration
unit M is shorthand for mol/L (moles per liter). The last column
indicates which system component in Figure 1 contains each de-
pendent variable: A= calcium signaling, B= electrical excitation,
C=mechanical contraction.

equations (1)–(7), values for all dependent variables need to be specified at the
initial time t = 0, which is done by the values in Table 1.

The following text will detail the mathematical model for each of the three system
components in Figure 1 containing the variables in Table 1: The calcium-signaling
component contains variables c, b(c)1 , b(c)2 , and s. The electrical-excitation component
contains V and n and is connected to the calcium signaling in both the feedforward
and feedback directions, represented by links 1© and 2©. The mechanical-contraction
component contains b(c)3 and is also connected to the calcium signaling in both the
feedback and feedforward directions represented by links 3© and 4©.

The initial value c0 = 0.1µM is the basal level of calcium in the cytosol, which
is a physiologically measured value for the system at rest. The initial values for
all buffer species b(c)1 , b(c)2 , and b(c)3 are calculated from their reaction rates such
that no reactions take place for cytosol calcium c = c0 at rest. The initial value
s0 = 10,000µM for calcium in the SR is selected very high, so that the amount of
calcium in the store is not a limiting factor for the release of calcium at first; this
is a common technique to promote nontrivial behavior of the model in simulations.
The initial values for membrane potential V and the fraction of open potassium
channels n represent the resting state of the electrical system of the cell.

Tables 2 and 3 contain the parameters in the PDEs of the calcium system with
their values (if fixed) and units; some of the values are varied in the experiments in
Section 4. The coefficients Dc, Db(c)i

, and Ds are the 3×3 diffusivity matrices for
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Ca2+ in the cytosol, buffer species i in the cytosol, and Ca2+ in the SR, respectively;
these matrices are diagonal, as indicated in Table 2, with potentially different values
in the x-, y-, z-directions, or potentially zero, if the species does not diffuse.

variable definition values/units

Dc diffusivity matrix for c(x, t) diag(0.15,0.15,0.3) µm2/ms

Db(c)1
diffusivity matrix for b(c)1 diag(0.01,0.01,0.02)µm2/ms

Db(c)2
diffusivity matrix for b(c)2 diag(0.00,0.00,0.00)µm2/ms

Db(c)3
diffusivity matrix for b(c)3 diag(0.00,0.00,0.00)µm2/ms

Ds diffusivity matrix for s(x, t) diag(0.78,0.78,0.78)µm2/ms
R(c)bi

reactions of cytosol Ca2+ with buffers µM/ms

k+b(c)1
forward reaction coefficient for b(c)1 0.080 (µM ms)−1

k+b(c)2
forward reaction coefficient for b(c)2 0.100 (µM ms)−1

k+b(c)3
forward reaction coefficient for b(c)3 0.040 ms−1

k−b(c)1
reverse reaction coefficient for b(c)1 0.090 ms−1

k−b(c)2
reverse reaction coefficient for b(c)2 0.100 ms−1

k−b(c)3
reverse reaction coefficient for b(c)3 0.010 ms−1

γ ratio of volume of cytosol to SR 14

b(c)1,total total amount of b(c)1 in the cytosol 50µM

b(c)2,total total amount of b(c)2 in the cytosol 123µM

b(c)3,total total amount of b(c)3 in the cytosol 150µM

Jleak calcium leak from SR 0.3209684µM/ms
Jpump calcium transfer from cytosol to SR µM/ms
Vpump maximum pump rate 4µM/ms
Kpump pump sensitivity to Ca2+ 0.184µM
npump Hill coefficient for pump function 4.0

JCRU calcium flux from SR to cytosol via CRUs µM/ms
O gating function for JCRU 0 or 1

Jprob probability of CRU opening 0 to 1
xs three-dimensional vector for CRU location µm
1x s CRU spacings in x 0.8µm
1ys CRU spacings in y 0.8µm
1zs CRU spacings in z 2.0µm
σ̂ maximum rate of release 110µMµm3/ms

δ(x−x̂) Dirac delta distribution 1/µm3

urand uniformly distributed random variable 0 to 1
Pmax maximum probability for release 0.3

Kprobc sensitivity of CRU to cytosol calcium 2µM
nprobc Hill coefficient for probability function 4
Kprobs sensitivity of CRU to SR calcium 550µM
nprobs Hill coefficient for probability function 4

Table 2. Parameters for calcium signaling.
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variable definition values/units

Dv diffusivity matrix for V (x, t) diag(100,100,100)µm2/ms
Dn diffusivity matrix for n(x, t) diag(0,0,0)µm2/ms
τv scaling factor in voltage equation 0.1µMµm3/ms
τflux scaling factor in JLCC term 0.1
V1 potential at which m∞ = 0.5 −1.0 mV
V2 reciprocal of slope of voltage dependence of m∞ 15.0 mV
V3 potential at which n∞ = 0.5 10.0 mV
V4 reciprocal of slope of voltage dependence of n∞ 14.5 mV
VL equilibrium potential for leak conductance −50 mV
VCa equilibrium potential for Ca2+ conductance 100 mV
VK equilibrium potential for K+ conductance −70 mV
C membrane capacitance 20µF/cm2

Iapp applied current 50µA/cm2

gL max./instantaneous conductance for leak 2 mmho/cm2

gCa max./instantaneous conductance for Ca2+ 4 mmho/cm2

gK max./instantaneous conductance for K+ 8 mmho/cm2

m∞ fraction of open calcium channels at steady state 0 to 1
n∞ fraction of open potassium channels at steady state 1
λn max. rate constant for opening of K+ channels 0.1 ms−1

JLCC influx of calcium via L-type calcium channels µM/ms
S surface area of the cell 3604.48µm2

F Faraday constant 95484.56 C/mol
κ scaling factor of JLCC 0.1
ω feedback strength (scaling factor) for Ca2+ efflux 100µA ms/µM cm2

Jmleak leak of calcium via L-type calcium channels 0.1739493µM/ms
Jmpump pump of calcium via L-type calcium channels µM/ms
Vmpump max. pump rate 0.3µM/ms
nmpump membrane pump Hill coefficient 4
Kmpump membrane pump Ca2+ sensitivity 0.18

[XB]0 initial concentration of active cross-bridges 142.6805µM
ε shortening factor 0 to 1

Fmax max. force by actin-myosin cross-bridges 1µN
ks stiffness of actin filament 0.025 N/m

Table 3. Parameters for electrical excitation and mechanical contrac-
tion with base units of mho= (s3A2)/(kg m2) and F= (s4A2)/(kg m2).

The calcium signaling portion of the model consists of the equations (1)–(5). The
reaction terms R(c)bi

describe the reactions between calcium and the buffer species.
They are the connections between (1)–(4). More precisely, we have

R(c)b1
(c, b(c)1 )=−k+b(c)1

cb(c)1 + k−b(c)1
(b(c)1,total− b(c)1 ), (9)

for reaction between cytosol calcium and the fluorescent dye.
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When troponin binds to Ca2+, the protein as a whole changes shape: this not
only allow actin-myosin cross-bridges to form, but also traps the calcium in its
connection to the troponin so that the disassociation rate of troponin binding to
Ca2+ decreases dramatically. To account for this, the shortening factor ε describes
how the separation of troponin and calcium has been physically, but not chemically,
impaired. When there are open CRUs that, as a result, release calcium in the cytosol,
this chain of changes of variables increases in severity. However, after t = 5 ms of
being open, the CRUs close and remain in a refractory state for t = 100 ms. During
this period, the unbinding of troponin and calcium increase to the initial rate of
unbinding and myosin cross-bridges become inactive. This results in these terms
returning to their original states. This cycle is continuous triggered and reset by
the calcium waves produced by a cardiomyocyte. Note, again, that R(c)b2

remains a
function of cytosol calcium concentration c(x, t) by its equation

R(c)b2
(c, b(c)2 )=−k+b(c)2

cb(c)2 +

(
k−b(c)2

ε

)
(b(c)2,total− b(c)2 ), (10)

with

ε = exp
(

Fmaxks

(
b(c)3,total− b(c)3 − [X B]0

b(c)3,total− [XB]0

))
(11)

and [XB]0= b(c)3,total−b(c)3 (x, 0). This shortening factor ε links 3© and 4© in Figure 1.
It is important to note that the disassociation rate of troponin binding to Ca2+ is
highest when the calcium concentration in the cytosol is lowest.

The shortening factor refers back to the concentration of b(c)3 (x, t), the actin-
myosin cross-bridges, and to the force that their linkage generates. It is scaled
by the maximum possible contractile force Fmax, the actin stiffness ks , and the
proportion of active to inactive actin-myosin cross-bridges. As the proportion of
active actin-myosin cross-bridges increases due to an increase in bounded troponin,
the value of b(c)3,total− b(c)3 − [XB]0 increases. This results in a larger value of ε. As
ε becomes larger, the rate at which the bounded troponin unbinds slows down. As
described earlier, the lack of calcium provided by CRU resting periods results in a
reset in this mechanism.

The contractile proteins in question, though considered as a single species, are
the combination of actin and myosin when linked via cross-bridges. This linkage is
made possible by Ca2+ binding to troponin, the cytosol buffer species b(c)2 (x, t):
it is this binding that allows the actin-myosin cross-bridges to form. The cytosol
species, b(c)3 (x, t), describes these actin-myosin cross-bridges and constructs a third
cytosol reaction term

R(c)b3
(c, b(c)2 , b(c)3 )=−k+b(c)3

(
b(c)2,total− b(c)2

b(c)2,total

)2

b(c)3 + k−b(c)3
(b(c)3,total− b(c)3 ). (12)
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Notice that this is not the same as the generic pattern for buffer species reaction
terms from the initial model. There is no immediately clear dependence on cytosolic
calcium c(x, t). However, while c(x, t) is not explicitly included, it is present in the
proportion involving troponin, b(c)2 (x, t), which itself depends explicitly on cytosol
calcium levels; R(c)b3

, like the other two reaction equations, does in fact depend on
the cytosol calcium concentration. Unlike the other two reaction equations, R(c)b3

indirectly impacts calcium levels.
These two reaction terms (10) and (12) connect the three components of our

model. The calcium signaling is linked to the pseudomechanical contraction by the
cross-bridge term, and the pseudo-mechanical contraction is in turn connected to
the calcium signaling through the inclusion of the cytosol calcium concentration
in the modified reaction equation for troponin. Thus links 1©– 4© in Figure 1 are
established, and the three systems of the model are fully linked.

Note that in the reaction terms (9), (10), and (12), b(c)1 , b(c)2 , and b(c)3 are the
amounts of unbound buffer known as “free” buffer. The constants b(c)i,total, i = 1, 2, 3,
denote the total bound and unbound buffer, thus leaving the differences b(c)i,total−bi

(c)

in the reaction terms to be the buffer bound with cytosol calcium c. Since the model
uses no-flux boundary conditions, no buffer species escapes or enters the cell; thus
we only need to track the “free” buffer species and use b(c)i,total− bi

(c) for the bound
species. The values for the constants b(c)i,total, i = 1, 2, 3, are model parameters and
specified in Table 2.

The flux terms JCRU, Jleak, and Jpump in (1) describe the calcium-induced release
of Ca2+ into the cytosol from the SR, the continuous leak of Ca2+ into the cytosol
from the SR, and the pumping of Ca2+ back into the SR from the cytosol. The
terms JLCC, Jmleak , and Jmpump describe the fluxes of calcium into and out of the cell
via the plasma membrane. The coupling between (1) and (5) is achieved by the
three flux terms shared by both.

More precisely, JLCC, Jmleak , and Jmpump in (1) describe the fluxes of calcium into
and out of the cell via the plasma membrane. Jpump replenishes the calcium stores
in the SR; it increases SR calcium concentration by decreasing cytosol calcium
concentration. Jleak is a continuous leakage of those SR calcium stores into the
cytosol; it increases cytosol concentration by decreasing SR calcium concentration.
The pump term

Jpump(c)= Vpump

(
cnpump

K npump
pump + cnpump

)
(13)

is thus a function of cytosol calcium c(x, t). The leak term Jleak is a constant
defined by

Jleak = Jpump(c0), (14)

which balances Jpump(c) at basal level c0 = 0.1µM of cytosol calcium. The pump
term Jpump, a function of cytosolic calcium c(x, t), consists of the maximum pump
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velocity Vpump multiplied against the relationship between c(x, t) and the pump
sensitivity Kpump; the exponent npump refers to the Hill coefficient (quantifying the
degree of cooperative binding) for the pump function. This has the practical effect
of multiplying the maximum possible pump velocity against a number between
0 and 1, exclusive. Jleak, which continuously leaks calcium into the cytosol from
the SR, is simply Jpump evaluated at the basal cytosolic calcium concentration
c0 = 0.1µM. As noted, Jpump has two roles, namely to balance Jleak in the absence
of sparking, but also to balance JCRU under conditions of active calcium release.

The term JCRU in (1) is the Ca2+ flux into the cytosol from the SR via each
individual point source at which a CRU has been assigned. The effect of all CRUs
is modeled as a superposition such that

JCRU(c, s, x, t)=
∑
x̂∈�s

σ̂
s(x, t)

s0
O(c, s)δ(x− x̂), (15)

with

O(c, s)=
{

1 if urand ≤ Jprob,

0 if urand > Jprob,
(16)

where

Jprob(c, s)= Pmax

(
cnprobc

K
nprobc
probc
+ cnprobc

)(
snprobs

K
nprobs
probs
+ snprobs

)
. (17)

The effect of each CRU is modeled here as a product of three terms:

(i) Similarly to how in Jpump the maximum pump rate is scaled against the concen-
tration of available cytosol calcium, the maximum pump rate is scaled against the
concentration of available cytosol calcium and the maximum rate of Ca2+ release σ̂
is scaled here against the ratio of calcium concentration in the SR.

(ii) Following the same pattern, a maximum value multiplied against some scaling
proportion between 0 and 1, the gating function O(c, s) has the practical effect of
“budgeting” the calcium SR stores such that when the stores are low, the given CRU
becomes much less likely to open; each CRU is assigned a uniformly distributed
random value urand, which is compared to the single value returned by the CRU
opening probability Jprob to determine whether or not the given CRU will open.
Jprob is characterized by traits of CRUs CRU, which open for 5 ms and then proceed
to close and remain in a refractory state for the following 100 ms.

(iii) The Dirac delta distribution δ(x− x̂) models each CRU as a point source for
calcium release, which is defined by requiring δ(x − x̂) = 0 for all x 6= x̂ and∫

R3 ψ(x)δ(x− x̂) dx = ψ(x̂) for any continuous function ψ(x).

The linking between calcium signaling and electrical excitation consists of
(6)–(7). The membrane potential of the cell depends on both the cytosol calcium
ion concentration and also on the cytosol potassium ion (K+) concentration [Banyasz
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et al. 2012; Morris and Lecar 1981]. In our model, the ω-term in (6) quantifies a
dependence of V on c to complete the coupling from the chemical to the electrical
systems in link 2© in Figure 1 [Angeloff et al. 2016], after c in (1) already contains
several terms that depend on V to implement link 1© in Figure 1. The Ca2+ con-
ductance is much faster than the K+ conductance, so the calcium conductance can
be approximated as m∞ or instantaneously steady-state at all times; the potassium
conductance requires a separate description in (7). Needed parameter functions in
(6)–(7) are

m∞(V )=
1
2

(
1+ tanh

(
V − V1

V2

))
, (18)

n∞(V )=
1
2

(
1+ tanh

(
V − V3

V4

))
. (19)

The connection between (1) and (6), link 1© in Figure 1, the link from the electrical
system to the calcium system, comes through

JLCC =
τflux

2F
SgCam∞(V )(V − VCa), (20)

the only calcium flux term to involve voltage. Note the parameter κ in (1), which is
an external scaling factor for JLCC rather than an intrinsic physiological component;
if the value of κ is set to 0, the connection, link 1© in Figure 1, is effectively
switched off and the calcium dynamics are then modeled as though voltage were not
involved. The surface area, S, of the cell is included in light of the fact that JLCC

describes the influx of calcium through L-type calcium channels (LCCs), which are
present in the enclosing plasma membrane of the cell: the surface area of the cell is
the surface area of the membrane.

We model the effect of the cytosol calcium concentration on the voltage by
treating the calcium efflux term Jmpump−Jmleak as equivalent to the sodium-calcium
exchanger current: we are thus able to describe the current generated by the sodium-
calcium exchange as a function of simple calcium loss.

The individual components of the calcium efflux term are near-duplicates in
form of the earlier Jpump and Jleak functions in (13) and (14), respectively. As Jpump

described the removal of calcium from the cytosol and its transfer into SR stores,

Jmpump(c)= Vmpump

(
cnmpump

K
nmpump
mpump + cnmpump

)
(21)

describes the removal of calcium from the cytosol and its transfer to outside the cell
across the membrane. The leak term Jleak described a gradual leak of calcium into
the cytosol from the SR, while JCRU described an abrupt, high-concentration (high
relative to the leak) release of calcium into the cytosol from the SR. Similarly,

Jmleak = Jmpump(c0) (22)
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describes a gradual leak of calcium into the cytosol from outside the cell via the
plasma membrane, while JLCC describes a sudden spike of calcium release into the
cytosol via the LCCs.

The seven-variable model presented in this section reduces to the three-variable
model in the original sources [Izu et al. 2001a; 2001b] by the following choices:
setting γ = 0, τv = 0, ω= 0, κ = 0, and Fmax = 0. With these parameters set to 0,
links 1©, 2©, 3©, and 4© in Figure 1 are all cut off.

3. Numerical method

In order to do calculations for the CICR model, we need to solve a system of time-
dependent parabolic partial differential equations (PDEs). These PDEs are coupled
by several nonlinear reaction and source terms. The current simulations use ns = 7
physiological variables in (1)–(7). The domain in our model is a hexahedron� in (8)
with isotropic CRU distribution as shown in Figure 2. A typical cell has on the order
of 15× 15× 31= 6,975 calcium release units (CRUs) throughout the cell. A cell
is reasonably modeled by the hexahedral shape elongated in the z-direction, since
the focus of CICR research is on estimating correct physiological parameter values.
Taking a method of lines (MOL) approach [Strikwerda 2004] to spatially discretize
this model, we use the finite volume method (FVM) as the spatial discretization to
ensure mass conservation on the discrete level and also to accommodate advection
terms in the future, with N = (Nx+1)(Ny+1)(Nz+1) control volumes. Applying
this to the case of the ns PDEs results in a large system of ordinary differential
equations (ODEs). A MOL discretization of a diffusion-reaction equations with
second-order spatial derivatives results in a stiff ODE system. The time step size
restrictions, due to the CFL condition, are considered too severe to allow for explicit
time-stepping methods. This necessitates the use of a sophisticated ODE solver
such as the family of implicit numerical differentiation formulas (NDFk). We use
Newton’s method as the nonlinear solver, and at each Newton step we use the
biconjugate gradient stabilized method (BiCGSTAB) or other Krylov subspace
methods as the linear solver. Complete details of the numerical method can be
found in [Schäfer et al. 2015].

While the form of the PDEs in (1)–(7) is customary, the thousands of point
sources at the calcium release units (CRUs) in the forcing terms imply that standard
codes have difficulty. This explains why our research centered around creating a
special-purpose code [Gobbert 2008; Hanhart et al. 2004; Seidman et al. 2012;
Schäfer et al. 2015]. Additionally, we leverage the regular three-dimensional shape
of the domain to program all methods in matrix-free form. Table 4 demonstrates
thus, how despite fully implicit time-stepping, even relatively fine meshes use only
reasonable amounts of memory. This provides the key benefit now for the complete
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mesh resolution N DOF neq time steps memory (GB)
Nx×Ny×Nz predicted observed

32×32×128 140,481 983,367 2667 0.125 < 1
64×64×256 1,085,825 7,600,775 3295 0.963 1.093

128×128×512 8,536,833 59,757,831 3867 7.569 8.476
256×256×1024 67,700,225 473,901,575 4470 60.024 67.103

Table 4. Sizing study with ns = 7 variables using double precision
arithmetic, listing the mesh resolution Nx×Ny×Nz , the number
of control volumes N = (Nx+1)(Ny+1)(Nz+1), the number of
degrees of freedom (DOF) neq = ns N, the number of time steps
taken by the ODE solver up to final time tfin = 100 ms, and the
predicted and observed memory usage in GB for a one-process run.

complex model with complete sophisticated numerical method stack, even with
7 or 8 variables, to fit into the memory of a single cluster node with extended
memory. The table also shows how large the number of degrees of freedom (DOF)
is, that is, the number of variables that have to be computed at every time step.
With even modest meshes, there are millions of unknowns, and possibly hundreds
of millions for fine meshes. This characterizes the numerical problem that needs to
be tackled to resolve the large number of thousands of calcium release units (CRUs)
in a cell. Note that Table 4 presents a numerical test on a shortened time frame
with final time tfin = 100 ms, which is large enough to include significant nonlinear
behavior, but small enough to allow for reasonable run times. In the following result
sections, final times of tfin = 1,000 ms and tfin = 5,000 ms are used, as specified in
the subsections as well as summarized in Table 5

The implementation of this model is done in C using MPI and OpenMP to paral-
lelize computations. Parallelization is accomplished through the block-distribution
of all large arrays to all MPI processes. We split of the mesh in the z-direction
with one subdomain on each of the parallel processes. MPI commands such as
MPI_Isend and MPI_Irecv, which are nonblocking point-to-point communication
commands, send messages between neighboring processes. The collective command
MPI_Allreduce is used for the computation of scalar products and norms.

4. Results

This section shows the results of simulations for the seven-variable model detailed
in Section 2 with variables and their values at the initial time t = 0 ms specified
in Table 1. The following subsections show physiological output that is possible
through long-time computational simulations to a final time that is large enough
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parameter base case SR store voltage system mechanical system
Sec. 4.1 Sec. 4.2 Sec. 4.3 Sec. 4.4 Sec. 4.5

γ 0.0 0.01 to 1000 14.0 14.0 14.0
τv 0.0 0.0 0.1 0.1 0.1

Vmpump 0.0 0.0 0.001 to 1 0.3 0.3
ω 0.0 0.0 0.1 to 1000 100.0 100.0
κ 0.0 0.0 0.001 to 10 0.1 0.1

Fmax 0.0 0.0 0.0 0.001 to 100 1,100

tfin 1000 1000 1000 1000 5000

Table 5. Parameter differences between cases in this section.

to include several calcium waves. Tables 2 and 3 specify all model parameters,
their names, and their values or ranges with units, except certain parameters that
are varied in this section. Table 5 specifies for each of the subsections, what values
are used. In Tables 2 and 3, the values of the variables are selected from Table 5.
Section 4.1 connects to the original modeling in [Izu et al. 2001a; 2001b] by
performing simulations with parameters chosen such that the seven-variable model
reduces to the original three-variable model used in these papers. Sections 4.2, 4.3,
and 4.4 successively vary parameters shown in Table 5, in addition to the parameter
changes made in the previous subsections. This approach allows for the construction
of the entire model by adding new components on top of previous ones. With the
entire model pieced together, we can test the model as a whole. Section 4.5 briefly
exhibits the power of the physiologically connected model by showing the impact
of Fmax= 1 and Fmax= 100 on the entire system for t = 5,000 ms, a longer duration
of time. These results show the power of the model with the physiologically linked
components and motivate further studies using this model.

4.1. Base case. The seven-variable model in (1)–(7) reduces to the three-variable
model in the original sources [Izu et al. 2001a; 2001b] by the following choices:
setting κ = 0, Fmax = 0, and γ = 0. When looking at the seven equations, changing
these parameters to zero is most appropriate as they result in removing the calcium
store in the sarcoplasmic reticulum (SR) and the effects of mechanical contraction.

The final addition of the three-variable model, electrical excitation, can be
absolutely removed by setting (6) and (7) to zero. Changing τv = 0 achieves this.
These three components are only unique to the seven-variable model. To confirm
that the first equation, (1), acts identically to the first equation in [Izu et al. 2001a],
we must be absolutely sure that Jmleak− Jmpump = 0. To do this, we change Vmpump = 0
and ω = 0, resulting in (21) negating to zero and both sides of (22) equaling zero.
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Figure 3. Open calcium release units throughout the cell.

With these additional changes, the seven-variable model functions identically to the
three-variable model in the original sources [Izu et al. 2001a; 2001b].

The first set of plots, in Figure 3, display the locations of open calcium release
units by a dot. The more dark dots are visible, the more CRUs are open at that
specific time. More specifically, since one open CRU tends to promote neighboring
CRUs to open through the diffusion of calcium, a clustering of dots indicates a
region of several open CRUs. Note that we start with initial conditions in Table 5
for which there are no open CRUs and the right-hand sides of all equations in
(1)–(7) are zero. Thus, these simulations represent a study in spontaneous sparking,
in which some CRUs happen to open according to the probabilistic model in (15)–
(17). This model embodies the effect of a higher concentration of cytosol calcium
increasing the probability for a CRU to open in (17). The result of this spontaneous
self-initiation is seen in the first subplot in Figure 3, where a number of CRUs
in one region of the cell have opened by t = 100 ms. The study of self-initiation
was the original purpose of this model of calcium-induced calcium releases [Izu
et al. 2001a; 2001b] and only required modest final times. The extension of the
simulations to larger final times allows us to study if the opening and closing of
CRUs self-organizes into a sustained wave. This is seen in the following subplots
in Figure 3. The model requires CRUs to close for 100 ms after opening for 5 ms;
thus the subplots indicate that the original cluster of open CRUs travels in both
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Figure 4. Concentration of c(x, t) with a critical value of 65µM.

directions through the elongated direction of the cell and roughly repeats every
100 ms. Movies of the full results including intervening times confirm this behavior.

Figure 4 shows a collection of isosurface plots for calcium concentration in the
cytosol. An isosurface plot displays the surface in the three-dimensional cell, where
the species concentration is equal to a critical value, stated in the caption of the
figure, here 65µM for the concentration of cytosol calcium c(x, t). Blue represents
when the species’ concentration equals 65µM. For densities lower than 65µM,
there are no markings. More extreme concentrations of each species are indicated
with the spectrum from yellow to red, where darker hues are more intense in density.
As we can see from the subplots in Figure 3, we have an original cluster in the
middle at t = 100 ms that diffuses towards the ends of the cell and repeats on a
100 ms cycle. Due to the connection of the calcium in the cytosol with open CRUs
through the effect of calcium-induced calcium release, calcium concentrations in
the cytosol corresponds to locations of open CRUs.

This physiological concept is shown with each subplot in Figure 4, where the
species’ concentration colors are in agreement with the amount of open CRUs in
Figure 3 at that time.

The concentrations of b(c)1 (x, t) and b(c)2 (x, t) have the same characteristics as the
calcium levels in the cytosol since they are all influenced in the same way; therefore,
we do not show them. The remaining isosurface plots for the base case are not
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Figure 5. Concentration of s(x, t) with a critical value of 5000µM.

included because each of the additional species’ concentrations remain constant.
Thus each subplot remains uneventful. As the CICR components are added to the
base case in the following subsections, the respective isosurface plots will also be
included.

4.2. Adding the calcium store in the sarcoplasmic reticulum (SR). To add the
calcium store in the sarcoplasmic reticulum (SR), (5) must provide nonconstant
concentrations of calcium. We can set γ = 14 to remove the previous reduction of
this equation in Section 4.1. These values for γ and Ds are from Table 5.

We can look at the isosurface plots for calcium in the SR to determine the
functionality of the calcium store in the SR with the two changed parameters. The
seven equations allow for a range of concentrations for calcium in the SR from 0.01
to 10,000µM. Figure 5 shows a collection of isosurface plots for calcium concen-
tration in the SR with a critical value of 5,000µM. Concentrations more extreme
than the critical value are represented with a spectrum start from blue to yellow,
where yellow represents concentrations closest to the maximum. When looking at
Figure 5 the lighter concentrations of calcium in the SR directly correspond to the
extreme concentrations of calcium throughout the cell.

Figure 5 shows that the calcium store was implemented. Unlike in Section 4.1
where the concentration of calcium in the SR remained constant at 10,000µM,
the subplots in Figure 5 contain numerous examples of varying concentration of
calcium in the SR.
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The choice of γ = 14 was determined through an analysis of several other cases
with different values for γ. From the range that was tested, 0.01 to 1000, every value
eventually resulted in continuous calcium waves. This is expected as adding to the
calcium store does not hinder the continuous calcium waves. However, γ -values of
100 and above resulted in a range of calcium concentration in the SR that included
negative values. The seven-equation model is limited for large γ -values as it does
not account for negative concentrations, which physiologically are inconceivable.
Simulations for γ -values 1 and below resulted in insignificant changes to the
calcium in the SR, showing that the smaller values of γ do not sufficiently add to
the decrease in calcium from the store according to the increase of calcium in the
cytosol. From the parameter study, γ = 10 was idealistic, as continuous calcium
waves are apparent and an appropriate calcium store was successfully implemented.
In this paper, γ = 14 is used to keep consistency with previous studies that used
γ = 10. No significant differences can be found between γ = 14 and γ = 10.

The CRU plots and the isosurface plots for c(x, t), b(c)1 (x, t), and b(c)2 (x, t)
remained nearly identical to the plots in Section 4.1 This shows that the imple-
mentation of the calcium store did not heavily influence the concentrations of free
fluorescent dye from (2) and free troponin from (3).

4.3. Adding the effect of electrical excitation. Implementing the effect of electri-
cal excitation on top of the calcium store in the SR is achieved through activat-
ing (6) and (7). From the reduced version of the seven-variable model, setting
τv = 0.1µMµm3/ms, Vmpump = 0.3µM/ms, ω = 100, and κ = 0.1 results in
functional equations for electrical excitation. We can make several other cases with
various values of each varied parameter to see how different extremes for each
variable changes the resulting calcium wave.

From Section 4.2, we performed three separate one-dimensional studies in
order to find values for Vmpump , ω, and κ that fully add the voltage system without
significant changes to the various species’ concentrations in Section 4.2.

The first one-dimensional study varied Vmpump from 0.001 to 1. Changing this
parameter to a fixed value allows for the functionality of the function (21) and
consequently (22). Both Vmpump and Vmleak have an influence on (1) and (6). From
this study, the largest value that retains the continuous calcium waves described in
Section 4.1 was Vmpump = 0.3µM/ms.

With this fixed value for Vmpump , we can perform a one-dimensional study of ω,
the feedback strength for Ca2+ efflux, and an additional study of κ . When varying
ω, we noted that from ω = 0.1 to 1000, the CRU plots are almost identical to our
CRU plots from Section 4.2. As such, we can set ω = 100.0, a fixed value, as all
tested cases of ω simulated similar results to the plots shown in Section 4.2.

To fully implement the voltage system, we need to test values of κ to find
what nonzero value of κ would allow for continuous calcium waves with a fully
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Figure 6. Concentration of s(x, t) with a critical value of 5000µM.

implemented voltage system and calcium in the SR. When varying κ from 0.001
to 10, we noted that κ = 0.1 was the largest value in which the calcium waves were
comparable to the previous subsections.

Setting κ = 0.1, ω = 100, τv = 0.1µMµm3/ms, and Vmpump = 0.3µM/ms in
addition to the predetermined values for the parameters in Table 5 allows for the full
implementation of the voltage system without fundamentally changing the outflow
of calcium.

The CRU plots and the isosurface plots for c(x, t), b(c)1 (x, t), and b(c)2 (x, t) did
not significantly change with the implementation of the voltage system. However,
there are more notable differences when comparing the calcium concentrations of
the stores shown in Figures 6 and 5. In Figure 6, the latter plots have colorless space
between each clump of calcium. As these spaces are representative of lower calcium
concentrations, these plots show that the store in the SR has lower concentrations
of calcium. Larger time studies may indicate that the calcium concentration in the
store continues to lower past t = 100 ms.

The voltage plot in Figure 7 shows that the electrical system was implemented.
The voltage plots from the previous subsections remained constant at −50 mV. In
Figure 7, there is a clear repetition of the voltage rising up to approximately 26 mV
back down to approximately −23 mV. This figure confirms that external voltage is
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Figure 7. Voltage levels throughout the cell over period of 1000 ms.

present. Based on these comparisons, these plots maintain the same behaviors from
Section 4.2 with the addition of the voltage system.

4.4. Adding the effect of mechanical contraction. In the seven-variable model,
mechanical contraction is described through (3) and (4). From the parameters added
in Section 4.3 shown in Table 5, a parameter study was performed on the values for
Fmax. By changing this parameter to nonzero values, we can study the effects of
mechanical contraction on top of the previously included calcium store and electrical
excitation. In addition to these set values, we created other cases with various values
for Fmax to note the physiological changes with various values of (3) and (4).

For this parameter study, we tested a range from Fmax = 0.001 to Fmax = 100.
For Fmax values less than 1, the shortening factor remained the same, where after
about 125 ms ε began to cycle between a small range and remained this way up to
1000 ms. For Fmax = 100, the shortening factor loses its period; that is, the value
does not cycle. Rather, the shortening factor spikes up two times throughout the
1,000 ms. While Fmax = 10 maintains the cycling value of the shortening factor,
there is an apparent delay for the cycle to begin. Unlike the start time of 125 ms
for the lower values of Fmax, for Fmax = 10, the start time is 250 ms. Since the
simulations are only 1,000 ms in length, the desired value for Fmax is 1.

As in the previous subsections, the CRU plots and the isosurface plots for c(x, t),
b(c)1 (x, t), and b(c)2 (x, t) appear to be extremely similar if not identical to plots from
the previous subsections. Additionally, the concentrations shown in Figures 6 and 7
remain the same with the addition of Fmax. This shows that the implementation of
the mechanical contraction did not heavily influence the other components to the
extent of changing the system.

With Fmax set to a nonzero value, the shortening factor, described in (11), is
able to vary based on inactive actin-myosin cross-bridges described in (4). In the
previous subsections, the lack of the variance in the shortening factor led to the
inability of the continuous contractions of the cross-bridges to take place. Unlike the
previous subsections, this shortening factor is able to vary in severity, allowing for
the repetition of inactive cross-bridges switching to active ones. This repetitive cycle
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Figure 8. Concentration of b(c)3 (x, t) with a critical value of 50µM.

is displayed in Figure 8. In previous subsections, the plots for inactive actin-myosin
cross-bridges remained constant throughout the 1,000 ms.

As in the previous subsections, the CRU plots and the isosurface plots for c(x, t),
b(c)1 (x, t), and b(c)2 (x, t) appear to be extremely similar to plots from the previous
subsections. Additionally, the concentrations shown in Figures 6 and 7 remain
the same with the addition of Fmax This shows that the implementation of the
mechanical contraction with the so-far chosen parameters did not heavily influence
the other components to the extent of changing the system.

4.5. Influence of Fmax on the entire system. With these set parameters described
in Section 4.1, we are able to test questions retaining to the entire model. One
example of this is the study of Fmax for the much longer final time tfin = 5,000 ms
rather than 1,000 ms on the seven-variable model. From the tested values for Fmax

from 0.001 to 100, values 1 and 100 are shown in the plots below. These values
were determined through the parameter study of Fmax from Section 4.4.

Figures 9 and 13 show plots of both the voltage V and shortening factor ε vs. time
for the model. While the content is different, the structure of the voltage plots is
identical to the voltage plots described in Section 4.3. The plots of the shortening
factor ε vs. time track the value of the shortening factor, ε, used in (3).

There are several differences between how each Fmax value affects the system.
Figures 9–12 are representative of the same simulations as in Section 4.4, except the
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duration of time was extended from tfin = 1,000 ms to 5,000 ms. As previously de-
scribed, around 125 ms the calcium concentration in the cytosol shown in Figure 10
jumps from 0 to slightly less than 4× 105 and slowly decreases as the calcium con-
centration in the store depletes. In Figure 12, the calcium concentration in the store
drops at the same time. The calcium concentration in the store continues to drop until
about 2,500 ms, where it then levels out. The concentration of b(c)3 (x, t) in Figure 11
drops at the same time as the calcium change in the cytosol. Once the calcium in
the cytosol depletes, the concentration of b(c)3 (x, t) returns to its initial state.

When comparing Figures 9–12 using Fmax = 1 and Figures 13–16 using Fmax =

100, there are clear differences. In Figure 14, the calcium concentration jumps
from its initial state similarly to the calcium concentration of Figure 10. However,
it shortly returns to its initial state and remains so for several hundred millisec-
onds before jumping back up. This spike back downward is not characterized
in Figures 9–12. The concentration around 1,000 ms jumps up to nearly 9× 105,
more than double the peak concentration of calcium in the cytosol for Fmax = 1.
Furthermore, the range of concentration levels in 100 ms is much larger than in
Figure 10. The calcium in the store, shown in Figure 12, overall has a downward
trend until around 3,000 ms, where the calcium concentration in the store levels
out. The calcium concentration in the cytosol in Figure 10 correspondingly drops
down to nearly 0. Similar to the first spike of calcium in Figure 10, in Figure 11,
the concentration of b(c)3 (x, t) drops with the spike and almost returns to its initial
state before dropping a second time around 1,000 ms. The concentration remains
relatively constant until the calcium in the cytosol drops. At this point the concen-
tration of b(c)3 (x, t) rises back up to the same concentration as its initial state and
remains around that level until the final time tfin = 5,000 ms.

