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Set-valued domino tableaux and
shifted set-valued domino tableaux

Florence Maas-Gariépy and Rebecca Patrias

(Communicated by Kenneth S. Berenhaut)

We prove K-theoretic and shifted K-theoretic analogues of the bijection of
Stanton and White between domino tableaux and pairs of semistandard tableaux.
As a result, we obtain product formulas for certain pairs of stable Grothendieck
polynomials and certain pairs of K -theoretic Q-Schur functions.

1. Introduction

Recall that a partition is a finite, nonincreasing sequence of positive integers
A = (A1, ..., ;) and that any partition can be identified with the corresponding
Young diagram — a left-justified array of boxes with A; boxes in the i-th row from
the top. A filling of the boxes of a Young diagram with nonnegative integers such
that entries weakly increase across rows and strictly increase down columns gives a
semistandard Young tableau. The Schur functions are symmetric functions that are
indexed by partitions. Each element of the set of Schur functions can be defined as a
weighted generating function of semistandard Young tableaux of the corresponding
partition shape. The set of Schur functions forms a linear basis for the ring of
symmetric functions and appears naturally in many areas of mathematics including
representation theory, Schubert calculus, and gauge theory.

Of particular interest is the question of how to express a product of two Schur
functions since the answer has meaning in the fields mentioned above. One way
to answer this question for certain products is to consider domino tableaux, where
a domino tableau is an array of dominoes (2 x 1 and 1 x 2 pieces) in the shape
of a Young diagram, where each domino is filled with a positive integer, rows are
weakly increasing and columns are strictly increasing. D. Stanton and D. White
[1985] proved that for arbitrary partitions w and v, the product s,.s,, can be written
as a sum of weighted generating functions of domino tableaux. Their proof was
later simplified by C. Carré and B. Leclerc [1995].

MSC2010: 05SEQ05.
Keywords: set-valued tableaux, Schur functions, stable Grothendieck polynomials, Lagrangian
Grassmannian.
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A well-known analogue of the Schur functions is the set of Q-Schur functions
{0,}, which are indexed by partitions A = (A1, Ap, ..., A;) with A, > ¢. Z. Chemli
[2016] introduced the notion of a shifted domino tableau and proves the analogue of
the Stanton—White result in this setting. Namely, he proves that for shifted partitions
w and v, the product Q,, Q, can be written as a sum of weighted generating functions
of shifted domino tableaux.

In addition to this shifted analogue of the Schur functions, there is also a natural
K -theoretic analogue called the stable Grothendieck polynomials, denoted by G
[Fomin and Kirillov 1996; Buch 2002]. Combinatorially, we obtain the stable
Grothendieck polynomials by allowing finite, nonempty subsets of positive integers
to fill the boxes of a Young diagram instead of only allowing single entries. The
stable Grothendieck polynomials are called K -theoretic analogues because where
there is a deep connection between Schur functions and cohomology of the Grass-
mannian, there is the same connection between stable Grothendieck polynomials
and K-theory of the Grassmannian. A reader unfamiliar with cohomology theory
and K -theory need not worry; we will only address the combinatorial properties
of these symmetric functions. There is also a natural K-theoretic analogue of
the Q-Schur functions, i.e., a natural shifted analogue of the stable Grothendieck
polynomials [Ikeda and Naruse 2013; Graham and Kreiman 2015], denoted by GQ.
The GQ, appear in the study of the K-theory of the Lagrangian Grassmannian.

In this paper, we prove the K-theoretic analogue of both the Stanton—White
result and the Chemli result, thus obtaining product formulas for pairs G, G, and
G0, GQ,. Note that G,G, and GQ,GQ, expand positively in terms of the G,’s
and GQ,’s, respectively; however, no combinatorial description of this GQ,GQ,
expansion is known. To obtain our results, we introduce the notions of set-valued
domino tableaux and shifted set-valued domino tableaux.

The paper proceeds as follows. In Section 2, we review the necessary combi-
natorial background for the rest of the paper: tableaux, Young diagrams, symmetric
functions, and Schur functions. Section 3 gives an introduction to domino tableaux,
and Section 4 explains the bijection that leads to the result of Stanton and White.
In Section 5, we introduce the stable Grothendieck polynomials and set-valued
domino tableaux, and we prove the K -theoretic analogue of the Stanton—White result.
Section 6 gives the necessary background on Q-Schur functions, shifted Young
tableaux and shifted domino tableaux, and reviews the result of Chemli. We conclude
in Section 7 by proving the shifted K -theoretic analogue of Chemli’s result.

2. Preliminaries

We begin by reviewing basic notions related to symmetric functions, partitions, and
Young tableaux. We refer the reader to [Stanley 1999] for a more in-depth study of
these topics.
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2A. Partitions and tableaux. A partition is a finite, nonincreasing sequence of
positive integers A = (A, ..., Ax). We say that A is a partition of n, written A - n
or |A| =n, when Ay + - - - + A = n. For example, (2, 1, 1) is a partition of 4, and
there are five partitions of 4 in total. To each partition, we can associate a Young
diagram: a left-justified array of boxes with A; boxes in the i-th row from the top.
We often equate a partition A with its Young diagram. The Young diagrams for the
partitions of 4 are shown below:

i F BB o

A semistandard Young tableau of shape A is a filling of the boxes of the Young
diagram of shape A with positive integers such that the entries weakly increase

from left to right along rows and strictly increase down columns. A standard
Young tableau of shape A - n is a semistandard Young tableau of shape A such
that each positive integer 1, 2, ..., n appears exactly once. For a semistandard
Young tableau 7, let sh(7") denote the shape of T and |T'| denote the number of
boxes of T or, equivalently, the number of entries in 7. For example, 77 below
is a semistandard Young tableau and 75 is a standard Young tableau. We see that
|T1| = |T2| = 11 and sh(T1) = sh(T7) = (5, 3, 3):

7= L[ 1[1]3]4] g 1]3][4]9]11]
3[3]5 2[5]7
4157 6[8]10

Consider a semistandard Young tableau as sitting in the southeast quadrant of
the plane with top left corner at the origin and each box of side length 1. Notice
that each cell of the tableau is crossed by a unique diagonal Dy, where Dy is
the line —x + k for some k € Z. For example, the boxes of 7, with entries 1, 5,
and 10 lie on Dy, while the boxes with entries 2 and 8 lie on D_. The diagonal
reading word of a semistandard tableau 7" is the word obtained by reading the
entries along each diagonal from northwest to southeast starting with the bottom
diagonal. We insert the symbol “/” between the segments obtained from each
diagonal. For example, the diagonal reading words for 77 and T, are respectively
4/3,5/1,3,7/1,5/1/3/4and6/2,8/1,5,10/3,7/4/9/11. The diagonal
reading word of a semistandard Young tableau defines it uniquely, a property that
we will use in Theorem 4.1.

2B. Symmetric functions. A weak composition is a countable sequence of non-
negative integers o = (a1, &2, . . . ) such that only finitely many «; are nonzero. Let
S, denote the symmetric group of order n!, the group of all permutations of the set
{1,2,...,n}.



724 FLORENCE MAAS-GARIEPY AND REBECCA PATRIAS

Let x = (x1, x2, .. .) be a countable set of variables, and for a weak composition «,
define x* to be x{"'x3? - - -. A symmetric function is a formal power series f(x) =
> o Cax® such that ¢, € R and such that, for any nonnegative integer n and any
o €S,

fGoy, X62)s -+ s Xo ) Xnt1s -+ ) = fX1, %2, ...).

We say that a symmetric function is homogeneous of degree n if each of its mono-
mials has degree n. We denote the set of homogeneous symmetric functions of
degree n by A" and the set of symmetric functions by A.

For example,

f(X) :inxj :x12+X1XQ+x1x3+... EA2
i<j
is a homogeneous symmetric function of degree 2,
g(x) = x +Xz+~-+x12+x§—|—---eA

is a symmetric function but is not homogeneous of any degree, and

h(x)=x1+ Z xiz
i . . ieN
is not a symmetric function.
It is easy to see that A is an algebra with identity element 1 € A°. In other words,

A is an R-vector space under addition and a ring under multiplication.

2C. Schur functions. The algebra of symmetric functions has many nice bases,
which are well studied. We next introduce one such basis: the basis of Schur
functions. This basis is of great interest because of its connections to other areas of
mathematics. For example, Schur functions are closely related to the irreducible
representations of both the symmetric group and the general linear group. They
also appear in the area of Schubert calculus as a tool for computing the structure
constants in the cohomology ring of the Grassmannian. There are many ways to
define the Schur functions and we use the combinatorial definition.

Let T be a semistandard Young tableau. We can associate a monomial x” in
the variable set (xq, xp,...) to T by letting the exponent of x; be the number
of times the entry i appears in 7. For example, x/1 = x13x33xfx52x7 and x =
X1X2X3X4X5X6X7x8X9Xx10X11 for T1 and T, from Section 2A.

The basis of Schur functions is indexed by partitions. We define the Schur

function s, by
s =s(x) = Z x’,
sh(T)=*
where we sum over all semistandard Young tableaux T of shape A. Note that if
A n, then s, € A" It is easy to see that each monomial has degree n, but it is not
obvious from the combinatorial definition that s, is indeed symmetric.
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Example 2.1. We can compute that
.2 2 2 2 2 2 2
$@2,1) =X7X2 +X7X3F XX +X1X) +X1X2X3 + X1 X2X3 +X1X5 +X5X3+X0X3+ -+,

where the monomials given correspond to the semistandard tableaux below:

Ll (o] [a]o] [of2] [a]2] [1]3] [1]3] [2]2] [2]3]
2 3 9 2 3 2 3 3 3

Since the Schur functions form a linear basis for A, we know that we can express
any product ss, as a finite sum of Schur functions: sys, = ., ¢; ,sv. This
idea has applications in representation theory and Schubert calculus, as mentioned
above, and has been very well studied. The coefficients c;_ ,, are called Littlewood—
Richardson coefficients, and there are many combinatorial rules for computing them.
In Theorem 4.2, we give a rule for expressing this product as a sum over domino
tableaux for certain pairs s, and s,,.

3. Domino tableaux

First, define a domino tobe a2 x 1 or 1 x 2 rectangle inside of a Young diagram.
The shaded shapes below are both dominoes.

ﬁl

We say that a Young diagram is pavable if it can be written as the disjoint union
of dominoes. The reader may verify that the partition (2, 2, 2) is pavable, while
the partition (5, 5, 5) shown above is not (it has an odd number of boxes) and the
partition (5, 3, 3, 2, 1) is not. If A is pavable, we call any such covering a domino
paving.

Definition 3.1. A domino tableau of shape A is the filling of a domino paving of A
by positive integers such that

« entries weakly increase from left to right and

« columns strictly increase from top to bottom.

We again think of the top left corner of a domino tableau as sitting at the origin
of the plane. In this setting, each domino in a domino tableau is crossed by a
unique diagonal Dy; of equation —x 4 2k. We define the diagonal reading word
of a domino tableau to be the integer sequence obtained by reading northwest to
southeast along each diagonal Dy, starting with the bottom diagonal. We again
separate the entries on distinct diagonals with a slash. Unlike for the diagonal
reading of semistandard Young tableaux, the diagonal reading of a domino tableau



726 FLORENCE MAAS-GARIEPY AND REBECCA PATRIAS

does not define it uniquely. For example, the diagonal reading “1” could refer to a
single vertical domino or a single horizontal domino.

Example 3.2. The following figure represents a domino tableau of shape (5, 4, 2, 1)
with its diagonals. The diagonal reading word of this tableauis2/1,3/1,6/5:

We can divide the dominoes of a domino paving into two categories depending
on how they are cut by a diagonal Dy:

(1) We call a domino a type-1 domino if the small triangle cut by the diagonal

points upward: i

(2) We call a domino a type-2 domino if the small triangle cut by the diagonal

points downward:
)

We next define the 2-quotient of a partition L = (A, ..., Ax) F n, a pair of
partitions (u, v) obtained in the following way:

(1) First define L = (I1,1p,...,Ix), where l; = A; +k—i fori e{l1,2,...,k}.

(2) Let M be obtained from L by successively replacing the even components of
Lby0,2,4,...from right to left and the odd components by 1, 3,5... from
right to left.

(3) To obtain pu, subtract the even components of L by the even components of M
and divide by 2. Delete the components that are 0.

(4) To obtain v, subtract the odd components of L by the odd components of M
and divide by 2. Delete the components that are 0.

Example 3.3. Let A = (4,2,2,1, 1, 1). Then we have

(1) L=(4+6—1,246—2,246—3,14+6—4, 1+6—5, 1+6—6)=(9, 6, 5,3, 2, 1),
2 M=(,2,5,3,0,1),

(3) u=1((6,2)—(2,0)) = 3(4,2) = (2, 1), and

@ v= %((9, 5,3,1)—(7,5,3,1)) = %(2, 0,0,0)=(1,0,0,0)=(1).

Thus the 2-quotient of (4, 2,2, 1, 1, 1) is the pair ((2, 1), (1)).
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Note that this process is reversible; i.e., every pair of partitions (u, v) is the
2-quotient of some partition A. We discuss the reverse procedure in the next section.

4. Bijection between domino tableaux and semistandard tableaux

We now describe the bijection used to prove the following theorem. Our main result
of Section 5 is a generalization of this theorem, so it will be useful in later sections
to understand this bijection.

Theorem 4.1 [Carré and Leclerc 1995; Stanton and White 1985]. Let A be a pavable
partition with 2-quotient (i, v). There is a bijection between the set of domino
tableaux of shape ). and the set of pairs of Young tableaux (t, t;) of shape (u, v).

Theorem 4.1 is proven by giving an explicit bijection I" that sends a domino
tableau to the associated pair of Young tableaux. The bijection I" consists of
considering the diagonal reading of entries in type-1 dominoes and of type-2
dominoes separately. More precisely, let T be a domino tableau, and form the
diagonal reading word for 7. Let w; be the word obtained by restricting this
diagonal reading word to the entries that come from type-1 dominoes and let w, be
the word obtained by restricting the diagonal reading word for T to entries coming
from type-2 dominoes. We then let semistandard tableau #; be the unique Young
tableau with diagonal reading word w; and let #, be the unique Young tableau with
diagonal reading w,. We illustrate this bijection below using an example:

22
3 2|2
1 4 o > VR— =n
—1 213 4 N D 3
> Typel . . Do —
202 " D, 4
T=|" 4 D, L]
- S * Dy
3 .
"D,
4 Dy Type 2
— D_, 103 4
D_y A SN 1134
. NN Dy E— =0
S Dy 2| 4
Dy
"D,
“D_

We leave it to the reader to verify that the 2-quotient of sh(7T') = (6,4, 4,2, 1, 1)
is ((2, 1, 1), (3, 2)), the shape of (¢, 12).

The inverse algorithm, ', consists of recursively constructing the domino
tableau of shape A associated to a pair of Young tableaux (1, ;) of shape (u, v),
where (u, v) is the 2-quotient of L. At any step, we have a pair of Young tableaux

(tl(i), tz(i)) of shape (1), v®) and the associated domino tableau 7 of shape A,
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We start the algorithm with @ = v© = 1@ = & The algorithm stops when
(tl(s), tz(s)) = (t, ). Then we have that the domino tableau associated to (¢, t»)
is 7). We now describe the i-th step of the algorithm.

Let u; be the smallest value appearing in (¢, ;) that does not appear in
@70 D). We build (117, 1) of shape (u®, v®) by adding to (¢ ", 1" ~")
all cells of (#1, t,) with value u;, while preserving their original position.

To construct the domino tableau 7 of shape 1), we use the following procedure
for each diagonal, starting with the bottom diagonal: For all cells in tl(i) (resp. tz(i))
containing the value u; on diagonal Dy, we add to T~ a type-1 domino (resp. a
type-2 domino) with entry u; on the corresponding diagonal Dy;. We then get the
associated domino tableau T of shape A,

Below is an example of I'"! applied to the pair of Young tableaux

2 2\’ 1]3]4]
(tl,t2)=(3 214 )
4]

Notice that we recover the tableau 7' from the previous example:

W (@)~ 1]
1

dE :
o (DA~ 1T,

1
213
3) (éz‘,i3‘>—> 2|
3
1 4
213
212] [1]3]4] 22—,
(4)(3 214 )—)
vy 3
4

The following is a corollary of Theorem 4.1. It is important to note that this
result holds for any pair of partitions (i, v) because we can reverse the 2-quotient
procedure, as illustrated in the example of ' ! above.

Theorem 4.2. Let A be a partition with 2-quotient (i, v). Then
SuSy = Z xT,
T

where T runs over the set of domino tableaux of shape ).
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Proof. Each term in the product s,,s, is represented by a pair of semistandard Young
tableaux of shape (u, v). Theorem 4.1 says that these pairs are in bijection with
domino tableaux of shape A, and the domino tableau associated to a pair (¢, f) has
the same multiset of entries as (¢, t>). O

5. K-theoretic generalizations

5A. Stable Grothendieck polynomials. K -theory is a generalized cohomology
theory. As mentioned in Section 2C, the Schur functions are deeply connected
to the cohomology of the Grassmannian, and play a very specific role in that
cohomology. It turns out that there is a generalization of the Schur functions that
plays the same role in the K-theory of the Grassmannian; these symmetric functions
are called the stable Grothendieck polynomials and are denoted by G, where X is
a partition. We will only discuss the combinatorics of K -theory here, and it is not
necessary for the reader to have any prior knowledge of the geometry.

Stable Grothendieck polynomials were introduced in [Fomin and Kirillov 1996]
as certain limits of Lascoux and Schiitzenberger’s Grothendieck polynomials [1982].
We will give the combinatorial definition first explicitly written in [Buch 2002]. The
rough idea is that G, is defined in the same way as s, except that we are allowed
to fill the boxes of A with finite subsets of integers instead of just single integers.
To this end, we first define a partial ordering on subsets.

Let A and B be finite, nonempty sets of positive integers. We say that A < B
if max(A) < min(B) and A < B if max(A) < min(B). For example, {1, 3,4} <
{4,6,7,33}, {1, 3,4} < {5}, and {1, 3, 4} is not comparable to {2, 5, 7}.

Definition 5.1. Let A be a partition. A semistandard set-valued tableau of shape A
is a filling of the Young diagram XA with finite, nonempty sets of positive integers
such that

« entries are weakly increasing from left to right along the rows and

e entries are strictly increasing down columns.

Given a semistandard set-valued tableau 7, we may again associate a monomial

X

’

T _ o (T) ax(T) a3(T)
=X, Xy Xy e

where «; (T) is the number of occurrences of i in 7. We let |T'| denote the sum of
the sizes of the sets that fill T or, equivalently, the total number of integers filling 7.
To illustrate, the tableau 7 shown below has x” = x 1x32x4x6x7x9 and |T|=8:

T —[13]3 |67
459
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Note that if we pick one representative from each box of a semistandard set-valued
tableau of shape A, we obtain a semistandard Young tableau of shape A.

We can again define the diagonal reading word for a set-valued tableau T in a
similar way. We will read the entries northwest to southeast along each diagonal,
starting with the bottom diagonal. The only difference with the diagonal reading of
a semistandard Young tableau is that we use braces to identify the elements of a
set that has more than one element. For example, the diagonal reading word for
tableau T above is 4 / {1, 3}, {5,9} /3 / {6, 7}. Just like for semistandard tableaux,
the diagonal reading of a set-valued tableau defines it uniquely.

Definition 5.2 [Buch 2002]. Let A - n. The stable Grothendieck polynomial G, is
Gi= ) (=DIHT,
sh(T)=A
where we sum over all semistandard set-valued tableaux 7 of shape A.

Example 5.3. We have
2 2.2 2 2
G(z,l) =Xxi{x2+ 2X1X2X3 — X1Xx5 — 3x1)C2)C3 + 3xzx6x7xg +...,

where the terms shown correspond to the tableaux below:

1 1‘ 1 3‘ 1 2‘ 11,2‘ 11,2‘
2 2 3 2 3

1 1,3‘ 1 1‘ 2,6 7‘ 2,6 7,8‘ 2 6,7‘
2,3 7,8 7 7,8

Note that there are additional tableaux with monomial XZX6X72.X8, so the coefficient
of X2X6X%X8 in the full G(2,1) is greater than 3.

Notice that since the set of semistandard Young tableaux is contained in the set
of semistandard set-valued tableaux, G, will contain s, as the set of terms of lowest
degree. This observation shows us that G, is a generalization of s,, and, in particular,
any formula we have for expressing a product G, G, in terms of stable Grothendieck
polynomials will restrict to a formula for s,,s5,, upon restriction to the lowest-degree
terms. Notice also that the monomials of G, have arbitrarily large degree.

5B. Set-valued domino tableaux. In this section, we introduce the notion of a
set-valued domino tableau. We will use this object to prove a K -theoretic analogue
of Theorem 4.1.

If F is a domino filled with subset A, let max(F) and min(F) denote max(A)
and min(A), respectively. We say a (square) box of a partition is in position (i, j)
if it is in the i-th row and j-th column of that partition. Suppose the top left square
of domino F is in position (7, j) of pavable partition A. We say that domino F; is
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weakly southeast of domino F) if F, intersects a box of A in position (k, £) with
k>1i and £ > j. In other words, at least part of F, is weakly southeast of the top
left square of Fj.

Definition 5.4. A set-valued domino tableau of shape . is the filling of a domino
paving of A with finite, nonempty sets of positive integers such that:

(1) Restricting to the minimum entry in each domino yields a domino tableau.

(2) If F and F, are dominoes of the same type on neighboring diagonals and F»
is weakly southeast of Fp, then
e max(F;) <min(F,) if Fy is located on Dy and F> is on Dy 1),
e max(Fj) < min(Fy) if Fj is located on D1y and F; is on Dy.

Another way to state the first condition is that the minimum entries in the
dominoes weakly increase from left to right along rows and strictly increase down
columns.

For T a set-valued domino tableau, we again let | 7| denote the total number of
positive integers in the filling. We can also define a diagonal reading word to be the
sequence obtained by reading northwest to southeast along each diagonal Dy, start-
ing with the bottom diagonal, and separating entries on distinct diagonals with a slash.
We use braces to identify the elements of a set that contains more than one element.

Example 5.5. A set-valued domino tableau of shape A = (6, 5, 5, 3, 1) is shown
below:

a2 [ [es ‘
—13.714.6 —
34| 3 F—— o9
—| 789 |
r= - - s Dy
n100 |
5 N R D,
N \\\ . DO
b,
D,

Notice, for example, that the entry {3, 4} appears to the left of the entry {3}.
This is acceptable because the corresponding dominoes have different types, and
we therefore must only check that the minimum entries are weakly increasing
across rows and strictly increasing down columns. Its diagonal reading word is
5/1{3,4},10/{1,2},3,{7,8,9} /{3,7}, {4,6},9/{6,8} and |T| = 17.

We may now prove our main result of this section.

Theorem 5.6. Let A be a pavable partition with 2-quotient (i, v). There is a
bijection between the set of set-valued domino tableaux of shape A and the set of
pairs of semistandard set-valued tableaux of shape (., v).
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Proof. To prove this theorem, we generalize the maps I' and I'™! from the proof
of Theorem 4.1. We denote our generalized bijection by I'* and describe how it
maps a set-valued domino tableau of shape A to a pair of semistandard set-valued
tableaux (1, t2) of shape (i, v), where (u, v) is the 2-quotient of X.

Let T be a set-valued domino tableau of shape A and form the diagonal reading
word for 7. Let w; be the word obtained by restricting this diagonal reading word
to the entries that come from type-1 dominoes and w; be the word obtained by
restricting the diagonal reading word for T to entries coming from type-2 dominoes.
We then construct #; to be the unique set-valued tableau with diagonal reading
word w; and £, to be the unique set-valued tableau with diagonal reading word w;.
We illustrate this bijection below using an example:

34 4T
\ \ \ s 34|47
w12 4,56 SO Dy =1
< 471 4 = N YDy 5
Type 1 . Dy —
36|34 D,
T = \\\ N N .
- Dy
5 X
D,
"Dy Type 2
D, 12 "4 45,6
36 12| 4 |4,5,6‘
Dy =t
N 3,6
. Dy |
“p2

Let T be a set-valued domino tableau as before, and we show that I'*(T) = (¢1, 2)
is a pair of semistandard set-valued tableaux. We first show that the sets in #; and #,
weakly increase along rows. Suppose box b lies directly left of box b, in ;. Now
let F; and F» be the dominoes of T such that I'* sends the entries of Fj to by and
those of F; to b. Note then that F> lies on the diagonal to the right of that of Fj.
We will show that F; is weakly southeast of F].

Since taking the smallest entry in each domino of 7" gives a domino tableau and
I'* restricts to I' on domino tableaux, we know that min(b;) < min(b,), and so
min(F1) <min(F;). Consider Figure 1. The first two images show the case where F
is type-1 and the next two show the analogous situation in the case where F is type-2.
Since T is a set-valued domino tableau and min(F;) < min(F,), F> cannot intersect
region B. Also, the image shows that F, cannot lie completely in region C since
it must be the same type as F;. Thus F> must intersect region A and so is weakly
southeast of Fj. Since we know F; lies on the diagonal to the right of the diagonal
of F1, this implies max(F;) < min(F>). Hence max(b;) < min(b,), as desired.

We next show that the entries of #; and #, strictly increase down columns. Suppose
box by lies directly above box b, in t; and let F; and F; be as before. Note that
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(A) Fis of type 1

D2(k+l) o D2(k+1)
Doy Doy

(C) F, is of type 2 (D) F; is of type 2

Figure 1. F; is southeast of F| when b is left of b, in ;.

F> lies on the diagonal directly left of that of Fj. Since taking the smallest entry in
each domino of T gives a domino tableau and I'* restricts to I" on domino tableaux,
we know that min(b;) < min(b;) and so min(¥;) < min(F;). Consider Figure 2.
Since T is a set-valued domino tableau and min(F}) < min(F>), F> cannot intersect
the region B. We can also see that F, cannot be completely contained in region C,
and hence F) intersects region A and is weakly southeast of F;. Since F; lies on
the diagonal to the left of that of Fj, then max(F;) < min(F;). We conclude that
max(b;) < min(b,), as desired.

Note that we know that (¢1, ) has shape (i, v) by restricting I'* to the set
of domino tableaux of shape A. We conclude that I'* sends a set-valued domino
tableau of shape A to a pair of semistandard set-valued tableaux of shape (u, v),
where (u, v) is the 2-quotient of A.

We will now describe I'*~!, the inverse map of I'*. Let (71, t}) be the semistandard
tableaux obtained from (#;, #,) by taking only the smallest entry in each box. We
may then apply I'"! to (¢], 75) to obtain a domino tableau T'. We then define
I'*~1(#;, 1) to be the set-valued domino tableau obtained from 7~ by reuniting
each entry in 7’ with the rest of the subset that was with that entry in (¢1, 7). We
describe this precisely below.

Let (21, ) be a pair of semistandard set-valued tableaux of shape (i, v). Sim-
ilarly to the description of I'"!, we recursively construct the set-valued domino
tableau of shape A associated to (¢1, ;). At any step, we have a pair of set-valued
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Dy Dy
Dog—1y Do—1y
(A) Fyis of type 1 (B) Fyisof type 1
Dy Dy
Dy Dy -1y
(C) Fyis of type 2 (D) F; is of type 2

Figure 2. F; is southeast of F| when b is over b; in ¢;.

tableaux (tl(i), tz(i)) of shape (1@, 1) and the associated set-valued domino tableau

T@ of shape A"). We start the algorithm with @ =v©@ =1© = & The algorithm
stops when (tl(s), t2(s)) = (t1, t»). Then we have that the set-valued domino tableau
associated to (11, 1) is T®.

We now describe the i-th step of the algorithm. Let u; be the smallest value
appearing as the minimum entry in a box in (#1, #2) that does not appear as the
minimum entry in a box in (t](i_l), tz(i_l)). We build (t](i), tz(i)) of shape (u®, v®)
by adding to (r' ", ") all cells of (1, 1) filled by a set with minimum u;,
while preserving their original position.

To construct the domino tableau 7) of shape A"), we use the following procedure
for each diagonal, starting with the bottom diagonal: For any cell in # (resp. )
filled with a set with minimum u; on diagonal Dy, we add to 7~! a type-1 domino
(resp. a type-2 domino) filled with that set on the corresponding diagonal D,;. We
then get the associated domino tableau 7 of shape 1.

Below is an example of I'*~! applied to the pair of set-valued tableaux:

34047 12| 4 456
(t1, ) = ’ .
5 3,6

Notice that we recover the tableau 7' from the previous example:
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(1) (@, 12 )—> 12
1,2
3,4 1,2
s —
3.6 3,634

12 456 ‘
34047] [12] 4 |56 47| 4
N

3) ;
16 36|34
12 456 ‘
34047 12| 4 l4s6 47 4
4 ) — |36[34
5 3.6
5

We need to see that I'*~! gives a set-valued domino tableau. Since I'"! and
'~ coincide on pairs of semistandard tableaux and give a domino tableau, we see
that the minimum entries of the dominoes increase weakly along rows and strictly
down columns. Also, T = I'"*~!(#, ) has shape A, since F_l(t[, t5) does.

Suppose F| and F, are dominoes of the same type of T = * (1, 1), that F}
is on diagonal Dy, for some k, and that [ is on diagonal Dj+1) and is weakly
southeast of F;. We must show that max(F;) < min(F>).

Let b; and b be the boxes of #; such that ['*~! sends the entries of b; to F; and
the entries of b, to F». Then b; lies on diagonal Dy of t; and b; lies on diagonal
Dyy1. Then b, is either weakly southeast of b or is weakly northwest of by,
as shown in the first image of Figure 3. However, since I'*~! restricts to I'"! on
semistandard tableaux and gives a domino tableau, we know that min(F}) <min(F3).
It follows that min(b;) < min(b;), and so b, must be weakly southeast of b;. Thus
max(b1) < min(b,), which implies that max(F;) < min(F>).

Lastly, suppose that F; and F, are dominoes of the same type of T =T"*"1(11, 1),
that F7 is on diagonal Dy 1) for some k, and that F; is on diagonal Dy and is
weakly southeast of F|. We must show that max(F;) < min(F,).

Let b; and b, be as before, so b; lies on diagonal Dy, of t; and b, lies on
diagonal Dy. From the second image of Figure 3, we see that either b, is weakly
southeast of b; or b, is weakly northwest of b;. For the same reason as in the
previous argument, we know that min(F;) < min(F,), so min(b;) < min(b;). This
means that b, must lie weakly southeast of by, and so max(b;) < min(b,). We then
have that max(F}) < min(F>), as desired.

We conclude that T'*~! sends a pair of semistandard set-valued tableaux of shape
(u, v) to a set-valued domino tableau of shape A. It is clear that '*~! and I'* are
indeed inverses as they are governed by I'! and T". U
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~Jba| b \

O D Dy
Dk Dk

Figure 3. Possible relative positions of b; and b: case 1 is
shown in red, where max(b;) < min(b;) and case 2 in blue, where
max(b1) < min(by).

The translation into the language of symmetric functions gives us the following
theorem. Note that for pavable partition A, the number of dominoes in a paving
of X is given by %|)\|.

Corollary 5.7. Let A be a partition with 2-quotient (i, v). Then
GGy =Y (—D/TIm2P T,
T

where we sum over all set-valued domino tableaux of shape ).

Proof. Consider a term in the product G, G,. This monomial corresponds to a
pair of semistandard set-valued tableaux: #; of shape u and #, of shape v. The pair
(t1, ) corresponds to some set-valued domino tableau T of shape A by Theorem 5.6.
It is clear from the previous bijection that x" x> = x7T.

We now examine the sign of x"'x2 in G, G,. We see that it appears with sign

(_1)|l|\—|ll|(_1)|lzl—\vl — (_1)|11|+|12|—(|M|+|UD — (_1)|T|—%|M_

This gives the desired result. (]

6. Q-Schur functions and shifted domino tableaux

6A. Q-Schur functions. Let A be a partition. Define up(A) to be the boxes of A
that lie on a diagonal weakly northeast of Dy and down(}) to be the boxes of A that
lie on a diagonal strictly southwest of Dy.

Let A = (A1, A2, ..., Ax) be such that A, > k. We may form a shifted Young
tableau of shape A by filling the boxes of down(A) with the symbol X and filling
the boxes of up(1) with primed and unprimed positive integers with linear order
1"<1<2 <2<--- such that

» rows and columns are weakly increasing,
« there is at most one occurrence of i’ in any row and

« there is at most one occurrence of i in any column.
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For example, both tableaux below are shifted Young tableaux:

U 2[3[3]3]
x[2]4 x[3]4
x[x]6

We may associate a monomial to a shifted Young tableau T by defining

5T = P

’

where 8;(T) is the number of occurrences of i and i’ in T. The tableau above on
the right corresponds to monomial x2x§‘x4x6.

The Q-Schur function indexed by partition A = (A, ..., Ax) with A >k, denoted
by Q,, is then defined to be the weighted generating function over all shifted Young

tableaux of shape A:
Q L= Z XT.

sh(T)=xr

The Q-Schur functions were introduced by I. Schur [1911] in relation to the
projective representations of the symmetric and alternating groups. They have since
been widely studied, for example by B. Sagan [1987] and J. Stembridge [1989].

Below are a few terms of Q33 3) and the corresponding shifted tableaux. Note
that each term shown appears with multiplicity in the full Q33 3). For example,
xfx%)g appears with coefficient 8 since each element on the diagonal of the tableau

shown on the left may be primed or unprimed:

3 3
0333 = xlx%x3 +x13x§x4 —i—x?x%xs +x1x22x32x4 +x1x2x32 T+

11 Vit Vi1l 23 2] 2
X|2]2 X212 X|2|2 X\|2|% X\2|%
X|X|3 X|X|4 X|X|5 X|X\|4 X|X|3

6B. Shifted domino tableaux. We next define the notion of a shifted domino
tableau, which was first introduced in [Chemli 2016].

Definition 6.1 [Chemli 2016]. Let A be a pavable partition with 2-quotient (u =
(U1, ...y ms), v=_(>v1,..., 1)) and fixed paving. This paving is a shifted paving if

e us >s and v; >t and
« there is no vertical domino d on Dy such that the dominoes directly left of d
and adjacent to d are all strictly below Dy.
If such a paving of X exists, we call A a shifted pavable partition.

For a shifted pavable partition A with fixed shifted paving, define up(A) to be the
dominoes of A that lie on a diagonal weakly northeast of Dy and down(A) to be the
dominoes of A that lie on a diagonal strictly southwest of Dy.
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Definition 6.2 [Chemli 2016]. Given a shifted pavable partition A with fixed shifted
paving, a shifted domino tableau is a filling of the dominoes of down(X) with X
and the dominoes of up(A) with primed and unprimed integers with linear order
"<1<2 <2<--- such that

» rows and columns are weakly increasing,
« there is at most one occurrence of i in any column, and

« there is at most one occurrence of i’ in any row.

For T a shifted domino tableau, let up(7) be the dominoes of 7 that lie on a diag-
onal weakly northeast of Dy along with the filling of these dominoes. We consider
two shifted domino tableaux T and 7" of shape A to be equivalent if up(T) =up(T").
Let the set of shifted domino tableaux refer to the set up to equivalence.

We define the diagonal reading word of a shifted domino tableau to be the
sequence obtained from reading northwest to southeast along each diagonal Dy
with k > 0, starting with Dg and separating entries on distinct diagonals with a
slash. Note that equivalent domino tableaux have equal diagonal reading words.

Example 6.3. Let A = (6, 5, 5,4), which is a pavable partition with 2-quotient
((2,2), (3,3)). Clearly, this 2-quotient respects the conditions of Definition 6.1.
Below are two different pavings of A. The paving on the left is a shifted paving, and
the one on the right is not. The problematic domino is shaded in the second paving:

\\DO \DO

Now consider A = (5, 5, 4, 3, 3, 2), which is a pavable partition with 2-quotient
(3,1, 1), (2,2, 2)). Since neither of the partitions of the 2-quotient respects the
first condition of Definition 6.1, A is not a shifted pavable partition.

The following tableaux T, T’, and T” are equivalent shifted domino tableaux
and are thus considered equal in the set of shifted domino tableaux. The diagonal
reading word for eachis 1/,1,2,3,3/1,2,3 /3,4 /3:

]
|
4|

3/

T= S
\\\ 3/
X 3.

B
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y1 (1 (2 3 | 3‘ ‘
4
T =| x o4 ¥
X 3
X
X 3
By
NP ERER
4
T//= X \\\\2/ 3 ‘
X "
X 3
By

6C. Bijection between shifted domino tableaux and shifted Young tableaux.
Chemli proves the following bijection.

Theorem 6.4 [Chemli 2016, Theorem 3.1]. Let A be a shifted pavable partition
with 2-quotient (i, v). The set of shifted domino tableaux of shape ) is in bijection
with the set of pairs (t1, t2) of shifted Young tableaux of shape (i1, v).

The bijection is a slight modification of the map I" from Theorem 4.1. We call
this modified map I'y and it goes from the set of shifted domino tableaux of shape A
to the set of pairs of shifted Young tableaux of shape (u, v).

The modification of I" to obtain I is quite simple. We apply I' to a shifted
domino tableau as if it were a domino tableau, without considering if the dominoes
are filled with X’s or with integers. For example, let us apply I's to the tableau T’
of Example 6.3:

|y N Y T— =1
4 ‘ D, x|3
S 3 < Type 1 . Dy
I N 2 h 6 . "D
T = X\ X - . D_y4
3 "Dy
X =
X 3 D,
Dy Type 2
D, 120 33
D, X234 Dg 12|33
e Dy — =n
X X 3 "D X|2|3]4
N Do
"D, X|3
D

We see that I';"! is also very similar to I'~!. It takes as input a pair of shifted
Young tableaux and outputs a shifted domino tableau such that FS_I(FS(T)) is
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equivalent to 7. However, we need to describe how the algorithm deals with the
cells containing X.

Suppose we apply F;l to a pair of shifted Young tableaux (¢, t). At step i,
we have the pair (tl(i_l) , tz(i_l)) of shifted Young tableaux, and u; is the smallest
integer (with respect to the relation 1’ < 1 <2’ <2 < --.) appearing in (¢, 1)
that doesn’t appear in (tli_l), tz(i_l)). If a cell of #; (resp. £,) containing u; has cells
filled with X to its left, then all those cells are also added into tl(i) (resp. tz(i)), while
preserving their original positions. This ensures that at every step of the procedure,
the constructed tableaux (t](i), té”) are shifted Young tableaux.

For example, let’s apply Fs_l to the pair

|1 1|2]3]3
(t1, ) = X|3|,|X|2|3]|4

of shifted Young tableaux:

m ([7].2)—
@ (][ ])—

@ (L [ 2/)_) vl

—
—_
—

x|
X 2
3/
1/|1‘12’3’ U1 |
(4) xl2 v =[x 2 °
X|x|3 X 3
X
3 3
1/ 1 1 2/ 3/ 3 1, 1 1 2, ‘ ‘
/
®)) X|3,|x|2|% — | X 2/3
X|x|3 X | 3
X
X 3
3 3
1 1 1 2|3 3 1/ 1 1 2/ J‘. ‘ ‘
(6) X3, x[2|3]|4]|]]—>| x 2/3
X|x|3 X !
3 x 3
X 3

Notice that we do not recover exactly the tableau T that we started with. Instead,
we obtain a shifted domino tableau equivalent to 7.
As a corollary, we then have the following.
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Corollary 6.5 [Chemli 2016, Theorem 3.2]. Let A be a shifted pavable partition
with 2-quotient (i, v). One has

0,0,= Y x,

sh(T)=A
where we sum over the set of shifted domino tableaux of shape A.

Proof. Each term in the product Q,, Q, is represented by a pair of shifted tableaux
of shape (u, v). Theorem 6.4 says that the set of these pairs are in bijection with the
set of shifted domino tableaux of shape A, and the shifted domino tableau associated
to a pair of shifted tableaux (1, #,) has the same multiset of entries as (¢, f;). U

7. Shifted K -theoretic generalizations

7A. K-theoretic Q-Schur functions. There is a natural K -theoretic analogue of
the Q-Schur functions, introduced in [Ikeda and Naruse 2013; Graham and Kreiman
2015], called the K -theoretic Q-Schur function and denoted by GQ;.. In fact, Ikeda
and Naruse introduced a more general K-theoretic factorial Q-Schur function,
but it will suffice for us to consider the restricted generality. As a natural K-
theoretic analogue, the GQ, are related to the K-theory of the maximal isotropic
Grassmannian of symplectic type.

Using the same linear order on subsets of {1’ <1 <2 <2 <---}, where A < B
if max(A) < max(B), we have the following definition.

Definition 7.1 [Ikeda and Naruse 2013]. Let A = (11, ..., A¢) be a partition with
A > k. A shifted set-valued Young tableau of shape A is a filling of the cells
of down(X) with X and the cells of up(A) with finite, nonempty sets of positive
integers such that

« entries weakly increase across rows and down columns,
« there is at most one occurrence of i in any column and

« there is at most one occurrence of i’ in any row.
Let up(T) denote the cells of T weakly above Dy along with their filling.

We associate to each shifted set-valued tableau 7' a monomial x7,

<l = xfh(T)xfz(T) L

k]

where again B;(T) is the number of occurrences of i and i’ in 7. We also let
|T| = |up(T)| denote the number of primed and unprimed integers in 7. We define
the diagonal reading word of shifted set-valued tableau T in the natural way. It is
easy to see that the diagonal reading word uniquely defines the shifted set-valued
Young tableau.
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Definition 7.2 [Ikeda and Naruse 2013]. Let A = (A, ..., A) be a partition with
Ak > k. The K-theoretic Q-Schur function GQ), is

GQ; = Z (—1)lp(DI=lup@, T
sh(T)=A

where we sum over all shifted set-valued tableaux of shape A and |up(A)| denotes
the number of boxes in up(A).

