APPENDIX: PROOF OF THEOREM 4.7 AND THEOREM 4.20

SUPPLEMENT TO “STRONGLY NONZERO POINTS AND ELLIPTIC PSEUDOPRIMES”
BY LILJANA BABINKOSTOVA, DYLAN FILLMORE, PHILIP LAMKIN, ALICE LIN AND
CALvIN L. YosT-WOLFF

Theorem. Suppose s1 < r; and so <19 and ri > 1. Then h(s1,71) - h(s2,72) has the largest value
when 1 =19 = $1 = So = 1, where h(s,r) is as in Definition 4.6.

First we will show that if any of r1, 72, s1, $2 > 1, then decreasing some of the values (71,72, 1, 52)
will result in increasing the value of h(ry1, s1)-h(rg, s2). Thus the maximum value of h(sy,71)-h(s2,72)
is achieved when s; = r1 = so = r9 = 1. In the rest of this section we will use the notation u;v; to
denote the product of the i*" coordinates of two vectors u and v. The next several lemmas will be
used in the proof of Theorem 4.7.

Lemma A.1. Suppose ri > ry and r1 > s1. Then h(s1,71) - h(s2,7m2) < h(s1,71 — 1) - h(s2,72).

Proof. Let r1 > ro and r1 > s1. We prove the lemma by doing some simple computations
h(s1,71) - h(sa,1m2) = %h (s1,71—1)-h(sa,72) +h (5177'1)7«1 h (32,7*2)T1
= %h(sl,rl —1)-h(s2,72).
O

Lemma A.2. Supposery > ry andry = s1. Then h(s1,r1)-h(s2,72) < h(sy —1,r1 —1)-h(s2,72).
Proof. Let r1 > ro and r1 = s1. We prove the lemma by doing some simple computations
h(s1,7m1) - h(sa,m2) = ih(sl —1,r1 —1)-h(s2,m2) + h(s1,71),, h(s2,72),,
= ih(sl — 1,711 —1)-h(s2,r2).
O

Remark A.3. The following equation will be used to prove that the proportion of viable points is
increasing as the values of r are decreasing. Suppose r > sg > s1. Then

1 51 , 52 . r .
h(snr)-h(sr) = s (1+Z9<24Z4>+ EICa TSy 2)

=1 i=s1+1 i=s2+1

1 2 6 2 1
= W <5 + % (2481) + ﬁ (281+352) + g (22r+31+32)>

Lemma A.4. Suppose 1y = r9 = s1 = So. Then h(s1,r1) - h(sa,r2) < h(sg1—1,r1—1) -
h(82 - 1,7“2 - 1)

Proof. Let ri =19 = s1 = s9. Then simple computations show that

15h(81,’l”1)'h($2,7“2): +9< +9:15h($1—1,T1—1)'h(82—1,’r2—1).

247y 24(r1—1)

0

Lemma A.5. Supposery =1y = so > s1. Then h(s1,71)-h(s2,72) < h(s1,r1 —1)-h(se — 1,79 — 1).
1



Proof. Let r1 = ro = s9 > s1. Then simple computations show that

1 14 6
Th(s1,71) - h(s2,72) = 22ritsites <5 + 5 (2451) +3 (23”“1))
1

> W (3 (23r1+81)) = 8h (817T1)T1 h(SQ,T‘Q)Tl

This implies that
h(s1,m1) <8h(s1,71) - h(s2,r2) — 8h(s1,71),, h(s2,72), =h(s1,r1—1)-h(sa—1,m72—1).
O
Lemma A.6. Suppose ri =1y > s9 > s1. Then h(s1,r1) - h(s2,m2) < h(s1,r1 —1)-h(s2,m2 —1).

