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The only perfect powers in the Fibonacci sequence are 0, 1, 8, and 144, and in the
Lucas sequence, the only perfect powers are 1 and 4. We prove that in sequences
that follow the same recurrence relation of the Lucas and Fibonacci sequences,
there are always only finitely many polynomial values g(Z) for any polynomial g
which is not equivalent to a Dickson polynomial.

1. Introduction

The Fibonacci F! and Lucas F>! sequences are special cases of generalized
Fibonacci sequences F ab — {F, }ZO:O’ a, b € Z, defined by the recurrence relation
F,+1 = F, + F,_, with initial values Fy =a, F; =b.

Classical results show that 4 is the largest perfect square in the Lucas sequence
and that 144 is the largest perfect square in the Fibonacci sequence [Cohn 1964].
Subsequently, much work was devoted to studying perfect powers in the Fibonacci
and Lucas sequences, leading to their determination in [Bugeaud et al. 2006, §2].
This motivates the following natural question:

Question 1. For which polynomials g € Q[x] does F ab 4 b e Z, contain only
finitely many values from g(Z)?

The following theorem answers the question when g is not a Dickson polynomial
composed with linear polynomials. For m € Q*, denote by Dy ,,, € Q[x] the Dickson
polynomial of degree d, that is, the unique polynomial of degree d satisfying

m d md
Dgmlx+—)=x"+ -
X X
Define the (normalized) Chebychev polynomial of degree d to be T, := Dy 1.
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Let ¢ denote the golden ratio (1 + \/3) /2, and let x, ; represent the norm of
a+bg € Z[p], so that xa = Nzp1jz(a +bp) = a* +ab — b>.

Theorem 1. Let F*?, a,b e Z, bea generalized Fibonacci sequence, and g(x) €
Qlx] a polynomial of degree d > 1. Assume that g(x) # oy q4.mDam(pu(x))
for all linear p € Q[x] and m € Z \ {0}, where oy am = £/ —x/(5m?) for
X = Xab OF —Xap. Then F%P contains only finitely many values from g(Z);
that is, #(g(Z) N F?) < oo. In particular, F*" contains only finitely many perfect
squares.

If g(x) is of the form oy 4.mDam(u(x)), then oy 4,» € Q, and hence —5x
is a square if d is even, and —5m is a square if d is odd. Also, flipping the
sign of x = x4 corresponds to shifting the sequence by one element, that is,
Xb,a+b = — Xa,b-

We note that the sequence F*? may indeed have infinite intersection with
*ay,q4,1T4(Z). For example, the Lucas sequence, which has [x» 1| = 5 and satis-
fies the identity L,, = L,21 — (—=1)" -2 [Cohn 1964, (3)], has infinite intersection
with g(Z) for g(x) = T»(x) = x> — 2 and for g(x) = —Tr(ix) = x> + 2, where
i = +/—1. The Fibonacci sequence, which has |xo 1| = 1 and satisfies the identity
Fs, = 5Fn3 + 3(—1)"F, [Nagy et al. 2019, Table 2], has infinite intersection with
g(Z) for
g(x) = 1y (V5x)=5x-3x and g(x)=-— !

5 TS
Also note that in all examples the values {n : F,, € g(Z)} constitute the union of
arithmetic progressions up to a finite set, as shown in the final assertion of [Corvaja
and Zannier 1998, Theorem 2] (applied to F (X, Y) =X — g(Y)).

Since x? # Dy, (x) for m # 0 (as (x +m/x)? # x¢ + m?/x?) for d > 2,
Theorem 1 implies there is a finite number of d-th powers in any generalized
Fibonacci sequence. Note that the theorem does not give a uniform bound for all
d > 0, and hence does not generalize [Bugeaud et al. 2006]. Finally, we note that
the proof of the theorem is effective, generalizes to number fields and to other
recurrence sequences; see Remark 6.

T5(v/—5x) = 5x° + 3x.