Example 7.3. We may compute some monomials of
GQpo = 4x12xz — 2x13xz — 4x1x22)C3 — xlx%xg)g +...

using the tableaux shown below:

|1 1 1 |1 1 1 1] 1

X |2 X |2 X |2 X |2 X | 2

1|1 1,2 2 12| 2 |2 |2 1,2(2,3

X |2 X |3 X |3 X |23 X |23 X |35

Note that we have not listed all tableaux with monomials x1x§x3 and xlx%xgx& We
see that the diagonal reading word for the rightmost tableau above is

{r',2'},{3,5}/{2,3}.

Since shifted Young tableaux are shifted set-valued tableaux, we see that the
lowest-degree terms of GQ, make up Q.

7B. Shifted set-valued domino tableaux.

Definition 7.4. Let X be a shifted pavable partition. A shifted set-valued domino
tableau is a filling of the dominoes of down(x) with X and the dominoes of
up(X) with finite, nonempty sets of primed and unprimed integers with linear order
{1'’<1<2 <2< ---} such that:

(1) Restricting to the minimum entry in each domino yields a shifted domino
tableau.

(2) If F and F, are dominoes of the same type on neighboring diagonals and F»
is weakly southeast of Fy, then max(F;) < min(F3), and

o max(F1) <min(Fy) if Fj is located on Doy, F> is on Dok+1y, and max(F)
is primed, and

o max(Fj) <min(Fy) if Fj is located on Dok +1y, £2 is on Doy, and max(F)
is unprimed.
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For T a shifted set-valued domino tableau, let up(7") be the dominoes of T that lie
on a diagonal weakly northeast of Dy along with the filling of these dominoes. We
consider two shifted set-valued tableaux T and 7’ to be equivalent if up(T) =up(T").
The set of shifted set-valued domino tableaux refers to the set up to equivalence.

We define the diagonal reading word in the natural way and again note that
equivalent shifted set-valued domino tableaux have equal diagonal reading words.

Example 7.5. Below are two equivalent shifted set-valued domino tableaux of shape
(6,5, 5,5, 3) with diagonal reading word {1,2},1,3',{4/,7},4' /{1,2'},3,{3,4'} /] 2:

1.2 2 | 1.2 2 |

1.2] 1
3 3
3.4 3.4
X 3 3

1,2] 1

4.7 4.7

X 4 X 4

We may now state the main result of this section.

Theorem 7.6. Let A be a shifted pavable partition with 2-quotient (i, v). The set
of shifted set-valued domino tableaux of shape A is in bijection with the set of pairs
(t1, 1) of shifted set-valued tableaux of shape (., v).

Proof. We define set-valued versions of I'y and Iy ! called I} and l";‘_l analogously
to the definitions of I'* and I'*~! from I" and I' .. See Example 7.7 for an illustration.

Let T be a shifted set-valued domino tableau. We show that I'(T') = (1, t2)
is a pair of shifted set-valued Young tableaux. We can use the same argument as
in the proof of Theorem 5.6 to show that #; and #, are weakly increasing in rows
and columns. To see there is at most one occurrence of i’ in a row, suppose b; lies
directly left of b, in #; and let F; and F> be the dominoes of T such that I'}* sends
the entries of F| to b; and those of F, to b,. Using the argument from the proof of
Theorem 5.6, we know F, is weakly southeast of F;. Hence if max(b) is primed,
max(F1) < min(F3), and so max(b;) < min(b,). We can similarly argue that there
is at most one occurrence of i in any column of ¢;.

Now let (¢, 1) be a pair of shifted set-valued Young tableaux. We show that
T = l"s**1 (t1, tp) is a shifted set-valued domino tableau. Using an argument anal-
ogous to that in the proof of Theorem 5.6, we see that restricting to the minimum
entry in each domino yields a shifted domino tableau and that max(F;) < min(F3)
when F; is weakly southeast of F.

Suppose F; is weakly southeast of Fj, Fj is on a diagonal Dy; and F; is on
Dy (k+1), and max(Fy) is primed. Let b; and b, be the boxes of #; such that I‘S*_1
sends the entries of b; to F| and the entries of b, to F>. We have shown in the proof
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of Theorem 5.6 that b, must be weakly southeast of b;. Since max(F}) is primed,
max(by) is primed. Then max(b;) < min(b;) because ¢; is a shifted set-valued
tableau, and so max (F;) < min(F,). We can similarly show that max(F;) < min(F>)
if Fyis on D41y, F> is on Dy, and max(F7) is unprimed.

It is clear that I'Y and T*~! are inverses because I'y and I';"! are. g

Example 7.7. Let T be the following shifted set-valued domino tableau. We apply
['; to the tableau T':

122
EEEEE 11220
1)1 - - L Dy _
2/’2\\ “ D,
— L s Typel ™ Dy
wxo s O] LD,
T = B T Dy
X e | Dy
X B * :
D,
) Dy Type 2
D, *1\\ 2 2y
D, X %‘334’\ 1|2 |23
AN . RN Dy -
X X 4 D X [3,3|3.4|=1
Dy
. Do X|x |4
"

If we take the pair of shifted set-valued tableaux

1,122 1|2 (2%

(t1, 1) = x [33]3.4] |,

X | X |4

we will see that we reconstruct 7' exactly the same way as in Section 6C, with
integer set entries instead of integers.

(1) ( @) T

) (- -) vl
3) ( 2’2‘ ‘ 1|2 D—> 1|1 il
(

“)

2 2,3
22l | 1| 2,3/)—> 111




SET-VALUED DOMINO TABLEAUX 745

Y 2,3 |
a2z | 1|2 |2 vl 1
) , — 2.2
X 3.3
X 3.3
y 2,3 |
a2z | 1|2 |23 vl 1
(6) , — 2,2
X |3.3]3.4 34
X 3.3
2 2,3 |
1] 1
‘1/,1 2/,2‘ 1] 2 |23 2,2
g 3,4
@) X (3334 — X 3,3
x| x|« X | 4
X

Corollary 7.8. Let A be a shifted pavable partition with 2-quotient (i, v). Then

GQ,GQ, = Z (—1)lup(DI=lupGI, T
sh(T)=xr

where we sum over all shifted set-valued domino tableaux of shape A, |up(T)|
denotes the number of positive integers in up(T) and |up())| denotes the number of
dominoes in up(}).

Proof. Consider a term in the product GQ,,GQ,. This monomial corresponds to
a pair of shifted set-valued tableaux: #; of shape p and t, of shape v. The pair
(1, 1) corresponds to some shifted set-valued domino tableau T of shape A by
Theorem 7.6. It is then clear from the previous bijection that x"1x”? = x7T.
We now examine the sign of x"'x” in GQ,GQ,. We see that it appears with
sign
(— l)lup(fl)l—lup(u)\ (=1 [up(r2)|—lup(W)| _ (-1 )|up(t1)\+|Up(t2)|—(IUP(M)|+|UP(U)I)

— (_DIUP(T)I—\UPO»)I'
This gives the desired result. U
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The first digit of the discriminant of
Eisenstein polynomials as an invariant of
totally ramified extensions of p-adic fields

Chad Awtrey, Alexander Gaura, Sebastian Pauli,
Sandi Rudzinski, Ariel Uy and Scott Zinzer

(Communicated by Kenneth S. Berenhaut)

Let K be an extension of the p-adic numbers with uniformizer 7. Let ¢ and v be
Eisenstein polynomials over K of degree n that generate isomorphic extensions.
We show that if the cardinality of the residue class field of K divides n(n — 1),
then v(disc(p) — disc(¥)) > v(disc(¢)). This makes the first (nonzero) digit of
the m-adic expansion of disc(¢) an invariant of the extension generated by ¢.
Furthermore we find that noncyclic extensions of degree p of the field of p-adic
numbers are uniquely determined by this invariant.

1. Introduction

This paper is concerned with the classification of extensions of p-adic fields using
invariants. We introduce a new invariant and show how it is related to other invariants
of the extension.

For a field extension of finite degree, the discriminant of an integral basis yields
invariants of the extension. A change of integral basis results in the multiplication of
the discriminant by the square of a unit in the base ring, namely, by the determinant
of the transformation matrix. Because the only units in the ring of integers Z are +1
and because —1 is not a square, the discriminant is an invariant of an extension of
the rational numbers Q.

When we consider extensions of the p-adic field @, the ring of p-adic numbers
Z, takes the place of Z. As 7, contains infinitely many units, the discriminant of
an integral basis is not an invariant of an extension of @ ,. However, since changing
integral bases changes the discriminant by the square of a unit, the discriminant
modulo the square of units does produce an invariant of the extension; see [Cassels
1986, Chapter 7, Section 6] for details. Nevertheless, commonly only the valuation

MSC2020: 11505, 11S15.
Keywords: p-adic field, Eisenstein polynomial, discriminant, invariant.
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of the discriminant is used as an invariant of extensions of Q,, since it yields
information about the ramified part of the extension.

It is natural to ask whether this invariant can be refined by considering not the
complete discriminant but possibly some of the digits of its p-adic expansion. To
this end we restrict our investigation to discriminants of integral bases of a certain
form; namely, power integral bases, which are bases of the form 1, «, oL
where 7 is the degree of the extension. In the case of totally ramified extensions,
the discriminants of such a power integral basis is the same as the discriminant of
the Eisenstein polynomial with root c.

We find that the first digit of the p-adic expansion of the discriminant of gener-
ating Eisenstein polynomials is an invariant for most extensions. This allows for a
finer classification of totally ramified extensions. Most of our results also hold over
extensions of Q; in this case we consider the m-adic expansion of the discriminant,
where 7 is a uniformizing element of the base field. As an application we show that
for extensions of Q,, of degree p this new invariant already yields the Galois group.

Notation. We introduce the notation that we use throughout the paper and recall
some results about totally ramified extensions.

For a prime number p we denote by Q,, the completion of the rational numbers Q
with respect to the p-adic exponential valuation v,, by Z,, its valuation ring, and
by @ p» a fixed algebraic closure of Q,. By K we denote a finite extension of Q,
with valuation ring Ok, uniformizing element 7, and maximal ideal (;r). The
exponential valuation v, on K is normalized such that v, (7w) = 1. The extensions
of v, and v, to Q p are also denoted by v, and v,. We write K for the residue class
field Ok /() of K and for B € Og we set B =B+ () € K.

The extensions that we consider are totall_y ramified extensions. In the following
the ground field K will either be the p-adic field Q,, or a finite extension of Q,,.
Totally ramified extensions L/K can be generated by an Eisenstein polynomial ¢ €
Ok [x]. Foraroot o of ¢ we have O = Ok (o). The discriminant disc(¢) of the gen-
erating polynomial ¢ is equal to the discriminant of the integral basis 1, o, ..., o~}
of O /Ok, where n is the degree of ¢ and thus the degree of L/K. The root « is a
uniformizing element of Oy . We write v, for the valuation on Oy that is normalized
such that v, (e) = 1. For y € K we have v, (y) =n-v;(y). The minimal polynomial
of any uniformizing element of Oy, that is, of any 8 € O with v,(8) =1, is also a
uniformizing element of L and its minimal polynomial is an Eisenstein polynomial.

2. Main results

In this section we present our main results. The proofs can be found in the following
sections. We start by investigating how the number of common digits of the
discriminants is related to the distance between the two polynomials.
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For a given n € N there are finitely many totally ramified extensions of K of
degree n. Marc Krasner [1966] presented a formula for the number of the extensions
with given degree and valuation of the discriminant. To this end he introduced
a distance function d on the set of Eisenstein polynomials of a fixed degree and
valuation of the discriminant; also see [Pauli and Roblot 2001, Section 4].

Definition 2.1. Let ¢, ¥ € Og[x] be Eisenstein of degree n with v, (disc(¢)) =
vy (disc(¥)). Let o € @, be a root of ¢ and define the distance between ¢ and ¥

as d(g, V) = vz (Y (@)).

This distance is symmetric with respect to the input polynomials and is inde-
pendent of the choice of root. It satisfies the ultrametric inequality, and clearly
d(¢, ¥) = oo if and only if ¢ = .

We find that when we choose two polynomials ¢ and ¥ that generate isomorphic
extensions such that they are close enough, that is, when d (¢, 1) is large enough, we
can ensure that arbitrarily many digits of the -adic expansion of their discriminants
coincide.

Theorem 2.2. Let ¢, ¥ € Oklx] be Eisenstein of degree n with v, (disc(¢)) =
vr(disc(¥)=n+j— 1 Ifd(p,¥) > (n+2j)/n, then

vr (disc(g) — dise(y) = (1= - )vr (@isc(@) +d(@, V).

From now on we concentrate on the first digit of the w-adic expansion of the
discriminants of polynomials. We use this notation:

Definition 2.3. For 8 € Ok we set tc(8) = (8/n%®)) € K. This is the first nonzero
digit (or the trailing coefficient) of the -adic expansion of § as an element of K.

Clearly we have:
Lemma 2.4. Fora, 8 € K we have tc(a - B) = tc(a) - tc(B).

We find that this first -adic digit of the valuation of the generating Eisenstein
polynomial is an invariant in many cases.

Theorem 2.5. Let ¢, € Ok [x] be Eisenstein and of degree n such that K [x]/(¢)=
K[x]/ (). If #K — 1) | (n(n — 1)) then tc(disc(p)) = te(disc()).

In these cases, the trailing coefficient of the discriminant is independent of the
generating Fisenstein polynomial and thus is an invariant of power integral bases
of a totally ramified extension. Thus, if (#K — 1) | (n(n — 1)), then the trailing
coefficient of the discriminant is an invariant of the extension. Some classes of
extensions always have the same invariant.
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Proposition 2.6. Let p be odd and ¢ € Q,[x] be Eisenstein of degree p™ such that
Q,lx1/(p) is cyclic. Then

1 if miseven,
te(disc(p)) =1 —1 if misoddand p =1 mod 4,
1 if misoddand p=3 mod4.

We end with examples of information that can be obtained from this invariant.
Extensions of Q, of degree p have been described in detail; see [Amano 1971;
Jones and Roberts 2006]. We show that they can also be classified using the
discriminant and its trailing coefficient, that is, the first nonzero coefficient of its
p-adic expansion.

Theorem 2.7. Let ¢ be an Eisenstein polynomial of degree p in Q, such that
Gal(p) # Cp, and v,(disc(p)) # 2p — 1. Then the isomorphism class of the
extension generated by ¢ is uniquely determined by v, (disc(¢)) and tc(disc(p)).

The Galois group of an Eisenstein polynomial ¢ of degree p over Q, can be
determined from the valuation of its discriminant disc(p) and its trailing coefficient

te(disc()).

Corollary 2.8. Let p be an odd prime, and let ¢ be an Eisenstein polynomial of de-
gree p over Q. Letv=v,(disc(p)), j=v—p+1, andz = (—_1)(”—1)/2 te(disc(@)).
Then

CpoxCpy ifv=2p—1,

Gal(p) =4 C, fv=2p—2andy =p—1,
CpxCy otherwise,
where
p—1

d= N
ged((p—1D/m, j)
1.—1

with m being the order of aj in [F; fora=y- (=1)/ Tt

3. Proof of Theorem 2.2

We recall some of the results from [Krasner 1966] (see also [Pauli and Roblot
2001]) about the distance function d. Assume that ¢(x) = Z?:o pix' € Oglx]
and ¥ (x) = Z?:o ¥;x' € Og[x] are Eisenstein polynomials whose discriminants
have the same valuation, say v, (disc(¢)) = v, (disc(y¥/)) = n + j — 1. Denote by
o =0, - .., A the roots of ¢ in Q.

Ifd(p, ¥) > (n+2j)/n then there is a root 8 € @p of v such that v; (¢ — 8) >
vz (0 —ag;)) for 2 <i <n. In this case Krasner’s lemma implies that K (o) = K (8).
So the assumption of Theorem 2.2 implies that the extensions generated by ¢ and
Y are isomorphic.
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Furthermore, again assuming that v, (o — B) > v, (@ — «(;)) for some 2 <i <n,
we obtain another expression for the distance of two polynomials:

d(p, )=y min{vz(a— B), vr (e — )} =val@— )+ Y vale — ).

i=1 i=2

So we can write the valuation of & — 8 in terms of d (¢, ¥) and disc(¢):

vr (@ —B) =d(p, ¥) = Y vale — )

=d(@. ¥) = vx (H(a - Ol(i))) = d(p, ¥) — va(discg)). (1)
i=2

We now are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let @ = a1y, . . ., ot(y) and B be as above. As K (a) = K(B),
there is y € K () with vy (y) =0 such that 8 = o+ ya™, where m = v, (o — ). We
order the roots By, . .., By of ¥ such that By =B =a+ya™, Boy=ap) +roap,
and so on. For the discriminant of y we get

disc(y) = [ By — Bin)* = [ [ (@i + v — () + V(j)“?}ﬂ)z

i<j i<j
2
= [ (@i — @) + oreg, — vipely))
i<j
“ Yo —vo Y
2 —k _k—1
= H(“U> —a)) H(l - Z(VU)“Z‘[) ;) )~ “?Z)ﬁ)
i<j i<j k=1 ) @)
- Yo = Yo\
. k_k —ra
= disc(g) l_[(l = 7G) )@y ety _“27)_0[]_ _al. ) :
Let
2
Yi) — Yo
~ (1= Y am____)
Cij ( W Z (z) m O
We have v, (C;; — 1) > m — 1. With disc(y) = disc((p)(]_[lq C,,) we get

vy (disc(p) — disc(¥)) = vy (disc(go) — disc(p) ( 1_[ C,~J~>>

i<j

= vy (disc(g)) + vx (1 - (]'[ Cij))

i<j

> v (diso(g)) + "



752 C. AWTREY, A. GAURA, S. PAULI, S. RUDZINSKI, A. UY AND S. ZINZER
With m = vy (@ — B) =n - v; (o — B) and (1) we obtain
v (dise(p) — disc()) > v (dise(g)) + 0O =PI
= vr (disc(p)) +d (¢, ¥) — %(vn (disc(p))+1). O
4. Proof of Theorem 2.5

Proof of Theorem 2.5. Let a be a root of ¢. Since ¢ and ¢ generate isomorphic
extensions, there exists 8 € K () such that ¥ (8) =0. So 8 = Zz;(l) bra* for some
by € Ok. As vy (B) = v (o) =1, we have v(b1) = 0. Let a(1), ®(2), . . . , 0t(n) be the
conjugates of « and let o1, 07, ..., 0, be the isomorphisms such that o; (@) = o ;).
Let By, B, - - - » Bn) be the roots of ¥, defined by

n—1 n—1 n—l
Biy=0i(B) =0 (Z bkak) = Z oi(br)oi (@) = Z biatf;,.
k=0 k=0 k=0

We now compute the discriminant of v/, with the goal of writing it in terms of the
discriminant of ¢:

n—1 2
disc(y) = [(Bwy — Bj)* = H(Z bi(ery — “fn))

i<j i<j k=l
n—1 k—1 2
2 (k=1-6) ¢
~ [T o TT| 2 (e O )
i<j i<jbtk=1 =0
n—1 k—1 2
— d; (k—=1=0) ¢
—aise(o)- TT| X (e ol )| -
i<jtk=1" =0
We write disc(¢) — disc(y) = disc(¢) - (1 — y), where
n—1 k—1 2
_ (k—=1-8) ¢
=TI (5 Tty
i<jbtk=1 £=0
Note that y is a symmetric polynomial in o), ..., o). Letey, ..., e, denote the
elementary symmetric polynomials in oy, . .., ¢(;). By the fundamental theorem
of symmetric polynomials, there is a polynomial y* € Ok|[xy, ..., x,] such that
y = y*(er,...,e,). If we expand y* all terms consist of sums of products of
(1), - - - » @y except for the constant term, 57" ", So

-1
y*=maer +mayer+ - -+ muyen +musnel +masneres +-- -+ by

for some mj), ..., mun-1)-1) € Ok. Note that ey, .. ., e, are exactly the coeffi-
cients of ¢. Since the coefficients of ¢ have w-adic valuation greater than or equal

to 1, 7 divides all of its coefficients. This implies y = l_a’l’("_l).
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. —1 . . .
The next step is to show l_?’ll(" ) = 1. Since both ¢ and i are Eisenstein and
generate the same extension, vy (8) = 1. So

n—1

k : k
1= va(B) = v (g brat ) =, min_ {ve (b)),
Equality holds because each by has «-adic valuation 0 or a positive multiple of #,
so each term has a different valuation. For all k, we have v, (bkozk) > 1. Fork > 1,
this is obviously true. For k£ = 0, we have v, (bg) is equal to O or a positive multiple
of n. As v,(bo) must be at least 1, the lowest multiple of n it can be is n. For
k # 1, we now have that v, (bra®) > 2. Thus v, (b1) = 1, implying v, (b1) =0,
i.e., by ¢ (). By the generalization of Fermat’s little theorem, b ¢ (7) implies
bt =" = 1. By assumption (#K — 1) | n(n — 1), so this implies b7" " = 1.
We have
(1-n=0-H"""=a-Dn=0

Because 7 | (1 — ) we can write 1 — y = 7 - ¢ for some c¢. So

disc(p) — disc(¢¥) =disc(p) - (1 —y) =disc(p) - 7 - c.
Therefore,
vx (disc(p) — disc(¥)) = vy (disc(e)) + 1
and thus tc(disc(¢)) = te(disc(yr)). U

5. Proof of Proposition 2.6

Because of Lemma 2.4 we only need to consider the trailing coefficients of the
differences of roots in our considerations.

In the proof of the proposition we will use information obtained from the ramifi-
cation polygon of the polynomial ¢ € Q,[x] under consideration. We recall some
of the information that can be obtained from the ramification polygon; see [Greve
and Pauli 2012] for details.

Let o be a root of ¢. The ramification polynomial of an Eisenstein polynomial ¢
of degree n

plax + o) " i
p(x) = Q= Zpix € Qp(a)[x]
i=0
has the roots («* — «)/«, where o* is a root of ¢. The Newton polygon of the
ramification polynomial is called the ramification polygon of ¢, it is independent of
the choice of « and an invariant of the extension Q, () = Q,[x]/(¢). Its breaks
can only be at powers of p and the negatives of the slopes A of the segments are the
valuations of the differences of the roots of ¢. The length of the segment (in the
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Vo (0:)
(1, 7
—Al
—X
. Wm’ 0)
T T - - T g 1

Figure 1. Ramification polygon of an Eisenstein polynomial ¢ €
Qp[x] of degree p™ with disc(¢) = p™ + j — 1 generating a normal
cyclic extension, where p(x) = ¢ (ax + a)/(a”m) = Zf’;no pixl e
Qp(a)[x] with « a root of ¢ is the ramification polynomial of ¢.

direction of the horizontal axis) with slope X is the number of roots o™ of ¢ such
that vy (@ —a™) = A+ 1.

When Q,,[x]/(¢) is normal the differences of the roots of ¢ are in Q,[x]/(¢)
and thus the slopes A; of the segments of the ramification polygon are integral.
Furthermore the roots of the residual polynomials of the segment of slope A are of

(o —«a
Y= )

and thus tc(a® —a) = y. As Q,[x]/(¢) is normal we have y € [,. The normality
also implies that the lenéths of the segments of the ramification polygon are p' —pi~!
for 1 <i <m and that all elements of [ are roots of the residual polynomial of
each segment.

the form

Proof of Proposition 2.6. The polynomial ¢ is an Eisenstein polynomial of degree p™.
As the extension generated by ¢ is normal, the slopes of the segments are integers.
It follows from the symmetry of the roots and the normality of the extension that
the breaks in the polygon are exactly at 1, p, p2, R p’"‘l; see Figure 1. So the
lengths of the segments with finite slope are p — 1, p> — p, ..., p" — p"~L.

As Q7 =T only has p — 1 distinct elements it follows from the symmetry of

the roots that we get for any root « of ¢ that
[[ we-oH=]]r==1 @
vp(a—a*)=Ly yeF,

where the o* are roots of ¢ and —A; is the slope of the first segment of the
ramification polygon from Figure 1. Similarly, again because of normality and
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symmetry, taking into consideration the lengths of the segment for the second to
the n-th segments with slopes A; of length p’ — p'~! using that p is odd, we get
P! .
[ tc@-enH= ( [1 Z) = (=" =-1. 3)
vp(@—a*)=A; yefF;,

Equations (2) and (3) yield

te(disc(g)) = (=) 7 [ telw—a®)

a*Fa
o m m
=D I T e@—a
a i=luvy(a—a*)=A;

PN —1) P (M —1)

=(=) 7 (=) ==t
Recall that p is odd. When m is even we have p™ =1 mod4 so (p™ —1)/2 =
0 mod 4, which implies tc(disc(¢)) = 1. Similarly, if m is odd and p = 1 mod 4
then (p™ —1)/2 =0 mod 4, so tc(disc(¢)) = —1, and if m is odd and p =3 mod 4
then (p™ — 1)/2 =1 mod 4, so tc(disc(p)) = 1. ]

6. Proof of Theorem 2.7 and Corollary 2.8

Before we get to the proof of the theorem and corollary we give some auxiliary
results. In the proofs below we use that tc(Res(g, ¢)) = te(disc(p)) (= 1) =D/2
where Res(gp, ¢’) denotes the resultant of ¢ and ¢’ and the degree of ¢ is n.

To determine the trailing coefficient of the discriminant of Eisenstein polynomials
¢ of degree p over Q,, for p odd we distinguish the three cases presented in Table 1.
The case v,disc(¢) = 2p — 2 in which Gal ¢ = C,, is covered by Proposition 2.6.

Lemma 6.1. Let p be an odd prime and ¢ € Q ,[x] be of degree p, with v, (disc(¢))=
2p—1. Then tc(disc(p)) = (=1)PP=D/2,

Proof. If ¢ is a degree-p polynomial with v,(disc(¢)) = 2p — 1, it must be of
the form ¢ (x) = x? + p(1 +ap) fora € {1, ..., p — 1} or generate an isomorphic
extension to such a polynomial [Jones and Roberts 2006, Table 2.1]. However, using
Theorem 2.5, we can reduce to the case where the polynomials are exactly of this
form since we are only concerned with the trailing coefficient of the discriminant.
We compute ¢’(x) = px?~!. Then 0 is a root of ¢’ with multiplicity p — 1. To show
tc(disc(p)) = (—_1)1’(1’_1)/2 we show tc(Res(g, ¢')) = 1. We have

Res(p, ¢) = p”(p(1 +ap)P ' = p?P~ 1 (1 +ap)?~".
Thus
tc(Res(p, 9') = (1+ap)’ ' =171 = 1. O



756 C. AWTREY, A. GAURA, S. PAULI, S. RUDZINSKI, A. UY AND S. ZINZER

¢ € Qplx] parameters v, (disc(p)) Gal(p)
I<a<p-1
xP4+apx! +p I<j<p-1 p+j—1 C,xCy
(,a)#(p—1,p—1)
xP — pxP~ 4 p(1 +ap) O<a<p-1 2p—2 C,
xP+p(l+ap) 0<a=<p-1 2p—1 | CpxCpy

Table 1. Families of generating polynomials of extensions of
degree p of Q, for p odd with their Galois group. We have
d=(p—1)/ged((p—1)/m, j), where m is the order of ¢/ in I]:;
fora=1y- (—_1)j+1j_1. See [Jones and Roberts 2006].

Lemma 6.2. Let ¢ be an Eisenstein polynomial in Q, of the form x? + apx’ +p
fora, je{l,..., p—1}and j and a not both equal to p— 1. Then tc(Res(p, ¢')) =
(=1)*aj.
Proof. As ¢(x) = xP +apx/ + p we have

¢'(x) = px” ' fapjx’ ™ = px)T (Pt aj).

The polynomial ¢" has 0 as a root with multiplicity j—1 and p—j roots ro, ..., 7y ;1
with rkp_j = —aj for 0 <k < p— j — 1 of multiplicity 1.

Leté €@ p» be a primitive (p— j)-th root of unity and fix a nonzero root o of ¢’;
then the other nonzero roots are of the form r;, = Skrp_j, wherek=1,..., p—j—1.
Writing ¢(x) = x/ (x?~/ +ap) + p and evaluating ¢ at the roots of ¢’ we obtain

Res(p.') = pp’~'k = 0"/ [ ro) (o] 7 +ap) + pl.

Hence
p—j—1 . ]
tc(Res(g, @) = l_[ [(§"m)’-(zé"j+@)+g]

k=0
p—j—1 o _ o op—i-l _

= [T &Y - 1=rf%7 [] &9
k=0 k=0

. L p—j-1 . P (p=p=j=1)
= (ro)” !.é:JZO k:(__aj).§J )
=—aj- (g”%j)J(P*J*I) — (—_1)f'“a_j. O

Proof of Theorem 2.7. Let ¢ € Q,[x] be Eisenstein of degree p such that Gal(¢) #
C, and v, (disc(p)) #2p — 1. For each of these extensions, there is exactly one
polynomial of the form x” +apx/ + p fora, j€{1,..., p—1} where p+ j —1
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is the valuation of the discriminant and j and a are both not equal to p — 1 [Jones
and Roberts 2006, Proposition 2.3.1].

Thus there exists some v/ (x) = x” +apx’ + p (for fixed a and j) that generates
an extension isomorphic to ¢. By Theorem 2.5, v, (Res(¢, ¢’)) = v, (Res(y, ¥'))
and tc(Res(gp, ¢)) = tc(Res(y, ¥')). With Table 1 and Lemma 6.2 we get

j=vpRes(@, ) —p+1 and a=tc(Res(p, ) = (=17 ;"

No two distinct j € {1, ..., p — 1} have the same multiplicative inverse modulo p.
Also for a fixed j, no two distinct possible values of tc(Res(¢, ¢’)) give the same
value of a. Thus v,(Res(p, ¢')) and tc(Res(¢p, ¢)) uniquely determine v, and
therefore the extension. O

Proof of Corollary 2.8. If v,(Res(g, ¢')) =2p — 1, then Gal(p) = C, x Cp_.

Suppose v, (Res(¢, ¢')) =2p —2 and tc(Res(¢, ¢')) = —1. Then ¢ is either in
the first or second family in Table 1, since v, (Res(¢, ¢’)) =2p —2. By Lemma 6.2
we have tc(Res(gp, ¢')) = (—_1)j+1aj. Since j =p —1,

—1=tc(Res(p. ¢) = (=D)’a(p— 1) =a.

Hence ¢ must be in the second row of the table, that is, Gal(¢) = C,.
Otherwise, compute a and j as in Theorem 2.7. In Table 1,

d= p—1
ged((p—1)/m, j)’

where m is the order of aj in [F:7 [Jones and Roberts 2006]. The size of the Galois
group is p -d and the Galois group is C), x Cy. ]
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Counting pseudo progressions

Jay Cummings, Quin Darcy, Natalie Hobson, Drew Horton,
Keith Rhodewalt, Morgan Throckmorton and Ry Ulmer-Strack

(Communicated by Kenneth S. Berenhaut)

An m-pseudo progression is an increasing list of numbers for which there are at
most m distinct differences between consecutive terms. This object generalizes
the notion of an arithmetic progression. We give two counts for the number
of k-term m-pseudo progressions in {1,2,...,n}. We also provide computer-
generated tables of values which agree with both counts and graphs that display
the growth rates of these functions. Finally, we present a generating function
which counts k-term progressions in {1,2,...,n} whose differences are all
distinct, and we discuss further directions in Ramsey theory.

1. Introduction and motivation

Arithmetic progressions have been well-studied. Their existence within partitions
of Z is a central theme of Ramsey theory. The existence of long arithmetic progres-
sions within the primes was famously solved by Green and Tao [2008]. Landman
and Robertson [2004] recently asked how the theory changes when instead of
searching for arithmetic progressions, one searches for a specific generalization of
an arithmetic progression, called an m-pseudo progression; in Section 6 we provide
more details on this connection. Motivated by this question, we sought to better
understand m-pseudo progressions by counting them. In this paper we provide two
explicit methods and formulas to count these objects, which we now define.

1A. Defining m-pseudo progressions. A k-term arithmetic progression is a list of
numbers, a1, ds, . .., dy, for which there exists some d € Z where a; 1 —a; =d
for all i. We now generalize this definition to include progressions with a greater
number of differences between consecutive terms.

Definition 1.1. A (k-term) m-pseudo progression is a list
ay,dp,...,dg

MSC2020: 05A15.
Keywords: enumerative combinatorics, pseudo progressions.
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of increasing integers from ZT for which there exists a set {dy,d>, ..., dn}, where
aijy1—a; €{dy,dy, ..., dy} forall i. If the m is not specified, it is simply called
a progression.

For a given progression and any difference d;, we denote by ||d;|| the number of
times d; appears as a difference in the progression.

Notice that if m = 1, we get the definition of an arithmetic progression. Further-
more, every m-pseudo progression is an £-pseudo progression for £ > m, because
the definition of an £-pseudo progression requires at most £ differences.

Example 1.2. The list 2,5, 8,13, 16, 21,24 is a 7-term 2-pseudo progression since
there are at most two common differences:

5-2=3, 16—13=3,
§—5=3, 21—-16=5,
13-8=35, 24-21=3.

Therefore, by letting {d, d} = {3, 5}, it is indeed true that a; 1 —a; € {d;,d>}
for all 7.

In this paper, we provide two methods of counting of how many k-term m-pseudo
progressions there are in {1,2,...,n}, and we discuss in detail some special cases.

We note that there are other generalizations of arithmetic progressions. Pseudo
progressions are in fact a generalization of what are called generalized arithmetic
progressions, sometimes also called d-dimensional arithmetic progressions or
quasiprogressions, see for example [Chang 2003; Freiman 1999], which are increas-
ing sequences ay,ds, .. .,dy for which there is some d such thata; +1—a; €{1,...,d}
for all i. These progressions demand that all the differences are “close” to each
other, while a pseudo progression simply restricts the number of such differences.

2. Counting 2-pseudo progressions

2A. Arithmetic progressions. We begin with a discussion of the solved problem
of counting arithmetic progressions, which we first formally provide. It is beneficial
to see this approach, as two of our main theorems generalize the ideas highlighted
in this proof.

Theorem 2.1. There are

Fy :nLkilj—(k—l)(Lﬁ;+l)

k-term arithmetic progressions in {1,2,...,n}.

Proof. Fix ad € Z™. Notice that if you know that a k-term arithmetic progression has
common difference d, and you know the first element, then you have determined the
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entire progression. The possible arithmetic progressions with a common difference
of d are

I, 14+d, 1+4+2d, ..., 14+ (k-1)d,
2, 2+d, 2+2d, ..., 2+(k-1)d,

n—(k-0)d, n—(k-1)d+d, n—(k—1)d+2d, ..., n.
That is, there are n — (k — 1)d such progressions in {1,2,...,n}.

Notice that the largest possible d is I_%J , and as for any integer m > |_knTlJ’
the first possible arithmetic progression is

I, 14m, 142m, ..., 14+(k—-1Dm,

making its last element 1 4+ (kK — 1)m > n. Adding up the number of progressions
for all possible d and using the combinatorial identity ) §=1 d= (L+1), it follows

2
that
L& L]

3 (n—(k—l)d):ntkilJ—(k—l) Y d
d=1

) =%%J—(k—1)(t%2j+l). 0

Remark 2.2. There are a few elements of this proof which will be important later.
First, the maximum common difference of a k-term arithmetic progression in
{1,2,...,n}1is %J Second, the number of k-term arithmetic progressions in
{1,2,...,n} with common difference d is n — d(k — 1). Both of these will be
generalized in this paper.

2B. 2-pseudo progressions. In this section, we provide two methods for counting
the number of k-term 2-pseudo progressions in {1, 2, ..., n}. First, some notation.

Notation 2.3. Suppose
ay,dp,...,dg

is a k-term 2-pseudo progression. We will use a and b to refer to possible differences
of this progression, that is, a;+1 —a; € {a, b} for all i. Recall, we will use ||a||
to refer to the number of differences of size a and ||b|| to refer to the number of
differences of size b.

For instance, in Example 1.2 we have a¢ = 3 with ||a|| =4 and b = 5 with ||b|| = 2.

We will also wish to refer to different orderings of the differences a and b. For
example, in Example 1.2 the differences are in the order 3, 3, 5, 3, 5, 3. We call this
a difference pattern.
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Definition 2.4. Given an m-pseudo progression

alaaZa---aak’
the list

dp —day,dsz—dy,...,dy —dg_q
is called the progression’s difference pattern.

Lemma 2.5. Fix a set of differences {dy,d,...,dn} and numbers ||d1||, ||d2||,
ey |dm||l. The number of k-term m-pseudo progressions in {1,2,...,n} with a
fixed difference pattern is independent of the difference pattern chosen.

Proof. Fix a set of differences {d1, d;, ..., dy} and their multiplicities ||dy||, ||d2]|,
..., |ldmll, as given in the lemma. Next, fix two difference patterns D; and
D, using the d; from this set. Let S be the collection of all k-term m-pseudo
progressions in {1, 2, ..., n} with difference pattern D1, and let T be the collection
of all k-term m-pseudo progressions with difference pattern D,. We will show a
bijection between the elements in .S and 7.

Given an arbitrary s € S, say s starts at po. Note that there is only one progression
starting at s whose difference pattern matches D;. Let f be the function that
maps s to the progression ¢t € 7" which starts at pg, which is likewise unique
since its difference pattern is again specified. Moreover, both s and ¢ must end
at po +di||d1|| + d2|lda|| + -+ - + dm|ldm||, so if one is in {1,2,...,n}, then the
other is too. Because a starting point uniquely determines the progression, f is
invertible and hence a bijection. This shows there are the same number of elements
in S and 7, completing the proof. O

Once you have fixed your set of differences and their multiplicities, it will not
be difficult to determine how many difference patterns match those criteria. Thus,
Lemma 2.5 will be beneficial in that it allows one to focus on a special class of
difference patterns, such as ones in which all instances of one of the differences
occur before any instance of the second difference. The following lemma pushes
this further by fixing the multiplicities but relaxing the differences themselves.

Lemma 2.6. Fix some sg,ty €{0,1,2,...}, where sg +ty = k — 1, and consider
any two lists, Ly and L, each consisting of so copies of the variable a and ty copies
of the variable b, in some order. Let D1 be the collection of all k-term 2-pseudo
progressions in {1,2,...,n} whose difference pattern matches L1 (note that a and
b can differ between progressions within Dy, provided the order of the differences
matches Ly), and let D, be the collection of all k-term 2-pseudo progressions in
{1,2,...,n} whose difference pattern matches L, (for appropriate substitutions of
a and b). Then, |D| = |D,|.
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Proof. Consider a k-term 2-pseudo progression P; from D;, and suppose this
progression starts at i. Then, there exist ¢ and b for which the progression makes
So jumps of size a and ¢y jumps of size b (in the order matching L), and the last
term of the progression is, therefore, i + soa +tob. Since all the progressions in D,
also have s copies of one difference and ¢, copies of a second, and the differences
are allowed to be anything, if you simply reorder the differences in P; to match the
ordering of L,, you get a new 2-pseudo progression P, which begins at i and ends
ati + soa + tob and which is now in D,.

That is, by permuting the order in which you make your jumps of size @ and b, you
necessarily get a new progression from the same beginning point to the same ending
point. So if one of these progressions is in {1, 2, ..., n}, then the other is too. And
since this procedure is clearly invertible, we have a bijection between D; and D,. O

2C. Recursive count. We now present our first count of 2-pseudo progressions. By
Lemma 2.6, the number of m-pseudo progressions is independent on the difference
pattern. Therefore, we define a simple difference pattern for which the progressions
will be simpler to count, and then later scale up this count to include all m-pseudo
progressions.

Definition 2.7. Call a 2-pseudo progression s-¢-simple if its difference pattern is
of the form
a,a,...,a,b,b,....b,

S terms t terms

where s, ¢, @ and b are positive integers, and let S(n, s, ¢) be the number of s-¢-
simple 2-pseudo progressions in {1,2,...,n}.

Note that if @ = b, then the 2-pseudo progression is in fact an arithmetic pro-
gression and is s-z-simple whenever s 4+ ¢ = k — 1, where k is the length of the
progression.

To better visualize the general case, suppose we want to create a 4-3-simple
2-pseudo progression that starts at i =5 € {1,2,...,n} and where a =2 and b = 6.
Since our 2-pseudo progression is of the form a, a,a, a, b, b, b, it looks like:

I +sa i+sa+th

| | | | | | |
I I I I I I I

7 9 11 13 19 25 31

W+~

Here, i + sa = 13 and i 4+ sa + ¢tb = 31. It is also important to note that given
any k-term 2-pseudo progression, s + ¢ = k — 1. This is because s and ¢ count the
number of differences between terms, so the total number of those differences will
always be one less than the number of terms in the progression. For instance, in the
example above we have k =8, s =4 and ¢t = 3,sowe seethat 4+3=8—1. In
general, we see that s and ¢ are dependent on k.
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Proposition 2.8.  S(n,s,1) = Z Z L J

i=1
Proof. Given an s-¢-simple 2—pseud0 progression, let us assume that the progression
starts at i € {1,2,...,n}. Since the first s common differences are of size a, the
(s+41)-th term of the pseudo progression will be i + sa. After i + sa, the terms in
the 2-pseudo progression have the characteristic that aj | —a; = b and since the
pseudo progression proceeds with # common differences of size b, the 2-pseudo
progression will end at i + sa + tb.

