
Appendix §A. Sage code
The code we used to compute the data in Section 6 is given below. The code from line 1 to line 43
is taken from [Pol], which sets up the relevant polynomial rings and compute a list of Mazur–Tate
elements. The code from line 44 to line 115 is new, which computes approximations to L±

p , the
corresponding λ-invariants and the slopes of the roots. The code from line 116 to line 167 is taken
from [Pol], except for lines 142 to 146, where the twist formula given in Section 2 is utilized to
compute modular symbols for quadratic twists. The lines 168 to 200 are again from [Pol]. The rest
of the code is new.

1 import time
2 from sage.databases.cremona import parse_cremona_label
3 import numpy as numpy
4

5 #this is the final code used for the computation
6

7 def invariants_of_ec(E,p,D = 1):
8 """
9 Returns the mu and lambda invariants , and the valuations of the roots of the +/-

p-adic L-function of E.
10 Input:
11 -‘‘E‘‘ -- elliptic curve
12 -‘‘p‘‘ -- prime , this code works only for odd primes
13 - ‘‘D‘‘ -- The discriminant of the quadratic field being twisted by, 1 by

default , eg if the field is Q(\sqrt (-23)), then D = -23, if
14 it is Q(\sqrt (-21)), then enter D = -84
15 Output:
16 In the supersingular case: (mu_plus ,mu_minus), [lambda_plus , valuations of roots

of Lp+,lambda_minus , valuations of roots of Lp -]
17 If the constant terms of L_p^+, L_p^- are non -vanishing then the valuations of

the roots obtained are exact , as proven in the article
18 However , if the constant term vanishes , then the valuations of the roots

returned might not be exact , and further approximations
19 may need to be computed to obtain the exact valuations.
20 In the examples presented in the article , the constant term is always non -zero

and hence the valuations obtained are exact.
21 Note that the forced zero at 0 due to the functional equation does not show up

in list of valuations of roots
22 If the minimal mu wasn’t found to be, then mu’s are returned as ’?’
23 """
24 #This code builds upon Pollack ’s code for the Iwasawa invariants in the

supersingular case.
25 Etwist = E.quadratic_twist(D)
26 if Etwist.is_supersingular(p): #checks if E is supersingular at p
27 r = Etwist.analytic_rank ()
28 correction = 0
29 if (E.quadratic_twist(D)).root_number () == -1:
30 correction = 1 # This accounts for the forced zero at T = 0 due to the

functional equation
31 MTs = [MazurTate(E,p,1,D), MazurTate(E,p,2,D)] # Keeps track of Mazur -Tate

elements
32 done = (mu(MTs[0],p) == 0) and (mu(MTs[1],p) == 0)
33 n = 3
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34 while not done and (n <= mu_bail(p)): #Computes the level at which the mu
invariant vanishes for L_{p,n}^{+-}

35 MTs += [MazurTate(E,p,n,D)]
36 done = (mu(MTs[n-1],p) == 0) and (mu(MTs[n-2],p) == 0)
37 n = n + 1
38 if done == 0:
39 print("mu -invariant does not vanish")
40 n = n - 1
41 Qp = pAdicField(p,2*n+5)
42 S.<T> = PolynomialRing(Qp)
43 R.<T> = PolynomialRing(QQ)
44 def approx(poly ,m):
45 #This function computes approximations to Lp +/- and computes their

newton slopes
46 if m%2 == 1:
47 quotient = (poly.factor ()/Phip(m,p)).expand ()
48 return R(quotient)
49 if m%2 == 0:
50 quotient = (poly.factor ()/Phim(m,p)).expand ()
51 return R(quotient)
52 def lambdamw(quotient): #This computes the lambda_III
53 R.<T> = PolynomialRing(QQ) ; quotient = R(quotient)
54 l = []
55 for j in range(1,lamb(quotient ,p)+1):
56 if cyc(j,p).divides(quotient):
57 l += (S(cyc(j,p))).newton_slopes ()
58 return l
59 #The next piece of code computes the approximations to the +/- p-adic L-

functions , I use the last two mazur tate elements computed. This part of the
code is new

