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We derive a recursive formula for the structure constants for the universal envelop-
ing algebra of s, (IK), where [K is an algebraically closed field of characteristic zero.

1. Introduction

Given an algebra A over a field KK with basis {v; | k € I} indexed by some set I,
the product of any two basis vectors can be expressed in terms of the basis; i.e., we
can write v;v; as Zke 1 VijkVk for some scalars y; i € K. The y; i are referred to as
structure constants and theoretically, we can discern properties of the algebra from
identities satisfied, or not satisfied, by these scalars. For example, the algebra .4 will
be commutative if and only if y;;x = y;i for all i and j. From a practical standpoint,
structure constants are of the most use for smaller algebras, i.e., finite-dimensional.
For an infinite-dimensional algebra, computing the structure constants is a daunting
task, especially since the structure constants with respect to one basis are likely to
differ wildly from the structure constants with respect to another basis.

With that being said, the case we consider here is almost ideal for this type
of problem. The Lie algebra sl,(IK) is ubiquitous in Lie theory, small (three-
dimensional) and easily described through its structure constants. While its universal
enveloping algebra, U (sl (I)) is infinite-dimensional, thanks to the very powerful
Poincaré-Birkhoff-Witt theorem, it has a canonical basis generated by the basis of
the underlying sl (I€). This makes computing the structure constants somewhat
tractable. While the mathematics contained herein is not tremendously complicated,
and relies heavily on induction, the result itself is quite interesting.

2. Statement of the problem

For the purpose of self-containment, we give several initial definitions and results,
the latter without proof. We refer the interested reader to either [Erdmann and
Wildon 2006] for a general introduction to Lie algebras and enveloping algebras or
[Carter 2005; Humphreys 1972] for a more in-depth development of the theory.
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Definition 1. A Lie algebra is a vector space £ over a field K equipped with a
bilinear product, called the bracket, [ -, -]: £ x £ — £ satisfying

o (anticommutativity) [x, x] =0 for all x € £;
o (Jacobi identity) [[x, [y, z]1+ [y, [z, x]]1 4+ [z, [x, y]] =0 for all x, y, z € £.

If I has characteristic other than 2, by applying bilinearity to [x +y, x +y] =0
the immediate consequence is that [x, y] = —[y, x]; that is, we can reverse the
order of the bracket at the cost of a negative.

Given an associative algebra A, there is an associated Lie algebra A~ with the
same underlying vector space equipped with the commutator bracket, [x, y] :=
xy — yx for all x, y € A™. For example, the associative algebra Mat; () of 2 x 2-
matrices can be equipped with the commutator bracket to yield the general linear
algebra, gl,(KK). Here, the bracket of two matrices A and B is just [A, B] =
AB — BA, with AB and B A being the regular matrix product. Because A B rarely
equals BA for arbitrary matrices, the bracket is usually nonzero. A crucial, albeit
small, example of a Lie algebra is s, (IK), which arises as a Lie subalgebra of gl, (I£).

Definition 2. The special linear Lie algebra of 2 x 2 matrices, sl (), is the Lie
algebra consisting of all 2 x 2 matrices with trace zero equipped with the commutator
bracket.

The field K does not play an important role in what follows, and consequently
will be omitted; e.g., sl instead of sl ([<). The Lie algebra sl is three-dimensional
with a natural basis consisting of the matrices

SR T

The bracket of any of these with itself is zero by anticommutativity and the mixed
brackets give the relations

le, fl=h, [h,el=2e, [h, fl==2f ey

A natural question to ask is whether a Lie algebra £ arises as the associated Lie
algebra for some associative algebra, A. That is, given £, does there exist an .4 such
that £ = A~? In certain cases the answer is yes (e.g., if £ is finite-dimensional), but
in general the answer is no. That being said, we can often find an associative algebra
A such that £ is a subalgebra of A™; thatis, £ C . A~. Such an algebra A is said to be
an enveloping algebra of £. A Lie algebra can possess many distinct enveloping al-
gebras, but the following theorem asserts the existence of a powerful and special one.

Theorem 3 (Poincaré—Birkhoff—Witt). Let £ be a Lie algebra. Then there exists an
associative algebra U(L), called the universal enveloping algebra, satisfying:
(1) £ can be identified with a subalgebra of U (L), where the bracket on £ is given
by [x, y] =xy — yx.
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Q) If ¢ : £ — A is any Lie algebra homomorphism, there is a unique associative
algebra homomorphism

UL - A
such that the following diagram commutes:

£

UL)

AN
A

Moreover, if £ has a basis {v; | i € I}, where I is equipped with a total order <, then
U(L) has a basis of all monomials of the form v} v.> -

VIt where iy <ip<---<i
i Vi im =52 m
andnj € N.