Since s and ¢ are dependent on k, instead of fixing a k& we choose to fix s and ¢,
and consider the cases for which i, a, and b vary. Without loss of generality, by
using the inequality i + sa +tb <n we can see that b < (n— (i + sa))/t. We know
that b must be a positive integer, and so by using the floor function we have

L<p< n— (i +sa) ‘
- t

Therefore, given any valid selection of a and 7, the above gives the possible
values of b. That is,

S(n,s,t) = Z ZL’%%—+MJ’

where the sums are over all the valid values of a and of /. Thus, our focus turns
to determining these valid values. We begin with the range of i. We know that
i +sa+th <n,and so we have that i <n —sa —tb. And since i is at its greatest
when b is at its smallest (when b = 1), we have

1<i<n-—sa-—t.

Finally, for a fixed 7, consider the valid values of a. In order to find the greatest
possible value that @ can be, note that a is at its greatest when both b is at its
smallest (when b = 1) and the sequence starts at the earliest index (when i = 1).
Thus, by again using the inequality i + sa +tb <n we have thata < (n—i —tbh)/s.
And in the case that b = 1 and i = 1, we have

l<a<|"zizt)
S

From this, we obtain our final count,

[2==L ] ysa—t

S(n.s.1) = Z Z Ln—(z-i—sa)J

i=1

which completes the proof. O
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Note, though, that there are many other progressions with s common differences
of size a and ¢t common differences of size b. For example,

a,a,...,a,b,b,....,b,a,b,b,a.

s—2 terms t—2 terms

We now count these other forms.

Corollary 2.9. Let F be a list of s copies of a and t copies of b, in some order. Let
D be the collection of difference patterns which, for some substitution of a and
b, match F. Then, the number of 2-pseudo progressions in {1,2,...,n} with a
difference pattern in D is equal to S(n, s, t).

Proof. This follows immediately from Lemma 2.6. O

Definition 2.10. Let Fy,(n, k) be the number of m-pseudo progressions. When the
context is clear, we will write simply Fy,.

Note that Fj (n, k) is the number of k-term arithmetic progressionsin {1,2,...,n},
which we counted in Section 2A.

Theorem 2.11. Fixn and k. Let ay,a,, ..., a; be a 2-pseudo progression where
aj+1—a; €{a,b} foralli. Let s be defined as the number of elements such that
a1 —a; = a and t be defined as the number of elements such that a; 1 —a; = b.
Then,

k—2

Fy=Fy +%(kk7fll)[s(n, LD R+ 3 (TS0~ Rl

s=1

Proof. Recall that s is the number copies of a and ¢ is the number of copies of b,
while @ and b can be any integers. Since one of these integers will occur at least as
many times as the other, we may assume without loss of generality that s < ¢. First,
assume s < f.

By Proposition 2.8, S(n, s, ¢) counts the number of progressions of the form

a,a,...,a,b,b,....b.

§ terms t terms

By Corollary 2.9, we know that given any form with s copies of a and ¢ copies of b,
there are S(n, s, t) progressions of that form. Moreover, one can see that there are
(s’sLt) such forms —the s + ¢ terms in the form are each either an a or a b, and
this is determined by choosing which s of these terms are an a. Now, S(n, s, ?)
includes all the arithmetic progressions (in the case where @ = b). Therefore,

S(n,s,t)— Fy
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counts the number of progressions of any fixed form containing s copies of a and
t copies of b, which contains exactly two distinct common differences. There are

(TS0~ F)

2-pseudo progressions, excluding the arithmetic progressions. Note that s+t =k —1,
and so in our current case where s <t (i.e., s <t—1), we know that 2s + 1 <k —1,
implying that s < L%J And so, in the case where s < ¢, the total number of

2-pseudo progressions which are not arithmetic progressions is
k=2

> (T )sws.n- il

s=1
Thus, among all cases in which s < ¢, the total number of 2-pseudo progressions is
1452]
s+t
Fi + Z (*3 )is@s.n—Fil.

The last case to consider is when s = t; note that this is only possible if k is odd.
And since s+1=k—1,wehave s =1 = 5L Just like above, given any form
usmg L copies of @ and u copies of b, there are S ( k 21 ke 1) progressions
of this form And so there are
k—1 k—1
S(n 5= 550) -1

progressions that have exactly two distinct common differences. The only difference
is in the next step. Note that if we simply multiply by (Ht) we will be over-counting
by a factor of 2. Indeed, since s = ¢, any progression comes about in two ways:
once when the copies of ¢ are counted by s and the copies of b are counted by 7,
and once when the copies of a are counted by ¢ and the copies of b are counted

by s. Thus, the count in the s = ¢ case is

3 )[s(n5 5 - m]

Note that the binomial here evaluates to O in the event that k£ is even, and so

including this term in the even case is consistent. This gives us our final answer
k=2

| 532]
FZ_F1+2(k 1)[5(;1,%,’%1)—&} 3 (S;H>[S(n,s,t)—F1]. O
s=1

Since there are Fy(n, k) sequences where you are allowed up to £ differences,
and Fy_;(n, k) sequences where you are allowed up to £ — 1 differences, there are

Fg(l’l,k) - Ff—l(n’k)

sequences with exactly £ differences.
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If we let F, ¢(n, k) denote the number of £-pseudo progressions with exactly
£ distinct differences, and let S (n, s,t) likewise denote the number of s-7-simple
progressions with exactly two differences, then S (n,s,t) =Sn,s,t)— Fi1(n, k)
and Theorem 2.11 has the reduced form

[422]
=~ I (k=1\g/ k-1 k-1 S+ =
Fz(n,k)—z(kT_l)S(n, : ,T)Jr 2; ( ! )S(n,s,t).
s=
Moreover, the above two equations imply
k—2
Fy(nk)— Fyn k)= L (%! 5( @@)Jr 22: (S“)S'( 0
2 (n, 1(n, —2,%1 ) 1 s n,s,t),
sS=

which is another form of Theorem 2.11.

2D. Iterative count. As in the previous sections, we use a and b to denote the two
differences in a 2-pseudo progression. In this section, we will insist that a < b,
which in particular prohibits ¢ = b. We will often refer to a k-term 2-pseudo
progression in {1,2,...,n} as just a “progression” if the context is clear.

Remark 2.12. Recall, for a k-term 2-pseudo progression,
lall + 161 = & —1.

That is, the total number of differences of sizes a and b is equal to the total number
of differences in the progression, k — 1. If we are considering k-term progressions,
then we only need to know either |la|| or ||b| and the other will follow.

First, given a fixed number of two differences, we determine the maximum value
these differences can be.

Lemma 2.13. For a k-term 2-pseudo progression with a fixed number of differences,
say ||a| and ||b|| (without the sizes of the differences a and b being determined), the
largest possible value for a is

P L(ﬂ—l)—llbllJ
max — k—1 .

Proof. We begin by noting that similar to Remark 2.2, the maximum possible
difference between the first and last terms of a 2-pseudo progression is # — 1. Since
we are assuming a < b, if we want to find the largest possible value for a, we can
assume a = b — 1. Thus, we must distribute the difference of n — 1 into k — 1 groups
(Jla]| groups of size a, and ||b| groups of size a 4+ 1). To do this, we subtract || ||
from n — 1 in order to account for the ||5|| groups of one larger value than a. The
maximum possible value for the difference a is the result in the lemma. O
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Similarly, with a fixed difference of size ¢ and number of differences, say ||a||
and ||b||, we can determine the maximum value of the difference b in a k-term
2-pseudo progression in {1,2,...,n}.

Lemma 2.14. Suppose a k-term 2-pseudo progression has difference a and some
number of differences, say ||a| and ||b||. Then, the maximum possible value for b is

. {o, 5] =o.
a7 )| m=D—allal

| =Dalall |y £,
Proof. Similar to our argument in Lemma 2.13, the largest possible value between
the first and final terms of a progression in {1, 2, ...,n}is n—1. Thus, to determine
the maximum possible b that can create a progression, we must divide #n — 1 into
k —1 groups (||a|| groups of size a and ||b|| groups of size b). In order to account for
the ||a|| differences of size a, we must subtract off the product a||¢|| and divide the
remaining (n — 1) —a||a|| into ||b]| groups. Thus, we have our resulting maximum

above. The equality is also guaranteed, since a 2-pseudo progression with these
metrics which begins at 1 will end at 1 + al|a|| + bq|| 0| < n. |

Proposition 2.15. Given a fixed a, b, | a|| and ||b||, the number of k-term 2-pseudo
progressions in a set {1,2,...,n} with a fixed difference pattern is

n—allall =b|b]l.

Proof. Fix the integers n, k, a, b, ||a|| and |||, and a difference pattern. Similar
to the argument in the proof of Theorem 2.1, we proceed by first considering a
progression with initial term 1. Since our differences are of size @ and b and there
are ||la|| a’s and ||b|| b’s, we have that the final term in the progression will be
1 +allal| + b]||b||. In general, if a progression with these parameters has initial term
Do, then the final term will be pg + al|a| + b||b]|. Such a progression is valid in
{1,2,...,n} if this final term pgy + a||a|| + b||b|| < n. Such will be the case when

po =n—allal =b|b].

Thus, the total number of valid 2-pseudo progressions with these parameters is
equal to the largest pg such that the above inequality is true. And so the result of
the proposition follows. O

Proposition 2.16. The total number of k-term 2-pseudo progressions in {1,2,...,n}
can be counted using the formula

k 1 amax

F+ Yy Z [ Yo —atall=bieln)

lal=1a=1b=a+1
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Proof. A formula for F; is given in Theorem 2.1, and it counts the number
of arithmetic progressions in {1, 2,...,n}; we now turn to count the number of
2-pseudo progressions which contain two distinct differences.

As a consequence of Proposition 2.15, the total number of k-term 2-pseudo
progressions in {1,2,...,n} with a given difference pattern and fixed values of
a,b,|all,||b|l € Zt is given by n —al|a|| — b||b||. Furthermore, by Lemma 2.5, this
value does not depend on the difference pattern chosen. Thus, given fixed a, b,
and ||a|| (which implies the value of ||b||), we count the total number of progressions
with these parameters by scaling the count in Proposition 2.15 by the total number
of difference patterns that could occur with ||a|| «’s and ||b|| b’s. In particular,
there are (lﬁa_”l) such ways, by choosing which of the total £ — 1 skips to place the
|la|| skips of size a.

Now we must determine all possible values of ¢ and b that are possible. We
assume 0 < a < b, so we have @ = 1 being the smallest possible value for a. Thus,
b = a + 1 is the smallest possible value for b given a value for a. This gives us the
bounds for the inner two sums.

Finally, we iterate this process through all possible positive values of ||«| and ||5 ||,
by summing up all valid progressions for each value of ||a||, with 1 < |la| <k —1.
Since ||a| + ||b]| = k — 1, iterating through all possible values of |la| will indeed
iterate all valid positive pairs of ||a|| and ||b]|. O

3. Counting m-pseudo progressions

We now generalize Lemma 2.6, which will be used to generalize Corollary 2.9

Lemma 3.1. Fix some dy,d,...,dy, €4{0,1,2,...}, where er'n=1 di=k—1,and
consider any two lists, L1 and L,, each consisting of ||d;|| copies of the variable
d; for each i, in some order. Let Dy be the collection of all k-term m-pseudo

progressions in {1,2, ..., n} whose difference pattern matches L (for appropriate
substitutions of d, d>, . .., dm), and let D be the collection of all k-term m-pseudo
progressions in {1, 2, ..., n} whose difference pattern matches L, (for appropriate

substitutions of di,d,, ...,dy). Then, |D1| = |D;|.

Proof. We will show a bijective correspondence between k-term m-pseudo progres-
sions with the same number of differences ||d;|| for all i, regardless of the ordering
of the differences. Let S and T be the set of m-pseudo progressions with distinct
difference patterns containing differences d1, d», ..., dy such that the number of
differences ||d;|| is the same in each difference pattern for all 7.

Given an arbitrary s € S, if s starts at, say, pg, then it will end at po + d ||d1 || +
da|lda|| + -+ + dmlldm||. Let f be the function that maps s to the m-pseudo
progression ¢ € T starting at po. Note that this is well-defined, as pairing the starting
term of an m-pseudo progression with that progression’s difference pattern uniquely
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determines the progression. Any ¢ € 7" is the image of the m-pseudo progression
in S starting at the initial term of ¢. Therefore, the number of progressions with
a fixed difference pattern is independent of the ordering of the differences in the
difference pattern. O

3A. Recursive count. In this section we generalize the ideas of Section 2C to

count k-term m-pseudo progressions in {1,2,...,n}.
Definition 3.2. A progression is (51, 52,. .., Sy)-simple if it is of the form
al’a17"'7a17a2’a2’“"a27"'7am7am""7am’
§1 terms §p terms Sm terms
where s;, a;j €Z foralli, j. Let S(n, s1, ..., Sm) be the number of (s1, 52, . . ., Sm)-
simple progressions in {1, 2,...,n}.

By the same reasoning as in Section 2C, there is a bijection between the set of
progressions of this form and the set of progressions of any permuted form, and
there are ( sfc:l ) such permuted forms. And

Sm
SN
S(n,sl,...,strl):ZL JS(n—i,sl,...,sm),
— LSm+1
i=1
since an (81, 2, - - -, Syp1)-simple progressionin {1,2,...,n}isan (sq, $2, ..., Sm)-

simple progression in [n — i], for some 7, followed immediately by s,,4; more

terms. And within the remaining / numbers, starting with the first, there are L sml+1 J

possible common differences that will keep the entire (s1, 52, . .., Syu+1)-simple
progression in {1,2,...,n}.
So in this way we have recursively found the number of (s1, 52, ..., Sm)-simple

progressions for an arbitrary m. And so

S, s1, .-, Smt1) — Fm(n)

counts the number of (s, 52, ..., Sy)-simple progressions with exactly m + 1
distinct common differences. And if 51 <7 < -+ < §;,+1, then by Lemma 3.1,

k—
(Sl --.Srln_i_l)[S(n’Sl?-"?SWH-I)_Fm(l’l)]

counts the number of all progressions which are of a form which is a permutation
of the (s1,52,...,5n)-simple form.

Otherwise, if we only assume s; <7 <--- <8,,41, then just like with 2-pseudo
progressions, we may overcount. Indeed, if in the multiset {s{,52,...,Su+1} We
have, say, 7 appearing 3 times (say, s3 = §4 = S5 = 7), then this alone causes
the above expression to overcount by a factor of 3! = 6 (just like in the 2-pseudo
progressions, when s = ¢ implied that we overcounted by a factor of 2! = 2). To see
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this, note that each such progression will have been counted once when the copies
of a3 were counted by s3, the copies of a4 were counted by s4, and the copies of
as were counted by s5; but will also have been counted once for each of the other
3! pairings between these a;’s and s;’s. This reasoning gives the answer of

1 _
<s1k NS s s) — Em()

nylny! ---ny! e Sm+1
where n; is the multiplicity of the i-th distinct number in sy, $2, ..., Su+1, and
therefore £ is the size of {s1,52,...,Sn+1} as a set (i.e., removing multiplicities).

Note that our answer in the 2-pseudo progression case is a special case of this.
Adding up all the possibilities, and adding back in the progressions with at most
m distinct common differences, gives you the final count

Fnyi(n k)=

1 k—1
Fam+ Y —( )[S(n,sl,...,sm+1)—Fm(n)].
nylng! - ong \S1 ... Sm+1

S SSm+1

This also gives a particularly nice formula for F, m+1(7, k), which you recall is

the number of k-term progressions in {1,2,...,n} with exactly m + 1 common
differences. The above reduces to
~ 1 k—1 ~
F, n k)= —( )Sn,s,...,s .
m+1(1, k) Z Tl gl NSt S (n,s1 m+1)

S1=SSm+1

3B. Iterative count. In this section we generalize the ideas of Section 2D to count
k-term m-pseudo progressions in {1,2,...,n}.

Remark 3.3. As before, the differences in an m-pseudo progression will be denoted
by d; for 1 <i < m. In this section, we assume

0<dy<dr <+ <dp.

Proposition 3.4. For any i such that 0 < i < m, and fixed list of positive inte-
gers |dil, |dall, . ... |dml|| such that Z}’;l Idj|| = k — 1, and fixed multiplicities
0<di <dy <--- <di_q, the maximum value of the difference d; of a k-term
m-pseudo progression with m distinct differences is

2 {(n— D= () dilldill + o (G = D) ldj ”))J

i= —
k—1=02) djll

Proof. Assume the setup of Proposition 3.4. We have a fixed list of numbers
ldill, ldz2ll,-- -, ldm]l such that Z}":l ld;|| = k — 1, a difference pattern, and a
fixed size of differences dy,d>, ..., d;i_;.
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Similar to the proof for Lemmas 2.14 and 2.13, the largest difference between the
initial and final term of a progression in {1, 2,...,n} is n — 1. In other words, for a
progression that starts at 1, the last term in the progression is, 1 + Y /=, d;||d;|. If
we want to determine a difference that is as large as possible, we can assume that
1+ Y7L, di||d;i| is as large as possible. Thus, we assume 1 + Y ;- d;||d;i|| =n
(and we consider issues of whether this value is an integer later). Thus, to determine
the maximum value for d; we must remove d;||d;|| from n — 1 for each known
difference dq,d>, ..., d;—1.

Similar to the proof for Lemma 2.13, since we want to determine the largest
possible value for d;, we will assume for each j > i that d; is as small as possible
while still maintaining the inequality from Remark 3.3. That is, we will assume for
each j > i that dj =d; + (j —i). For example, d; 1 = d; + 1.

However, since we are determining the value of d;, we will account for each
d; of size d; + (j —1) by removing (j —i)| d;|| from n — 1 and distributing the
remaining value equally between the remaining kK — 1 — 1—1 ||d; || possible skips.

The floor of this expression gives the largest possible value for the difference of
size d;. O

Proposition 3.5. Given fixed dy,d,, ..., dm, ||di|, |d2|, - - . |dm]|| such that
m
> ldill =k =1,
i=1

and difference pattern, the number of k-term m-pseudo progressions in{1,2,...,n}
with a fixed difference pattern is

m
n—"Y_dj||d;ll.
j=1

Proof. This result follows the same reasoning as Proposition 2.15. O

Proposition 3.6. Given n, k and m, the total number of k-term pseudo progressions
in{l,2,...,n} with exactly m distinct differences is

k—1 k—(m—1) d; dm

DD DD DECIED DU (PR ||)( Zd”d”)

ldil=1  ldnm-1ll=1di=1  dn=dmn—1+1

This can be written more succinctly as

%(ndln,ndfn_,l Idm ||)( Zd”d”)

where D ={(d1,....dm.|ld1|,. ... |dml) such that || d;|| # O, S dill =k—1,
| <d; <d;, and d; < dj wheneveri < j}.
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In order to compute the total number of k-term m-pseudo progressions (that is,
progressions with up to m distinct differences), sum the above over all m from 1

to m.
Proof. We can determine the total number of m-pseudo progressions in {1,2,...,n}
with a given set of fixed positive integers dy,ds, ..., dm, |dil, |d2]l,. ... |dml

such that Y-, ||d;|| = k — 1 and a fixed difference pattern from Proposition 3.5.
By Lemma 2.5, we can scale this count by the number of possible difference
patterns to determine the number of m-pseudo progressions with fixed parameters
di,dy,....dm, di|,dz2]l, ..., |dnl|l. The number of such difference patterns is
the number of ways to choose where the ||d; || differences of size d; occur for each i
from 1 to m. That is, the multinomial coefficient

( k—1
Iyl NIzl - ... lldmll )

To determine the allowable collections of numbers dy, d,,...,dy and | d1|,
ld2ll, ..., ||dm|l, we continue with similar reasoning as in Proposition 2.16. That
is, we iterate over all possible values of ||d;| from 1 to k — 1 — (m — 1) (in order to
ensure ||d;|| # 0 for all i) such that )~ ||d;|| = k — 1. In order to maintain the
inequality from Remark 3.3 and the maximum in Proposition 3.4, we iterate over the
values of d; from d;_; + 1 to d;. All such valid lists of differences dy, ds, . . ., dm
and amounts || d1 ||, ||d2]|, - -, ||[dm|| can be represented by the set D. O

3C. Reinterpreting combinatorial identities. Observe that if a (k — 1)-pseudo
progression has j numbers in [v] (which can occur in (}’) ways), then the other
k — j numbers in the pseudo progression can be anywhere in {v+ 1,v+2,...,n},
which has size 7 —v. The number of ways to complete this is F_;_;(n—v,k— j).
Thus, L )
Fiet(n.) = 30 (5 Foroj (= v, = ).
Jj=0
Recalling that Fj,_(n,k) = (Z), this gives a new proof of the Chu—Vandermonde

identity
k
n v\ /n—v
(k) - Z(j)(k—j)‘
j=0
4. Generating functions

An m-pseudo progression places a limit of 7 on the number of distinct differences
within such a progression. In this section, we go to the opposite extreme and ask
what happens if we demand all of the differences be distinct. Indeed, below we find
the generating function which counts the number of k-term pseudo progressions in
{1,2,...,n} where all of the k — 1 differences are distinct.
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We will be discussing m-pseudo progressions without needing to refer to any
particular m (m = k — 1 would suffice, except that we do not wish to allow fewer
than k& — 1 distinct differences). Therefore we will continue to refer to these as
pseudo progressions without mentioning any .

It is well known that

k(k—=1)
2

(1=x)(1 =x2) -+ (1 —xk=T)

is the generating function for integer partitions with k — 1 distinct parts. That is,
the coefficient of x’ in this generating function gives the number of partitions of
into k — 1 distinct parts: 1 = p; + p +---+ px—1, where each p; is a positive
integer and py < py <+ < Pg—1.

Definition 4.1. Fix a k and n. For ¢ < n, let ¢(¢) be the number of partitions of ¢
into k — 1 distinct parts.

Lemma 4.2. There are

n—1
> (k=D n—1)c@)
p=kt=D)
k-term pseudo progressions in {1,2,...,n} with distinct common differences.

Proof. Given a partition of # into k — 1 distinct parts, note that we can create a pseudo
progression in {1, 2,...,n} which starts at 1, ends at # 4+ 1, and whose common
differences are distinct. Namely, if the partition is t = p1 + pp +---+ pr_1, then
the pseudo progression is

1, 14+pi, 14+pi+p, ..., 14t

Also, observe that because py < py <---< pr_1, we in fact can find (kK —1)! pseudo
progressions which start at 1 and end at ¢ 4+ 1 by simply considering all possible
permutations of {py,..., px—1}, and adding in the p; in the order determined by
the permutation.

Moreover, all k-term pseudo progressions with distinct common differences that
start at 1 and end at # 4 1 can be realized in this way. To see this, simply take such
a pseudo progression, 1 = aq,a,,...,a; =1t + 1, and observe the k — 1 distinct
common differences,

a2_al, a3_a2’ L] ak_ak—l

The sum of these common differences telescopes, so their sum can be seen as
ar—aj; = (t+1)—1 =t. And being distinct, once they are reordered in increasing
order they do indeed form a partition of ¢ with k — 1 distinct parts.
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So there is in fact a total of (k—1)! ¢(¢) k-term pseudo progressionsin {1,2,...,n}
which start at 1, end at # + 1, and have distinct common differences. To obtain
a count for all such progressions, we simply need to multiply by the number of
possible starting points. The progressions could begin at 1 and end at ¢ 4 1, begin
at2andend at+2, ..., begin at n —¢ and end at ¢ + (n —¢). In total, there are
n —t ways that we can “shift” these progressions which start at 1 into progression
that start at higher values. Thus, by multiplying by n — ¢ we get the total number
of (n—1t)(k —1)!c(t) k-term pseudo progressions in {1,2,...,n} with distinct
common differences.

Finally, we must sum over all possible values of . The smallest ¢ corresponds to
the smallest value which can be partitioned into k& — 1 distinct parts, which is

k(k —1)
—

The largest possible ¢ is n — 1, since this corresponds to a progression which starts
at 1 and ends at ¢ + 1 = n. Thus, by summing over these possible vales of 7, we
get our final count

14243+ 4 (k—1)=

n—1

> k=D n—0)c@). O

_ k(k—1)
1=="3

We now use this to find the generating function for the number of k-term pseudo
progressions in {1, 2, ..., n} with distinct common differences.

Theorem 4.3. The number of k-term pseudo progressions in {1,2,...,n} with
distinct common differences is the coefficient on X" in the generating function
(k = D1y +
(1—=x)31—=x2)(1 —x3)--- (1 —xk=1)’

Proof. Recall that the generating function for the number of integer partitions with

distinct parts is
k(k—1)
X 2

(1—=x)(1—x2)--- (1 —xk-1)’

That is, the coefficient of x’ in this generating function gives ¢ (). By scaling, the
coefficient of x” in

k(k—1)
-+ D

(=01 —x?) (1 —xkT)

now gives c(¢). Thus, by Lemma 4.2, since there are Z;:llc(k—l)/z(k_ D! (n—t)c(t)
k-term pseudo progressions in {1, 2,...,n} with distinct common differences, this
value is given by the coefficient of x” in
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k(k 1)

n—1
(k=D (n—o)x"~1+
_kX(k:_l) (1—x)(1—x2)--- (1 —xk=1)

k(k—1)

n—1
oD 57 S

= (l_x)(l—xz)"'( —Xk 1) t=M

By substituting i for n — ¢, which reverses the order of summation, the above is

equivalent to
1 n— k (kz— 1

(k—l)!xk(kz_ y
(1—x)(1—x2)--- (1 —xk—1) Z ixt.

i=1

Notice that the coefficient on x” here is the same as in
k(k—1)

(k—l)'x >
(I—x)(1—x2) - (1—xk- 1>Z”“

and so this new expression also has the property that the coefficient on x” gives the
number of k-term pseudo progressions in {1, 2, ..., n} with distinct common dif-
ferences. Since Y ;o ix’ has generating function x/(x — 1)2, this is equivalent to

k(k 1)

(k—1)!x!*
(=231 =¥ (1 =23 (I = k)’

as desired. O

5. Symmetries

We have observed (see Section 7) that for certain small values of k, the number of
k-term m-pseudo progressions in {1,2,...,n} is equal to the number of (n — k)-
term m-pseudo progressions in {1, 2, ..., n}. Indeed, the relationship seems to be
related to the complement. Consider a k-term m-pseudo progression and let K be
the subset of {1,2,...,n} consisting of the elements of the progression. Then, the
set K¢ ={1,2,...,n}\ K corresponds to an (n — k)-term progression.

Note that the K¢ progression will include a difference of 1 whenever there are
two adjacent numbers in {1, 2,...,n} which are not in K (for k < Z — 1, this is
guaranteed). The K¢ progression will include a difference of 2 whenever the K
progression had a term i € {2,3,...,n—1} for whichi — 1 and i + 1 are not in K
(for most sets K of small size, such an i will exist). For the K¢ progression to have a
difference of d > 1, the K progression would have to include d —1 consecutive terms.

Since terms from the K progression have to be used to create differences in the
K¢ progressions, | K| creates a bound on how many differences the K¢ can have.
Indeed, by this reasoning, it is impossible for the K¢ progression to have more than
m differences if
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i m+1
|K|<1+Z(d—1)=1+( ) )
d=2

In Section 7, these symmetries appear in our tables of values, which also show other
interesting behaviors. For example, the number of 4-term 3-pseudo progressions in
{1,2,...,14} is equal to the number of 10-term 3-pseudo progressionsin {1,2,...,14}.

6. Further directions

We were motivated to study this problem because of a problem in Ramsey theory,
and it is in this direction that we plan to move to next.

Consider the positive integers ZT = {1,2,3,4,...}. An r-coloring of these
integers is produced by assigning each of these integers one of r colors. The question
is whether every r-coloring of ZT contains a k-term monochromatic arithmetic
progression. Such a progression is a collection of integers a, a +d,a+2d, ...,
a + (k — 1)d which are all assigned the same color. Here, d is called the common
difference. The seminal van der Waerden theorem [1927] says that given any k
and r, there exists some N such that every r-coloring of {1,2,3,..., N} contains
a k-term monochromatic arithmetic progression; the smallest such N is denoted
by w(k, r). For example, w(3,2) = 9. That is, every 2-coloring of {1,2,3,...,9}
contains a 3-term monochromatic arithmetic progression, and furthermore it is
not true that every such coloring of {1, 2, 3,..., 8} does. For example, here is a
2-coloring that avoids such a progression:

1234567 8.

Much work has been done to try to bound w(k, ). The best upper bound is
g2k +9

wk,r) < 2% ,

and is due to Tim Gowers.

Brown, Graham and Landman [Brown et al. 1999] investigated what happens
when you restrict the allowable set of arithmetic progressions. In particular, if
D C 77 is aset of allowable common differences, they asked whether there must still
exist an N for which every r-coloring of {1, 2, 3,..., N} contains a monochromatic
arithmetic progression whose common difference is in D. That is, their research
focused on a subset of the collection of arithmetic progressions. It seems natural
then to ask what happens when you instead consider a superset of this collection.

Landman and Robertson recently asked about generalizations of van der Waer-
den’s theorem to m-pseudo progressions. Now that m-pseudo progressions are
better understood through their count, we aim to determine the smallest values
of N for which every r-coloring of {1,2,..., N} contains a monochromatic
m-pseudo progression.
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7. Tables of values and graphs

Number of k-term 2-pseudo progressions in {1,2,...,n}.
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Number of k-term 3-pseudo progressions in {1,2,...,n}.
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Growth series for graphs

Walter Liu and Richard Scott

(Communicated by Kenneth S. Berenhaut)

Given a graph T, one can associate a right-angled Coxeter group W and a cube
complex ¥ on which W acts. By identifying W with the vertex set of X, one
obtains a growth series for W defined as W(t) =", _y, 1“™, where £(w) denotes
the minimum length of an edge path in ¥ from the vertex 1 to the vertex w. The
series W (¢) is known to be a rational function. We compute some examples and
investigate the poles and zeros of this function.

1. Introduction

1.1. Preliminaries. Throughout this paper, graphs will be undirected, simple, and
without loops. It is customary to think of a graph I" as a collection of vertices with
edges joining certain pairs of vertices; throughout the paper, an edge will be denoted
by the unordered pair {u, v} where u and v are the vertices that it joins. Given a
graph I', we let V(I') and E(I") denote the vertex set and edge set, respectively.
A simplicial complex with vertex set V is a collection K of subsets of V such
that if 0 € K and t C o, then T € K. An element o0 € K is called a simplex,
and another element t € K is a face of o if T C o. Typically, the vertex set V is
a collection of points in R”, in which case we can identify a simplex o with its
convex hull, obtaining a geometric realization of K as a subspace of R". Because
of this geometric connection, we define the dimension of a simplex o to be |o| — 1,
where |o| denotes the cardinality of o. The dimension of a simplicial complex
is the dimension of a largest simplex. A simplicial complex K is a flag complex
if whenever all of the edges of a simplex o are in K, then so is 0. Any graph I
is a 1-dimensional simplicial complex (on its vertex set V = V(I")), but is a flag
complex only if it has no complete subgraphs. Given any graph [, there is a unique
flag simplicial complex K that has I' as its 1-skeleton. It is obtained from I
by adding subsets o € V (I') whenever the induced subgraph on o is a complete
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subgraph (i.e., a clique). We shall call the complex K the flag completion of the
graph I'.

Another standard term we shall assume is that of the link of simplex o in K. By
definition, this is the subcomplex Lk(o) C K defined by

Lk(c)={reK|oUteKando Nt =J}.

The link is useful because it records the local geometry of K in a neighborhood
ofo.

1.2. Right-angled Coxeter groups and the Davis complex. Given a graph I, there
is a corresponding right-angled Coxeter group Wr defined by a presentation with
generating set V (I') and relations

(1) s> =1 for every s € V(I'), and
(2) st =ts for every edge {s,t} € E(I').

For any such group Wr, there is also a CAT(0)-cube complex X obtained from
the Cayley graph for this presentation by “filling in cubes” (that is, when all of
the edges of an n-dimensional cube are included, the interior of that cube is also
included in the complex). The group Wr acts cellularly on Xy, the action is simply
transitive on the vertices of X, and the link of every vertex of Xr is precisely the
flag completion of the graph I'. The cube complex Zr is called the Davis complex
associated to the Coxeter group Wr. Further details and properties of Wr and Xr
can be found in [Davis 2015].

1.3. Growth series. Given a graph I, let K = K be its flag completion, let W =
Wr be the corresponding right-angled Coxeter group, and let ¥ = X be the
corresponding Davis complex. Fix a vertex xo in X, and for any w € W, let £(w)
denote the minimum number of edges in an edge-path connecting x¢ to w - x¢ in X.
We call ¢(w) the length of w. Because the 1-skeleton of ¥ coincides with the
Cayley graph of W with respect to the generators V (I'), this length £(w) is also
the word length of w with respect to this generating set. We then define the growth
series for I' (or for W) to be the power series W (¢) defined by

W(t) = Z t)

weW
Given a simplicial complex K, we define the f-polynomial of K by

foy=> " xl.

oek
Note that the degree of the f-polynomial is one more than the dimension of K, and
the constant term of f(x) is 1 (corresponding to the empty simplex). Also note that
f(x) is a generating function in the sense that the coefficients of f(x) record the
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number of simplices in K of each dimension. A related polynomial that captures
the same data is the h-polynomial, defined by
t
ht)y=10=)"fl — |,
0 =(01-1) f(l — t)
where m is one more than the dimension of K. The following proposition relates
these polynomials to the growth series.

Proposition 1. Let I' be a graph and let f(t) and h(t) be the f-polynomial and
h-polynomial of its flag completion Kr. Then

1

W)= ——,
f(=t/(1+1))

and (using the identity above)

_ (4™
W) = e

This formula is a special case of the known formula for the growth series of
an arbitrary Coxeter group (not just right-angled). A reference for the latter is
[Steinberg 1968, Theorem 1.25 and Corollary 1.29]. In [Scott 2007], the second
author showed that this same formula holds not just for the Davis complex of a
right-angled Coxeter group, but more generally, it holds for the growth series of
any CAT(0) cube complex whose vertex links all have the same f-polynomial.

Remark 2. Note that Proposition 1 implies that the growth series of a graph is
always (the Maclaurin series for) a rational function. Thus from the formula for
W (¢) in terms of the h-polynomial, it follows that the radius of convergence of
W (¢) is the minimal norm of a root of the A4-polynomial.

Remark 3. Other investigation of the poles and zeroes of the i#-polynomial have
also appeared in the literature. A generalization of the Charney—Davis conjecture,
predicting the sign of the Euler characteristic for flag triangulations of generalized
homology spheres, is the real root conjecture (see [Gal 2005] for a clear statement,
background, and counterexamples), which states, roughly, that the zeroes of the
h-polynomial of a flag triangulation of a generalized homology sphere are all real.

1.4. The join of two simplicial complexes. Given simplicial complexes K| and
K> with respective vertex sets V| and V;, the join of K| and K;, denoted by K| K>,
is the simplicial complex with vertex set V; U V, and simplices of the form o1 U o,
for all oy € K| and o0, € K».

It follows easily from the definition of the f-polynomial that if f; and f, denote
the f-polynomials of K| and K>, then the f-polynomial of the join K; * K> is
given by

fx) = fikx) f2(x).
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Figure 1. The join of two 1-simplices.

For the example in Figure 1, the complex K is the join of two 1-simplices, which
is a 3-simplex. Since the f-polynomial of a 1-simplex is (x 4+ 1)2, our formula says
that the f-polynomial of K is

FO)=Gx+D>’ac+D?=(x+D*=x*+43 +6x2 +4x + 1.

2. Operations on graphs

Several standard graph theory arguments involve the contraction and deletion of
edges (see, e.g., chromatic recursion in [West 1996, Theorem 5.3.6]). For flag
simplicial complexes, these operations are a little more complicated.

2.1. Edge deletion. As the local geometry of an edge is fundamental to the way
the edge’s deletion affects the simplicial complex, it behooves us to encode that
geometry in representing how the f-polynomial of the complex changes. We define
the subset L, C K of simplices in K which have e as a face, including e itself.
Then we define the local f-polynomial of an edge e, f,, as

fe(x) = Z xdim((f)-‘rl
o€elL,

and the f-polynomial of K after the deletion of e, fx_., is just fx — f.. Note
that the local f-polynomial of an edge can be calculated by multiplying the f-
polynomial of the link of the edge by x?, as each k-simplex in the link of an edge
corresponds to a (k+2)-simplex containing that edge in the complex.

The example in Figure 2 shows what happens when K is the simplicial complex
on the left and e is the top edge of the shaded 2-simplex. In this case,

fx =x>4+5x>+5x+1,

77N

Figure 2. Edge-deletion.
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Figure 3. Edge-contraction.

and the link of e is the single vertex at the bottom of the 2-simplex (which has
f-polynomial (x + 1)), so the polynomial f, is x*(x + 1) = x> + x2. It follows that

fr—e=fx = fe=4x"+5x+1,
which is the f-polynomial of the (edge-deleted) complex on the right in Figure 2.

2.2. Edge contraction. The local f-polynomial of an edge can also be used to
determine how the contraction of that edge affects the f-polynomial of the simplicial
complex. To understand this it is useful to consider how contraction affects simplices
with e as a face:

« contracting a 1-simplex removes it from the simplicial complex and identifies
its endpoints, thereby removing one 0-simplex;

 contracting an edge of a 2-simplex removes the 2-simplex and identifies its
other two edges, thereby removing one 1-simplex;
 contracting an edge of a 3-simplex removes the 3-simplex and identifies the
two faces not adjacent to that edge, thereby removing one 2-simplex;
and so on. Thus, for each n-simplex in L., contracting e removes one n-simplex
and one (n—1)-simplex, and therefore the f-polynomial of K after contracting e,
Tk /e(x), 18

Fire@) = fr @) = (14 1) o) = fie) = (@437 firgo ().

The example in Figure 3 shows what happens when the same edge from the
previous example is contracted (instead of deleted). In this case, the f-polynomial
for K is

fx =x 4+ 5x2+5x+1,

and the f-polynomial for Lk(e) is fike) = x + 1, so our formula for the f-
polynomial of K /e is

fr e = (P H5x245x4+1) —(x?+x) (x+1) = 3x2+4x+1.
2.3. Subdivision. The subdivision of a simplicial complex K on an edge e is the

complex Sd,(K) created by adding a new vertex at the midpoint of e and bisecting
all simplices with e as a face. Subdividing a simplicial complex on an edge also
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/\

Figure 4. Edge-subdivision of a 3 simplex.

affects the f-polynomial in a way specific to the local geometry of the edge. After
subdivision, each n-simplex o C K with e € o becomes two n-simplices bisected
by an (n—1)-simplex.

Thus the f-polynomial after subdivision is

fsaor = Fx 0+ (14 2) £ol0) = fx () + 0 +22) fiagon (0.

The example in Figure 4 shows what happens when a 3-simplex is subdivided
along one of its edges. In this case, K is the 3-simplex, whose f-polynomial is
fx = (x + D)%, and e is the bisected edge, The link of e is the opposite edge, so
Sike) = (x +1). Our formula gives

fsde) = fx +x(x 4+ D fike ) = x4+ D+ x(x +1)° =2x* + 723 4952 45 + 1.

Note the inverse relationship between edge subdivision and edge contraction:
subdividing a complex on an edge and then contracting one of the halves of the
subdivided edge returns the complex to its original state.

2.4. Cartesian graph product. Given graphs G| =(V}, E1) and G, = (V>, E3), the
Cartesian graph product of G| and G, is the graph G = (V, E), where V =V x V,
and

E={{(u1,u2), (v1,v2)} | (w1 =vi Auz, v2} € E2) v ({ur, vi} € ED) A (ua =)},

with u1, vy € Vi and uy, vy € V,. Let the f-polynomial of graph A be

fa@ =1+ ) ax'™, a4 €Z,
iEZZ()
and the f-polynomial of graph B be
f) =14 )" bix'™, b ez
I'GZZ()

The Cartesian graph product A x B then has f-polynomial

faB(x) =bo fa(x) +ao fp(x) — (aobox +ap+ by —1).



GROWTH SERIES FOR GRAPHS 787

Some intuition for this formula comes from the fact that the product A x B contains
a copy of A for each vertex of B and a copy of B for each vertex of A. The
subtracted term corresponds to double-counted edges.

3. Examples and computations

3.1. Trees. A connected graph with n vertices and n — 1 edges is a tree. The
f-polynomial of such a tree is

f)=1+nx+m—Dx*>= 14+ 1 —Dx)(1+x).

The h-polynomial is then
h(t) =14 (n—2)t,

the root of which is 1/(2 — n). It follows (from Remark 2) that for any infinite
family of trees, the radius of convergence of the growth series can be arbitrarily
close to zero.

3.2. Cycles. Cycles are a basic family of graphs and a straightforward example for
f- and h-polynomial computation. The k-cycle has k vertices and k edges; thus the
f-polynomial for the k-cycle with k > 3 is f(x) = 1 + kx 4 kx?, which has roots

kKT dk
=

As k — oo, these roots approach 0 and —1. We can find the A-polynomial by
substituting x = ¢/(1 — t) as follows:

X

<L>—1+ ki | ke —( : )((1—r)2+kr<1—t>+kz2>
! 1—¢) 1—r (1=02 \(1-=0)2

1

SO
h(t) =1+ (k —2)t + 12
The roots now are
. 2—k+t(k—=2)2—4 B 2 —k+Vk?—4k
- 2 o 2 ’

which approach 1 and —oo.

3.3. Paws. Define the paw as the simplicial complex constructed by attaching an
edge to a vertex of a 2-simplex. More generally, a k-paw is a 2-simplex with a path
of length £ (i.e., a path with k edges) attached to a vertex of this 2-simplex (see
Figure 5).
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n n—1 n—-2 n-3 3 1
° o o @-----oo----
2

Figure 5. A k-paw with k =n — 3.