60 if n%2 == 0:
61 lambda_plus = lamb(MTs[n-2],p)-qn(p,n-1)
62 lambda_minus = lamb(MTs[n-1],p)-qn(p,n)
63 if correction == 1 and lambda_plus == 1 and lambda_minus == 1:
64 return (0,0) ,[0,1,[],0,1,[]]
65 Lpplus = (-1)^(n/2)*approx(MTs[n-2],n-1)
66 Lpminus = (-1)^(n/2)*approx(MTs[n-1],n)
67 k = needed(p,lambda_plus , lambda_minus)
68 if Lpplus [0]!= 0 and Lpminus [0] != 0: #checks if constant term is non -zero ,

if it is , then we compute approximations to the required level
69 Nplus = k[0] + 2* Lpplus [0]. valuation(p)
70 Nminus = k[1] + 2* Lpminus [0]. valuation(p)
71 enough = n >= Nplus and n >= Nminus
72 while not enough:
73 n = n + 1
74 if n%2 == 0 and n < Nminus + 1:
75 Lpminus = approx(MazurTate(E,p,n,D),n)
76 elif n%2 == 1 and n < Nplus + 1:
77 Lpplus = approx(MazurTate(E,p,n,D),n)
78 Nplus = k[0] + 2* Lpplus [0]. valuation(p)
79 Nminus = k[1] + 2* Lpminus [0]. valuation(p)
80 enough = n >= Nplus and n >= Nminus
81 slopes_plus = [i for i in S(Lpplus).newton_slopes () if i > 0]
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82 lambdamw_plus = len(lambdamw(Lpplus)) + correction
83 lambdaIII_plus = lambda_plus - lambdamw_plus
84 slopes_minus = [i for i in S(Lpminus).newton_slopes () if i > 0]
85 lambdamw_minus = len(lambdamw(Lpminus)) + correction
86 lambdaIII_minus = lambda_minus - lambdamw_minus
87 else:
88 lambda_minus = lamb(MTs[n-2],p)-qn(p,n-1)
89 lambda_plus = lamb(MTs[n-1],p)-qn(p,n)
90 if correction == 1 and lambda_plus == 1 and lambda_minus == 1:
91 return (0,0) ,[0,1,[],0,1,[]]
92 Lpplus = (-1)^((n+1) /2)*approx(MTs[n-1],n)
93 Lpminus = (-1)^((n+1) /2)*approx(MTs[n-2],n-1)
94 k = needed(p,lambda_plus , lambda_minus)
95 if Lpplus [0] != 0 and Lpminus [0] != 0: #checks if constant term is non -zero ,

if it is, then we compute approximations to the required level
96 Nplus = k[0] + 2* Lpplus [0]. valuation(p)
97 Nminus = k[1] + 2* Lpminus [0]. valuation(p)
98 enough = n >= Nplus and n >= Nminus
99 while not enough and Lpplus [0] !=0 and Lpminus [0] != 0:

100 n = n + 1
101 if n%2 == 0 and n < Nminus + 1:
102 Lpminus = approx(MazurTate(E,p,n,D),n)
103 elif n%2 == 1 and n < Nplus + 1:
104 Lpplus = approx(MazurTate(E,p,n,D),n)
105 Nplus = k[0] + 2* Lpplus [0]. valuation(p)
106 Nminus = k[1] + 2* Lpminus [0]. valuation(p)
107 enough = n >= Nplus and n >= Nminus
108 slopes_plus = [i for i in S(Lpplus).newton_slopes () if i > 0]
109 lambdamw_plus = len(lambdamw(Lpplus)) + correction
110 lambdaIII_plus = lambda_plus - lambdamw_plus
111 slopes_minus = [i for i in S(Lpminus).newton_slopes () if i > 0]
112 lambdamw_minus = len(lambdamw(Lpminus)) + correction
113 lambdaIII_minus = lambda_minus - lambdamw_minus
114 return (0,0), [lambda_plus , slopes_plus ,lambda_minus , slopes_minus]
115 else : raise ValueError(’the elliptic curve(or its twist if D != 1) is not

supersingular at the prime p’)
116

117 def MazurTate(E,p,n,D = 1):
118 """
119 This code is mostly as in Rob Pollack ’s github page.
120 The only modification is a speedup while computing the modular symbols for the

twists.
121 Returns the p-adic Mazur -Tate element of level n. That is , for p odd , we take

the element
122 sum_{a in (Z/p^{n+1}Z)^*} [a/p^{n+1}]^+ _E sigma_a
123 in Q[Gal(Q(mu_{p^{n+1}}))] and project it to Q[Gal(Q_n/Q)] where Q_n is the
124 n-th level of the cyclotomic Z_p -extension. The projection here is twisted by