Proof. Let r1 = ro > s9 > s1. Then simple computations show that

1 6 18 2
3h (817 7’1) h (827T2) 92r1+s1+s2 ( T 35 (2481) + ? (2382+81) + (22r1+82+81)>
1

> 92r1+s1+s2 (22T1+52+51) = 4h (317 Tl)rl h (s2, T2)r1

This implies that
h(Sl,Tl) -h (82,7“2) < 4h (81,7“1) -h (82,7“2) —4h (81,7‘1)7,1 h(SQ,TQ)Tl =h (81,7‘1 - 1) . h(SQ,T’Q - 1) .
]

Proof of Theorem 4.7. Let S denote the set S = {h(1,1)-h(1,1),h(0,1)-h(1,1),h(0,1)-h(0,1)}.
A simple computation using Remark A.3 yields that h(1,1) - h(1,1) is the sup(S) and h(1,1) -
h(1,1) = 5/8. Without loss of generality we assume that r; > 7.

Case 1: 7o = 0 and s7 < 1. In this case Lemma A.l implies that

h(s1,71) - h(s9,0) = %h(sl,rl S 1) R(s9,0) < 1/2 < 5/8.
Case 2: ro = 0 and s; = 1. In this case Lemma A.2 implies that
h(s1,71) - h(s2,0) = ih(sl — 1,71 —1)-h(s2,0) <1/4 < 5/8.
Case 3: 75 > 0 and s; < ro. Using Lemma A.1 we have
h(s1,71) - h(s2,7m2) < h(s1,7r2) - h(s2,72).
Then applying Lemmas A.4, A.5 and A.6 we get
h(s1,72) - h(s2,72) < sup S.

Case 4: 79 > 0 and 7o < s1.
From Lemma A.1 we have that

h(s1,71) - h(s2,72) < h(s1,s1) - h(s2,72)
and from Lemma A.2 we have that
h(s1,s1) - h(sa,72) < h(re,r2) - h(s2,72).
Then Lemmas A.4, A.5 and A.6 show that
h(ra,r2) - h(s2,7m2) < sup S.
O

Proof of Theorem 4.20 In the rest of this section we give the proof of the following theorem.
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Theorem. Suppose s1 < ry and so <19 andr > 1 and 252272 -ty-we > 1. Then h'(s1,71,t1,w1)-
B (s9,7r9,ta,we) < W (1,1,t1,w1) - B'(1,1, ta, ws), where h'(s,r,t,w) is as in Definition 4.19.

The following lemmas will be used to prove Theorem 4.20.

Lemma A.7. Suppose r1 > ro and r1 > s1. Then h'(s1,71,t1,w1) - W' (82,72, t2,w2) < h'(s1,71 —
17 tlv wl) : h/(827 r2, t27 ?,UQ).
Proof. Let r1 > r9 and r1 > s1. Then simple computations show that
h/(817 r1, t17 wl) : h,(827 r2, t27 ’U]Q)
B (2T1+51_1)t1w1 -1
(2”1+31)t1w1 -1
(2T1+51_1)t1w1 -1 ’ ’
- (2T1+51)t1w1 — 1 h (817T1 - 17t17w1) . h (827r27t27w2)
< h/(sl, 7 — 1, tl, wl) . h,(SQ, 9, tQ, wg).

B (s1,m1 — 1,t1,w1) - B (82,72, ta, wa) + W' (s1,71, t1, w1 )ry B (82,72, t2, w2)ry

0

Lemma A.8. Suppose ri > ry andry = s1. Then h/(s1,7r1,t1,w1)-h (82,72, t2, we) < h'(s1—1,r1 —
1,t1,U)1) : h/(827r27t27w2)'
Proof. Let ry > r9 and 1 = s1. Then simple computations show that
B (s1,7r1,t1,w1) - B (82,72, t2, w2)
2r1+51—2 tiw; — 1
- ((2r1+51)31w1 — 1 h/(Sl - 17r1 - 17t17w1) : h/(SQ,T27t27w2) + h/(817r17t17w1)7’1h/(827r27t27w?)rl
. (27’1+51_2)t1w1 —1
(27’1‘*‘51)t1w1 -1
< h,(sl - 1)T1 - ]-atl)wl) : h/(527’r2)t27w2)'

h/(sl - 17T1 - l,tl,'LUl) : h/(SQ,T27t2,TU2)