The f-polynomial for the k-paw is f(x) =1+ (k+3)x + (k+ 3x2+x3 We
can then find the roots: f(x) factors neatly into (1 +x)(1 + (k+2)x + x?%), and
the quadratic roots are

 —k—2%/(k+22—4 —k—2+£VK2+4k
o 2 o 2
with limits limy_ 0o x = —1, —00

Likewise, we can derive the h-polynomial using substitution:

t t t O\ t )

3
= (L) (L= + k+3)t(1 =)+ (k+ )21 —1) +17),

1—1¢
SO
h(t) = 1=3t43t> =3+ (k+3)t —2(k+3) 1>+ (k+3)> + (k+3)t> — (k+3)> +1°
= 14kt —kt?,
with roots
L 2—kEVET—dk
o 2

and limits limy_, oo x = 1, —00.

3.4. Cycles with extra diagonals. Other families of graphs can be obtained by
adding additional diagonals to a cycle. For example, Figure 6 shows a 12-cycle with
additional edges connecting vertex i to vertex j whenever i — j =2 or 3 mod 12.
This complex has f-polynomial f(x) =1+ 12x + 36x2 + 36x> 4 12x* with roots
x ~ —0.414, —0.124, —1.231 £ 0.330i. Substitution produces the s-polynomial
h(t) = 1+ 8t 4+ 61> — 43 + t*, with roots 1 ~ —0.706, —0.141, 2.424 + 2.033i.
Notably, both the f-polynomial and the /z-polynomial for this graph have complex
roots.

3.5. Possible roots of f- and h-polynomials. As f-polynomials have restrictions
on their coefficients, it is possible to find restrictions on their possible roots. The
first of these is provided by Descartes’ rule of signs, which says that the maximum
number of positive real roots of a polynomial is less than or equal to the number of
sign changes between consecutive coefficients. Since f-polynomial coefficients
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Figure 6. 12-gon with extra diagonals.

count simplices in a complex, they are always nonnegative; thus all roots of f-
polynomials must be nonpositive. Due to the fact that, by definition, any simplicial
complex contains exactly one —1-simplex, f-polynomials always have 1 as a
constant term, and therefore 0 is not a possible root of an f-polynomial. Thus all
roots of f-polynomials are negative.

Proposition 4. The only possible integer root of the h-polynomial of a simplicial
complex is 1.

Proof. Assume the h-polynomial of a simplicial complex K has an integer root
a€/Z. Then x =a/(1 —a) is a root of the f-polynomial. Note that if @ is an
integer # 1, then x = a/(1 —a) is a reduced fraction. Since the f-polynomial has
integer coefficients, the rational root theorem states that for any rational root of the
f-polynomial, written in lowest terms p/q, p is an integer divisor of the constant
term of the f-polynomial. Since p = a, we know a is an integer divisor of 1, so a
must be 1. ]

For most of the examples above, the radius of convergence of the growth series
W () (or, equivalently, the smallest norm of a root of the #-polynomial) is < 1.
This actually holds more generally. (The authors thank Michael Hartglass of the
Department of Mathematics and Computer Science at Santa Clara University for
one of the key ideas in the proof of the following theorem). The key technical tool
in the proof is the use of the root test to bound the radius of convergence for a
power series.

Theorem 5. Let K be a flag simplicial complex, let W be the corresponding right-
angled Coxeter group, and let X be the Davis complex. Assume further that K is
not a single simplex. Then the h-polynomial of K has a real root in the interval

(—1,0).
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Proof. We use the second formula from Proposition 1

14+1)"
W(t)=l+a1t+a2t2+---+ant"+---=%,

where a, denotes the number of vertices in X that are (edge-path-) distance n
from x¢. Since this series is a rational function defined in a neighborhood of 0, we
know that the radius of convergence coincides with both the norm of the smallest
root of 1(—t) and 1/A where A = limsup, |a,|'/™ Since K is not a single simplex,
Y. is unbounded, so the sequence ay, ay, . .. has infinitely many terms > 1. Hence
A > 1. It follows that 2(—t) has a root in the interval (0, 1/A) € (0, 1), and hence
h(t) has a root in the interval (—1, 0). O
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Peg solitaire is a classical one-person game that has been played in various
countries on different types of boards. Numerous studies have focused on the
solvability of the games on these traditional boards and more recently on mathe-
matical graphs. In this paper, we go beyond traditional peg solitaire and explore
the solvability on graphs with pegs of more than one color and arrive at results
that differ from previous works on the subject. This paper focuses on classifying
the solvability of peg solitaire in three colors on several different types of common
mathematical graphs, including the path, complete bipartite, and star. We also
consider the solvability of peg solitaire on the Cartesian products of graphs.

1. Introduction

Peg solitaire has been played in cultures across the world for over 300 years. Boards
can come in a variety of shapes and sizes, each with a different number of pegs.
The standard rules for a game of peg solitaire state that a board starts with a certain
number of pegs and one hole placed anywhere on the board, usually the center. The
player must have an ending state in which only one peg is remaining on the board by
removing all other pegs achieved by jumping adjacent pegs over one another. There
is a rich history of problems posed and solved on different types of boards [Beasley
1985] and recently there has been renewed interest in the subject [Bell 2007; 2008].

In the last few years Robert A. Beeler and his students have studied peg soli-
taire on graphs by modifying the rules as follows [Beeler et al. 2017; Beeler and
Paul Hoilman 2011; 2012; Beeler and Walvoort 2015]: suppose there is an edge
connecting vertices v and v, and a second edge connecting vertices v, and v with
pegs in vertices v, and vz (see Figure 1). Then a player may jump the peg in v3
over the peg in v, to obtain the result in Figure 1. Following [Beeler and Walvoort
2015], we denote such a jump by v3 - U, - v;. Once the player jumps one peg over the
other, as seen in Figure 1, the peg that was jumped over is then removed. Although

MSC2010: primary 05C57; secondary 91A43.
Keywords: peg solitaire, combinatorial games, games on graphs.
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O——0

Figure 1. Example of a move in peg solitaire.

others have created and analyzed different variations of peg solitaire on graphs
[Beeler and Rodriguez 2012; Engbers and Weber 2018; Engbers and Stocker 2015;
Loeb and Wise 2015], the goal of this paper is to generalize the results in [Beeler
and Paul Hoilman 2011] by adding an additional, “third,” color to the game. We
recognize that although the pegs in our version of the game come in two colors, it
might be best to think of the “third” color as the white holes, since, as explained
in Section 2, our version of the game is closely aligned with arithmetic in Z3. In
Section 2 we present the rules of peg solitaire on graphs with pegs with different
colors, in Section 3 we give results on different graphs with these new rules, and in
Section 4 we discuss some open questions.

2. Three-color peg solitaire

As described in [Beeler and Paul Hoilman 2011], each game consists of a graph,
G = (V, E), with |V| > 2, that serves as the board, and a starting state S depicting
the initial placement of the pegs. As in that paper, we also assume that all graphs
are finite and undirected with no loops or multiple edges and that graphs are always
connected. In this version of peg solitaire we include two different types of pegs
and adjust the criteria for what moves can be executed. The starting state of each
game includes the following components:

« a singleton set Sy consisting of the vertex that has a peg of color 0, also called
the initial hole in the board;

« a set S; which consists of vertices that have pegs of color 1; and

» a set S> which is made up of vertices that have pegs of color 2.

Thus a starting state S will be denoted as S = (Sp, S1, S2)

As in [Beeler and Paul Hoilman 2011] we note that a player can only execute a
jump x -y -z if xy, yz € E and if z has color 0, while x and y do not. A difference
in the rules is that when a player jumps a peg with the same color, the peg that
has been jumped over then switches to the second color (see Figure 2). Moreover,
when adjacent pegs have different colors, then the peg that jumps over the different
colored peg creates a hole (see Figure 3).
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Figure 3. Example of moving a peg over a peg of a different color.

Moreover we note that we can translate the color rules in terms of modular
arithmetic as follows: If we allow the darker gray color in Figure 2 to correspond to
the number 2 and the lighter gray color to correspond to the number 1, then when a
peg jumps over another peg into a hole, the middle peg is replaced with the result of
an addition modulo 3. This generalizes the rules in [Beeler and Paul Hoilman 2011],
since in that paper all pegs have color 1, and the result of any jump is 14+1=0 mod 2,
a hole. Using modular arithmetic we obtain the following notation for Figure 2:

0221
2101

In other words, when the peg in vertex v3 jumped over the peg in vertex v, we add
the values of the pegs in v3 and v, modulo 3 and obtain the number 1 in vertex vy.
This corresponds to the move in Figure 2. The new notation would express the

move in Figure 3 as
2101

0021

Note that there is a game that is closely related to the one in the previous paragraph
and which can be played in a similar manner, namely the game

0112

where each color in the original game is replaced with the opposite! color. Following
the same two moves highlighted above we obtain the following configurations of
the game:

0112
1202
001 2.

I The opposite color refers to the fact that 1 and 2 are additive inverses in Z3.
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Thus if I" is a game on a graph G with starting state S| = {uy, uz, ..., un},
Sy={v1, v2, ..., v,},and So={v,}, then the game I'" given by S| ={vy, v2, ..., va},
Sé ={uy,uy,...,un}, and Sy = {v,} is called the opposite of I". As in the example

above, the properties of the addition table for Z3 imply that any move made on a
game in three colors will be mirrored in the opposite game. This observation allows
us to reduce later arguments in the sense that the actual colors being used in the
game do not matter, only whether the peg that jumps is of the same or a different
color than the one that is being jumped over.

Similar to the traditional game of peg solitaire, the goal of this version is to
have one remaining peg, regardless of the color, on the board at the end of the
game. The game is in its terminal state when one of two things happen. Firstly, the
game is in its terminal state if the goal has been reached and there is only one peg
remaining on the board. In the second option, the game is in its terminal state if the
board has reached a point where there are no remaining moves to solve the game.
For example, there may be no allowable moves remaining (see Proposition 3.4).
Otherwise, there may be allowable moves creating a repeating loop in which no
additional pegs are removed (see Theorem 3.7).

We define the terminal state T = (Ty, Ty, T») of each game as follows:

 a set Ty containing the vertices with remaining pegs of color 0, or holes;
« a set 77 that consists of the vertices with remaining pegs of color 1; and
« a set 75 that consists of the vertices with remaining pegs of color 2.

Thus the goal of playing each game is to reach a terminal state 7, where |T1UT,| = 1.
We say that a game on a graph, i.e., a graph G together with a starting state S,
has been won if there is a sequence of moves leading to a terminal state with
|Ty U T,| = 1. We say that a game on a graph is a losing game if it is not a winning
game: no sequence of moves leads to a terminal state with |77 U 75| = 1. This leads
us to the following definitions, where we intuitively think that a game is solvable if
we can win at least one game; and freely solvable if we can win every game.

Definition 2.1 (solvable). A graph G = (V, E) is solvable if there exists a starting
state S = (S, S1, S») that has an associated terminal state T = (T, T, T2) such
that |77 U Tz| = 1.

Definition 2.2 (freely solvable). A graph G = (V, E) is freely solvable if for

every starting state S = (Sp, S, S2), there exists an associated terminal state 7 =
(Ty, Ty, T») such that [T UT,| =1.

Definition 2.3 (k-solvable). A graph G = (V, E) is k-solvable for k € N when k
is the minimal value such that there exists a starting state S = (Sp, S1, S2), with
associated terminal state T = (T, T, T») such that |7} U T»| = k, and all vertices
in 71 U T, are nonadjacent.
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We finish this section by noting our first result following from the discussion
thus far.

Lemma 2.4. Let G be a graph and let I" be a game on G. Then I is a winning
game if and only if its opposite is a wining game.

In the next section we determine the solvability of many of the same graphs
considered in [Beeler and Paul Hoilman 2011].

3. Results

3A. Games on path and cyclic graphs. We begin by showing that path graphs with
n vertices, n > 3, are solvable but not freely solvable. We remark that this result
provides a distinction between the results occurring in two [Beeler and Paul Hoilman
2011] versus three colors. We further note that while, at this point, we do not have
an example of a graph that is solvable in two colors yet not solvable in three colors,
there are individual games where this is the case, such as in P4. See Theorem 2.3
in [Beeler and Paul Hoilman 2011] for these examples.

A path graph P, has n vertices and n — 1 edges connecting each of the vertices
along a line. The cycle graph C, is the same as the path graph with one additional
edge connecting the first and last vertex. For more on path graphs and other basic
graph theory terminology, refer to [West 2001]. In the proofs below we label the
vertices as in Figure 4.

Theorem 3.1. The path graph on n vertices, P,, is solvable for n > 2. Moreover,
P, is not freely solvable for n > 3.

Proof. We begin by noting that we can win every game on the path graph P;; thus
P; is freely solvable. We now show that P, is solvable for all n > 3, proceeding by
induction on the number of vertices. Suppose that we can win the game, I', with
starting state So = {v1}, S1 ={v2, ..., vy}, and S, = &; i.e., we can win the game

orri1r11---1.

Consider a similar game in P, |, denoted by I'/, with starting state S, = {v1},
St ={v2, ..., U, Uns1}, and S} = 3,

orr1r1t1-.--11.

Then by moving v3 - U, - v; and then back vy - v - v3, we see that we now have
holes in vertices v, and v, and pegs of the color 1 in vertices vs, ..., Vy4+1. Now if

Figure 4. A path graph with n vertices.
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we consider the vertices vy, ..., v,41 on their own, we see that their configuration
matches the starting state of the game I'. We can play the rest of the game I'” as we
would the game I and win the game. Thus P, is solvable for all 7.

We can show that P, is not freely solvable for n > 3 in a similar manner. We
begin by noting that we cannot win the game 102 in P;. Now suppose n = 2k + 1
for some integer k, and consider the game I" in P, with starting state given by
S() = {vl}, Sl = {Uz, V4, ..., vzk}, and Sg = {v3, U5, ..., v2k+1}, i.e.,

or2121---12

Note that we only have one move, vs - ¥ - vy, at our disposal and we are left with
200121 --- 12

We are again left with one possible move, vs - 4 - v3, and now obtain
202001 --- 1 2.

We continue in this manner, always forced to make one move, vy; 11 - Up; - V2i_1, as
i goes from 3 to k so that our terminal state becomes Ty = {v, v4, ..., Vok, V2k+1},
Ty =9,and Tp = {vy, v3, ..., vk—_1}, 1.€.,

2020202 ---200.

Thus |71 U T3] # 1 and since this is the only way to play this particular game we
conclude that P, is not freely solvable for n odd.

Now consider a game in Py, k > 2, with the starting state Sy = {v}, S| =
{vz, V4yovn,y Uzk}, Sz = {U3, V5, ..., Uzkfl}, given by

o12121---21.

Then just as before we note that we are forced to make one move each time we
try to play, namely, vo; 11 - Uy - V2i_1, as i goes from 1 to k — 1. Our terminal
state is similar to the one above: Ty = {vy, v, ..., Vor_2, Vor—1}, T1 = {va}, and
T, ={v1, vs, ..., vy_3}, illustrated as

2020202 ---201.

Thus, |71 UT,| # 1 and so P, is not freely solvable when 7 is even. |

The following result follows immediately from Theorem 3.1 and the fact that P,
is a spanning subgraph of C,.
Corollary 3.2. The cyclic graph on n vertices, C,, is solvable for n > 2.

The following lemma will be useful in a couple of proofs, both in this paper

and a subsequent paper, so we state it here. Moreover, this lemma introduces an
interesting phenomenon with cycle graphs alluded to below.
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Figure 5. A game that cannot be won in Cs.

Lemma 3.3. The cycle graph on three vertices, Cs, is freely solvable.

Proof. Let vy, vy, and v3 be the three vertices of the graph C3 such that there are
edges between v; and v;, vy and v3, and v3 and v;. Without loss of generality,
suppose that So = {v;}. Then we have two cases to consider.

e Case 1: The two pegs on the graph, in vertices v, and vs3, are different colors.
Then by v3 - U5 - v; we win this game.

e Case 2: The two pegs on the graph, in vertices v, and vs, are the same color.
Then by v3 - U - v; we obtain a game equivalent to the game in Case 1. [

At this time we cannot determine if C,, is freely solvable for all n > 2, but playing
each game in Cy, C3, Cy4, ..., Cy1, with the aid of a computer program [Sopena
2019] we have determined that each of these graphs are freely solvable with the
exception of Cs. The game in Figure 5 is a game that cannot be won in Cs, which
we prove below.

Proposition 3.4. The game I" with starting state Sy = {v1}, S| = {v2, vs}, and
S> = {vs3, v4}, or any equivalent game, cannot be won.

Proof. Note that our first move is either v3 - U - v or vy - Us - v;. Regardless, we
create a situation where there is a vertex (either v, or vs) that has a peg of one color,
while the vertices adjacent to it have pegs of a different color. Moreover, the other
two vertices have holes. Again, there is a choice of two moves but either one leads
to a terminal state with two pegs. (I

3B. Games on complete bipartite graphs. In this section we will prove a result
that complements Theorem 2.7 of [Beeler and Paul Hoilman 2011], namely that
the complete bipartite graph is freely solvable. The complete bipartite graph, K, ,,
has as its vertex set the union of disjoint sets of vertices X = {x, ..., x,} and
Y ={y1,..., yn}. The set of edges E connects all vertices from X to all vertices
in Y, but none from X to other vertices in X and none from Y to other vertices in Y.

Theorem 3.5. The complete bipartite graph K, ,, is freely solvable for allm,n > 1.

Proof. Without loss of generality, let So = {x}. The first step is to remove the peg
in y; by x3 - ¥ - x1. If the pegs in x; and y are of the same color, we add a second
move of jumping back xi - y; - x,. After relabeling, we now have holes in x; and y;.
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Figure 6. An example of a complete bipartite graph, K3 ».

We repeat this action n — 2 more times to remove all but one peg in Y until we have
holes in exactly the vertices yi, ..., y,—1 and x;.

Now we will remove the peg in x, by jumping y,,-X>-y,_1. If the pegs in x; and y,
are of the same color, we add a second move of jumping y,_1-X2-y,. After relabeling,
we now have holes in xy, x2, and yq, ..., y,—1. We repeat this action m — 2 more
times to remove all pegs in X until we have holes in all vertices except y,. (]

Corollary 3.6. The complete graph, K, is freely solvable for n > 1.

Proof. When n =2, the graph is P, which is clearly freely solvable. When n = 3,
the graph is C3, which is freely solvable by Lemma 3.3. For n > 3, the complete
bipartite graph is a spanning subgraph of the complete graph, so the result follows
from Theorem 3.5. O

Theorem 3.7. The star graph K , is (n—1)-solvable for n > 2.

Proof. Note that for n = 1, the graph is P, and so is freely solvable, and for n =2
the graph is Pz, which is also solvable. We remind the reader that the graph K ,
has vertex set {x1, y1, ¥2, ..., Y} with an edge between x| and y; for all 1 <i <n,
and no other edges.

If So = {x1}, then there are no possible moves. Otherwise, note that a peg in x;
is the only one that can possibly be removed from the graph. Suppose without loss
of generality that Sy = {y,} and that the first jump is y; - X1 - y,. If the color of y;
is the same as x1, then the peg in x| has not been removed. Therefore, we should
assume that the color of y; is different than x{, in which case the move creates a
hole in x; and a hole in y;. There are no possible moves after this. The terminal
state has [T UT,| =n — 1. O

3C. Cartesian products of graphs. In this section we show that if we have a
graph G that is solvable, and H is any graph, then the Cartesian product of the two
graphs, G and H, is also solvable. If V(G) is the set of vertices a graph G and
V(H) is the set of vertices of graph H, then the set of vertices of the Cartesian
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(U2, )’1)
(v, y1) ’

(v1, x1)

(vz y3) e (02, y2)

(v1, y3) (v, y2)
Figure 7. An example of the Cartesian product of P, and K 3.

product G H is given by V(GUH) ={(u, v) |u € V(G), v e V(H)}. Moreover,
as in [Beeler and Paul Hoilman 2011], we define G, to be the copy of G induced
by u € V(H). Note that Figure 7 shows us the Cartesian product P, [J K 3 and
that there are new edges introduced between both copies of K 3.

We begin by making a remark about a strategy that we have used before (see
proof of Theorem 3.1) and will be used heavily hereafter.

Remark 3.8 (there and back strategy). Let x, y and z be three vertices with edges
xy and yz. Suppose that a hole exists in either vertex x or z and that the other two
vertices contain pegs of the same color. Without loss of generality suppose the hole
is in the vertex z. Then we remove the peg in vertex y by x -y -z followed by z- y - x.
We shall denote this “there and back move” by z- Y - x.

Theorem 3.9. Let G be a solvable graph and let T be a tree. Then G T is
solvable.

Proof. Let V(G) be the vertices of G and V (T') be the vertices of T. Furthermore,
let u, be the root of T, suppose that the height of 7 is n, and let U; be the set of all
descendants of u, at heighti fori € {1, ..., n}. Consider a winning game, I', in G
with starting state (Sp, S1, S2) and associated winning terminal state (Ty, 71, T»).
Define the following starting state (S, S{, S3) for GO T

e Sy = {(vo, ur)} for So = {vo}.

. S{ contains all of the vertices (v, u#) such that v € Sy and u = u, or u € U; for
ie{l,2,...,n}.

. Sé contains all of the vertices (v, u) such that v € S and u = u, or u € U; for
ie{l,2,...,n}.

Note that the description above has placed a copy of the winning game I" in each
copy of G. We now fill in the vertices that are copies of the hole in vertex (v, u,).
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We choose and fix a vertex in V (G) that is adjacent to vy, call it v, and note the
color of the peg in v. Without loss of generality suppose that v’ is in S;. Let
(v, u) € S{ for all u € U; withi € {1, ..., n}. In other words, all of the vertices in
{vo} O T that are not (v, u,) have a peg of the same color as the peg in v".

The proof proceeds in three steps, the first of which removes pegs that are in
vertices (vg, u) with u € U; with i € {1, ..., n} so that we have holes in all of the
vertices in {vg} LJ 7. The second step wins the game I' now found in each copy
of T. The final step eliminates the remaining pegs except for one.

We begin the first step by inductively using Remark 3.8. We take the pegs in ver-
tices (v, u) € GOU, to remove all pegs in vertices (vg, u) € GOU, .(In_ot)her words,
we are removing the pegs in vertices (vg, u) € GO U; by (v, u) - (vg, u) - (vg, i)
for every u € U;. We now inductively use the VGIﬁ(ﬂ) (v, u) € GOU, to remove
all pegs in vertices (vg, u) € GO U, via (v, u) - (vg, u) - (vg, u,) and proceed until
all of the vertices (vg, u) € G T have holes. Thus there is a copy of I" in each
copy of G given by G U {u} foru e T.

The second step follows easily as it involves winning the game I" on each copy
of G on T. This leads to a peg on one vertex for each copy of G on T, say (¢, u) for
some t € G and for every u € T. Again we proceed inductively but this time from
the “bottom up”. We begin by using the pegs in vertices (t,(ﬂf)or allu e Uy, to
remove the pegs in vertices (¢, w) for all w € U,, by (¢, u) - (¢, w) - (v, w) for some
v € G adjacent to r € G. We then repeat this step using the pegs in vertices (¢, u)
for all u € U,,_; to remove the pegs in (¢, w) for all w € U,,_; in a similar manner
until we reach the top of the tree. That is, after this process the last peg is in
vertex (z, u,). O

Corollary 3.10. Let G be a solvable graph and let H be any graph. Then G 1 H
is solvable.

Proof. Every graph has a spanning tree 7. Now we use the spanning tree of H and
Theorem 3.9. (]

We leave the proof of the following corollary to the reader.

Corollary 3.11. Let G be a solvable graph and T a tree. Then G T" is solvable
foralln > 1.

4. Discussion

We conclude this paper with some open questions related to this project. Following
[Beeler et al. 2017; Beeler and Walvoort 2015] it is natural to ask about solvability
of peg solitaire in three colors on caterpillars and trees. It would be interesting to
explore peg solitaire in three colors on more traditional boards as well. As noted in
Section 3A, it remains a natural open question, building on the characterization of
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free solvability of cycle graphs in two colors given by [Beeler and Paul Hoilman
2011], as to whether the cycle graph C, is freely solvable in three colors. We would
also propose creating a three-color variant of fool’s solitaire to compare with the
results in [Beeler and Rodriguez 2012].
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Disagreement networks

Florin Catrina and Brian Zilli

(Communicated by Jonathon Peterson)

We first describe an observation based on an analysis of data regarding the
outcomes of decisions in cases considered by the United States Supreme Court.
Based on this observation, we propose a simple model aiming toward producing
an objective notion of an ideology index. As an initial step in justifying this
concept we produce explicit formulas for the highest-energy eigenvectors of
reversible Markov chains with rank-2 transition matrices.

1. Introduction

The idea for this article came about when Zilli noticed a strong correlation between
the entries of an eigenvector built intrinsically only from the number of disagree-
ments between justices on the United States Supreme Court and an extrinsic index
defined roughly as the percent conservative decisions throughout the justices’ tenure,
where each decision’s direction is determined by a scheme developed by political
scientists.

The instances of disagreements between justices on the United States Supreme
Court (or any voting body wherein pairwise agreement or disagreement between
members can be discerned from vote records) can be expressed as weights on edges
of an undirected graph. That is, each justice is represented by a node, and the edge
connecting two nodes has weight equal to the number of times the corresponding
justices disagreed on the outcome of a case they both participated in. It was
hypothesized that techniques of spectral decomposition applied to such a graph
could allow for the quantification of each justice’s ideology. The significance of this
approach is that it does not require legal analysis of the ideological implications of
voting in a particular way on each case, which one would intuit as being essential
in studying judicial ideology. We apply this method to data from the Washington
University Law School’s Supreme Court Database [SCDB 2018] and compare the
results to the percent conservative measure of ideology resulting from the curated,
legal analysis of each case included in the database. The results correlate well (see

MSC2020: primary 05C50, 60J20; secondary 91F10.
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Figure 1. We construct a disagreement graph for decisions ren-
dered from 1946 to 2018 (sourced from [SCDB 2018]) and derive
the highest-energy eigenvector for the random walk on this graph.
The plot shows the correlation between the eigenvector value and
the percent conservative decisions (calculated from the expert clas-
sifications in the database) of each justice from Burton (appointed
in 1945) through Kagan (2010): R?> = 0.349. When considering
only those justices from Burger (1969) through Kagan (represented
by o on the plot), the correlation is much stronger: R? = 0.831.

Figure 1), and we believe that this method may be applied to yield insight into
bodies for which such extensive expert analysis does not exist.

Specifically, we consider a weighted graph where the nodes represent justices, and
the weight on the edge between nodes x and y is a positive integer that represents the
number of cases on which justices x and y disagreed. Such a weighted graph induces
a reversible Markov chain. We propose the use of the (normalized) eigenvector v
that corresponds to the highest energy as an objective measure of the ideological
inclination of each of the justices, and we term it ideology index. The ideology index
for the justice represented by node x will be the value v(x) in the eigenvector v.

There are two reasons that led us to consider weights given by disagreements
rather than agreements. Firstly, instances of agreement between two judges include,
along with cases which have ideological implications, the cases which were relatively
uncontroversial (and would not be as indicative of judicial ideology). Conversely,
the very existence of a disagreement between judges indicates that the case was
contentious. That is, if one were to count the agreements between judges, there
would be no objective way to discern which of those agreements were a result of the
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judges hearing a relatively noncontentious case and which of the agreements were
along ideological grounds, whereas all disagreements are attributable to contention
between the judges, which is more likely caused by differences in their ideology.
Secondly, when we used the agreements data, the strongest correlation to ideology
was with the eigenvector corresponding to the eighth-largest eigenvalue (for a
37 x 37 probability transition matrix). However, we were not able to find why
this particular eigenvector would have the strongest correlation with ideology. On
the other hand, when using disagreements, the strongest correlation was with the
highest-energy eigenvector. In hindsight, this is something that could have been
expected from considering the extreme case of bipartite graphs.

While developed independently, we believe that our model has similarities to
existing ideal point models, such as that of [Martin and Quinn 2002]. In an
ideal point model, one considers a justice’s ideological position as a point in
multidimensional Euclidean space, and the ideological implication of each decision
direction on each case is also represented as a point in that space. In such models,
the justice will vote in the direction whose point is closest to his or her own in
Euclidean distance. Our model is simpler in many of its assumptions compared to
Martin and Quinn’s, specifically in that we do not consider a justice’s ideal point as
dynamic throughout his or her career. On the other hand, if one has to describe a
justice’s voting record with just one number, we consider the measure given by this
model to be suitable and objective.

The structure of the paper is as follows. In Section 2 we collect a number of
background results on the random walk associated to a reversible Markov chain
and discuss the spectrum of the associated probability transition matrix. Section 3
contains the analysis of the highest-energy eigenvector for reversible Markov chains
with rank-2 transition matrices. The explicit formulas obtained in the rank-2 case
are then used to obtain estimates of the spectrum of a perturbed (higher-rank)
“disagreement matrix”. In Section 4 we conclude with a review of our results and
an invitation to the continuation of this study.

2. Random walk preliminaries

In this section we introduce briefly the notion of random walk associated to a
reversible Markov chain and some spectral properties; for details we refer to
Section 1.5 in [Chung 1997]. An alternative point of view is that of random walks
on electrical networks. For a thorough presentation of this approach we refer to
[Doyle and Snell 1984] or Chapter 9 in [Levin et al. 2009].

A network is an undirected connected graph G = (V, E), together with nonnega-
tive weights w(x, y) defined for all x, y € V. The numbers w(x, y) are conductances,
which are assumed positive if (x, y) is an edge in E and zero otherwise. Note that
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we may allow loops (i.e., an edge from a vertex to itself) in which case (x, x) € E
and w(x, x) is positive. We assume the collection of weights forms a symmetric
N x N matrix W, where N = |V| is the number of vertices in the graph; i.e.,

for any two vertices x,y € V,  w(x,y) =w(y, x).

Define the degree of a vertex x € V by
d(x) =) wix.y). 1)
yeV
We denote by 1 the column vector with N entries all equal to 1.
The matrix P with entries
_wix,y)
d(x)

P(x,y): satisfies P1=1, i.e., Z P(x,y)=1 for every fixed x. (2-2)
yeV

Therefore, the vertices V are the states of a Markov chain with probability transition

matrix P. An associated random walk is a sequence of random variables {X;};>

satisfying for all i > 0 and all x, y € V that
Prob(X;y1 =y | X;i =x) = P(x, y).

Note that even though the matrix of weights W is symmetric, in general P is not a
symmetric matrix.

On the set of nodes V we define a probability distribution & (think of it as a row
vector) with entries given by

dix)  dx)
~X,d(y)  volG’

where vol G = Zy d(y) is the total degree (the sum of the degrees of all vertices
in V). It is easy to check that the Markov chain thus defined is reversible with
respect to the probability distribution . By definition, this means that for any
x,y € V it holds that

7(x)P(x,y)=m(y)P(y, x). (2-3)

A probability distribution o on the set of states V of a Markov chain is called
stationary if and only if
oP =0,

i.e., o is a left eigenvector of P with eigenvalue 1. A direct check using (2-3) shows
that a reversible distribution 7 is also stationary.

A connected graph is bipartite if and only if V is the union of two nonempty
disjoint sets Vi and V; such that w(x, y) =0 whenever x, y € Vi or x, y € V,. The
case of bipartite graphs will be examined in what follows only as a limiting case.
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Throughout most of this work the graph G will be assumed nonbipartite. On a
nonbipartite connected graph any associated random walk is ergodic; i.e., there
exists a unique stationary distribution o on V such that for any initial distribution
[ it holds that

lim uP’=o.

§—>00
One of the major questions in the theory of reversible Markov chains is charac-
terizing the speed in the convergence

lim uP*=m. (2-4)

§—>00

In answering this question, the more powerful techniques use the spectrum (the
eigenvalues) and the eigenvectors of P.

The fact that P1 =1 in (2-2) expresses the fact that 1 is an eigenvector of P
corresponding to eigenvalue 1. Actually, when coupled with the fact that the entries
of P are nonnegative, this relation means that every one of the rows of P is a
probability distribution on V. By applying P to a column vector u each entry in the
resulting vector Pu is an average of the entries of u, weighted with respect to the
corresponding row of P. This averaging characteristic makes P into a contraction
with respect to every convex norm on R" (this follows from Jensen’s inequality).
For example, on RV (which is identified with the space L>(V) of functions from V

to R) consider the norm
1
2
luell> = (Zu%x)) .
X

Then for every u € L2(V) it holds that
[Pullz < llull>.
In particular, if u is an eigenvector of P with eigenvalue o we have
[ Pullz = llaulz = lefllullz < [[u]2.

Therefore, every eigenvalue of P has to satisfy |o| < 1.

Another consequence of reversibility is the fact that all eigenvalues of P are real.
This is due to the fact that relations (2-3) imply that P is similar to a symmetric
matrix S. Indeed, let d denote the vector of degrees, with entries given by (2-1),
and let D denote the diagonal matrix with d on the diagonal (and zero everywhere
else). Then, it is clear that

S:=DIPD =D WD :

is a symmetric matrix. Since S and P have the same (real) eigenvalues, and because
of the contractive property of P, || < 1, it follows that all eigenvalues of P are



808 FLORIN CATRINA AND BRIAN ZILLI

contained in the interval [—1, 1]. Let
1
[1 = ——D =diag(m).
vol G &(m)
From the spectral decomposition

N
S=) e}, (2-5)
i=1

with {¢;}; a set of orthonormal eigenvectors of the matrix S, we get that the
eigenvectors of P are given by I1~!/2¢; and are orthonormal in L% (see below for
the definition of L2).

We have already seen that ¢ = 1 is an eigenvalue of P with eigenvector 1. It is a
standard argument (again based on the averaging property of P) to show that when
the graph G is connected, oy = 1 is a simple eigenvalue. Therefore the remaining
N — 1 eigenvalues of P are strictly less than 1.

The second-largest eigenvalue a, of P is of great importance in estimating the
convergence speed in (2-4). By analogy with the spectral theory on manifolds, one
defines the matrix

L=1d-P,

which is called the (normalized) Laplacian of the weighted graph G. The spectrum
of L consists of eigenvalues . =1 —«a € [0, 2]. We define the inner product space
L2(V), weighted with respect to the stationary distribution 7, where the inner
product is given by

(u, v),; = Zn(x)u(x)v(x).

Proposition 1. The equality

(w, Lv)y = (Lu, v); = VoiG (X%E w(x, y)(u(x) —u(y))(vx) —v(y)) (2-6)
holds.
Proof. If we denote by §, , the Kronecker delta function, we have
(w, Lv)y; = XEZV 7 (x)u(x)(Lv)(x) = MXE:V jo(lxéu(X)(Sx,y = Px, y)v(y),
therefore
(u, Lv)r = ﬁ {2; d(O)u(x)v(x) - xéjv wix, y)u(x)v(y)}

B 1
" volG

{ > w(x,y)u(x)(v(x)—v(y))}.

x,yeV
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For every edge (x, y) € E with x # y (recall that loops are allowed, but note that
the terms in the sum for which x = y are zero), terms involving x and y appear
twice in the sum above, with x and y reversed. That is, for each edge (x, y) with
X #y, there are two corresponding terms in the sum:

w(x, Yux)(vx) —v(y)) and  w(y, Y)u(y)(w(y) —vx)).
Since W is symmetric, w(x, y) = w(y, x), and the sum of these terms is
w(x, y)(@(x) —u(y)) (@) —v(y)).
Therefore, indexing the sum over edges, we have (2-6). ]

For u € RY we define its energy by

Ew):=(u,Lu),; =

D wx ) —u(y)’. 2-7)

The method of Lagrange multipliers gives that the eigenvalues of L are precisely
the critical levels of £ subject to the constraint (u, u), = 1.

The minimum level of the energy £ gives A; =0, and it is achieved by the constant
eigenvector u = 1. This corresponds to the largest eigenvalue of P, oy =1—X1; = 1.
The second-largest eigenvalue of P, oy =1—A,, corresponds to the second smallest
eigenvalue of L, given by

(u, Lu),

A= 1n .
w1),=0 (U, u);

The difference

1—0{2:)»2

is called the spectral gap of the graph and it gives a measure of the speed of
convergence in (2-4).

In this paper we will be concerned on the contrary with the smallest eigenvalue
of P, which we denote by f = ay, and with its corresponding eigenvector. In
terms of the eigenvalues of L, this corresponds to the largest eigenvalue, that is, the
maximum of £ restricted to the ellipsoid (u, u), = 1. For this reason, we will call
the eigenvector corresponding to B the highest-energy eigenvector. As we have seen
above, B has to be a number in the interval [—1, 1). For a connected graph, —1 is
an eigenvalue if and only if G is bipartite. In our general setting G is not bipartite;
therefore except for the one eigenvalue 1, the remaining eigenvalues (including 8)
will be in (-1, 1).
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3. Disagreement matrices

Assume we have a graph with a fixed number N of nodes (the justices), and each
node x has a probability p, € [0, 1] associated to it. In our proposed model, we
assume there exists an abstract notion of, say, ideal conservator, which indicates
how a pure ideological conservative would vote on every case. Then, p, will
represent the probability that justice x will vote with the ideal conservator. We will
assume that for each justice, this probability is constant throughout their career.
The probabilities p, will be collected as entries of a vector p which will be fixed
throughout. Our assumption that each p, is constant throughout a justice’s career
is a major simplification in our model over earlier approaches, as for example in
[Martin and Quinn 2002].

For each x, let g, := 1 — p, also in [0, 1]. The disagreement matrix of this
system is defined as the matrix B with entries

0 if x =y,
B,y = .
Pxqy + pyqc i x #y.

It has zero on the diagonal since a justice always votes in agreement with her/himself
and the off-diagonal entries represent the probabilities of disagreement (justices x
and y vote contrary to each other).

3.1. Rank-2 weight matrices. In this subsection we study the highest-energy eigen-
vector in a simpler (and less realistic) case when the diagonal entries in the disagree-
ment matrix are not equal to zero. In R, let p and pT denote the column and the
row vector, respectively, with entries p, € [0, 1], and similarly define the vectors q
and ¢ T with entries g, = 1 — p, € [0, 1]. We discuss the spectrum of the probability
transition matrix Py associated with the rank-2 weight matrix T := pqT +¢qpT. We
note that B is equal to T except for the diagonal entries, which are replaced by
Zero.
We begin with the following:

Proposition 2. In the generic case, i.e., p is not a constant vector, we have that p
and q are linearly independent vectors. In particular, T is a matrix of rank 2.

Proof. Assume that for real numbers a and b we have ap 4+ bg = 0. Then
0=ap+b(l—p)=(a—b)p+bl, ie, (b—a)p=>rl

Since p is nonconstant, from the last equality we must have b = a = 0; therefore
the vectors p and ¢ are linearly independent.

Next, we show that T has rank 2. Let p denote the (N —1)-dimensional space
of vectors in RN which are orthogonal to p, and similarly define g*. Since p and
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q are linearly independent vectors we have

dim(ptNgt) =N —2.
Since
ptngt ckerT,
we have that
dim(kerT) > N — 2. (3-1)

On the other hand, the vectors T p and T¢q are linearly independent. Indeed,
aT p+bTq =0 implies

0=a(pTq)p+alpl’q+0blg’p+b(pT9)q,
and since ¢ and p are linearly independent we must have
alp>+b(pTq) =0 and a(pTq)+blgl*=0.
The determinant of this system is
IpI* pq
p'q lgP

because the value of the determinant equals the square of the area of the parallelo-
gram spanned by p and ¢g. Therefore, again we must have b =a = 0. Since T p
and T¢q are linearly independent, it means

=|pl*lq)* — (pTq)* > 0

dim(range T') > 2. (3-2)
From the rank-nullity theorem we have
dim(ker T') 4+ dim(range 7)) = N.

From this, it follows that both inequalities (3-1) and (3-2) are in fact equalities; i.e.,
T has rank 2. O

Define

sp=pr and sq=2qx, both in [0, N], with s, +s5, = N.
X X

Since we work with the weight matrix T = pqT + qpT, the degree of node x is the
sum of entries on row x of T,

d(x) = Z Txy = Dx (Z ‘Zy) +qx (Z py) = DxSq T 4xSp-
y y y

Note that we can write

d(x)= (N —sp)px +5,(1 =py),
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and since both numbers N — s, and s, are strictly positive, we have that d(x) > 0
for every x. We collect the degrees of all nodes in the vector d, therefore

d=s,p+spq,

and denote by D := diag(d) the diagonal matrix with entries d(x) on the diagonal.
Define the probability transition matrix

Pr:=D7'T.
We have the following:
Theorem 3. In the generic case, i.e., p is not a constant vector, the matrix Py has

(1) the largest eigenvalue is equal to 1, it is simple, and has corresponding eigen-
vector 1;

(2) eigenvalue 0 with multiplicity N — 2 and corresponding eigenspace consisting
of all vectors orthogonal to both p and q, i.e.,

ker Pr =kerT = p~Ng™;

(3) simple eigenvalue B € [—1, 0), with eigenvector v given explicitly in the
formulas (3-5) and (3-11) below.

Remark 4. As a consequence of the formulas (3-5) and (3-11) we will note that
the eigenvector v is monotonic in p. This means that as we order the vertices x of
the graph in increasing order of p, the values in the entries of v will also be either
in increasing or decreasing order.

Another consequence of these formulas are estimates (explicitly in terms of p
or d) for the maximum values ||v]|o given in (3-6) and (3-12).

