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We analyze functionally graded material (FGM) plates with two opposite edges simply supported and
the other two edges free subjected to a uniform load. Even though an FGM plate is a kind of composite
material, if the Young’s modulus of the FGM plates varies along the thickness direction and the Pois-
son’s ratio is constant in the whole FGM plate, the bending and in-plane problems in FGM plates under
transverse load only are uncoupled. Therefore, the analytical solution to the bending problem of FGM
plates is obtained in this study by Fourier series expansions, which agrees very well with a finite element
calculation. Results show that the maximum tensile stresses are located at the bottom of the FGM plates.
However, the maximum compressive stresses move to the inside of the FGM plates. The coefficients
A11, Bi1, Cy; defined in this paper relate to the area and to the first and the second moments of the area
under the E(z) curve from z = —h/2 to z = h/2. The parameter Q;;, representing the location of
the centroid of the area under the E(z) curve, is related to the location of the neutral surfaces, and S;;
represents the bending stiffness of the FGM plates.

1. Introduction

Functionally graded materials (FGMs), a type of composite material produced by continuously varying
the volume fractions in the thickness direction to obtain a predetermined profile, have received much
attention recently because of the advantages of decreasing the mismatch in material properties and re-
ducing residual and thermal stresses [Chung and Chi 2001; Lee and Erdogan 1994]. Many researchers
have been working toward an understanding of the material constituent [Chi and Chung 2002; Bao and
Wang 1995; Suresh and Mortensen 1998], fracture mechanics [Chi and Chung 2003; Jin and Noda 1994;
Jin and Batra 1996; Delale and Erdogan 1983; Gu and Asaro 1997; Cai and Bao 1998; Jin and Paulino
2001; Erdogan and Wu 1996; Erdogan and Chen 1998], and processing of FGMs [Kwon and Crimp
1997; Kesler et al. 1997].

FGMs may be applied to plate structures in aircraft, space vehicles, reactor vessels, and other engi-
neering applications as a thermal barrier. Studies of thermoelastic deformations of FGM plates can be
found in many references in the literature. Obata and Noda [1996] theoretically analyzed and numerically
calculated the steady thermal stresses in an FGM plate composed of PSZ and Ti-6Al-4V, and determined
the optimal FGM plates. Praveen and Reddy [1998] investigated nonlinear transient thermoelastic re-
sponses of functionally graded ceramic-metal plates by using a plate finite element that accounts for the
transverse shear strains, rotary inertia and moderately large rotations in the Von Karman sense. An exact
solution was obtained in [Vel and Batra 2002] for three-dimensional deformations of a simply supported
FGM thick rectangular plate subjected to mechanical and thermal loads on its top and/or bottom surfaces.

Keywords: FGM plate, Fourier series expansion, finite element analysis.
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The exact solutions for mechanical and thermal loads are used to assess the accuracy of classical plate
theory, first-order shear deformation theory, and a third-order shear deformation theory. Transient thermal
stresses in FGM plates with a simple power-law distribution were investigated in [ Vel and Batra 2003].

Buckling behavior plays an important role in plate structures. Elastic bifurcation buckling of FGM
plates under in-plane compressive loading was studied in [Feldman and Aboudi 1997], based on a com-
bination of micromechanical and structural approaches. Ma and Wang [2004] investigated the axisym-
metric bending and buckling solutions for an FGM circular plate based on third-order plate theory and
classical plate theory. The results showed that the first-order shear deformation plate theory is enough
to consider the effect of shear deformation on the axisymmetric bending and buckling of FGM plates.
The problems of thermal buckling in the axial direction of cylindrical shells made of FGMs varying as a
power form were discussed in [Wu et al. 2005]. Moreover, the dynamic stability of conical FGM shells
subjected to a periodic impulsive pressure was studied in [Sofiyev 2004] by applying Galerkin’s method.

Understanding of the mechanical behavior of an FGM plate becomes very important in assessing the
safety of the plate structure. Woo and Meguid [2001] applied Karman theory for large deformations to
obtain the analytical solution for plates and shells under transverse mechanical loads and a temperature
field. He et al. [2001] studied the vibration control of the FGM plates with integrated piezoelectric
sensors and actuators by a finite element formulation based on the classical laminated plate theory. Chi
and Chung [2006a; 2006b] analyzed the mechanical behaviors of a simply supported rectangular FGM
plate with sigmoid functions of the volume fraction of the constituents by the Fourier series expansion.
The collocation multiquadric radial basis is used in [Ferreira et al. 2005] to analyze static deformations
of simply supported FGMs modeled by a third-order shear deformation theory and a meshless method.