2. Preliminaries

2.1. Chebyshev and Dickson polynomials. Recall that T; € Z[x] denotes the nor-
malized' Chebyshev polynomial, that is, the unique degree-d polynomial which
satisfies Ty(x + 1/x) = x? 4+ 1/x% For an algebraic m € C \ {0}, the Dickson
polynomial Dy, € Q(m)[x] satisfies Dy, (x +m/x) = x4+ md/xd [Schinzel

IThe usual Chebychev polynomials are %Td(zx); see [Zieve and Mueller 2008, §3].
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2000, §1.4, Corollary 2]. Thus
d d dj2
Dd,m<x+;)—x +x_d_m (W—i_x_d)

:md/sz(%—i—@)=md/2Td<%(x+%>>' (H

Two polynomials f, g are called equivalent if f = ¢ o g o £, for some linear
21, £, €C[x]. We use the following well known fact [Schinzel 2000, §1.4, Lemma 4]:

Lemma 2. Suppose g(x) € Clx] is of degree d > 1 and satisfies

(g(x) —a(g(x) —az) = (x —r))(x —r))R(x)?
for complex ay # ay, r1 # ry, and R(x) € C[x]. Then g(x) =€) 0Ty 04,, where

Li(x) = :I:a1 ;(lzx + a -;az and Ez_l(x) = dl ;rzx il —;m.
Similar results to the following lemma and corollary are well known in particular
cases, including p(x) = Ty(x) [Lidl et al. 1993, Lemma 6.15]. Since the proof

appears to be new, we give it here:

Lemma 3. Let K C C be a subfield, ¢ € C*, and u(x) € Clx] \ K[x] be of
degree 1. Suppose that all roots of p(x) € K[x] are real, and the minimal root r
is different from the maximal one R. If ep(u(x)) € K[x], then R +r € K and
w(x) = /mn(x) + (R +r)/2 for linear n € K[x], and m € K*. Furthermore,
se€/m-Kif p(x — (R+r)/2) is an odd polynomial, and ¢ € K otherwise.

Proof. Let A be the set of roots of p(x). Notice that w~'(A) is the set of zeros
of g(x) :=ep(u(x)) € K[x]. Since p(x), g(x) € K[x], both A and w'(A) are
invariant under every K-automorphism o, giving

nH(A) =o' (A) =0 (w0 (A) = H(A).

Write ! (x) = yx +8, so that o (u 1) (x) = o (¥ )x +0 (). Note that the points
of A lie on a segment whose endpoints are R, . Thus the points ;2! (A) lie on a seg-
ment in C whose end points are either (W 'R, w ' ()= (W™ H(R), o (u "))
or (W '(R), u'(r)) = (e (u=H(r), o (") (R)). In the former case

Ry +é=Ro(y)+0(d),

2
ry+d=ro(y)+o(d),
while in the latter, the ends flip:
Ry +8=ro(y)+0(),
3

ry +8=Ro(y)+o(8).
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Since R #r, for o in case (2), we have 0 (§) =6 and o (y) = y. For ¢ in case (3),
o flips the ends, and hence o2 fixes them, so that o2 is in case (2), that is 02(8) = 6.
Moreover, taking the difference of the two equations in (3) gives o (y) = —y. Since
o (y) = %y for every K -automorphism o, we have y = \/m for m € K. Plugging
this into (3) gives (R +r)/m = o (8) — 4.

Since (2) and (3) imply that every K-automorphism that fixes y = /m also
fixes §, we have § = a + by/m € K[/m]. If R = —r, for o as in (3) we also have
0 (8) =4, and hence § € K. Otherwise, case (3) gives (R +r)y = 2by, and hence

R+r
b= K
) €
and R+r
u_](x):«/m(x—l——2 )—l—a fora e K.
Thus . | ( ) R4r
xX)=—((x—a)—
W= 2

Note that since u is assumed not to be in K[x], case (2) holds for some o and
hence R +r € K.

Write
+r

R
q(x) = p(x — T) € K[x],
and
R
k) + = = )

for a linear n € K[x], so that ep(u(x)) = eq(/mn(x)) and hence egq(/mx)
are in K[x]. If ¢ is odd, then g(y/mx) = /ms(x), where s(x) € K[x]; thus
& -/m € K. Otherwise, ¢ has at least one nonzero monomial of even degree, say
equm*x®* e K - x?f with gy € K \ {0}, so that ¢ € K. O

Corollary 4. Let K C C be a field and d > 2 an integer. Suppose q(x) :=
eT;(ju(x)) € K[x]for e € C* and linear u € C[x]. Then q(x) =em/?> Dy ,,(mn(x))
for m € K* such that em%/* € K, where n(x) = u(x)//m € K[x].