O

Remark A.9. The following equation will be used in the proof of Theorem 4.20. Suppose r > so >
s1. Then

W (s1,r t1,wi) - B (s2, 7 ta,w2) =

1
N (2T+51t1w1 — 1)(2T+52t2w2 —1

S1
) <(t1w1 — 1)(t2w2 — 1) + 29(241_4)751?111252102
=1

+ Z 232 3+81 t1w1t2w2+ Z 22Z 2+Sl+s2)t1101t21U2>
1=s1+1 1=89+1

1 3 6 .4
= t —1)(t —1)—=(¢ t 2751¢ t
(25 1tw;, — 1)(2 52tyws — 1) (( rwr = {fawz = 1) = gltruntawa) + gp (@ hwrtzws)
2 1
+ — 21 (251+3S2t1w1t2w2) + 3(22r+51+82t1w1t2w2)> .

Note that if r =s; =0 and t; = w; =1 fori =1 ori = 2, one of the groups is the trivial group,
which has no strongly non-zero points, so the proportion of viable points is vacuously equal to 1.

Lemma A.10. Suppose r1 = ro = s1 = s and t1, w1, ta, ws > 0 are all odd integers. Then

h/(sbrlathwl) : h,(327r27t27w2) < h,(sl - 17T1 - 17t17w1) . h,(52 - 17T2 - 17t27w2>-
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Proof. We will prove the lemma by considering several cases.
Case 1: (tjw; =1 and 1 > 1) or (towy = 1 and ry > 1). We may assume that t;w; = 1 and let
r=rg=r1r13 > 1.

22 tywy — 1 s 2%ra 41
22r=2¢509 — 1 22r-2 11
22r—2 + 1 227" + 1
22r=2¢509 — 1 22rt5we — 1
32— 1)(27 2 +1) 22 —1)(2¥ +1)

(2272 — 1)(222tqwy — 1)~ (227 — 1)(22taws — 1).
Therefore,
Stowy (24771 — 1)
(22r—2 _ 1)(22T—2t2w2 _ 1)
Stowy (24 — 1)
(227 — 1)(2%tqwe — 1)
= (s1,71,t1,w1) - B/ (82,79, t, wo).

hl(sl - 1,7°1 - 17t17w1) : h(82 - 17T2 - 17t27w2) =

Case 2: 6tjwitows — 15t1w1 — 15towe + 15 > 0. In this case we have the following

15t1witawg — 1581wy — 15tqwg + 15 — 9tqwitawg > 0

3
15((t1w1 — 1)(t2w2 — 1) — 5t1w1t2w2) >0

16((tywy — 1) (faws — 1) — %tlwltgwg) > (hws — 1)(tyws — 1) — %tlwltgwg
16((t1wg — 1)(taws — 1) — gtlwltgwg + gt1w124r_4) > (tywy — 1)(tgwy — 1) — %tlwltgwg + %tlwﬂ‘”
From Remark A.9, we see that
(1) 16(22”_2151101 — 1)(22T_2t2w2 — DA (s1 — 1,71 — 1ty wy) - W (s — 1,79 — 1,9, wo)
(2) > (22Tt1w1 — 1)(22rt2w2 — DA (s1,71,t1,w1) - B (82,72, t2, w2).
Note that

(22’”t1w1 — 1)(22’"t2w2 — 1)
(227’7215111)1 — 1)(22T*2t2’LU2 — 1)

> 16

Using this inequality in the Equation 1, we have the following
(22" tywy — 1) (2% tgws — )R/ (51 — 1,71 — 1, t1,w1) - B (sg — 1,79 — 1, t2, wo)
> (2% tywy — 1)(2% tywy — )W (s1,71, t1, w1) - B (2,72, to, wy)
h'(s1 — 1,71 — 1, t1,wy) - B (sg — 1,79 — 1,9, w2)
> K (s1,71,t1,w1) - B (82,72, t2, w2).
The inequality 6t1wytows — 15t1w1 — 15t9we 4+ 15 > 0 is true if one of the following conditions hold:

e t1w; > 5 and tywo > 5
e t1w; = 3 and tywo > 10
e t1wi > 10 and towsy = 3.