Proof of Theorem 3. Part (1) follows from the general theory presented in Section 2.
Part (2) is immediate from the fact that the matrix D~! is diagonal with no zeros
on the diagonal, together with the fact from Proposition 2 that rank 7' = 2.
For part (3) we will distinguish the following two cases:

Casel: 5, = N/2. Since ¢ =1— p we have

N

d:sqp—i—s,,q:ﬂl and D=21d.

N
squ—spzi, >

Also,
gP=>"ai=) (=p)*=) (A=2pc+pD)=N=25,+) pi=Ipl.
X X X X

and N
pPlg=p"A—p)=s,—Ipl*= > IpI*.
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Consider the vector
u=p—q=2p—1.
Then

Tu=(pq"+qp")(p—q) =P ) (p—q)+|p*q—qI*p= (% —2|p|2) P—q).

4p>\ N 4|p|?
Tu=(1-HPENN (1 _ 4PN, (3-3)
N )2 N

Therefore

Note that because s, = N/2, by the Cauchy—Schwarz inequality we have
N? ’ 2 2
T:(pr) SNZPx=N|P| :
X X

4pl?

1.€.,

1 <

In fact, the inequality above is strict as the only possibility for equality is when p
is constant.
Since Pr = D~'T, by multiplying (3-3) on the left by D~!, we get that Pru = fu
with )
4
p—1-_ 2Pl

<0. (3-4)

The stationary distribution in this case is the uniform distribution, i.e., w(x) = 1/N.
It is common to normalize the eigenvectors in the LJZT norm. That is, if v = cu, we
require

2 41pP
=l = S lul® = - (p* +lgI” = 2pTq) = CZ(T - l)'
Therefore 1
41p> \ 2
v=c(p—q), Withc:( 'f\’{' —1) . (3-5)

We note that, because v = c(p — ¢) = c(2p — 1) with ¢ > 0, we have that v is
monotonically increasing in p; that is, nodes x with larger p, also have larger v,.

Because —1 <2p — 1 <1, from (3-5) we get the pointwise estimate for the
entries of v,

[Vlloo = ¢ Max{(Zpmax — 1), (1 =2pmin)} < (3-6)

1
V4PN =1

Case 2: 5, # N/2. In this case,

d=s,p+s,q=s,1+(N —2s,)p
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is not a constant vector anymore, and together 1 and d form a basis for the range
of T. Indeed, from Proposition 2 we know that rank 7 = 2. In fact, the range of T
is equal to the span of the vectors p and ¢. That p is in the range of T can be seen
by applying T to the component of g orthogonal to p

P'q
orth,q :=q — —=p.
’ pI?
Then )
T
T orth, q = (|q|2 — (I|’ ‘|12) )
p

Since the vectors p and ¢ are not proportional, the Cauchy—Schwarz inequality
(P9’ <Ipl’lgl?

is strict and therefore the coefficient of p above is strictly positive. By a similar
argument, ¢ is in the range of 7. Since the vectors

1=p+q and d=T1

are in the range of 7' and are linearly independent, they form a basis for the range
of T.
We introduce the notation

>, dx) _ N
LR W VT

for the arithmetic and harmonic means, respectively, of the entries of the vector of
degrees d. Consider the vector

Ad) =

u=1—Ad)D'1. (3-7)

We show that for a B € [—1, 0) specified below in (3-8), we have Pru = Bu.
First we note that because d is not a constant vector, we have

Du=d—A(d)1 #0.
From this, together with
1"Du =0,

we deduce that 1 and Du are nonzero, perpendicular, vectors in the range of 7.
Since the range of T is 2-dimensional, if we show that T'u is also perpendicular
to 1, it follows that for some real 8,

Tu=pDu, ie., Pru=_pfu.
We show that 1TTu = 0. Indeed, we have

1"Tu=(T1)TA—Ad)D '"1)=dT(1—Ad)D'1)=NA(d)—A(d)d"D~'1=0.
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The only thing left to check is that —1 < < 0. We do this by calculating the
trace of Pr. On one hand, since the trace of a square matrix equals the sum of its
eigenvalues, and N — 2 of the eigenvalues of Py are zero, we have Tr Pr =1+ 8,
and therefore

B=TrPr—1. (3-8)
On the other hand,
2prqx 2pxqyx
Tr Pr = = _
r Z d(x) Z SqPx + Spqx

ZQX/Sq+px/Sp —1
—2 .

R

The inequality above follows from the term-by-term inequality between the har-

Sq/Qx +Sp/px

monic and arithmetic means of two positive numbers

2 Qx/sq + Px/sp
Sq/qx + Sp/px 2
with equality if and only if
ax _ px
S¢ Sp

Since the equality cannot hold for all x (otherwise p would be constant), we obtain
that O < Tr Pr < 1, thatis, —1 < B8 < 0. In the calculation above, we implicitly
assumed that for all x we have p, € (0, 1). If p, is equal to either O or 1, then the
term 2p,q,/d(x) corresponding to x in Tr Pr is zero, and thus strictly smaller than

qx/ Sq + Dx/S P

—
As we shall see in the next subsection, if for every x we have that p, is equal to
either 0 or 1, then Tr Pr = 0 and therefore 8 = —1. This is the case of bipartite
graphs.

Alternatively, one may estimate 8 from Tu =  Du by multiplying by uT on the
left. We get
u'Tu

uTDu’

p= (3-9)

The denominator in (3-9) is readily calculated as
u"Du=1"— Ad1"D"HYDu =1"Du — A(d)17u.

Since 1TDu = 0, we get

u"Du = —A(d) (N A(d) Z e )) = —A(d)(N N%)
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which means

uTDu=NA(d)(id)—l) > 0. (3-10)
H(d)
The fact that the quantity in parentheses above is positive follows from the inequality
between harmonic and arithmetic means. The calculation that shows that uT7Tu < 0,
however, can be quite tedious.

The equilibrium measure in this case is not uniform anymore. It will be given by

d(x) _ d(x)
Y., d(y) NA@)

T(x)=

Again, we would like the eigenvector corresponding to eigenvalue 8 to be normalized
in the L? norm weighted by z. That is, if v = cu, we require

2 2

e < Ad)  \_ o Ad)
L=l = NA(d)uTDu— NA(d)NA(d)(H(d) l) - (H(d) 1>.

Therefore the normalized eigenvector corresponding to eigenvalue S is

v=c(1—Ad)D™'1), withc= (M—l)z. (3-11)

Since we are in the case s, # N/2, we have that
d=s,p+s,q=_(s;—5p)p+s,l

is monotonic in p and therefore so is the vector D~!1. From the formula (3-11)
we conclude that v is monotonic in p. Also, observe that v changes sign precisely
between the values of d which are above and below A(d).

From the monotonicity of v we conclude that

max |vy| = ||v]|leec for x such that either py = pmin OF Px = Pmax-
X

Precisely, we have

_ max{(l - A(d)/dmax)’ (A(d)/dmin - 1)}

[vlleo = ;
VAMd)/H) -1

completing the proof. O

(3-12)

In the next subsection we discuss briefly the case when every p, is either O or 1.

3.2. The case py € {0, 1}. In our setting with p, € [0, 1], because every term in
Tr Pr is nonnegative, we only get Tr Pr = 0 when all the p, are categorical, i.e.,



DISAGREEMENT NETWORKS 817

px =0or py = 1. Assume m of p, are equal to 1 and n = N —m are equal to 0O;
then the matrix 7 has the form

T — |:0m><m lan ]’

lnxm OVZXH

where the diagonal zero blocks are of size m x m and n x n. The degrees are
d.=n whenp, =1 and d, =m when p, =0.

The graph associated to the Markov chain with probability transition matrix Pr =
D~!T is bipartite and Pr has the smallest eigenvalue § = —1. The corresponding
eigenvector v has

vy =1 when p, =1 and vy, =—1 when p, =0.

Indeed, both formulas given in (3-5) and in (3-11) reduce to 8 = —1 and to the
eigenvector v above:

If m =n = N/2 we have |p|> = N/2 so that (3-5) yields ¢ = 1.

If m < n, then

Ald) = 2mn Hd) = Nmn
N’  m24n?’
and from (3-11) we get
-
n—m 1 N
u= and c¢= ,
N -1 n—m
[ —1]

and thus v = cu as above.

3.3. The eigenvalues of the transition matrix Pg. A more realistic model would
consider a disagreement matrix B equal to 7" everywhere except on the diagonal,
where the entries are made equal to O (a justice never votes contrary to their own
vote). As before, we define the degrees vector dp with entries

dp(x) = Z Bxy = Z Txy = DxSq T qxSp — 2pxqx.
y Y#EX

Let Pg = DEI B be the probability transition matrix associated to B, where Dp
is the diagonal matrix with d on the diagonal. The study of the spectrum and the
eigenvectors of Pp is itself an interesting problem.
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Observe that for N = 2 we have

01
PB—[l O]’

and its eigenvalues are 1 and —1 with eigenvectors given respectively by

o] - ]

In general, the matrices B, and consequently Pg, no longer have rank 2. However,
numerical simulations lead (at least in the case when N is relatively large and the
values of p are well distributed in [0, 1]) to the following

Conjecture 5. Besides the eigenvalue A = 1, the remaining N — 1 eigenvalues are
negative with N — 2 of them close to 0, while the smallest is less than 8 (the smallest
eigenvalue of Pr).

Conjecture 6. The highest-energy eigenvector of Pp seems to remain monotonic in
p and it is close to the corresponding eigenvector of Pr.

We should warn the reader that our use of the word “conjecture” in this paper is
not in the sense it is used traditionally in mathematics, but more with the meaning
of “guess”.

While the conjecture about the sign of the eigenvalues of Pp is true, as we
prove in the Theorem 8 next, the conjecture about the monotonicity in p of the
highest-energy eigenvector of Pp fails. This was again observed numerically for
small values of N (N =3 and N =4) and it naturally leads to the following:

Question 7. What conditions on p ensure the monotonicity (in p) of the highest-
energy eigenvector of Pg?

We now prove the following:

Theorem 8. The probability transition matrix Pg has the largest eigenvalue 1,
while the remaining N — 1 eigenvalues are negative, with the smallest satisfying
B < Br, with equality if and only if p, € {0, 1} for all x (hence the bipartite case
from Section 3.2).

Proof. Our method of proof is to relate the eigenvalues of Py to those of Pr in
Section 3.1. For this we denote by e the vector with entries e(x) = 2p,qy, and by
E :=diag(e), the diagonal matrix with e on the diagonal. Note that

T=B+FE and dr=dg-+e.

Let u be a nonconstant eigenvector of Pg corresponding to an eigenvalue o < 1.
We show that the eigenvalue of Id —Pp given by A = 1 — « is greater than 1
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and therefore @ < 0. For this we estimate the energy £ (u) given by (2-7) with

w(x, y) = pxqy + Pyqx-
From the spectral decomposition (2-5) we have that u is perpendicular to 1 with
respect to 7, and therefore with respect to the weight dp; i.e.,

(u, V)gy = (u,dp) = dg(x)u(x) =

xeV

Consider the (unique) decomposition
u=al+v,

where a is a real number, and v is perpendicular to 1 with respect to dr. Since u is
nonconstant, the vector v is nonzero. The coefficient of 1 in the decomposition of u
above is the scalar projection of u on 1 with respect to the inner product weighted
by dr, and it can be calculated as

_ (u,e)  (u,e)
~ vol(Gr) 2spsq'

Indeed, from the fact that dy = dp + e, we obtain

(3-13)

(u,dr) = (u,dp)+(u,e), therefore (al,dr)+ (v,dr)=(u,e).
~——— ———
=0 =0
Since (1, d7) = vol(Gr) = 25,54, formula (3-13) follows.
Observe that because v is perpendicular to 1 with respect to the weight dr then
v is in the sum of the eigenspaces of T with nonpositive eigenvalues. Therefore the
energy £r(v) is bounded from below by ||v||72” = (v, v)7,. This means,

vol(Gr)Er (v) = (v, v)a, = ) dr (> (@) = Y dp()v* () + ) e(n)v*(x).

xeV xeV xeV

As v(x) = (u(x) — a) for every x, we have

Y dp()v*(x) =Y dp(x)(u(x) —a)®

xeV xeV
=Y dpx)u’(x) +a*vol(Gp) —2a Y _ dp(x)u(x).
xeV xeV
_f_—/
=0

Since Er () = Er(v), we obtain

vol(G )Ep () = vol(G7)Er (v) > Z dg(x)u?(x) +a*vol(Gp) + Z e(x)v2(x).

xeV xeV

Therefore

1
Ep(u) > |lul, +a° + oG > e (x),
xeV
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and so
&) = -ul?, > u2,, ie, a=<0.

Observe that from (3-13) we have a? > 0 unless # L e. Also, under the assumption
that p, € (0, 1) for all x, we have ) e(x)v?(x) > 0. Thus, the only cases of
equality Ep(u) = ”””7213 happen when a =0, i.e., u = v, and u(x) = 0 for any x
with p, € (0, 1).

To estimate the highest-energy eigenvalue Sp of Py, we use the variational
characterization
53(”)

1— _
(= Pe) = iz,

Let v be the eigenvector corresponding to the highest-energy eigenvalue 81 of Pr
and consider a test vector u = al+ v, where a is picked such that u is perpendicular
to 1 with respect to the weight dg. Then,

Ep(u) Er(u) > ey dr (X)v?(x)
_ — vol(G —(1- .

A=) =z = o e o~V TPIS L dsonr
As before,
D _dr@vP0) =) dp()v )+ e)v’(x)
xeV xeV xeV

= Vol(GB)a2+ZdB(x)uz(x)—i—Ze(x)vz(x) > ZdB(x)uz(x).

xeV xeV xeV

Therefore (1 — fp) > (1 — Br) with strict inequality if p, € (0, 1) for all x. U

4. Conclusions and future directions

There are two aspects associated with the subject of this paper. One is the modeling
aspect together with the proposal of a new measure, the ideology index, in the
concrete case of the United States Supreme Court, and the other aspect consists of
the theoretical investigations of further simplifications of the model.

Regarding the model, we begin with a data set that records only the number
of cases on which any given pair of justices voted opposite to each other. From
this matrix we create a network to which we associate a reversible Markov chain.
The states of the Markov chain are the nodes of the network, and in our model
each node corresponds to a Supreme Court justice. We singled out the eigenvector
of the transition probability matrix that corresponds to the smallest eigenvalue,
normalized so that it has length 1 in L2 (weighted by the reversible measure 7).
Then, we analyzed the function, which we termed the ideology index, which assigns
to each node the corresponding entry in this eigenvector. We should remark that
this function gives only a relative measure, as opposed to an absolute measure, in
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the sense that, in order to assign a meaning to the value at x, one has to relate it
to the values at the other nodes in the graph. On the other hand, it is an objective
function, free from any subjective interpretation, being defined entirely from the
recorded data.

The [SCDB 2018] contains data compiled by legal scholars indicating whether a
case carried ideological implications and the direction (conservative or liberal) the
justices voted in every such case. For each justice, we used these data to calculate
the frequency with which their votes coincided with conservative ideology, and
observed a strong correlation between these frequencies and the entries in the
eigenvector corresponding to the smallest eigenvalue. This observation was one of
the main motivations for undergoing this study.

For the theoretical investigation, in order to study the eigenvalues of a transition
matrix of a reversible Markov chain Pg obtained from a disagreement matrix
B = B(p) with p € [0, 1]V, our approach was to study the spectrum of Py for the
matrix 7 = pqT + gqpT first. We found explicit formulas for the highest-energy
eigenvector of Pr. It would be interesting to investigate whether similar formulas for
the highest-energy eigenvector of Pp exist. Even without such formulas, numerical
simulations suggest that the two eigenvectors are close to each other, and therefore
have similar properties as for example monotonicity in p or boundedness estimates.
One should then decide whether such properties grant the entries of the highest-
energy eigenvector of Pg the quality of an objective measure of an ideology index.

Confirmation for the validity and robustness of our model can be achieved by
selecting appropriately the vector p and comparing the output of the numerical
implementation to the results given by formula (3-5) or (3-11). We propose two
different ways to obtain an acceptable vector p adapted to the model. The first
method is the one we used in order to obtain the y-axis values in the plot in Figure 1.

To obtain the vector p, we used the frequencies calculated from the [SCDB
2018], as described above. The ability to calculate such frequencies was dependent
upon the case-by-case legal analysis of ideology included in the database. Such
comprehensive analysis may not exist for other data sets.

An alternative method that can be used to obtain the vector p is the following
procedure. Consider data collected over a continuous time period, spanning the
careers of N justices. In the following, by case we mean only those cases in the
Supreme Court on which there was not an unanimous decision. Let C denote the
N x N symmetric matrix with entries C(x, y) representing the number of cases
justices x and y disagreed on. Denote by n(x, y) the number of cases justices x
and y served together. For a vector p € [0, 1]V define the disagreement matrix
B = B(p) to be equal to (pqT + qpT) off the diagonal, and zero on the diagonal.
A natural candidate for p is obtained by minimizing over p € [0, 1]V the square
distance between the matrix C and the matrix with entries n(x, y) B(x, y). By this
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we mean minimizing the function

f(p) =) _(n(x, y)(px+ py —2pxpy) — C(x, y)).
X7y
The general direction would be to investigate whether one can obtain useful estimates
on the minimum value of the function f, and whether these estimates are transferable
further to the distance between the highest-energy eigenvector of Pg and that of Pc.
Should this program be successful, the highest-energy eigenvector of Pc would
provide an objective measure of the proposed ideology index.
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Rings whose subrings have an identity

Greg Oman and John Stroud
(Communicated by Kenneth S. Berenhaut)

Let R be aring. A nonempty subset S of R is a subring of R if S is closed under
negatives, addition, and multiplication. We determine the rings R for which every
subring S of R has a multiplicative identity (which need not be the identity of R).

1. Introduction

Let R be a ring (assumed only to be associative, not necessarily commutative or
with 1). Recall that a nonempty subset S of R is a subring of R if S is closed under
negatives, addition, and multiplication.! Suppose now that R has a 1. It is easy to
see that a subring S of R need not have an identity. For instance, the subring 27 of
Z consisting of the even integers has no multiplicative identity. In fact, it is easy to
see that the only subrings of Z which have an identity are {0} and Z.

On the other extreme, consider the seemingly uninteresting ring Z/6Z. The
subrings of Z/6Z are

Sy :={0}, S$,:={0,3}, S3:={0,2,4} and S;:=Z/6Z.

One easily verifies that 0 is the identity of S, 3 is the identity of S5, 4 is the identity
of S3, and 1 is the identity of Sy. Hence every subring of Z/6Z has an identity.

The purpose of this note is to classify the rings with the above property enjoyed
by Z/6Z. That is, we shall find all rings R up to isomorphism with the property that
every subring of R has an identity. This work is related to results in the literature.
For example, in [Gilmer and Heinzer 1992], the authors studied commutative rings
with identity with the property that every proper unital subring is Artinian; they
show that such rings are precisely the Artinian rings for which every unital subring
is Artinian. Now suppose that X is an infinite set and R is a binary relation on X.
For 2 <k < |X|, we say that (X, R) is k-homogeneous if any two subsets of size «
are isomorphic (with the order induced by R). Such structures were classified in
[Droste 1989]. The first author has conducted related research in universal and
commutative algebra; see [Oman 2009a; 2009b; 2011; 2017].

MSC2010: primary 16B99; secondary 13A99, 12E99.
Keywords: absolutely algebraic field, Jacobson’s theorem, reduced ring.

'Some authors define a subring S of a ring R with identity 1g to be unital if 1g € S. In fact, it is
commonplace for many authors to consider only rings with identity and only subrings which are unital.
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2. Results

To streamline terminology, let us agree to call a nonzero ring R with the property
that every subring of R has an identity strongly unital. As the example in the
Introduction shows, the identities of the subrings need not all be the same, in stark
contrast to the fact that the additive identity of a subring coincides with the additive
identity of the ambient ring.

We begin by recalling that an element « of a ring R is nilpotent if there is a
positive integer n such that o” = 0. If R has no nonzero nilpotent elements, then R
is said to be reduced.

Proposition 1. Every strongly unital ring is reduced.

Proof. Suppose that R is a strongly unital ring and let « € R. As is well known,
it suffices to prove that if @ = 0, then & = 0. Thus suppose > = 0 and set § :=
{no : n € Z}. One checks at once that § is a subring of R with trivial multiplication.
But § has an identity, and therefore S = {0}. We deduce that « = 0, as desired. [J

Recall next that if R is a ring with identity, then the so-called prime subring
P(R) of R is the subring of R generated by 1g. Since P(R) is a homomorphic
image of Z, it is clear that P(R) = Z or P(R) = Z/nZ for some positive integer n.
We now record a trivial but useful observation and then prove several lemmas.

Observation 2. Suppose that a ring R is strongly unital. Then so is every nontrivial
subring of R.

Lemma 3. Let R be a strongly unital ring. Then P(R) = Z/mZ for some square-
free integer m > 1.

Proof. Let R be strongly unital. Now, P(R) = Z/mZ for some integer m > 0. Since
27 is a nonunital subring of Z, we see that m # 0. As R is a nontrivial ring, m # 1.
This shows that m > 1. Invoking Proposition 1, we deduce that P(R) is reduced,
and hence m is square-free. ([

The following lemma is a well-known result in elementary field theory, but since
its proof is short, we include it.

Lemma 4. Let F be a finite field and let f(X) € F[X] be a nonzero polynomial.
Then F[X]/{f (X)) is finite.

Proof. Suppose that F is a finite field, and fix some nonzero polynomial f(X) €
F[X] of degree n > 0. As is well known, the polynomial ring F[X] is a Eu-
clidean domain. Thus via the division algorithm, every member of the quotient ring
F[X]/{f(X)) can be expressed in the form as { f (X)) +r(X), where r(X) € F[X]
is zero or of degree less than n. It follows that | F[X]/({f(X))| <|F|", and therefore
FIX]/(f (X)) is finite. (]
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Lemma 5. Suppose that R is a ring with identity. The polynomial ring R[X] is not
strongly unital.

Proof. If R is the trivial ring, then R[X] is also trivial, and thus by definition is not
strongly unital. Now suppose that R is nontrivial. Then it is easy to see that the
subring X R[X] (the subring of polynomials with constant term 0) does not have an
identity: if f(X) € XR[X], then X - f(X) # X. [l

We are almost equipped to prove our next proposition; first we comment on
notation. Let R be a ring with identity and let S be a subring of R contained
in Z(R), the center of R. Further, let @ € R. Then we define

Slal={so+sia+---+s,a" :neN,s; e S}={f(a): f(X) e S[X]}. (2D

Observe that S[a] is a subring of R containing S, but it need not contain a. However,
if R is unital with identity 1g and 1z € S, then S[a] contains a and, moreover, S[a]
is the smallest subring of R containing S and a.

Proposition 6. Suppose R is a strongly unital ring. Then for every o € R, there
exists a positive integer n (depending on o) such that «" = «a. Therefore, R is
commutative.

Proof. Let R be a strongly unital ring and let « € R be arbitrary. Recall from
Lemma 3 that P(R) = Z/mZ for some integer m > 1 which is square-free; say
m = pj --- px, where the p; are distinct primes. It follows that P (R) is the internal

direct sum of rings Sy, ..., Sk, where S; =7 /p;Z fori =1, ..., k. Clearly P(R) C
Z(R), and hence S; € Z(R) fori =1, ..., k. It is straightforward to check that
P(R)[a]=(S1+---+ S)la] = Sila] + - - - + Sla]. (2-2)

Fix i with 1 <i < k. Recall that S; = Z/p;Z. Thus there are ring surjections
f:Z/piZ[X] — S;[X] and (by (2-1)) g : S;[X] — Si[e]. Letting K be the kernel
of the composition, we have S;[e] = Z/p;Z[X]/K. If K is trivial, then S;[] =
Z/p;Z]X]. But then by Observation 2, Z/p;Z[ X] is strongly unital, contradicting
Lemma 5. We conclude that K is nontrivial. Invoking Lemma 4 (and using the fact
that Z/pZ[X] is a PID), S;[«] is finite. As 1 <i < k was arbitrary, it follows from
(2-2) above that

P(R)[a] is a finite ring. (2-3)

Note that Proposition 1 implies that P(R)[«] is reduced. Thus as is well known
(and an easy consequence of the Chinese remainder theorem),
P(R)[a] = F; x --- x F; for some finite fields F1, ..., F;. 2-4)

Now, for any a € F/*, 1 <i < j, we have a'fil=1 = 1. We deduce that for any
B e€F x---xFj, we have pUAI=D-(FI=D+1 — g But then there is a positive
integer n such that 8" = 8. Applying (2-4), we see that there is a positive integer m
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such that ™ = «. That R is commutative is now immediate from Jacobson’s
theorem; see [Herstein 1964, p. 367]. O

Remark 7. The fact that the integer m in the above proof is square-free is essential
to our proof of (2-3). Indeed, suppose that n > 1 is an integer which is not
square-free, and let N be the nilradical of Z/nZ. Then N is nontrivial and proper.
Therefore, Z/nZ[X]/N[X] = ((Z/nZ)/N)[X] is infinite. Hence it is not the case
that Z/nZ[X]/K is finite for every nonzero ideal K of Z/nZ[X].

We pause now to recall more terminology. If R is a ring and / is a (two-sided)
ideal of R, then [ is indecomposable if there do not exist nonzero ideals /; and I
of R such that I = I; @& I,. A ring R is indecomposable if it is indecomposable as
an ideal of itself. Our next lemma may be in the literature, but we could not locate
a source. Therefore, we present a self-contained proof.

Lemma 8. Let R be a ring, and suppose that R does not contain an ideal which is
an infinite internal direct sum of nonzero ideals of R. Then R=1,® - - - ® I, for
some indecomposable ideals 1, . .., I, of R.

Proof. We proceed by contraposition. Thus let R be a ring, and suppose that R is
not a finite direct sum of indecomposable ideals. Then R is not indecomposable
as an ideal, and hence R = I} @ J; for some nonzero ideals /; and J;. Since R is
not a finite direct sum of indecomposable ideals, we may assume without loss of
generality that J; is not indecomposable. Hence J; = I, & J, for some nonzero
ideals I, and J,. Now, R =11 & I, & J. Again, R is not a finite direct sum of
indecomposable ideals, and so we may assume without loss of generality that J»
is not indecomposable. Thus J, = I3 @ J3 for some nonzero ideals /3 and J3. Thus
R=1®1,® I5® J3. Proceeding recursively, we see that R contains an ideal which
is an infinite internal direct sum of nonzero ideals of R, and the proof is complete. [J

We are almost ready to classify the strongly unital rings. First, we establish a
final lemma and recall a couple of definitions. The lemma is a special case of a
more general result in the literature; in [Jans 1964, p. 22], the author establishes
that a left Artinian ring with no nonzero nilpotent left ideals is a semisimple ring
with identity. Our next lemma is an immediate consequence of this fact.

Lemma 9. Every finite reduced commutative ring has an identity.

Before stating our main theorem, we remind the reader that if F is a field, then
the prime subfield of F is the subfield of F generated by 1. It is easy to see that if
F has characteristic p, then the prime subfield of F is isomorphic to Z/pZ; if F
has characteristic 0, then the prime subfield of F is isomorphic to Q. Finally, F
is called absolutely algebraic if F is algebraic over its prime subfield. Our main
result and its proof conclude this note.



RINGS WHOSE SUBRINGS HAVE AN IDENTITY 827

Theorem 10. Let R be a ring. Then R is strongly unital if and only if there is a
positive integer n such that R = Fy x --- x F,, where each F; is an absolutely
algebraic field of prime characteristic.

Proof. Assume first that R is a ring which is strongly unital. We claim that
there is no ideal of R which is an infinite direct sum of nonzero ideals of R. (2-5)

Suppose not, and let X be an infinite index set and {/, : x € X} an enumeration of
nonzero ideals of R which generate a direct sum. Because X is infinite, it is clear that
D, x I+ does not have a multiplicative identity. However, @,y I, is an ideal of R,
and hence also a subring of R. This contradicts the assumption that R is strongly
unital, and (2-5) is verified. It now follows from Lemma 8 (and the fact that by
definition R is nontrivial) that there exist nonzero indecomposable ideals I, ..., I,
of Rsuchthat R=1,&--- & I,. Observe that the map (i1,...,i,) — i1+---+i,
is a ring isomorphism between the external direct product 7 x - - - x I, of the rings
Ii, ..., I, and R. We record this below:

R=1 x---x I, (as rings). (2-6)
To finish proving the first implication of the theorem, it remains only to show that
I is an absolutely algebraic field of prime characteristic for 1 <k <n. (2-7)

Clearly it suffices to prove the assertion for / := I;. Toward this end, since / is a
subring of R and R is strongly unital, there is some 1; € I which is a multiplicative
identity for /. We claim that

the only idempotents of / are 0 and 1;. (2-8)

Indeed, if e # 0, 1; is an idempotent of /, then I decomposes as [ = le® I (1; —e).
Now observe that both /e and I(1; — ¢) are nonzero ideals of R, and we have
contradicted the fact that / is indecomposable. We now easily show that 7 is a
field. Recall from Proposition 6 that R is commutative. Next, let r € I be nonzero.
Then clearly Ir C I is a nonzero ideal of R, and hence has an identity element e¢*.
Because e* is idempotent, we deduce from (2-8) that e* =0 or ¢* = 1;. Also ¢* #0,
lest Ir = {0}. We conclude that ¢* = 1;, and thus 1; € Ir. But this means that r
is invertible, and [ is a field, as claimed. Finally, Proposition 6 implies that I is
absolutely algebraic of prime characteristic.

Conversely, suppose R = F} x - - - x F,,, where each F} is an absolutely algebraic
field of prime characteristic, and let S be a subring of R. We shall prove that S
has an identity. We may of course assume that § is nontrivial. For 1 <i <, let
m; : R — F; be the projection map onto the i-th coordinate. Further, set 7 (S) :=
{1 <i <n:m(S) is nontrivial}. Without loss of generality, we may suppose that
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w(S)={1,2,...,r}forsomer with1 <r <n. For 1 <i <r,let x; € S be such that
mi(x;) # 0. (2-9)
Now let S’ be the subring of S generated by xi, ..., x,. Further, for each i with

1 <i <n,let K; be the prime subfield of F;. It is clear that, up to isomorphism,

S’ is a subring of
Ki(mri(x1), w1 (x2), ..., w1 (x,)) X - X Ky (0 (x1), Tr (X2), ..., o (X)), (2-10)

Recall that each Kj; is finite and each 7;(x;) is algebraic over K;. But then it
follows that each K; (7r; (x1), ;i (x2), ..., m;(x,)) is a finite field, and we conclude
from (2-10) that S’ is finite. Applying Lemma 9, we see that S" has a multiplicative
identity 1y := (ey, ..., e/, 0,...,0). We claim that 1y is also an identity for S.
Toward this end, it clearly suffices to prove that e; =1 for 1 <i <r (here, 1 is the
multiplicative identity of F;). To see this, simply note that 1¢ - x; = x;. Therefore,
wi(lg) - mi(x;) = mi(x;). Applying (2-9) and the fact that F; is a field, we deduce
that e; = ; (1) = 1, and the proof is complete. |
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Simple graphs of order 12
and minimum degree 6
contain K¢ minors

Ryan Odeneal and Andrei Pavelescu

(Communicated by Ronald Gould)

We prove that every simple graph of order 12 which has minimum degree 6
contains a K¢ minor, thus proving Jgrgensen’s conjecture for graphs of order 12.
In the process, we establish several lemmata linking the existence of K¢ minors
for graphs to their size or degree sequence, by means of their clique sum structure.
We also establish an upper bound for the order of graphs where the 6-connected
condition is necessary for Jgrgensen’s conjecture.

1. Introduction

All the graphs considered in this article are simple (nonoriented, without loops or
multiple edges). For a graph G, a minor of G is any graph that can be obtained from
G by a sequence of vertex deletions, edge deletions, and simple edge contractions.
A simple edge contraction means identifying its endpoints, deleting that edge, and
deleting any double edges thus created. A graph G is called apex if it has a vertex v
such that G — v is planar, where G — v is the subgraph of G obtained by deleting
vertex v and all edges of G incident to v. Jgrgensen [1994] stated the following
conjecture:

Conjecture 1. Let G be 6-connected graph which does not have a K¢ minor. Then
G is apex.

This result relates to Hadwiger’s conjecture [1943], which states:

Conjecture 2. For every integer ¢ > 1, if a loopless graph G has no K; minor, then
it is (t—1)-colorable.

Conjecture 2 is known to be true for ¢+ < 6. For r =5, the conjecture is equivalent
to Appel and Haken’s 4-Color theorem [1989]. For t = 6, Robertson, Seymour, and
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Keywords: Jorgensen’s conjecture, K¢ minors, minimum degree 6.
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Thomas [1993] proved it using a result of Mader. Mader [1968b] proved that a min-
imal counterexample to Conjecture 2 for = 6 has to be 6-connected. Together with
Jgrgensen’s conjecture, it would provide another proof that Conjecture 2 holds for
t = 6, along with more information about the structure of graphs with no K¢ minors.

Jgrgensen himself took steps towards proving Conjecture 1. In [Jgrgensen 1994],
he proved that every graph G with at most 11 vertices and minimal degree §(G) at
least 6 is contractible to a K¢. In his proof, he used the following result of [Mader
1968a]:

Theorem 3. Every simple graph with minimal degree at least 5 either has a minor
isomorphic to K¢ or it has a minor isomorphic to the icosahedral graph.

The icosahedral graph is the only 5-regular planar graph on 12 vertices. Mader
[1968a] also proved the following theorem.

Theorem 4. For every integer 2 <t <7 and every simple graph G of order n >t — 1
which has no minor isomorphic to K;, G has at most (t —2)n — (tgl) edges.

Note that for + = 6, the theorem implies that every graph G of order n and
size 4n — 9 or more has a K¢ minor.
Jgrgensen [1988] classified the graphs of order n and size 4n — 10.

Theorem 5. Let p be a natural number, 5 < p < 7. Let G be a graph with
n vertices and (p —2)n — (g) edges that is not contractible to K ,. Then either G is
an MP,_s-cockade or p =T and G is the complete 4-partite graph K3 3 3 3.

For p = 6, this theorem shows that any graph G of order n and size 4n — 10
either contains a K¢ minor, or it is an MP;-cockade. The following is Jgrgensen’s
definition of an MP;-cockade.

Definition 6. MP;-cockades are defined recursively as follows:

(1) K5 is an MP;-cockade and if H is a 4-connected maximal planar graph then
H % Ky is an MP;-cockade.

(2) Let G| and G, be disjoint MP;-cockades, and let x1, x, x3, and x4 be the
vertices of a K4 subgraph of G| and let y;, y», y3, and y4 be the vertices of a
K4 subgraph of G;. Then the graph obtained from G| U G, by identifying x;
and y;, for j =1, 2, 3,4, is an MP;-cockade.

For two graphs G| and G,, we denote by G| *x G, the graph with vertex set
V(G1) LU V(Gy) and edge set E(G)U E(G,) U E’, where E’ is the set of edges
with one endpoint in V(G{) and the other endpoint in V(G>). In G| * v, we
call v a cone over Gy. A graph G is the cligue sum of G| and G, over K, if
V(G) =V(G)UV(Gy), E(G) = E(G1) U E(G,) and the subgraphs induced
by V(G1) NV (G,) in both G| and G, are complete of order p. In this context,
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an MPj-cockade is either a cone over a 4-connected maximal planar graph or the
clique sum over K4 of two smaller MP;-cockades.

Kawarabayashi, Norine, Thomas, and Wollan [2018] proved that Conjecture 1
holds for sufficiently large graphs. Little is known about the validity of Conjecture 1
for small order graphs. In this paper, we prove that Jgrgensen’s conjecture holds
for graphs of order 12 in a more general setting.

Theorem 7. Let G be a simple graph of order 12 and assume that 6 (G) > 6, where
6(G) denotes the minimal degree of G. Then G contains a K¢ minor.

Note that the theorem implies Jgrgensen’s conjecture is vacuously true for graphs
of order 12.

2. Main theorem

For a graph G, we denote by V(G) its vertex set and by E(G) its edge set. The
size of V (G) is called the order of G, and the cardinality of E(G) is called the size
of G. Forn > 1, K, denotes the complete graph of order n and K, denotes the
complete graph of order n with one edge removed. If vy, vy, ..., v are vertices of
G, then (vy, va, ..., vx)¢ denotes the subgraph of G induced by these vertices. If
v is a vertex of G, then Ng[v] is the subgraph of G induced by v and the vertices
adjacent to v in G (the closed neighborhood of v). Let Ng(v) denote the subgraph
of G induced by all the vertices adjacent to v (the open neighborhood of v). If § is
a subset of V(G), then G — S is the subgraph of G obtained by deleting all of the
vertices in S and all the edges of G to which S is incident.
The following lemma is a corollary of Theorem 4.

Lemma 8. Let G be a simple graph of order n and size 4n — 10. If G — v is planar,
then v cones over G — v.

Proof. Since G — v is planar of order n — 1, it has at most 3(n — 1) —6=3n—-9
edges. This implies that v has at least 4n — 10 — (3n —9) = n — 1 neighbors, and
the conclusion follows. U

Proof of Theorem 7. Let G denote a simple graph of order 12 and minimal degree
8(G) at least six. It follows that G has at least size 36. By Theorem 4, if the size
of G is at least 39, then G contains a K¢ minor. We shall prove Theorem 7 by
considering the size of G, 36 < |E(G)| < 38.

Case 1: Assume |E(G)| = 38. By Theorem 3, either G contains a K¢ minor, or G
is apex, or G is the clique sum over K4 of two MP; cockades.

If G is isomorphic to H x K1, where H is a maximal planar graph on 11 vertices,
then §(H) > 5 and, by Theorem 3, it follows that H has a K, minor and thus G
has a K¢ minor.
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Assume that G is the clique sum over S >~ K4 of two MP;-cockades. If G — S
has more than two connected components, then at least one of them has at most
two vertices. But this contradicts the fact that 6(G) > 6. So G — S = Q| U Q».
Furthermore, unless |Q| = | Q2| = 4, the graph either contains a K7 subgraph (if
|01]=3), or §(G) <6 (if 1 <|Q1| <2). Since §(G) > 6, it follows that each vertex
of Q; connects to at least two other vertices of Q;, for i = 1, 2 respectively.

Without loss of generality, let Q1 = (vy, v2, v3, va)¢. If Q; is not isomorphic to
K4 for any of i =1, 2, say vivy ¢ E(Q}), since v; and v, must both connect to
both v3 and vy, contracting the edges vjv3 and vov4 produces a minor of G which
contains a K¢ subgraph induced by vy, vy, and the four vertices of S. If, on the other
hand, Q| >~ Q> >~ K4, as 6 (G) > 6, it follows that there are at least 12 edges between
each of the Q; and S. That would imply that |E(G)|>6+124+6+4+12+6=42,a
contradiction. It follows that for |E(G)| = 38, G has a K¢ minor.

Case 2: Assume |E(G)| = 37. Since §(G) > 6, it follows that the degree sequence
of G is either (6,6,6,6,6,6,6,6,6,6,6,8) or (6,6,6,6,6,6,6,6,6,6,7,7). In
either of the situations, we shall need the following lemma:

Lemma 9. Let M denote a graph of order 11 and size 34 such that §(M) > 5.
Assume that M is not apex and has at most four vertices of degree 5. Then M
contains a K¢ minor.

Proof. By Theorem 5, either M contains a K¢ minor or is an MP;-cockade. Since M
is not apex, it follows that M is the clique sum over S >~ K4 of two MP;-cockades.
If M — S has more than two connected components, Q1, Q», ..., then at least one
of them, say Q1, has at most two vertices. As |Q1| = 1 would violate the condition
8(M) =5, it follows that |Q| = 2 and the subgraph of M induced by Q; and S
forms a K¢. So M —S§ = Q110> and, without loss of generality, Q1 = (v, v2, v3) i.
Unless Q1 ~ K3, since § (M) > 35, it follows that at least two vertices of Q| connect to
all the vertices of S and thus, via an edge contraction, they induce a K¢ minor of M.

If 0| ~ K3, there have to be exactly nine edges connecting the vertices of Q; to
those of S. If there are more than nine, the subgraph induced by the vertices of O
and S has seven vertices and more than 3 + 9 4 6 = 18 edges; thus it contains a K¢
minor by Theorem 4. If there are less than nine, then at least one of the vertices of
Q1 has degree less than 5. So all the vertices of O have degree 5, and the subgraph
induced by the vertices of O and S has exactly 18 edges. If L denotes the set
of edges connecting the vertices of O to the vertices of S, then |L|+ |E(Q>)| =
34 — 18 = 16. On the other hand, since O, can have at most one vertex of degree
5 in M, it follows that |L|+2|E(Q>)| > 6 +6 4+ 6+ 5 = 23. Subtracting the last
two equalities we get |E(Q»)| > 7, a contradiction as Q> has four vertices. U

Assume the vertex degree sequence for G is (6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 8). Fur-
thermore, without loss of generality, we may assume deg;(v;) = 6, deg;(vg) =8,
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and that Ng[vi] = (v, ..., v7)g. Let N = (v, v3, ..., v7)g, H={vs, ..., v12)G,
and let L denote the set of edges of G with one endpoint in N and the other in
H. The handshaking lemma provides the following relations between the sizes of
E(N), L,and E(H):

2|E(N)|+|L| =30, 2[E(H)|+|L|=32.

If|E(H)|=10,thatis, H >~ K35, as every vertex of H must have at least two neigh-
bors in N (§(G) > 6), contracting the edges of Ng[v1], produces a K¢ minor of G.