While a discussion of homomorphisms is beyond the scope of this paper, heuris-
tically, what Theorem 3 is saying is that there is one enveloping algebra for £ that
trumps all others — any enveloping algebra for a given £ can be derived from U/ (£).
In theory, if we know U/(£), we can determine any and all enveloping algebras of £.

In this paper, we are concerned with the universal enveloping algebra of sl;.
Since sl; is three-dimensional, we can order the canonical basis by f <h < e. Note
that this ordering is arbitrary in the sense that there is nothing “larger” about e as
compared to & and so forth. Really, it is just a reflection that f is lower triangular
and we move “up” to /& as a diagonal matrix and then farther “up” to e as upper
triangular. With this convention set, Theorem 3 provides a basis of /(sl,) consisting
of all elements of the form f"h%e’, where r, s, t € N.

For the sake of completeness, we give the formal definition of structure constants.

Definition 4. Let .4 be an algebra (not necessarily associative) with basis {vg |k € I}.
The structure constants of A with respect to the basis {vi | k € I} are scalars y; i,

where
VitV = E VijkVks
kel

where all but finitely many of the y;; are zero.
With all this in place, we state the main problem. Note that while in Definition 4

the basis vectors are indexed by a single value, the PBW basis vectors f"h’e’ are
naturally indexed by the triple (r, s, t).

Main Problem. Given the Poincaré—Birkhoff-Witt basis { f"h%e’ | r, s, t € N} of
U(sly), what are the structure constants y;ji; such that

frhset . fuhvew — Z )/ijklfihjek (2)
leL
for some indexing set L?



544 ALEXIA GOURLEY AND CHRISTOPHER KENNEDY

Ideally, we would determine the constants explicitly. As we will see in Section 3,
more realistically we develop a recursive formula for the y;;; depending on the
powers on the left-hand side of the equation.

3. Commutation identities: initial cases

To determine this, we need to use various commutation identities to reorder the
components on the left-hand side of (2). In U/(sl,), the bracket identities from (1)
give

[e’f]:ef_fe:h’ (3)
[h, el =he —eh =2e, “4)
(h, fl=hf — fh==2f. %)
These allow us to reorder the products of e, f, and h:
ef = fe+h, (6)
eh = he —2e, (7
hf =fh—2f. ()

We make heavy use of mathematical induction in what follows and consequently
begin by establishing several base cases.

Proposition 5. Given a PBW basis element f"h*e', we have
(frhset)f — fr-‘rl(h _ 2)Set +tfrhs+let—l _ t(l _ l)frhset_l. (9)

Proof. To establish (9), we begin by determining expressions for ¢’ f and 2* f in
terms of the PBW basis. Specifically, for the former we claim that

e f=fe+the!™ ' —t(r—1e L. (10)
If r =1 in (10), it simplifies to (6) from earlier. Assuming the result for ¢, then

(@t fy=e(e f)=e(fe +the' ' —t@t—1e'™h

= (ef)e' +t(eh)e' "' —t(t — 1)e'

= (fe+h)e +t(he—2e)e' ' —t(t —1)e

= fe'*' 4 he' +the' —2te' —1(t — 1)e'

= fe'T 4 (t + Dhe' — 2t +1(r — 1)]e’

= fe'T 4 (t + Dhe' —t(t + De'.

Using a similar argument for #* f, we claim

R f=f(h=2). (1)
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If we take s = 1, it becomes (8) provided we distribute the f on the left. Assuming
the result for s, we have

BT Y =hh* f) =h(f(h=2)") = (hf)(h —2)°
=(fh=2f)h=2)" = f(h—=2)(h —2)° = f(h—2)**",
Applying (10) and (11) to (f"h'e") f, we have
(f'R)E )= (fTh)(fe' +the'™ —t(t = 1)e'™")
— fr(th)el + [frhs-i-let—l _ t(l _ 1)frhset—l
= T (fh=2%e +tf e —t(t — 1) fh¥e™!
:fr+l(h—2)set+tfrhs+1€[_1—t(t—l)frhset_l. D
It should be noted that (11) is not technically in PBW format, although it is close.
While U(sl,) is highly noncommutative, elements of the field K commute with
everything. In particular, the scalar 2 commutes with / and the term (h — 2)° can

be expanded using the binomial theorem. Doing so yields the product in (11) in
terms of the PBW basis:

(frhset)f: (Z(z)(—Z)kfr+lhs_k€t>+tfrhs+let_l—t([—l)frhset_l. (12)

k=0

Obviously the equation in Proposition 5 is more compact.
Next we turn to pushing an A through a generic PBW basis vector.