Case 3: tjw; = 3 and 3 > tows > 9. By inspection.
Case 4: 3 > tjw; > 9 and tows = 3. By inspection. O

Lemma A.11. Suppose ri = ro = so > s1. Then h'(s1,71,t1,w1) - b (s2, 79, ta, wa) < h'(s1,7m1 —
1,t1,'l,U1) : h/(SQ - 17T2 - 17t27w2)'

Proof. We prove the lemma by considering several cases.
Case 1: s =0, tyw; =1, and r; > 1.

2(227‘—2 + 27‘—1 + 1)(27“ + 1) > (221" + 27’ + 1)(27‘—1 + 1)
2rt2w2 -1
2r—Lltowy — 1

242t )@ +) > 27+ 2"+ )27+ 1)

> 2

2TtQ'UJ2 -1
27‘71152102 —1

(221"72 + 27“71 + 1) . (227" + or + 1)
(2r=1 4 1)(2rYtqwy — 1) ~ (27 + 1) (27 tawy — 1)
(27"71 _ 1)(227”72 + 2r71 + 1) (2r _ 1)(221" ) L 1)
@21 =D+ D2 Hawe — 1) 7 (27 = 1)(27 + 1)(27taws — 1)
(23r—3 _ 1) (237" _ 1)

(227"72 — 1)(27‘71152102 — 1) (22T — 1)(2Tt2w2 — 1) '

(3) (%tl’lﬂthU]Q(23r73 — 1)) (%t1w1t2w2(23’" — 1))
(227“72 — 1)(2’”*1t2w2 — 1) (22T — 1)(2“5211)2 — 1)
Note that
1 1
4
) (222 —1)(2Ttgwy — 1) (227 — 1)(2twn — 1)
(5) (Zt1witaws) S (Ft1witows)
(22T72 — 1)(2’"*1t2w2 — 1) (22T — 1)(27’t2w2 — 1)

Using the inequalities (5) and (3) we get that

(%tlwltﬂ@ i %t1w1t2w2(23r—3 —1)) > (%tlwlhwg + %t1w1t2w2(23r -1))
(22r=2 — 1)(2r—ttowy — 1) (22 — 1)(2tows — 1)
(_%tlwltsz * %tlwthwQ + %t1w1t2w2(23’“*3)) > (_%t1w1t2w2 + %t1w1t2w2 + %t1w1t2w2(23r))
(22r=2 — 1)(27—tqwq — 1) (22 — 1)(27taws — 1)

(—%tlwthwQ + %tlwthwQQSl + %t1w1t2w2(237"*3)) (—%tlwltzwg + %tl’wltngQsl + %t1w1t2w2(237"))

(221"72 — 1)(27"*51*1752102 — 1) (22T — 1)(2T+31t2w2 — 1)
R (s1,m1 —1,1,1) - h'(sg — 1,79 — 1,to,w2) > h'(s1,71,1,1) - B/ (52,79, t2, wa).



Case 2: s; =0, tows =1, and r9 > 1.