If |[E(H)| <9, then |L| > 14 and thus |E(N)| < 8. It follows that there is a
vertex of N, say vy, such that degy (v2) < 2. If degy (v2) < 2, contracting the edge
v1v would produce a minor of G of order 11 and size at least 35, which would
contain a K¢ minor by Theorem 4.

If degy (v2) = 2, then contracting the edge viv, would produce a minor M of
G of order 11 and size precisely 34. Furthermore, since v, neighbors exactly three
vertices of H, the maximum degree of M is 8, so it cannot be apex, according to
Lemma 8. Lastly, M has at most two vertices of degree 5, since degy (v2) = 2. By
Lemma 9, M has a K¢ minor, and therefore so does G.

Assume the vertex degree sequence for G is (6,6,6,6,6,6,6,6,6,6,7,7). If
the degree-7 vertices are connected in G, deleting the edge connecting them would
produce a 6-regular subgraph of order 36, to be dealt with in the last case of the
proof. So, without loss of generality, assume that deg;(vi) = 6, degg(vg) =7,
and Ng[vi]=(v1,...,v7)g. Let N =(vp, v3,...,v7)g, H={(vg, ..., V12)g, and
let L denote the set of edges of G with one endpoint in N and the other in H.
If deg(v;) = 7, for some 9 < i < 12, the same argument as before shows that
|E(N)| < 8 and thus G contains a K¢ minor. So we may assume deg; (v7) =7 and
v7vg ¢ E(G). Using the handshaking lemma, we get

20E(N)|+|L| =31, 2|E(H)|+|L|=31.

If |E(H)| = 10, contracting the edges of Ng[v;], produces a K¢ minor of G.

If |[E(H)| <9, then |L| > 13 and thus |[E(N)| < 9. If |[E(N)| <8, it follows
that there is a vertex of N, v;, such that degy (v;) < 2. If deg, (v;) < 2, contracting
the edge viv; would produce a minor of G of order 11 and size at least 35, which
would contain a K¢ minor by Theorem 4.

Assume degy (v;) = 2. Contracting the edge v;v; produces a minor M of G of
order 11 and size 34. Moreover, since for 2 < j <7, v; neighbors at most four of
the vertices of H, M cannot be apex. Lastly, M has at most two vertices of degree 5,
since degy (v;) =2. By Lemma 9, M has a K¢ minor, and therefore so does G.

It follows that N is 3-regular, L =13 and |E(H)| =9; that is, H >~ K4 . If the
missing edge of H has vg as its endpoint, and since degg; (vg) =7, it follows that vg
neighbors four vertices of N. As the other endpoint, say vg, neighbors three vertices
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Figure 1. Contracting the edges cd and eg produces a Kg-minor.

of N, it follows that there exists 2 <i < 6 such that v; is a common neighbor of
vg and vg. Contracting the edges v;vg and vjv;, for 2 < j <7, j #1, one obtains
a K minor of G, as every vertex of H neighbors at least one of the v;.

Assume the missing edge of H is vgvjg. Since N is 3-regular of order 6, it is
isomorphic to either K3 3 or the prism graph. If N >~ K3 3, as vg neighbors three
vertices of N, contracting the edge connecting vg to one of its neighbors in N and
all the edges in the subgraph induced by vy, vig, v11, and vy, produces a minor of
G isomorphic to the graph in Figure 1. This minor has a K¢-minor.

If N is isomorphic to the prism graph in Figure 2, with the same labeling, for any
vertex of v of H, the subgraph of G induced by its neighbors among the vertices of
N must be complete (clique), since otherwise contracting v to one of its neighbors
and the edges of H — v produces a minor of G isomorphic to the graph in Figure 3.
This graph has a Kg-minor.

If vg and vy¢ share a common neighbor among the vertices of N, say v;, then
contracting the edge v;vg and vyv;, for 2 < j <7, j #1i, produces a K¢-minor. If
v9 and v1p have no common neighbor among the vertices of N, since vg, vig and vg
each have exactly three neighbors among the vertices of N, and v7 is not adjacent to
vg, up to a relabeling of vg and vy, it must be that vg and vg together with v,, v4, and
vg induce a K5 subgraph of G. Contracting all the edges of (vy, v7, vig, V11, V12)G
produces a Kg-minor of G.

105} U3

V4 Vs

Ve U7

Figure 2. The graph N, the open neighborhood of v;.
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é ;
<

Figure 3. Contracting the edges bg and ef produces a Kg-minor.

Case 3: Assume |G| = 36; that is, G is a 6-regular graph. Let vy, vs, ..., v7 be the
neighbors of some vertex v in G and let N = (v, v3, ..., v7)¢ = Ng(v;) be the
open neighborhood of vy. Let H = (vg, ..., v12)¢ and let L denote the subset of
E(G) of edges having one endpoint in N and the other in H. Then, as before, since
the degree of every vertex in G is 6, we have

2|E(H)|+|L] =30, 2/E(N)[+|L|=30;

thus |E(N)|=|E(H)|. If |[E(H)| =10, then H ~ K5. Since §(G) =6 by hypothesis,
each vertex in H must be adjacent to a vertex in N. Contracting the edges of Ng[v]
produces a K¢ minor of G. It follows that |[E(N)| <9 and, unless N is 3-regular,
there exists at least a vertex of N which has at most two neighbors in N. There are
two possible remaining cases: either the open neighborhood of every vertex of G
is 3-regular, or there is a vertex of G whose open neighborhood contains a vertex
of degree at most 2. Jgrgensen [1994] proved that in a 6-regular graph, if the open
neighborhood of every vertex of G is 3-regular, then any connected component of
the graph is isomorphic to either K3 3 3 or the complement of the Petersen graph.
Since both contain K¢ minors, it suffices to consider the case degy (v;) < 2, for
some 2 <i <7.

If, for some 2 <i <7, degy (v;) = 0, then contracting the edge v;v; produces
a minor of G of order 11 and size 35. By Theorem 4, this minor has a K¢ minor.

If, for some 2 <i <7, degy(v;) = 1, then contracting the edge v;v; produces
aminor M of G of order 11 and size 34. Furthermore, the degree sequence of this
minor would be (5,6, 6, 6,6,6,6,6,6,6,9); hence, by Lemma 8, M cannot be
apex. By Lemma 9, M would have a K¢ minor.

We may then assume that, for 2 <i <7, degy(v;) > 2 and, without loss of
generality, the neighbors of v, in N are v3 and vs.
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SRR

Figure 4. Graphs of order 5 and size at most 6, with minimum
degree 2.

Subcase 3.1: Assume that v3vy € E(G). Contracting the edge vjv, produces a
minor M of G of order 11 and size 33. Furthermore, the degree sequence of this
minor is (5,5, 6,6,6,6,6,6,6,6,8). Via a relabeling, for the rest of this subcase,
we may assume that deg,,(v;) = deg,;,(v2) =5, and that deg,,(vs) = 8. As before,
let N = (v2, v3, v4, Vs, V6) pr be the subgraph of M induced by all the neighbors
of vi, H={(v7,...,v11)m, and L the subset of edges of M with one endpoint in
N and the other in H. Adding degrees we get

2|E(H)|+|L| =30, 2[/E(N)[+|L|=26;

thus |E(H)|=|E(N)|+2. Note that | E(H)| <8, since if | E(H)| = 10, contracting
the edges of Ny[v1] produces a K¢ minor of M; if | E(H)|=9, thatis, H ~ K5, then,
without loss of generality, assume v7vg ¢ E(H). Since deg,,(v7) = deg,,(vs) =6,
it follows that both v; and vg have each three neighbors among the five vertices
of N; thus they share a common neighbor in N, say v;. Contracting the edges v; vy
and vyvj, for 2 < j #1i < 6, we obtain a K¢ minor of M.

We may then assume that |E(H)| < 8, and thus |E(N)| < 6. If any vertex v;
of N has at most one neighbor in N, contracting the edge v{v; would produce a
minor of M of order 10 and size at least 31. By Theorem 4, this would contain
a K¢ minor. So every vertex of N has at least two neighbors in N. If follows that
5 <|E(N)| <6 and, by [Read and Wilson 1998], N is isomorphic to one of the
four graphs in Figure 4.

If degy, (v2) =2, then contracting the edge v v, produces a minor of M of order 10
and size 30, with degree sequence (5, 6, 6, 6, 6, 6, 6, 6, 6, 7). The following lemma
shows that M contains a K¢ minor.

Lemma 10. Let M denote a graph of order 10 and size 30 such that 6(M) > 5.

Assume that M is not apex and has at most five vertices of degree 5. Then M
contains a K¢ minor.

Proof. By Theorem 5, either M contains a K¢ minor or is an MP;-cockade. Since M
is not apex, it follows that M is the clique sum over S >~ K4 of two MP;-cockades.
Since 6(M) > 5, any connected component of M — S is of size at least 2. If any of
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the connected components of M — S has exactly two vertices, then that component
together with S induces a K¢ subgraph of M. The only situation left to discuss is
when M — § has exactly two size-3 connected components, Q| and Q,. At least
one of them, say Q, contains at most two vertices of degree 5. If we denote by
L’ the set of edges connecting the vertices of Q; to the vertices of S, then

21E(QD)|+IL'| > 6+54+5=16.

Hence
IE(QQDI+IL'1=13 = [EQDI+IL'|+|E(S)|>19;

thus Q; and S induce a subgraph of M of order 7 and size 19. By Theorem 4, this
subgraph contains a K¢ minor. ([l

If degy (v2) = 3, then N is isomorphic to either graph B or graph C in Figure 4.
Furthermore, v, neighbors in N a vertex (say v3) of total degree 6 which has
degree 2 in N and does not neighbor the vertex of degree 8. Contracting the
edge viv; produces a minor P of M of order 10 and size 30. Furthermore, the
degree sequence of this minor is (4, 5, 6, 6, 6, 6, 6, 6,7, 8) and thus it is not apex.
By Theorem 5, P either contains a K¢ minor or it is the clique sum over § >~ K4
of two MP;-cockades. Every vertex of S has degree at least 5 since it must connect
to every connected component of P — S. Let Q; denote the connected component
of P — S which contains the vertex of degree 4. Let H denote the graph induced
by the vertices of P — (SU Q1) and let L” denote the set of edges of P with one
endpoint in § and the other in H.

If |[V(Q1)| =1, then

IL"|+|E(H)| =20,
IL"|+2|E(H)| > 6+6+6+6+5="29.

It follows that |[E(H)| > 9; thatis, H >~ K5 or H >~ Ks. For H ~ K5, as every
vertex of H is adjacent to at least a vertex of S, contracting S produces a Kg
minor of P. If H >~ K, assume a,b € V(H) and ab ¢ E(H). If degp(a) =5 or
degp(b) =5, then a and b share at least one common neighbor s in S. Contracting
the edge sa and then contracting the edges of the graph induced by the vertices of
01 US — {s} produces a K¢ minor of P, as every vertex of H other than a or b has
degree at least 6 and must therefore be adjacent to at least two vertices of S. Finally,
if degp(a) > 6 and degp(b) > 6, then a and b share at least two neighbors among
the vertices of S, say s; and s,. Since V (H)\{a, b} contains at most one vertex of
degree 5, that vertex is adjacent to at most one of {sy, s2}, say s1. Contracting the
edge s>a and then contracting the edges of the graph induced by the vertices of
Q1US — {s2} produces a K¢ minor of P.
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If [V(Q1)| =2, then (Q1US)p ~ K, and

IL"|+ |E(H)| = 16,
IL"|+2|E(H)| > 6+6+6+6=24.

It follows that |E(H)| > 8, which is a contradiction (H has only four vertices). It
follows that |V (Q1)| = 3 and that (SU H) p contains a K, minor.

If degy (v2) =4, then N =~ D of Figure 4 and contracting the edge connecting
v] to the common neighbor of v, and vg in N produces a minor P of M of order
10 and size 30, with degree sequence (4, 6, 6, 6,6, 6,6, 6,7,7), where the two
degree-7 vertices and the degree-4 vertex form a triangle. Theorem 5 shows that P
is a clique sum over S ~ K4 of two MP;-cockades. Furthermore P — § has exactly
two connected components, Q1 and Q;. As any vertex that’s part of the clique has
at least degree 5 in P, we may assume that the vertex of degree 4 is a vertex of Q.
Unless |Q1] =1, both Q1 and Q; will contain vertices of degree at least 6 in P;
hence |Q1]| = | Q2| = 3. But this implies that contracting any edge incident to the
vertex of degree 4 in Q1 produces a K¢ minor of the graph induced by Q; U S.

If [V(Q1)| =1, then let L” denote the set of edges in P with one endpoint in
K4 and the other in Q. It follows that

IL"|=7+7+6+6—12—4=10,
|E(Q2)| = 10;

hence Q; >~ K5 and thus contracting the edges of the subgraph induced by QLI K4
produces a K¢ minor.

Subcase 3.2: Assume that v3vq ¢ E(G). Contracting the edge v v, produces a
minor M of G of order 11 and size 33. Furthermore, the degree sequence of this
minor is (5, 5,6, 6,6,6,6,6,6,6,8). Via a relabeling, for the rest of this subcase,
we may assume that deg,,(v;) = deg,,(v7) =5, and that deg,,(vs) = 8. As before,
let N = (v2, v3, v4, Vs, V6) pr be the subgraph of M induced by all the neighbors
of v, H=(vy,...,v11)u, and L the subset of edges of M with one endpoint in
N and the other in H. Adding degrees we get

20E(H)|+[L] =29, 2[EN)[+|L|=2T7;

thus |E(H)|=|E(N)|4+1. Furthermore, if | E(H)| =10, thatis, H >~ K5, contracting
vyv; for 2 <i < 6 produces a K¢ minor.

Assume |E(H)| =9 and |E(N)| = 8. Then by [Read and Wilson 1998], N is
isomorphic to one of the two graphs in Figure 5.

If N >~ A in Figure 5, as all vertices of N have minimum degree 6, contracting
the vertices of H (which is connected) to a single point and then further contracting
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A B

Figure 5. Graphs of order 5 and size 8, with minimum degree 2.
V6

V3 vio

Figure 6. Subcase 3.2.1: deg,, (v¢) = 3 and degy (v7) = 3.

the edge joining the newly obtained point and the only vertex of degree 2 in N
produces a K¢ minor.

If N >~ B in Figure 5, then we distinguish four cases based on the position of
ve and v7 inside N and H, respectively.

Subcase 3.2.1: Assume deg, (vs) =3 and degy (v7) = 3; see Figure 6. Without loss
of generality, assume deg, (vg) = 3; that is, v7vg is the only edge missing in the com-
plete graph on the vertices of H. If vg neighbors vg, contracting the edge vgvg and all
the edges of (vy, vo, v3, V4, V5) s produces a K¢ minor of M. If vg does not neighbor
vg, then contracting the edges of (vy, vy, v3, v4, Vs, vg)y produces a K¢ minor of M.

Subcase 3.2.2: Assume deg, (vg) = 4 and degy (v7) = 3; see Figure 7. Without
loss of generality, we may assume degy (vs) = 3. If v7 and vg share a neighbor in N,
say vj, then contracting v;v7 and then all the edges of (vi, N — v;)y, we obtain

Us

Figure 7. Subcase 3.2.2: deg, (v¢) = 4 and degy (v7) = 3.
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Ve

V1o

V11

U3

Figure 8. Subcase 3.2.3: deg,, (vs) = 3 and degy (v7) = 4.

a K¢ minor of G. So, as a set, {v7, vg} neighbors all the vertices of N. Without
loss of generality, vsv7, vgv7, Vsvg € E(M), vavs ¢ E(N). If vz neighbors either
of vy or vy, say vjg, then contracting the edges v3vig, vsv9 Wwill connect v and
vs, contracting all the edges of (v, v7, vs, v11) s Will connect v, and vy, and thus
we obtain a K¢ minor. But then, v3 must neighbor vg, and contracting the edge
v3v9 and all the edges of (v7, vg, vi0, V11, V2) i produces a K¢ minor.

Subcase 3.2.3: Assume deg,, (vg) = 3 and degy (v7) = 4; see Figure 8. Without
loss of generality, we may assume degy (vg) = degy (vg) = 3 and degy (vs) = 4.
Since vg and vg each connect to three vertices of N, they have a common vertex
in N. If this vertex is not ve, say v;, then contracting the edges v;vg and vyv; for
2 < j#i <6, weobtain a K¢ minor of M. So {v7, vs, v9}, as a set, neighbors all the
vertices of N. Since v3 does not neighbor v7 and cannot neighbor both vg and vy, it
must neighbor one of vy or vy;. But then, contracting the edges of (ve, vi9, V11)m
and then contracting the edges of (v7, vg, vg, v2), We obtain a K¢ minor of M.

Subcase 3.2.4: Assume deg, (vs) =4 and degy (v7) =4; see Figure 9. Without loss
of generality, we may assume that degy (vs) = degy (v9) = 3. Since both vg and
vg connect to three vertices of NV, they must share at least one common neighbor in
N. If that common neighbor is not vg, say v,, contracting the edges vovg, and vyv;
for 3 <i < 6, we obtain a K¢ minor of M. It follows that vg neighbors v7, vg and
v9 and that, as a set, {vg, vg} neighbors all the vertices of N. If {v1g, v1} neighbors,

Us

Figure 9. Subcase 3.2.4: degy (v¢) = 4 and degy (v7) = 4.
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Figure 10. The unique graph of order 5, size 7, and minimum
degree 2, with exactly one vertex of degree 2.

as a set, any nonneighbors in N, say v, and vy, then contracting the edges vigvi1,
vV, and all the edges of (vs, v7, vg, v9), We obtain a K¢ minor of M. If not, as
vg neighbors neither vig nor vy, we know that v¢ and vy; must both neighbor an
edge of N not incident to ve, say vovs. But since vy neighbors vy, vs, vs, vg, V1o
and v; and one of vg or vy, it follows that v, has degree 7 in M, a contradiction.

It follows that |E(N)| < 7. If any of v, ..., vs have degree at most 1 in N,
contracting the edge connecting that vertex to vy would produce minor of M of
order 10 and size at least 31, which would have a K¢ minor by Theorem 4. This
shows that 6(N) > 2 and that |E(N)| > 5. Furthermore, if any of the degree-6
neighbors of v; have degree 2 in N, contracting the edge connecting that neighbor
to v; would produce a nonapex graph of order 10 and size 30, with minimal degree
at least 5, and at most three vertices of degree 5. By Lemma 10, this graph would
contain a K¢ minor. This observation handles the cases |E(N)|=5and |E(N)| =6,
since any graph on five vertices with minimum degree 2 and size at most 6 has at
least two vertices of degree exactly 2.

Assume that |[E(N)| =7, §(N) =2, and N has only one vertex of degree 2.
Then N is isomorphic to the graph in Figure 10. Furthermore, deg, (ve) is 2; thus
vg neighbors all the vertices of H. If v; neighbors two or more vertices of N, then
contracting v v; for 2 <i <5 and H to one of its K4 minors (H has 8 edges and
5 vertices, by Theorem 4 it has a K4 minor) we obtain a K¢ minor. It follows that vy
connects to vs, vg, v1p and vy;. Furthermore, the open neighborhood of v; contains
exactly eight edges. By symmetry between v; and v; and Subcase 3.2, |E(N)| =38,
it follows that M has a K¢ minor. |

3. Future explorations

(1) Is it true that any simple graph of order at most 14 and minimum degree at
least 6, which is not apex, contains a K¢-minor? Note that in the proof of Theorem 7,
we used weaker versions of Lemmas 9 and 10. Similar lemmas hold for graphs of
orders 13 and 12, respectively. They provide a first step in generalizing Theorem 7
for graphs of order at most 14.
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Figure 11. Graphs G| and G are identified along the highlighted
tetrahedra to obtain the graph G.

(2) The result of this paper shows that, for graphs of order 12, weaker assumptions
are needed for the conclusion of Jgrgensen’s conjecture to be true. What is the
minimum » > 12 for which the condition of minimum degree 6 is no longer sufficient
and the 6-connected condition is needed? Such n would have to be at most 22, as
the following example demonstrates.

Let G| ~ G, ~ K, *x Ic, where Ic denotes the icosahedral graph (5-regular,
maximal planar, order 12). Let G denote a clique sum over K4 of G| and G, done
in such a way that the cones are not identified to each other (so that the maximum
degree of G is 15). In Figure 11, a; and a», by and by, ¢ and ¢;, and d; and d>
are respectively identified. Then §(G) = 6, G is not apex, and it has no K¢ minor.
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Mixed volume of small reaction networks
Nida Obatake, Anne Shiu and Dilruba Sofia

(Communicated by Suzanne Lenhart)

An important invariant of a chemical reaction network is its maximum number of
positive steady states. This number, however, is in general difficult to compute.
Nonetheless, there is an upper bound on this number —namely, a network’s
mixed volume — that is easy to compute. Moreover, recent work has shown that,
for certain biological signaling networks, the mixed volume does not greatly
exceed the maximum number of positive steady states. Continuing this line
of research, we further investigate this overcount and also compute the mixed
volumes of small networks, those with only a few species or reactions.

1. Introduction

For chemical reaction networks, information about steady states — both their num-
ber and their nature (stability, etc.) —yields insight into a network’s capacity for
processing information. Therefore, there have been numerous investigations into the
capacity for multiple steady states, especially for networks arising from biology; see,
e.g., [Banaji and Pantea 2016; Conradi et al. 2017; Craciun et al. 2006; Dickenstein
et al. 2019; Joshi and Shiu 2015; Torres and Feliu 2019].

The next step, determining the maximum number of steady states of a given
network, is more difficult. Indeed, this question, mathematically, asks us to compute
the maximum number of positive roots of a family of parametrized polynomial
systems. Therefore, we are interested in upper bounds on this maximum number
that are easy to compute.

One such bound, introduced in [Obatake et al. 2019], is the mixed volume of a
network; see also the closely related definitions in [Gross et al. 2016; Gross and Hill
2019]. This bound is surprisingly good for certain biological signaling networks,
with the “mixed-volume overcount” — the difference between the mixed volume
and the maximum number of steady states —no more than 2 or 4 [Obatake et al.
2019]. Related results for three infinite families of networks are obtained in [Gross
and Hill 2019] and for a Wnt shuttle model in [Gross et al. 2016].

MSC2020: primary 52A39, 12D10, 37C10; secondary 65H04, 80A30.
Keywords: chemical reaction network, steady state, Newton polytope, mixed volume.
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Here we further investigate the mixed volume and the mixed-volume overcount,
with a focus on small networks, those with just a few species or reactions. Our
results are as follows. First, for networks with only one species, we show how to
read off the mixed volume (and mixed-volume overcount) directly from the network
(Theorems 3.2 and 3.4), and conclude that the mixed-volume overcount can be
arbitrarily large (Corollary 3.3). Next, we investigate networks with two species
and two reactions and show that among those that are at-most-bimolecular, nearly
all have mixed-volume overcount O (Theorem 3.13). Thus, the mixed volume is an
excellent bound for such networks.

The outline of our work is as follows. We provide background in Section 2. Our
main results are presented in Section 3, and we end with a discussion in Section 4.

2. Background

Below, we give background on chemical reaction systems (Section 2A), their steady
states (Section 2B), mixed volume (Section 2C), and networks having only one
species (Section 2D).

2A. Chemical reaction systems.

Definition 2.1. A reaction network G := (S, C, R) consists of three finite sets: a set
of species S :={A1, Aa, ..., Ag}, aset C:={y1, y2,..., yp} of complexes (finite
nonnegative-integer combinations of the species), and a set of reactions, which are
ordered pairs of complexes, excluding diagonal pairs: R € (C xC)~{(y, y) |y €C}.

Throughout our work, s and r denote the numbers of species and reactions,
respectively. A reaction network is genuine if every species takes part in at least
one reaction.

Writing the i-th complex as y;j1 A + yi2Ar + - - - + yis Ay (here, y;; € Z> is
the stoichiometric coefficient of A; for j =1,2,...,s), this complex is at-most-
bimolecular if y;1 + yip + - - - + yis < 2. A reaction network is at-most-bimolecular
if every complex in the network is at-most-bimolecular.

It is customary to write a reaction (y;, y;) as y; — y;, and y; is called the reactant
and y; is the product. Also, a reaction y; — y; is reversible if its reverse reaction
y; — yi is also in R, and we denote such a pair by y; = y;. A reaction y; — y;
defines the reaction vector y; — y;, which encodes the net change in each species
resulting from the reaction. The stoichiometric matrix T is the s X r matrix whose
k-th column is the reaction vector of the k-th reaction. Each reaction comes with a
rate constant k;j, which is a positive parameter.

Next, we let x1, xo, ..., x5 represent the concentrations of the s species, which
we view as functions x;(z) of time 7. Also, we define the monomial x” :=
Yi1 . Yi2 Yis

XXy Xt
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A chemical reaction system is the dynamical system that arises, via mass-action
kinetics, from a chemical reaction network (S, C, R) and a choice of rate constants
(K;}) € R, (recall that r is the number of reactions) as follows:

>

dx
= 2 X —y) = fe), (1)
yi—>yjisin R
Viewing the rate constants as a vector of parameters ¥ = (k1, k2, .. ., k), We
have polynomials f,; € Q[«, x] fori =1, 2, ..., s. For simplicity, we will write

fi rather than f ;.

The stoichiometric subspace, S :=span({y; —y; | yi — y; is in R}), is the vector
subspace of R* spanned by all reaction vectors y; — y;. Thus, § =im(I"), where
I" is the stoichiometric matrix. Let d = s — rank(I"). A conservation-law matrix
of G, denoted by W, is a row-reduced (d x s)-matrix whose rows form a basis of
the orthogonal complement of S.

A trajectory x(¢) that starts at a positive vector x(0) = x%e R? , remains, for all
positive time, in the following stoichiometric compatibility class with respect to the
total-constant vector ¢ := Wx? e R?:

Sei={xeR)|Wx=c}. )

Example 2.2. Consider the network G = {2A LIN 2B, B LN A}. This network
has r =2 nonreversible reactions involving p =4 distinct complexes — represented
as vectors (2, 0), (0,2), (0,1), (1,0)—on s = 2 species, A and B. Also, the
network is genuine and at-most-bimolecular. The stoichiometric matrix of G is

e[ 1

The stoichiometric subspace S, which has dimension d = 1, is spanned by (1, —l)T,
and a conservation-law matrix of G is W =[1 1]. Let x () = (x1(2), x2(¢)) € [R{2>0
denote the vector of concentrations of species A and B. A conservation law for
G is x1 + x2 = ¢ for ¢; € R>g. The chemical reaction system of G arising from
mass-action kinetics is

dx _ (—2kixi+kox;

dr — ( 2k x? —k2x2> ‘

2B. Steady states. For a chemical reaction system, a steady state is a nonnegative
concentration vector x* € RY ; at which the right-hand side of the ODEs (1) vanish:
fe(x*) = 0. We will focus on positive steady states x* € R,

To analyze steady states in a stoichiometric compatibility class, we use conser-
vation laws in place of linearly dependent steady-state equations as follows. Let
I ={i; <ip <--- < iy} denote the indices of the first nonzero coordinate of the
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rows of the conservation-law matrix W. For a total-constant vector ¢, define the
function f., : R, — R® as
fi(x) ifigl,

fc,K,i = fC,K('x)i = {(WX —C)k ifi=i,el. )

The system (3) is called the system augmented by conservation laws.

Remark 2.3. For networks without conservation laws, the augmented system is
just the original system f. , in (1).

Definition 2.4. (1) A network is multistationary if there exist positive rate constants
k;j such that, for the corresponding chemical system (1), there is some stoichiometric
compatibility class (2) having two or more positive steady states.

(2) A network admits k positive steady states (for some k € Z>) if there exists a
choice of positive rate constants so that the resulting mass-action system has exactly
k positive steady states in some stoichiometric compatibility class.

The maximum number of positive steady states of a network G is the maximum
value of k (with k € Zx¢) for which G admits k positive steady states.

2C. Mixed volume. Here we recall from [Obatake et al. 2019] the mixed volume of
a network, which is in general an upper bound on the maximum number of positive
steady states. For background on convex and polyhedral geometry, see [Ewald 1996;
Ziegler 1995]. In particular, for a polynomial f = b1x°' 4+ byx®2 +-- -+ byx° €
R[x1, x2, ..., x5], where the exponent vectors o; € Z° are distinct and b; # 0
for all i, the Newton polytope of f is the convex hull of its exponent vectors:
Newt(f) :=conv{oy, 03, ...,00} C R®.

Definition 2.5. Let P, P,, ..., P, CR® be polytopes. The volume of the Minkowski
sum Aj Py +X1y Po+- - -4 Ay Py is a degree-s homogeneous polynomial in nonnegative
variables A1, Ap, ..., Ay. In this polynomial, the coefficient of A;A; - - - A;, denoted
by Vol(Py, Ps, ..., Ps), is the mixed volume of Py, P, ..., P;.

Definition 2.6. Let G be a network with s species, r reactions, and a d X s
conservation-law matrix W. Let f. ., as in (3), denote the resulting system aug-
mented by conservation laws. Let ¢* € Rio’ and let «* € R’ be generic. Let
P, Py, ..., P, C R’ be the Newton polytopes of fox .1, fer x*2, -+« for x5, T€-
spectively. The mixed volume of G (with respect to W) is the mixed volume of
P, P, ..., Ps.

The mixed volume (Definition 2.6) is well-defined [Obatake et al. 2019, Re-
mark 8]. The next result follows from Bernstein’s theorem [1975]; see [Obatake
et al. 2019, Proposition 8]:
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Proposition 2.7. For every network, the following inequality relates the maxi-
mum number of positive steady states and the mixed volume (with respect to any
conservation-law matrix):

maximum number of positive steady states < mixed volume. @

The mixed-volume overcount measures how tight the bound (4) is. Of particular
interest are networks with 0 mixed-volume overcount, because for these networks,
the mixed volume precisely and efficiently calculates the maximum number of
positive steady states.

Definition 2.8. The mixed-volume overcount of a reaction network G is
(mixed volume of G) — (maximum number of positive steady states of G).

An example considered in earlier work is the extracellular signal-regulated kinase
(ERK) network. This is an important biological signaling network known to be
multistationary (and also bistable) [Obatake et al. 2019; Rubinstein et al. 2016]. For
the ERK network and several simplified versions of the network, the mixed-volume
overcount is 2 — for the fully irreversible and reduced subnetworks — or (conjec-
tured to be) 4 — for the full network and the subnetwork obtained by removing
one reaction (specifically, the reaction k) [Obatake et al. 2019, Proposition 9 and
Conjecture 1].

Here, our focus is not on directly investigating multistationarity. Instead, we
analyze the mixed-volume overcount for small networks as a tool for future work
studying multistationarity in larger networks (e.g., the ERK network and the network
in Example 3.15).

2D. One-species networks. Here we recall some definitions from [Joshi and Shiu
2017].

Definition 2.9. Let G be a reaction network containing only one species A. Each
reaction of G therefore has the form aA — bA, where a, b >0 and a # b. Let m
be the number of (distinct) reactant complexes, and let a; < a; < - - - < a,, be the
stoichiometric coefficients. The arrow diagram of G, denoted by p = (o1, ..., Pm),
is the element of {—, <—, <e>}" with

— if for all reactions a;A — bA in G, we have b > a;,
pi =1« if for all reactions a;A — bA in G, we have b < a;,
<> otherwise.
Definition 2.10. For nonnegative integers 7 > 0, a T-alternating network is
a one-species network with exactly 7 + 1 reactions and with arrow diagram

p € {—, < }T*! such that, if T > 1, we have p; =— if and only if p; 4| =<«
foralli e {1,2,...,T}.
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Example 2.11. Consider the network
G={0«< A— 24 =3A}.

Two 1-alternating subnetworks of G, {A—2A,2A<«3A}and {2A—3A,2A < 3A},
have arrow diagram (—, <—). On the other hand, {0 <— A, A — 2A} is not a
1-alternating subnetwork of G: its arrow diagram is (<—=—). Finally, {0 < A,
2A — 3A,2A < 3A} is a 2-alternating subnetwork of G with arrow diagram
(<, —, «).

The following result follows directly from [Joshi and Shiu 2017, Theorem 3.6]
and its proof:

Proposition 2.12 (number of steady states for one-species networks). Let G be
a reaction network with only one species (and at least one reaction). Then, the
maximum number of positive steady states of G equals the maximum value of
T € Zsq for which G has a T -alternating subnetwork.

3. Results

In Section 3A, we characterize the mixed volume and mixed-volume overcount of
networks with only one reaction or one species. As a consequence, we show that
the mixed-volume overcount can be arbitrarily large (Corollary 3.3). Subsequently,
in Section 3B, we show that nearly all (genuine) networks with two species and
two reactions have mixed-volume overcount 0 (Theorem 3.13).

3A. Networks with only one reaction or one species.

Proposition 3.1 (mixed volume of one-reaction networks). For a network with only
a single reaction, the mixed volume is 0 and the mixed-volume overcount is 0.

Proof. Let G be a network with only one reaction. The right-hand side of the
ODE consists of a single monomial, so the Newton polytope is just a point (the
exponent vector of the monomial). Hence, the mixed volume of G is 0, and so the
mixed-volume overcount is 0, by Proposition 2.7. (]

Theorem 3.2 (mixed volume of one-species networks). Let G be a reaction network
that contains only one species A. Let m be the number of (distinct) reactant
complexes, and let a) < ap < - - - < a,, be their stoichiometric coefficients. Then

mixed volume of G = a,,, — a.

Proof. As G has only one species, there are no conservation laws and only one
differential equation. In this equation, the leading monomial is x{", and the lowest-
degree monomial is x{". The Newton polytope of this single polynomial is therefore
the line segment between a; and a,,. Thus, by definition, the mixed volume of G is
Ay —daj. O
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Corollary 3.3. The mixed-volume overcount can be arbitrarily large.

Proof. Consider the network 0 = —\ nA, where n € N. The right-hand side of the
mass-action ODEs (1) is the polynomlal —kpa™ + ki, which has precisely one
positive real root (namely, a = </k1/k;). However, by Theorem 3.2, the mixed
volume is n. So, the mixed-volume overcount is n — 1. O

Theorem 3.4 (one-species networks with mixed-volume overcount 0). Let G be a
reaction network that contains only one species A. Let m be the number of (distinct)
reactant complexes, and let a; < ap < - - - < ay, be their stoichiometric coefficients.
Then G has mixed-volume overcount O if and only if G has an (m—1)-alternating
subnetwork and a; = ay+1i — 1 foralli € {2,3, ..., m}.

Proof. This result follows directly from Proposition 2.12 and Theorem 3.2. O

Example 3.5 (Example 2.11 continued). By Theorem 3.4, the network from
Example 2.11 has mixed-volume overcount 0. Indeed, it is a one-species network
with three distinct reactant complexes (note that O is not a reactant complex in
this network) satisfying a; = a; +i — 1 for i € {2, 3} (here the notation is as in
Theorem 3.4 with a; = 1), and it has a 2-alternating subnetwork.

3B. Networks with two species and two reactions. Up to relabeling species,
there are 210 genuine, at-most-bimolecular networks with two species and
two reactions [Banaji 2017]. These networks, which were enumerated by Ba-
naji, were originally available at https://reaction-networks.net/networks/. A
file containing the list of these networks also can be found in the repository
https://github.com/neeedz/mixedvolume. Here we determine that 92% of these
networks have mixed-volume overcount 0 (Theorem 3.13); the 16 exceptional
networks are listed in Table 1.

The following result, which follows directly from [Joshi and Shiu 2017, Lem-
mas 2.7 and 4.1, and Theorem 4.8] (cf. Corollary 4.12 and the preceding paragraph
in that work), implies that the 210 networks we consider in this subsection are not
multistationary.

Proposition 3.6. If G is an at-most-bimolecular reaction network with exactly two
species and two reactions, then the maximum number of positive steady states of G
is at most 1. Moreover, this maximum number is 1 if the two reaction vectors of G
are negative scalar multiples of each other, and 0 otherwise.

Proposition 3.6 and the definition of mixed-volume overcount directly yield the
following:

Corollary 3.7. Let G be an at-most-bimolecular reaction network with exactly
two species and two reactions. If the mixed volume of G is at least 2, then the
mixed-volume overcount is at least 1.
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We use the following procedure to compute (by using PHCpack [Gross et al.
2013], as in [Obatake et al. 2019]) the mixed-volume overcount of a two-species,
two-reaction network:

Procedure 3.8. Input: A two-species, two-reaction network G.
Output: The mixed-volume overcount of G.

(0) Compute the system augmented by conservation laws (3), denoted by f ., for
some choice of conservation-law matrix W.

(1) Compute the mixed volume of G as follows. Viewing the two polynomials in
fe.x as polynomials in x; and x,, substitute 1 for all coefficients; let polyl and
poly2 be the resulting polynomials. Next, run the following Macaulay2 code:

loadPackage "PHCpack"
S = CC[x1,x2];

F = {polyl , poly2};
mixedVolume (F)

(2) Compute the maximum number of positive steady states:

(a) If G has no linear conservation laws, the maximum number of positive steady
states is 0.

(b) If G has a linear conservation law, determine the maximum number of positive

steady states of G by analyzing the possible numbers of positive roots of
fexe =0 (or by other means, e.g., if applicable, Proposition 3.6).

(3) Output the difference between the mixed volume (from step (1)) and the
maximum number of positive steady states (from step (2)).

Proof of correctness of Procedure 3.8. The correctness of step (1) is due to the fact
that mixed volume considers only the supports of polynomials. The correctness of
step (2a) follows from [Joshi and Shiu 2017, Lemma 4.1]. Step (2b) is correct by
construction of f, .. Finally, the correctness of step (3) follows directly from the
definition of mixed-volume overcount (Definition 2.8). U

Example 3.9. Consider G = {A + B <5 2B <% 24).
(0) The system augmented by conservation laws is
{fl(xl, X2) = x1 +x2 — ¢,

F(x1, x2) = 2kax? + ki x;1 x2.

(1) Take k; = 2kp = —c1; =1 1in (5), and compute the mixed volume of the resulting
polynomial system. The mixed volume of the network is 1.

&)

(2) We compute the maximum number of steady states:

(a) There is a linear conservation law (namely, f}), so continue to step (2b).
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(b) The reaction vectors, (—1, 1) and (—2, 2), are not negative scalar multiples of
each other. So, by Proposition 3.6, the maximum number of positive steady
states is 0. Alternatively, notice that f>(x}, xJ) > 0 when x{, x3 > 0, and so
fe.« = 0 never has positive roots.

(3) The mixed-volume overcountis 1 —0=1.

Next we provide two more examples of genuine two-species, two-reaction net-
works. These examples show that determining the maximum number of positive
steady states by analyzing the roots of f,, = 0 (step (2b) of Procedure 3.8) is not
straightforward in general.

Example 3.10 (Example 2.2 continued). Recall the genuine two-species, two-
reaction network {2A LI 2B, B LN A}. Using Procedure 3.8, we show below
that the mixed-volume overcount of the network is 1.

(0) The system augmented by conservation laws is

{fl(xl,x2)=x1+x2—cl, ©)
fo(x1, x2) = 2kix] — kaxo.
(1) Take 2k; = —ky = —c; = 1 in (6), and compute the mixed volume of the

resulting polynomial system. The mixed volume of the network is 2.

(2) We compute the maximum number of steady states:

(a) There is a linear conservation law (namely, f1), so continue to step (2b).

(b) The reaction vectors are (—2, 2) and (1, —1), which are negative scalar multi-
ples of each other. So, by Proposition 3.6, the maximum number of positive
steady states is 1. Alternatively, we analyze the roots of f. , =0, as follows.
First, fi =0 yields x, = ¢; — x1, which we substitute into f, = 0 to get

g(x1) = 2kixi — ka(cr — x1) = 2k1x7 + kox — kacy.

This is a quadratic in x; with positive leading coefficient and negative vertical
intercept (since k1, k2, c; > 0). Thus, for every choice of ki, k2, ¢; > 0, the
quadratic has a unique positive real root in x|, namely,

i —kz + k% +8C1k1k2

N 4k, '

Therefore, the maximum number of steady states is at most 1. In fact, this
number is 1: when k; = %, ko =1 and c; = 2, there is a unique positive steady
state, namely, (x}, x3) = (1, 1).

X

(3) The mixed-volume overcountis 2 — 1 = 1.
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Example 3.11. Let G = {24 ~5 28 %25 A4 4 By,

(0) The system augmented by conservation laws is

{fl(xhxz) =x1+x2 —cy,
fa(xr, x2) = 2kixf — kox3.

)

(1) Take 2k; = —kp = —c; = 1 in (7), and compute the mixed volume of the
resulting polynomial system. The mixed volume of the network is 2.

(2) We compute the maximum number of steady states:

(a) There is a linear conservation law (namely, f1), so continue to step (2b).

(b) The reaction vectors, (—2,2) and (1, —1), are negative scalar multiples of
each other. So, Proposition 3.6 implies that the maximum number of positive
steady states is 1. An alternate approach is as follows. We solve f, =0 for x»
(and use the fact that we are interested in only positive x;, x»), which yields
x5 = (v/2k1/k2)x}. Next, we substitute this expression into f; =0 and then
solve to obtain x} = c¢1/(1 + +/2ki/k). Thus, the network always admits a
unique positive steady state (x7, x3).

(3) The mixed-volume overcountis 2 — 1 =1.