Proof. All roots of T;(x) are real, the maximal root is R = 2, and the minimal root
isr=—2. If u € K[x], then ¢ € K, and the claim follows with m = 1. Otherwise, as
R+r =0, Lemma 3 yields that u(x) = «/mn(x) € K [x] for some m € K*. Since in
addition Ty (x) =m~%? Dy ,,(v/mx) by (1), we get g (x) = em?/> D4, (mn(x)). O

2.2. Siegel’s theorem. We shall also use the following explicit version of Siegel’s
theorem [LeVeque 1964, Theorem 1] for the special case of hyperelliptic curves:

Theorem 5. Let f(x) € K[x] be a polynomial of degree > 3 over a number field K
which factors as f(x) =a [[;_,(x —a;)"" for distinct o; € C, fora € K, and integers
ri > 1. If y*> = f(x) has infinitely many solutions in the ring of integers of K, then
at most two of the r; are odd.
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Inthe case K =Qand u(x) =), a;x' € Q[x] has at least three distinct simple
roots, Baker [1969, Theorem 2]> gave an (exponential) bound on max{|x|, |z|} for
solutions (x, z) to z2 = u(x), in terms of max{|a;| :i =0, ..., n}. In other words,
the solution to z2 = u(x) is effective.

An effective solution to y> = f(x) can be deduced in the case at least three
of the multiplicities r; of roots of f are odd. Indeed, this case reduces to the
situation in Baker’s theorem by a variable change z = y/ h(x)2 where h(x) € Q[x]
satisfies i1(x)? | f(x)and f(x)/ h(x)?is square-free, since the resulting equation is
22 = u(x) with u(x) = f(x)/h(x)? has at least three simple roots.

3. Proof of Theorem 1

Recall that to a generalized Fibonacci sequence F®?, we attach x, , = a® +ab —b.
Note that x,.j, # 0 for (a, b) € Z>\ {(0, 0)}. Indeed, if a> + ab — b> =0, then

:ai@:a(liﬁ).

b
2 2

Since a, b € Z, this implies x,, =0if and only if a = b =0.

Proof of Theorem 1. If a = b = 0, the only element in the sequence is 0, and the
theorem holds trivially. Henceforth, as above, we may assume y, , 7% 0. We first
claim that each element of F%" gives rise to a unique integer solution to one of the
two equations y2 =5x24 4xq.p given by (x,y) = (Fp, ,/5F,12 —4x4.p) for even n,
and (x, y) = (Fy, \/5F?+4x4.) for odd n. This is a consequence of the following
generalized Cassini identity. By the definition of F,, we have

<Fn+2 Fn+1) _ <1 1) (Fn+1 Fy )
Fn+1 F, 10 F. F,
and hence inductively one has
Fupr Fupr) _ (1 1\ (a+b b
F..1 F, )] \10 b a)’
Taking the determinants of both sides gives the generalized Cassini identity:
Fup2Fy— F2 = (=1)"(a® +ab —b?).

Substituting F,» = F,, + F,+; into the equation, we have the quadratic equation
in Fq
F;12 + FnF,H_] — Frlz+1 = (—l)nXa,b,

and hence

Fy 4 /SF>+ (=1)"dy,,

Fn+1: )

2Since then considerably better bounds have been found.
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It follows that 5Fn2 +4(—1)"*! Xab = y2 for some y € Z, proving the claim.
Hence, to prove the theorem it suffices to show that if one of the equations

y2=5g(x)2+4x, with x = Xa.p OF —Xa.b» 4)

has infinitely many solutions (x, y) € 72, then g(x) =ay da.mDam(u(x)) for some
linear u € Q[x] and some m € Z, with d = deg g. Without loss of generality assume
the equation with x = x, 5 has infinitely many solutions.

Set f(x):=5g(x)’>+4x, d:= deg(g), and write f(x) =« ]_[f-‘:l (x—x;)" eClx].
As deg f >4, if y?> = f(x) has infinitely many solutions (x, y) € Z2, then Theorem 5
implies that at most two of the r; are odd.