4(227’—2 + 27‘—1 + 1) > 227‘ + 2’[‘ + 1
227 twy — 1
s >4
22r=2¢ 1901 — 1
227’t1w1 -1

W(22T’2 +2 ) > 427242 ) > 2 27 4 1
11 —

(227‘72 _|_2r71 + 1) - (22r+2r + 1)
(22’"—275111)1 — 1) (227"t1w1 — 1)
(227"—2 + 2r—1 4 1)(27’—1 _ 1) . (22r 4 or + 1)(27" _ 1)
(227"72151201 — 1)(27”71 — 1) (227"75111}1 — 1)(2T — 1)

(6) %t1w1t2w2(23’"_3 — 1) S %t1w1t2w2(237’ — 1)
(227"_2?51101 — 1)(27"_1 — 1) (227"t1w1 — 1)(2T — 1).
Note that
1 1
7 >
(7) (22r—2tywy — 1)(27—1) 7 (2%7twy — 1)(27 — 1)
(8) (%tlwlhwz) (%tlwltzwz)

>
(22’"_2151101 — 1)(2r—1 — 1) (227”t1w1 — 1)(2T — 1)
Using the inequalities (8) and (6) we get that
(%tlwlhwg + %t1w1t2w2(23’"_3 — 1)) (%tl’wltgwg + %t1w1t2w2(237” — 1))
(227‘—2t1w1 — 1)(27"—1 — 1) (227’t1w1 — 1)(27" - 1)
(—%tlwltgwg + %tlwltng + %t1w1t2w2(23T_3)) o (—%tlwltgwg + %tlwltng + %t1w1t2w2(23T))
(227’—2t1w1 — 1)(2T_1 — 1) (227‘t1w1 — 1)(2T — 1)

(—%tlwltng + %t1w1t2w22481 + %t1w1t2w2(237"_3)) (—%tlwltgwg + %t1w1t2w22431 -+ %t1w1t2w2(23r))

>
(227“—2t1w1 — 1)(2T+81_1 — 1) (22’"t1w1 — 1)(2T+81 — 1)
h/(Sl,Tl - 17t17w1) : h/<32 - 17T2 - 17 17 1) > h/(Sl,Tl,tl,’U}l) : }/(82,7’2, 17 1)

Case 3: (tyw; =1 or towy = 1) and s; > 1.

(22’”t1w1 — 1)(2T+51t2w2 — 1)

9 > 8
( ) (22’"*2t1w1 — 1)(2T+51*1t2w2 — 1)
§t1w1t2w223’"+51*3 §t1w1t2w223”31
(10) 7 > 7
(22’"*2t1w1 — 1)(2r+51*1t2w2 — 1) (22’"t1w1 — 1)(27"+51t2w2 — 1)
Note that
3 6
(11) *575110175211}2 + £t1w1t2w22451 >0
1 1
(12) >
(227"*2251101 — 1)(2T+8171t2’LU2 — 1) (22Tt1w1 — 1)(2T+31t2w2 — 1)
(13) (Ftiwitows + gtiwitows2®Y)  (Ftiwitows + g5 tiwitawy2*1)

>
(227"*225111)1 — 1)(2T+5171t2’LU2 — 1) (22’”t1w1 — 1)(27"+51t2w2 — 1)
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Taking the sum of (13) and (10) we get the following inequality
(%Stlw1t2w2 + %t1w1t2w22451 + %t1w1t2w223r+81—3)
(22r—2t1w1 _ 1)(2r+31—1t2w2 _ 1)
(%Stlwlt2w2 + %t1w1tgw22451 + %t1w1t2w223r+81)
(227tywy — 1) (27 Hs1tqwy — 1)
B (s1,r1 — 1, t1,wy) - B (s2 — 1,79 — 1,to,we) > h'(s1,r1,t1,w1) - B (82,72, ta, wo).

Case 4: tywy > 3 and towy > 3.