omega^twist so
125 that the group algebra element [a] maps to omega^twist(a)[a].
126 (For p=2, one projects from level n+2, see Kurihara -Otsuki)
127 Input:
128 - ‘‘E‘‘ -- elliptic curve
129 - ‘‘p‘‘ -- prime
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130 - ‘‘n‘‘ -- integer >= -1
131 - D the discriminant of the quadratic field we are twisting by
132 """
133 start = time.time()
134 if D > 0:
135 M1 = E.modular_symbol ()
136 else:
137 M1 = E.modular_symbol(sign = -1)
138 def twisted_modularsymbol(r):
139 answer = 0
140 for a in Zmod(abs(D)).list_of_elements_of_multiplicative_group ():
141 answer = answer + kronecker(D,a)*M1(r+a/abs(D))
142 return answer
143 R.<T> = PolynomialRing(QQ)
144 if n > 0:
145 mt = R(0)
146 if p > 2:
147 gam = 1+p
148 ## should check carefully the accuracy needed here
149 Qp = pAdicField(p,2*n+5)
150 teich = Qp.teichmuller_system ()
151 teich = [0] + teich ## makes teich[a] = omega(a)
152 teich = [ZZ(teich[a]) for a in range(p)]
153 gampow = 1 ## will make gampow = gam^pow
154 oneplusTpow = 1 ## will make oneplusTpow = (1+T)^pow
155 for j in range(p^(n)):
156 cj = sum([ twisted_modularsymbol(gampow * teich[a] / p^(n+1)) for a in

range(1,(p+1) /2)])
157 mt = mt + R(cj) * oneplusTpow
158 gampow = gampow * gam
159 oneplusTpow = oneplusTpow * (1 + T)
160 end = time.time()
161 t = end -start
162 ans = 2*mt
163 return ans
164

165 def mu(f,p):
166 """ Returns the (p-adic) mu-invariant of f"""
167 if f == 0:
168 return oo
169 else:
170 return min([f[a]. valuation(p) for a in range(f.degree ()+1)])
171

172 def mu_bail(p):
173 """
174 For a given prime p, returns the n for which we should keep trying to
175 compute Mazur -Tate elements to level p^n in hoping that their mu-invariants will

vanish.
176 The below values were just picked after a few trial runs. In practice ,
177 mu should always eventually be zero (by how the code is normalized) and
178 so these parameters are just setting how long we want to wait
179 Input:
180 - ‘‘p‘‘ -- prime
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181 """
182 # This is same as in [Pol]
183 if p <1000:
184 return max(round(log (1000)/log(p)) ,4) -1
185 else:
186 return -1
187

188 def lamb(f,p):
189 """ Returns the (p-adic) lambda -invariant of f"""
190 # This is same as in [Pol]
191 if f == 0:
192 return oo
193 else:
194 m = mu(f,p)
195 v = [f[a]. valuation(p) for a in range(f.degree ()+1)]
196 return v.index(m)
197

198 def qn(p,n):
199 """"q_n as defined by Kurihara """
200 # This is same as in [Pol]
201 if n%2 == 0:
202 return sum([p^a - p^(a-1) for a in range(1,n,2)])
203 else:
204 return sum([p^a - p^(a-1) for a in range(2,n,2)])
205

206 def cyc(n, p):
207 #This is new (not from Pollack ’s code)
208 #creates the cyclotomic polynomial Phi_n(poly)
209 R.<T> = PolynomialRing(QQ)
210 ans = R(0)
211 for j in range(p):
212 ans = ans + (1+T)^(p^(n-1)*j)
213 return ans
214

215 def Phip(n,p):
216 #This is new (not from Pollack ’s code)
217 #computes the product of phi_j(poly) for even j less than or equal to n
218 R.<T> = PolynomialRing(QQ)
219 ans = R(1)
220 for j in [2*i for i in range(1, integer_floor ((n+2) /2))]:
221 ans = ans * cyc(j, p)
222 return ans
223

224 def Phim(index ,p):
225 #This is new (not from Pollack ’s code)
226 #computes the product of phi_j(poly), for odd j less than or equal to n
227 R.<T> = PolynomialRing(QQ)
228 ans = R(1)
229 for j in [2*i - 1 for i in range(1, integer_floor ((index +3)/2))]:
230 ans = ans * cyc(j, p)
231 return ans
232

233 def needed(p,d1 ,d2):
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234 """ This is new , and it computes the N needed , as in Lemma 1"""
235 done = 0
236 n = 1
237 check1 = (p^(n+1) - 1)/(p+1) > d1
238 while check1 == 0:
239 n = n + 2
240 check1 = (p^(n+1) - 1)/(p+1) > d1
241 l = [n]
242 n = 2
243 check2 = p*(p^n - 1)/(p+1) > d2
244 while check2 == 0:
245 n = n + 2
246 check2 = p*(p^n - 1)/(p+1) > d2
247 l.append(n)
248 return l
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