Proposition 6. Given a PBW basis element f"h*e', we have
(f"h*eYh = frhstle —2tf h¥e'. (13)
Proof. As with the preceding proof, we need to establish the identity
e'h =he' —2te' = (h —2t)e'. (14)
If =1, this is (7). Assuming the result for 7, we have
et h=e(e'h) =e(he' —2te') = (eh)e' —2te' ™!
= (he —2e)e' —2te' ™! = he!™ —2(r + 1)e' .
Applying this to (13), we have
(f'h*e"Yh = f"h*(e'h) = f"h*(h —2t)e’
= TS tle! —2tf R O
4. Commutation identities: secondary cases

Now, we turn our attention to the products ¢4 and h* f*.
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Proposition 7. The quantities e'h® and h* f" can be expressed as

ehY = (h—21)’ = Xv:(l‘;)(—zr)kh“kef, (15)
k=0
W= =20 =Y () (<20 (16)
k=0

Proof. The far right-hand sides of both equations result from applying the binomial
theorem to centers of their respective equations, so we focus on establishing the
left-hand equalities. Moreover, the proof of the second is symmetric to the first
and is omitted. For the first, we proceed by induction on v with ¢ held constant. If
v =1, we have e’ h = (h — 2t)e’, which was established in Proposition 6. Assuming
the result for e’h?, we have

eht = (e'hVYh = (h—21)e'h
= (h—20)"(h —2t)e' = (h —21)" e, 0

Our next concern is how to express an element of the form e’ f* in terms of
the PBW basis, with the case u = 1 simply being (10). This is decidedly more
complicated than the cases in Proposition 7. If we consider e’h?, for example,
we are in essence repeatedly using (7): eh = he — 2e. We can think of this as
reordering eh as a sum of elements of the form A'e, where the power of e remains
constant and the powers of & decrease. This is precisely what happens with e’ 7"
and symmetrically with A° f*.

On the other hand, when we wish to reorder ¢’ f“, we need to repeatedly use (6):
ef = fe+ h. Here, the h-term is essentially new. Successive applications will
generate more powers of .2, which will interact in turn with the various powers of f.
Consequently, more and more terms are spawned as we push successive powers of
f past successive powers of e. Consequently, it becomes logistically impossible to
express e’ f* explicitly in the PBW basis, but it is quite natural to be done recursively.

Theorem 8. The element e’ f* can be expressed in the form

u i
Z Z yu’i’lfu—ihi—let—i
i=0 =0
for scalars vy, ;1. Moreover for fixed natural numbers a and b with b < a, we have
the following recursive formula for the coefficient of f*T'=¢h%=be!=% in terms of
the coefficients v, ; :
b

a—I
Yu+l,a,b = ( Z ( k )(_2)kyu,a,l + Yua—1,p(t —a-+ 1))
[+k=0
—Yua-1,p—1 —a)(t —a—1). (17)
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Proof. We first establish the claim that we can express e’ f* as a linear combination
of terms of the form f*“~'hi~le'~ for various i and /, and not surprisingly we
proceed by induction on u. We have established u# = 1 in (10). The general approach
is to use the induction hypothesis and compute e’ f**! = (¢! f*) f and then do
considerable rearrangement and reindexing along with applying Propositions 5
and 6. In general, y,;; is the coefficient of f“~*hi~le'~! withi <u and <i.In
what follows, we assign a value of O to any scalar y, ;; where i > u or [ > i since
no such terms exist. Additionally, if i <0 or/ < 0, we make the same assignment:

EFr=Y" yuiaf T h T f

i=0 [=0

= ZZyu,i’lfu_ihi_l(fet_[+([_i)he[_i_l_(t_l.)(t_i—l)et_i_l)

i=0 (=0
u 1 " ;
=22 Vuid TN D ity fR
i=1 =0 P
u 1
_ZZVu,i,l(t—i)(t—i—])f“—ihi—let—i—l
i=0 =0
u 1 " ;
= Z Zyu,i,lfu-i-l—i (h—z)i—lel—i+z ZVu,i,l(l—i)le_ihi_l+lel—i—1
i=0 1=0 i=0 1=0
u 1
_ZZVu,i,l(t—i)(t—i—1)f”—ihi—let—i—1
i=0 1=0
u i il - N |
= ZZZVMJ,I(I k )(_z)kfqulfthzflfketﬂ
i=0 =0 k=0
u 1
+ZZVu,i,l(l‘—i)f“"'h"*“rletfifl
i=0 =0
u 1
_ZZVu,i,l(f—i)(l—i—l)f”*"hi*letfifl‘
i=0 (=0