>

0 < TtHwitowy — Ttiwy — Ttowy + 7 — 3t1witows

3
=7 ((tlwl — 1)(t2w2 — 1) — 7t1w1t2w2>

3 6
=7 ((tlwl — 1)(t2W2 — 1) — gtlwltng + 35t1w1t2w2>

3 6
8((t1w1 — 1)(t2W2 — 1) — 5t1w1t2w2 + £t1w1t2w22451)

3 6
> (t1w1 — 1)(t2w2 — 1) — gtlwltgwg + £t1w1t2w22451

3 6 3
8((tiwr — 1)(towz — 1) — 57511017527112 + £t1w1t2w22481 + ?t1w1t2w223r+81_3)

3 6 3
> (hiwn = 1)(t2wz — 1) = chiwityws + £t1w1t2w22481 + ?t1w1t2w223r+31_

From Remark A.9, we see that

(14) 8(22r_2t1w1 — 1)(2T+81_1t2w2 — 1)h,(81,’r’1 — 1,t1,w1) . h/(SQ — 1,79 — 1,t2,w2)
(15) > (22’"t1w1 — 1)(2T+81t2w2 — l)h'(sl,rl,tl,wl) . h,(SQ,TQ, tQ,wQ).
Note that

(22’"t1fw1 — 1)(2T+slt2w2 — 1)
(227’—2t1w1 — 1)(2T+51_1t2w2 — 1)
Using this inequality in (14), we get the following
(22Tt1w1 — 1)(2T+51t2w2 — 1>h/(81,7“1 — l,tl,wl) . h,<82 — 1, ro — 1,t2, wg)
> (227"t1w1 — 1)(2T+51t2w2 — 1)h/<81, r1,t1, wl) . h/(SQ, r9, 9, wQ)

h/(Sl,Tl - 17t17w1) N h,(SQ - 17T2 - 17t27w2)

> 8.

> h/(Sl, r1,t1, wl) . h/(SQ, ro,t9, ’wg).
]
Lemma A.12. Suppose r1 = ro > s3 > s1. Then h'(s1,71,t1,w1) - (82,79, ta, wa) < h'(s1,m1 —
1, tl, w1) . h/(SQ, ro — 1, tQ, wz).
Proof. We prove the lemma by considering several cases.

Case 1: s; = sp =0 and (tyw; =1 and 7 > 1) or (fowy =1 and r9 > 1).
We may assume that t;w; = 1. Note that

2"towe — 1 2"+ 1
—_— > 2> —.
2r—ltgwy — 1 2r-=1 41



In particular, if we cross-multiply the left-hand side and the right-hand side, we get

21 +1 2" +1
2r—ltowy — 1 2togwy — 17

By multiplying the left-hand side by %tlwltgwggz%j, and the right-hand side by %tlwltgwg%
we get that

%t1w1t2w2(22T72 — 1) %t1w1t2w2(22’" — 1)
(27‘71 — 1)(2T71t2UJ2 — 1) (2r — 1)(2’"t2w2 — 1)

By expanding the numerator, we have

tlwltg’wg 3 6 2 1 2 —92 t1w1t2w2 3 6 2 1 2
e S R A I —— = =4 227,
@1 — D)2 aws — 1) ( 5735 72173 @ —Dhw -1\ 532173

Using Remark A.9 the above inequality simplifies to
B'(0,r —1,1,1) - (0,7 — 1,t2,we) > A'(0,7,1,1) - h'(0,7,t2, wa),
as desired.

Case 2: s9 > 1 and tywy; = 1 or towo = 1. We may assume that tywq = 1. First, note that

(2751 — 1)(27 51ty — 1)

> 4.
(@2rtsT — )2t Tywy — 1)

which is the same as

%t1w1t2w2227°+51+52_2 S %t1w1t2w222’”+31+52
(2“_51_1 — 1)(2’"“‘51_1752102 — 1) (2T+51 — 1)(2T+31t2w2 — 1).