There are also notable differences between the plots of the shortening factor ε
vs. time in Figures 9 and 13. Both plots generally have the same characteristics as
the plots of b(c)3 . Where the value for ε is greater, the concentration of b(c)3 is lower.
Between the plots in Figures 9 and 13, the range of oscillation is much smaller in
Figure 13 than in Figure 9 during the period where the value of ε oscillates.

Unlike the other plots, the plots of voltage V vs. time in Figures 9 and 13 retain
consistency throughout the entire 5,000 ms. The voltage level in both plots oscillates
from a negative value to a positive value. It appears that the range of one oscillation
of voltage shrinks slightly as the calcium levels in the cytosol increase. Other than
this, it appears that the change in Fmax does not have such a drastic impact on the
characteristics of voltage compared to the concentrations of each species of the cell.
As such, it appears that the influence of the mechanical system is directed towards
calcium signaling and therefore has an indirect influence on voltage. This might be
expected as there are no direct links between the mechanical system and electrical
excitation.
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Figure 9. Plots of voltage V and shortening factor ε vs. time with
Fmax = 1 for tfin = 5,000 ms.
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Figure 10. Total concentration of c(x, t) vs. time with Fmax = 1
for tfin = 5,000 ms.
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Figure 11. Total concentrations of b(c)3 (x, t) vs. time with Fmax=1
for tfin = 5,000 ms.
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Figure 12. Total concentrations of s(x, t) vs. time with Fmax = 1
for tfin = 5,000 ms.
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Figure 13. Plots of voltage V and shortening factor ε vs. time
with Fmax = 100 for tfin = 5,000 ms.
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Figure 14. Total concentration of c(x, t) vs. time with Fmax= 100
for tfin = 5,000 ms.
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Figure 15. Total concentrations of b(c)3 (x, t) vs. time with Fmax =

100 for tfin = 5,000 ms.
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Figure 16. Total concentrations of s(x, t) vs. time with Fmax=100
for tfin = 5,000 ms.
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5. Conclusions and outlook

We successfully created a table of parameters in Section 4 that allow for a more
complete functioning model. This model includes the calcium store, electrical
excitation, and mechanical contraction of the cardiac muscle cell. Unlike before,
this table allows for the cohesion of all components of the model. With this, we are
able to study the model in its entirety. As an example, we showed some influences
of Fmax, a constant of the shortening factor, on the entire system over a period of
5,000 ms. When comparing small and large values for Fmax, we noticed that the
influence of Fmax was much less extreme on the electrical excitation compared to
the calcium signaling. When comparing the plots of the relevant species of the
system, this conclusion becomes apparent. This is important as it allows us to grasp
a better understanding of the linkage between the mechanical system and calcium
signaling, shown by link 1© in Figure 1.

Future research on this could look more in depth at different values of other
parameters with a final time of 5,000 ms. This would allow for studies on the
system for longer periods of time. Studying multiple cases for each parameter value
with randomized locations for calcium sparking would allow for more concrete
conclusions with a stronger representation of the physiological processes of the cell.
While this is one further area of study, this complete set of parameters opens many
areas to study the model in its entirety.
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Covering numbers and schlicht functions
Philippe Drouin and Thomas Ransford

(Communicated by Kenneth S. Berenhaut)

We determine upper and lower bounds for the minimal number of balls of a given
radius needed to cover the space of schlicht functions.

1. Introduction

Let (X, d) be a metric space. The δ-covering number of X, denoted by NX (δ), is
the minimal number of closed balls of radius δ needed to cover X. It may happen
that NX (δ)=∞, but if X is compact then always NX (δ) <∞. The quantity NX (δ)

arises in connection with the notion of the box-counting dimension of X, which is
defined as

dimB(X) := lim
δ→0+

log NX (δ)

log(1/δ)
,

whenever the limit exists; see, e.g., [Falconer 2014, §2.1]. The covering number
also plays an important role in the theory of universal approximation; see, e.g.,
[Kalmes et al. 2012]. In the latter context, the metric space X is usually a function
space.

Our aim is to estimate the covering number for a particular function space, namely
the class S of schlicht functions. This is the class of all holomorphic functions f on
the open unit disk D such that f is injective and satisfies f (0)= 0 and f ′(0)= 1.
The class S arises naturally in connection with the Riemann mapping theorem. It
has been studied extensively and is the subject of several books, e.g., [Duren 1983;
Goodman 1983a 1983b; Pommerenke 1975; Schober 1975].

2. Statement of main result

Let Hol(D) denote the set of all holomorphic functions on the open unit disk D. It
is a Fréchet space with respect to the topology of uniform convergence on compact
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subsets of D. There are many choices of metric that give rise to this topology. A
very common one is to take

d( f, g) :=
∑
j≥1

λj min
{
1, max
|z|≤rj
| f (z)− g(z)|

}
, (1)

where (λj ) is a positive sequence with
∑

j λj <∞, and rj is a sequence in (0, 1)
such that rj → 1.

With respect to this metric, the set S is a compact subset of Hol(D), see, e.g.,
[Duren 1983, p.276], and therefore a compact metric space in its own right. Our
aim is to estimate the covering number of this space. In order to do this, we need
to impose some conditions on the sequences (λj ) and (rj ). We shall assume that
there exist constants 0< λ < 1 and α > 0 such that

λj � λ
j and 1− rj � j−α. (2)

These choices seem reasonable. In the literature, λj is nearly always taken to be 2− j.
Usually rj is not specified explicitly, but in [Duren 1983, §9.1] it is taken to be
1− 1/j .

Here and in what follows, we write a.b to signify that a, b are positive functions
or sequences such that a/b remains bounded above and a � b to signify that a . b
and b . a hold together.

The following theorem is our main result.

Theorem 2.1. Let d be the metric on S given by (1), where (λj ) and (rj ) satisfy (2).
Then

log2(1/δ). log NS(δ). log2+α(1/δ), δ→ 0+. (3)

The lower bound in (3) is a generalization of a result obtained in [Kalmes et al.
2012]. It shows, in particular, that the box-counting dimension of S is infinite. We
believe that the upper bound in (3) is new.

3. Proof of the lower bound in Theorem 2.1

Our starting point is the following sufficient condition for membership in S. The
result is well known, but we include a short proof for convenience.

Proposition 3.1. Let f (z) := z+
∑

k≥2 akzk, where
∑

k≥2 k|ak | ≤ 1. Then f ∈ S.

Proof. We may suppose that at least one ak is nonzero, otherwise the result is
obvious. Let z, w be distinct points of D. Then, by the triangle inequality,

| f (z)− f (w)| ≥ |z−w| −
∣∣∣∣∑

k≥2

akzk
−

∑
k≥2

wk
∣∣∣∣.
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Now∣∣∣∣∑
k≥2

akzk
−

∑
k≥2

akw
k
∣∣∣∣≤∑

k≥2

|ak ||zk
−wk
|<

∑
k≥2

k|ak ||z−w| ≤ |z−w|,

the middle inequality being strict because at least one ak is nonzero. It follows that
f (z) 6= f (w). Thus f is injective, and so f ∈ S. �

Let A be the family of functions f (z) := z+
∑

k≥2 akzk such that
∑

k≥2 k|ak |≤ 1.
By virtue of Proposition 3.1, we have A⊂ S, and therefore NS(δ)≥ NA(2δ). Thus,
to establish the lower bound in Theorem 2.1, it suffices to prove the following
theorem.

Theorem 3.2. Let d be the metric on A given by (1), where (λj ) and (rj ) satisfy (2).
Then

log NA(δ)& log2(1/δ), δ→ 0+. (4)

To prove this result, it is first convenient to establish a lemma.

Lemma 3.3. Let f, g ∈A, say f (z) := z+
∑

k≥2 akzk and g(z) := z+
∑

k≥2 bkzk.
Then

d( f, g)≥
∑
k≥2

(λkr k
k /2)|ak − bk |.

Proof. The standard Cauchy estimate for Taylor coefficients gives

|ak − bk | ≤ max
|z|≤rk

| f (z)− g(z)|
r k .

Also, since |ak |, |bk |, rk ≤ 1, we have |ak − bk |r k
k /2≤ 1. Combining these observa-

tions, we obtain

d( f, g)=
∑
k≥1

λk min
{
1, max
|z|≤rk
| f (z)− g(z)|

}
≥

∑
k≥2

λk min
{
1, |ak − bk |r k

k
}
≥

∑
k≥2

λk |ak − bk |r k
k /2. �

Proof of Theorem 3.2. Let n ≥ 2, and let K be a large integer depending on n, to be
chosen later. Consider the collection of functions

f (z) := z+
n∑

k=2

1
kn

tk
K

zk, tk ∈ {1, 2, . . . , K }, k = 2, . . . , n.

All of these functions belong to A. There are K n−1 of them. Also, by Lemma 3.3,
the d-distance between any two of them, f, g say, is at least

d( f, g)≥
(

min
2≤k≤n

λkr k
k

2

)
1

n2K
.
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No ball of radius one third the right-hand side can contain more than one of these
functions. It follows that

NA

(
1
3

(
min

2≤k≤n

λkr k
k

2

)
1

n2K

)
≥ K n−1. (5)

By our assumptions, there exists α > 0 such that 1− rk � k−α. It follows that
r k

k ≥ e−ck1−α
for some constant c> 0. Since also λk ≥Cλk for some constant C > 0,

we have

1
3

(
min

2≤k≤n

λkr k
k

3

)
1
n2 ≥

C
6

exp(−n log(1/λ)− cn1−α
− 2 log n).

If we choose ρ ∈ (0, λ), then n log(1/λ)+ cn1−α
+ 2 log n ≤ n log(1/ρ) for all

sufficiently large n, and for these n we then have(
min

2≤k≤n

λkr k
k

6

)
1
n2 ≥ ρ

n. (6)

Reducing ρ, if necessary, we can ensure that this inequality holds for all n, and also
that 1/ρ is an integer. Note that ρ may depend on the sequences (λk) and (rk), but
it is independent of K . Combining the inequalities (5) and (6), we obtain

NA(ρ
n/K )≥ K n−1.

We now choose K to be K := ρ−n. This gives

NA(ρ
2n)≥ ρ−n(n−1).

As this holds for each n ≥ 2, we deduce that (4) holds. �

4. Proof of the upper bound in Theorem 2.1

This time, our starting point is the famous result of [de Branges 1985] that proved
the Bieberbach conjecture.

Theorem 4.1. Let f ∈ S, say f (z)=
∑

k≥0 akzk . Then |ak | ≤ k for all k.

Special cases of this result had previously been established by various mathemati-
cians for small values of k. Much earlier, Littlewood [1925] had proved the slightly
weaker (but much easier) estimate |ak | ≤ ek valid for all k. In fact Littlewood’s
estimate would do for our purposes.

Again, it is convenient to introduce some notation. We denote by B the family of
functions f (z) :=

∑
k≥1 akzk such that |ak | ≤ k for all k. By virtue of Theorem 4.1,

we have S ⊂ B, and so NS(δ) ≤ NB(δ/2). Thus, to establish the upper bound in
Theorem 2.1, it suffices to prove the following theorem.
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Theorem 4.2. Let d be the metric on B given by (1), where (λj ) and (rj ) satisfy (2).
Then

log NB(δ). log2+α(1/δ), δ→ 0+. (7)

For the proof, we need the following approximation lemma.

Lemma 4.3. There exists a constant c > 0 with the following property: for each
f ∈ B and n ≥ 1, there is a polynomial p ∈ B such that deg p ≤ n and

d( f, p)≤ exp(−cn1/(1+α)).

Proof. Let f ∈ B, say f (z) =
∑

k≥1 akzk. Let n ≥ 1 and set p(z) :=
∑n

k=1 akzk.
Clearly p ∈ B and deg p ≤ n. Also

d( f, p)≤
∑
j≥1

λj max
|z|≤rj

∣∣∣∣ ∑
k≥n+1

akzk
∣∣∣∣≤∑

j≥1

(
λj

∑
k≥n+1

kr k
j

)
.

So, to prove the lemma, it suffices to show that∑
j≥1

(
λj

∑
k≥n+1

kr k
j

)
≤ exp(−cn1/(1+α)), n ≥ 1, (8)

where c > 0 is a constant independent of n.
Now, for r ∈ (0, 1), we have∑

k≥n+1

kr k
= r

d
dr

( ∑
k≥n+1

r k
)
= r

d
dr

(
rn+1

1− r

)
≤ (n+ 2)

rn+1

(1− r)2
.

Therefore ∑
j≥1

(
λj

∑
k≥n+1

kr k
j

)
≤

∑
j≥1

λj (n+ 2)
rn+1

j

(1− rj )2
.

Recalling that λj � λ
j and 1− rj � j−α, we see that there are constants C1, c1 > 0,

independent of n, such that

∑
j≥1

λj (n+ 2)
rn+1

j

(1− rj )2
≤ C1n

∑
j≥1

λ j j2α exp(−c1nj−α).

Now ∑
j≤n1/(1+α)

λ j j2α exp(−c1nj−α)≤
∑

j≤n1/(1+α)

λ j n2α/(1+α) exp(−c1n1/(1+α))

≤
1

1− λ
n2α/(1+α) exp(−c1n1/(1+α)).
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Also ∑
j>n1/(1+α)

λ j j2α exp(−c1nj−α)≤
∑

j>n1/(1+α)

λ j j2α

≤
(
sup
j≥1
λ j/2 j2α) ∑

j>n1/(1+α)

λ j/2
≤ C2

(
√
λ)n

1/(1+α)

1−
√
λ

,

where C2 is another constant. Combining all these inequalities, we see that (8)
holds for any positive constant c <min{c1, log(1/

√
λ)}, at least for all sufficiently

large n. Reducing c further, if necessary, we can ensure that (8) holds for all n. �

Remark. The estimate in Lemma 4.3 is sharp. Indeed, consider the so-called
Koebe function, namely f (z) := z/(1− z)2 =

∑
k≥1 kzk. This belongs to B, and

even to S. Also, for every polynomial p of degree n, whether it lies in B or not, we
have

max
|z|≤rj
| f (z)− p(z)|2 ≥

1
2πrj

∫
|z|=rj

| f (z)− p(z)|2 |dz| ≥
∑

k≥n+1

k2r2k
j ≥ r2n+2

j .

It follows that d( f, p)≥
∑

j≥1 λjrn+1
j . Retaining just the term with j = bn1/(1+α)

c,
we see that

d( f, p)≥ exp(−cn1/(1+α)),

where c > 0 is a constant independent of p and n.

Proof of Theorem 4.2. Let n ≥ 1, and let K be a large integer depending on n, to be
chosen later. Consider the collection of polynomials

q(z) :=
n∑

k=1

k
(sk + i tk)
√

2K
zk, sk, tk ∈ {−K ,−(K − 1), . . . , K }, k = 1, . . . , n.

Clearly these polynomials all belong to B, and there are (2K +1)2n of them. Given
an arbitrary polynomial p ∈B with deg p≤ n, there is a member q of this collection
whose coefficients all lie within n/K of the corresponding coefficients of p, and
consequently

d(p, q)=
∑
j≥1

λj min
{
1, max
|z|≤rj
|p(z)− q(z)|

}
≤

∑
j≥1

λj
n2

K
= Cn2/K ,

where C is a constant independent of n. Combining this inequality with the result of
Lemma 4.3, we see that, if we set δ := Cn2/K + exp(−cn1/(1+α)), then the δ-balls
around the polynomials q cover B. Hence

NB(Cn2/K + exp(−cn1/(1+α)))≤ (2K + 1)2n.
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We now choose K to be K := dCn2 exp(cn1/(1+α))e. This gives

NB(2 exp(−cn1/(1+α)))≤ (2dCn2 exp(cn1/(1+α))e+ 1)2n

= exp(2n log(2dCn2 exp(cn1/(1+α))e+ 1))

≤ exp(2n(log(n2)+ cn1/(1+α)
+ O(1)))

≤ exp(2cn(2+α)/(1+α)+ O(n log n)).

From this it is straightforward to deduce that (7) holds. �

5. Concluding remarks and questions

(1) Among several well-known subclasses of S, there is the class C of convex
functions, namely the set of those f ∈S such that f (D) is a convex set. Theorem 2.1
holds with S replaced by C. Indeed, the upper bound is obvious. As for the lower
bound, it suffices to repeat the same proof, using the following result of [Goodman
1957] in place of Lemma 3.3: if f (z) := z+

∑
k≥2 akzk , where

∑
k≥2 k2

|ak | ≤ 1,
then f ∈ C.

(2) Which, if either, of the bounds in (3) is sharp? The bounds are based on the
inclusions A ⊂ S ⊂ B. The spaces A and B are easier to handle than S because
they resemble infinite cartesian products. However, to answer the question above,
we probably need to use finer properties of S to determine which of A or B better
approximates S.
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Uniqueness of a three-dimensional
stochastic differential equation

Carl Mueller and Giang Truong

(Communicated by Amarjit Singh Budhiraja)

In order to extend the study of the uniqueness property of multidimensional systems
of stochastic differential equations, we look at the following three-dimensional
system of equations, of which the two-dimensional case has been well studied:
d X t = Yt dt , dYt = Z t dt , d Z t = |X t |

α dBt . We prove that if (X0, Y0, Z0) 6=

(0, 0, 0) and 3
4 < α < 1, then the system of equations has a unique solution in the

strong sense.

1. Introduction and main results

The uniqueness of ordinary differential equations (ODEs) has been extensively stud-
ied; see for example [Hartman 1964]. In particular, if F(u) is Lipschitz continuous,
then

u′(t)= F(u(t)), u(0)= u0,

has a unique solution for all t ≥ 0. In the case above, F, u(t), and u0 take values
in Rd, d ≥ 1. The stochastic differential equation (SDE) realm, on the contrary,
has different criteria for uniqueness of solutions; see for example [Protter 1990].
One of the most well-known results regarding strong uniqueness of SDEs is due
to [Watanabe and Yamada 1971]. The result states that if f (x) is locally Hölder
continuous with index α ∈

[ 1
2 , 1

]
and with linear growth, then

d X = f (X) dW, X0 = x0,

has a unique strong solution for all times t ≥ 0. Yamada and Watanabe’s theory
essentially focuses on one-dimensional SDEs.
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One motivation for studying higher-dimensional SDEs comes from the wave
equation

∂2
t u =1u,

u(0, x)= u0(x),

∂t u(0, x)= u1(x).

In this equation, we have
∂2

t u = ∂2
x u =1u.

If we let
v = ∂t u,

then we can rewrite the wave equation as the following system of equations:

∂t u = v,

∂tv =1u.

The original wave equation includes no noise. However, many physical systems
are affected by noise. Hence, a modification of the wave equation which includes
white noise is also studied:

∂2
t u =1u+ f (u)Ẇ ,

u(0, x)= u0(x),

∂t u(0, x)= u1(x).

(1)

Note x ∈ R and Ẇ = Ẇ (t, x) is white noise.
One well-known point is that Lipschitz continuity is sufficient for the uniqueness

of SDEs. Thus, many mathematicians have studied whether Hölder continuity
can still ensure the uniqueness property of SDEs. Gomez, Lee, Mueller, Neuman,
and Salins [Gomez et al. 2017] studied the uniqueness property of the following
two-dimensional model of SDEs:

d X = Y dt,

dY = |X |α dB,

(X0, Y0)= (x0, y0).

(2)

The results focused on f (x) = |x |α since it is a prototype of an equation with
Hölder continuous coefficients. Moreover, (2) is a version of (1) when we drop the
dependence on x , which allows us to study the modified wave equation with more
simplicity. Notice that if we take the differential dY of the first derivative of X ,
which is Y in the system of equations, it resembles the second derivative in time in
the stochastic wave equation.
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It was proven in [Gomez et al. 2017] that if α > 1
2 and (x0, y0) 6= (0, 0), then

(2) has a unique solution in the strong sense up to the time τ at which (X t , Yt) first
hits the origin (0, 0).

Since much is still unknown about higher-dimensional SDEs, we wish to continue
the study of the uniqueness property of (2) in the three-dimensional case, which is

d X = Y dt,

dY = Z dt,

d Z = |X |αdB,

(X0, Y0, Z0)= (x0, y0, z0).

(3)

Theorem 1. If 3
4 < α < 1 and (X0, Y0, Z0) 6= 0, then (3) has a unique strong

solution, up to the time τ at which the solution (X t , Yt , Z t) first hits the value
(0, 0, 0) or blows up.

Moreover, we say the solution (X t , Yt , Z t) blows up in finite time, with positive
probability, if there is a random time τ <∞ such that

P
(
lim
t↑τ
|(X t , Yt , Z t)|l∞ =∞

)
> 0.

2. Proof of Theorem 1

Let (X i
t , Y i

t , Z i
t ), i = 1, 2, be two solutions to (3) with (x0, y0, z0) 6= (0, 0, 0); in

other words, (X i
t , Y i

t , Z i
t ), i = 1, 2, have the same initial condition (X0, Y0, Z0) 6=

(0, 0, 0). Note that since (X i
t , Y i

t , Z i
t ), i = 1, 2, have the same initial conditions,

from now on, we use X0, Y0, Z0 instead of X i,n
0 , Y i,n

0 , Z i,n
0 .

Let τ be the first time t that either (X1
t , Y 1

t , Z1
t ) or (X2

t , Y 2
t , Z2

t ) hits the origin
(0, 0, 0) or blows up. We let τ be infinity if there is no such time.

First, if X0 6= 0, then (3) will have Lipschitz continuity up to the time that X t = 0,
and thus enables uniqueness to hold. Suppose after a certain amount of time X t hits
zero, where Lipschitz continuity no longer holds; then due to the strong Markov
property, we begin the process again with X0 = 0. So our goal is to prove pathwise
uniqueness between excursions of X up to the time τ starting from X0 = 0.

For any fixed n, let τn be the first time that either

|(X1
t , Y 1

t , Z1
t )|l∞ ∧ |(X

2
t , Y 2

t , Z2
t )|l∞ ≤ 2−n

or
|(X1

t , Y 1
t , Z1

t )|l∞ ∨ |(X
2
t , Y 2

t , Z2
t )|l∞ ≥ 2n.

Here, the infinity norm (also known as the L∞-norm, l∞-norm, max norm, or
uniform norm) of a vector Ev is denoted by |Ev|l∞ and is defined as the maximum of
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the absolute values of its components,

|Ev|l∞ =max{|vi | : i = 1, 2, . . . , n},
and

a ∧ b =min(a, b),

a ∨ b =max(a, b).

If there is no such time, we let τn be infinity. Note that limn↑∞(τn)= τ .
Now, for each fixed n, we will show uniqueness up to time τn in the system of

equations
d X i,n

t = Y i,n
t dt,

dY i,n
t = Z i,n

t dt,

d Z i,n
t = |X

i,n
t |

α 1[0,τn](t) dBt ,

(X0, Y0, Z0)= (x0, y0, z0).

(4)

In other words, after the time τn , we have d Z i,n
t = 0, which makes Z i,n

t become
constant. Specifically, given m, n ∈ N , we need

(Xn
t , Y n

t , Zn
t )= (X

m
t , Y m

t , Zm
t )

for all t ≤ τn ∧ τm .
Now, before continuing the proof of uniqueness, by the method of contradiction,

we show that the times that X t hits zero do not accumulate before the time τn ,
almost surely.

For each n, let An be the event on which the times that X i,n
t = 0, i = 1 or i = 2,

accumulate before τn , and assume P(An) > 0. Then, on An , suppose σn is an
accumulation point of the times t at which X i,n

t = 0; i.e, there exists a sequence
of times ρ1,n < ρ2,n < · · · that converges to σn , and X i,n

ρk,n
= 0. Hence, on An ,

limk→∞ ρk,n = σn .
We have X i,n

t is almost surely continuous, and that X i,n
ρk,n
= 0 on An , so

lim
ρk,n→σn

X i,n
ρk,n
= X i,n

σn
= 0

on An .
Note that d X i,n

t = Y i,n
t dt , and Y i,n

t is almost surely continuous. So if Y i,n
σn
6= 0

on An , then there exists a random interval [σn(ω)− ε(ω), σn(ω)] of positive length
for which X i,n

t 6= 0 on [σn(ω)− ε(ω), σn(ω)]. This contradicts the hypothesis of
ρk,n converging to σn .

If Y i,n
σn
= 0, there are two cases,

σn ≥ τn and σn < τn.

If σn ≥ τn , then it means that the times at which X i,n
t hit zero do not accumulate

before τn .
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If σn < τn , then with X i,n
σn
= 0 and Y i,n

σn
= 0, we have |Z i,n

σn
|> 2−n. Now suppose

Z
σ

i,n
n
> 2−n , as the case Z i,n

σ < 2−n is approached similarly due to symmetry.
If Z i,n

σn
> 2−n, since Z t is almost surely continuous, there exists a time interval

[σn(ω)−ε
′(ω),σn(ω)] on which Z i,n

t >2−n/2. Thus for all t∈[σn(ω)−ε
′(ω),σn(ω)]

we almost surely have

Y i,n
t = Y i,n

σn
−

∫ σn

t
Z i,n

s ds <−2−n

2
(σn − t).

Hence, integrating over X i,n
t for t ∈ [σn − ε

′, σn], we have

X i,n
t = X i,n

σn
−

∫ σn

t
Y i,n

s ds =−
∫ σn

t
Y i,n

s ds >
∫ σn

t

2−n

2
(σn − s) ds

=
2−n

2

(
σns− s2

2

)∣∣∣σn

t
=

2−n

4
(σn − t)2 > 0

as t < σn . Hence, this contradicts the hypothesis of ρk,n converging to σn on An .
So in conclusion, P(An)= 0, which means the times at which X t hits zero do not
accumulate before the time τn .

One more point we need to address before continuing with the proof of uniqueness
is the existence of solutions. This problem is resolved in Theorems 21.7 and 21.8 and
Lemma 21.17 of [Kallenberg 2002], which prove that for all times t ≥ 0, solutions
of multidimensional SDEs exist with probability 1 provided the coefficients are
continuous and bounded.

Specifically, in our problem, since α ∈ (0, 1), the coefficients of system (3) are
continuous and bounded by (2n)α ∨ 2n

= 2n up to the τn for each n, which satisfies
the condition stated in the existence theory in [Kallenberg 2002]. Hence, existence
of solution holds for all t ≤ τn for all n. Therefore, up to the time τ = sup τn ,
existence of solutions is ensured.

From now on, X i,n
t means X1,n

t and X2,n
t . We define Y i,n

t and Z i,n
t similarly. Back

to the proof of uniqueness, we have, for all t ∈ [0, τn],

|Z i,n
t | ∨ |Y

i,n
t | ≤ 2n.

So

|Y i,n
t | =

∣∣∣∣Y0+

∫ t

0
Z i,n

s ds
∣∣∣∣≤ |Y0| +

∫ t

0
|Z i,n

s | ds ≤ 2n
+ 2nt.

Therefore,

|X i,n
t | ≤ |X0+

∫ t

0
Y i,n

s ds| ≤
∫ t

0
|Y i,n

s | ds ≤
∫ t

0
(2n
+ 2ns) ds = 2n

(
t + t2

2

)
.

Now let

t0,n =
2−2n

2
. (5)
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Then

t0,n +
t2
0,n

2
=

2−2n

2
+

2−2n

8
≤

2−2n

2
+

2−2n

2
= 2−2n.

So

2n
(

t0,n +
t2
0,n

2

)
≤ 2n
· 2−2n

= 2−n.

Since the quadratic function 2n(t + t2/2) is increasing when t ≥ 0, we have

|X i,n
t | ≤ 2n

(
t + t2

2

)
≤ 2−n

for all t ∈ [0, t0,n].
Since |X1,n

t | and |X2,n
t | belong in [0, 2−n

] for t ∈ [0, t0,n], based on the definition
of τn above, either

|Y0| ≥ 2−n (6)
or

|Z0| ≥ 2−n (7)

for each fixed n. This is due to the fact that the solutions have the same initial
condition (X0, Y0, Z0) and for each time t ∈ [0, tn,0], either

|Y i,n
t | ≥ 2−n or |Z i,n

t | ≥ 2−n.

First, we deal with Y0 > 0. Due to symmetry, we can deal with the case Y0 < 0
with similar methods and thus omit the proof.

Now, with Y0 > 0, we look at other subcases based on Z i,n
0 .

Case I: Y0 > 0, |Z0| ≤ 2−n . If |Z0| ≤ 2−n, then (6) takes place. We are looking
at the case Y0 > 0, and thus Y0 > 2−n. Also, note that d Z i,n

t = 0 for all t > τn and
|Z i,n

t | ≤ 2n for all t ∈ [0, τn]. Hence, |Z i,n
t | ≤ 2n for all t , which means Z i,n

t ≥−2n

for all t . Next, we have

Y i,n
t = Y0+

∫ t

0
Zs ds ≥ 2−n

−

∫ t

0
2n ds = 2−n

− 2nt.

If

0< t < t0,n =
2−2n

2
,

where t0,n is defined as in (5), then

2nt < 2−n

2
.

Thus
2−n
− 2nt > 2−n

2

for all t ∈ [0, t0,n]. In other words, Y i,n
t > 2−n/2 for t ∈ [0, t0,n]. So, for all

t ∈ [0, t0,n], we have
Y i,n

t ≥
2−n

2
.
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Hence

X i,n
t ≥ X i,n

0 +

∫ t

0

2−n

2
ds ≥ 2−n

2
t. (8)

Furthermore, based on (8) and |X i,n
t | ≤ 2−n for all t ∈ [0, t0,n], it leads to t0,n ≤ 2,

otherwise X i,n
t > 2−n, which means that t > t0,n , a contradiction.

Note that

X i,n
t = X0+

∫ t

0
Y i,n

s ds,

Y i,n
s = Y0+

∫ s

0
Z i,n

k dk,

Z i,n
k = Z0+

∫ k

0
|X i,n

r |
α 1[0,τn](t) dBr .

Thus

X i,n
t = X0+ Y0t +

∫ t

0

∫ s

0

(
Z0+

∫ k

0
|X i,n

r |
α 1[0,τn](t) dBr

)
dk ds

= X0+ Y0t +
∫ t

0

∫ s

0
Z0 dk ds+

∫ t

0

∫ s

0

∫ k

0
|X i,n

r |
α 1[0,τn](t) dBr dk ds

= X0+ Y0t + Z0
t2

2
+

∫ t

0

∫ s

0

∫ k

0
|X i,n

r |
α 1[0,τn](t) dBr dk ds.

Hence

(X1,n
t − X2,n

t )2 =

(∫ t

0

∫ s

0

∫ k

0
(|X1,n

r |
α
− |X2,n

r |
α) 1[0,τn](r) dBr dk ds

)2

.

Apply the Cauchy-Schwarz inequality twice, we get

(X1,n
t − X2,n

t )2 ≤ t
∫ t

0

(∫ s

0

∫ k

0
(|X1,n

r |
α
− |X2,n

r |
α) 1[0,τn](r) dBr dk

)2

ds

≤ t
∫ t

0
s
∫ s

0

(∫ k

0
(|X1,n

r |
α
− |X2,n

r |
α) 1[0,τn](r) dBr

)2

dk ds.

Thus

E[(X1,n
t − X2,n

t )2] ≤ t E
∫ s

0
s
∫ s

0

(∫ k

0
(|X1,n

r |
α
− |X2,n

r |
α) 1[0,τn](r) dBr

)2

dk ds.

By Itô’s isometry,

E[(X1,n
t − X2,n

t )2] ≤ t E
∫ t

0
s
∫ s

0

∫ k

0
((|X1,n

r |
α
− |X2,n

r |
α) 1[0,τn](r))

2 dr dk ds

≤ t E
∫ t

0
t
∫ s

0

∫ k

0
(|X1,n

r |
α
− |X2,n

r |
α)2 dr dk ds
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≤ t2 E
∫ t

0

∫ s

0

∫ k

0
(|X1,n

r |
α
− |X2,n

r |
α)2 dr dk ds

≤ t2 E
∫ t

0

∫ t

0

∫ t

0
(|X1,n

r |
α
− |X2,n

r |
α)2 dr dk ds

= t4 E
∫ t

0
(|X1,n

r |
α
− |X2,n

r |
α)2 dr.

Now we apply the mean value theorem for the function f (x)= xα, 0< α < 1, and
a < b:

bα − aα = αcα−1(b− a)≤ αaα−1(b− a)

for c ∈ (a, b). Then for r ∈ [0, t0,n], where t0 is determined in (5), we apply (8):∣∣|X1,n
r |

α
− |X2,n

r |
α
∣∣≤ α(2−n

2
r
)α−1∣∣|X1,n

r | − |X
2,n
r |
∣∣. (9)

Now let
Dt = E[(|X1,n

t | − |X
2,n
t |)

2
].

Since t0,n ≤ 2, we have for all t ∈ [0, t0,n]

Dt ≤ E[(X1,n
t − X2,n

t )2] ≤ Cn

∫ t

0
r2α−2 Dr dr.

for some Cn depending on n. Since α > 3
4 , we have r2α−2 is integrable on [0, t0,n].

At this stage we apply Gronwall’s lemma:

Lemma. Let I denote an interval of the real line of the form [a,∞) or [a, b] or
[a, b) with a < b. Let β and u be real-valued continuous functions defined on I. If
u is differentiable on the interior I o of I (the interval I without the endpoint a and
possibly b) and satisfies the differential inequality

u
′

(t)≤ β(t)u(t), t ∈ I o,

then u is bounded by the solution of the corresponding differential equation v
′

(t)=
β(t)v(t):

u(t)≤ u(a) exp
(∫ t

a
β(s) ds

)
for all t ∈ I.

Hence, with D0 = 0, we have Dt = 0 for all t ∈ [0, t0,n]. Therefore, (3) has
unique strong solution in [0, t0,n].

Since α ≥ 3
4 , we have 2α− 2≥−1. Hence, r2α−2 is integrable on [0, t0,n] Note

that in this case since X t ≥ 2−n, η ≤ 1. Applying Gronwall’s lemma, with D0 = 0,
we have Dt = 0 for all t ∈ [0, t0,n]. Therefore, (3) has a unique solution in strong
sense up to time t0,n .
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Note that for all t ∈ [0, t0,n], we have Y i,n
t > 2−n/2> 0. Hence X i,n

t is strictly
increasing, which, leads to X t0,n strictly positive. Therefore, by the strong Markov
property, we have uniqueness until the time X next hits zero.

Case II: Y0> 0, Z0<−2−n. Since Z0 starts negative, Y i,n
t decreases for an amount

of time. Since Y0 is positive, let say Y0 = β > 0. Note that for all t , we have
|Z i,n

t |< 2n, which means Z i,n
t >−2n. First, we have

Y i,n
t = β +

∫ t

0
Zs ds ≥ β −

∫ t

0
2n ds = β − 2nt.

Let

t
′

0,n =
β

2n+1 . (10)

If
0< t < t

′

0,n =
β

2n+1 ,

then
2nt < β

2
;

thus
β − 2nt > β

2

for all t ∈ [0, t0,n ′]. In other words, Y i,n
t > β/2 for all t ∈ [0, t

′

0,n].
So, for all t ∈ [0, t0,n ∧ t

′

0,n], where t0,n and t
′

0,n are determined in (5) and (10)
respectively, we have

Y i,n
t ≥

β

2
Hence

X i,n
t ≥ X i,n

0 +

∫ t

0

β

2
ds ≥ β

2
t.

Applying the same method (9) above, we use the mean value theorem for the
new lower bound of X i,n

t :

∣∣|X1,n
r |

α
− |X2,n

r |
α
∣∣≤ α(β

2
r
)α−1∣∣|X1,n

r | − |X
2,n
r |
∣∣.

Hence

Dt ≤ E[(X1,n
t − X2,n

t )2] ≤ Cn

∫ t

0
r2α−2 Dr dr.

Again, applying Gronwall’s lemma, with D0 = 0, we have Dt = 0 for all t ∈
[0, t0,n ∧ t

′

0,n]. Therefore, (3) has a unique strong solution in [0, t0,n ∧ t
′

0,n]. As in
the previous cases, we have Y i,n

t >β/2> 0 for all t ∈ [t0,n∧ t
′

0,n], which makes X i,n
t

strictly increasing. So X t0,n ∧ t
′

0,n is strictly positive. Thus, by the strong Markov
property, we have uniqueness until the next time X hits zero.
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Case III: Y0 > 0, Z0 > 2−n. Now we let Tn be the first time that either Z1,n
t or Z2,n

t
hits the value 2−n/2. Since both Z1,n

t and Z2,n
t are continuous, we have Tn > 0

with probability 1. So we now prove uniqueness up to the time t0,n ∧ Tn , where t0,n
is defined in (5).