Now we selectively reindex and rename indices as necessary. To begin, we
separate the three distinct summations in the above:

i il

Y Vu,i,l(i ;l>(_2)kfu+l—ihi—l—ket—i’ (18)
i=0 =0 k=0

1

YO vuiat =i fIRT (19)

i=0 [=0
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DO ia =i —i— 1) f e T (20)

i=0 1=0
Concentrating on (19), we reindex by setting j =i + 1, in which case we have

u+1 j—1

SN ugeralt =+ D R e

j=11=0

By our conventions on the constant y, ;; we may extend the second summation to
I = j without changing the value. Additionally, if j = 0, we have y,, _;;, which is
also zero by convention. Thus we may rewrite (19) as

u+l j

Z Z Vajo1(t — j+ 1) frrl=ipi=le =i

j=0 =0

which matches the required form.
Turning our attention to (20), we make the same reindexing with the substitution
Jj =i+ 1, thereby yielding
u+l j—1

Y it = j D@ = I e

j=11=0

Replacing [ by s =1+ 1 we have
u+l j
DO Vs —j+ D= )R e
j=1 s=1

and once again, if we extend the sums to s =0 and j = 0 respectively, the resulting
scalars are zero. Thus (20) becomes

u+l j

SN Vietet €=+ = U

j=0 5s=0
We rename the indices using the original index names in the second and third parts

and consolidate to yield

ut+l j

I Guicrit =i+ 1) =y (¢ = i) —i = D) f TR (21

i=0 [=0

Finally turning our attention to (18), to achieve the desired form we must reindex
the sum using the substitution r =+ k. Starting with binomial coefficent, note that

(i;l) - (zil_—lk) - (:ﬁ)
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and that the power (—2)F is the same as (—2)" % In terms of the summation bounds,
if [ ranges between 0 and i and k ranges between 0 and i — /, this is equivalent to /
ranging between 0 and i and r =/ 4k ranging between [ and i. Thus (18) becomes

u+l i

Zzzyull(i )( 2)r lfu—i-l lhl rol— 1 (22)

i=0 1=0 r=l
Once again, we have extended the summation bounds using the conventions on y,, ; ;.
This gives the PBW basis elements in terms of the indices i and r for this part.
Renaming [ in (22) by s and r by / and consolidating with (21) we have that ¢’ f4*!

can be expressed as
u+l i

efu—H Zzzyuls(l )( 2)1 Sfu+1 thz -1 el i

i=0 s=0 [=s
u+l j

Y i G—i+ D=y i (=i —i—=1)) fF R e (23)

i=0 =0

This gives ¢’ f**! as a linear combination of terms of the form f“+!= pi=le!= ag
required.

It is easier to establish the recursive formula if we use (18) in its original for-
mulation. Fixing a and b with b < a, the coefficient of f uta—lpa=bot—a jp (18) is

"\ ra—l
> ()2

I+k=0
while the remaining term comes from setting i =a and / = b in (23) giving

b
a—I
Yu+1,a,b = ( Z ( k )(_Z)kyu,a,l>
[+k=0
+ Vu,a—l,b(t —a-+ 1) - Vu,a—l,b—l(t _a)(t —a—1), (24)

completing the proof. O

We can rewrite the sum in the last equation a little more explicitly as

a a—l a—l
>3 ()2 Y
1=0 k=b—I
if need be.

5. Main result

We are now ready to prove the main result, namely expressing (f"h*e")(f“h'e")
in terms of the PBW basis using the preceding results. Given that

u i
etfu — Z Z Vu,i,[fu_lhl_lel_l,

i=0 [=0
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we have
(frhsel‘)(fuhvew)
— frhS(etfu)hvew

u i
— frhs (Z Z yuvi’[fuihileti)hvew

i=0 /=0

— frhs (ZZ )/u,l"lfu_ihi_l(et_ihv))€w

i=0 =0

— frhs (Z Z y,mlf”_ihi_l(h—2(t—i))”e’_i)ew

i=0 [=0

= £ Vuiah® £ R (h=2(t—i)) e T

i=0 /=0

=7 30D Vi S 2= H T (h=2(1=)) e

i=0 =0

:Z Z Vu,i,lfrJru*i (h=2(u—))*h T (h=2(t—i))Pe?

i=0 [=0
u i K v s v
— . NStk aNe Nk prtu—ip s+vHi—(jHk+HD) tHw—i
=32 2> veaa(5) () 2 =i =ik e,
i=0 1=0 j=0 k=0

The above, together with the recursion given by (24) allows the computation of the
structure constants.
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