Note that
3 64 2 3 6 16
t ¢ 2 —_9is1 72382-"—81 > ¢ t _ _ — 1 >0
1w1 2w2< 5—1—35 —1-21 > tywitaws 5‘1'35‘1'21
tlwthwQ(_% + 3¥652451 + %2382+81) t1w1t2w2(_% + 3G¥52431 + %23824’81)
(2r+3171 — 1)(2T‘+81*1t2w2 — 1) (2r+51 — 1)(2r+s1t2w2 — 1)
t1w1t2w2(_%+%2451 +%2352+51 +%22r+81+8272) . t1w1t2w2(_%+ %2431 _'_272123824’81 +%227‘+51+52)
(2rtsi=T — 1)(2r 51— Ttywy — 1) (2751 — 1)(2rs1tqwy — 1)

h'(s1,7—1,1,1) - W' (s9,r — 1,to,wa) > h'(s1,7,1,1) - ' (s2, 7, to, ws).

Case 3: tjwy > 3 and tywy > 3.

0 < 3tywitows — 3t1wy — 3tows + 3 — tHwitows

3 6 2
= 3((t1w1 — 1)(t2w2 — 1) — gt1w2t2w2 + —tiwatows + ftlethQ)

35 21
3 6 2
§ 3((t1w1 — 1)(t2w2 — 1) — 5t1w2t2w2 + £t1w2t2w22481 + ﬁtletQ’LUQQSSTFSl).
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3 6 2
4((t1w1 — 1)(t2w2 — 1) — gtl'thsz + £t1w2t2w22431 + ﬁt1w2t2w223s2+51)

3 6 2
> (tlwl - 1)(t2w2 - 1) - gt1w2t2w2 + —t1w2t2w22451 + —t1w2t2w22332+31

35 21
3 6 2 1
4((trwy — 1)(tawg — 1) — gt1w2t2w2 + %t1w2t2w22451 + ﬁt1w2t2w22352+51 + §t1w1t2w222r+81+82—2)
3 6 4s 2 3s2+s 1 2r+s1+s
> (t1w1 — 1)(t2w2 — 1) — 5t1w2t2w2 + gtlwgtgwﬂ L ﬁt1w2t2w22 28 4 §t1w1t2w22 1oz

From Remark A.9, we see that
(16) 4(2T+51_1 - 1)(2r+sl_1t2’w2 - 1)h/(51,r - 1, tl,wl) . h/(SQ, r— 1,t2,w2)
(17) > (2r+51 - 1)(2T+81t2’w2 - 1)h'(31,r,t1,w1) . h/(SQ,’r’, tz,’wg).
Note that

orts1 1) (2rtsit —1

( )( awz—1)

(2r+s1=1 1) (251 Tty — 1)
Using this inequality in (16), we get the following
(2751 — 1)(2" T qwy — 1)K (s1,7 — 1,t1,w1) - B (s2,7 — 1,10, w0)
> (275 - 1)(27 T qwy — 1)K (s1, 7, t1, wy) - B (82,7, t2, w2)
h’(sl,r —1,t1,wy) - h’(sz,r —1,t3, we)

> 1 (s1,7,t1,w1) - B (s2,7, ta, w2)

Proof of Theorem 4.20. First we define the following sets

S1 = {h,(l, 1,t1,’wl) : h/(l, 1,t2,w2) ’ t1,12, w1, we € N}

Sy = {h’(O, 1,t1,w1) . h/(l, 1,t2,w2) ’ t1,12, w1, we € N}

S3 = {h(0,1,t1,wy1) - K'(0,1,t9,ws) | t1,ts, w1, ws € N}

S=851USUS;3
A simple computation yields that supS = 9/11 noting that the max value occurs in S3 when
t1 = w; = to = we = 1. As in the proof of Theorem 4.7, it is easy to see that h'(sq1,r1,t1,w1) -
h'(s2,72,t2,we) < sup S when r1,79 > 1. This leaves the case when ro = 0. Since s < 79 and
29227299 > 1, we must have tyw; > 3. Then

(t2w2 — 1)(t1w1 — 1) < t1w1 -1 < 1/2
(tgwg — 1)(2512’"1t1w1 — 1) - 2(751’[01 — 1) +1 '

h/(Sl,Tl,tl,wl) . h/(070)t27w2) -