Then for all t in [0, t0,n ∧ Tn], we have

Z i,n
t ≥

2−n

2
;

therefore

Y i,n
t ≥ Y0+

∫ t

0

2−n

2
ds ≥ 2−n

2
t (11)

since Y i,n
0 ≥ 0.

Based on (11), for t ∈ [0, t0,n ∧ Tn]

X i,n
t ≥ X0+

∫ t

0

2−n

2
s ds ≥ 2−n

4
t2. (12)

Now we define

X i,n
t = X̃ i,n

t , Y i,n
t = Ỹ i,n

t , Z i,n
t = Z̃ i,n

t

for i = 1, 2 and for t ≤ τn ∧ Tn ∧ t0,n , where t0,n is defined as in (5) above.
Thus the following system of equations holds up to the stopping time τn∧Tn∧t0,n:

d X̃ i,n
t = Ỹ i,n

t dt

dỸ i,n
t = Z̃ i,n

t dt

d Z̃ i,n
t = |X̃

i,n
t |

α 1[0,τn∧Tn∧t0,n](t) dBt ,

(13)

with (X̃ i,n
0 , Ỹ i,n

0 , Z̃ i,n
0 ) = (X0, Y0, Z0) for i = 1, 2. Furthermore, using (13), X̃ i,n

t ,
Ỹ i,n

t , and Z̃ i,n
t can be defined for all times.

Using Itô’s isometry as above with X̃ i,n
t , Ỹ i,n

t , and Z̃ i,n
t ,

E[(X̃1,n
t − X̃2,n

t )2] ≤ t E
∫ t

0
s
∫ s

0

∫ k

0

(
(|X̃1,n

r |
α
−|X̃2,n

r |
α) 1[0,τn∧Tn∧t0,n](r)

)2 dr dk ds

≤ t E
∫ t

0
t
∫ s

0

∫ k

0
(|X̃1,n

r |
α
−|X̃2,n

r |
α)2 1[0,τn∧Tn∧t0,n](r) dr dk ds

≤ t2 E
∫ t

0

∫ s

0

∫ k

0
(|X̃1,n

r |
α
−|X̃2,n

r |
α)2 1[0,τn∧Tn∧t0,n](r) dr dk ds

≤ t2 E
∫ t

0

∫ t

0

∫ t

0
(|X̃1,n

r |
α
−|X̃2,n

r |
α)2 1[0,τn∧Tn∧t0,n] dr dk ds

= t4 E
∫ t

0
(|X̃1,n

r |
α
−|X̃2,n

r |
α)2 1[0,τn∧Tn∧t0,n] dr.
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Using (12) and the mean value theorem, for r ∈ [0, τn ∧ Tn ∧ t0,n], we have

∣∣|X̃1,n
r |

α
− |X̃2,n

r |
α
∣∣≤ α(2−n

4
r2
)α−1∣∣|X̃1,n

r | − |X̃
2,n
r |
∣∣.

Hence

E[(X̃1,n
t − X̃2,n

t )2] ≤ t4α2
(

2−n

4

)2(α−1)

E
∫ t

0
r4(α−1)(|X̃1,n

r | − |X̃
2,n
r |)

2 dr,

so if we let
Dt = E[(|X̃1,n

t | − |X̃
2,n
t |)

2
],

then

Dt ≤ E[(X̃1,n
t − X̃2,n

t )2] ≤ Cn

∫ t

0
r4α−4 Dr dr.

Again, applying Gronwall’s lemma, with D0 = 0, we have Dt = 0. Note that at the
time t0,n ∧ Tn , since we have Z i,n

t > 0 for all t ∈ [0, t0,n ∧ Tn], and also Y0 > 0, it
leads to Y i,n

t > 0 for all t ∈ [0, t0,n ∧ Tn]. Thus X i,n
t is strictly increasing, which

means X t0,n∧Tn must be strictly greater than zero. Therefore, by the strong Markov
property, we obtain uniqueness of the process until X next hits zero.

Case IV: Y0 = 0. If Y0 = 0, then based on the definition of τn , we have |Z0|> 2−n.
We will first deal with the case Z0 > 2−n, and the case Z0 < 2−n is approached
the same way due to symmetry. As in Case III, let Tn be the first time that either
Z1,n

t or Z2,n
t hits the value 2−n/2. Due to the continuity of Z1,n

t and Z2,n
t , we have

Tn > 0 with probability 1. So with for all t ∈ [0, t0 ∧ Tn], where t0 is determined
in (5), we have

Y i,n
t ≥ Y0+

∫ t

0

2−n

2
ds = 2−n

2
t.

Then

X i,n
t ≥ X0+

∫ t

0

2−n

2
s ds ≥ 2−n

4
t2.

We now apply the same method as in Case III by looking at X̃ i,n
t , Ỹ i,n

t , and Z̃ i,n
t ,

which are defined as

X i,n
t = X̃ i,n

t , Y i,n
t = Ỹ i,n

t , Z i,n
t = Z̃ i,n

t

for i = 1, 2 and for t ≤ τn ∧ Tn ∧ t0,n , as t0,n defined as in (5) above.
Thus the following system of equations holds up to the stopping time τn∧Tn∧t0,n:

d X̃ i,n
t = Ỹ i,n

t dt

dỸ i,n
t = Z̃ i,n

t dt

d Z̃ i,n
t = |X̃

i,n
t |

α 1[0,τn∧Tn∧t0,n](t) dBt ,
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with (X̃ i,n
0 , Ỹ i,n

0 , Z̃ i,n
0 ) = (X0, Y0, Z0) for i = 1, 2. Furthermore, using (13), X̃ i,n

t ,
Ỹ i,n

t , Z̃ i,n
t can be defined for all time.

Again, using the same strategy in Case III and the mean value theorem, we have∣∣|X̃1,n
r |

α
− X̃2,n

r |
α
∣∣≤ α(2−n

4
r2
)α−1∣∣|X̃1,n

r | − |X̃
2,n
r |
∣∣.

Hence, if we let
Dt = E[(|X̃1,n

t | − |X̃
2,n
t |)

2
],

then

Dt ≤ E[(X̃1,n
t − X̃2,n

t )2] ≤ Cn

∫ t

0
r4α−4 Dr dr.

Gronwall’s lemma with D0 = 0 yields Dt = 0, completing the proof of Theorem 1.
In this case, we also have Y i,n

t > 2−n/2t > 0 for all t ∈ [0, t0,n ∧ Tn]. Hence
X i,n

t is strictly increasing, which yields X t0,n∧Tn strictly positive. So, by the strong
Markov property, we have uniqueness up to the time X next hits zero.

Now with uniqueness proved, we actually can even strengthen the proof by
showing that τ 1

n = τ
2
n for all n, where τ 1

n and τ 2
n respectively stand for the stopping

times at the critical values for X1
t and X2

t . Without loss of generality, suppose
τ 2

n > τ
1
n : So at the time τ 1

n , X2
t has not yet reached the critical values, which are

2−n or 2n, as stated above. But since we have uniqueness up to τ 1
n ∧ τ

2
n , this implies

X1
t has also not reached the critical value at the time τ 1

n , which is a contradiction to
the definition of τ 1

n . Hence, τ 1
n and τ 2

n must be equal.
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Sharp sectional curvature bounds
and a new proof of the spectral theorem

Maxine Calle and Corey Dunn

(Communicated by Frank Morgan)

We algebraically compute all possible sectional curvature values for canonical
algebraic curvature tensors and use this result to give a method for constructing
general sectional curvature bounds. We use a well-known method to geometrically
realize these results to produce a hypersurface with prescribed sectional curvatures
at a point. By extending our methods, we give a relatively short proof of the spectral
theorem for self-adjoint operators on a finite-dimensional real vector space.

1. Introduction

Let V be a real vector space of finite dimension n, and let V ∗ =Hom(V,R) be the
corresponding dual space of R-linear maps from V to R. An algebraic curvature
tensor R ∈ ⊗4V ∗ satisfies the properties below for all x, y, z, w ∈ V :

R(x, y, z, w)=−R(y, x, z, w)= R(z, w, x, y),

R(x, y, z, w)+ R(x, w, y, z)+ R(x, z, w, y)= 0.
(1.a)

Let A(V ) denote the set of all algebraic curvature tensors. Let S2(V ∗) denote
the space of all symmetric bilinear forms over V, and let ϕ ∈ S2(V ∗). Define a
canonical algebraic curvature tensor Rϕ ∈A(V ) as

Rϕ(x, y, z, w)= ϕ(x, w)ϕ(y, z)−ϕ(x, z)ϕ(y, w).

If the vector space V is endowed with a nondegenerate inner product 〈 · , · 〉, then
the triple (V, 〈 · , · 〉, R) is referred to as a model space. In this research, all inner
products are assumed to be positive definite. Throughout this work, we consider
the vector space V and a positive definite inner product 〈 · , · 〉 to be given, and so
we do not always specifically reference them. For the sake of convenience, we will
refer to properties of a model space (such as sectional curvature defined below) as a
property of an algebraic curvature tensor when there is no possibility of confusion.

MSC2010: primary 15A69; secondary 15A63, 53C21.
Keywords: sectional curvature, canonical algebraic curvature tensor, spectral theorem.
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Let Gr2(V ) be the set of all 2-planes through the origin in V ; this topological
space is known as the Grassmannian of 2-planes in V. This space is compact and
connected [Milnor and Stasheff 1974]. Given a model space (V, 〈 · , · 〉, R) and a
2-plane π ∈ V, define the sectional curvature κ(π) of π to be

R(x, y, y, x)
〈x, x〉〈y, y〉− 〈x, y〉2

,

where π = span{x, y}. This quantity is independent of the basis chosen for π .
Interest in algebraic curvature tensors stems from basic results in differential

geometry. If (M, g) is a smooth manifold, one may compute the Riemann curvature
tensor RP at the point P ∈M using the Levi-Civita connection. It is well known that
RP satisfies the identities listed in (1.a), and thus RP is an algebraic curvature tensor
on the tangent space TP M. Using the metric gP restricted to TP M, (TP M, gP , RP)

is a model space. The converse is also true [Gilkey 2007]: given a model space
(V, 〈 · , · 〉, R), there exists a smooth manifold (M, g), a point P ∈ M, and a vector
space isometry 9 : V → TP M so that 9∗RP = R. The process of finding such a
manifold is generally referred to as a geometric realization.

A general line of questioning is to explore exactly what one can say about a
manifold that is a geometric realization of any given model space(s). In this way, the
algebraic properties of the model space can influence the geometry of a geometric
realization of it. Although there are many examples of this [Brozos Vázquez et al.
2012; García-Río et al. 2002; Gilkey and Nikčević 2005; Kowalski and Prüfer
1994; Tricerri and Vanhecke 1981; 1986; Tsankov 2005], we give two examples
relevant to our study. The first example concerns the property of constant sectional
curvature: up to local isometry, there is only one way to construct a manifold such
that the model space at any of its points has constant sectional curvature.

The second example begins with the fact [Gilkey 2007] that {Rϕ | ϕ ∈ S2(V ∗)}
is spanning set for the space of algebraic curvature tensors. For R ∈A(V ), define

ν(R)=min
{
k
∣∣ R =

∑k
i=1 αi Rϕi

}
, ν(n)=max{ν(R) | R ∈A(V )}.

This notation seems to have originated in [Gilkey 2007] and has since been studied
by several authors. Díaz-Ramos and García-Río [2004] showed that ν(3)= 2 and
used the Nash embedding theorem [1956] to prove ν(n) ≤ n(n + 1)/2. In this
way, ν(R) functions as a lower bound of the codimension of any local isometric
embedding of a given manifold, where R is the algebraic curvature tensor at a
given point. For this reason, subsequent work [Diaz and Dunn 2010] has aimed to
discover linear dependencies in the set of canonical algebraic curvature tensors.

We have two major goals for this research. First, we establish sharp bounds
on the sectional curvature values of any canonical algebraic curvature tensor. We
interpret these bounds through a geometric realization result, and give a method for
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constructing bounds on the sectional curvature values of any algebraic curvature
tensor. By an extension of our methods (inspired by R. Klinger [1991]), we meet
our second goal: to give a short and self-contained proof of the spectral theorem.

More specifically, after some preliminary comments, in Section 2 we establish:

Theorem 1.1. Let ϕ ∈ S2(V ∗), and let λ1, . . . , λn be the eigenvalues of ϕ, repeated
according to multiplicity. Let m and M, respectively, be the minimum and maximum
of the set {λiλj | i 6= j}. The set of sectional curvatures of Rϕ is precisely the
interval [m,M].

We use this result to prove two corollaries. The first corollary (Corollary 2.3)
uses a well-known result to geometrically realize any interval as the set of sectional
curvatures of a manifold at a point. The manifolds we produce are hypersurfaces in
Euclidean space. The second corollary (Corollary 2.4) provides bounds (which are
not sharp, see Remarks 2.5 and 2.6) on the set of sectional curvatures of an arbitrary
algebraic curvature tensor R in terms of ν(R) and the results from Theorem 1.1.

In Section 3 we consider a canonical algebraic curvature tensor to provide a
short and self-contained proof of the spectral theorem:

Theorem 1.2 (the spectral theorem). Let V be an inner product space. If ϕ ∈
S2(V ∗), then there exists an orthonormal basis { f1, . . . , fn} for V for which
ϕ( fi , f j )= λiδi j .

2. Sectional curvature bounds

It is well known that given ϕ ∈ S2(V ∗), there exists a self-adjoint linear map
A : V → V characterized by the equation ϕ(x, y) = 〈Ax, y〉. This follows as an
application of the Riesz representation theorem (see page 188 of [Axler 2015]), and
we briefly pause to describe this correspondence.

If a linear map A : V → V is given, then one can define the bilinear form
ϕ(x, y)= 〈Ax, y〉 for vectors x, y ∈ V. If, in addition, A is self-adjoint with respect
to the inner product (i.e., 〈Ax, y〉 = 〈x, Ay〉), then ϕ is symmetric. Conversely, if
ϕ ∈ S2(V ∗) is given, one could construct the (unique) self-adjoint linear map A
satisfying ϕ(x, y) = 〈Ax, y〉 in the following way. First, choose an orthonormal
basis B = { f1, . . . , fn} for V. Then compute the numbers aj i = 〈A fi , f j 〉. The
matrix for A relative to this orthonormal basis is [A]B = [ai j ].

Because of the bijective correspondence between symmetric bilinear forms and
their corresponding self-adjoint linear maps, relevant aspects of ϕ are defined in
terms of those same aspects in A, for example, ker(ϕ) and Rank(ϕ) are defined as
ker(A) and Rank(A), respectively.

Similarly, eigenvalues and eigenvectors of a linear map A : V → V can related
to the corresponding bilinear form ϕ. It will be helpful to do so in reference to an
orthonormal basis: as described above, if { f1, . . . , fn} is an orthonormal basis for V,
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the ( j, i) matrix entry of A on this basis is equal to ϕ( fi , f j ). For this reason, fi is
an eigenvector with corresponding eigenvalue λi if and only if ϕ( fi , f j )= λiδi j .

It is through this perspective that we establish our results. We will repeatedly
use the following lemma; our proof uses a technique adapted from [Klinger 1991].
Translated into our terminology, the objective in that paper is to find a basis (called
a Chern basis) for V that minimizes the number of nonzero entries of a given
(arbitrary) algebraic curvature tensor. This is accomplished by first considering a
2-plane π with extremal sectional curvature, and then rotating this plane around an
axis (within the plane) by an angle of θ to create the rotated plane πθ , with π0 = π .
The sectional curvature function has an extremal value at θ = 0, and so this is a
critical point of the function θ 7→ κ(πθ ). Using the fact that the derivative of this
function at θ = 0 vanishes, one can uncover information about the components of
the algebraic curvature tensor. We have adapted this technique (which seems to be
an extension of the work in [Bishop and Goldberg 1964]) to apply to the algebraic
curvature tensor Rϕ to diagonalize the symmetric bilinear form ϕ.

Lemma 2.1. Let ϕ ∈ S2(V ∗), and suppose Rϕ 6=0. If π is a 2-plane whose sectional
curvature is extremal, then there exists an orthonormal basis of eigenvectors for π .

Proof. Since Rϕ 6= 0, and Rϕ is determined by its sectional curvatures [Lee 1997],
there exists a 2-plane π of extremal nonzero sectional curvature. Let {e1, e2} be any
orthonormal basis for π . Let ϕ|π be the restriction of ϕ to π . We now diagonalize1

the symmetric form ϕ|π to create a new orthonormal basis { f1, f2} for π . For
some θ , set

f1 = cos θe1− sin θe2,

f2 = sin θe1+ cos θe2,

where we will determine θ presently. Let ϕi j = ϕ(ei , ej ). We compute

ϕ( f1, f2)= cos θ sin θ(ϕ11−ϕ22)+ (cos2 θ − sin2 θ)ϕ12

=
1
2 sin(2θ)(ϕ11−ϕ22)+ cos(2θ)ϕ12.

Choose θ so that ϕ( f1, f2)= 0. Explicitly, if ϕ12= 0 already, then θ = 0. Otherwise,

θ = 1
2 arccot

(
ϕ22−ϕ11

2ϕ12

)
.

Now extend this basis for π (in an arbitrary way) to form an orthonormal basis
{ f1, f2, f3, . . . , fn} for V. Note that on this basis,

ϕ( f1, f2)= 0,

Rϕ( f1, f2, f2, f1)= ϕ( f1, f1)ϕ( f2, f2) is extremal and nonzero.
(2.a)

1One could of course use the spectral theorem here, but since we use this result in our proof of the
spectral theorem in the next section, we instead establish this directly.
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We now show that ϕ( f1, f j )= ϕ( f2, f j )= 0 for j ≥ 3, which will complete the
proof. Choose any index j ≥ 3, and consider the plane

πθ = span{cos θ f1+ sin θ f j , f2}.

Using a double angle formula and various curvature identities listed in the Intro-
duction,

κ(πθ )= cos2 θRϕ( f1, f2, f2, f1)+ sin2 θRϕ( f j , f2, f2, f j )

+ sin(2θ)Rϕ( f1, f2, f2, f j ).

Since π0 is extremal, 0 is a critical point of the function θ 7→ κ(πθ ), so

0= d
dθ
[κ(πθ )]|θ=0 = 2Rϕ( f1, f2, f2, f j ).

As a result,

0= Rϕ( f1, f2, f2, f j )= ϕ( f1, f j )ϕ( f2, f2)−ϕ( f1, f2)ϕ( f2, f j )

= ϕ( f1, f j )ϕ( f2, f2).

By (2.a), we know ϕ( f2, f2) 6=0; hence ϕ( f1, f j )=0. We can prove that ϕ( f2, f j )=

0 in a similar way by considering span{ f1, cos θ f2+ sin θ f j }. �

Remark 2.2. Lemma 2.1 relates to Euler’s theorem, which states (among other
things) that at any point on a 2-dimensional manifold, the so-called principal
directions are orthogonal and are eigenvectors of a certain bilinear form (provided
these eigenvalues are different). This establishes Lemma 2.1 in dimension 2: the
curvature tensor of a 2-dimensional manifold is of the form Rϕ , where ϕ is this
bilinear form.

We use Lemma 2.1 to establish Theorem 1.1.

Proof of Theorem 1.1. We start by proving that the maximal sectional curvature
is M, the largest pairwise product of eigenvalues of ϕ. Since Gr2(V ) is compact,
there exists a 2-plane 5 for which

κ(5)= sup{κ(L) | L ∈ Gr2(V )}.

We proceed in cases: either κ(5) 6= 0 or κ(5)= 0. Our goal is to show κ(5) to be
a pairwise product of eigenvalues. Thus, as the maximal sectional curvature value,
κ(5)= M.

If κ(5) 6= 0, then we may use Lemma 2.1 to produce an orthonormal basis of
eigenvectors { f1, f2} for 5. In this case,

κ(5)= Rϕ( f1, f2, f2, f1)= ϕ( f1, f1)ϕ( f2, f2)

is a product of eigenvalues and hence is equal to M.
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Now suppose κ(5)= 0. Find an orthonormal basis { f1, . . . , fn} diagonalizing ϕ,
and note

κ(span{ fi , f j })= Rϕ( fi , f j , f j , fi )= ϕ( fi , fi )ϕ( f j , f j )

is a product of eigenvalues of ϕ. It is not possible that there are two nonzero
eigenvalues of the same sign since their corresponding eigenvectors would span
a 2-plane of positive sectional curvature which is contrary to our assumption that
κ(5) = 0 is the maximal sectional curvature. Since dim(V ) ≥ 3, we know 0 is
an eigenvalue, and therefore 0 = κ(5) = M is the largest pairwise product of
eigenvalues as desired.

We now prove that the minimal sectional curvature is m, the smallest pairwise
product of eigenvalues of ϕ. Proceeding similarly, there exists a 2-plane π for
which

κ(π)= inf{κ(L) | L ∈ Gr2(V )}.

We again proceed in cases: either κ(π) 6= 0 or κ(π) = 0. If κ(π) 6= 0 then use
Lemma 2.1 once more to produce an orthonormal basis of eigenvectors { f1, f2}

for π . Then
κ(π)= Rϕ( f1, f2, f2, f1)= ϕ( f1, f1)ϕ( f2, f2)

is a product of eigenvalues and is hence equal to m.
Now suppose κ(π) = 0 and again diagonalize ϕ|π with the basis { f1, f2} and

extend it to an orthonormal basis { f1, . . . , fn} for V. We then have

0= κ(π)= Rϕ( f1, f2, f2, f1)= ϕ( f1, f1)ϕ( f2, f2).

Thus, one of the two factors above is zero. As exchanging the two vectors would
not change the span or disrupt the diagonalization, we may assume ϕ( f1, f1)= 0.
For j ≥ 3, since 0 is assumed to be the minimal sectional curvature, we find

0≤ κ(span{ f1, f j })= Rϕ( f1, f j , f j , f1)

= ϕ( f1, f1)ϕ( f j , f j )−ϕ( f1, f j )
2

=−ϕ( f1, f j )
2.

It follows that ϕ( f1, f j )= 0 for all j 6= 1, and so f1 is an eigenvector corresponding
to the eigenvalue ϕ( f1, f1)= 0. Thus, 0 is an eigenvalue of ϕ.

To finish this portion of the proof, we prove that all other eigenvalues of ϕ are
either zero or have the same sign, which would show 0 to be the smallest pairwise
product of the eigenvalues. To do this, find an orthonormal basis {e1, . . . , en} for
V that diagonalizes ϕ. Since 0 is minimal, we must have

0≤ κ(span{ei , ej })= Rϕ(ei , ej , ej , ei )= ϕ(ei , ei )ϕ(ej , ej ).
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For this reason the nonzero eigenvalues of ϕ cannot differ in sign, and this portion
of the proof is complete.

We have proven that κ(5) = M and κ(π) = m are, respectively, the maximal
and minimal sectional curvatures. Since Gr2(V ) is connected and the mapping
L 7→ κ(L) is continuous, the image of this mapping is connected as well, which
completes the proof. �

We use a well-known geometric realization result to establish the following
corollary.

Corollary 2.3. Let [a, b] be any interval. There exists a hypersurface M in Euclid-
ean space, a smooth metric g on M, and a point P ∈ M so that the set of sectional
curvatures of M at P is precisely [a, b].

Proof. Choose any collection of real numbers λ1, . . . , λn ∈ R (not necessarily
distinct) whose minimal and maximal pairwise products are, respectively, a and b.
Define the symmetric bilinear form ϕ so that λ1, . . . , λn are its eigenvalues. One
may now carry out the geometric realization procedure as outlined on page 74 of
[Gilkey 2001] to produce the desired result. �

Before proving our next corollary, we note that Rcϕ = c2 Rϕ , and so any linear
combination of canonical algebraic curvature tensors satisfies∑

αi Rϕi =

∑
εi Rϕ̃i ,

where εi =±1= sign(αi ) and ϕ̃i =
√
|αi |ϕi .

The following corollary finds bounds on the sectional curvature values of any
algebraic curvature tensor and is a direct consequence of Theorem 1.1.

Corollary 2.4. Let R ∈ A(V ), and set R =
∑ν(R)

i=1 εi Rϕi , where εi = ±1 and
ϕi ∈ S2(V ∗). Let Mi and mi be, respectively, the maximal and minimal pairwise
products of the eigenvalues of ϕi , and let M =

∑
εi Mi and m =

∑
εi mi . The set

of possible sectional curvature values of the model space (V, 〈 · , · 〉, R) is a closed
subinterval of [m,M].

Remark 2.5. We give an example which shows that the bounds presented in
Corollary 2.4 are not sharp. On an orthornormal basis { f1, f2, f3}, define ϕ1, ϕ2 ∈

S2(V ∗) by having the nonzero entries

ϕ1( f1, f1)= ϕ1( f2, f2)= ϕ2( f1, f1)= ϕ2( f3, f3)= 1.

According to Theorem 1.1, the maximal sectional curvature of both Rϕ1 and Rϕ2

is 1, so Corollary 2.4 estimates the maximal sectional curvature of Rϕ1 + Rϕ2 to
be 2. A straightforward calculation shows, however, that all sectional curvatures of
Rϕ1 + Rϕ2 are strictly less than 2. �
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Remark 2.6. The authors in [Bettiol and Mendes 2017] independently obtained
general sectional curvature bounds. While their methods involve representation
theory and differential geometric considerations, our approach provides a more
basic proof (especially in the case of a canonical algebraic curvature tensor) and
can be extended to give a basic proof of the spectral theorem, which we give in the
next section.

3. The spectral theorem

In this section we give a relatively short proof of the well-known spectral theorem
after establishing a helpful lemma.

Lemma 3.1. Suppose ϕ is a symmetric bilinear form on an inner product space V
with dim(V )≥ 2. There exists an orthonormal basis { f1, e2, . . . , en} for V so that
f1 is an eigenvector of ϕ.

Proof. Let ϕ be given, and consider the algebraic curvature tensor Rϕ . We break
the proof into cases: either Rϕ 6= 0 or Rϕ = 0.

Suppose first that Rϕ 6= 0. Using Lemma 2.1, we choose a 2-plane π of extremal
sectional curvature and find an orthonormal basis { f1, e2} of eigenvectors for π ,
which we extend to the orthonormal basis { f1, e2, . . . , en} for V, establishing the
result.

Now suppose Rϕ = 0. We claim that 0 is an eigenvalue2 of ϕ. In this case, any
corresponding unit eigenvector may be chosen first as part of an orthonormal basis
for V, which would again establish the result.

Suppose to the contrary that 0 is not an eigenvalue of ϕ. Therefore, for any
orthonormal basis { f1, . . . , fn}, the matrix with ϕ( f j , fi ) as its (i, j)-entry must
have a nonzero determinant. By expanding this determinant by cofactors, there
must be at least one nonzero 2× 2 minor. Thus, for some indices i1, i2, j1, j2,

0 6= ϕ( fi1, f j1)ϕ( fi2, f j2)−ϕ( fi1, f j2)ϕ( fi2, f j1)

= Rϕ( fi1, fi2, f j2, f j1),

which contradicts the assumption that Rϕ = 0. �

With these short preliminary facts established, we can now give an alternative
proof of the spectral theorem.

Proof of the spectral theorem. The result is trivial if dim(V ) = 1, so assume
dim(V )≥ 2. By Lemma 3.1, there exists an orthonormal basis { f1, e2, . . . , en} for

2In fact, it is known [Gilkey 2007] that if Rϕ = 0 then the rank of ϕ is less than or equal to 1, so
that on a vector space of dimension 2 or more, there must be a nontrivial kernel of ϕ. However, we
wish to give a self-contained and alternative proof here as part of our effort to produce a new proof of
the spectral theorem.
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V so that f1 is an eigenvector of ϕ. Now consider the vector space W = f ⊥1 =
span{e2, . . . , en}. Since our inner product is positive definite, the restriction of the
inner product to W remains positive definite. In addition, the restricted curvature
tensor satisfies (Rϕ)|W = Rϕ|W .

We first consider when dim(W ) ≥ 2. We again use Lemma 3.1 to find an
orthonormal basis { f2, ẽ3, . . . , ẽn} for W so that f2 is an eigenvector of ϕ|W . That is,

ϕ|W ( f2, ẽk)= ϕ( f2, ẽk)= 0.

Since f1 is an eigenvector of ϕ, we have ϕ( f1, f2)= 0, so f2 is also an eigenvector
of ϕ. We have a new orthonormal basis { f1, f2, ẽ3, . . . , ẽn} for V, where both f1

and f2 are eigenvectors of ϕ.
Now consider W2 = span{ f1, f2}

⊥. If dim(W2) > 1, then repeat the process
outlined above, and continue until there is an orthonormal basis { f1, . . . , fn−1, ēn}

for V (this is the case if dim(W )= 1 above), and for any i 6= j inclusively between 1
and n− 1 we have

ϕ( fi , f j )= ϕ( fi , ēn)= 0.

This demonstrates that fn = ēn is also an eigenvector, completing the proof. �
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Qualitative investigation of cytolytic and
noncytolytic immune response in an HBV model

John G. Alford and Stephen A. McCoy

(Communicated by Martin J. Bohner)

We investigate a mathematical model of infection by the hepatitis B virus (HBV)
that includes cytolytic and noncytolytic immune response. The model exhibits
a variety of steady-state solutions depending on parameter values, including
nonunique and unique equilibrium solutions and periodic behavior. The disease-
free equilibrium E f and the positive-disease equilibrium Ed are examined. The
basic reproduction ratio R0 is computed in order to examine the uniqueness and
local asymptotic stability of equilibria and to understand the model’s biological
implications for HBV dynamics.

1. Introduction

Hepatitis B virus (HBV) is a virus that negatively impacts hundreds of millions
of people worldwide by causing chronic infections [Locarnini et al. 2015] in liver
cells (or hepatocytes) which may result in scarring of liver tissue and ultimately
liver cancer [Lavanchy 2004]. While advances in treatment have resulted in the
control or eradication of many infectious diseases, from 1993 to 2013 the rates
of death and disability caused by hepatitis rose by 63% and 34%, respectively
[Stanaway et al. 2016]. This makes HBV a vital public health concern across the
world. Mathematical models are often used to investigate the dynamics of biological
phenomena, and virology is an area of study that has been greatly impacted by
these models. For example, human immunodeficiency virus (HIV) was thought
to replicate at a slow rate, but applications of mathematical models suggested that
HIV-1 is in fact a rapidly reproducing virus. This was confirmed by experimental
observations [Perelson 2002].
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The first mathematical model of HBV is discussed in [Nowak et al. 1996] and is
given by

x ′ = λ− dx − bvx, (1-1a)

y′ = bvx − ay, (1-1b)

v′ = ky− uv, (1-1c)

where x is the density of uninfected cells, y is the density of infected cells, and v is
the number of free virus cells. Uninfected cells are assumed to be produced at a
rate, λ, which may be constant or depend on the total population size of uninfected
and infected cells. Uninfected cells die at rate d, and move to the infected class
at rate bv, where b is the rate constant describing the infection process. Infected
cells die at rate a. Free virions are produced from infected cells at rate k and are
removed at rate u.

Many models of HBV have subsequently been investigated including [Rodriguez
et al. 2017; Ciupe et al. 2007; Kim et al. 2012; Pang et al. 2012; Hews et al.
2010]. All of these models include variables that specify the density of healthy and
unhealthy hepatocytes as well as the density of viral cells in the liver. The dynamics
for the immune response is included in [Rodriguez et al. 2017; Ciupe et al. 2007;
Kim et al. 2012; Pang et al. 2012]. In general, immune response includes cytolytic
(direct killing) and noncytolytic activities. Noncytolytic immune responses use
chemical signaling via cytokines to stop the reproduction of HBV within the cell,
“curing” the cell without having to destroy it [Vargas-De-León 2014]. Since it is the
host’s response to the viral infection and not an innate part of the HBV life cycle
that causes hepatocyte destruction (as HBV is not pathological), the role of the
noncytolytic immune response is important. In [Wodarza et al. 2002] it was found
that if the virus replicates at a fast rate relative to the rate of viral cytopathicity, then
a combination of both cytolytic and noncytolytic immune response is more likely
to control the disease. On the other hand, if viral cytopathicity is high relative to
the replication rate of the virus then cytolytic and noncytolytic immune responses
may resolve the infection independently. Citing chimpanzee studies, the authors in
[Ciupe et al. 2007] suggest that the noncytolytic response may be the mechanism
that causes an early reduction in the HBV viral load, as this occurs much earlier
than any detectable cytolytic immune response, liver T cell infiltration, or liver
damage. These authors include a fifth variable in their model to account for a cell
population of previously infected cells that are refractory to new infection (because
of the continuing effects of a noncytolytic immune response) or a population of
infected cells not producing measurable amounts of virus.

In this paper a model of HBV dynamics based on these previous models is
formulated and analyzed. Here the dynamics for healthy and unhealthy hepato-
cytes, the virus cells, and the immune cells are included in the model equations.
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While [Ciupe et al. 2007; Kim et al. 2012] are mainly concerned with validating
HBV models and investigating HBV dynamics utilizing patient data and computer
simulations, in this paper the model equations are mathematically analyzed to
determine the reproduction ratio and give conditions that guarantee stability of the
disease equilibria, as in [Rodriguez et al. 2017; Pang et al. 2012; Hews et al. 2010].
Unlike [Rodriguez et al. 2017; Hews et al. 2010], the model here includes a fourth
equation for the immune response dynamics, and unlike [Pang et al. 2012] the
growth dynamics for healthy and unhealthy hepatocytes are logistic. The paper is
outlined as follows. In Section 2 the model equations are presented and described.
In Section 3 these equations are nondimensionalized and then the disease-free
equilibrium is analyzed in Section 4. The disease equilibrium is discussed in
Section 5 and in Section 6 a reduced system is presented, the disease equilibrium is
analyzed, and the main theorems are proven. Finally, these results are summarized
and future work is suggested in the conclusion, Section 7.

2. Model equations

The following model for hepatitis B dynamics builds on the basic framework of
previous HBV models, including [Rodriguez et al. 2017; Ciupe et al. 2007; Kim
et al. 2012; Pang et al. 2012; Hews et al. 2010]. The state variables include healthy
hepatocyte density (X ), unhealthy hepatocyte density (Y ), and number of virus
cells (V ), just as in (1-1a), (1-1b), and (1-1c). A third variable I is now included to
account for the density of immune response cells. The equations are

X ′ = r1 X
(
1− X+Y

K

)
−βX V + f bY I, (2-1a)

Y ′ = r2Y
(
1− X+Y

K

)
+βX V − bY I, (2-1b)

V ′ = γY −µV, (2-1c)

I ′ = cY − d I + I0. (2-1d)

Here both the healthy hepatocyte cell population dynamics (2-1a) and the unhealthy
hepatocyte cell population dynamics (2-1b) are maintained by homeostasis as they
are governed by logistic dynamics, as in [Rodriguez et al. 2017; Ciupe et al. 2007].
That is, the first terms in (2-1a) and (2-1b) yield negative per-capita growth rates
when X + Y > K, where K > 0 is a parameter that defines hepatocyte carrying
capacity. Healthy hepatocytes and infected hepatocytes proliferate at rates r1 > 0
and r2 > 0. Here it will be assumed that r1 ≥ r2 as in [Rodriguez et al. 2017] so
that healthy cells proliferate at least as fast as unhealthy cells. The parameter β > 0
controls the rate at which healthy hepatocytes are infected by virions so that the
rate of infection is directly proportional to β and the density of healthy hepatocytes
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(i.e., mass action), just as in [Rodriguez et al. 2017; Ciupe et al. 2007; Kim et al.
2012; Pang et al. 2012]. The last terms in (2-1a) and (2-1b) represent the immune
response to disease. The parameter b > 0 controls the cytolytic clearance rate of
infected cells and the noncytolytic “curing” of infected cells, given by the last term
in (2-1a), includes a scaling parameter f . Here f ∈ (0, 1] as in [Kim et al. 2012],
where the authors refer to f as a “calibration coefficient”.

The viral dynamics (2-1c) and immune response dynamics (2-1d) are linear.
The parameters γ > 0 and c > 0 control the rates at which virions and immune
cells are produced in response to the number of unhealthy hepatocytes respectively.
Thus 1/µ and 1/d specify the average lifetime of a free virus particle [Nowak and
Bangham 1996] and an immune cell [Ciupe et al. 2007] respectively. In the absence
of unhealthy hepatocytes, immune cells grow at a constant rate I0, as in [Ciupe
et al. 2007; Kim et al. 2012; Pang et al. 2012], and the ratio I0/d quantifies the
basal level of immune cells [Ciupe et al. 2007] in the body.

The model presented here is distinct from the various models that have been
studied previously. For example, in [Nowak et al. 1996; Kim et al. 2012; Pang
et al. 2012], healthy hepatocytes (in the absence of immune response) grow at a
constant rate. In [Nowak et al. 1996; Pang et al. 2012; Hews et al. 2010] unhealthy
hepatocyte growth occurs only by infection of healthy cells. While the investigators
in [Kim et al. 2012] allow for growth of unhealthy hepatocytes in the absence of
infection, the growth dynamics is linear (proportional to the density of unhealthy
cells) rather than logistic.