The case where exactly one of the ; is odd, contradicts deg f = 2d is even. In
the case all r; are even, f(x) = h(x)? for some h € C[x]. As x # 0, we have

deg(f — g%) = deg(h® — 5g°) = deg(h — ~/5g) +deg(h +v/5g) =0,

and so deg(h ++/5¢) = 0. This shows that g is constant contradicting d > 1.
If exactly two of the r; are odd, say ry, r», we have the decomposition

(g(x) - 2,/—%) (g(x) +2 —g) = f(;)= (x — x1)(x — x2) R(x)>

for R(x) € C[x], and hence Lemma 2 with a; = —a; = 2./—x /5 implies

g(x) = i,/—%rdwz(x))

for some linear ¢, € C[x].
Corollary 4 then implies £ (x) = (1/4/m)u(x) for some u € Q[x], and m € Z\ {0}.

Furthermore, it shows
X
gx) ==,/ i Dy m(p(x))

[ X
Oy dm= + —% e Q.

Finally, to see that g(x) = x? is never of the above form, note that 0 is a branch
point of g(x), that is, the value of g at a root of g’(x). On the other hand, 0 is never
a branch point of o, 3,y D2 (X). O

Remark 6. (1) The proof shows that if g(Z) N F*? is infinite and d = deg g is
even, then x = x,.» < 0. Together with the above observation that F, € g(Z) gives
a solution to (4) with x = x,., for odd n, and with x = —x, ; for even n, this shows
that F*? intersects g(Z) infinitely often at only one residue class of n mod 2.

with

(2) In the case g(Z) N F @b is finite, Theorem 1 is effective, that is, gives an
(exponential) bound on the largest value of n for which F, € g(Z), in terms of
the coefficients of g and y, . Indeed, since the coefficients of f are bounded in
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terms of the coefficients of g and x, 5, and since Siegel’s theorem is applied to the
hyperelliptic curve y?> = f(x) in the case f(x) has at least three roots with odd
multiplicity, Baker’s theorem gives the desired bound as described in Section 2.2.

(3) Finally the proof extends to the recurrence relations G4, = +G, + BG4 for
rings of integers R = Ok of number fields K, and B € R. The main modification
is replacing 5 by B? + 4u.

Theorem 7. Let R = Og be the ring of integers of a number field K and G*?,
a,b € R, be the sequence given by Go =a, Gy =b,and G,1» =uG,+ BG4 for
ue{l,—1},and B € R. Assume B> +4u & R?, and set xg :=ua”+ Bab —b>. Let
g(x) € K[x] be a polynomial of degree d > 1 different from Loy 4mDa m(iu(x))
for all linear u(x) € K[x], m € R and

x -m4
Cpodom = CB244y’

where y = —x¢ ifu=—1and x € {xg, —xc} ifu=1. Then #(g(R)NG*?) < cc.

Proof. First note that xg # 0 since

B+ +vBZ+4u
—_—

b ;
a 2

as B> +4u ¢ R%.
We adjust the relevant parts from the proof of the main theorem. In the generalized
Cassini identity, we have the equation

Guny2 Gur1 _ (B u\ (G Gy

Gnt2 Gui1\ _ (B u\ (Bb+tua b
Guy1 Go ) \10 b a)

Thus, by taking determinants we find that

and by induction

Gn+2Gn - G’21+] = (—u)"(ua2 + Bab — bz)
Setting xG = ua’® + Bab — b?, we get the equation

uG, +BG,Gpy1 — Gy = (—1)" G-

and hence

BG, +/B2G% +4uG2 — 4(—u)"x¢

Gut1 = )
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Thus (B? + 4u)G2 — 4(—u)"xc = y*, y € R, yielding the analogous equation
to (4):
V= fx) = (B +4u)g(x)* +4x,

where y = —xg when u = —1 and it takes two possible values x € {xg, —xc}
when u = 1. Similarly to the proof of Theorem 1, an application of Theorem 5
shows that there are finitely many solutions in O to the equation y*> = f(x) if
f(x) has at least three roots of odd multiplicity. Again, it cannot have a single
root of odd multiplicity since f is of even degree, and f(x) cannot be a square
since then f(x) — (v/B2 +4ug(x))?> =4x # 0 is a nonzero constant difference of
squares in C[x]\ C. Thus

f(x) = (x —x1)(x —x2) R*(x)

for distinct x1, x, € C and R(x) € C[x]. Lemma 2 applied to the decomposition

/ X / X )_ f(x)
(g(x)—Z _Bz+4u><g(x)+2 CB2+4u)  B2+4u’

gives
X
=+ |———-T; .
gx) ==/ B+ a(l2(x))
The result now follows from Corollary 4. U
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