Remark 3.12. The approaches that we present in this section for computing the
maximum number of steady states of a network (steps (2a) and (2b) of Procedure 3.8)
rely on the fact that the networks are at-most-bimolecular and have only two reac-
tions and two species. In general, however, completing step (2) is not straightforward:
as mentioned in the Introduction, it requires counting the number of positive real
roots of a parametrized polynomial system. This complication further motivates
the need for graphical, algebraic, and geometric tools for counting positive steady
states, in order to bypass a direct analysis of the polynomial system f, , = 0.

By applying Procedure 3.8, we obtain a classification of genuine, at-most-
bimolecular networks with two species and two reactions (Theorem 3.13).

Theorem 3.13 (mixed volume of two-species, two-reaction networks). Let G be a
genuine, at-most-bimolecular network with two species and two reactions. Then
G has mixed-volume overcount 0 if and only if G is (up to relabeling species) not
one of the 16 networks listed in Table 1. Moreover, each network in Table 1 has
mixed-volume overcount 1.

Proof. Using Procedure 3.8 we computed the mixed-volume overcount for all genuine
two-species, two-reaction networks; see MV-overcount-2s-2r-networks.csv
in the repository https://github.com/neeedz/mixedvolume. More details are as
follows. Among the 210 networks, 185 of them have mixed volume 0 and thus have
mixed-volume overcount 0. For the remaining 25 networks (see the Appendix), it
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network mixed vol.
(D) 2A—2B— A+B 2
2) 2A—2B, B— A 2
3) 2A— A, B— A+B 2
4 B—A, 2A— A+B 2
5) B— A, 2B—> A+B 1
(6) 2A=12B 2
7 2A— A+ B < 2B 2
(8) B— A, 2B—2A 1
©® B—>2B, A— A+B 1
(10) 2B—0, A— A+B 2
(11) A=2B 2
(12) A+ B — 2B <« 2A 1
(13) 2A— A+B—2B 1
(14 2A—- A, A+B— B 1
(15) A+B=0 2
(16) B— A, A+B—2A 1

Table 1. Genuine, at-most-bimolecular networks with two species
and two reactions for which the mixed-volume overcount is nonzero.
Each network has mixed-volume overcount 1.

is straightforward to compute the maximum number of positive steady states using
Proposition 3.6 or by directly analyzing the system f. . = 0 as in Examples 3.9-
3.11. O

We end this section by investigating why the networks in Table 1 have nonzero
mixed-volume overcount. These 16 networks fall into four classes:

(1) Networks (3), (9), (10), and (14) are essentially one-species networks (for each
network, one of the two ODE:s is 0), and so can be analyzed using the results
in Section 3A.

(2) Networks (6), (11), and (15) consist of a single pair of reversible reactions, so
(e.g., by Proposition 3.6) the maximum number of positive steady states is 1.

(3) Networks (5), (8), (12), (13), and (16) have one species that is consumed in
every reaction (while the other species is produced). Thus, the maximum
number of positive steady states is 0.

(4) Networks (1), (2), (4), and (7) (and also networks (3), (6), (10), (11), and (15))
have mixed volume 2, so, by Corollary 3.7, the mixed-volume overcount is at
least 1.
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Remark 3.14. In Examples 3.10 and 3.11, we computed the maximum number of
positive steady states (step (2) of Procedure 3.8) by reducing the system f. , =0 to
a single univariate polynomial and then checking that the positive roots (which can
be viewed as “partial solutions”) can be extended to positive roots of the original
system. Doing this for general networks, however, is difficult. Indeed, for readers
with knowledge of algebraic geometry, we note that the extension theorem [Cox
et al. 2007, pp. 118-120] requires an algebraically closed field and polynomials
with a certain shape.

Example 3.15. Consider the following network with three species and ten reactions:

0=A, 0=B, 0=C,
2A=A+B=B+C.

This network has no conservation laws, and its augmented system is

fi = ki —koxy — kgx? + (ks — ko)x1x2 4 k1gx2x3,
o= ks —kaxy +kyx? — ksxyx2,
f3 =ks — kex3 + kox1x2 — k1px2x3.

Analyzing this augmented system is challenging, and determining the maximum
number of steady states of the network is not straightforward. This number is at
least 2 [Joshi and Shiu 2015], and we compute that its mixed volume is 6. What
is the mixed-volume overcount? Our wish is to answer this question in the future
through a generalized version of Procedure 3.8. Such a procedure would then give
us a way to study multistationarity in this and other large networks.

4. Discussion

Recall that our interest in the mixed volume of a reaction network comes from
the fact that it bounds the maximum number of positive steady states. We saw in
previous work that this bound is surprisingly good for certain signaling networks,
and here we again found that this bound performs well for small networks that are
at-most-bimolecular. As networks arising in biological applications are typically
at-most-bimolecular, we might expect the mixed-volume overcount to be low for
biological networks of small to medium size.

Another future research direction pertains to one aim of this work, which is to read
off the mixed volume directly from a network. We now can do this for networks with
just one reaction or one species (Section 3A). As for at-most-bimolecular networks
with two reactions and two species, the mixed volume is (with the exception of
the 16 networks in Table 1) exactly the maximum number of positive steady states,
which can be ascertained using results in [Joshi and Shiu 2017]. We would like
similar results for networks with more reactions or more species.
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Continuing this line of investigation, we ask, How do operations on networks
affect the mixed volume (and thus the mixed-volume overcount)? For instance,
in Table 1, networks (1) and (7) can be obtained from each other by “stretching”
one reaction (without changing the reactant or reaction vector); and similarly for
networks (2) and (4). Moreover, this operation does not affect the mixed volume
or the overcount. (This line of investigation therefore would be somewhat similar
in spirit to [Rojas 1994; Bihan and Soprunov 2019].) Indeed, having a list of
operations and their effect on the mixed volume would greatly aid our classification
of networks.

Appendix: Networks with nonzero mixed volume

Below, we list the 25 genuine two-species, two-reaction networks with nonzero
mixed volume, together with their maximum number of positive steady states and
their augmented systems. The first 16 networks here coincide with those listed in
Table 1.

network mixed vol. max # system
b —
24 —>2B— A+B 2 I AR
2](161 —kzb
24 2B, B— A 2 P jetboa
2k1a% — kob
)
2A—>A, B>A+B 2 1 Okla b,
a+b—cy,
B—>A 2A—A+B 2 1 )
k2a —k1b
B—>A, 2B—>A+B 1 o [Jetboean
—lb? — ki b
24 =2B 2 P etbman
2](161 —Zkzb
b —
24— A+ B < 2B 2 T A
kia® —kob
B— A, 2B—24 1 o fatbma.
—lb — 2ksb
0,
B—2B, A—A+B 1 0
kib+ kra
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A+B=A

network mixed vol. max # system
0,
2B—>0, A— A+B 2 1 5
—2k1b” + kra
A=2B 2 P jethoa
—kob” + kia
b_
A+ B —2B «2A 1 o {eroTen
2kra” + kiab
b_
24— A+B—>2B 1 (N
kia® + kyab
o
2A— A, A+B— B 1 0 0k2“ k1ab,
A+B=0 2 1 —kiab+ ko,
a—>b
a+b—cy,
B— A, A+B—2A 1 0
—kyb — koab
09
0—>2B, A+B— A | 1
—koab + 2k,
0,
2B—>0, A+B— A 1 1 )
—Zklb —kzab
b— )
A+B—>2A—2B I o jerhTa
2kra® — kiab
A+B—>2B—> A+B 1 P Jetboan
klab—kzb
A+B—>2B, B— A 1 | atb=cy,
kyab — kb
A—>0, B— A+B 1 1 ;k1“+k2b’
A=B 1 1 atb—c,
kla—kzb
0,
A+B— A, 0— B 1 1
—kiab + ko
0,

—klab + kza
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Counting profile strings from rectangular tilings

Anthony Petrosino, Alissa Schembor and Kathryn Haymaker

(Communicated by Arthur T. Benjamin)

We study the enumeration of profiles, which are outlines that occur when tiling a
rectangular board with squares, dominoes, and trominoes. Profiles of length m
correspond to a special subset of the set {0, 1, 2, 3}, called profile strings. Profiles
and their corresponding strings first appeared in the enumeration of the tilings of
rectangular 2 xn and 3 xn boards with squares, dominoes, and trominoes. Profiles
also play a role in enumerating the tilings of an m xn board for any fixed m > 2.
We describe how profiles arise when enumerating tilings, and we prove that the
number of profile strings of length m equals m - 3"~

1. Background

A tiling of an m xn board using square tiles (1x 1), domino tiles (1x2 or 2x 1), and
I-tromino tiles (1x3 or 3x 1) is a configuration of tiles that covers every position
in the board. In this paper we will use the word “tromino” to mean exclusively an
I-tromino. Figure 1 shows a tiling of a 3 x4 board using two squares, two dominoes,
and two trominoes. Throughout this paper, the variable x denotes the placement of
a square tile, y denotes the placement of a domino tile, and z denotes the placement
of a tromino tile.

Read [1982] and Haymaker and Robertson [2017] determined recursions for
the number of tilings of a 2xn board with squares and dominoes, and squares,
dominoes, and trominoes, respectively, using the technique of building a tiling
from the leftmost, topmost untiled position. The outline of the right-hand side of
a partially tiled board is called a profile, and counting the number of profiles of
length m is the main goal of this paper.

We first define a building process that begins on the leftmost, topmost open
square.

Definition 1. Consider a blank or partially tiled m xn board. A building move is
when a tile is placed in the leftmost column that has an uncovered square, in the
topmost square that is uncovered.

MSC2020: 05A19, 05B45.
Keywords: rectangular tilings, enumeration, induction.
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Figure 1. An example tiling of a 3 x4 board with squares, domi-
noes, and trominoes.

There is a one-to-one correspondence between tilings of an m xn rectangular
board and sequences of building moves that result in a complete m xn tiling [Read
1982]. That is, every tiling can be obtained from a unique sequence of building
moves.

Definition 2. The target square of a partial tiling being built using building moves
is the topmost square in the leftmost column with an uncovered square.

For an example of a tiling obtained using building moves, see Figure 2. In each
partial tiling in Figure 2, the “x” denotes the position of the target square.

Definition 3. The m-row profile of a partial tiling of an m xn board is the outline of
the rightmost edge of the partial tiling created by building moves. A profile string
of an m-row profile is a string of length m where positions are assigned values of
0, 1, 2, or 3 depending on how many squares to the right of the rightmost fully
tiled column are covered with tiles. We define the length of the profile to be m, the
number of rows in the profile.

For example, the profile of the second partial tiling shown in Figure 2 has
corresponding profile string 110.

Definition 4. The length-m A profile is the profile whose outline is a vertical line.
The A profile string is 0 - - - 0, the all-zero string of length m.

m

Figure 2. Sequence of profile strings from the building process
for this 3 x4 tiling: 000 - 110 — 002 — 302 — 201 — 110 — 000.
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Next, we give an example of how building moves result in a sequence of profiles
and profile strings.

Example 5 (illustrating profile strings with the 3x4 tiling). Figure 2 begins with
an untiled 3 x4 board, placing the target square in the leftmost-topmost position,
indicated by the “x”. This profile is represented by the profile string 000 (the
A profile). This is followed by the placement of a vertical domino, causing the
target square to move down to the bottom row, and resulting in a profile string
of 110. Next, a horizontal tromino is placed on top of the target square position,
causing the target square to now move to the top row. Although this profile string
appears to be 113, it should be noted that strings are denoted by the number of
squares beyond the rightmost fully tiled column. Because there is one fully tiled
column, the profile string reduces to 002. The process of constructing a tiling
arrangement proceeds with the placement of squares, dominoes, or trominoes on
top of the target square. Once the construction is complete, it will result in a 000
profile string, which is exactly how the example began.

Remark 6. The profile of a partially tiled board is the shape of the right-hand side
of the board; the same shape/profile can result from different tile configurations.
In fact, for any profile, it is possible to construct the profile shape using only
“horizontal” tiles. To see this, consider a partial tiling that contains a vertical
domino, for example. A specific example is the partial tiling on the far left of the
middle row in Figure 2. This partial tiling can be changed into a different partial
tiling with only horizontal tiles by replacing the vertical domino with two squares
stacked vertically. The outline of the right side of the board remains the same; i.e.,
the profile remains the same. Similarly, if a partial tiling contains a vertical tromino,
that piece can be replaced by three vertically stacked squares, yielding the same
profile. This property of profiles becomes important in Section 3 when we count
profiles using a construction method with only horizontal tiles.

2. Profile-type strings

To describe the shape of profiles in a numerical sense, we define profile-type strings.
We use profile-type strings in order to further analyze the behavior of profiles
resulting from the tiling of an m xn board. In Section 3, we will show that profile-
type strings give a combinatorial description of all possible profiles that could result
from the tiling of an m xn board using square tiles, domino tiles, and /-tromino tiles.

Definition 7. A string xi, x2, ..., x, in {0, 1, 2, 3} is called a profile-type string
if it satisfies the following conditions:

(1) There exists ani € {1, 2, ..., m} such that x; = 0.
(2) If x; =0, then x; # 3 forall j > i.
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In words, a profile-type string is a string with at least one 0, where no 3 occurs
to the right of a O in the string.

For example, the following are profile-type strings with m = 5: 31202, 11302,
00122. On the other hand, the following strings of length 5 are not profile-type
strings: 12321, 00130, 00123.

The m = 2 case contains six profile-type strings

00, 20, 10,

2-1
30, 01, 02, @1

while the m = 3 case contains 27 profile-type strings

000, 300, 200, 110, 100, 330, 320, 310, 230,
220, 210, 002, 001, 120, 130, 101, 202, 201, (2-2)
011, 010, 102, 302, 301, 012, 022, 021, 020.

Proposition 8. There are 108 profile-type strings for the m = 4 case.

Proof. We enumerate the profile-type strings in {0, 1, 2, 3}4 as follows. Leta, b, ¢, d
represent a profile-type string. Then we count the following cases:

(1) If a = 0, then b, ¢, d € {0, 1, 2} by Definition 7, so there are 3° = 27 such
strings.

2) Ifae{l,2,3}and b =0, then ¢, d € {0, 1, 2}, so there are 27 such strings.

(3) Ifa,bef{l,2,3} and c =0, then d € {0, 1, 2}, so there are 27 such strings.

@) Ifa,b,c e{l,2,3} and d = 0O, there are 27 strings of this type, given the
options for a, b, and c.

The total number of such strings is 4(27) = 108. (]
Theorem 9. The number of profile-type strings of length m is equal to m - 3"\,

Proof. We will go through each position of a length-m profile-type string, anchor a
0 onto each position, and see how many different values are possible for all of the
positions other than the fixed position. If there is a 0 anchored on a fixed position,
we will say that there cannot be any 0 on any position before the fixed position, in
order to avoid repeats in the enumeration.

Let x; represent the i-th entry in the profile-type string.

The cases begin as follows:

(1) Use x; as the anchor, with x; = 0; then x5, ..., x,, € {0, 1, 2} as there cannot
be a 3 following a 0 in a profile-type string, by definition.

(2) Next use xp as the anchor position, so x, = 0; then x; € {1, 2, 3} as there
are no restrictions on the first position, besides not having 0 to avoid double
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counting. Further, x3, ..., x, € {0, 1, 2} as there cannot be a 3 following a 0
in a profile-type string, by definition.

In general, for k = 1, ..., m, the k-th case is to anchor x; = 0, and assume
x; € {1, 2,3} for each i satisfying 1 < i < k. Therefore by the definition of
profile-type strings, x; € {0, 1, 2} for each j satisfying k < j < m.

Each of these m cases has 3”~! strings: there are three options for every position,
other than in the fixed position in which we anchored a 0; as there are m — 1 positions
with three options (every position but the fixed position in a length-m profile-type
string), there are 3! options. There are m cases, so the total number of profile-
type strings is m - 3"~ (Il

3. Counting profiles

In this section, we prove that the profile-type strings of length m are in one-to-one
correspondence with the profile strings of length m. That is, we can drop the word
“type” in the name profile-type strings!

As a motivating example, we first look at the case of m = 2.

Example 10 (profiles and profile-type strings for m = 2). Notice that the length-2
strings that satisfy the conditions in Definition 7 are given in (2-1).

On the other hand, the profiles with two rows are in Figure 3, and their corre-
sponding profile strings are

A:00, B:20, C:10, D:30, E:01, F:02.
By inspection, we see that the profile strings for profiles A—F in Figure 3 are
precisely the profile-type strings listed in (2-1).

Definition 11. A profile construction is the process of sequentially adding squares,
dominoes, and trominoes to the A-profile until the desired profile results. The order
in which squares, dominoes, and trominoes are added must correspond with proper

A B C

X

Figure 3. This figure shows all six profiles for m = 2. We see that
there is a one-to-one correspondence between these profiles and
the profile-type strings for m = 2.
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Figure 4. Deconstruction of the length-3 profile 202 to the A-
profile in the —1 column position.

building moves; that is, at each step a square, domino, or tromino must be added
onto the target square.

Definition 12. A profile deconstruction is the process of sequentially removing
squares, dominoes, and trominoes from a profile until all that is left is the A-profile.
The order in which squares, dominoes, and trominoes are removed must correspond
with the construction of a profile; that is, squares, dominoes, and trominoes must
be removed based on where the previous target square was located.

Remark 13. Profile deconstructions are not unique; there are different ways to
deconstruct the same profile.

Example 14 (deconstruction and reconstruction with an additional row). We will
shortly see an induction proof that involves adding a row to a profile. In this
example we show a deconstruction of the profile with string 202 to the A-profile
in column —1. Then we add a row and construct the profile with string 2020, as a
motivating example for the inductive step.

In Figure 4, the initial profile will be deconstructed to the —1 column position.
In order to do so, the deconstruction first removes a tromino from the bottom row,
followed by the removal of a square from the middle row, and finally the removal
of a tromino from the top row. This allows for the figure to be fully deconstructed
to the A-profile in column —1.

In Figure 5, an additional row is then added to the profile. This begins the process
of reconstructing the profile 2020 by adding the following (in this particular order,
from top to bottom): tromino, square, tromino, square.

HEN ] ] ]

+z +x +z +x
—> —> —>

Figure 5. Construction of the m = 4 profile 2020 by undoing the
deconstruction in Figure 4, with an additional row.
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Lemma 15. Every profile of length m can be deconstructed to the A-profile of
length m in column —1.

Proof. The following algorithm deconstructs a profile of length m to the A-profile
in the —1 column. Let P,, C {0, 1, 2, 3} be the set of profile strings of length m.

Input: x1, x2, ..., X, € Py. The algorithm runs through k =m,m —1,..., 1. If
x; € {0, 1, 2}, remove a length-(x; + 1)-tile from the k-th row and proceed to
row k — 1. If x; = 3, remove a combined square and tromino from the k-th row and
proceed to row k — 1. The algorithm terminates when & = 1. The resulting profile
is an A-profile at the —1 column. (I

To reconstruct the profile from A at the —1 column, place the removed pieces
from top to bottom; in the rows consisting of a square followed by a tromino, place
the squares first. Then in the O column, place the trominoes from top to bottom.
These steps comprise two phases of reconstruction.

Two-phase reconstruction, starting with the A-profile in the —1 column:

o Phase 1: If x4 € {0, 1, 2}, then place a length-(x;+1) tile in row k. If x; = 3,
phase 1 is to place a square tile in row k.

o Phase 2: Place trominoes in all rows where x; = 3.

Notice that this two-phase process is designed to follow the rules of building
moves and target squares, while resulting in the desired profile.

Example 16 (two-phase reconstruction of 3120).

e Phase 1: In the first portion of Figure 6, we see the result of phase 1 of
construction to obtain the profile with string 3120. Note that for the desired
profile, x; =3, xp =1, x3 =2, and x4 = 0. Begin phase 1 by placing a square
(length-1 tile) in row 1, as x; = 3. Next, place a domino (length-2 tile) in
row 2, as x, = 1. Next, place a tromino (length-3 tile) in row 3, as x3 = 2.
Next, place a square (length-1 tile) in row 4, as x4 = 0.

o Phase 2: Place a tromino (length-3 tile) in row 1, as x; = 3. Phase 2 is also
shown in Figure 6.

Next we give a lemma that contributes to establishing the one-to-one correspon-
dence between profiles and profile-type strings.

Lemma 17. If xy, ..., Xy, X1 is a profile-type string of length m + 1 where at
least one of x1, . .., x, equals 0, then the string o = x1, X2, . . ., X, is a profile-type
string of length m.

Proof. Assume that x1, ..., x,,, X+ 1s a profile-type string, and at least one of

X1,...,Xxy equals 0. Let o denote the string xy, x2, ..., x;;. Condition (1) in
Definition 7 holds for the string o, since it contains at least one zero.
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x x | ]
phase 1 phase 2
| |
-10 1 2 3 -10 1 2 3 -10 1 2 3

Figure 6. Two phase construction of the profile with string 3120,
starting at the —1 column position.

To show that condition (2) in Definition 7 holds, we proceed by contradiction.
Suppose that the string o is not a profile-type string of length m because it violates
condition (2). If o violates condition (2), then there existZ, j such that 1 <i < j <m,
and x; =0 and x; =3 in o. The entries x; and x; are identical in the original string
X1,X2, .-y Xm, Xm+1, Which implies that it also violates condition (2). This is a
contradiction as we assumed that the original string was a profile-type string. [

The main result of this paper is next.

Theorem 18. The m-row profiles are in one-to-one correspondence with the profile-
type strings of length m.

Proof. The theorem contains two claims:

(1) An m-row profile string is a profile-type string of length m (i.e., a string that
satisfies Definition 7).

(2) A profile-type string of length m corresponds to an m-row profile.

To prove the first claim, let xq, ..., x,, be a profile string of length m correspond-
ing to a profile P. By the definition of profile strings, at least one entry x; must
be 0, so the string satisfies condition (1) in Definition 7. Suppose that x; = 0 and
x; = 3 for some k > j. Then in the construction of the profile P, a square, domino,
or tromino must have been placed in the k-th row, while the j-th row contained an
empty square in a position farther up and to the left. This contradicts the building
move process, so no such j and k exist.

To prove the second claim, that every profile-type string corresponds to a profile
string, we consider two cases and use induction.

We use induction on m. The base case is m = 2. See Example 10 for details of
the one-to-one correspondence in the base case.

The inductive hypothesis is that there is a one-to-one correspondence between
m-row profiles and profile-type strings of length m.

We will show the correspondence holds for m + 1.
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Case 1: Suppose that the profile-type string S = x1, x2, ..., Xju+1 has x4+ =0,
andx; #0forall j =1, ..., m. Then we construct a profile with the profile string S
as follows:

Algorithm for constructing a length-(m+1) profile, Case 1:

(1) Start with the A-profile of length m + 1.

(2) From top to bottom, place tiles of length x; horizontally in row i for i =
1,2,...,m.

(3) Leave row m + 1 unchanged.
The resulting profile has corresponding string x1, X2, . .., Xp, Xpm+1, Where x,,41

is the only entry that equals 0. (Notice that this case does not involve the inductive
hypothesis.)

Case 2: For this case, consider the profile-type string S = x1, x2, ..., X, Xm+1,
where at least one of x1, ..., x;, equals 0.
Thus x1, ..., x;; is a profile-type string of length m by Lemma 17, so by the

inductive hypothesis there is a profile P of length m that corresponds to it.

Algorithm for constructing a length-(m+1) profile, Case 2:

(1) Deconstruct the profile P to the A-profile.
(2) Add a row to the A-profile. We are now working with an (m+1) xn array.

(3) Declare the column that the A-profile is on as column —1. The outline of the
resulting profile will be at most four columns to the right of this column.

(4) Implement phase 1 of the profile reconstruction process for x1, ..., x,, in the
first m rows. As x,,,41 € {0, 1, 2}, place a length-(x,,+1+1) tile in row m + 1.

(5) Implement phase 2 of the profile reconstruction process for x1, ..., x,, in the
first m rows. (Since x,,+1 # 3, there is no phase 2 for row m + 1).

This algorithm shows that there is a profile P with profile string S, proving our
claim that every profile-type string S corresponds to a profile. (I

Corollary 19. The number of m-row profiles is m - 3™\,

Proof. By Theorem 18, the profiles are in one-to-one correspondence with profile-
like strings, and by Theorem 9 there are m -3 ~! profile-type strings of length m. O

Remark 20. Notice that the case where the only zero in the string S is x,,+; =0
does not rely on the deconstruction and reconstruction of xi, ..., x,. This is
because constructing a profile where only the final entry is O requires only one
phase, working from top to bottom and placing exactly the length-x; tile in row i.
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4. Conclusions and open questions

In this paper we proved the one-to-one correspondence of profile-type strings of
length m with profile strings of length m, partly using induction. This understanding
allowed for the creation of a basic formula for the number of profiles in terms of m
for any given m xn board.

An open question that stems from this work is: how can we generalize the profile-
type string definition for tilings with more types of tiles, for example, L-trominoes
or quadrominoes?
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Isomorphisms of graded skew Clifford algebras
Richard G. Chandler and Nicholas Engel

(Communicated by Vadim Ponomarenko)

A regular algebra of global dimension n + 1 is often called a quantum P". In
2011, Nafari, Vancliff and Zhang showed that graded skew Clifford algebras
(GSCAs) could be used to classify most quadratic quantum P%s. Some time later,
Chandler, Tomlin and Vancliff used their work with certain families of GSCAs to
develop a conjecture on the quantum space of a generic quadratic quantum P>,
These results suggest that (the isomorphism classes of) GSCAs are likely to play
a fundamental role in the classification of quadratic quantum P°s. In this article,
we will discuss some of these results on GSCAs and discuss new results on
isomorphisms between GSCAs.

Introduction

The notion of a graded skew Clifford algebra was defined in [Cassidy and Vancliff
2010] as a generalization of graded Clifford algebras (see [Le Bruyn 1995]). Therein,
it was shown that GSCAs had many properties analogous to those of graded Clifford
algebras. In addition, several families of quadratic regular graded skew Clifford
algebras of global dimension 4 that were not twists of graded Clifford algebras
were produced. It was shown that many of the algebras in these families had a
one-dimensional line scheme [Shelton and Vancliff 2002a; 2002b] and a point
scheme [Artin et al. 1990] consisting of twenty distinct points; hence, these algebras
became candidates for generic quantum P3s (in the language of [Chandler and
Vancliff 2015]).

The line scheme and point scheme of some of these families were explicitly
computed in [Chandler and Vancliff 2015; Tomlin and Vancliff 2018]. The line
scheme of the generic member of the family studied in [Chandler and Vancliff
2015] was found to consist of a spatial elliptic curve, four planar elliptic curves
and two nonsingular conics; the line scheme of the generic member of the family
studied in [Tomlin and Vancliff 2018] was found to consist of four planar elliptic
curves and four nonsingular conics. In both cases, the computations suggested that
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the nonsingular conics were coming from a spatial elliptic curve in which one of
the defining polynomials factored. This suggests the following conjecture.

Conjecture 0.1 [Chandler and Vancliff 2015]. There exists a class of generic
quadratic quantum 3s in which any representative member has a line scheme that is
isomorphic to the union of two spatial elliptic curves and four planar elliptic curves.

At present, no regular algebra with such a line scheme is known. However,
given the results in [Chandler and Vancliff 2015; Tomlin and Vancliff 2018], it
is possible that some GSCA may satisfy this property and thus be candidates for
generic quantum Ps.

In [Nafari et al. 2011] it was shown that most quadratic quantum P?s may be
constructed as a twist by an automorphism (in the sense of [Artin et al. 1991]) of
either a graded skew Clifford algebra or of an Ore extension (see [Goodearl and
Warfield 2004]) of a regular graded skew Clifford algebra of global dimension 2.
The only regular algebras of global dimension 3 that were not classified in this way
are some that have a point scheme of an elliptic curve (classified as type E and an
open subset of type A in [Artin and Schelter 1987]). It is currently unclear as to
whether an analogous result holds for quantum P3s.

These results suggest that GSCAs are likely to play some role in the classification
of quantum P3s (and hence the isomorphism classes of such algebras will be of
interest).

The article is outlined as follows. In Section 1, we will introduce preliminary
notions that will be relevant to the discussions in the article. In Section 2, we will
give our main results. In particular, we will discuss two types of isomorphisms:
one in which the degree-1 generators of the algebras are identified and the degree-2
generators are related via matrix multiplication and another in which the degree-2
generators of the algebras are identified and the degree-1 generators are related via
a diagonal mapping.

1. Preliminaries

Throughout this article, we adopt the following notation:

« k denotes an algebraically closed field with char(k) # 2.

« k* denotes the nonzero elements of K.

o M, (k) denotes the ring of n x n matrices with entries in K.

e M;; denotes the ij-th entry of the matrix M and M7 denotes the transpose of M.

o If S is a positively graded, connected k-algebra, then S,, denotes the homogeneous
degree-n elements of S.

o If V is a k-vector space, then V" denotes the vector space V X V x --- x V.

n times
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Definition 1.1 [Cassidy and Vancliff 2010]. Let p;; € k*, where 1 <i, j <n, such
that p;;uj; = 1 forall i 7 j and p;; =1 for all i. We write u = (u;;) € M, (K). A
matrix M € M, (K) is called pu-symmetric if M;; = u;;Mj; for all i, j.

The set of all n x n u-symmetric matrices forms a K-vector space, denoted by
Sym/' (K). The standard basis of Sym/'(K) is

B=(E;:1<i<nfU{E;+u;;E;;:1<i<j=<n},

where E;; € M, (K) denotes the matrix with a 1 in the ij-th position and zeroes
elsewhere.

In [Cassidy and Vancliff 2010], it was shown that the notion of identifying
a quadratic form and a symmetric matrix could be generalized to w-symmetric
matrices as follows. Let u € M, (K) be as in Definition 1.1 and M € Sym/ (k).
Let S denote the k-algebra on z1, 22, ..., 2, with defining relations z;z; = 1;;2;2;
forall i, j =1,...,n so that S is a skew polynomial ring. Then the image of
q = 7'Mz, where z =[z122 --- 2,0, in S is a quadratic form. Furthermore, if
qg= Zigj a;jzizZj € S», one may associate to ¢ an M € Sym// (K) defined by M;; =a;;
for all i and, fori < j, M;; =a;;/2.

Definition 1.2 [Cassidy and Vancliff 2010]. Let © € M, (K) be as in Definition 1.1
and My, ..., M, € Sym/ (K). A graded skew Clifford algebra A= A(u, My, ..., My)
associated to w and My, ..., M, is a graded k-algebra on degree-1 generators
X1, ..., X, and on degree-2 generators yi, ..., y, with defining relations given by

* XiXj+ WijXjX; = ZZ:I(Mk)ijyk foralli, j=1,...,n;and,

« any additional (degree-3 or degree-4) relations necessary in order to guarantee
the existence of a normalizing sequence that spans €, _; Kyx.

Note that if a graded skew Clifford algebra is regular, then it will only have
relations of the form x;xj 4+ pw;jxjxi = > ;_ (My)ijy foralli, j=1,...,n.

2. Main results

We first examine the case where the degree-1 generators of each algebra are identified
and the degree-2 generators are related via a mapping by matrix multiplication. Our
algebras will be K-algebras whose defining relations are of the form x;x; +pu;;x;x; =
Y ie1(My);jyk. Each such algebra will map onto a graded skew Clifford algebra
since the defining relations of a graded skew Clifford algebra will include these
relations and (possibly) additional relations necessary to guarantee the existence of
a normalizing sequence, as required by Definition 1.2.

Theorem 2.1. Let i € M, (K) be as in Definition 1.1 and let
M, M, ..., My, N1, N2, ..., N, € Sym// (K).



874 RICHARD G. CHANDLER AND NICHOLAS ENGEL

Let A be a K-algebra on degree-1 generators x1, x3, . .., X, and degree-2 generators
V1, Y2, - - ., Yu With defining relations

n
XiXj + WijXjX; = Z(Mk)ij}’k foralli, j.
k=1

Similarly, let B be a K-algebra on degree-1 generators X1, X», ..., X, and degree-2
generators Y1, Ya, ..., Y, with defining relations

n
Xl'Xj +/Linin = Z(Nk)ink forall i ]
k=1

Given a nonsingular matrix P e M,,(K), A is isomorphic to B under amap ¢ : A— B
defined by

X1 X » Y,
X X Y
2l | P and |2 s |2
Xn X, Yn Y,

if and only if N = PTM, where N=[N; Ny --- N,JI,M =[M; My --- M,]T €
(Symf; (k)"

Proof. Let B denote the standard K-basis of Sym/' (k). We may write the defining
relations of A as the matrix equation

2x7 (M) (M) - (M) | | 0
X1X2+ [ 12X2X 1 M1z (M2)12 -+ (M2 | | 2

ZX,% (Ml)nn (MZ)nn (Mn)nn Yn

Applying the map ¢ to the above equation we obtain the defining relations of B:

2X? M1 (M) - (M Y
X1 Xo+p12X2 X Mi)12 (M2)12 -+ (Mp)12 P Y,
2X;% (Ml)nn (MZ)nn (Mn)nn Yn
Hence
M1 (M) -+ (Mp)1a (N1t (N1 -+ (Non

M1z (M2)12 -+ (Mp)12 (ND1z (N2)12 -+ (N2

(Ml)nn (MZ)nn (Mn)nn (Nl)nn (NZ)nn (Nn)nn
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The k-th columns of the matrices in the previous equation are the B-coordinate
vector of My and N, respectively. Thus,

Ny M,
[Ni - N]=[M - M]P = =P

Example 2.2. Let

1 10 01 2 —i i
’“‘_[—i 1}’ Ml_[o 1] M2_|:1 0]’ N1_|:—1 2]’ N2_[1 ii|'
Then A = A(u, M, M>) is given by
K{x1, x2, y1, y2)

(fo ) 2x§ — Y1, X1x2 +ix2X1 —iy2)
and B = B(u, Ny, N) is given by
k<X15 XZ’ Ylv Y2>
(2X2 —2Y, —iY2,2X3 —2Y1 —iY2, X1 Xo +iXo X, +iY1 —iY2)

A=

One can compute that
Ny =2M| — M>, _ Niy| |2 —1||M,
No=iM,+ M, No| i 1| M|
2
P—[_l 1]

The above theorem implies that A = B under the map x; — X; for all i, y; >
2Y1+iY, and y, — —Y| + Y», which is easily verified.

Hence,

Corollary 2.3. Let u, A, B, M, N, ¢ and P be as in Theorem 2.1. If qi, pr € S
denote the quadratic forms associated to My and Ny, respectively, then A is isomor-
phic to B under ¢ if and only if

D1 q1
P2 __ pT q92
Pn qn

Proof. The result follows immediately from multiplying each entry of the vectors N
and M in the equation N = PT M by z” and z on the left and right, respectively. [J
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Example 2.4. Continuing Example 2.2, the quadratic forms associated to M,
M, Ny and N, are q| = 2] + 23, g2 = 2iz122, p1 = 227 — 2iz122 + 223 and
p2=i z% +2iz1z0+1i z%, respectively. It is easily verified that

=201 — . i
e - LG
P2=iq1+q )2 i 1] |q

We now examine the case where the degree-2 generators of each algebra are
identified and the degree-1 generators of the algebra are related via a diagonal

mapping.
Theorem 2.5. Let i € M, (K) be as in Definition 1.1 and let

M],Mz,...,Mn,Nl,Nz,...,Nn eSymfj(k).

Let A be a K-algebra on degree-1 generators x1, x3, . . ., X, and degree-2 generators
Y1, Y2, - - . » Yu With defining relations

XiXj+ LijXjXi = Z(Mk)ijyk foralli, j.
k=1
Similarly, let B be a K-algebra on degree-1 generators X1, X2, ..., X, and degree-2
generators Y1, Yo, ..., Y, with defining relations

n
XiXj+ i X; X = Z(Nk)ink foralli, j.
k=1
Then ¢ : A — B is an isomorphism defined x; s o; X, and Vi AN Y; for a; € KX
and for all i if and only if (Ny)ij = (My)ij/(a;a;) foralli, j, k.

Proof. Applying the map ¢ to the defining relations of A yields the defining relations
of B:

M
oo X; Xjt+pijoia X X; Z(Mk)lj Yo = XiXjtwiX;Xi= Z( - Y
k=1 k=1 S
Hence, (Ni)ij = (My);j/(ctiat). -

Example 2.6. Let

1 10 01 1 0 0 -1
e ] P PR P R
Then A = A(u, My, M>) is given by

_ K(x1, x2, y1, y2)
(2x7 = y1., 2x5 — y1, X1X2 + ix0x) —iy2)
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and B = B(u, Ny, N,) is given by

k<X15 XZ’ Ylv YZ)
2X2 —Y1,2X34+ Y, X1 Xo+iX2 X1+ Y2)

In checking to see if (Ny);; = (My);;/(a;o;), we arrive at the equations

1=1/o3,
—1=1/a3, {al = =+1,
—1 =i/(0[10{2), Olz=:|:i.
i =1/(a1a2)

The above theorem implies that A = B under both the maps ¢4 and ¢_ defined by
@+ x> X1, xp — FiX; and y; — Yy, for all .

Corollary 2.7. Let u, A, B, My, M5, ..., M,, N1, Na, ..., N,, and ¢ be as in
Theorem 2.5. If g, = Zisj a,;2izj € S and py = Zifj by, zizj € S denote the
quadratic forms associated to My and Ny, respectively, then A is isomorphic to B
under @ if and only if by,; = ay,; /(@ict;).

Proof. The result follows immediately from (Ny);; = (My);;/(a;ej) and the defini-
tion of the quadratic form in [Cassidy and Vancliff 2010]. (I

Example 2.8. Continuing 2.6, the quadratic forms associated to My, M>, N and
N; are g1 = Z% —i—z%, g2 =2iz122, p1 = z% — z% and p; = —2z;22, respectively. It

is easily verified that by;; = ak;; /(@) holds for these forms.

The reader should note that the more general case in which the degree-1 gen-
erators of an algebra are related via a mapping by matrix multiplication is much
more complicated. Such maps can transform graded skew Clifford algebras into
isomorphic algebras whose defining relations cannot be directly written in the form
XiXj 4+ Wi Xjx; = ZZ:I (My)ijyr without changing the presentation of the algebra,
as illustrated in the following example.

Example 2.9. Let

1i 10 0i
O A

Then A = A(u, M, M>) is given by

_ K{xi, x2, y1, y2)
(27 — y1, 25 — Y1, X1X2 + ix0x) —iyn)
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Consider the isomorphism ¢ : A — @(A) defined by x; — X — X», x2 — X5, and
vk — Y for all k. Applying ¢ to the defining relations of A yields the relations

2X242X3—2X X2 —2X,X, — ¥ =0,
2X3 —Y; =0,
X1 Xo+iXoX; —(1+i)X3—iY, =0.

These relations cannot all be written in the form X; X; 4+ u;;j X; X; = > ;_ (Ne)ij Yk
without a change of presentation; hence, the image of the algebra does not present
as a graded skew Clifford algebra.
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Eta-quotients of prime or semiprime level
and elliptic curves
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From the modularity theorem proven by Wiles, Taylor, Conrad, Diamond, and
Breuil, we know that all elliptic curves are modular. It has been shown by Martin
and Ono exactly which are represented by eta-quotients, and some examples
of elliptic curves represented by modular forms that are linear combinations of
eta-quotients have been given by Pathakjee, RosnBrick, and Yoong.

In this paper, we first show that eta-quotients which are modular for any
congruence subgroup of level N coprime to 6 can be viewed as modular for ['g(N).
We then categorize when even-weight eta-quotients can exist in M (I';(p)) and
M (T'1(pgq)) for distinct primes p,g. We conclude by providing some new
examples of elliptic curves whose corresponding modular forms can be written
as a linear combination of eta-quotients, and describe an algorithmic method for
finding additional examples.

1. Introduction and statement of results

Dedekind’s eta-function 7(t), defined for 7 € H := {r € C: Im(7) > 0} by

o0
(@ =q"*[]0—-g",

n=1
where ¢ := ¢?™'7, is arguably the most well-known half-integral weight modular
form. Its modular transformation properties for a matrix A = (‘: z) € SLy(Z) are

given by

(A7) = v(A)(cT +d)'*n(7), (1)
where
(d/|cl)e(irr/l2)((a+d)c—bd(c2—l)—3c) ifc=1 (mod?2),
(A) = {(c/|d|)e(irr/12)((a+d)c—bd(c2—1)+3d—3—3cd) if ¢ =0 (mod2). @
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Dedekind’s eta-function has been featured prominently in work motivated by
Ramanujan’s study of the partition counting function p(n) (see [Ono 2000; Ahlgren
and Ono 2001] for example), as well as in the representation theory of the monster
group, studied by Conway and Norton [1979], Borcherds [1992], and others. Due
to its expression as a simple infinite product, it is easy to compute expansions
numerically. Thus it is useful when a modular form can be expressed in terms of
products or quotients of 1n(t). By eta-quotient of level N and integer weight k y we
mean a function of the form

f@=[]n60",
SIN
where N is a positive integer, r5 € Z, and ky = % Y rsel.

Work on various classifications of eta-quotients has been of interest; see in
particular [Dummit, Kisilevsky and McKay 1985; Martin 1996; Lemke Oliver
2013]. Moreover, the famous works [Wiles 1995; Taylor and Wiles 1995] proving
Fermat’s last theorem, and in particular the Shimura—Taniyama conjecture, showed
that elliptic curves were attached to modular forms, and thus the question of when
these modular forms can be expressed in terms of eta-quotients is a natural one.

Theorem 1.1 (modularity theorem [Diamond and Shurman 2005]). Every elliptic
curve E over Q with conductor N has an L-function

L(E. s) ZZ ag(n)

N

n=1

such that the Fourier series

o
f@) =) apmyq", q=e""", teH,

n=1

represents a level-N cusp form of weight 2.