Example parameter values determined from patient data can be found in the
literature. Table 1 displays typical values or ranges of values from [Rodriguez et al.

parameter description value ref.

r1 healthy-cell proliferation rate (0,4] day−1 R
r2 unhealthy-cell proliferation rate (0,4] day−1 R
K carrying capacity 1.9× 107 mL−1 R
β healthy-cell infection rate (10−10, 10−6) mL day−1 R
f noncytolytic scaling parameter (0, 1] K
b cytolytic clearance rate 7× 10−4 mL day−1 K
γ viral production rate [1.4,164] day−1 K
µ viral clearance rate [0.18, 1] day−1 R
c CTL response rate 0.5 day−1 K
d CTL death rate 0.5 day−1 K
I0 CTL production rate 9.33 mL−1 day−1 K

Table 1. Example parameter values. Here R stands for [Rodriguez
et al. 2017] and K for [Kim et al. 2012].
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Figure 1. Simulation of (2-1a)–(2-1d). The left panel shows X
(solid) and Y (dashed), where Y has been scaled by a factor of 10.
The right panel shows I (solid) and V (dashed). Here r1 = 1,
r2 = 0.5, β = 10−6, f = 0.1, γ = 6.24, µ = 0.67 and the
remaining parameters are as in Table 1.

2017; Kim et al. 2012]. The last column displays the reference. The units assume
that X , Y, and I are measured as the number of cells per mL, and V is measured as
number of virions.

Simulations of (2-1a)–(2-1d) are shown in Figures 1 and 2. In each case, the
initial conditions are that X (0) = 1000, Y (0) = 100, V (0) = 10, and I (0) = 0.
Figure 2 illustrates that if the cytolytic clearance rate b is much smaller than the
value listed in Table 1, the model exhibits periodic solutions as in [Hews et al.
2010].
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Figure 2. Simulation of (2-1a)–(2-1d). The left panel shows X
(solid) and Y (dashed) and the right panel shows I (solid) and V
(dashed). Here b = 10−8, r1 = 1, r2 = 0.5, β = 10−7, f = 0.1,
γ = 6.24, µ= 0.67 and the remaining parameters are as in Table 1.
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3. Nondimensional equations

In order to analyze the steady-state solutions, it will be useful to nondimensionalize
the model equations (2-1a)–(2-1d). The nondimensional parameters that will be
used are

t̂ := r2t, x̂ :=
X
K
, ŷ :=

Y
K
, v̂ :=

(
β

r2

)
V, α̂ :=

I
K
.

After substituting these into (2-1a)–(2-1d) the system is transformed into

x̂ ′ = r x̂(1− x̂ − ŷ)− x̂ v̂+ f ϕ ŷα̂, (3-1a)

ŷ′ = ŷ(1− x̂ − ŷ)+ x̂ v̂−ϕ ŷα̂, (3-1b)

v̂′ = p1 ŷ− q1v̂, (3-1c)

α̂′ = p2 ŷ− q2α̂+ I0r2K , (3-1d)
where

ϕ := bKr2, p1 := Kγβr2
2 , p2 := cr2, q1 := µr2, q2 := dr2. (3-2)

Next we define
ω := I0 d K (3-3)

and substitute α = α̂−ω in (3-1a)–(3-1d) to get the homogeneous system

x ′ = r x(1− x − y)− xv+ f ϕy(α+ω), (3-4a)

y′ = y(1− x − y)+ xv−ϕy(α+ω), (3-4b)

v′ = p1 y− q1v, (3-4c)

α′ = p2 y− q2α. (3-4d)

If the right side of each equation (3-4a)–(3-4d) is denoted by F j (x1, x2, x3, x4),
with j = 1, 2, 3, 4 and x1 = x , x2 = y, x3 = v, and x4 = α, the system clearly
satisfies Fk(x1, x2, x3, x4) ≥ 0 whenever xk = 0 and x j ∈ [0,∞), k 6= j. This
implies solutions are nonnegative for nonnegative initial data [Thieme 2003]. The
long-term behavior of the system is governed by any stable steady-states that may
exist, so it is essential to understand how these solutions arise. Here only the
constant steady-states (or equilibria) will be analyzed. In fact, this system has
multiple equilibria. The trivial equilibrium is E0 = (0, 0, 0, 0) and the disease-
free equilibrium is E f = (1, 0, 0, 0). The disease equilibrium will be denoted by
Ed = (x∗, y∗, v∗, α∗), where x∗, y∗, v∗, α∗ > 0 since this is the sustained infection
case. In the following sections the existence, uniqueness, and stability properties
will be investigated for E f and Ed . The trivial equilibrium is not considered as it
represents total death of all hepatocytes. Furthermore, the equilibrium (0, y∗, v∗, α∗)
will not be considered as it represents death of all healthy hepatocytes.
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4. Disease-free equilibrium

The Jacobian of (3-4a)–(3-4d) is the matrix

J (x, y, v, α)=


r(1−2x−y)−v −r x+ f ϕ(α+ω) −x f ϕy
−y+v 1−x−2y−ϕ(α+ω) x −ϕy

0 p1 −q1 0
0 p2 0 −q2

 . (4-1)

Substituting E f into (4-1) yields the matrix

J (1, 0, 0, 0)=


−r −r+ f ϕω −1 0

0 −ϕω 1 0
0 p1 −q1 0
0 p2 0 −q2

 , (4-2)

which results in the following characteristic equation for the eigenvalue λ:

p(λ)= (r + λ)(q2+ λ)[λ
2
+ (q1+ϕω)λ+ϕωq1− p1]. (4-3)

Thus two eigenvalues are λ=−r < 0 and λ=−q2< 0, while the remaining two are

λ=−(q1+ϕω)±
√
(q1−ϕω)

2
+ 4p12.

It follows that all eigenvalues are real. Furthermore, since

(q1−ϕω)
2
+ 4p1 = (q1+ϕω)

2
− 4(ϕωq1− p1),

each eigenvalue is negative if and only if ϕωq1− p1 > 0. It follows from [Thieme
2003; Allen 2007] that a necessary and sufficient condition for the disease-free
equilibrium to be locally asymptotically stable is that p1/(ϕωq1) < 1. This yields
the basic reproduction ratio, denoted by R0, defined by

R0 := p1ϕωq1. (4-4)

This ratio measures the average number of newly infected cells generated from
one infected cell at the beginning of the infectious process [Wodarza et al. 2002;
Pang et al. 2012; Thieme 2003]. Typically, for infectious disease models the
basic reproduction ratio specifies a parameter grouping that provides a threshold
[Diekmann et al. 1990] for infection to occur. That is, the disease will invade if R0>

1 or will not invade if R0< 1. Figure 3 shows simulations of healthy- and unhealthy-
cell densities for the nondimensionalized equations (3-4a)–(3-4d), which illustrate
this threshold behavior. When R0=0.9, the steady-state value of healthy-cell density
is 1 and the steady-state value of unhealthy-cell density is 0. However, for R0 > 1
the disease state exists and steady-state values for healthy-cell density decrease with
R0, whereas the steady-state values for unhealthy-cell density increase with R0.
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Figure 3. Simulations of (3-4a)–(3-4d) with healthy-cell density (x)
on the left and unhealthy-cell density (y) on the right for R0 = 0.9,
R0 = 1.1, R0 = 2, and R0 = 20, where R0 is defined in (4-4).
Dashed curves depict R0 = 0.9 and solid curves correspond to
values of R0 > 1. The steady-state for R0 = 0.9 is the disease-free
equilibrium E f , while the steady-state for R0 > 1 is the disease
equilibrium Ed . As R0 increases, steady-state values of x decrease,
while steady-state values of y increase.

The sections that follow investigate how the disease equilibrium Ed is affected by
the parameters in the model. Section 5 establishes parameter ranges that guarantee
uniqueness of Ed . In Section 6, parameter ranges are determined that guarantee the
local asymptotic stability of Ed in a reduced model.

5. Disease equilibrium

In this section, the disease equilibrium Ed = (x∗, y∗, v∗, α∗) is computed and its
parameter-dependence is investigated numerically. Assuming x∗, y∗, v∗, α∗ are
positive constants, then using (3-4b)–(3-4d) these constants satisfy

y∗ = 1θ(1−ϕω− ρx∗), v∗ =
p1

q1
y∗, α∗ = p2q2 y∗, (5-1)

where
θ := 1+ p2q2ϕ, ρ := 1−

p1

q1
. (5-2)

Substituting these values in (3-4a) results in the quadratic equation for the healthy-
cell density κ2x2

+ κ1x + κ0 = 0, where

κ2 := −ρ

(
rλ−

p1

θq1

)
− r

p1

q1
+

f
θ
λρ2, (5-3a)

κ1 := (1−ϕω)
(

rλ−
p1

θq1

)
+ rϕω− f

ρ

θ
[ϕω+ 2λ(1−ϕω)], (5-3b)

κ0 :=
f
θ
{λ(1−ϕω)2+ϕω(1−ϕω)}, (5-3c)
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Figure 4. The healthy-cell density computed from (5-5) for the
disease equilibrium Ed plotted as a function of 1< R0 < 20. Here
ω is varied, while all other parameters are fixed and R0 is computed
from (4-4). The healthy-cell infection rates are β = 10−6 mL day−1

(left) and β = 10−8 mL day−1 (right). In both panels the remaining
parameter values are as in Table 1, with r1= 1, r2= 0.5, f = 0.01,
γ = 6.24, and µ= 0.67. Solid curves are stable positive equilibria,
while dashed curves (near zero) are unstable positive equilibria.

with λ defined as
λ := ϕp2θq2 = ϕp2ϕp2+ q2. (5-4)

The healthy-cell density for the disease equilibrium is then

x∗ =−12κ2
[
κ1±

√
κ2

1 − 4κ2κ0
]
, (5-5)

where κi (i = 0, 1, 2) are given by (5-3a)–(5-3c). The remaining values for the
disease equilibrium are then easily computed from (5-1). After some algebra, we
get from (5-3a), (5-3b), and (5-3c) that

κ2
1−4κ2κ0=

[
(1−ϕω)

(
rλ−θ−1 p1

q1

)
+rϕω+ρϕω f θ−1

]2

+4rϕω f θ−1(R0−1)[ϕω(1−λ)+λ], (5-6)

κ2=−r
{

p1

q1
+λρ

}
+θ−1ρ

{
p1

q1
+λ fρ

}
, (5-7)

κ2+κ1+κ0=ϕωr(R0−1)(λ−1)+(ϕω)2θ−1(R0−1)[ f (1−λ)−R0(1−λ f )]. (5-8)

Note from the definition of R0 in (4-4) that if all parameters are fixed except ω,
then R0 ↓ 1 if and only if ω ↑ ω̄, where

ω̄ := p1ϕq1. (5-9)
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Figure 5. The healthy-cell density computed from (5-5) for the
disease equilibrium Ed plotted as a function of noncytolytic scaling
f ∈ (0, 1] (left) and cytolytic clearance rate b (right) when f = 0.1.

The healthy-cell infection rate is β = 10−6 mL day−1. In both panels
R0 = 10 and the remaining parameter values are as in Table 1, with
r1 = 1, r2 = 0.5, γ = 6.24, and µ= 0.67. Solid curves are stable
positive equilibria, while dashed curves (near zero) are unstable
positive equilibria. Note the difference in vertical scale in each plot.

In this case, x∗ ↑ 1, since κ1+ κ2+ κ0 = 0 when R0 = 1. Furthermore, ω ↓ 0 is
equivalent to R0 ↑∞ and in this case

x∗ ↓ −12κ2
[
κ1(0)±

√
κ1(0)2− 4κ2κ0(0)

]
,

where κ0(0) and κ1(0) are from (5-3b) and (5-3c) respectively when ω = 0.

Figure 4 shows the density of healthy cells x∗ for the disease equilibrium as a
function of R0 when 1< R0 < 20. Here R0 is determined from ω as in (4-4) with
all other parameters fixed. The two plots in the figure represent two different values
for the healthy-cell infection rate β. If β = 10−6 mL day−1 (as in the left panel),
there are two positive equilibria for each value of R0 where the smaller is near zero
and the larger decreases from a value of 1 to a value of approximately 0.33. If
β = 10−8 mL day−1, there is a bifurcation at R0≈ 3.5 so that two positive equilibria
exist for R0 < 3.5 and there is a unique positive equilibrium for R0 > 3.5. In each
case, stability was determined from Matlab by computing the eigenvalues of (4-1)
evaluated at Ed .

Figures 5 and 6 show the density of healthy cells x∗ for the disease equilibrium
when R0 = 10 as it depends on both the noncytolytic scaling parameter f and the
cytolytic clearance rate b. When healthy-cell infection rate β is relatively large as
in Figure 5, the density of healthy cells is much more sensitive to changes in f
than b. Conversely, when β is relatively small as in Figure 6, the density of healthy
cells is much more sensitive to changes in b than f . The logarithm of x∗ is shown
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Figure 6. The logarithm (base 10) of the healthy-cell density com-
puted from (5-5) for the disease equilibrium Ed plotted as a function
of noncytolytic scaling f ∈ (0, 1] (left) and cytolytic clearance rate
b (right) when f = 0.1 and R0 = 10. The healthy-cell infection
rate is β = 10−9 mL day−1. In both panels the remaining parameter
values are as in Table 1, with r1= 1, r2= 0.5, γ = 6.24, µ= 0.67,
c = d = 0.5. Here the parameters satisfy the conditions of
Theorem 5.1.

in Figure 6 to illustrate that these solutions obey 0< x∗ < 1. Furthermore, there is
a unique value for x∗ over all parameter values given in the figure. In Figure 6 the
parameter ρ defined in (5-2) is positive and it will next be shown in Theorem 5.1
that this condition is sufficient so that the disease equilibrium is real, bounded, and
unique when R0 > 1.

Theorem 5.1. Assume R0 > 1, ρ > 0, 0 < f ≤ 1, and r ≥ 1. Then system
(3-4a)–(3-4d) has a unique, positive-disease equilibrium Ed .

Proof. If R0 > 1, then from (5-6) it is clear that κ2
1 − 4κ2κ0 > 0 since 0 < λ < 1.

From (5-7), the coefficient κ2 < 0 if and only if

rθ > ρ
p1

q1
+ λ fρ

p1

q1
+ λρ,

which follows immediately from the bounds θ > 1, 0 < λ < 1, and the assump-
tions of the theorem. Using the definition of ρ, ϕ, and ω from (3-2), (3-3) and
(5-2) and the assumption that ρ is positive means that p1/q1 < 1 and noting that
p1/q1 is equivalent to ϕωR0, it follows that ϕω < 1 and hence κ0 > 0. Therefore
κ2x2
+ κ1x + κ0, where κi (i = 0, 1, 2) are given by (5-3a)–(5-3c), has two real

solutions with opposite signs. From (5-8), the sum κ2+ κ1+ κ0 < 0 follows easily
since f ≤ 1< R0 and λ< 1. It then follows that the positive root of κ2x2

+κ1x+κ0

must be less than 1, and we get 0< x∗ < 1. In this case, since R0 > 1 is equivalent
to ρ < 1−ϕω, inspection of (5-1) shows that y∗ > 0, v∗ > 0, and α∗ > 0. �
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In the following section the local asymptotic stability of the disease equilibrium
will be considered using a reduced system. In particular, a system of three equations
is presented which mimics x , y, and v from (3-4a), (3-4b), and (3-4c) under certain
parameter constraints and allows for a more tractable analytical result.

6. Reduced system

The parameter values in Table 1 have thus far provided baseline values for simula-
tions. There is evidence in the literature that supports the investigation of smaller
values for both b (cytolytic clearance rate) and c (CTL response rate). The authors
in [Ciupe et al. 2007] conjecture that a patient who was immunosuppressed because
of a corticosteroid drug regimen had weak cytotoxic clearance rate and low immune
response rate which corresponds to reductions in the values of both b and c. In
[Zapata et al. 2014] the ratio of the rate of immune response activation to the death
rate of immune response (i.e., c/d in (2-1d)) is given as 0.02, which is much smaller
than c/d = 1 from Table 1.

Inspection of (3-2) shows that decreasing b corresponds to decreasing ϕ and
decreasing c/d corresponds to decreasing p2/q2. Numerical experimentation shows
that as either ϕ or p2/q2 get smaller and smaller from the baseline values that are
suggested by Table 1, the values x , y, and v computed from (3-4a)–(3-4d) are better
and better approximated by solutions of the reduced system given by

x ′ = r x(1− x − y)− xv+ f ϕy(α∗+ω), (6-1a)

y′ = y(1− x − y)+ xv−ϕy(α∗+ω), (6-1b)

v′ = p1 y− q1v, (6-1c)

where α∗ = ηy∗ with η := p2/q2, which is the equilibrium value for α obtained
from (3-4d).

The disease equilibrium (x∗, y∗, v∗) for the reduced system (6-1a)–(6-1c) is
equivalent to Ed from Section 5 when α∗ is included. Thus, Theorem 5.1 also
applies to (6-1a)–(6-1c). The Jacobian evaluated at the disease equilibrium is

J (x∗, y∗, v∗)=

 t1 t3 −x∗

−ρy∗ t2 x∗

0 p1 −q1

 , (6-2)

where

t1 = r(1− 2x∗− y∗)− (1− ρ)y∗, (6-3)

t2 = 1− x∗− 2y∗−ϕ(ηy∗+ω)=−(1− ρ)x∗− y∗, (6-4)

t3 =−r x∗+ f ϕ(ηy∗+ω). (6-5)
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Here t2 simplifies using 1− x∗− y∗ = ϕ(α∗+ω)− (1− ρ)x∗ from (6-1b). The
characteristic equation is cubic λ3

+ a1λ
2
+ a2λ+ a3 = 0, where

a1 = q1− t1− t2, (6-6)

a2 = t1t2− q1(t1+ t2)− p1x∗+ ρt3 y∗, (6-7)

a3 = q1t1t2+ p1t1x∗+ ρq1t3 y∗− ρp1x∗y∗. (6-8)

The Routh–Hurwitz conditions [Edelstein-Keshet 1988] will be used to derive
necessary and sufficient conditions so that (x∗, y∗, α∗) is locally asymptotically
stable. These conditions are that

a1 > 0, a3 > 0, a1a2 > a3. (6-9)

Inspection of the dimensional system (2-1a)–(2-1d) shows that the constant
cytolytic immune response rate I0 will affect the steady-states for α. In the nondi-
mensional system, I0 controls ω= I0/(d K ) from (3-3). The following analysis uses
ω as the main parameter to derive bounds on the other parameters and show that
the Routh–Hurwitz conditions hold. Recall that x∗ is determined from solutions of
the quadratic equation

κ2x2
+ κ1(ω)x + κ0(ω)= 0, (6-10)

where κi (i = 0, 1, 2) are given by (5-3a)–(5-3c). Note that the coefficient κ2 does
not depend on ω, while κ1 and κ0 both depend on ω, and this has been made explicit
in the notation. Therefore, x∗ also depends on ω, which will be denoted as x∗(ω).
Assuming the conditions in Theorem 5.1, 0< x∗(ω) < 1 and x∗(ω) is defined for
ω ∈ (0, ω̄), where ω̄ is defined in (5-9). Furthermore, (5-3b) shows that κ1 is a
linear function of ω and that

κ ′1(ω)=
dκ1

dω
= ϕ

{
−

(
rλ−

p1

θq1

)
+ r − f

ρ

θ
[1− 2λ]

}
,

κ1(0)= rλ−
p1

θq1
− 2λ f

ρ

θ
.

(6-11)

The following lemma derives a lower bound on x∗(ω) by replacing κ0(ω) in (6-10)
with a lower bound.

Lemma 6.1. Assume all parameters are fixed except ω. Suppose that R0> 1, ρ > 0,
0< f ≤ 1, and r ≥ 1. Define

ψ(ω) :=
f
θ
{λρ2
+ϕωρ}, (6-12)

and let x∗(ω) denote the unique, positive value of the healthy-cell density predicted
by Theorem 5.1 and found by solving (6-10). Then there is a unique positive root
of κ2x2

+ κ1(ω)x +ψ(ω) = 0. Denote this root as z(ω). Then 0 < z(ω) < x∗(ω)
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and 0 < z′(ω) <∞, |z′′(ω)| <∞, and the sign of z′′(ω) does not change and is
equivalent to the sign of ζ , where

ζ = κ2(ψ
′κ ′1)

2
− κ1(0)ψ ′κ ′1+ψ(0). (6-13)

Proof. The assumption that R0 > 1 is equivalent to the inequality ρ < 1− ϕω.
Thus, comparing ψ with κ0 from (5-3c) shows that 0 < ψ(ω) < κ0(ω). There-
fore, since κ2 < 0 (as was shown in the proof of Theorem 5.1), the equation
κ2x2
+ κ1(ω)x + ψ(ω) = 0 has two real roots of opposite sign. Denoting the

positive root as z, it follows that 0< z(ω) < x∗(ω). Since κ2 is independent of ω,
differentiating both sides of κ2x2

+ κ1(ω)x +ψ(ω)= 0 yields

z′(ω)=−κ ′1(ω)z(ω)+ψ
′(ω)2κ2z(ω)+ κ1(ω). (6-14)

Note that both κ ′1(ω) and ψ ′(ω) > 0 are independent of ω so the functional depen-
dence onωwill be dropped for convenience. Since θ=1+p2ϕ/q2 and ρ=1−p1/q1,
(6-11) yields that κ ′1 is positive if and only if r + 1> ρ+ fρ(1− 2λ), which holds
since λ < 1 and r ≥ 1, 0 < ρ < 1, 0 < f < 1 by assumption. Since κ2 < 0 and
z(ω) is the positive root of the quadratic equation κ2x2

+ κ1(ω)x +ψ(ω) = 0, it
follows that the denominator in (6-14) is negative and 0< z(ω) < x∗(ω).

Differentiating dz/dω from (6-14) yields that

z′′(ω)= κ ′1(κ
′

1z(ω)+ψ ′)− z′(ω)(κ ′1κ1(ω)− 2κ2ψ
′)(2κ2z(ω)+ κ1(ω))

2.

This shows that |z′′(ω)|<∞. We substitute z′(ω) from (6-14) to get that z′′(ω) is
positive if and only if

(κ ′1z(ω)+ψ ′){κ ′1+ κ
′

1κ1(ω)− 2κ2ψ
′2κ2z(ω)+ κ1(ω)}> 0,

and using the conditions κ2< 0 and κ ′1z(ω)+ψ ′> 0, it follows that z′′(ω) is positive
if and only if

z(ω)+ κ1(ω)κ2−ψ
′κ ′1 = κ1(ω)2κ2−

√
κ1(ω)2− 4κ2ψ(ω)2κ2−ψ

′κ ′1 > 0,

which is equivalent to

κ2(ψ
′κ ′1)

2
− κ1(ω)ψ

′κ ′1+ψ(ω) > 0.

The first term is independent of ω and note that the derivative of the last two terms is
zero so that the last two terms are also independent of ω. Since κ ′1 and ψ ′ = f ϕρ/θ
are positive, this inequality holds by the assumption (6-13). �

In order to prove local asymptotic stability of the disease equilibrium under
certain parameter constraints, it will be necessary to use the properties of z(ω),
z′(ω), and z′′(ω) from Lemma 6.1.
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Lemma 6.2. Assume the hypotheses in Lemma 6.1 hold. Define the function F(ω) by

F(ω) := mz(ω)+ s(ω), ω ∈ [0, ω̄], (6-15)

where ω̄ is as in (5-9) and

m := 2rθ − ρ(r + 1− ρ)(1+ θ), s(ω) := (r + 1− ρ)(1−ϕω)− rθ. (6-16)

Then F(ω)≥ 0 on (0, ω̄).

Proof. The constant m is positive if and only if

r > ρθ(1− ρ)+ 1− ρθ(1− ρ)+ θ − ρ,

which follows since θ > 1 and ρ < 1. Therefore, since s ′′(ω) = 0 and F ′′(ω) =
mz′′(ω), we have F ′′(ω) is finite and has the same sign as ζ from (6-13). Since
R0 = 1 if and only if ρ = 1−ϕω̄, comparing (5-3c) and (6-12) shows that ψ(ω̄)=
c(ω̄) so that z(ω̄)= x∗(ω̄)= 1. Now use ρ = 1−ϕω̄ to get

F(ω̄)= m+ s(ω̄)= θ(1− ρ)(r − ρ) > 0.

Now s(0) = 1 − ρ − r(θ − 1) so that if r(θ − 1) ≤ 1 − ρ and s(0) ≥ 0, it
follows directly that F(0) > 0 since z(0) > 0. Otherwise, consider the case where
r(θ − 1) > 1− ρ and s(0) < 0. Note that F(0) > 0 if and only if z(0) >−s(0)/m.
Since κ2 < 0, ψ(ω)> 0, and z(ω) is the positive root of κ2x2

+κ1(ω)x+ψ(ω)= 0,
it follows that F(0) > 0 whenever

κ2(s(0)m)2− κ1(0)s(0)m+ψ(0) > 0. (6-17)

After substituting 1− ρ = p1/q1 in (5-3a), (5-3b) and (6-12), we get

κ2=−ρθ
−1(rθλ−1+ρ)−r(1−ρ)+ψ(0), κ1(0)= θ−1(rθλ−1+ρ)−2ρψ(0).

We substitute these expressions into (6-17) and multiply by θm2 to get that F(0)> 0
if and only if

(ρ(rθλ− 1+ ρ)+ rθ(1− ρ))s(0)2+m(rθλ− 1+ ρ)s(0)

< θψ(0)(s(0)2+ 2ρs(0)m+m2). (6-18)

Since ρ < 1, m > 0 and s(0) < 0, it follows that

s(0)2+ 2ρs(0)m+m2 > (s(0)+m)2 > 0,

and the right side of the inequality in (6-18) is positive. The left side is the product
of s(0) and

[ρ(rθλ− 1+ ρ)+ rθ(1− ρ)]s(0)+m(rθλ− 1+ ρ),
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so that (6-18) holds whenever this quantity is positive. After substituting s(0), m,
and θ − 1= θλ and then simplifying, this becomes

θ(1− ρ){r2(θ − 1)− r [ρ(θ − 1)− (1− ρ)] + ρ(1− ρ)},

so that (6-18) holds whenever

r2(θ − 1)− r [ρ(θ − 1)− (1− ρ)] + ρ(1− ρ) > 0. (6-19)

The left side is a quadratic function of r and, after some algebra, its minimum value
is computed as −(ρθ − 1)2/[4(θ − 1)], so there are two real zeros for the left side.
Therefore, since r ≥ 1, the inequality (6-19) holds whenever the larger of these
two roots is less than 1. Equivalently, when r = 1 the left side of (6-19) must be
positive. We substitute r = 1 to get (1− ρ)(θ − ρ) > 0, which follows since ρ < 1
and θ > 1. Therefore, (6-18) follows and F(0) > 0.

Next, it will be shown that F(ω) is nonnegative on the entire interval (0, ω̄). First
assume ζ ≤ 0. Then by Lemma 6.2, it follows that F(ω) is either linear or concave
down on (0, ω̄). Since F(0) > 0 and F(ω̄) > 0, it follows that F(ω) is positive on
the entire interval. Next assume ζ > 0 so that F(ω) is concave up on (0, ω̄). If
F ′(0) and F ′(ω̄) have the same sign, then F(ω) is either increasing or decreasing
on (0, ω̄), which again implies that F(ω) is positive on the entire interval. If F ′(0)
and F ′(ω̄) have opposite signs, there must exist ω∗ ∈ (0, ω̄) for which F ′(ω∗)= 0
and F(ω∗) is a minimum. If F(ω∗) < 0, there exist two values ω1 ∈ (0, ω̄) and
ω2 ∈ (0, ω̄), where ω1 6= ω2 and F(ω1) = F(ω2) = 0. The corresponding values
of z are given by −s(ω1)/m and −s(ω2)/m. After squaring F(ω), it follows that
these zeros for F(ω) must also obey

m2z(ω)2+ 2mz(ω)s(ω)+ s(ω)2 = 0.

Since z obeys κ2z2
+ κ1(ω)z + ψ = 0 and z(ω) = −s(ω)/m, this equation is

equivalent to
κ2s(ω)2−mκ1(ω)s(ω)+m2ψ(ω)= 0.

Here κ2 < 0 and m2ψ > 0 so that this equation has two real roots with opposite sign.
Since z(ω) must be positive, this leads to a contradiction, and therefore F(ω)≥ 0
on (0, ω̄). �

The next theorem uses Lemma 6.2 to show the disease equilibrium of the reduced
system is locally asymptotically stable.

Theorem 6.3. Assume R0 > 1, ρ > 0, 0 < f ≤ 1, and r ≥ 1. Then the disease
equilibrium for the reduced system (6-1a)–(6-1c) is locally asymptotically stable.

Proof. First use 1−ρ = p1/q1 with (6-4) to see that t2+ (p1/q1)x∗ =−y∗ so that

a3 = q1 y∗{−t1− rρx∗+ ρ f ϕ(ηy∗+ω)− ρ(1− ρ)x∗}, (6-20)
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after substituting t3 from (6-5). It follows that a3 > 0 if and only if

−t1 > rρx∗+ ρ(1− ρ)x∗− ρ f ϕ(ηy∗+ω). (6-21)

We substitute t1 from (6-3) to get that (6-21) is equivalent to

r(2x∗− 1)+ (r + 1− ρ)(y∗− ρx∗)+ ρ f ϕ(ηy∗+ω) > 0. (6-22)

Then, after substituting for y∗ from (5-1) and rearranging terms, it follows that
a3 > 0 if and only if

mx∗+ s(ω)+ ρθ f ϕ(ηy∗+ω) > 0, (6-23)

with m and s(ω) defined in (6-16). Since m > 0 and 0< z(ω) < x∗, it follows that
a sufficient condition for (6-23) is that

F(ω)+ ρθ f ϕ(ηy∗+ω) > 0 (6-24)

for all ω ∈ (0, ω̄). Using Lemma 6.2, F(ω) ≥ 0 on (0, ω̄). Furthermore, the
inequality ρθ f ϕ(ηy∗+ω) > 0 implies that (6-24) holds and a3 > 0 on (0, ω̄).

To show that a1 > 0 note that when (6-21) holds, this implies that t1 < 0. Since
ρ < 1, it is clear from (6-4) that t2 < 0 and it follows by inspection of (6-6) that
a1 > 0. Finally, in order to show a1a2 > a3, start with the identity

a3

q1
= a2+ q1(t1+ t2)+ p1x∗+

(
p1

q1

)
t1x∗− ρ

(
p1

q1

)
x∗y∗,

which is easily verified by inspection of (6-7) and (6-8) and simple algebra. Thus,

a2 >
a3

q1
− t1

(
q1+

(
p1

q1

)
x∗
)
− q1

(
t2+

(
p1

q1

)
x∗
)
.

Now use the fact that t1 < 0 and t2+ (p1/q1)x∗ =−y∗ to see that

a1 > q1 and a2 >
a3

q1
,

which shows that a1a2 > a3. The Routh–Hurwitz conditions (6-9) hold, and the
disease-free equilibrium (x∗, y∗, α∗) is locally asymptotically stable. �

In certain parameter ranges, the reduced model may inform the full model (3-4a)–
(3-4d). The Jacobian evaluated at the disease equilibrium for the full model is

J (x∗, y∗, v∗, α∗)=


t1 t3 −x∗ f ϕy∗

−ρy∗ t2 x∗ −ϕy∗

0 p1 −q1 0
0 p2 0 −q2

 . (6-25)

In general, the eigenvalues of the reduced model determined from (6-2) cannot be
used to determine the eigenvalues of (6-25). However, as discussed at the beginning
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of this section, the time courses for x , y, and v in the reduced model (6-1a)–(6-1c)
approximate these same time courses in the full model when ϕ is small and it is
easily seen from (6-2) and (6-25) that as ϕ→ 0, the eigenvalues for the full model
are given by the three eigenvalues of (6-2) and a fourth eigenvalue equal to −q2 < 0.
These eigenvalues depend continuously on ϕ and this suggests that Theorem 6.3
should also hold for the full model when ϕ is small. A full analysis of the full
model will not be presented here.

7. Conclusions

In this paper a new model of viral dynamics is presented in Section 2. These equa-
tions are given by (2-1a)–(2-1d). The healthy- and unhealthy-cell growth dynamics
are logistic. In addition, this model includes both immune response behavior and
the noncytolytic mediated curing of infected cells. The main parameter values
are obtained from the literature and presented in Table 1. Simulations using these
parameter values show that the model exhibits a range of typical behaviors including
constant solutions as in Figure 1 and periodicity as in Figure 2. In Section 3,
the model equations are nondimensionalized. The basic reproduction ratio R0 is
computed in Section 4 and defined in (4-4). Simulations in Figure 3 show how
healthy and unhealthy-cell densities depend on R0 and it is shown that a necessary
and sufficient condition that the disease-free equilibrium E f is locally asymptotically
stable is that R0 < 1. The disease equilibrium Ed is computed in Section 5 and
Figures 4 and 5 illustrate that there may be critical parameter values for which Ed bi-
furcates from a unique positive value to two positive values. For the parameter values
used in these figures it can also be seen that the unique disease equilibrium is locally
asymptotically stable and in the case of nonuniqueness, the smaller equilibrium is
unstable, while the larger equilibrium is locally asymptotically stable. In Section 6
a reduced system is analyzed by considering the immune response variable α to be
at its steady-state value and eliminating the equation for α in the full model. This
reduced system approximates the full model when the cytolytic clearance rate b or
the ratio c/d of CTL response rate to CTL death rate is small. The Routh–Hurwitz
conditions are then used to determine parameter values that guarantee a unique,
locally asymptotically stable disease equilibrium in this reduced system.

The basic reproduction ratio can be used to understand how the parameters
influence the disease state. Substituting dimensional parameters from (3-2) and
(3-3) into (4-4) yields

R0 =
βKγ d
µbI0

.

Thus, R0 decreases with bI0/d. This ratio controls the effects of the immune
response dynamics. In particular, increasing the rate at which the cytolytic immune
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response occurs, b, or the basal level of immune response cells, I0/d, decreases
the total density of unhealthy hepatocytes, Y, and increases the total density of
healthy hepatocytes, X . When the healthy-cell infection rate β is relatively large,
as in Figure 5, noncytolytic response controlled by the scaling parameter f in
(2-1a) is more significant than cytolytic response b. On the other hand when β
is relatively small as in Figure 6, healthy cells remain near carrying capacity for
all values of f , but increase rapidly with the cytolytic clearance rate. Thus these
simulations suggests that the healthy-cell infection rate may play a significant role
in the effectiveness of cytolytic vs. noncytolytic immune response.

The results presented here provide only a partial analysis of the model (2-1a)–
(2-1d). For example, only local asymptotic stability is considered and neither the
nonunique disease equilibrium nor periodic behavior (as in Figure 2) have been
investigated in detail. Thus future work should include examining global stability
of E f , analyzing local asymptotic and global stability of Ed in the full system
(2-1a)–(2-1d), and further investigations of the limit cycle behavior.

Acknowledgements

The authors would like to acknowledge Sam Houston State University’s College of
Science and Engineering Technology for its support and funding for an undergradu-
ate research project which led to this manuscript.

References

[Allen 2007] L. J. S. Allen, Introduction to mathematical biology, Pearson, Upper Saddle River, NJ,
2007.

[Ciupe et al. 2007] S. M. Ciupe, R. M. Ribeiro, P. W. Nelson, G. Dusheiko, and A. S. Perelson, “The
role of cells refractory to productive infection in acute hepatitis B viral dynamics”, Proc. Natl. Acad.
Sci. USA 104:12 (2007), 5050–5055.

[Diekmann et al. 1990] O. Diekmann, J. A. P. Heesterbeek, and J. A. J. Metz, “On the definition and
the computation of the basic reproduction ratio R0 in models for infectious diseases in heterogeneous
populations”, J. Math. Biol. 28:4 (1990), 365–382. MR Zbl

[Edelstein-Keshet 1988] L. Edelstein-Keshet, Mathematical models in biology, Random House, New
York, 1988. MR Zbl

[Hews et al. 2010] S. Hews, S. Eikenberry, J. D. Nagy, and Y. Kuang, “Rich dynamics of a hepatitis B
viral infection model with logistic hepatocyte growth”, J. Math. Biol. 60:4 (2010), 573–590. MR
Zbl

[Kim et al. 2012] H. Y. Kim, H.-D. Kwon, T. S. Jang, J. Lim, and H.-S. Lee, “Mathematical modeling
of triphasic viral dynamics in patients with HBeAg-positive chronic hepatitis B showing response to
24-week clevudine therapy”, PLos ONE 7:11 (2012), art. id. e50377.

[Lavanchy 2004] D. Lavanchy, “Hepatitis B virus epidemiology, disease burden, treatment, and
current and emerging prevention and control measures”, J. Viral Hepatitis 11:2 (2004), 97–107.

http://dx.doi.org/10.1073/pnas.0603626104
http://dx.doi.org/10.1073/pnas.0603626104
http://dx.doi.org/10.1007/BF00178324
http://dx.doi.org/10.1007/BF00178324
http://dx.doi.org/10.1007/BF00178324
http://msp.org/idx/mr/1057044
http://msp.org/idx/zbl/0726.92018
http://msp.org/idx/mr/1010228
http://msp.org/idx/zbl/0674.92001
http://dx.doi.org/10.1007/s00285-009-0278-3
http://dx.doi.org/10.1007/s00285-009-0278-3
http://msp.org/idx/mr/2587590
http://msp.org/idx/zbl/1311.92117
http://dx.doi.org/10.1371/journal.pone.0050377
http://dx.doi.org/10.1371/journal.pone.0050377
http://dx.doi.org/10.1371/journal.pone.0050377
http://dx.doi.org/10.1046/j.1365-2893.2003.00487.x
http://dx.doi.org/10.1046/j.1365-2893.2003.00487.x


474 JOHN G. ALFORD AND STEPHEN A. MCCOY

[Locarnini et al. 2015] S. Locarnini, A. Hatzakis, D. S. Chen, and A. Lok, “Strategies to control
hepatitis B: public policy, epidemiology, vaccine and drugs”, J. Hepatology 62:1, Suppl. (2015),
S76–S86.

[Nowak and Bangham 1996] M. A. Nowak and C. R. M. Bangham, “Population dynamics of immune
responses to persistent viruses”, Science 272:5258 (1996), 74–79.

[Nowak et al. 1996] M. A. Nowak, S. Bonhoeffer, A. M. Hill, R. Boehme, H. C. Thomas, and H.
McDade, “Viral dynamics in hepatitis B virus infection”, Proc. Natl. Acad. Sci. USA 93:9 (1996),
4398–4402.

[Pang et al. 2012] J. Pang, J.-a. Cui, and J. Hui, “The importance of immune responses in a model of
hepatitis B virus”, Nonlinear Dynam. 67:1 (2012), 723–734. MR Zbl

[Perelson 2002] A. S. Perelson, “Modelling viral and immune system dynamics”, Nature Rev. Im-
munology 2 (2002), 28–36.

[Rodriguez et al. 2017] A. C. Rodriguez, M. Chung, and S. M. Ciupe, “Understanding the complex
patterns observed during hepatitis B virus therapy”, Viruses 9:5 (2017), art. id. 117.

[Stanaway et al. 2016] J. D. Stanaway, A. D. Flaxman, M. Naghavi, C. Fitzmaurice, T. Vos, I.
Abubakar, L. J. Abu-Raddad, R. Assadi, N. Bhala, B. Cowie, M. H. Forouzanfour, J. Groeger, K. M.
Hanafiah, K. H. Jacobsen, S. L. James, J. MacLachlan, R. Malekzadeh, N. K. Martin, and G. S.
Cooke, “The global burden of viral hepatitis from 1990 to 2013: findings from the Global Burden of
Disease Study 2013”, The Lancet 388:10049 (2016), 1081–1088.

[Thieme 2003] H. R. Thieme, Mathematics in population biology, Princeton University Press, 2003.
MR Zbl

[Vargas-De-León 2014] C. Vargas-De-León, “Global properties for a virus dynamics model with lytic
and non-lytic immune responses, and nonlinear immune attack rates”, J. Biol. Systems 22:3 (2014),
449–462. MR Zbl

[Wodarza et al. 2002] D. Wodarza, J. P. Christensen, and A. R. Thomsen, “The importance of lytic
and nonlytic immune responses in viral infections”, Trends in Immunology 23:4 (2002), 194–200.

[Zapata et al. 2014] H. D. T. Zapata, A. G. C. Casso, D. Bichara, and S. Lee, “Role of active and
inactive cytotoxic immune response in human immunodeficiency virus dynamics”, Osong Pub.
Health Res. Perspect. 5:1 (2014), 3–8.

Received: 2019-10-26 Revised: 2020-03-12 Accepted: 2020-03-14

jga001@shsu.edu Department of Mathematics and Statistics,
Sam Houston State University, Huntsville, TX, United States

smccoy10@vols.utk.edu Department of Mathematics, University of Tennessee,
Knoxville, TN, United States

mathematical sciences publishers msp

http://dx.doi.org/10.1016/j.jhep.2015.01.018
http://dx.doi.org/10.1016/j.jhep.2015.01.018
http://dx.doi.org/10.1126/science.272.5258.74
http://dx.doi.org/10.1126/science.272.5258.74
http://dx.doi.org/10.1073/pnas.93.9.4398
http://dx.doi.org/10.1007/s11071-011-0022-6
http://dx.doi.org/10.1007/s11071-011-0022-6
http://msp.org/idx/mr/2869235
http://msp.org/idx/zbl/1242.92042
http://dx.doi.org/10.1038/nri700
http://dx.doi.org/10.3390/v9050117
http://dx.doi.org/10.3390/v9050117
http://dx.doi.org/10.1016/S0140-6736(16)30579-7
http://dx.doi.org/10.1016/S0140-6736(16)30579-7
http://msp.org/idx/mr/1993355
http://msp.org/idx/zbl/1054.92042
http://dx.doi.org/10.1142/S021833901450017X
http://dx.doi.org/10.1142/S021833901450017X
http://msp.org/idx/mr/3252873
http://msp.org/idx/zbl/1302.92057
http://dx.doi.org/10.1016/S1471-4906(02)02189-0
http://dx.doi.org/10.1016/S1471-4906(02)02189-0
http://dx.doi.org/10.1016/j.phrp.2014.01.001
http://dx.doi.org/10.1016/j.phrp.2014.01.001
mailto:jga001@shsu.edu
mailto:smccoy10@vols.utk.edu
http://msp.org


msp
INVOLVE 13:3 (2020)

https://doi.org/10.2140/involve.2020.13.475

A Cheeger inequality for
graphs based on a reflection principle

Edward Gelernt, Diana Halikias, Charles Kenney and Nicholas F. Marshall

(Communicated by Glenn Hurlbert)

Given a graph with a designated set of boundary vertices, we define a new notion
of a Neumann Laplace operator on a graph using a reflection principle. We show
that the first eigenvalue of this Neumann graph Laplacian satisfies a Cheeger
inequality.

1. Introduction and main result

1A. Introduction. Suppose that G= (V, E) is a graph with vertices V and edges E .
Let ∂V ⊆ V be a designated set of boundary vertices, and V̊ := V \ ∂V. We define
the doubled graph G ′ as follows. Let G̊ = (U, F) be an isomorphic copy of the
induced subgraph G[V̊ ], and let f be an isomorphism from V̊ to U. Set

F ′ :=
{
{u, v} : u ∈U, v ∈ ∂V, { f −1(u), v} ∈ E

}
.

Then, we define G ′ := (V ′, E ′), where V ′ := V ∪U and E ′ := E ∪ F ∪ F ′. That
is to say, G ′ is defined by making an isomorphic copy of the interior of G and
attaching it to the boundary vertices ∂V as in the original graph; see Figure 1.

Definition 1.1. Let G ′ = (V ′, E ′) be a doubled graph, and let f : V̊ → U be an
isomorphism as above, so that for all w ∈ ∂V and v ∈ V̊ , {v,w} ∈ E ′ if and only if
{ f (v), w} ∈ E ′. We say that a function ϕ : V ′→ R is even with respect to ∂V if

ϕ(v)= ϕ( f (v)) for v ∈ V̊ ,

and we say that ϕ is odd with respect to ∂V if

ϕ(v)=−ϕ( f (v)) for v ∈ V̊ and ϕ(v)= 0 for v ∈ ∂V .

Let L ′ := D− A denote the graph Laplacian of G ′, where D is the degree matrix
of G ′, and A is the adjacency matrix of G ′. The following proposition characterizes
the eigenvectors of L ′ as either even or odd.
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G = 7→ G ′ =

Figure 1. A graph G, and its doubled graph G ′, where the black
and white dots denote interior and boundary vertices, respectively.

Proposition 1.2. The graph Laplacian L ′ has |V | eigenvectors that are even with
respect to ∂V, and |V̊ | eigenvectors that are odd with respect to ∂V ; this accounts
for all eigenvectors of L ′.

1B. Motivation. We are motivated by the observation that the restrictions of the
odd and even eigenvectors of L ′ to the graph G seem like natural Dirichlet and
Neumann Laplacian eigenvectors for the graph G, given the respective odd and
even behavior of Dirichlet and Neumann Laplacian eigenfunctions on manifolds. In
fact, the restriction of the odd eigenvectors of L ′ to the graph G are eigenvectors of
the Dirichlet graph Laplacian defined in [Chung 1997], and inequalities involving
the eigenvalues of this operator have been investigated [Chung and Oden 2000].
However, an operator corresponding to the restriction of the even eigenvectors
of L ′ to G has not, to our knowledge been investigated. Chung [1997] defined
the Neumann graph Laplacian by enforcing a condition that a discrete derivative
vanishes on the boundary nodes of the graph, which results in different eigenvectors
than those arising from the even eigenvectors of L ′. We note that a Cheeger
inequality for Chung’s definition of the Neumann graph Laplacian has recently
been established in [Hua and Huang 2018].

1C. Odd and even eigenvectors. The proof of Proposition 1.2 gives some initial
insight into the odd and even eigenvectors the graph Laplacian L ′ on the doubled
graph G ′.

Proof of Proposition 1.2. The proof is immediate from the block structure of the
graph Laplacian L ′. Indeed, let L ′(U,W ) denote the submatrix of L ′ whose rows
and columns are indexed by U ⊆ V and W ⊆ V, respectively. We can write

L ′ =

X Y 0
Y> Z Y>

0 Y X

 ,
where X is the submatrix L ′(V̊ , V̊ ), Y is the submatrix L ′(V̊ , ∂V ), and Z is the
submatrix L ′(∂V, ∂V ). With this notation, the eigenvectors of L ′ that are even with
respect to ∂V are solutions to the equationX Y 0

Y> Z Y>

0 Y X

u
v

u

= µ
u
v

u

 .
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That is to say, the vectors u and v satisfy Xu + Yv = µu and 2Y>u + Zv = µv.
Put differently, when concatenated, u and v form an eigenvector of the matrix

LR :=

(
X Y

2Y> Z

)
. (1)

Observe that LR is similar to a symmetric matrix,

LR =

(
I 0
0
√

2I

)(
X
√

2Y
√

2Y> Z

)(
I 0
0
√

2I

)−1

,

and thus by the spectral theorem, LR has |V | real eigenvectors, which give rise to
|V | even eigenvectors of L ′. The eigenvectors of L ′ that are odd with respect to ∂V
are solutions to the equationX Y 0

Y> Z Y>

0 Y X

 u
0
−u

= λ
 u

0
−u

 .
Thus, each vector u such that Xu = λu gives rise to an odd eigenvector of L ′. Let

LD := X.

Since LD is symmetric, it follows from the spectral theorem that it has |V̊ | real
eigenvectors, and we conclude that L ′ has |V̊ | odd eigenvectors. �

1D. Contribution. In this paper, we study the operator LR defined in (1), which we
call the reflected Neumann graph Laplacian. This operator seems to be particularly
natural on graphs approximating manifolds. For example, in Remark 1.3, we
show that on the path graph, the eigenvectors of the Dirichlet graph Laplacian LD

and the reflected Neumann graph Laplacian LR are the familiar discrete sine and
cosine functions. We remark that the definition of the reflected Neumann graph
Laplacian LR has some similarities to the normalization used in the diffusion maps
manifold learning method of [Coifman and Lafon 2006].

Our main result Theorem 1.4 shows that the first eigenvalue of the normalized
reflected Neumann graph Laplacian LR defined in (2) satisfies a Cheeger inequality.
The graph cuts arising from LR can differ significantly from graph cuts arising from
the standard normalized graph Laplacian L defined in [Chung 1997]. In Figure 3, we
illustrate Theorem 1.4 with an example where the first eigenvector of the Neumann
graph Laplacian LR suggests a drastically different cut than the first eigenvector
of the standard graph Laplacian, and describe how the graph cut suggested by
LR is consistent with the Cheeger inequality established in Theorem 1.4. It may
be interesting to investigate the analog of other classical eigenvalue inequalities
involving these definitions of LD and LR for graphs with boundary.
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P5 == 7→ C8 ==

Figure 2. A path graph and its doubled graph.

Remark 1.3. The operators LD and LR are particularly natural on the path graph.
Let Pn = (V, E) denote the path graph on n vertices, where V = {1, . . . , n} and
{u, v} ∈ E if and only if |u − v| = 1. If ∂V := {1, n}, then the doubled graph
P ′n = C2n−2 is the cycle graph on 2n− 2 vertices; see Figure 2.

Consider LD and LR of the path graph Pn . The Dirichlet eigenvectors ϕk and
eigenvalues λk , which satisfy LDϕk = λkϕk for k = 1, . . . , n− 2, are of the form

λk = 2
(

1− cos
(
πk

n− 1

))
and ϕk( j)= sin

(
π jk

n− 1

)
for j = 1, . . . , n− 2, while the Neumann eigenvectors, ψk and µk , which satisfy
LRψk = µkψk for k = 0, . . . , n− 1, are of the form

µk = 2
(

1− cos
(
πk

n− 1

))
and ψk( j)= cos

(
π jk

n− 1

)
for j = 0, . . . , n−1. Thus, the path graph doubling procedure defined in Section 1A
gives the familiar sine and cosine functions, which are the Dirichlet and Neumann
eigenfunctions of the Laplace operator of the unit interval.

1E. Notation and definitions. Suppose that G = (V, E) is a graph with vertices V
and edges E . Let ∂V ⊆ V be a designated set of boundary vertices, and set
V̊ =V \∂V. We can write the adjacency matrix A of the graph G as the block matrix

A =
(

A11 A12

A>12 A22

)
,

where A11 = A(V̊ , V̊ ), A12 = A(V̊ , ∂V ), and A22 = A(∂V, ∂V ). Motivated by
Proposition 1.2 we define the reflected adjacency matrix R by

R :=
(

A11 A12

2A>12 A22

)
.

With this notation, the reflected Neumann Laplacian LR can be defined by

LR = D− R,

where D = diag(RE1), where E1 denotes a vector whose entries are all 1, and whose
dimensions are such that the matrix-vector multiplication is well-defined. We define
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the normalized reflected Neumann graph Laplacian LR by

LR := D−1/2LR D−1/2. (2)

1F. Main result. In this section, we present our main result Theorem 1.4. While
the matrix LR is not in general symmetric, it is similar to a symmetric matrix;
indeed, if

Q :=
(

I
|V̊ | 0
0 1

2 I|∂V |

)
,

then the matrix Q1/2LR Q−1/2 is symmetric, positive-definite, and has the eigen-
vector D1/2 Q1/2E1 of eigenvalue 0. It follows that the first nontrivial eigenvalue λR

of LR satisfies

λR := inf
x>D1/2 Q1/2E1=0

x>Q1/2LR Q−1/2x
x>x

.

Let E(U,W ) := {{u, w} ∈ E : u ∈U, w ∈W }; that is, E(U,W ) is the set of edges
between U and W. We define a measure m(U,W ) on this set of edges by

m(U,W )= |E(U,W )| − 1
2 |E(U ∩ ∂V,W ∩ ∂V )|,

and we define the volume vol(U ) of U ⊆ V by

vol(U ) :=
∑
u∈U

m({u}, V ).

The following theorem is our main result.

Theorem 1.4. Suppose that G = (V, E) is a graph with a designated set of bound-
ary vertices ∂V ⊆ V, and define the Cheeger constant h R by

h R := min
S⊆V

m(S, V \ S)
min{vol(S), vol(V \ S)}

. (3)

Then, √
2λR ≥ h R ≥

1
2λR,

where λR is the first nontrivial eigenvalue of LR .

Recall that the standard Cheeger inequality is constructive in the sense that a
cut that achieves the upper bound on the Cheeger constant can be determined from
the eigenfunction corresponding to the first eigenvalue of the normalized graph
Laplacian L; see [Alon 1986; Cheeger 1970]. Specifically, a partition that achieves
the upper bound can be determined by dividing the vertices into two groups based
on if the value of the first eigenvector is more or less than some threshold; for a
detailed exposition see for example [Chung 1997; 2007]. Similarly, the result of
Theorem 1.4 is constructive in the sense that a cut which achieves the upper bound
on h R can be determined from the eigenvector ψR of LR that corresponds to λR .
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ψ = , ψR =

Figure 3. The same graph with vertices colored proportional to ψ
(left) and colored proportional to ψR (right), where the squares in
the right graph denote boundary vertices.

In the following remark, we present an example where the cut arising from ψR

differs significantly from the cut arising from the first eigenvector ψ of the standard
normalized graph Laplacian L.

Remark 1.5. Graph cuts arising from ψR can differ significantly from graph cuts
arising from ψ . Indeed, on the left of Figure 3 we illustrate a graph whose vertices
are colored by greyscale values proportional to ψ . On the right of Figure 3 we
illustrate the same graph except several vertices have been designated as boundary
vertices (indicated by squares) and the color of the vertices is proportional to ψR .
Observe that ψ suggests cutting the graph by a vertical line into two equal parts,
while ψR suggests cutting the graph by a horizontal line into two equal parts.

That ψR suggests a horizontal cut of the graph is illustrative of Theorem 1.4.
Indeed, it is straightforward to check that the horizontal cut suggested by ψR

minimizes the cut measure m(S, V \ S)/(vol(S), vol(V \ S)) from (3). In contrast,
the vertical cut suggested by ψ minimizes the standard cut measure, which is
equivalent to the measure m(S, V \ S)/(vol(S), vol(V \ S)) in the case that all
vertices are interior vertices. Of course, Theorem 1.4 only guarantees that the
measure of the cut arising from the eigenvector ψR is an upper bound for h R with
value at most

√
2λR; however, in this simple example the cut arising from ψR

actually obtains this minimum.

Remark 1.6. Here we visualize the first eigenfunctionψR of the reflected Neumann
graph Laplacian LR on a classic barbell shaped graph; see Figure 4. Observe that in
Figure 4 the maximum and minimum value of the eigenvector occur at an interior
vertex. This feature of the eigenvectors is interesting in the context of spectral

Figure 4. A barbell shaped graph whose vertices are colored pro-
portional toψR , where squares in the graph denote boundary vertices.
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clustering, where extreme values of the eigenvectors often correspond to the center
of clusters.

1G. Future directions. One future direction for this work is the problem of se-
lecting boundary vertices in a principled way. How the boundary is selected may
depend on the application at hand. In a social network graph, boundary vertices
could correspond to individuals with many connections outside the network. In
the context of manifold learning, where the vertices of the graph are points in Rn,
boundary vertices could be selected based on the number of points within some
ε-neighborhood of each vertex. On the other hand, when a graph is given by
sampling from a predefined manifold with boundary, vertices selected from some
collar neighborhood of the boundary could be designated as boundary vertices.

Another future direction arises from generalizing the setup under which our work
was done. Our graph doubling procedure inputs a graph with boundary and outputs
a larger graph, containing the original graph as an induced subgraph, which has a
special Z2 symmetry. Could similar Cheeger results be proven for other reflection
procedures? For example, what if n−1 copies of the interior vertices were attached,
instead of only 1?

Finally, we note a connection between the doubled graph (defined in Section 1A)
and numerical analysis that may motivate a direction for future study. Recall that
for a path graph Pn the eigenfunctions of the reflected Neumann Laplacian LR

are of the form ψk( j) = cos(π jk/(n − 1)); see Remark 1.3. These Neumann
eigenvectors are precisely the basis vectors for the discrete cosine transform (DCT)
type I, as classified in [Strang 1999]. The DCT type II, which has basis vectors
ψk( j) = cos

(
π
(

j + 1
2

)
k/n

)
is also important in numerical analysis; it could be

interesting to develop a graph doubling procedure whose Neumann eigenvectors on
the path graph are these vectors.

2. Proof of main result

2A. Summary. The proof of Theorem 1.4 is divided into two lemmas: first, in
Lemma 2.1 we show that λR ≤ 2h R , and second, in Lemma 2.2 we show that
h2

R/2≤ λR . The structure of our argument is similar to classical Cheeger inequality
proofs; see [Chung 1996; 1997].

2B. Proof of Theorem 1.4.

Lemma 2.1 (trivial direction). We have

λR ≤ 2h R.

Proof of Lemma 2.1. Recall that

LR := D−1/2 Q1/2LR Q−1/2 D−1/2.
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First, we observe that QLR can be written as

QLR = L − 1
2 L∂ ,

where

L =
(

diag(A11E1+A12E1)−A11 −A12

−A>12 diag(A>12
E1+A22E1)−A22

)
,

and

L∂ :=
(

0 0
0 diag(A22E1)−A22

)
.

Observe that L is the standard graph Laplacian of G, while L∂ is the graph Laplacian
of the vertex induced subgraph G[∂V ]. Fix a subset S⊆V, and let χS be the indicator
function for S. Define

x := Q1/2 D1/2χS −
χ>S DQE1
E1>DQE1

D1/2 Q1/2E1.

By construction, we have x>D1/2 Q1/2E1= 0, and it follows that

λN ≤
x>D−1/2 Q1/2LR Q−1/2 D−1/2x

x>x

=
χ>S QLRχS

χ>S DQχS(E1−χ>S DQχS/(E1>DQ1))
=

χ>S
(
L − 1

2 L∂
)
χS(E1>DQE1)

(χ>S DQχ>S )(χ
>

V \S DQχV \S)

≤
2 ·χ>S

(
L − 1

2 L∂
)
χS

min{(χ>S DQχ>S ), (χ
>

V \S DQχV \S)}
=

2 ·m(S, V \ S)
min{vol(S), vol(V \ S)}

.

Since this inequality holds for all subsets S ⊆ V, we conclude that λR ≤ 2h R . �

Lemma 2.2 (nontrivial direction). We have

λR ≥
1
2 h2

R.

Proof of Lemma 2.2. Recall that

λR = inf
x>D1/2 Q1/2E1=0

x>LR x
x>x

= inf
y>DQE1=0

y>QLR y
y>Q Dy

.

Let g be a vector satisfying

λR =
g>QLRg
g>DQg

and g>Q DE1= 0.

Let {v1, . . . , vn} be an enumeration of the vertices V so that gv1 ≤ · · · ≤ gvn and
set Sj := {v1, . . . , vj }, for j = 1, . . . , n. Let p be the largest integer such that
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vol(Sp)≤
1
2 vol(V ); that is,

p :=max
{

j ∈ {1, . . . , n} : vol(Sj )≤
1
2 vol(V )

}
.

Let g+ and g− denote the positive and negative parts of g− gvp , respectively. That
is, g+v :=max{gv−gvp , 0} and g−v :=max{gvp−gv, 0}. Let u∼ v denote {u, v} ∈ E
and q = diag(Q). Then

λR =
g>(L − 1

2 L∂)g
g>DQg

=

∑
u∼v(gu − gv)2− 1

2

∑
u∼v

u,v∈∂V
(gu − gv)2∑

v g2
vdvqv

≥

∑
u∼v(gu − gv)2− 1

2

∑
u∼v

u,v∈∂V
(gu − gv)2∑

v(g(v)− g(vp))2dvqv
,

where the last inequality holds because we have increased the denominator. From
here,

λR ≥

∑
u∼v((g

+
u −g+v )

2
+(g−u −g−v )

2)− 1
2

∑
u∼v

u,v∈∂V
((g+u −g+v )

2
+(g−u −g−v )

2)∑
v((g

+
v )2+(g−v )2)dvqv

. (4)

Recall that
a+ b
c+ d

≥min
{

a
c
,

b
d

}
(5)

for any a, b ≥ 0 and c, d > 0. From (4), we can set

a =
∑
u∼v

(g+u − g+v )
2
−

∑
u∼v

u,v∈∂V

(g+u − g+v )
2, c =

∑
v

(g+v )
2dvqv,

b =
∑
u∼v

(g−u − g−v )
2
−

∑
u∼v

u,v∈∂V

(g−u − g−v )
2, d =

∑
v

(g−v )
2dvqv.

Observe that a and b are nonnegative. Indeed,

a =
∑
u∼v

u /∈∂V or v /∈∂V

(g+u − g+v )
2,

which has nonnegative summands, and a similar statement holds for b.
Without loss of generality, (5) implies

λR ≥

∑
u∼v(g

+
u − g+v )

2
−

1
2

∑
u∼v

u,v∈∂V
(g+u − g+v )

2∑
v(g
+
v )2dvqv

.

To simplify notation in the following, let f = g+. We begin by setting

λ :=

∑
u∼v( fu − fv)2− 1

2

∑
u∼v

u,v∈∂V
( fu − fv)2∑

v f 2
v dvqv

.
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Multiplying the numerator and denominator by the same term gives

λ=

(∑
u∼v( fu− fv)2− 1

2

∑
u∼v

u,v∈∂V
( fu− fv)2

)(∑
u∼v( fu+ fv)2−1

2

∑
u∼v

u,v∈∂V
( fu+ fv)2

)
(∑

v f 2
v dvqv

)(∑
u∼v( fu+ fv)2− 1

2

∑
u∼v

u,v∈∂V
( fu+ fv)2

) .

Applying the Cauchy–Schwarz inequality in the numerator gives

λ≥

(∑
u∼v | f

2
u − f 2

v | −
1
2

∑
u∼v

u,v∈∂V
| f 2

u − f 2
v |
)2(∑

v f 2
v dvqv

)(∑
u∼v( fu + fv)2− 1

2

∑
u∼v

u,v∈∂V
( fu + fv)2

) .
Next, we observe that∑
u∼v

( fu+ fv)2−
1
2

∑
u∼v

u,v∈∂V

( fu+ fv)2=
∑
v

f 2
v dvqv−

(∑
u∼v

( fu− fv)2−
1
2

∑
u∼v

u,v∈∂V

( fu− fv)2
)
,

and thus it follows that

λ≥

(∑
u∼v | f

2
u − f 2

v | −
1
2

∑
u∼v

u,v∈∂V
| f 2

u − f 2
v |
)2(∑

v f 2
v dvqv

)2
(2− λ)

.

We want to show∑
u∼v

| f 2
u − f 2

v | −
1
2

∑
u∼v

u,v∈∂V

| f 2
u − f 2

v | ≥

n∑
i=1

| f 2
vi
− f 2

vi+1
|m(Si , V \ Si ).

We can write∑
u∼v

| f 2
u − f 2

v | −
1
2

∑
u∼v

u,v∈∂V

| f 2
u − f 2

v | =

n∑
i=2

i−1∑
j=1

(
χEi, j −

χ∂iχ∂j

2

)
( f 2
vi
− f 2

vj
),

where

χEi, j =

{
1 if {vi , vj } ∈ E,
0 otherwise

is the indicator function for {vi , vj } ∈ E , and

χ∂i =

{
1 if i ∈ ∂V,
0 otherwise

is the indicator function for vi ∈ ∂V. Note that we are justified in dropping the
absolute value signs because f 2

vi
is an increasing function of i . Next we write

f 2
vi
− f 2

vj
as a telescoping series

f 2
vi
− f 2

vj
= ( f 2

vi
− f 2

vi−1
)+ ( f 2

vi−1
− f 2

vi−2
)+ · · ·+ ( f 2

v j+1
− f 2

vj
),
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and rearrange terms in the summation to conclude that
n∑

i=2

i−1∑
j=1

(
χEi, j −

χ∂iχ∂j

2

)
( f 2
vi
− f 2

vj
)

=

n∑
l=1

n∑
k=1

n∑
j=1

((
χE j,k+l −

χ∂jχ∂k+l

2

)
χ j≤l

)
( f 2
vl+1
− f 2

vl
),

where

χ j≤l =

{
1 if j ≤ l,
0 otherwise.

Then, to complete this step, we note that
n∑

k=1

n∑
j=1

((
χE j,k+l −

χ∂jχ∂k+l

2

)
χ j≤l

)
= m(Sl, V \ Sl).

Returning to our main sequence of inequalities for λ, we have

λ≥

(∑
i | f

2
vi
− f 2

vi+1
|m(Si ,V \Si )

)2

2
(∑

v f 2
v dvqv

)2 ≥

(
α
∑n

i=1| f
2
vi
− f 2

vi+1
|min{vol(Si ),vol(V \Si )}

)2

2
(∑

u f (u)2duqv
)2 ,

where

α := min
1≤i≤n

m(Si , V \ Si )

min{vol(Si ), vol(V \ Si )}
.

Since f 2
vi

is nondecreasing, a rearrangement of the numerator of the previous
expression gives

λ≥
α2

2

(∑
i ( f 2

vi
|min{vol(Si ), vol(V \ Si )}−min{vol(Si+1), vol(V \ Si+1)}|)

)2(∑
u f (u)2duqu

)2 .

It follows that

λR ≥ λ≥
α2

2

(∑
i f 2
vi

dvi qvi

)2(∑
u f 2

u duqu
)2 =

α2

2
≥

h2
R

2
,

which completes the proof. �
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Sets in Rd determining k taxicab distances
Vajresh Balaji, Olivia Edwards, Anne Marie Loftin,

Solomon Mcharo, Lo Phillips, Alex Rice and Bineyam Tsegaye

(Communicated by Anant Godbole)

We address an analog of a problem introduced by Erdős and Fishburn, itself
an inverse formulation of the famous Erdős distance problem, in which the
usual Euclidean distance is replaced with the metric induced by the `1-norm,
commonly referred to as the taxicab metric. Specifically, we investigate the
following question: given d, k ∈ N, what is the maximum size of a subset
of Rd that determines at most k distinct taxicab distances, and can all such
optimal arrangements be classified? We completely resolve the question in
dimension d = 2, as well as the k = 1 case in dimension d = 3, and we also
provide a full resolution in the general case under an additional hypothesis.

1. Introduction

Erdős [1946] asked a now famous question: given n ∈ N, what is the minimum
number of distinct distances determined by n points in a plane? Denoting this
minimum by f (n), he proved via an elementary counting argument that f (n) =
�(
√

n), and he conjectured that the correct order of growth is n/
√

log n, as attained
by a
√

n×
√

n integer grid. After decades of incremental progress, this conjecture
was effectively resolved in a celebrated result of Guth and Katz [2015], who
established that f (n)=�(n/ log n).

Fifty years after Erdős’s original paper, Erdős and Fishburn [1996] addressed
the same question from the inverse perspective, and aspired to precise results in
fixed cases rather than general asymptotic results. Specifically, they investigated
the following: given k ∈ N, what is the maximum number of points in a plane
that determine at most k distinct distances, and can such optimal arrangements be
classified? This question, which we refer to as the Erdős–Fishburn problem, was
fully resolved by Erdős and Fishburn for 1≤ k ≤ 4, then by Shinahara [2008] for
k = 5, and Wei [2012] for k = 6, while it remains open for k ≥ 7. By convention,
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in the quoted results and throughout this paper, 0 is not counted as a distance
determined by a set of points.

These questions can also be adapted to higher dimensions, and to alternative
notions of distance. Here we focus on a particular, well-known alternative metric.

Definition 1.1. For d ∈N and x = (x1, . . . , xd)∈Rd , we define the `1-norm of x by

‖x‖1 = |x1| + · · · + |xd |,

which in particular satisfies the triangle inequality ‖x + y‖1 ≤ ‖x‖1+‖y‖1. Like
every norm, the `1-norm induces a metric on Rd by defining ‖x − y‖1 to be the
`1-distance between x, y ∈ Rd.

The metric induced by the `1-norm is commonly referred to as the taxicab metric,
because it measures the length of the shortest path between two points in space,
under the restriction that one can only travel in directions parallel to the coordinate
axes, as if in a taxicab on a grid of city streets. For example, if two people at city
intersections are separated by 3 blocks horizontally and 4 blocks vertically, then,
as the crow flies, they are 5 blocks apart by the Pythagorean theorem. However,
to actually make the journey without cutting through buildings, they must walk 7
blocks, which is the `1-distance.

As noted in Chapters 0 and 1 of [Garibaldi, Iosevich, and Senger 2011], one can
show that the minimum number of `1-distances determined by n points in Rd is
�(n1/d), and this order of growth is attained by {1, 2, 3, . . . , dn1/d

e}
d. Therefore,

in the case of the taxicab metric, the big picture asymptotic question is immediately
resolved, which begs the question of whether this case can be analyzed more
precisely. To begin this journey, we first consider the Erdős–Fishburn problem in
the plane with k = 1.

We fix two points U, V ∈ R2, say U = (−1, 0) and V = (1, 0). With the usual
notion of distance, if any additional points can be added without determining an
additional distance, those points necessarily lie on the circles of radius 2 centered at
U and V, respectively. Those two circles intersect in only two points, and we find
that they are Q = (0,

√
3) and R = (0,−

√
3). Since the distance between Q and R

is greater than 2, only one of the two can be added to {U, V } while maintaining
only a single distance. In summary, a set P ⊆ R2 determining a single distance
satisfies |P| ≤ 3, and equality holds if and only if P is the set of vertices of an
equilateral triangle.

However, even in this simplest case, the taxicab metric case diverges from that
of the usual distance. With the taxicab metric, the “circle” (which we refer to as an
`1-circle) of radius 2 centered at U is in fact a square, rotated 45◦ from axis-parallel,
with the four sides connecting the points (−3, 0), (−1, 2), (1, 0), and (−1,−2).
Similarly, the `1-circle of radius 2 centered at V is a square with sides connecting
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(3, 0), (1,−2), (−1, 0), and (1, 2). Like the usual-distance case, these two circles
intersect in exactly two points, this time Q= (0, 1) and R= (0,−1). The difference
is that here Q and R are indeed separated by `1-distance 2, and hence the four-point
configuration {U, V, Q, R} determines a single `1-distance.

2. Main definition and results

Inspired by the four-point construction above, as well as additional trial and error,
we define the following family of sets, which serve as our candidates for resolving
the Erdős–Fishburn problem for the taxicab metric.

Definition 2.1. For integers d > 0 and k ≥ 0, we define

3d(k)= {n = (n1, n2, . . . , nd) ∈ Zd
: ‖n‖1 ≤ k, n1+ · · ·+ nd ≡ k (mod 2)}.

3d(k) is the union of the integer lattice points lying on the `1-spheres (which in
dimension d are 2d-faced polytopes) centered at the origin of every other integer
radius, starting with either 0 or 1 depending on the parity of k. The four-point
configuration discussed in the Introduction is 32(1), and some additional examples
are pictured in Figure 1.

In Section 3, we establish the following properties of3d(k), including the crucial
fact that it determines exactly k distinct `1-distances, the primary motivation for its
definition.

Theorem 2.2. The following hold for all d, k ∈ N:

(i) 3d(k) determines exactly k distinct `1-distances, specifically 2, 4, . . . , 2k.

(ii) |31(k)| = k+ 1 and |3d(1)| = 2d.

(iii) |3d+1(k)| = |3d(k)| + 2
∑k−1

j=0 |3d( j)|.

Parts (ii) and (iii) of Theorem 2.2, combined with known formulas for sums of
powers, allow one to determine explicit formulas for |3d(k)| for any fixed d ∈ N.
We include the first few examples in Table 1.

-3-3-2-2-1-1112233-3-3-2-2-1-111223300

Figure 1. Left,32(2): 9 points in R2 determining two `1-distances.
Right, 33(2): 19 points in R3 determining two `1-distances.
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d |3d(k)|

2 (k+ 1)2

3 2
3(k+ 1)3+ 1

3(k+ 1)

4 1
3(k+ 1)4+ 2

3(k+ 1)2

5 2
15(k+ 1)5+ 2

3(k+ 1)3+ 1
5(k+ 1)

6 2
45(k+ 1)6+ 4

9(k+ 1)4+ 23
45(k+ 1)2

7 4
315(k+ 1)7+ 2

9(k+ 1)5+ 28
45(k+ 1)3+ 1

7(k+ 1)

Table 1. Explicit formulas for |3d(k)|.

Some of the patterns observed in Table 1 can be generalized using Faulhaber’s
formula for sums of powers, as seen in the following formulation, which we also
prove in Section 3.

Theorem 2.3. For each d ∈ N and each integer k ≥ 0, we have the formula

|3d(k)| =
dd/2e−1∑

i=0

ad,i (k+ 1)d−2i ,

where the coefficients ad,i satisfy the recursive formula

ad,i = 2
i∑
`=0

ad−1,`

d − 2`

( d−2`
2(i−`)

)
B2(i−`),

where Bi is the i-th Bernoulli number. In particular, we have the explicit formulas
ad,0 = 2d−1/d! for all d ∈ N and ad,1 = 2d−3/(3(d − 3)!) for all d ≥ 3.