In light of Theorem 1.1, Martin and Ono [1997] classified all eta-quotients which
are weight-2 newforms, as well as their associated elliptic curves. It is natural to ask
when elliptic curves are associated to modular forms that can be written as linear
combinations of eta-quotients. Recently, Pathakjee, RosnBrick, and Yoong [2012]
demonstrated four such examples, utilizing spaces of cusp forms which are spanned
by eta-quotients. Further work on when spaces of modular forms are spanned by
eta-quotients has been done in [Rouse and Webb 2015; Arnold-Roksandich, James
and Keaton 2018a; Kilford 2007], for example.

Given a congruence subgroup group I' € SL,(Z), we use the notation Si(I'),
M ('), and M ,!{(F) to denote the complex vector spaces of weight-k cusp forms,
holomorphic modular forms, and weakly holomorphic modular forms, respectively.
When I' =T'o(N) for a positive integer N, we write Si(I'o(N), x), Mr(To(N), x),
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and M}((FO(N ), x) to denote the spaces of weight-k cusp forms, holomorphic
modular forms, and weakly holomorphic modular forms, respectively, with Neben-
typus x.

In this paper, we first show that eta-quotients which are modular for any congru-
ence subgroup of level N can be viewed as modular for ['g(N). We then categorize
when eta-quotients of even weight can exist in My (I'1(p)) and My (I'{(pq)) for
distinct primes p, g. We conclude by providing some new examples of elliptic
curves whose corresponding modular forms can be written as a linear combination of
eta-quotients, and describe an algorithmic method for finding additional examples.

1A. Viewing eta-quotients over I'g(N). We first review a few key theorems about
the modularity of eta-quotients and their orders of vanishing at cusps.

The following well-known theorem originating in [Newman 1957; 1959; Gordon
and Hughes 1993], provides explicit modularity properties with respect to I'g(V)
for eta-quotients of specific shapes.

Theorem 1.2 [Ono 2004, Theorem 1.64]. Let f be the eta-quotient of level N given
by
f@=]]n6o".
§IN
If f satisfies both

N
> 6r; =0 (mod24) and » 73 =0 (mod 24),
SIN S|N
then for k = % Zauv rs € Nand x(d) = (—=1)s/d), where s = HSIN 8", we have
f € M{(To(N), x), ice., forall M = (“") € To(N),

f(M7) = x(@d)(ct +d)* f (7).

Remark 1.3. In the case where gcd(N, 6) = 1, the two conditions above are
equivalent. This is because any § | N must satisfy gcd(d, 24) = 1, and hence § is its
own inverse modulo 24. Thus,

Z %r(g =N Z 8rs (mod 24).

SIN SIN
As gcd(N,24) =1, N is not a zero divisor in Z/247, so
N 6rs=0 (mod24) ifandonlyif Y &rs=0 (mod24).
SIN S|N

The next theorem originating in [Ligozat 1974], and further appearing in [Biagioli
1990; Martin 1996], provides a mechanism for calculating the relative orders of
vanishing at cusps for eta-quotients satisfying Theorem 1.2.
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Recall that if % is the width of the cusp r with respect to the group I', then the
order of vanishing relative to the group I' of a modular form f at the cusp r is
given by vr(f, r) = h -inv, (f), where inv, (f) is the invariant order of vanishing
of f at r and is always integral. We note that for the cusp at infinity, we always
have vp(f, r) =inv,(f).

Theorem 1.4 [Ono 2004, Theorem 1.65]. Let ¢, d, and N be positive integers with
d| N and gcd(c,d) = 1. Then if f(t) is an eta-quotient satisfying the conditions
given in Theorem 1.2 for N, then the order of vanishing for f(t) at the cusp c/d

relative to I'g(N) is
gcd(d, 8)2rs
”FO‘N’( > 24 Z ~ ged(d. N/d)d5’

Calculating orders of vanishing of modular forms at cusps can be extremely
useful, due to the following result known as Sturm’s bound.

e

Theorem 1.5 (Sturm’s bound [Murty, Dewar and Graves 2015]). Let I' be a con-
gruence subgroup and f € My(I"). Letry, ..., r; be the I'-inequivalent cusps of I
If
t
k[SLy(Z) : {£I}I"
Zinvr,.(f) - [SLa( 32{ } ]’

then f =0.

Remark 1.6. We note that Theorem 1.5 provides a direct way to check if two
modular forms are equal by considering their g-expansions. Namely, if f, g €
M (") and their Fourier expansions at i co agree to a power of ¢ past the bound in
Theorem 1.5, then they must be equal.

Our first theorem shows that when gcd(N, 6) = 1, any eta-quotient which is
modular for a congruence subgroup of level N is in fact modular for I'g(N) for
some Nebentypus character x. We note that the hypothesis that gcd(V, 6) =1 is
necessary; for example, one can show that (t)? is a weight-1 modular form for
r(12).!

Remark 1.7. Let N be a positive integer with gcd(N, 6) = 1 and suppose
f@=][]n60)" e M (TWV)).

§IN
Then since ((1) 1}’ ) € I'(N), it follows that f has a Fourier expansion that is a
power series in ¢!/V. Of course, as an eta-quotient f can also be expressed as a

power series in ¢ '/, in particular with first term ¢ '/2* 2" Since ged(N, 24) = 1,

ISee https://mathoverflow.net/questions/297049/is-eta-tau2-a-modular-form-of-weight-1-on-
gammal2/297053, where Jeremy Rouse describes why this is true.
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it follows that } 5,y 8rs =0 (mod 24). Thus by Theorem 1.2 and Remark 1.3 we
can conclude that f(t) € M,!(f(Fo(N ), X), where yx is defined as in Theorem 1.2.

Remark 1.8. Let N be a positive integer with gcd(N, 6) = 1. Using that fact
that M,!{(FO(N), Xx) C M,i(Fl(N)) as well as Remarks 1.7 and 1.3, it follows that
f@ =Tl N n@ér)" e M,!(f ("1 (NV)) if and only if f(7) satisfies the conditions in
Theorem 1.2.

From Remark 1.8, we see that despite there being many more cusps of I'{(N)
than I'g(N), we only need to consider the cusps of I'g(N) when calculating orders
of vanishing of eta-quotients in M, ,L (I'1(NV)). In [Martin 1996], a complete set of
representatives for the cusps of I'g(V) is given by

Crow) = {% €Q:c|N, 1 <a. <N, ged(ae, N) = 1
and a, = a. (mod ged(c, N/c)) if and only if a, = a(’:}.

In the case where N is square-free, gcd(c, N/c) = 1 for all ¢ which divide N. This
gives the following complete set of representatives:

1
CFO(N)Z{EEQ:‘”N}' 3)

1B. Classifications. Our first results deal with classifying when eta-quotients can
exist in spaces of holomorphic modular forms of even weight and prime or semiprime
level. The following theorem uses techniques from [Arnold-Roksandich, James and
Keaton 2018a] and also addresses an error in Corollary 3.2 of that paper.

Theorem 1.9. Let p > 5 be prime, set h = % gcd(p — 1, 24), and let k be an even
integer. Then there exists f = n(t)"'n(pt)» € My(T'1(p)) if and only if both of the
following conditions hold.:

(1) h|k.
(2) It is not the case that p #5, p =15 (mod 24), and k = 2.

We also prove a theorem of similar flavor for eta-quotients of semiprime level,
which extends [Arnold-Roksandich, James and Keaton 2018b, Theorem 5.8].

Theorem 1.10. Let p, g > 5 be distinct primes, N = pq, and k an even integer. Let
h= %gcd(24, p—1,q—1). Then there exists f(t) =]]; N nt)e e M(I'1(pq))
if and only if both of the following conditions hold:

(1) h|k.

(2) Itisnot the case that (p, q) (mod 24) €{(1,5), (5,1),(5,5)}, p>Sandq > 5,
and k = 2.
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1C. Writing modular forms attached to elliptic curves in terms of eta-quotients.
Utilizing our work in Section 3, we explore when S>(I'o(p¢g)) has a basis consisting
of eta-quotients. This allows us to provide examples of elliptic curves attached via
the modularity theorem (Theorem 1.1) to linear combinations of eta-quotients.

Theorem 1.11. Let E be an elliptic curve with conductor 35. Then E is associated
via the modularity theorem to the modular form f(t) € S2(I'0(35)) given by

f () =n(t)*n(357)* + n(57)*n(77)%.

We are also able to provide an example even when S>(I'o(pg)) does not have a
basis consisting of eta-quotients.

Theorem 1.12. Let E be an elliptic curve with conductor 55. Then E is associated
via the modularity theorem to the modular form f(t) € S2(I'9(55)) given by

o~ 8i(D)
1
f(r)_ig;cl a(_[) ’
where in Section 4 the coefficients c; are given in Table 2, and the eta-quotients
gi(t)/a(t) are given in Table 3. The first three g;(t)/a(t), i = 1,2, 3, are holo-
morphic modular forms.

1D. Outline of the rest of the paper. The rest of the paper is devoted to proving
our results, and surrounding discussions. In Section 2, we prove Theorem 1.9, and
in Section 3, we prove Theorem 1.10, discussing also square-free level cases. In
Section 4, we prove Theorems 1.11 and 1.12.

2. Eta-quotients of prime level

In this section our goal is to prove Theorem 1.9, which classifies when eta-quotients
can exist in M ,!C(Fl (p)) for p prime. And of course by Remark 1.7 we know that
eta-quotients in M}( ('t (p)) are actually in M,!C (To(p), x) for some character .
By (3), there are two cusps of I'g(p): 1 and 1/p. We first state the following useful
result of [Arnold-Roksandich, James and Keaton 2018a], but offer an alternative
proof which we will see in Section 3 generalizes to square-free levels.

Lemma 2.1 [Arnold-Roksandich, James and Keaton 2018a, Theorem 1.2]. Fix a
prime p > 5 and let h = %gcd(p —1,24). There exists f(t) =n(t) 'n(pt)'? in
M (T1(p)) if and only if h | k.

Proof. Suppose there exists f(7) =n(t)"'n(pt)’? in M}((Fl (p)). By Remark 1.8
we see that f satisfies the conditions in Theorem 1.4, and thus

v = 5 (pri+rp). “4)
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Since k = %(rl +7p), (4) is equivalent to
24v; — (p — V)ry = 2k. o)

Equation (5) can be viewed as a linear Diophantine equation in variables v; and r;.
In this light, the existence of a solution implies gcd(p — 1, 24) | 2k. As p #2, we
know p — 1 is even and so 2| gcd(24, p — 1). Therefore, h = %gcd(p —1,24)is
an integer and & | k.

Conversely, if & | k, then there exist integers vy, r; which give a solution to (5).
Plugging these into (4) gives an integer r,. From (4) we see the first condition
of Theorem 1.2 is satisfied, and so, since (p, 6) = 1, Remark 1.3 implies that
f(©) € Mi(T1(p)). O

Our proof of Theorem 1.9 will also rely on the following result of [Rouse and
Webb 2015].

Theorem 2.2 [Rouse and Webb 2015, Theorem 2]. Suppose
f@=]]n01)" € My, (To(N)).

S|N

Z|V5|§2kl—[(§—i_i

8IN PIN

Then we have
>min{2,0rd,,(N)}

’

where ord, (N) denotes the p-adic valuation of N.

Remark 2.3. The proof of this theorem carries through for spaces My (I'g(N), x)
with character. Thus in light of Remark 1.8, Theorem 2.2 holds for any eta-quotient
in Mi(T'1(N)).

We also require two additional lemmas which will allow us to deal with cer-
tain cases in the proof of Theorem 1.9. These lemmas both deal with the value
k(p + 1)/12, where p > 5 is prime, and k is an even integer such that h =
% gcd(p — 1, 24) | k. Note that in this case k(p + 1)/12 must be an integer, since if
3 doesn’t divide p + 1, then 3 must divide p — 1, and so 3 divides & and thus k.

Lemma 2.4. Fix a prime p > 5, and let k be a positive even integer. If k(p +1)/12
is even, then there exists an eta-quotient in M (I'1(p)).

Proof. Consider the eta-quotient
f@=n@ npo).

Since k(p 4+ 1)/12 is even, and by Remark 1.3, we see that f(r) satisfies the
conditions of Theorem 1.2, and so f(7) € M,’((Fl (p)). Moreover, by Theorem 1.4,

vi = vy = 53k(p+ 1), (6)
which is a positive integer. Thus f(7) € My (I'1(p)). U
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Remark 2.5. Note that we did not need the assumption that % | k in the previous
lemma. This is because when k(p 4+ 1)/12 is even, we must have & | k. To see this,
observe thatif k(p+1)/12=2n, then 2k =24n—k(p—1), and so gcd(24, p—1) | 2k.

The last lemma is a simple divisibility argument.

Lemma 2.6. Let p be prime, h = %gcd(p —1,24), and k be an even integer. If
hlkandk(p+1)/12is odd, then (p — 1)/(2h) is odd.

Proof. We first note that if p =2, then (p — 1)/(2h) = 1 and so is odd regardless
of k. We now let p > 3. Suppose (p — 1)/(2h) is even. By the definition of #,
(p—1)/(2h) and 12/ h are relatively prime, so 12/ must be odd. But then 12 is
an odd integer times &, so we have that 4 | 4, and so 4 | k. Thus 8 | k(p + 1), since
p is odd. Therefore k(p + 1)/12 is even, which contradicts our assumptions. [

We are now able to prove Theorem 1.9.

Proof of Theorem 1.9. First, we assume that there exists

f@=n@) " n(pr)"” € Mi(I'1(p)).

By Lemma 2.1, we have that £ | k. To complete this direction of the proof, we show
that there are no eta-quotients in M>(I'1(p)) when p =5 (mod 24) and p > 5. To
do this, we recall Remark 2.3, and employ Theorem 2.2. Fix p =5 (mod 24) with
p > 5, and suppose

f@ =n@)"n(pr)” € Ma(T'1(p)).

Theorem 2.2 gives us that

p+1
il +1rpl 54(F)-

This upper bound decreases as p increases, and so will be largest when p = 29,
which gives a bound less than 5. Since r; and r,, are integers, we have

||+ |rpl < 4. @)
Moreover, by Theorem 1.4 we have
24vy = pri+r,p,
24vy,p =11+ prp.

Since f(t) € My (I'1(p)), it must be that vy, vi;, > 0. This guarantees that ry, r,, > 0.
Namely, if r; < 0, then using (7), we see that

24vy/, < =29|r1| +|rpl <O,

which contradicts that vy;, > 0. Similarly, r, < 0 implies that v; < 0.
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Since p =35 (mod 24), Remark 1.8 implies that
r1+5r, =0 (mod 24). )

However, there is no pair of nonnegative integers ry, rp, not both zero, that satisfy
both (7) and (8). Thus we have a contradiction and so no such eta-quotient f(7)
can exist.

We now prove the converse by construction. Suppose that p > 5 is a prime and k
is an even integer such that h = % gcd(p —1, 24) | k. We construct an eta-quotient in
My (I'1(p)) for every such case of p and k except when k =2 and p =5 (mod 24),
with p > 5.

We first consider the case where p # 5 (mod 8). By Lemma 2.4, it suffices
to prove that k(p + 1)/12 is even, which, since k(p 4+ 1)/12 is an integer, means
showing that 8 | k(p 4+ 1). We already know that both k and p + 1 are even, so it
suffices to show that either k or p+1 is divisible by 4. If p =3 (mod 4), then4 | p+1
so we are done. If not, then p =1 (mod 8) and we have that 4 | 2 and so 4 | k.

We now consider the case when p = 5 (mod 8). In this case either p =
13 (mod 24) or p =5 (mod 24). We will show the existence of an eta-quotient in
My (T1(p)), since if f(r) € M, (I'1(p)), then f(t)'" € My(T"1(p)). Suppose that
p =13 (mod 24). Then & = 6, and using Theorems 1.2 and 1.4 one can quickly
check that

(@)’ n(p)’ € M(T1(p)).
Next, when p =5 we have & = 2, and so

n(pt)’
n(t)
Finally, suppose p =5 (mod 24), with p # 5 and k # 2. It is sufficient to show that
there exist eta-quotients f1(t) € M4(I'1(p)) and fe(t) € Mc(I'1(p)) since either
4|k or 4| (k — 6) and thus either ff/4 € My (I'1(p)) or f4(k76)/4f6 e My (I'1(p)).
We check using Theorems 1.2 and 1.4 that

() = (@) n(pr)* € Mu(T1(p)),
fo(r) :=n(0)’n(p7)* € Me(T1(p)),

which resolves the final case. |

€ Mx(I'1(p)).

3. Eta-quotients of semiprime and square-free level

In this section, we generalize the results of Section 2 to semiprime level, and
further to square-free levels where possible. We begin with a square-free generaliza-
tion of Lemma 2.1 which extends [Arnold-Roksandich, James and Keaton 2018a,
Theorem 5.8].
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Theorem 3.1. Let k € Z and let N = p; - - - p;, a product of distinct primes with
pi > 5. Define h = %gcd(pl —1,..., pr —1,24). There exists

f@=]]n60)" e MiT1(N))
§|N
if and only if h | k.

Proof. Suppose there exists
f@ =]]n60)" € MT(N)).
S|N

By Remark 1.8 we see that f satisfies the conditions in Theorem 1.4, and thus we
can compute

1
v1/N=ﬂZSVg. 9
S|IN
Since k =k = % s | s> (9) is equivalent to
2%k =24vyy — Y (8= Dyrs. (10)
§|N

Equation (10) can be viewed as a linear Diophantine equation in the variables v,y
and r; for each § | N with 6 # 1. Thus, the existence of an integer solution to (10)
implies that

ged(6; —1,...,8, —1,24) |2k, (11)

where §1, ..., §; are the divisors of N. However, we note that
ged(6;—1,...,8,—1,24) =gcd(p; — 1, ..., ps —1,24) =2h, (12)

which follows from the fact thatab—1=(a—-1)b—-1)+@—-1)+(b—1), so
ifd|(@a—1)and d| (b — 1), then d | (ab —1). As each p; is odd, we have that
2| ged(pr — 1, ..., py — 1,24). Therefore, h is an integer and we see from (11)
and (12) that & | k as desired.

Conversely, if & | k, then there exist integers v,y and rs for each § | N with § # 1,
which give a solution to (10). Additionally defining

ry = 2k — Z rs
S|N, 851
gives that k = % s |N 75 Thus from (10) we see that
> " 6rs =24vy =0 (mod 24),
SIN
and so by Remark 1.3,
f@ =[] n61)" € MT(N)). O

SIN
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The next theorem computes the sum of the orders of vanishing of an eta-quotient
in M (T'1(N)) in terms of the divisor function

o,(n) = Za’“.
d|n

Theorem 3.2. Let N = py - - - p;, a product of distinct primes with p; > 5, and let
f(@) =T1sy 10)"* € M (C1(N)). Then

ko (N)
Z Vijd = .

12
d|N

Proof. Since N is square-free, Theorem 1.4 gives that

N ged(d, 8)%rs 1 N ged(d, 8)?
Vg = — —_— = T _ 13
;“:v 1 ;v%(SZN ds 248|ZN‘36%:V ds (13)
Since ) NTs = 2k, it suffices to show that the inner sum in (13) is o1 (N). We
thus fix § | NV, and aim to show that, for each divisor d’ of N, there is a unique
divisor d | N such that
N ged(d, §)*
ds N
We first show existence. Given d’ | N, set d = ged(d’, §) gcd(N /d’, N /§), which
clearly divides N. Since 8, d’, and d are all square-free, we observe that gcd(d, §) =
gcd(d’, §), since any prime divisor of d and § must divide ged(d’, §).
Our goal is to show (14), which we rewrite as

N _ad
gcd(N/d', N/§)  ged(d', 8)’
The left-hand side of (15) is simply the product of the prime divisors of N which
are also prime divisors of § or d’. But this is also the right-hand side of (15) so we

are done and have shown existence.
To determine uniqueness, we suppose d, d; | N such that

N ged(dy, 8)* N ged(ds, 8)°
d8 N d>8 ’

d. (14)

(15)

namely that d, ged(d|, 82 =d, ged(dy, 8)2. Since N is square-free, comparing the
prime factorizations of dy, d», § and considering cases yields that d; = d; as desired.
Since we have shown that

N ged(d, 8)>
3 Needd O _ oy, (16)

by dé

we are now finished. U
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Remark 3.3. When N is square-free, o1(N) =[] N+ 1). Thus when N =
p1 -+ pr, a product of distinct primes with p; > 5, and

f(o)= 1_[ n(d1)" € Mk ('t (N)),
§IN
we have by Theorem 3.2 that

kUI(N) kI, np+D)
Zvl/d = 12 .

dIN

From this we can observe that ko (N)/12 must always be an integer whenever k
is an even integer such that & | k for h = %gcd(pl —1,..., p—1,24). This is
because if 3 doesn’t divide p + 1 for any p | N, then 3 must divide p — 1 for all
p | N, and so 3 divides /& and thus k.

We next generalize Lemma 2.4 to square-free levels.

Lemma 3.4. Let N = p; - - - p;, a product of distinct primes with p; > 5, and define
h= %gcd(pl —1,..., pr —1,24). Suppose k is a positive integer such that h | k,
2=V k, and 4 | k if t = 2. Then there exists

f@)=[]n61)" € M1 (N)).
S|N
Proof. Define f(t) by
f@ =[] neo "

SIN
As N is square-free, there are 2' divisors of N, and so
k
> = 2k.
2[—1
SIN
Additionally, by our hypothesis 2 | (ko1 (N)/12), so we have
k k ko (N)
Z(S 2t71 = 2t 1 01( ) = 2171 :0 (m0d24)
SIN
Thus, f(r) satisfies Theorem 1.2, and so by Remark 1.8, f(7) € M,!C(Fl(N)).
Recalling (16), we have by Theorem 1.4 that
k O‘l(N)_kO'l(N)
21 24 20127
which is a positive integer by our hypotheses since 2’ |o1(N). Thus f(z) €
M (T'1(N)). U

Vi/d =

We are now ready to prove Theorem 1.10.
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Proof of Theorem 1.10. First, we assume that

f@ =n@"n(pr)"n(gr)n(Nt)™V € M(I'1(pq)),

where N = pq is a product of distinct primes p, g > 5, and k is an even integer.
By Theorem 3.1, we have that & | k. To complete this forward direction of the
proof, we show that there are no eta-quotients in M>(I"{(pg)) when (p, q) =
(1,5),(5,1),(5,5) (mod24) and p, g > 5. Without loss of generality, we may
assume p and g are chosen so that p has a lesser or equal residue modulo 24.

Recalling Remark 2.3, we use Theorem 2.2. Fix (p, g) = (1, 5), (5,5) (mod 24)
with p, g > 5, and suppose

f@)=n@ " n(pt)"n(gr) " n(NT)™ € Ma(I'1(pq)).

Then by Theorem 2.2,

p+1 qg+1
[+ |rpl + [rgl + |ryl E4<ﬁ)<ﬁ)

This upper bound decreases as p and g increases, so the bound will be largest when
p =29 and ¢ = 53. This gives a bound less than 5, so, since the rs are integers,

Iril+lrpl+lrgl +1rnl| < 4. (17)
Moreover, by Theorem 1.4,
24vy = Nry+qrp,+ pry+ry,
24vy/p = qr1+ Nrp +r14+ pru,
24vy/qg = pri+rp+ Nrg+qry,
24dvy Ny =r1+prp+qrg+Nry.

Since f(r) € Mi(I'1(N)), we have that vy, vi/p, V14, vi/y = 0. It follows that
r1,rp, rq, rn = 0. Namely, if r; <0, then using (17), and, assuming without loss
of generality that p < g, we see that

24vy < —pqlri|+qlrpl +qlrgl +qlry| < —pqlri| +4q < —pqlri|+ pg <0,

which contradicts that vy > 0. Similarly, if r,, ry, or ry is negative we get contra-
dictions for the nonnegativity of vy, vi/4, and vi,y respectively.
By Remark 1.8, we also know that

ri+ 71, +5r, +5ry =0 (mod 24) (18)
if (p,q) =(1,5) (mod 24), and
r1+5r, +5r, +ry =0 (mod 24) (19)

if (p,q) = (5,5) (mod 24).
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However, neither (18) nor (19) have nonnegative integer solutions which satisfy
(17), which is a contradiction. Thus we have shown that there are no eta-quotients
in M(T'1(pq)) for (p,q) = (1,5), (5,1), (5,5) (mod 24) and p,q > 5.

We now prove the converse by construction. Namely, we need to show that if
h | k and it is not the case that (p, g) (mod 24) € {(1,5), (5, 1), (5,5)}, p,g #5,
and k = 2, then there does exist an eta-quotient in M (I'1(pq)).

We first note that setting = 2 in Lemma 3.4 guarantees the existence of an
eta-quotient in My (I"1(pq)) for distinct primes p, g > 5, when k is an even integer
divisible by & such that k(p + 1)(¢ + 1)/12 is divisible by 4. Since 4 divides
k(p+ 1)(g + 1)/12 whenever 4 divides any one of p + 1, g + 1, or k, it suffices
to consider only the cases of p,g, and k when p+1=¢g+ 1=k =2 (mod4).
Consider the possible residues for (p, ¢) modulo 24, ordering so that the residue
of p is no larger than that of g. We may immediately disregard the cases (1, 1),
(1, 17), and (17, 17), since in each 4 | k, and thus since 4 | k they are covered by
Lemma 3.4. This leaves the cases (1, 5), (1, 13), (5, 5), (5, 13), (5,17), (13, 13),
and (13, 17). It suffices to show there exists an eta-quotient in M (I"{(N)), since
if £(v) € M (T'1(p)), then f()*" € My ("1 (p)). The following table gives such
eta-quotients for the cases (1, 13), (5, 13), (5, 17), (13, 13), and (13, 17):

case h eta-quotient
(1.13) | 6 n(m)!'n(qr)
(5,13) | 2 | n(pr)n(gr)*n(Nr)
(5,17) | 2 | n(pr)n(gr)n(Nt)?
(13,13) | 6 n(gon(No)"!
(13,17) | 2 | n(pv)’n(gD)n(N7)

This leaves the cases (1, 5) and (5, 5), both of which have & =2. If either p or g is 5,
then M>(I"(5)) C M>(I'(N)), and so by Theorem 1.9 there will exist an eta-quotient
in M(I"(N)). We thus assume that neither p nor ¢ is equal to 5. As every even
integer k > 4 can be written as a linear combination of 4 and 6, it suffices to show the
existence of an eta-quotient in both M4(I"'1(N)) and Me(I'1(N)). By Lemma 3.4,
we have the existence of an eta-quotient in M4(I";(V)). Moreover, one can check
using Theorem 1.2 that n(t)3n(N1)° € Mg(I'1(N)) when (p, g¢) = (1, 5) (mod 24),
and n(g7)3n(N1)° € Mg(I'{(N)) when (p, g) = (5, 5) (mod 24). O

4. Elliptic curves and eta-Quotients
In this section, we prove Theorems 1.11 and 1.12, and conclude by describing the
method we used to find these examples.

Proof of Theorem 1.11. First using dimension formulas (Theorems 3.5.1 and 3.1.1 in
[Diamond and Shurman 2005] for example), we calculate that dim¢ S>(I'9(35)) = 3.
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By Theorems 1.2 and 1.4, we see that the following three eta-quotients are members
of $2(I"p(35)):

g1(7) :==n()n(5t)n(71t)n(357),

g2(v) == n(1)*n(3510)°,

g3(v) = n(50)*n(71)*.

The g-expansions of g1, g2, g3 begin with

810 =9"-4"—q"+4*+4°+ 0(¢""),

20 = -2¢"-¢>+24° +4"+24* = 2¢° + 0(¢""),

83(1) =¢ 29" ~24"+ 0(q"").
Since each g-expansion starts with a different power of g, we can quickly determine
that g1, g2, g3 are linearly independent. Thus, they form a basis of S>(I'g(35)), and
by Theorem 1.1, any elliptic curve of conductor 35 must be a linear combination of
g1, &2, and g3. However, one can see for example from the L-functions and modular
forms database [LMFDB 2019] that there is only one isogeny class of elliptic curves
of conductor 35 [LMFDB 2019, elliptic curve isogeny class 35.a], and thus only one

attached modular form, f(t) € S2(I'9(35)) [LMFDB 2019, modular form 35.2.1.a].
The g-expansion of f begins with

f@=q+¢*-2¢* ¢’ +q" 24"+ 0(q"),
and since the bound in Theorem 1.5 is 8 in this case, we see by Remark 1.6 that
f(r) = g2(7) + g3(1), as desired. O
We now turn to the proof of Theorem 1.12, which requires more finesse.

Proof of Theorem 1.12. As with conductor 35, there is only one isogeny class of
elliptic curves of conductor 55 [LMFDB 2019, elliptic curve isogeny class 55.a], and
thus only one attached modular form, f(t) € S2(I'9(55)) [LMFDB 2019, modular
form 55.2.1.a]. The g-expansion of f begins with

fO=q9+¢"—q*"+q¢" -3¢ -3¢° +q¢"° —¢" +2¢" + 0(¢g").

The bound in Theorem 1.5 is 12 in this case, so we see by Remark 1.6 that modular
forms in S»(I'9(55)) are determined by their Fourier coefficients up to ¢'>.

Using dimension formulas, we calculate that dimg¢ S;(I'g(55)) = 5. However,
there are only three linearly independent eta-quotients in S>(I'g(55)) given by

g1(7) == n(m)n5)n(117)n(557),
2(1) == n(r)*n(117)?,
g3(7) == n(57)*n(551)%,


http://www.lmfdb.org/EllipticCurve/Q/35/a/
http://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/35/2/1/a/
http://www.lmfdb.org/EllipticCurve/Q/55/a/
http://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/55/2/1/a/
http://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/55/2/1/a/
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with g-expansions beginning with
g1 =" —q" -’ +¢°+24"° = 24"+ 0(¢"),
22(0)=q—2¢> —¢* +2q¢* +¢° +2¢° —2q" — 2¢° — 2¢"°
gl — 212 14 149" 1 0(¢"),
8(1)=¢"=2¢""+0(q").

We thus use a method originating in [Rouse and Webb 2015], which is to multiply
f(7) by an eta-quotient a(t) in order to push the product f(7)a(r) into a higher
weight space that is generated by eta-quotients. Then f can be written as a linear
combination of weakly holomorphic eta-quotients in Mé(Fo (59)).

Consider the eta-quotient

a(r) =n(0)’n(50)*n(117)*n(557)°.
We see that a(t) € Se(I'0(55)) by Theorems 1.2 and 1.4, and so a(t) f(r) €
S ("o (55)). Since the bound from Theorem 1.5 is 48 in this case, modular forms
in Sg(Io(55)) are determined by their Fourier coefficients up to ¢*°. We see that
the g-expansion for a(t) begins with
a(t) =¢°—=3¢"0+5¢" =3¢ +2¢" —15¢"7 +9¢ ' +18¢*°+94*' — 15¢*
—33¢% —6¢% —6¢%°4+25¢% +45¢?8 +33¢% —494°° — 6343 +-4543
+60g374+45¢%° —15¢%" —75¢3% —62¢° —78¢*° +664*' +15¢%
—15¢P 4215 +117¢* —15¢4 +55¢* —63¢¥ + 0(¢™°),
whereas the expansion for f(7) begins with
O =g+ —¢*+¢° =3¢ —3¢°+¢"° — ¢ +2¢"3 — 4" + 64"
— 318 _ 419 — 20 — g2 4 4¢P 4 g% +2¢% + 6% — 847
+5q32+6q34+3q36 _2q37 _4q38 _3q40+2q41 +4q43
g™ —3¢% £ 44% —12¢Y —74% + 0(¢).
Thus we see that the g-expansion for the product f(t)a(t) starts with
—10¢" — 8¢%° + 304" + 28422 — 8¢% — 33¢>* + 2045
+22¢% — 66¢g%" —25¢ + 12¢%° +21¢*° — 5243 + 444*
+96¢33 +19¢°* + 82¢ — 105¢3¢ — 864" + 2947 + 1084
—148¢™ — 106¢™ + 159¢* — 260¢™ — 136¢™ + 364%
+261¢% —22¢*7 +309¢* +430¢*° + 0(¢°).
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i gi(T) i gi (1)

1| n(@G* A1) G5 || 21 | 90 n50)'n(117)*n(557)°
2 | n(@)’nGr)’n(11t)°n550) || 22 | n(x)’n51)’n(117)°n(557)~!
3 | n(@)’n(G1)’n(11r)*n557)° || 23 | n(x) " 'n(51)°n(117)’n(557)°
4 | n(@)*nGo)ln1lt)*n550)° || 24 n(t)*n(111)?n(557)"°

5 1 n(@®n(5t)*n(117)°n(5571)* || 25 n(t)*n(5o)n(11t)n(557)"
6 | n(@®'nGON10)nG51)’ 26 n(t)*n(51)*n(551)"2

7 | n(@eG (1102 n(551)* || 27 | n(n(GT)*n(11t) (5571
8 n(t) n(5t)n(117)"n(557) 28 | n(0)®n(51)2n(111)~2n(557)"
9 n(t)n(5t)'n(11t)n(557)’ 29 n(5t)*n(11t)"n(550)
10 n(0)3n(117)%n(557)° 30 n(117)?n(557)1

11 | n(0)'n5t)°n117)*n(557) 31 | (o)1)~ 'n(111)n(557)"
12 | n(o)n(51t)*n(111)°n(557)’ 32 n(0)n(51) n(117)"n(557)
13 | n(0)’n5t)'n10)nG57)* || 33 | n(0)*n(51)*n(117)°n(557)°
14 n(57)8n(557)8 34 n(t)’n5t)n11t) n(557)°
15 n(t)®n(117)8 35 n(0)*n(50)n(117)3

16 | n(x)’n(5t)"n(117)*n(557)° || 36 n(0)°n(57)*n(551)%

17 | n(x)’n(51)*n(117)"'n(557)° || 37 n(51)8n(117)%n(557)>

18 | n(t)"'n(51)’n(117)°n(557)* || 38 n(t)*n(117)%n(557)*

19 | n(x)*n(57)°n(117)°n(550)~" || 39 n(©*nGo)*nA1r)?

20 | n(t)3n(5t)°n(117)°n(557)~" || 40 n(5t)*n(117)*n(557)8

Table 1. Eta-quotient basis of Sg(I'9(55)).

Moreover, we calculate that dimg Sg(I'9(55)) = 40, and compute a basis of
Sg(I'o(55)) consisting only of eta-quotients {gi, ..., g40}, Which are given in
Table 1.

From their g-expansions, we calculate that

40
f@a) =" cigi(v),
i=1
where the coefficients ¢; are given in Table 2.
Thus, we can write

- &i(D)
l
= —, 20
(@) igﬂ %) (20)
where the simplified eta-quotients g;(t)/a(t) are given in Table 3. (I

We conclude by describing in an algorithmic fashion the method we used to
obtain Theorems 1.11 and 1.12. We have seen that both of these theorems, once
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l Ci

1 —6008649555929309389497/819506238451459924562
2 —502520890503551696366/409753119225729962281
3 —18079466846617647763574/1229259357677189886843
4 —9707713817545985330315/1639012476902919849124
5 —256094683592582994017/819506238451459924562
6 —801755327323567495694/107829768217297358495
7 —5830988018825221370539/12292593576771898868430
8 —779344877836568799883/2458518715354379773686
9 8222210796731963837135/1229259357677189886843
10 —11036620216580334273019/24585187153543797736860
11 —1229041712172689367604/6146296788385949434215
12 —111561550514099684140912/2048765596128649811405
13 107114413382088962036,/2048765596128649811405
14 —341358820591409973660/409753119225729962281
15 —152612595137164539575/2458518715354379773686
16 0

17 —7213279306787331549849/819506238451459924562
18 32952053389588166394/409753119225729962281
19 30522519027432907915/2458518715354379773686
20 0

21 —1552252178781785948225/819506238451459924562
22 0

23 15742588981996697524 /11074408627722431413
24 —116284353318788030011856/1229259357677189886843
25 —532560894104521109482105/1639012476902919849124
26 | —1514700568262560995033025/2458518715354379773686
27 —561586338302539429500115/819506238451459924562
28 —149810619258256219780/409753119225729962281
29 —170766572836167986762205/819506238451459924562
30 —81633970222789942752773 /409753119225729962281
31 151568343772098094548465/819506238451459924562
32 845017548690592920502/6146296788385949434215
33 —343045582489873801897249/12292593576771898868430
34 —750234154608987483240971/24585187153543797736860
35 —297084239198956028146/6146296788385949434215
36 —30834650074592581387973/2048765596128649811405
37 —9228870808743396499/107829768217297358495
38 —4131906244671465777242/409753119225729962281
39 —30522519027432907915/2458518715354379773686
40 —13146446749054646251719/819506238451459924562

Table 2. Coefficients c;.
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i gi(t)/a(r) i gi(r)/a(z)

1 n(T)n(50)n(117)n(557) 21 n(t)*n(5t)"*n(551)°

2 n(t)*n(111)? 22 n(0)°n(117)*n(557)~*

3 n(51)*n(557)* 23 n(t)"*n(57)*n(557)°

4 | n(@ G010 'G5 || 24 | n(m)nGr) a1 'n(551)7
5 | n(@¥nGo) 1035517 || 25 n(5t)"*n(117)~*n(557)®

6 | n(0)*n(5t) A1) 2n(550)* || 26 | n()'n(5v) " 'n(111) 3 n(551)°
7 | n(@)¥nGo)dn10)1n650) 7! || 27 n(t)2n(11t)~*n(557)"°

8 | n(*n(St)n(11t)*n(550)72 || 28 | n(x)*n(5t)n(110) >n(557)"!
9 | ()G 1) G50 || 29 | n(r)*nG)n(11t) > n551)!
10 | n(v)°n(50)*n(111)~'n(557) || 30 | n(x)*n(St) *n11)~'n550)!"
11 n(0)*n(57t)*n(551)72 31 | n(x)"2n(57)*n(117) " 0n(557)'°
12 n(t)?n(117)*n(557)* 32| n(o) InSo)*n(11t)*n(551) 2
13 n(0)*nGt)*n(11r)~2 33| n() 'nt) " n(117)*n(557)°
14 | n(t)n(571)°n(111)3n(551)° || 34 n(51)"2n(117)*n(557)>

15 | n(t)°n(51)3n(111)°n(557) 72 || 35 | n(0)~'n5t)*n117)°n(551) 73
16 n(0)°n(51)*n(551)° 36 | n(x)*n(5t) " In(110) 3 n(557)°
17 n(t)*n(117)~*n(557)° 37| n() 35t n(11t)3n(557) !
13 n(t) " *n(51)n(117)? 38 n(T)n(57t)>n(117)°n(557)
19 n(5t)?n(117)%n(557)~* 39 ()’ n5t)n(11t)n(557)3
20 n(5t)%n(117)*n(557)~* 40 (™) 3nGo)n(ll)n(551)°

Table 3. Eta-quotients g;(t)/a(t).

discovered, can be proved in a straightforward manner. However, how to find results
like these may not be immediately apparent. Our approach, which is inspired by
[Pathakjee, RosnBrick and Yoong 2012], utilizes results from Section 3 and has the
potential to generate many new examples. We note that many of the steps require
the aid of mathematical software to be practical; we used SageMath [2018]. We do
not know whether the process we outline will necessarily terminate.

Step 1: Fix a semiprime N = pq satisfying the conditions in Theorem 1.10 with
k = 2 that is the conductor of an elliptic curve E. By the modularity theorem
(Theorem 1.1) we know that E has an associated modular form f(t) € Sa(I'g(N)).
Step 2: Compute dy = dimg S2(I'o(V)).

Step 3: Compute all partitions of (p + 1)(¢g + 1)/6 into exactly four parts, and
construct distinct rearrangements in order to get a complete list of all possible tuples
(v1, v1/p, V1/g, UN) € N4 satisfying

U1+U1/p+vl/q+vl/N:%(p+1)(Q+1)- (21)
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By Theorem 3.2, we know that any eta-quotient in S»(I'g(N)) must have orders of
vanishing vy, vip, v1/4, vi/y > 1 that satisfy (21).

Step 4: For each tuple (vy, vi/p, v1/4, vy) Obtained in Step 3, use Theorem 1.4 to
construct the system of four equations in the four unknowns (ry, rp,, 4, rn)

24vy = Nry+qrp,+ pry+ry,
24vy), =qr1+Nrp+ry+ pra,
24vy)y = pri+7rp,+Nryg+qry,
24vyy =11+ prp+qrqg+ Nry,

and solve for the unique solution (ry, 7, 1y, rn) € Q*

Step 5: For each tuple (r1, 7, r4, ry) from Step 4 that has integer entries, let

g(m)=n@) " n(pr)rn(gr)n(Nt)™,

and use Theorems 1.2 and 1.4 to check whether g(t) € S$>(I'g(N)). List all such
g € S2(I'o(N)).

Step 6: Construct a maximally sized linearly independent set of eta-quotients from
the list in Step 5, using linear algebra.

Step 7: If the set from Step 6 has size dy, then it forms a basis of S>(I'g(N)). In
this case, compute the Sturm bound from Theorem 1.5 and write f as a linear
combination of the basis from Step 6. If not, go to Step 8.

Step 8: Repeat Steps 2—6 for weights 2,4, 6, ... until a weight k is found such
that S (I'o(N)) has a basis of eta-quotients, and S;_»(I'g(N)) contains an eta-
quotient a(t). Compute the Sturm bound from Theorem 1.5 and write f(t)a(t) as
a linear combination of the basis. Divide through by a(t) to write f(7) as a linear
combination of eta-quotients in Mé(Fo(N ).
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