Detailed analysis of 3d(k) is perhaps of independent interest, but to make head-
way toward our goal, we need to address the important questions: does 3d(k) have
maximal size amongst subsets of Rd determining at most k distinct `1-distances?
If so, is 3d(k) the only such optimal arrangement? In anticipation of the latter
question, we observe that any optimal arrangement can undergo any scaling, or
any transformation that preserves the `1-norm, and remain optimal, leading to the
following definition.

Definition 2.4. For d ∈N, we say that two subsets of Rd are `1-similar if one can be
mapped to the other via a composition of translations, reflections about coordinate
hyperplanes, dilations, and coordinate permutations, as these transformations either
preserve or uniformly scale collections of `1-distances.

We note that the list of transformations in Definition 2.4 does not include rotations,
because, unlike the usual Euclidean metric, the taxicab metric is not invariant under
rotation, unless the rotation can alternatively be obtained through reflection about
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coordinate hyperplanes and permutation of coordinates. This fact rears its head in
our exploration of the taxicab metric in higher dimensions, and plays a key role in
our discussions in Section 6. For now, though, the following result established in
Section 4 completely resolves the taxicab analog of the Erdős–Fishburn problem in
the plane.

Theorem 2.5. If k ∈N and P ⊆R2 determines at most k distinct `1-distances, then
|P| ≤ (k+ 1)2. Further, |P| = (k+ 1)2 if and only if P is `1-similar to 32(k).

As we discuss in Section 4, the d = 2 case is simplified by the fact that, for the
purposes of analyzing distance sets, the `1-norm in R2 is effectively the same as the
`∞-norm defined by ‖(x, y)‖∞ = max{|x |, |y|}. However, this equivalence does
not persist in dimension d ≥ 3, and for this reason, our proof strategy does not
immediately generalize to higher dimensions. (Although, for the interested reader,
the proof does generalize to show that if P ⊆ Rd determines at most k distinct
`∞-distances, then |P| ≤ (k+ 1)d, and equality holds if and only if P is `1-similar
to {0, 1, 2, . . . , k}d.)

With considerable additional effort, we successfully get our foot into the higher-
dimensional door in Section 5, which assures us that the unique optimality of3d(k)
is not completely dependent on a connection to the `∞-norm.

Theorem 2.6. If P ⊆ R3 determines a single `1-distance, then |P| ≤ 6. Further,
|P| = 6 if and only if P is `1-similar to 33(1).

Remark on previous work for k = 1. After the initial posting of this paper to the
arXiv server, we were alerted to previous work done in the k = 1 case (referred
to as equilateral sets) in a variety of metric spaces, including Rd with the taxicab
metric (referred to as rectilinear space). Specifically, Theorem 2.6 above follows
from Corollary 4.2 of [Bandelt, Chepoi, and Laurent 1998], while Koolen, Laurent,
and Schrijver [2000] showed that if P ⊆ R4 determines a single `1-distance, then
|P| ≤ 8 = |34(1)|. This partially settles a question of Kusner (see Problem 0 in
[Guy 1983]), who asked if |P| ≤ 2d = |3d(1)| holds for subsets of Rd determining
a single `1-distance, and this remains open for d ≥ 5. Conjecture 2.7 below can be
thought of as a precise, multidistance generalization of Kusner’s question. While
the conclusion of Theorem 2.6 was known previously, we believe our alternative,
elementary proof given in Section 5 remains of interest.

In Section 6, we explore the question of what additional hypotheses are required
to prove the optimality of 33(k) for all k ∈ N, or even 3d(k) in full generality.
We find that the proof of Theorem 2.5 can be fully adapted with a seemingly mild
additional assumption, leading us to make the following general conjecture.

Conjecture 2.7. If d, k ∈N and P ⊆Rd determines at most k distinct `1-distances,
then |P| ≤ |3d(k)|. Further, |P| = |3d(k)| if and only if P is `1-similar to 3d(k).
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3. Properties of 3d(k): proofs of Theorems 2.2 and 2.3

We begin this section by proving the essential properties of 3d(k) that make it a
worthy candidate for resolving the Erdős–Fishburn problem for the taxicab metric.

Proof of Theorem 2.2. Fix k ∈N. For (i), fix d ∈N; note that by the definition of
3d(k), we have ‖n‖1 ≤ k for all n ∈3d(k). In particular, for any n,m ∈3d(k), by
the triangle inequality we have

‖n−m‖1 ≤ ‖n‖1+‖m‖1 ≤ k+ k = 2k.

Further, ‖n−m‖1 = |n1−m1|+ · · ·+ |nd −md | is certainly an integer, and by the
definition of 3d(k), and the fact that an integer is congruent to its absolute value
modulo 2, we have

|n1−m1| + · · · + |nd −md | ≡ n1−m1+ · · ·+ nd −md

≡ (n1+ · · ·+ nd)− (m1+ · · ·+md)

≡ k− k ≡ 0 (mod 2).

Therefore, the only possible nonzero values of ‖n−m‖1 are 2, 4, . . . , 2k, and for
each 1 ≤ j ≤ k the distance 2 j is attained between the points ( j, 0, . . . , 0) and
(− j, 0, . . . , 0) if j ≡ k (mod 2), or between ( j, 1, . . . , 0) and (− j, 1, . . . , 0) if
j 6≡ k (mod 2).

For (ii), we first see that

31(k)=
{
{−k,−k+ 2, . . . ,−1, 1, . . . , k− 2, k} if k is odd,
{−k,−k+ 2, . . . ,−2, 0, 2, . . . , k− 2, k} if k is even.

In particular, |31(k)| = 2dk/2e= k+1 if k is odd and |31(k)| = 2(k/2)+1= k+1
if k is even. Secondly, we see that 3d(1) is precisely {±ei : 1≤ i ≤ d}, where {ei }

is the standard basis for Rd.
For (iii), we see that the possible values of the final coordinate for elements of

3d+1(k) are integers satisfying −k ≤ xd+1 ≤ k. Further, for a fixed value xd+1 = c,
the intersection of this hyperplane with 3d+1(k) is

{(n1, . . . , nd , c) ∈ Zd+1
: |n1| + · · · + |nd | ≤ k− |c|,

n1+ · · ·+ nd ≡ k− c ≡ k− |c| (mod 2)},

which is in natural bijection with 3d(k− |c|). Therefore,

|3d+1(k)| =
k∑

c=−k

|3d(k− |c|)| = |3d(k)| + 2
k−1∑
j=0

|3d( j)|. �

We continue by establishing a detailed formula for |3d(k)|, which in particular
guarantees that it has the correct order of magnitude �(kd).
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Proof of Theorem 2.3. We first note that by Theorem 2.2(ii), we have |31(k)|= k+1
for all k≥ 0. We now fix d≥ 2, let h=dd/2e−1, and make the inductive hypothesis

|3d−1(k)| = ad−1,0(k+1)d−1
+ad−1,1(k+1)d−3

+· · ·+ad−1,h(k+1)d−1−2h (1)

for all k ≥ 0. Faulhaber’s formula gives

Fp(n)=
n∑

j=1

j p
=

n p+1

p+ 1
+

n p

2
+

1
p+ 1

p−1∑
i=0

( p+1
i

)
Bp+1−i ni (2)

for all n, p ∈ N, where Bi is the i-th Bernoulli number. By Theorem 2.2(iii), we
have

|3d(k)| = 2
k−1∑
j=0

|3d−1( j)| + |3d−1(k)| = 2
k∑

j=0

|3d−1( j)| − |3d−1(k)|, (3)

which combines with (1) to yield

|3d(k)| = 2
(

ad−1,0

k∑
j=0

( j + 1)d−1
+ · · ·+ ad−1,h

k∑
j=0

( j + 1)d−1−2h
)
− |3d−1(k)|

= 2
(

ad−1,0

k+1∑
j=1

jd−1
+ · · ·+ ad−1,h

k+1∑
j=1

jd−1−2h
)
− |3d−1(k)|

= 2(ad−1,0 Fd−1(k+ 1)+ · · ·+ ad−1,h Fd−1−2h(k+ 1))− |3d−1(k)|.

This tells us that we can indeed write |3d(k)| as a polynomial in k+1, but we wish to
establish the claimed explicit and recursive formulas for the coefficients, as well as
the fact that every other coefficient is zero. First we consider the (k+1)d coefficient,
which only arises from the term 2ad−1,0 Fd−1(k+ 1). Since the n p+1 coefficient of
Fp(n) is 1/(p+ 1), we have ad,0 = 2ad−1,0/d. Using the base case a1,0 = 1, we
have by induction that ad,0 = 2d−1/d! , as claimed.

Next we consider the (k+ 1)d−1 coefficient, which arises from two sources: the
(k+ 1)d−1 coefficients of 2ad−1,0 Fd−1(k+ 1) and −|3d−1(k)|, respectively. The
former is 2ad−1,0

( 1
2

)
= ad−1,0, while the latter is −ad−1,0, which means that the

(k+ 1)d−1 coefficient of |3d(k)| is indeed 0. More generally, for other coefficients
corresponding to terms of the form (k+ 1)d−1−2i, we use the following three facts:
the (k+1)d−1−2i coefficient of 2ad−1,i Fd−1−2i (k+1) is ad−1,i by the same logic as
above, the (k+1)d−1−2i coefficient of−|3d−1(k)| is−ad−1,i , and the (k+1)d−1−2i

coefficient of Fd−1−2`(k+ 1) is 0 for all ` < i , because Bn = 0 for all odd n ≥ 3.
Therefore, all (k+ 1)d−1−2i coefficients of |3d(k)| are 0.

For the (k+ 1)d−2 coefficient, we begin by noting that a direct calculation using
(2) and (3) yields |33(k)| = 2

3(k+ 1)3+ 1
3(k+ 1); hence a3,1 =

1
3 , which serves as

the base case for another induction. Fixing d ≥ 4 and assuming the claimed formula
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ad−1,1 = 2d−4/(3(d−4)!) holds, the (k+1)d−2 coefficient of |3d(k)| is formed by
two contributions, from 2ad−1,0 Fd−1(k+ 1) and 2ad−1,1 Fd−3(k+ 1), respectively.

The former is given by

2ad−1,0

(
1
d

)( d
d−2

)
B2 = 2 ·

2d−2

(d − 1)!
·

1
d
·

d(d − 1)
2

·
1
6
=

2d−3

3(d − 2)!
,

while the latter is given by

2ad−1,1 ·
1

d − 2
= 2 ·

2d−4

3(d − 4)!
·

1
d − 2

=
2d−3

3(d − 4)!(d − 2)
.

Therefore, we have

ad,1 =
2d−3

3(d − 2)!
+

2d−3

3(d − 4)!(d − 2)

=
2d−3
+ (d − 3)2d−3

3(d − 2)!
=

2d−3(d − 2)
3(d − 2)!

=
2d−3

3(d − 3)!
,

as claimed.
More generally, by (2) and (3), we see that the (k+1)d−2i coefficient of |3d(k)|

receives a contribution from 2ad−1,`Fd−1−2`(k+1) for each 0≤ `≤ i . Specifically,
that contribution is

2ad−1,` ·
1

d − 2`
·

(d−2`
d−2i

)
· B2i−2` =

2ad−1,`

d − 2`

( d−2`
2(i−`)

)
B2(i−`),

and the recursive formula for ad,i follows. �

4. Optimality in two dimensions: proof of Theorem 2.5

In this section, we prove the unique optimality of 32(k), in that it is the unique
subset of R2, up to `1-similarity, of maximal size amongst sets determining at most
k distinct `1-distances. As referenced in Section 2, the proof is in part enabled
by an equivalence between the `1-norm and the `∞-norm on R2. We frame our
discussion entirely in the context of the `1-norm, but the connection is implicit in
our proof, particularly the following lemma.

Lemma 4.1. Let v1 = (1, 1) and v2 = (−1, 1). If x ∈R2 with x = c1v1+c2v2, then

‖x‖1 = 2 max{|c1|, |c2|}.

Proof. Let v1 = (1, 1), v2 = (−1, 1), fix x ∈ R2, and write x uniquely as x =
c1v1+c2v2 = (c1−c2, c1+c2). By potentially reflecting over the diagonal x1 = x2

and/or replacing x by −x , both of which preserve the `1-norm, we can assume
without loss of generality that |c1| ≥ |c2| and c1 ≥ 0. In this case,

‖x‖1 = |c1− c2| + |c1+ c2| = c1− c2+ c1+ c2 = 2c1 = 2 max{|c1|, |c2|}. �
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Remark. As an alternative approach to Section 4, one could treat the connection
between the `1 and `∞ norms on R2 in a more explicit way. Namely, Lemma 4.1 can
be reframed as the statement that the map f : (R2, ‖ · ‖1)→ (R2, ‖ · ‖∞) defined by
f (x, y)= (x+ y, x− y) is a linear isomorphism satisfying ‖(x, y)‖1=‖ f (x, y)‖∞.
Therefore, any results related to the `∞-norm can be immediately transferred to
the `1-norm via this isomorphism. In particular, the proofs that follow could be
rewritten in a slightly cleaner way in the `∞ context. However, in order to maintain
our hands-on approach with the taxicab metric, we have chosen to leave the proofs
in their `1 form.

Our main strategy for proving Theorem 2.5 is inspired by [Erdős and Fishburn
1996]. Specifically, we suppose that P ⊆ R2 determines at most k distinct `1-
distances, and we seek an upper bound on the number of points we must remove
from P in order to eliminate the largest `1-distance, hence reducing to the case of
k− 1 distinct `1-distances and allowing us to invoke an inductive hypothesis. The
following sequence of lemmas formalizes this strategy. Here we define an `1-ball
in the expected way, as the region bounded by an `1-sphere, which for d = 2 is an
`1-circle.

Lemma 4.2. Suppose P ⊆ R2 is finite. If D is the largest `1-distance determined
by P, then P is contained in a closed `1-ball of diameter D.

Proof. Suppose P ⊆ R2 is finite. Let v1 = (1, 1) and v2 = (−1, 1). Since {v1, v2}

forms a basis for R2, every x ∈ P can be written uniquely as x= c1v1+c2v2. Choose
x1, x2, x3, x4 ∈ P such that x1 maximizes c1, x2 minimizes c1, x3 maximizes c2,
and x4 minimizes c2. Call these values c1,max, c1,min, c2,max, and c2,min, respectively.
These choices contain P inside of a rectangle R, rotated 45◦ from axis parallel,
determined by the inequalities c1,min ≤ c1 ≤ c1,max and c2,min ≤ c2 ≤ c2,max.

Let w1 = c1,max − c1,min and w2 = c2,max − c2,min, and assume without loss
of generality that w1 ≥ w2. By Lemma 4.1, we have ‖x1 − x2‖1 = 2w1 and
‖p1 − p2‖1 ≤ 2w1 for all p1, p2 ∈ R, so D = 2w1 is the largest `1-distance
determined by P. Let c2,new = c2,max−w1 ≤ c2,min, and let B ⊇ R ⊇ P be defined
by the inequalities c1,min ≤ c1 ≤ c1,max and c2,new ≤ c2 ≤ c2,max. B is a square
rotated 45◦ from axis parallel, or in other words a closed `1-ball, of diameter D, as
required. �

Lemma 4.3. If P ⊆ R2 is contained in a closed `1-ball B of diameter D, then the
`1-distance D can be eliminated from P by removing the points of P contained in
any two adjacent sides of the boundary of B.

Proof. Suppose P ⊆ R2 is contained in a closed `1-ball B of diameter D.
Let a1, a2 be the left and right vertices of B, respectively, so in particular
‖a1− a2‖1 = D. Let U denote the closed (including a1, a2) upper `1-semicircle
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connecting a1 and a2, and let L denote the open (not including a1, a2) lower `1-
semicircle connecting a1 and a2. Since the `1-norm is invariant under 90◦ rotation,
it suffices to establish the conclusion of the lemma for removing the points of P
lying in U. Suppose x1, x2 ∈ P \U.

Case 1: At least one of x1, x2 lies in B \ (U ∪ L), which is an open `1-ball of
radius D/2.

Assume without loss of generality that x1 ∈ B \ (U ∪ L), and let c be the center
of B. Therefore, ‖x1−c‖1 < D/2 and ‖x2−c‖1 ≤ D/2. By the triangle inequality,
‖x1− x2‖1 ≤ ‖x1− c‖1+‖c− x2‖1 < D/2+ D/2= D.

Case 2: x1, x2 ∈ L . After possibly reflecting, assume without loss of generality
that x1 is to the left of x2 and ‖x1− a1‖1 ≤ ‖x2− a2‖1, so x1 is positioned at least
as high as x2, By replacing x1 with a1, we move up and to the left, so both the
horizontal and vertical components of the `1-distance to x2 get larger; hence

‖x1− x2‖1 < ‖a1− x2‖1 = D.

In both cases, all distances amongst points in P \U are strictly less than D, and
the lemma follows. �

Lemma 4.4. If P ⊆ Rd is contained in a line and determines at most k distinct
`1-distances, then |P| ≤ k + 1. Further, if |P| = k + 1, then P is an arithmetic
progression, meaning the `1-distances are λ, 2λ, . . . , kλ for some λ > 0.

Proof. Since `1-distance along a straight line in Rd is just a constant multiple,
depending on the direction of the line, of the standard Euclidean distance, it suffices
to establish the lemma with d = 1, for which we induct on k.

The base case k = 1 is trivial, as three points x1 < x2 < x3 in R automatically
determine two distances x2− x1 < x3− x1, and any two points form an arithmetic
progression.

Now, fix k ≥ 2, and assume that if Q ⊆ R determines at most k − 1 distances,
then |Q| ≤ k, and further, if |Q| = k, then Q is an arithmetic progression. Now
suppose P ⊆ R determines at most k distances.

Let P={x1< x2< · · ·< xn}. The n−1 distances x2−x1< x3−x1< · · ·< xn−x1

are all distinct; hence n−1≤k, or in other words n≤k+1. Further, suppose n=k+1.
By removing xk+1, we also remove the longest distance xk+1− x1, so the set Q =
{x1, . . . , xk} determines k−1 distances. By our inductive hypothesis, Q must be an
arithmetic progression; in other words Q = {x1, x1+λ, x1+2λ, . . . , x1+(k−1)λ}.

If xk+1 < x1+ kλ, then both xk+1− x1 > (k − 1)λ and xk+1− xk < λ are new
distances not determined by Q. If xk+1 > x1+ kλ, then both xk+1− x1 > kλ and
xk+1−x2>(k−1)λ are new distances not determined by Q. In either case, P deter-
mines at least k+1 distinct distances, contradicting the assumption that it determines
at most k distances. Therefore, xk+1 must be x1+ kλ, and the lemma follows. �
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Lemma 4.5. If S ⊆ R2 is contained in the union of two adjacent sides of an `1-
circle and determines at most k distinct `1-distances, then |S| ≤ 2k + 1. Further,
if |S| = 2k + 1, then the points of S on each side form an arithmetic progression
containing the shared vertex.

Proof. Suppose S ⊆ R2 is contained in the union of two adjacent sides of an
`1-circle and determines at most k distinct `1-distances. Assume without loss of
generality that the two adjacent sides are the closed upper semicircle. We know
from Lemma 4.4 that there are at most k+ 1 points on each of the two sides.

Further, if |S| ≥ 2k+ 1, then there are exactly k+ 1 points on one side, assume
the left, and at least k points on the right side. Let x1, . . . , xk+1 denote the points
of P on the left side, ordered left to right, and let y be any point of P on the right
side. We note that

‖x1− x2‖1 < ‖x1− x3‖1 < · · ·< ‖x1− xk+1‖1 ≤ ‖x1− y‖1,

and ‖x1− xk+1‖1 = ‖x1− y‖1 is only possible if xk+1 is the vertex shared by the
two sides. In particular, if the shared vertex is not included amongst the k+1 points
on the left side, then at least k + 1 distinct `1-distances occur from the leftmost
point, contradicting our assumption.

Therefore, if |S| ≥ 2k+1, it must be the case that there are exactly k+1 points on
both the left and right sides, including the shared vertex, meaning in fact |S|=2k+1.
Finally, by Lemma 4.4, we know that the k+ 1 points on each side must form an
arithmetic progression. �

We are now fully armed to show the unique optimality of 32(k).

Proof of Theorem 2.5. We induct on k. For our base case, consider k = 0. In order
for a set to determine zero `1-distances (as always, not including 0), it can contain
at most 1= (0+ 1)2 point, and if it contains a point, then it is trivially a translation
of 32(0)= {(0, 0)}.

Now, fix k ∈ N, assume the conclusion of the theorem holds for k − 1, and
suppose P ⊆ R2 determines at most k distinct `1-distances. By Lemma 4.2, P is
contained in a closed `1-ball B of diameter D, where D is the largest `1-distance
determined by P. By Lemma 4.3, we can remove the distance D by removing the
points of P that lie on the closed upper `1-semicircle U on the boundary of B.
Since D has been removed as an `1-distance, we know that T = P \U determines
at most k− 1 distinct `1-distances. By our inductive hypothesis, |T | ≤ k2, and if
|T | = k2, then T is `1-similar to 32(k− 1).

Further, by Lemma 4.5, we know that S = P ∩U satisfies |S| ≤ 2k+ 1, and if
|S|=2k+1, then S consists of two (k+1)-term arithmetic progressions, one on each
side of U, which meet at the shared vertex. Therefore, |P|≤ |T |+|S|≤ k2

+2k+1=
(k+ 1)2, and |P| = (k+ 1)2 if and only if T is `1-similar to 32(k− 1) and S is a
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union of two arithmetic progressions meeting at the shared vertex. Finally, the only
way these two sets can be combined without creating additional `1-distances is for
S ∪ T to be `1-similar to 32(k). �

5. Single `1-distance in three dimensions: proof of Theorem 2.6

Without analogs of Lemmas 4.1 and 4.2 in dimension d ≥ 3, our strategy for
proving Theorem 2.5 does not naturally generalize to higher dimensions. However,
in the case of k = 1, we make the observation that if P ⊆ Rd determines a single
`1-distance, then all but the “southernmost” point (the point minimizing the last
coordinate) of P lie on a single closed upper `1-hemisphere. The following sequence
of lemmas provide a detailed investigation into how `1-distance behaves between
points on a single upper `1-hemisphere in R3, which consists of four flat faces, one
for each quadrant determined by the first two coordinates, intersecting at a single
northernmost point. The three lemmas correspond to the cases where the points lie
on the same face, opposite faces, or neighboring faces, respectively.

Lemma 5.1. Suppose V,W ∈ R3, with V = (x1, y1, z1) and W = (x2, y2, z2). If
‖V ‖1 = ‖W‖1 and x1x2, y1 y2, z1z2 ≥ 0, then

‖V −W‖1 = 2 max{|x1− x2|, |y1− y2|, |z1− z2|}.

Proof. Suppose V,W ∈ R3, with V = (x1, y1, z1), W = (x2, y2, z2), ‖V ‖1 =
‖W‖1 = λ, and x1x2, y1 y2, z1z2 ≥ 0. After reflections about coordinate planes,
coordinate permutations, and relabeling V and W (which all preserve both sides
of the equation in the conclusion of the lemma), we can assume without loss of
generality that all coordinates are nonnegative and x1− x2 ≥ |y1− y2| ≥ |z1− z2|.
Since

‖V ‖1 = x1+ y1+ z1 = ‖W‖1 = x2+ y2+ z2 = λ,

we have in particular that (x1− x2)+ (y1− y2)+ (z1− z2)= 0. Since the largest
coordinate distance is in the x-direction, and x1 ≥ x2, we must have y1 ≤ y2 and
z1 ≤ z2. Therefore

‖V −W‖1 = (x1− x2)+ (y2− y1)+ (z2− z1)

= x1− x2+ y2− y1+ (λ− x2− y2)− (λ− x1− y1)

= 2(x1− x2),

and the lemma follows. �

Lemma 5.2. Suppose V,W ∈ R3, with V = (x1, y1, z1) and W = (x2, y2, z2). If
‖V ‖1 = ‖W‖1 = λ, x1x2 ≤ 0, y1 y2 ≤ 0, and z1, z2 ≥ 0, then

‖V −W‖1 = 2(λ−min{z1, z2}).
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Proof. Suppose V,W ∈ R3, with V = (x1, y1, z1), W = (x2, y2, z2), ‖V ‖1 =
‖W‖1 = λ, x1x2 ≤ 0, y1 y2 ≤ 0, and z1, z2 ≥ 0. After reflections about coordinate
planes and relabeling V and W, we can assume without loss of generality that
x1, y1 ≥ 0, x2, y2 ≤ 0, and z1 ≤ z2.

Therefore, x1+ y1 = λ− z1, while −x2− y2 = λ− z2; hence

‖V −W‖1 = (x1− x2)+ (y1− y2)+ (z2− z1)

= λ− z1+ λ− z2+ z2− z1

= 2(λ− z1),

and the lemma follows. �

Lemma 5.3. Suppose V,W ∈R3, with V = (x1, y1, z1), W = (−x2, y2, z2), ‖V ‖1=
‖W‖1 = λ, and x1x2, y1 y2, z1z2 ≥ 0. If ‖V −W‖1 = λ, then |x1| ≤ λ/2.

Proof. Suppose V,W ∈ R3, with V = (x1, y1, z1), W = (−x2, y2, z2), ‖V ‖1 =
‖W‖1 = λ, x1x2, y1 y2, z1z2 ≥ 0. After reflecting about coordinate planes and
scaling, we can assume x1, x2, y1, y2, z1, z2 ≥ 0, and λ= 2. If ‖V −W‖1 = 2, then
the largest possible value of y2 + z2 is y1 + z1 + 2− (x1 + x2). However, since
‖W‖1 = 2, we must have y2+ z2 = 2− x2; hence 2− x2 ≤ y1+ z1+ 2− (x1+ x2),
which rearranges to x1 ≤ y1+ z2 = 2− x1. Thus x1 ≤ 1, as required. �

We now establish the unique optimality of 33(1) by conducting a case analysis
based on the concentration of the points of P, apart from the southernmost point,
on the four faces of a single closed upper `1-hemisphere.

Proof of Theorem 2.6. Suppose P ⊆ R3 determines a single `1-distance λ, and
choose a point c ∈ P that minimizes the z-coordinate. By translating and dilating,
we can assume without loss of generality that c = (0, 0, 0) and λ= 2, and hence
the remaining elements of P are all contained in the closed upper `1-hemisphere H
of radius 2 centered at (0, 0, 0). We note that the southernmost point of 33(1) is
(0, 0,−1), so our end goal in this proof is to show that |P|< 6 unless P is 33(1)
shifted up by 1.

We consider the different ways that P can be concentrated on the faces of H. To
this end, we define

H++ = {(x, y, z) ∈ H : x, y ≥ 0},

H+− = {(x, y, z) ∈ H : x ≥ 0, y ≤ 0},

with analogous definitions for H−+ and H−−. We refer to the pair H++, H−−
as opposite faces, and likewise for H+−, H−+. The three lemmas proven at the
beginning of this section allow us to make the following assertions:

(i) For any pair of distinct points U = (x1, y1, z1), V = (x2, y2, z2) ∈ P ∩H, with
U and V lying on opposite faces, we have by Lemma 5.2 that min{z1, z2} = 1.
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(ii) For any pair of distinct points U = (x1, y1, z1), V = (x2, y2, z2) ∈ P ∩H, with
U and V lying on the same face, we have by Lemma 5.1 that max{|x1− x2|,

|y1− y2|, |z1− z2|} = 1.

(iii) For distinct points U = (x1, y1, z1), V = (x2, y2, z2) ∈ P ∩ H, with U ∈ H++
and V ∈ H−+, we have by Lemma 5.3 that x1 ≤ 1. Similarly, by permuting
coordinates, if U ∈ H++ and V ∈ H+−, then y1 ≤ 1.

If |P| ≥ 6, then at least five points of P lie on H, and in particular the sizes of
the four intersections of P with the respective faces of H must add to at least 5.
Therefore, the only possible arrangements of P ∩ H include either three points on
a single face, or two points on one face and a point on the opposite face. Further,
the proof is greatly simplified in the case that the “north pole” (0, 0, 2) lies in P, so
we divide the argument into the following three cases:

Case 1: (0, 0, 2) ∈ P.

Case 2: (0, 0, 2) /∈ P, and P contains three points U, V,W ∈ H such that U and V
lie on the same face, and W lies on the opposite face.

Case 3: (0, 0, 2) /∈ P, and there exists a face of H containing at least three points
of P.

Proof for Case 1. Let V = (0, 0, 2). For Q = (x, y, z) ∈ (P∩H)\{V }, we have by
(i) that z = 1. In particular, the elements of P other than (0, 0, 0) and (0, 0, 2) take
the form (x, y, 1) with |x | + |y| = 1, and all pairs are separated by `1-distance 2.
By Theorem 2.5, there can be at most four such elements, and the only choice
of four that works is (1, 0, 1), (−1, 0, 1), (0, 1, 1), and (0,−1, 1). The resulting
arrangement is 33(1) translated up by 1, which establishes Theorem 2.6 in this
case.

Proof for Case 2. After reflecting about coordinate planes, we can assume that
U, V ∈ H++ and W ∈ H−−. Letting U = (x0, y0, z0), V = (x1, y1, z1), and
W = (x2, y2, z2), we have by (i) and (ii) that

max{|x0− x1|, |y0− y1|, |z0− z1|} =min{z0, z2} =min{z1, z2} = 1.

In particular, all three z-coordinates are at least 1, and since (0, 0, 2) /∈ P, we have
|z0− z1|< 1. Therefore, we simultaneously know that 0 ≤ x0, x1, y0, y1 ≤ 1 and
max{|x0− y0|, |x1− y1|} = 1.

This implies that (after potentially relabeling) either U = (1, 0, 1) and V =
(0, y, 2− y) for some 0< y ≤ 1 or U = (x, 0, 2− x) for some 0< x ≤ 1 and V =
(0, 1, 1). In either case, U ∈H++∩H+−, and V ∈H++∩H−+, so P contains at least
one element on every face of H. Therefore, by (i), all points of P lying on H have
z-coordinate at least 1. Further, by the same reasoning as above, there are at most
two points of P on each face, and the only way two points of P can lie on the same
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face is if they lie on opposite sides of the boundary, as with U and V. In particular,
at most four points of P lie on H, and hence P contains at most five points in total.

Proof for Case 3. This case gets a bit stickier, because, as some trial and error
reveals, there are a variety of possible arrangements of three points on a single face
of H that are all separated by `1-distance 2.

Focusing on H++ for the sake of exposition, we see that our desired configuration
of {(1, 0, 1), (0, 1, 1), (0, 0, 2)} is merely one member of a family of arrangements
obtained from the following process:

• Choose x0, y0, z0 ≥ 0 with x0+ y0+ z0 ≤ 1, and let α = 1− (x0+ y0+ z0).

• Starting from (x0, y0, z0), construct a point by adding 1 to one coordinate and α to
another coordinate (so the coordinates add to 2), then produce two additional points
in a similar way by rotating the original choice of coordinates. For example, the
initial choice of U=(x0+1, y0+α, z0) uniquely determines the two additional points
V = (x0, y0+1, z0+α) and W = (x0+α, y0, z0+1). All of these points lie on H++,
and by (ii) they are all separated by `1-distance 2. In fact, the only other possible set
of three points yielded by this process (up to labeling) is U = (x0+ 1, y0, z0+α),
V = (x0 + α, y0 + 1, z0), and W = (x0, y0 + α, z0 + 1). For additional clarity, a
specific example is x0 = 0.1, y0 = 0.3, z0 = 0.4; hence α = 0.2, which could
yield the three-point arrangements {(1.1, 0.5, 0.4), (0.1, 1.3, 0.6), (0.3, 0.3, 1.4)}
or {(1.1, 0.3, 0.6), (0.3, 1.3, 0.4), (0.1, 0.5, 1.4)}.

We hope to demystify the situation by arguing that the arrangements discussed
above are in fact the only possible arrangements. To this end, after reflections, we
can assume P contains three points U, V,W ∈ H++, and we settle Case 3 with the
following steps:

• Step 1: Show that U, V,W take the form discussed above. In particular, after
specifying the minimum values of each coordinate and a single point, the
second and third points are uniquely determined; hence there cannot be a
fourth point in P ∩ H++.

• Step 2: Show that P can contain at most one point in (H+− ∪ H−+) \ H++
before necessarily reducing to Case 2. This means that any hypothetical fifth
point of P ∩ H necessarily lies on H−−, which itself reduces the argument
back to Case 2.

Step 1: Let x0, y0, and z0 be the minimum x , y, and z-coordinates, respectively,
attained by U, V, and W. In what follows, we repeatedly appeal to (ii), which tells
us that for every pair of points in {U, V,W }, the maximum coordinate distance is
exactly 1. In particular, the maximum x , y, and z-coordinates attained by U, V,
and W are at most x0+1, y0+1, and z0+1, respectively, and we begin by arguing
that this inequality must be equality in all three coordinates.
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Suppose that this inequality is strict in at least one coordinate. By permuting
coordinates and relabeling points we may assume that U = (x0, y, z), and neither
of V and W has x-coordinate x0+ 1. Therefore, the maximum coordinate distance
of 1 required by (ii) must occur in either the y or z-coordinates, and since x0 is
the minimum x-coordinate, V and W must both take one of the following forms:
(x0 + α, y − 1, z + (1− α)) for some 0 ≤ α < 1, or (x0 + β, y + (1− β), z − 1)
for some 0 ≤ β < 1. However, no combination of these choices for V and W
have a maximum coordinate distance of 1 from each other, so this arrangement
is impossible. Therefore, all the maxima x0 + 1, y0 + 1, and z0 + 1 are indeed
achieved. For the remainder of the proof, we will refer to the respective coordinate
values x0, y0, and z0 as minimum coordinates, and we will similarly refer to the
respective coordinate values x0+ 1, y0+ 1, z0+ 1 as maximum coordinates. We
complete Step 1 by considering the following three subcases.

Subcase A: two maximum coordinates appear simultaneously in a single point.
Since all the points have `1-norm 2, this subcase necessitates that x0 = y0 = z0 = 0,
and we assume without loss of generality that U = (1, 1, 0). Since the minimum
x- and y-coordinates of 0 must be attained, {V,W } contains points of the form
(x, 0, 2− x) and (0, y, 2− y), respectively, for some 0≤ x, y ≤ 1. However, since
the maximum z-coordinate is 1, the only admissible choices are x = y = 1; hence
the three points are (1, 1, 0), (0, 1, 1), and (1, 0, 1), which take the required form
with α = 1.

Subcase B: two minimum coordinates appear simultaneously in a single point.
Assume without loss of generality that U = (x0, y0, z). Since x0 and y0 are minimum
coordinates, each of V and W must take the form (x0+α, y0+β, z− (α+β)) for
some α, β ≥ 0, and by (ii) we must have α+β = 1. Further, since the z-coordinates
of V and W are both z − 1 (which is hence the minimum coordinate z0), the
maximum coordinate distance of 1 must occur in the first two coordinates, meaning
that {V,W } = {(x0 + 1, y0, z0), (x0, y0 + 1, z0)}. In particular, the arrangement
takes the required form with α = 0.

Subcase C: exactly one minimum coordinate and one maximum coordinate occurs
in each point. After permuting coordinates and relabeling points we assume
U = (x0+ 1, y0+α, z0), where 0< α = 1− (x0+ y0+ z0) < 1. In order to meet
the subcase conditions, have a maximum coordinate distance of 1 from U, and have
`1-norm 2, the options for V and W are (x0, y0+ 1, z0+ α), (x0, y0+ α, z0+ 1),
and (x0+α, y0, z0+ 1). Of these three possibilities, there is only one pair that are
separated by `1-distance 2 from each other; hence

{V,W } = {(x0, y0+ 1, z0+α), (x0+α, y0, z0+ 1)},

as required.
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Step 2: Suppose P contains a point Q ∈ H−+ \ H++ (the argument is completely
analogous for Q ∈ H+− \ H++). By (iii), in order for Q to be separated from
U = (x0 + 1, y0 + α, z0) by `1-distance 2, we must have x0 + 1 ≤ 1, and hence
x0 = 0. In particular, V = (0, y0+ 1, z0+α) ∈ P ∩ (H−+ ∩ H++), so P contains
at least two points on H−+. This means that, in order to avoid reducing to Case 2,
P cannot contain any elements of H+−.

If instead P contains a second point R ∈ H−+ \ H++, and hence a third point
in H−+, then we fall back to our previous analysis of three points on a single
face, adapted by taking negatives of all x-coordinates. In particular, because V
has x-coordinate 0, which minimizes the x-coordinate in absolute value among
the points in P ∩ H−+, either Q or R must maximize the x-coordinate in absolute
value and have x-coordinate −1. Assuming Q has x-coordinate −1, in order
for Q to be separated from U = (1, y0 + α, z0) by `1-distance 2, we must have
Q = (−1, y0+ α, z0). In order for {V, Q, R} to meet the required form for three
points of P on H−+ established in Step 1, we must have R = (−α, y0, z0 + 1).
However, in this case we see that ‖U − R‖1 = 2+ 2α = 2; hence α = 0, which
contradicts the assumption that R /∈ H++. �

6. Conditional results in higher dimensions

In the remainder of our discussion, we use the terms `1-sphere and `1-ball as before,
defined analogously to regular spheres and balls in Rd, with the usual distance
replaced by `1-distance. In an effort to establish results in higher dimensions, we
make the following observations, heavily inspired by our journey thus far:

(a) As noted at the beginning of Section 5, our proof of Theorem 2.5 does not
naturally generalize to higher dimensions, because in dimension d ≥ 3 it is not
necessarily the case that if the largest `1-distance determined by a finite set P ⊆Rd

is λ, then P is contained in a closed `1-ball of diameter λ. However, the argument in
Lemma 4.3 does generalize to all dimensions: the distance λ can be removed from
an `1-ball of diameter λ by removing the closed upper `1-hemisphere. In particular,
if we somehow could capture our set inside such a ball, then by mimicking the proof
of Theorem 2.5, the problem is reduced to determining maximal configurations of
points arranged on single closed upper `1-hemisphere, which would then facilitate
an induction on the number of distinct distances.

(b) Suppose P ⊆ Rd is a finite set determining at most k distinct `1-distances, with
largest `1-distance λ. By translating and scaling, we can assume that λ= 2k and
the “southernmost point” of P, minimizing the xd -coordinate, is −ked , where ed is
the d-th standard basis vector. An enticing observation, particularly in juxtaposition
with (a), is the following: if ked is also in P, then, since 2k is the largest `1-distance,
P is contained in the intersection of the closed `1-ball of radius 2k centered at
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−ked and the closed `1-ball of radius 2k centered at ked , which is conveniently the
closed `1-ball of radius k centered at the origin.

(c) Inspired by the simplicity of Case 1 in the proof of Theorem 2.6, we see that
if U lies on an upper `1-hemisphere H ⊆ Rd, then the `1-distance between U and
the “north pole” of H is determined entirely by the xd-coordinate of U. More
specifically, if H is the closed upper `1-hemisphere of radius k centered at the
origin and U = (x1, . . . , xd) ∈ H, then

‖U − ked‖1 = |x1| + · · · + |xd−1| + k− xd = 2(k− xd).

In particular, if ked ∈ P and P determines only k distinct `1-distances {λi }
k
i=1, then

the points of (P ∩H)\ ked are restricted to the hyperplanes {xd = ci } for 1≤ i ≤ k,
where ci = k−λi/2. Further, the intersection of H with the hyperplane {xd = ci } is

{(x1, . . . , xd−1, ci ) : |x1| + · · · + |xd−1| = k− ci },

which is a copy of the `1-sphere of radius k − ci centered at the origin in Rd−1.
This would allow us to analyze P ∩ H by inducting on dimension, analogous to the
invocation of Theorem 2.5 during Case 1 in the proof of Theorem 2.6.

These three items combine to a clear aspirational reality: given a finite set P ⊆ Rd

that determines at most k distinct `1-distances, the largest of which is λ, letting H
denote the closed upper `1-hemisphere of radius λ centered at the “southernmost”
point of P, we could fully adapt the proof of Theorem 2.5 and induct on both d
and k, if only we could assume that the “north pole” of H is also in P. If we were
considering the usual Euclidean distance, this would be no obstruction at all, as we
could rotate our set and assume without loss of generality that the largest distance λ
occurs parallel to the xd-axis. However, since `1-distance is not invariant under
rotation, we require an additional assumption to establish a conditional version of
Conjecture 2.7. The following definition, conjecture, and theorem fully formalize
this conditional result, after which we conclude our discussion.

Definition 6.1. Given P ⊆ Rd and an `1-distance λ > 0, we say that λ occurs in
an axis-parallel direction if there exists x ∈ P and 1≤ i ≤ d such that x +λei ∈ P,
where ei is the i-th standard basis vector. Further, if P is bounded, we say that P
is axis-parallel if the largest `1-distance determined by P occurs in an axis-parallel
direction.

Conjecture 6.2. Suppose d, k ∈N. If P is of maximal size amongst subsets of Rd

determining at most k distinct `1-distances, then P is axis-parallel. The same holds
within the class of sets contained in an `1-sphere in Rd.

Theorem 6.3. Conjecture 6.2 implies Conjecture 2.7.
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Proof. We proceed via two inductions, one on the dimension d and another on
the number of distinct `1-distances k. We streamline the argument by defining the
following propositions for each d ∈ N and each nonnegative integer k:

Opt(d, k): 3d(k) is the unique set, up to `1-similarity, of maximal size amongst
subsets of Rd determining at most k distinct `1-distances. Conjecture 2.7 is precisely
the statement that Opt(d, k) holds for all d, k ∈ N.

S-Opt(d, k): 3d(k) \3d(k− 2) is the unique set, up to `1 similarity, of maximal
size amongst sets contained in an `1-sphere in Rd determining at most k distinct
`1-distances. For k = 0 or 1, we take the convention that 3d(−1)=3d(−2)=∅.

H-Opt(d, k): Let H denote the closed upper `1-hemisphere of radius k centered at
the origin in Rd. If ked ∈ E ⊆ H and E determines at most k distinct `1-distances,
the largest of which is 2k, then |E | ≤ |3d(k)∩ H |, and |E | = |3d(k)∩ H | if and
only if E =3d(k)∩ H.

For the necessary base cases, we note that S-Opt(1, k) and H-Opt(1, k) trivially
hold for all k ∈N as `1-spheres and `1-hemispheres in R contain just two points and
one point, respectively. Also, Opt(d, 0) holds trivially for all d ∈ N because a set
determining no `1-distances contains at most a single point. Under the assumption
that Conjecture 6.2 holds, we verify Conjecture 2.7 by establishing the following
implications:

(1) S-Opt(d − 1, k) for all k ∈ N =⇒ H-Opt(d, k) and S-Opt(d, k) for all k ∈ N,
so S-Opt(d, k) and H-Opt(d, k) hold for all d, k ∈ N.

(2) Opt(d, k−1) and H-Opt(d, k)=⇒Opt(d, k), so Opt(d, k) holds for all d, k∈N,
as required.

Proof of (2). Fix d, k∈N, and suppose Opt(d, k−1) and H-Opt(d, k) hold. Suppose
P ⊆ Rd determines at most k distinct `1-distances, and has maximal size amongst
sets with this property. By scaling we can assume that the largest `1-distance
determined by P is 2k, which by Conjecture 6.2 we know occurs in an axis-
parallel direction. After permuting coordinates and translating, we can assume that
−ked , ked ∈ P. As noted in (b), this implies that P is contained the closed `1-ball
of radius k centered at the origin. To verify this, suppose U = (x1, . . . , xd) ∈ P
with ‖U‖1 > k. If xd ≥ 0, then ‖U − (−ked)‖1 = ‖U‖1+ k > 2k, while if xd ≤ 0,
the same holds for the `1-distance between U and ked , contradicting the fact that
2k is the largest `1-distance determined by P.

As noted in (a), the `1-distance 2k can be eliminated from P by removing the
points in P ∩H, where H is the closed upper `1-hemisphere of radius k centered at
the origin. This is because, within a closed `1-ball of radius k, the `1-distance 2k only
occurs between pairs of points on opposite faces of the boundary. By H-Opt(d, k),
we know that |P ∩ H | ≤ |3d(k)∩ H |, and further |P ∩ H | = |3d(k)∩ H | if and
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only if P ∩ H =3d(k)∩ H, in which case the `1-distances determined by P are
2, 4, . . . , 2k.

Because the `1-distance 2k does not occur in P\H, we have that P\H determines
at most k − 1 distinct `1-distances. By Opt(d, k − 1), we know that |P \ H | ≤
|3d(k−1)|, and further |P \ H | = |3d(k−1)| if and only if P \ H is `1-similar to
3d(k−1). In order for both P∩H and P\H to attain their maximum possible sizes,
the `1-distances determined by P \H must be 2, 4, . . . , 2k−2. In this case, since an
`1-similar copy of3d(k−1) is uniquely determined by its “south pole” and its largest
distance, we know that P \H must be 3d(k−1) shifted down by 1. In other words,

P\H ={(x1, . . . , xd−1)∈Zd
: |x1|+· · ·+|xd | ≤ k−1, x1+·· ·+xd ≡ k−1 (mod 2)}

= {(x1, . . . , xd)∈Zd
: |x1|+· · ·+|xd+1| ≤ k−1, x1+·· ·+xd ≡ k (mod 2)}.

The latter description ensures that P \ H ⊆ 3d(k) \ H, and conversely, if U =
(x1, . . . , xd) ∈ 3d(k) \ H, then either xd < 0 or ‖U‖1 ≤ k − 2. In either case
|x1| + · · · + |xd + 1| ≤ k− 1, and hence U ∈ P \ H. Bringing everything together,
we have that if P ∩ H and P \ H both attain their maximum possible size, then
P∩H =3d(k)∩H and P \H =3d(k)\H ; hence P =3d(k), so Opt(d, k) holds.

Proof of (1). Fix d ≥ 2, suppose S-Opt(d− 1, k) holds for all k ∈N, and fix k ∈N.
Suppose P ⊆ Rd is contained in the `1-sphere S of radius k centered at the origin,
and that P has maximal size amongst all such sets determining at most k distinct
`1-distances. To establish S-Opt(d, k), we must show that P =3d(k) \3d(k− 2).
Thanks to our inductive hypothesis, we can assume P determines exactly k distinct
`1-distances, not fewer, and we denote those `1-distances by λ1 < · · · < λk . By
the `1-sphere component of Conjecture 6.2, we know that λk occurs in an axis-
parallel direction. By permuting coordinates, we assume that λk occurs in the last
coordinate direction; in other words (x1, . . . , xd), (x1, . . . , xd + λk) ∈ P for some
x1, . . . , xd ∈R with |x |+· · ·+|xd | = |x1|+· · ·+|xd+λk | = k, which in particular
forces xd = −λk/2 and |x1| + · · · + |xd−1| = k − λk/2. This transformation is
allowable because our end goal, 3d(k) \3d(k− 2), is invariant under coordinate
permutation.

We argue (informally for the moment) that the only reasonable choice is λk = 2k
and x1 = · · · = xd−1 = 0, meaning ked ,−ked ∈ P. This is because, since λk is the
largest `1-distance, P is contained in the intersection of the closed `1-balls of radius
λk centered at (x1, . . . , xd−1,−λk/2) and (x1, . . . , xd−1, λk/2), respectively, and
this intersection is the `1-ball of radius λk/2 centered at (x1, . . . , xd−1, 0). However,
P is also contained in S, so if it is not the case that λk = 2k, then P would in fact
be contained in the intersection of an `1-sphere with a closed `1-ball of a smaller
radius, which is at most a closed `1-hemisphere. The idea that a maximal subset of
an `1-sphere determining at most k distinct `1-distances could actually be contained
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in a closed `1-hemisphere is intuitively suspect, and we return to this issue near the
end of the proof. For now, we assume −ked , ked ∈ P.

We denote by H the closed upper `1-hemisphere of S, and we establish H-Opt(d,k)
along the way. As discussed in (c), all the points of (P ∩ H) \ ked have xd-
coordinates in the list c1 > c2 > · · · > ck , where ci = k − λi/2. For each ci ,
the points of H with xd-coordinate equal to ci take the form (x1, . . . , xd−1, ci ),
where |x1| + · · · + |xd−1| = k − ci , and we refer to the set of such points as Si .
With regard to `1-distances, Si is equivalent to an `1-sphere in Rd−1, centered
at the origin with radius k − ci . All `1-distances determined by P ∩ Si are at
most 2(k− ci )= λi , so P ∩ Si determines at most i distinct `1-distances. By our
inductive hypothesis, |P ∩ Si | ≤ |3d−1(i)| − |3d−1(i − 2)|, with equality holding
if and only if the projection P ∩ Si onto the first d − 1 coordinates is `1-similar to
3d−1(i) \3d−1(i − 2), so in particular λ1, . . . , λi form an arithmetic progression.
Since k− zi = λi/2 and λk = 2k, this equality holds for all 1≤ i ≤ k if and only if
P∩ Si = {(x, k− i) : x ∈3d−1(i)\3d−1(i−2)} for all 1≤ i ≤ k. Here we note that
if it were not the case that ked ,−ked ∈ P as previously assumed, then P∩ Si would
be, at most, equivalent to an `1-hemisphere in Rd−1, in which case our inductive
hypothesis would prohibit it from having |3d−1(i)| − |3d−1(i − 2)| elements.

In summary,

|P ∩ H | ≤
k∑

i=0

|3d−1(i)| − |3d−1(i − 2)|, (4)

taking 3d−1(−1) and 3d−1(−2) to be empty, and equality holds if and only if

P ∩ H =
k⋃

i=0

{(x, k− i) : x ∈3d−1(i) \3d−1(i − 2)} =3d(k)∩ H,

which establishes H-Opt(d, k).
Further, P ∩ H can contain at most

∑k−1
i=0 |3d−1(i)| − |3d−1(i − 2)| points

with xd > 0. Letting H ′ denote the closed lower `1-hemisphere of S, we employ
reasoning identical to the above to yield the same upper bound (4) on |P ∩ H ′|,
with equality holding if and only if

P ∩ H ′ =
k⋃

i=0

{(x, i − k) : x ∈3d−1(i) \3d−1(i − 2)} =3d(k)∩ H.

Further, P ∩ H ′ can contain at most
∑k−1

i=0 |3d−1(i)| − |3d−1(i − 2)| points with
xd < 0. Putting all this together, we have

|P| = |P ∩ (H \ H ′)| + |P ∩ (H ′ \ H)| + |P ∩ H ∩ H ′|

≤ 2
( k−1∑

i=0

|3d−1(i)| − |3d−1(i − 2)|
)
+ (|3d−1(k)| − |3d−1(k− 2)|),
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and equality holds if and only if

P =
k⋃

i=−k

{(x, i) : x ∈3d−1(k− |i |) \3d−1(k− |i | − 2)} =3d(k) \3d(k− 2).

Therefore, S-Opt(d, k) holds, and the induction on dimension is complete. �

Remark. If one is specifically interested in dimension d= 3, then, because we have
fully resolved the problem in dimension d = 2, no inductive hypothesis is needed
for dimension, just for the number of `1-distances. In other words, if Opt(3, k− 1)
holds, then 33(k) is the unique set, up to `1-similarity, of maximal size amongst
axis-parallel subsets of R3 determining at most k distinct `1-distances. In particular,
because Theorem 2.6 tells us that O(3, 1) holds, we know that33(2), which contains
19 points and is pictured in Figure 1, right, is uniquely optimal amongst axis-parallel
sets determining only two `1-distances. However, we cannot make the analogous
claim for 33(3), because we cannot exclude the possibility of a non-axis-parallel
set determining two `1-distances that contains more than 19 points (or that contains
exactly 19 points but is not `1-similar to33(2)). This possibility disables our bridge
from two `1-distances to three, and exemplifies the need in assuming Conjecture 6.2
if we wish to glean additional information in dimension d ≥ 3.
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Total difference chromatic numbers of graphs
Ranjan Rohatgi and Yufei Zhang

(Communicated by Joseph A. Gallian)

Inspired by graceful labelings and total labelings of graphs, we introduce the idea
of total difference labelings. A k-total labeling of a graph G is an assignment
of k distinct labels to the edges and vertices of a graph so that adjacent vertices,
incident edges, and an edge and its incident vertices receive different labels. A
k-total difference labeling of a graph G is a function f from the set of edges and
vertices of G to the set {1, 2, . . . , k} that is a k-total labeling of G and for which
f ({u, v})=| f (u)− f (v)| for any two adjacent vertices u and v of G with incident
edge {u, v}. The least positive integer k for which G has a k-total difference
labeling is its total difference chromatic number, χtd(G). We determine the total
difference chromatic number of paths, cycles, stars, wheels, gears and helms.
We also provide bounds for total difference chromatic numbers of caterpillars,
lobsters, and general trees.

1. Introduction

Graph labelings have been widely studied for over half a century, as evidenced by
the sheer quantity of results contained in Gallian’s regularly updated survey [1998]
of the subject. We define the total difference chromatic number of a graph, inspired
by graceful and graceful-like labelings (see, for example, [Bi et al. 2017] for some
recent work on the subject) and total labelings.

A graph labeling is an assignment of integers to the vertices and/or edges of
a graph which follows certain conditions. For example, in a graceful labeling
(introduced as a “β-valuation” in [Rosa 1967] and first referred to as a “graceful
labeling” in [Golomb 1972]) of a graph with m edges, each vertex is assigned an
integer from the set {0, 1, 2, . . . ,m} and each edge gets as its label the absolute
value of the difference of the labels on its incident vertices. If the resulting edge
labels are distinct, the graph is said to have a graceful labeling.

MSC2010: 05C15, 05C78.
Keywords: graph labelings, graceful graphs, total colorings.
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A (proper) k-labeling of a graph is an assignment of k labels to the vertices of
a graph so that adjacent vertices have receive different labels. Similarly, a (proper)
k-edge-labeling is an assignment of k labels to the edges of a graph so that incident
edges receive different labels. Combining both ideas, a (proper) k-total-labeling is
an assignment of k labels to the edges and vertices of a graph so that adjacent vertices,
incident edges, and an edge and its incident vertices receive different labels. The
minimum number of labels for which a k-labeling (respectively, k-edge-labeling,
k-total-labeling) of a graph G exists is called the chromatic number (respectively,
edge chromatic number, total chromatic number) and is denoted by χ(G) (respec-
tively, χ ′(G), χ ′′(G)). It is also common to think of labels as colors, and therefore
call labelings “colorings” instead. As our labels are integers, we stick with the “label-
ing” terminology. Unless otherwise specified, all labelings are assumed to be proper.

Combining the mechanism of labeling the edges of a graph from graceful la-
belings with total labelings, we define a k-total difference labeling and the total
difference chromatic number of a graph in Section 2, along with some preliminary
observations. In Sections 3, 4, and 5 we determine the total difference chromatic
number for arbitrary paths, cycles, stars, and wheels. In the final section, we prove
lower and upper bounds for the total difference chromatic numbers of caterpillars,
lobsters, and general trees.

2. Preliminaries

We present a few definitions, including that of the total difference chromatic number
of a graph, and preliminary observations related to the total difference chromatic
number of a graph in this section. We use V (G) and E(G) to denote the vertex set
and edge set, respectively, of a graph G. For integers a < b we denote by [a, b] the
set of integers from a to b, inclusive.

Definition 2.1. A labeling of a graph G is a function c : V (G)→ Z+, where Z+ is
the set of positive integers, such that c(u) 6= c(v) for any two adjacent vertices u
and v. If the maximum label assigned to any vertex is k, we say that c is a k-labeling
of G.

Definition 2.2. A total labeling of a graph G is a function f : V (G)∪ E(G)→Z+

such that f (u) 6= f (v) for any two adjacent vertices u and v, f ({u, v}) 6= f ({v,w})
for any two incident edges {u, v} and {v,w}, and f (u) 6= f ({u, v}) for any edge
{u, v} and an incident vertex u. If the maximum label assigned to any edge or
vertex is k, we say that f is a k-total labeling of G.

Definition 2.3. Let f be a k-total labeling of G. We say that f is a k-total difference
labeling if f ({u, v})= | f (u)− f (v)| whenever {u, v} ∈ E(G). That is, the label
assigned to an edge is the absolute difference of the labels assigned to its incident
vertices.
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2 1

1 4
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2 1

Figure 1. Upper bounds for χ ′′(K3) (left) and χtd(K3) (right).

Definition 2.4. The total difference chromatic number of a graph G, denoted by
χtd(G), is the smallest integer k for which G has a k-total difference labeling.

We first prove that the total difference chromatic number is well-defined.

Proposition 2.5. Given a graph G with n vertices, χ ′′(G)≤ χtd(G)≤ 3n−1.

Proof. The first inequality follows from the observation that a total difference
labeling is precisely a total labeling with an additional condition specifying how
the edges are labeled.

To show that χtd(G)≤ 3n−1, arbitrarily label the n vertices with distinct elements
from the set {30, 31, 32, . . . , 3n−1

}. All edge labels will be of the form 3i
− 3 j for

distinct integers i, j ∈ [0, n − 1] with i > j . Notice that 3i
− 3 j
= 3 j (3i− j

− 1),
which implies that all edge labels will be distinct and different from every vertex
label. �

Example 2.6. As an example to show that the total chromatic number and total
difference chromatic number can be different, we consider the complete graph K3.
As shown in Figure 1, χ ′′(K3)≤ 3. If we attempted to totally label K3 with only
two colors, adjacent vertices would have the same label; hence χ ′′(K3)= 3.

On the other hand, χtd(K3)= 4. Figure 1 gives 4 as an upper bound. Notice that
only one of 1 and 2 can be used as a vertex label since all vertices are adjacent
and the edge between the two vertices with these labels would also have label 1.
Therefore, 4 is also a lower bound for χtd(K3).

The following definition and propositions help us construct k-total difference
labelings of several graphs.

Definition 2.7. Let c : V (G)→ [1, k] be a k-labeling of a graph G:

(a) A double is a pair of adjacent vertices u and v such that c(u) = 2c(v). We
write (c(u), c(v))-double if we want to specify the labels of the vertices that
form the double.

(b) A triple is a set of three vertices u, v, w with {u, v},{v,w} ∈ E(G) such that
|c(u)− c(v)| = |c(v)− c(w)|. We write (c(w), c(v), c(u))-triple if we want
to specify the labels of the vertices that form the triple.
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a 2a

a

a a+b a+2b

|b| |b|

a b a

|b−a| |b−a|

Figure 2. In a double, an induced edge label is equal to the label
on an incident vertex. In a triple, two incident edges receive the
same label.

See Figure 2 for an example of a (2a, a)-double, an (a+ 2b, a+ b, a)-triple and
an (a, b, a)-triple.

Proposition 2.8. If a graph G with n vertices has diam(G) ≤ 2, then χtd(G) ≥ n
and in any k-total difference labeling of G all vertices must have different labels.

Proof. We prove this proposition by contradiction. Assume that a graph G with
n vertices has diam(G)≤ 2 and χtd(G)= k < n. Then there must exist two vertices
u and v of G such that f (u) = f (v), where f is any k-total difference labeling
of G. Since f is a k-total difference labeling of G, the vertices u and v cannot be
adjacent. Since diam(G)≤ 2, there must exist a vertex w adjacent to both u and v.
But then u, v, and w form a triple as | f (u)− f (w)| = | f (v)− f (w)|, contradicting
that χtd(G) < n. �

Lemma 2.9. Let c be a proper k-labeling of a graph G and let f be the (not
necessarily proper) total labeling of G defined by f (v)= c(v) for a vertex v of G,
and f ({u, v})= |c(u)−c(v)| for an edge {u, v} of G. Then f is a k-total difference
labeling of G if and only if c does not contain any doubles or triples.

Proof. Suppose that f is a k-total difference labeling of G. By Definition 2.3,
f cannot assign a vertex and an incident edge the same label, nor can it assign two
incident edges the same label. Hence, c cannot contain a double or triple.

Now suppose that c does not contain doubles or triples. We must show that f
does not assign the same label to adjacent vertices, a vertex and an incident edge,
or two incident edges.

First, as c is a proper labeling of G, no adjacent vertices of G receive the same
label. That is, f (u) 6= f (v) for adjacent vertices u and v.

Next, assume, by contradiction, that a vertex v and an incident edge {u, v} are
assigned the same label by f . This implies that f (v)= f ({u, v})= | f (u)− f (v)|.
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Solving this equation for f (u), we see that either f (u) = 2 f (v) or f (u) = 0.
As f (v) = c(v) for any vertex v of G, we get that either c(u) = 2c(v), which
contradicts the assumption that c does not contain a double, or c(u) = 0, which
contradicts the assumption that c is a labeling of G.

Finally, assume, by contradiction that for two incident edges, {u, v} and {v,w},
we have f ({u, v}) = f ({v,w}). An analysis similar to that in the previous case
shows that u, v, and w form a triple under the labeling c. �

Remark 2.10. Lemma 2.9 provides a method of determining if a proposed k-total
difference labeling actually is one only by looking at the vertex labels. Therefore,
when constructing k-total difference labelings of families of graphs throughout this
paper, we only provide a (proper) vertex labeling and check that it does not contain
doubles or triples.

We conclude this section with a result relating the total difference chromatic
number of a graph to those of its subgraphs.

Proposition 2.11. If G ′ is a subgraph of G, then χtd(G ′)≤ χtd(G).

Proof. Let f be a k-total difference labeling of G. As we are removing vertices or
edges from G to get G ′, the restriction of f to G ′ is an `-total difference labeling
of G ′ for some `≤ k. �

3. Paths and cycles

We determine the total difference chromatic numbers of paths and cycles. Lemma 2.9
enables us to consider solely the labels on the vertices of these graphs.

Theorem 3.1. For any path Pn with n ≥ 4, χtd(Pn)= 4.

Proof. We denote the vertices in Pn by v1, v2, . . . , vn from left to right as in
Figure 3. We label vi with 1 if i ≡ 1 (mod 3), with 4 if i ≡ 2 (mod 3), and with 3
if i ≡ 0 (mod 3). It is straightforward to see that this labeling does not create any
doubles or triples, and hence χtd(Pn)≤ 4.

We now show that χtd(Pn)≥4 by contradiction. Assume we can 3-total difference
label Pn . To avoid (2, 1)-doubles, we must label every other vertex with 3, in which
case we form a (3, 2, 3)- or (3, 1, 3)-triple. �

We now turn our attention to cycles. The total difference chromatic number of
Cn depends on n, the number of vertices in the cycle.

· · ·
1 4 3 4 3

v1 v2 v3 vn−1 vn

Figure 3. We denote the vertices in Pn by v1, v2 . . . , vn and pro-
vide a construction that shows χtd(Pn)≤ 4.



516 RANJAN ROHATGI AND YUFEI ZHANG

1
4

3

1

4

3
1

4

4

3

5
v1 v2

v3

v4

v5

v6v7
v8

vn−2

vn−1

vn

Figure 4. A construction that shows χtd(Cn)≤ 5 when n ≡ 1 (mod 3).

Theorem 3.2. The total difference chromatic number of a cycle is given by
χtd(Cn)= 4 if n ≡ 0 (mod 3) and χtd(Cn)= 5 otherwise.

Proof. Note that Cn is constructed by adding an edge between the two vertices of
degree 1 in Pn . Therefore, by Proposition 2.11, χtd(Cn)≥ χtd(Pn)= 4. We denote
the vertices by v1, v2, . . . , vn in this cyclic order.

If n ≡ 0 (mod 3) we can label each vertex vi in Cn exactly as we labeled vi

in Pn , and hence χtd(Cn)= 4 in this case.
If n ≡ 1 (mod 3), we label all vertices, except vn , as in the case in which

n ≡ 0 (mod 3). We label vn with 5. See Figure 4 for an example. To show
χtd(Cn)≥ 5, we assume χtd(Cn)= 4 by contradiction. First notice that if any vertex
gets label 2, then in avoiding (4, 2)- and (2, 1)-doubles, we form a (3, 2, 3)-triple.
Therefore, all vertices must have labels 1, 3, and 4. Without loss of generality,
suppose we label v1 with 1. Then the label on v2 is either 3 or 4 and v3 gets
the remaining label. To avoid doubles and triples, this sequence of labels must
repeat, ending with vertex vn−1. But then vn is forced to have a label greater than 4,
completing the proof that χtd(Cn)= 5 when n ≡ 1 (mod 3).

If n ≡ 2 (mod 3), we label vertices v1, v2, . . . , vn−5 as in the previous two
cases. We then label vn−4, vn−3, vn−2, vn−1, vn with 5, 1, 4, 3, 5 respectively. The
argument that shows χtd(Cn) ≥ 5 for n ≡ 2 (mod 3) is similar to that in the n ≡
1 (mod 3) case. �

4. Stars

We now consider stars, denoted by K1,m . After determining the total difference
chromatic number for an arbitrary star, we explicitly determine the different labels
that the maximum-degree vertex of a star can receive in a k-total difference labeling
for certain k. For all stars K1,m throughout this paper, we denote the vertex of
degree m by v0 and the remaining vertices by v1, v2, . . . , vm .
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m+1
or

m+2

1

2

3

m

Figure 5. If m is even then χtd(K1,m) ≤ m + 1, and if m is odd
then χtd(K1,m)≤ m+ 2.

Theorem 4.1. Let K1,m be a star. Then

χtd(K1,m)=

{
m+ 1, m is even,
m+ 2, m is odd.

Proof. Consider the star K1,m . Since diam(K1,m)=2, by Proposition 2.8, χtd(K1,m)≥

m+1.
We first consider the case where m is even. Give v0 the label m+ 1 and vi the

label i for 1 ≤ i ≤ m. Since v0 has the greatest label and is odd and v1, . . . , vm

have distinct labels, K1,m has no doubles or triples.
If m is odd, then χtd(K1,m)≤ m+ 2 if we label v0 with m+ 2 and the rest as in

the even case. Note that there are no doubles or triples using the same argument as
before. (See Figure 5 for the construction.)

To prove χtd(K1,m) ≥ m + 2, we assume χtd(K1,m) = m + 1 by contradiction.
In this case, each label in [1,m + 1] appears on exactly one vi . Note that we
cannot use any integer in [2,m] to label v0: in this case there must be two leaves
whose labels, along with the label for v0, will form a (`+1, `, `−1)-triple for some
` ∈ [2,m]. We also cannot use 1 or m+ 1 to label v0 because we get a (2, 1)- or
(m+ 1, (m+ 1)/2)-double. Thus, when m is odd, χtd(K1,m)= m+ 2. �

Remark 4.2. One can verify that if m is even, v0 must receive the label m+1, and
that if m is odd, v0 must receive the label 1 or m+ 2.

We now determine the possible labels for v0 in an (m+r)-total difference labeling
of K1,m for 1 ≤ r ≤ m. We will use this result in Section 6 to provide an upper
bound for the total difference chromatic number of general trees.

Lemma 4.3. Consider an (m+r)-total difference labeling of the star K1,m with
1 ≤ r ≤ m. Then v0 can have any label in the set [1, r − 1] ∪ [m + 2,m + r ]. If
m is even or if m is odd and r = (m + 3)/2, then v0 can additionally receive the
label m+ 1.
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Proof. Throughout this proof, we let ` be the label given to v0. The greatest label
on a vertex in K1,m must be m+ r since we are considering (m+r)-total difference
labelings of K1,m . Since K1,m has m + 1 vertices, which require m + 1 distinct
labels from [1,m + r ], we must use all but r − 1 integers in [1,m + r − 1]. We
look at four cases, based on the possible values of `, namely: ` ∈ [1, r − 1], `= r ,
`∈ [r+1,m], and `∈ [m+1,m+r ]. Note that if r = 1, we have only three distinct
cases.

If 1≤ `≤ r −1, then ` could be the middle value in the `−1 triples of the form
(`+ i, `, `− i), where 1≤ i ≤ `− 1. Additionally, ` could form a double with 2`
or with `/2 if ` is even. Therefore there are ` doubles and triples which include `
but are disjoint otherwise. (Notice that the (`, `/2)-double is not disjoint with the
(3`/2, `, `/2)-triple). Since `≤ r − 1, we must avoid using at most r − 1 integers,
as desired. Therefore, v0 can be labeled with any integer in [1, r − 1].

Suppose `= r ; then again ` could be the middle value in the same `− 1 triples
(of the form (`+ i, `, `− i) as above) with the integers in [1,m+ r ], and a double
with 2`= 2r ≤ m+ r . Therefore, we have `= r labels that cannot be used, giving
us only m possible labels for m+ 1 vertices. So, r cannot be used to label v0.

Assume r+1≤ `≤m. Then ` could be the middle value in r triples (and perhaps
more) with the integers in [1,m+ r ], namely, (`+ i, `, `− i), where 1≤ i ≤ r . As
in the previous case, v0 cannot be labeled using any element of [r + 1,m].

If m + 1 ≤ ` ≤ m + r , there are m + r − ` triples possible: (`+ i, `, `− i) for
i ∈ [1,m+ r − `]. Therefore, if `= m+ j for j ∈ [1, r ], there are r − j possible
triples. In addition to these triples, ` may also be part of a double. Therefore we
must avoid r − j +1 labels for j ∈ [1, r ]. If j > 1 then we are able to label v0 with
m+ j as there are at most r − 1 forbidden labels. If j = 1 and m is even, ` could
not be part of a double as it is odd, and hence ` could be m + 1. If m is odd we
could have up to r forbidden labels (r − 1 triples and a double) and so ` could not
be m+ 1. In all of these cases except when r = (m+ 3)/2, the triples and double
are disjoint and hence ` cannot be m+ 1. The exception is described in the next
paragraph.

Consider the case where m is odd and r = (m + 3)/2. Then for ` = m + 1,
we will have r − 1 triples of the form (` + i, `, ` − i) with i in [1, r − 1], or
equivalently in [1, (m+ 1)/2]. We now consider doubles. Notice that the (`, `/2)-
double (equivalently, (m+1, (m+1)/2)-double) and the triple (`+ i, `, `− i) with
i = (m+ 1)/2 both contain the label (m+ 1)/2. We can avoid both the double and
triple simply by not using the label (m+ 1)/2; hence the possible double does not
give us an additional label that must be avoided. It is also easy to check that the
(2`, `)-double is not possible since 2`=2m+2>(3m+3)/2=m+(m+3)/2=m+r
exceeds our bound. Hence, v0 can have label m+ 1 as there are only r − 1 possible
violations of Lemma 2.9. �
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5. Wheels, gears, and helms

We create the wheel, Wn , from the cycle Cn−1 by adding a vertex adjacent to all
other vertices in the cycle. We use Theorem 4.1 to determine the total difference
chromatic number of wheels.

Theorem 5.1. For n ≥ 4, χtd(Wn)= χtd(K1,n) except when n is 4 or 5. Explicitly,

χtd(Wn)=


8, n = 4,
7, n = 5,
n+ 1, n is even and n ≥ 6,
n, n is odd and n ≥ 7.

Proof. We denote by v0 the vertex with degree n − 1 and the remainder of the
vertices by v1, . . . , vn−1 in this cyclic order. Notice that K1,n−1 is a subgraph of
Wn so Proposition 2.11 implies χtd(Wn)≥ χtd(K1,n−1).

Suppose n = 4. Note that in W4, all vertices are adjacent to each other, so
W4 = K4. We obtain a total difference labeling of W4 by labeling the vertices with
1, 5, 7, 8 (see the graph in the top left in Figure 6). It is straightforward to show
that χtd(W4)≥ 8 by case analysis.

For W5, we label v0 with 7 and v1, v2, v3, v4 with 1, 3, 2, 5, respectively. The
graph in the top right in Figure 6 shows this construction.

Since W5 has diameter 2, we use Proposition 2.8 to see that 5 ≤ χtd(W5) ≤ 7.
We will now show that it cannot be 5 or 6. Suppose that χtd(W5) = 5. If v0 is
labeled with 2, 3, or 4, then a triple must be formed. If v0 gets the label 1, it must
be adjacent to the vertex that gets labeled with 2. Finally, if v0 is labeled with 5,
one of the vertices with label 1 or 4 must be adjacent to the vertex with label 2. We
can show similarly that χtd(W5) 6= 6 by ruling out possible labels for v0.

8

1

7 5

7

1 3

25

1

3

47

5 6

7 34

26

15

Figure 6. A construction that shows χtd(W4) ≤ 8 and
χtd(W5), χtd(W6), χtd(W7)≤ 7.
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v0

v1

v2

v3

v4

v5
v6

vn−2

vn−1

n

1

3

5

n−2

n−1

2

4

n−3

Figure 7. A construction that shows χtd(Wn)≤ n when n is odd
and n ≥ 7.

For χtd(W6) and χtd(W7), constructions are provided in the bottom two graphs in
Figure 6. Notice that we do indeed get χtd(W6)= χtd(W7)= 7 due to Theorem 4.1
about the total difference chromatic number of stars and Proposition 2.11.

We construct total difference labelings of Wn for the general case, in which n≥ 8.
If n is odd, we label v0 with n and the vertices v1, v3, v5, . . . , vn−2 with the con-
secutive odd integers 1, 3, 5, . . . , n− 2, respectively. We label v2, v4, v6, . . . , vn−1

with n− 1, 2, 4, 6, . . . , n− 3, respectively. See Figure 7 for the construction.
Notice that, except for vertices v2 and vn−1, vertices with even labels are adjacent

to vertices with odd labels greater than their own. This immediately shows that these
vertices cannot be in a double, and can be used to show, along with Proposition 2.8,
that none of these vertices can be in a triple. It is then straightforward to check the
remaining cases: that no triple can involve v2, vn−1, or only vertices with odd labels.

If n is even, our construction is nearly identical: vertices v1, v3, v5, . . . , vn−1

are labeled with 1, 3, 5, . . . , n−1, respectively and v2, v4, v6, . . . , vn−2 with n−2,
2, 4, 6, . . . , n− 4. The only difference is that v0 gets the label n+ 1. Appealing
again to Theorem 4.1 and Proposition 2.11 completes the proof. �

We turn our attention to two families of graphs related to wheels: gears and
helms. For n ≥ 4, the gear Gn is formed by subdividing each edge on the outer
circuit of Wn into two edges. The helm Hn is created from Wn by appending a leaf
to each vertex on the outer circuit of Wn . See Figure 8 for several examples of
gears and Figure 10 for an example of a helm.

Theorem 5.2. For gears Gn with n ≥ 4,

χtd(Gn)=


6, n = 4, 5,
n+ 1, n is even and n ≥ 6,
n, n is odd and n ≥ 7.
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1
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7

1

26

3 52

61

34

7 51

63

42

4

5

25

63

Figure 8. Constructions that show χtd(G4), χtd(G5) ≤ 6 and
χtd(G6), χtd(G7)≤ 8.

Proof. The constructions in Figure 8 show that the theorem holds when 4 ≤
n ≤ 7. Observe that K1,n−1 is a subgraph of Gn , so that χtd(Gn) ≥ χtd(K1,n−1)

by Proposition 2.11. Theorem 4.1 implies that χtd(K1,n−1) = n if n is odd and
χtd(K1,n−1)=n+1 if n is even, so it remains to show by construction that χtd(Gn)≤

χtd(K1,n−1) for n ≥ 8. We break up the construction into two cases based upon the
parity of n.

First suppose that n is even and n ≥ 8. We let v0 be the vertex of degree n− 1
in Gn . We denote the remaining vertices by v1, v2, . . . , v2n−2 in this cyclic order,
choosing v1 to be any vertex adjacent to v0. Notice that v2i has degree 2, while
v2i−1 has degree 3 for 1≤ i ≤ n− 1. We label v0 with n+ 1 and v1, v3, . . . , v2n−3

with 1, 2, . . . , n − 1, respectively. We then label v2, v4, . . . , v2n−2 with n − 2,
n−1, 5, 6, . . . , n−1, 2, 3, respectively. It is straightforward to check that this does
indeed give an (n+1)-total difference labeling of Gn when n ≥ 8 is even. This
construction is shown in Figure 9.

If n is odd and n ≥ 9, we use a similar construction to show that χtd(Gn)= n:
the only difference is that v0 gets label n rather than n+ 1. �

Theorem 5.3. For n ≥ 4, we have χtd(Hn)= χtd(Wn) except when n is 6 or 7. In
these cases, χtd(H6)= χtd(H7)= 8.

We do not prove Theorem 5.3 in detail. By Proposition 2.11 it is clear that
χtd(Hn) ≥ χtd(Wn). For n ≥ 8, a construction that shows χtd(Hn) ≤ χtd(Wn) can
be obtained from the total difference labelings for Wn described in Theorem 5.1 by
determining labels for the leaves of Hn that avoid doubles and triples. In Figure 10,
we show that χtd(H7)≤ 8.
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v0

v1

n+1

1

2

3

45

n−3

n−2
n−1

n−2

n−1

5

6

n−1

2 3

Figure 9. Vertices v0 and v1 (with labels n and 1, respectively)
are named in the figure. Vertex v2 has label n− 2 and is adjacent
to v1, and v3, v4, . . . , v2n−2 continue clockwise. This construction
shows χtd(Gn)≤ n+ 1 when n is even and n ≥ 8.

8 12

65

73

7 3

7

5

2

2

Figure 10. A construction that shows χtd(H7)≤ 8.

6. Trees

We first determine the total difference chromatic numbers of caterpillars. We then
provide lower and upper bounds for the total difference chromatic numbers of
lobsters, and end with an upper bound for the total difference chromatic numbers
of general trees.

Definition 6.1. A caterpillar is a tree with the property that removal of its vertices
of degree 1 and their incident edges leaves a path.

Consider the path formed by the removal of the degree-1 vertices in a given
caterpillar. The degrees of the endpoints of this path in the caterpillar must be at
least 2 (else they would not be part of the path as they would have been removed).

Definition 6.2. A caterpillar is a tree in which all vertices are at most distance 1
from a central path.
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Theorem 6.3. If G is a caterpillar with maximum degree1, then1+1≤χtd(G)≤
1+ 3.

Proof. Let G be a caterpillar with maximum degree 1. Notice that K1,1 is a
subgraph of G so Proposition 2.11 and Theorem 4.1 imply χtd(G)≥ χtd(K1,1)≥

1+ 1. If 1 is 1 or 2, then note that G is a path and we can refer to Theorem 3.1 to
determine χtd(G). Therefore, we assume 1≥ 3 throughout the proof.

If there are multiple options for the choice of central path in G, choose one
arbitrarily and call it P. We denote the vertices on P by v1, v2, . . . , vn consecutively,
so that deg(v1)=deg(vn)=1 and deg(vi )>1 for i 6=1, n. We label vi on P with 1 if
i ≡1 (mod 3), with1+3 if i ≡2 (mod 3), and with1+2 if i ≡0 (mod 3). We now
consider labelings of the neighbors of an arbitrary vertex on P based upon its label.

Suppose the vertex vi on P gets label 1 so that vi−1 and vi+1 (if they exist) have
labels 1+2 and 1+3, respectively. Then, since the subgraph induced by vi and its
neighbors is a star K1,d for some d ≤1, the remaining vertices adjacent to vi can
be labeled with distinct integers from [3,1+ 1] without creating a double or triple.

Similarly, if vi gets label1+3, then the neighbors of vi not on P (of which there
are at most 1− 2) can be labeled arbitrarily with distinct integers from [2,1+ 1],
excluding (1+ 3)/2 if 1 is odd. Likewise, if vi gets label 1+ 2 we can label
its neighbors not on P arbitrarily with distinct integers from [2,1], excluding
(1+ 2)/2 if 1 is even. (Note that we avoid a (1+ 3,1+ 2,1+ 1)-triple by
disallowing the use of 1+ 1 as a label.)

Hence, by looking at all possible constructions we have proven that 1+ 1 ≤
χtd(G)≤1+ 3. �

In fact, we can classify caterpillars according to their total difference chromatic
numbers, though the proofs are omitted here.

Theorem 6.4. If G is a caterpillar, then χtd(G)=1+ 1 if and only if

(1) 1 is even,

(2) the distance between vertices of degree 1 is at least 3,

(3) no three consecutive vertices have degrees at least 1− 1, and

(4) there are no five consecutive vertices with first and last having degree 1 and
second and fourth having degree 1− 1.

Theorem 6.5. If G is a caterpillar, χtd(G) = 1+ 3 if and only if 1 is odd and
there are at least three vertices with degree 1 in a row.

Using Theorems 6.3, 6.4, and 6.5 we can determine the total difference chromatic
number of any caterpillar. In particular, any caterpillar not satisfying the conditions
set forth in Theorem 6.4 or 6.5 must have total difference chromatic number 1+ 2.

We now turn our attention to the trees known as lobsters, a natural extension of
caterpillars.
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r↓ s→ 2 3 4 5 6 7 8 9

1 11 12 13 14 15 12 7
10 9 11 12 14 15 12
11 9 10 12 13 14 15 12 6

Table 1. The values of m8,7(r, s) for all (r, s) ∈ R× S. The table
entries for invalid (r, s) pairs are left blank.

Definition 6.6. A lobster is a tree in which all vertices are at most distance 2 from
a central path.

In other words, removing the leaves of a lobster forms a caterpillar.
We call the vertices on the central path the primary vertices. Vertices adjacent to

primary vertices which are not themselves primary are called secondary vertices,
and leaves adjacent to secondary vertices are called tertiary vertices. We define
11 to be the maximum degree of the primary vertices and 12 to be the maximum
degree of the secondary level vertices. A maximal lobster is one in which every
primary vertex with degree at least 2 has degree 11 and every secondary vertex has
degree 12. We will prove an upper bound on the total difference chromatic number
of maximal lobsters and hence, by Proposition 2.11, all lobsters.

The first step in determining our upper bound for the total difference chromatic
number of an arbitrary maximal lobster is to label the central path, P in the
same way we labeled it for a caterpillar. Namely, we label vi on P with 1 if
i ≡ 1 (mod 3), with 11 + 3 if i ≡ 2 (mod 3), and with 11 + 2 if i ≡ 0 (mod 3).
Let R = {1,11+ 2,11+ 3} By Theorem 6.3 we know that all of the secondary
vertices can have labels from [1,11+ 3]. To avoid triples involving two primary
vertices and one secondary vertex, we restrict our possible secondary vertex labels
to the set S = [2,11+ 1].

For each possible pair (r, s) ∈ R × S we consider the set of tertiary vertices
adjacent to a secondary vertex with label s, which itself is adjacent to a primary
vertex with label r . We greedily label this set of vertices and record the maximum
label used. For given values of 11 and 12, we call this value m11,12(r, s). (See
Table 1 for an example with 11 = 8 and 12 = 7.) Notice that m11,12+1(r, s) ≥
m11,12(r, s)+ 1.

Definition 6.7. We call the least value of 12 at which all subsequent unit increases
of 12 cause unit increases of m11,12(r, s) the stabilization point of (r, s).

Lemma 6.8. Let G be a lobster and let r ∈ R = {1,11+ 2,11+ 3} and s ∈ S =
[2,11+ 1].

(a) If 2≤ s < (11+ 4)/2, then m11,11+3−s(r, s)=11+ 4, and the stabilization
point of (r, s) is at most 11+ 3− s.
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(b) If (11+ 4)/2 ≤ s ≤11+ 1, then m11,s(r, s) = 2s + 1, and the stabilization
point of (r, s) is at most s.

Proof. We first prove part (b). Suppose that (11+4)/2≤ s ≤11+1, and consider
a secondary vertex, v, with label s and degree s adjacent to a primary vertex with
label r ∈ {1,11+ 2,11+ 3}. We can label s− 1 of the s vertices adjacent to v by
using exactly one element from each set {i, 2s− i} for 1≤ i ≤ 2s− 1. Notice that
the primary vertex adjacent to v has a label from one of these sets, since 1, 11+ 2,
and 11+ 3 are all less than 2s. The remaining tertiary vertex adjacent to v cannot
be labeled with any unused positive integer less than 2s since that would create
a (2s − i, s, i)-triple, and labeling it with 2s would create a double. Hence, the
least possible label for this one remaining vertex is 2s+ 1, so m11,s(r, s)= 2s+ 1.
Notice that tertiary vertices adjacent to v can be labeled with any integer 2s+ k for
k > 0: these labels are larger than 2s, and hence cannot form a double, and larger
than 2s− 1 and hence cannot form a triple involving s. Therefore, the stabilization
point of (r, s) is at most s.

We prove part (a) similarly to part (b). Again consider a secondary vertex v with
label s and degree11+3−s for some s with 2≤ s<(11+4)/2. We can label s−1
of the vertices adjacent to v as before: by using exactly one element from each set
{i, 2s− i} for 1≤ i ≤ s−1. We still must label 11+3− s− (s−1)=11+4−2s
vertices adjacent to v, but this can be done using all integers in [2s + 1,11+ 4]
(if r 6= 1 then r is part of this set). Observe that 12 =11+ 3− s is greater than
or equal to the stabilization point of (r, s) since if 12 >11+ 3− s we can label
additional tertiary vertices with integers greater than max{2s, r}. �

Corollary 6.9. Assume 12 ≥11+ 1. Then

(a) m11,12(r, s)≥ m11,12(r, s ′) if s ≥ s ′, and

(b) m11,12(r, s)= m11,12(r
′, s) for any r, r ′ ∈ R,

when these values exist.

Proof. By Lemma 6.8, we know that 12 = 11 + 1 is greater than or equal to
the stabilization points of all (r, s) ∈ R × S, and hence we can compute each
m11,12(r, s) exactly when 12 ≥11. It is then straightforward to check that both
parts of the claim hold. �

Theorem 6.10. For any lobster G which is not a path or caterpillar, 1+ 1 ≤
χtd(G)≤11+12+ 1.

Proof. To prove that the claimed lower bound holds, we observe that a lobster
contains as an induced subgraph the star K1,1 and then appeal to Proposition 2.11.

Consider a maximal lobster in which all primary vertices (except the two of
degree 1) have degree 11 and all secondary vertices have degree 12. First assume
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12 = 11 + 1. By Lemma 6.8 and Corollary 6.9(a), when 12 = 11 + 1, the
largest tertiary vertex label occurs when s = 11 + 1 and r = 1,11 + 3 and is
2(11+ 1)+ 1=11+12+ 2. By Lemma 6.8, all pairs (r, s) have reached their
stabilization points. Therefore, when 12 ≥11+ 1 and k ≥ 0,

m11,12+k(r, s)= m11,12(r, s)+ k,

m11,12−k(r, s)≤ m11,12(r, s)− k.

Hence for any value of 12, the largest tertiary vertex label is at most 11+12+ 2.
We now show that we can decrease this upper bound by 1. For the primary

vertices with degree greater than 1, we know, by our construction, the labels of the
two adjacent primary vertices. Therefore we need only 11− 2 distinct secondary
vertex labels (i.e., values of s), and hence, for each r ∈ {1,11+ 2,11+ 3} we can
choose the least 11− 2 values of s ∈ [2,11+ 1] that do not create any doubles or
triples.

We check all possible pairs (r, s) ∈ R × S for doubles and triples. If r = 1,
then s cannot be 2, or we would have a double. If r = 11+ 2, then s cannot be
11+ 1 otherwise we would have a (11+ 3,11+ 2,11+ 1)-triple involving two
primary vertices. Finally, depending on the parity of 11, we must avoid either
s = (11+2)/2 (for r =11+2) or s = (11+3)/2 (for r =11+3). See the empty
boxes in Table 1 for (r, s) pairs that create doubles or triples in the case where 11

is even.
For each value of r , we need only the least possible 11 − 2 values of s as

secondary vertex labels. If r = 1, since the only forbidden value of s is 2, we can
use all of the integers in [3,11]. For one of the remaining two possible values of
r we cannot have s = r/2. For this value of r , we use as our secondary labels all
integers in [2,11] except r/2. For the other value of r , we can use all integers
in [2,11− 1]. Notice that we need not label any of the secondary vertices in our
maximal lobster with 11+ 1.

Hence, when 12 =11+ 1, the largest relevant secondary vertex label is s =11

and m11,11+1(r,11)= 211+ 2=11+12+ 1 by Lemma 6.8. As all pairs (r, s)
have reached their stabilization points we know that for any value of 12, and for
any lobster, the largest tertiary vertex label is at most 11+12+ 1. �

We conclude by finding bounds for the total difference chromatic number of an
arbitrary tree in terms of its maximum degree. We first define a uniform full 1-ary
tree, denoted by T1,h . For any integer 1 ≥ 2, the tree T1,1 is defined to be the
star K1,1. We let v0 be the vertex in T1,1 with maximal degree, and each other
vertex is a leaf. For each integer h ≥ 2 we define T1,h to be the tree obtained from
T1,h−1 by appending 1−1 new leaves to each leaf of T1,h−1. Therefore, T1,h is a
rooted tree in which the distance from the root v to every other vertex is at most h.
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It is maximal in the sense that every vertex whose distance from v is less than h
has degree 1, while those at distance h have degree 1.

Notice that every tree is a subgraph of T1,h for some choice of1 and h. Therefore,
if we find an upper bound for χtd(T1,h) the same bound works for an arbitrary
tree T with maximum degree 1 and appropriately chosen h.

Before providing such a bound, we determine the total difference chromatic
number for uniform full 1-ary trees with height 2.

Lemma 6.11. For a uniform full 1-ary tree with height 2,

χtd(T1,2)=
⌊

31+ 3
2

⌋
.

Proof. The root v0 of T1,2 is adjacent to 1 vertices, denoted by v1, v2, . . . , v1,
each of which is adjacent to a further 1 vertices (including v0). First assume 1
is odd. By Lemma 4.3, for any 1 ≤ r ≤1 with r 6= (1+ 3)/2, there are exactly
2r−2 possible labels for each vi so that the maximum label on each K1,1 is exactly
1+ r .

Notice that v0, v1, . . . , v1 all must have different labels since they are most
distance 2 apart. Therefore, we must choose r so that 2r − 2≥1+ 1. In particular
we must have r ≥ (1+3)/2. (In the exceptional r = (1+3)/2 case, this inequality
is still satisfied.)

If we label v0 with 1+ r , then each of these 1+ 1 copies of K1,1 will have
maximum label 1+ r and therefore it is possible to give the entire T1,2 a (1+ r)-
total difference labeling.

To minimize1+r , we choose r = (1+3)/2. By construction, we cannot choose
a smaller value of r as there would not be enough distinct labels for v0, v1, . . . , v1.
Therefore, for odd 1,

χtd(T1,2)=1+
1+ 3

2
=

31+ 3
2

.

If 1 is even, Lemma 4.3 implies that there are 2r − 1 options for the labels of
v0, v1, . . . , v1. Therefore 2r−1≥1+1, or, equivalently, r ≥ (1+2)/2. A similar
argument to the one in the previous case implies that, for even 1,

χtd(T1,2)=1+
1+ 2

2
=

31+ 2
2

.

Combining the two cases gives us the desired result. �

Theorem 6.12. For any uniform full 1-ary tree T1,h with h ≥ 2,⌊
31+ 3

2

⌋
≤ χtd(T1,h)≤ 21+ 1.



528 RANJAN ROHATGI AND YUFEI ZHANG

Proof. The lower bound is a result of Lemma 6.11 and Proposition 2.11.
To prove the upper bound, first consider the subgraph T ′ induced by the root v0

and its neighbors (which we denote v1, v2, . . . , v1). The labels on these vertices
must all be distinct by Proposition 2.8. Choose arbitrarily a label ` ∈ [1, 21+ 1]
for v0. We show that for any choice of `, at most 1 numbers in [1, 21+ 1] cannot
be labels of other vertices of T ′, which leave the remaining numbers, of which there
are at least 1, free to label the 1 neighbors of v0.

First, suppose ` <1+1. Then, to avoid triples, we may use at most one element
from each set {`− i, `+ i} for 1≤ i ≤ `− 1 (though, if ` is even we must not use
the element `/2 from the set {`/2, 3`/2} to avoid a double). Further, we may not
use the number 2` as a label. All other numbers are valid for labeling vertices of
T ′ and, as we have only ruled out `≤1 options, there are at least enough to label
the remaining 1 vertices of T ′. An analogous argument shows that if ` > 1+ 1,
we also have enough numbers to label all vertices of T ′.

If `=1+ 1 then, to avoid triples, we again may use at most one element from
each set {`− i, `+ i} for 1≤ i ≤ `− 1 (and again, one of these includes `/2 if ` is
even). In this case, however, 2` /∈ [1, 21+ 1] so we still have enough numbers to
label the remaining vertices of T ′.

In each case, all vertices of T ′ can be labeled; suppose that vertex vj gets label
`j for 1 ≤ j ≤ 1. By the same argument as above, there are enough available
numbers in [1, 21+1] to label all neighbors of each vj . We can give these vertices
labels and then repeat the process until the vertices of the entire tree T1,h have been
labeled with integers in [1, 21+ 1]. �

The following corollary follows directly from Theorem 6.12.

Corollary 6.13. For any tree T , we have 1+ 1≤ χtd(T )≤ 21+ 1.
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Decline of pollinators
and attractiveness of the plants

Leila Alickovic, Chang-Hee Bae,
William Mai, Jan Rychtář and Dewey Taylor

(Communicated by Suzanne Lenhart)

Flowering plants rely mostly on pollinators to reproduce. A decline of pollinators
puts an evolutionary pressure on the allocation of plants’ resources towards
attracting the few remaining pollinators. This may result in fewer resources
available for the plants’ survival and actual seed production. Moreover, due to the
“magnet effect”, attractive plants generally attract pollinators to all plants in their
neighborhood, even the less attractive ones. To better understand the allocation
trade-offs, we built a computer simulation and studied the evolution of resource
allocation towards attracting pollinators. We observed that when pollinators
are relatively abundant, there is not much incentive for the plants to allocate
more energy to attract them. Only when pollinators are below a certain critical
threshold is a relatively large investment in attracting the pollinators suddenly
favored. The value of the critical threshold is quite low and further decreases with
the increasing seed dispersal distance and the plant population size.

1. Introduction

Flowering plants, including plants that yield crops, are pollinated mainly by insects
[Williams 2002]. Attractiveness of a plant’s flowers is a major factor in the plant’s
reproductive success [Kunin and Iwasa 1996]. Flowers of different species may
vary vastly in color, pattern, and size but they all retain a similar structure in order
to appeal to the available insect pollinators [Endress 1994].

Pollinators thrive and depend on a nectar produced by the flowers [Gardener and
Gillman 2002]. The nectar serves as an incentive to pick one plant over another
[Faegri and Van Der Pijl 1979]. When a pollinator visits a flower to harvest its
nectar, it helps the plant to reproduce: it deposits pollen collected earlier from other
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plants and it collects the plant’s own pollen to be deposited in other flowers in the
future [Johri 1984].

There is competition between plants for the same pollinators [Levin and Anderson
1970]. When the pollinators are rare, the plants tend to produce more and larger
flowers and they allocate more resources to attract the pollinators [Ågren et al.
2013]. At the same time, when a plant is attractive, it increases the amount of
pollinators in its immediate neighborhood [Faegri and Van Der Pijl 1979]. As a
result, less attractive plants within a short distance of an attractive plant will also
be visited and pollinated [Laverty 1992]. This “magnet effect” is observed across
many species [Torices et al. 2018].

We study how the abundance of pollinators affects the evolution of plants’
resource allocation. In Section 2, we describe a computer simulation to quantify the
costs and benefits of allocating more resources to attract pollinators. The simulation
follows a field of native plants that is invaded by a small number of potentially
more attractive plants. We are interested in finding out the best allocation strategy
for the invading plants. The results are presented in Section 3. We show that there
is a critical threshold: when the number of pollinators is above the threshold, there
is only a very small tendency to increase the attractiveness; when the number is
below the threshold, a very large allocation to attract the pollinators is favored.
The threshold is quite sharp, low and decreasing with the plant field size and seed
dispersal distance. We conclude the paper in Section 4.

2. Methods: computer simulation

The basic structures and algorithm of the simulation are described below; see also
Figure 2. The actual simulation was written in Matlab and the computations were
done on the “teal” cluster in VCU’s Center for High Performance Computing.

2.1. Plants. The plants are assumed to be annual. They grow from a seed, bloom,
produce seeds, and die in one growing season. The plants can grow only from the
seeds that were produced during the last season.

2.2. Plant field. The plants are assumed to grow in patches. The patches are
arranged in an N × N square grid with periodic boundaries; see Figure 1. All
patches on the field are identical and differ only in the number (and type) of plants
that grow on them. Each patch can sustain up to C plants of any type. For simplicity,
we assumed that each patch is either empty or consists of C plants.

2.3. Plant’s attractiveness and seed production. We assume all plants have the
same amount of resources (1 unit without loss of generality). The resources can be
allocated to blooming and attracting pollinators, seed production, and survival. A
plant’s strategy is given by a ∈ [0, 1], a proportion of resources allocated towards



DECLINE OF POLLINATORS AND ATTRACTIVENESS OF THE PLANTS 531

blooming and attracting the pollinators. When a plant using a strategy a is pollinated,
it produces S(a)= a(1− a) units of seeds. Plants growing from those seeds will
have exactly the same allocation strategy a.

The function S(a) was chosen as it is a simple function and the plants will not
produce many seeds if either they do not allocate enough resources to blooming
and attracting the pollinators or they allocate too much so that they will not have
enough resources left for the actual seed production and their own survival.

As an artifact of choosing this function S(a)= a(1− a), the pollinated plants
achieve maximum seed production using strategy a= 0.5. However, as seen later, it
does not necessarily mean that the strategy a= 0.5 is always the best strategy to use.

2.4. Patch attractiveness. We assume that the pollinators are attracted towards
patches of plants rather than individual plants. The more attractive the patch is, the
more likely it is to attract the pollinators. If a given patch P consists of SP,nat plants
each allocating anat and SP,inv plants each allocating ainv towards attractiveness, the
attractiveness of a patch will be given by

AP = SP,nat anat+ SP,inv ainv+ rP , (1)

where rP ∈ (0, 0.001) is a small random number that is different for different patches
and also changing every season. The purpose of rP is to add a natural variation
among patches occupied by plants using exactly the same strategies.

2.5. Pollinators. We assume that there is only one pollinator species. The abun-
dance of the pollinators is represented by p∈[0,1]. We assume that only pN 2 patches
can be pollinated during one season. The pollinators will prefer patches with higher
attractiveness. This is achieved by sorting all patches by their attractiveness and
assuming that only the top pN 2 patches are visited. Once a patch is visited, all
the plants on the patch are assumed to be pollinated regardless of their individual
allocation strategies. This assumption allows us to account for the magnet effect.

2.6. Seed dispersal. Once a plant is pollinated, it produces seeds. The seeds then
disperse over the field. We assume the seeds can disperse up to d patches away
from their patch of origin. For simplicity, we assume that the seeds are equally
likely to travel any distance 0, 1, . . . , d and move in any direction. This means that
the probability of the seed staying at the origin is 1/(d + 1). There are 8δ patches
that are exactly δ ∈ {1, 2, . . . , d} away from the patch of the origin and so the
probability that a seed will end up on a patch δ away is given by

π(δ)=


(d + 1)−1 if δ = 0,
(8δ(d + 1))−1 if δ ∈ {1, 2, . . . , d},
0 if δ > d;

(2)

see Figure 1.
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Figure 1. Visualization of the field and seed dispersal for N = 20
and d = 3. Each square represents a patch. In this case, the seeds
originate from the black square. A fourth of all seeds produced
there will stay there. The squares with the same shade of gray
(and the same label representing its distance from the black square)
will get the same number of seeds. In the sequence of increasing
distance, there will be 1

32 , 1
64 and 1

96 of all seeds produced on the
black patch. The boundaries are periodic.

Let ρ(P, P0) denote the distance between patches P and P0 and let SP be the
number of seeds produced on patch P in a given season. Then, at the end of the
season, after the seed dispersal, a patch P0 will have

S′P0
=

∑
δ≥0

π(δ)
∑

P,ρ(P,P0)=δ

SP (3)

seeds.
We assume the plants produce a large amount of seeds. With this assumption,

if there is at least one seed on a patch, there are many more than C seeds on
the patch. Since a patch can support only C plants, we renormalize: if on a
given patch P0 there is at least one seed and S′P0,nat seeds come from native plants
and S′P0,inv seeds come from invasive plants, we will assume that there will be
C(SP ′0,nat/(S′P0,nat+ S′P0,inv)) seeds of native plants and C(SP ′0,inv/(S′P0,nat+ S′P0,inv))

seeds of invasive plants that will germinate and grow into plants in the next season.

2.7. Summary of the simulation of one season. We will consider only a situation
with two types of plants: native and invasive. Quantities related to native plants will
have a subscript “nat”, quantities related to invasive plants will have subscript “inv”.
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At the beginning of a season, each of the N×N patches P contains SP,nat (SP,inv)
seeds that will germinate and grow into SP,nat (SP,inv) plants allocating anat (ainv)
towards attracting the pollinators where 0≤ SP,nat, 0≤ SP,inv, and SP,nat+SP,inv≤C.

The attractiveness of the patch P0 is given by AP0 = SP0,nat anat+SP0,inv ainv+rP0 ,
where rP0 ∈ (0, 0.001) is a small random number.

All plants on the patch P0 are pollinated if and only if AP0 is in the top pN 2 values
of {AP}

N 2

P=1. Only the plants that are pollinated produce seeds; new plants growing
from those seeds during the next season will have exactly the same allocation
strategy as the parent plant. Plants that are not pollinated do not produce any seeds.

The seeds disperse through the field. At the end of the season, all existing
plants die and only the seeds remain on the patch to grow in the next season. We
renormalize the seed count to keep the number of seeds, and consequently the plant
count on each patch either 0 or C. If there was any seed on the patch at the end of
the season, there will be C seeds after the at the end of the next season. We can
consider this procedure to model the fact that out of possibly many seeds on the
patch only some will survive to the next season and germinate and the patch itself
can support at most C plants.

2.8. Overall simulation. The parameters of the simulation are as follows:

(1) The size, N, of the field. The field will have N 2 patches; each patch will have
either 0 or C plants.

(2) The abundance, p, of the pollinators. Only pN 2 patches (the most attractive
ones) will be visited by the pollinators. All plants on the visited patches will
be pollinated.

(3) The allocation strategy of the native (anat) and invasive (ainv) plants. A plant
with strategy a will produce S(a)= a(1− a) seeds if pollinated.

(4) The maximal distance, d , the seeds can disperse. The field is assumed to have
periodic boundaries; see Figure 1.

For every set of the parameters specified above, we initialize the field by letting
every patch be occupied by only native plants (using strategy anat). We let the
simulation run for ten seasons to allow the population of plants to stabilize at the
appropriate level. The number of occupied patches correlates with the pollinators’
abundance p; see Figure 3.

At the end of the tenth season, we introduce invasive plants into one of the
patches (we assume all plants on that patch now use strategy ainv). We then let
the simulation run for 100 seasons. At the end of the 100th season, we record the
number of invasive and native plants in the field; see Figure 2. If there are no native
plants left, we say that the invasive plants replaced the native plants.
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start

initialize variables N, p, anat, ainv

put C native seeds
on every patch

run 10 seasons

remove all seeds from patch 1,
put C invasive seeds there

run 100 seasons

return total native and
invasive seed count

season start

all seeds grow into plants

calculate attractiveness

pollinate plants in pN 2

most attractive patches

pollinated plants make seeds

disperse seeds

renormalize to get at most
C seeds

return native and invasive
seed counts

Figure 2. Scheme of the simulation described in more detail in Section 2.8.

We repeat the simulation 1000 times with the same parameters and record the
probability of replacement and the average abundance of the invasive plants at the
end of the 100th season.

2.9. Experiments. We are interested in what is the best invading strategy, i.e., a
strategy that gives the highest chance of replacing the native plant population. If
there are two (or more such values), we restrict our attention only to those values
and the one yielding the largest final abundance is said to be the best. We run the
following two experiments: we fixed d = 1 and used N ∈ {20, 30, 40, 50} and we
fixed N = 20 and used d ∈ {1, 2, 3, 4, 5}. For each such a pair N and d we used
p between 0.01 and 0.4 in increments of 0.01. For given N, d and p, we run the
simulation for all values anat from 0.5 to 1 (in increments of 0.01) and different
values ainv from anat to 1 (in increments 0.01).

To save computational time, we did not use p > 0.4 because our initial testing
did not reveal any significant difference in the results between p = 0.4 and p > 0.4.
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Figure 3. The time evolution of the seed count of native plants
(anat = 0.5, N = 20, d = 1). The average seed count stabilizes
within few seasons, we consider it stable at season 10.

We also did not consider anat < 0.5 because such native plants would be always
replaced by invasive plants using ainv = 0.5. Indeed, if anat < 0.5 and ainv = 0.5,
then patches with invasive plants will be more attractive than patches with native
plants only. Moreover, the invasive plants will produce more seeds than the native
plants. Finally, we did not use ainv < anat, because such invasive plants never stay
in the population for too long (their initial patch is the least attractive patch in the
field so it very rarely gets chosen by the pollinators).

For each of the above combinations of N, d, p, anat, ainv we ran the simulation
1000 times. Each time, we recorded the total number of native and invasive plants at
the end of the 100th season. We calculated Repl(N, d, p, anat, ainv), the probability
of replacement as the proportion of simulations that ended with some invasive but
no native plants. We then identified a set

Abest(N, d, p, anat)= argmaxainv
(Repl(N, d, p, anat, ainv)) (4)

of values that yielded the highest replacement probability. The best invasive strategy,
abest = abest(N, d, p, anat), was determined as a strategy in Abest(N, d, p, anat) that
yielded the maximal final abundance of invasive plants.

3. Results

We identified abest = abest(N, d, p, anat), the best invading strategy. We found that
there is a critical value pcrit = pcrit(N, d) and constants MN,d and BN,d such that

abest(N, d, p, anat)≈

{
anat+1 if p ≥ pcrit(N, d),
MN,danat+ BN,d if p < pcrit(N, d),

(5)



536 L. ALICKOVIC, C.-H. BAE, W. MAI, J. RYCHTÁŘ AND D. TAYLOR
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Figure 4. The optimal allocation strategy abest(N, d, p, anat) as a
function of the allocation of the native plants anat. Full lines are
for p ≤ 0.1, dotted lines for p between 0.11 and 0.18, dashed line
is for p ≥ 0.19. In this figure, N = 20, d = 1.

where 1 = 0.01 is the increment in our values of ainv. As seen in Figure 4,
regardless of the value of p, abest(N, d, p, anat) exhibits a linear trend in anat. For
p≥ pcrit(N, d), the best strategy follows the line anat+1 exactly. For p< pcrit(N, d),
the slope of the linear trend is around 0.13 and the outcome is much noisier. While
the coefficients MN,d and BN,d varied in N and d (MN,d was generally slightly
decreasing in N and d; BN,d was generally slightly increasing in N and d), the
variation could be contributed to random fluctuation and was not substantial. Overall,
MN,d ≈ 0.13 and BN,d ≈ 0.79 are good approximations (with R2 around 0.8). Since
the significance of formula (5) is the existence of a critical value of pcrit and the two
distinct behaviors of abest, we did not investigate the best values of the coefficients
MN,d and BN,d in greater detail.

When the pollinators are relatively abundant (p ≥ pcrit), there is very little
incentive for the plants to allocate too much energy towards attracting them. If the
invasive plants attract more pollinators, the patches with them will be pollinated
with very high probability. If the invasive plants allocate a′inv instead of ainv (for
a′inv > ainv > anat), the increase in attractiveness will not increase the probability
of their patches to be visited. However, many of these patches will contain native
plants as well. The native plants will be pollinated too and will, in fact, produce
more seeds than the invasive plants (because for 0.5 < anat < ainv < a′inv and
S(anat) > S(ainv) > S(a′inv)). This means that in the next generation, there will
again be a lot of patches with a mix of native and invasive plants. Moreover, if the
invasive plants allocate a′inv instead of ainv (for a′inv > ainv > anat), there will be even
fewer invasive plants in the next generation (because S(anat) > S(ainv) > S(a′inv)).
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d pcrit(20, d)

1 0.19
2 0.14
3 0.12
4 0.10
5 0.07

Table 1. The critical value pcrit as a function of the seed displace-
ment distance d. Here, N = 20.

Consequently, the invasive plants should allocate as little as possible above the
native plants’ allocation.

When the pollinators are rare (p < pcrit), the pollinators are visiting only very
few patches. This provides a strong incentive for the invasive plants to invest many
more resources to attracting the pollinators because then only the patches with no
(or very few) native species get visited.

What makes our result surprising is that there is a relatively sharp cut off point
between the two kinds of allocation strategies; see Figure 4.

The critical value pcrit(N, d) is decreasing in the seed dispersal distance d; see
Table 1. As d increases (and p stays constant), the number of patches containing
only invasive plants decreases and many patches contain a mix of invasive and
native plants. If the plants on a mixed patch are all pollinated, a native plant will
produce more seeds than an invasive plant. Consequently, the proportion of invasive
plants can be decreasing in time. However, for a fixed d, as p decreases, only the
patches with decreasing proportion of native plants get pollinated, which means
that it is actually the proportion of native patches that is decreasing in time.

The critical value pcrit(N, d) also decreases with the increasing field size, N ;
see Table 2. We do not fully understand the reason for this decrease. However,
we believe that the critical value decreases to p = 1/(d + 1)2. For such p and
large N, pollinating N 2/(d + 1)2 patches means that in the next generation, almost
all patches will be occupied again. More simulation trials are needed to confirm or
reject this hypothesis.

field size N pcrit(N, 1)

20 0.19
30 0.16
40 0.14
50 0.12

Table 2. The critical value pcrit as a function of N. Here d = 1.
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4. Conclusions

The lives of pollinators and plants are interconnected in many ways [Corbet 1996].
A decline of pollinators puts many plant species at a serious risk of extinction
[Lernnartsson 2002] and under pressure to evolve strategies that will help them
deal with the decline.

We built a computer simulation to study the effect of pollinators’ decline on the
plants’ resource allocation. We saw that plants with more attractive flowers are able
to replace plants with less attractive flowers; however, we saw this happening only
when pollinators were truly very rare. When the pollinators’ numbers are above
this relatively sharp threshold, the incentive to evolve more attractive flowers is still
there but it seems to be kept in check by the associated costs, such as being left with
fewer resources towards seed production and survival. This finding seems to be in
line with results of previous studies such as [Rathcke 1983; Kunin and Iwasa 1996].

We note that evolving more attractive flowers is not the only option. Plants can
evolve a decreased dependence on the pollinators by allowing their flowers to be
pollinated by wind and other means [Culley et al. 2002].
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