The closed-form solution to the problems of FGM plates subjected to transverse loads with two op-
posite edges simply supported and the other two edges free is not found in the literature. Therefore, this
study will focus on the simple but important problems of FGM plates with two opposite edges simply
supported and the other two edges free. The material properties of the FGM plates considered here are
assumed to change continuously throughout the thickness of the plate, according to the volume fraction
of the constituent material based on the power-law and sigmoid functions. The analytical solution is
obtained by the Fourier series expansion and compared with the finite element calculation.

2. Governing equations

Consider a linearly elastic, moderately thick, rectangular FGM plate subjected to a transverse load. As-
sume the plate has a uniform thickness % in the range 1/20 ~ 1/100 of its span. The deformations and
the stresses of the FGM plate are derived under the following assumptions:

1. Line elements perpendicular to the middle surface of the plate before deformation remain normal
and unstretched after deformation.

2. The deflection of the FGM plate is small in comparison with its thickness /4, so the linear strain-
displacement relations are valid.

3. The normal stress in the thickness direction can be neglected because of the thickness assumption.

4. For the nonhomogeneous elastic FGM plate, the Young’s modulus and Poisson’s ratio of the FGM
plate are functions of the spatial coordinate z.
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2.1. Stress field of FGM plates. According to assumption 1, the transverse strain components €;, Yy,
and yy, are negligibly small. Under the assumption of small deformation, the strain field of the FGM
plate is

_Ou %w(x, y) !
Ex—a—f?xo—ZT, (1a)
ov 92w (x, y)
Sl ik U (1b)
du N v 5 %w(x, y) (10
= oL T oo = —l c
Vey dy  dx Vayo ==L dxady
&= Vrz=Vy; =0, (1d)
where
o = Juoley) o duo(x. y) _ duo 9w
o 0x 0 ay Vavo dy 0x

are strains at the middle surface. The quantities ug(x, y), vo(x, y), wo(x, ¥) are the displacements at
the middle surface. It is known that neglecting the transverse shear deformations may lead to significant
errors when applied to moderately thick plates with thickness larger than 0.1 of span [Tauchert 1986].
However, Shames and Dym [1985] indicated that for a plate with a thickness less than 0.1 of its span, the
classical theory of plates is expected to give good results. In this paper, the thickness of the moderately
thick FGM plate is assumed to be in the range 1/20 ~ 1/100 of its span, therefore the transverse shear
deformations are negligible.
Based on assumptions 3 and 4, the stress-strain relation of an FGM plate for plane stress condition is

E 92 92
Oy = ﬁz)z(&xoﬁ‘b‘@)gm —z(%—kv(z)a—)g))), (2a)
E 92 92
oy = ﬁa)z(‘gm*_v(Z)gm _Z<a_yl§+v(z)§uz)))’ (Zb)
_ E@@ (1-v() 40w
Ty = l—v(z)z( 2 )(V”‘) 2 axay>‘ (2¢)

2.2. Axial forces, shear forces, and bending moments of FGM plates. The stress resultants per unit
length of the middle surface are defined by integrating stresses along the thickness. Thus the in-plane
axial forces Ny, Ny, and Ny, and the bending moments per unit length of the middle surface, M., M,
and M, are defined as follows, with o = x, y:

h/2 h/2 h/2 h/2
N, = / 0, dz, Nyy = / Ty dz, M, = / 70, dz, My, = / ITyy dz.
—h/2 —h/2 —h/2 —h/2
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Substituting the relations (2) into these defining equations, we obtain the in-plane axial forces and the
bending moments in terms of the middle-surface strains and deflection:

92w
o
N, A A O Exo Bii B 0O 8;
w
Ny =|Ap A1 O &y (T Bi» B;p O —a—yz - 3)
Ny 0 0 Ass] v 0 0 Be 2
dx0y
92w
ax2
M, By B 0 Exo Ci Ci2 O 52
w
M, ¢ = | Bi2 B 0 €y (T Cpp Ci; O 3 _8_y2 b, 4
Mxy 0 0 Beo Vxyo 0 0 C66 azw
dxdy

where the coefficients of A;;, B;; and C;; are the integration of the material properties of the FGM plate

h/2

(A1, B, Cip) = /;h/z T(z)z(E(Z)’ 2E(2), 2°E(2)) dz, (5a)
hy2

(A12, Bi2, C12) = /h/2 T(Z)Z(E(Z), 2E(2), 2°E(2)) dz, (5b)
h/2

(Ags, Bos, Ces) = /_ . m(E(z), ZE(2), 2E(2)) dz. (5¢)

2.3. Equilibrium and compatibility equations for FGM plates. Assume that the FGM plate is subjected
to the distributed loads ¢,, g, and g, along the x, y and z directions. Then the equilibrium equations of
the FGM plate are (see [Chi and Chung 2003])

ON, 0N,
—o o+ =0 (6)

ox ay

Ny, 9N,
Xy Y e =0 7
ox 2y +4y (7

ZM M., 93*M,

42— =g (x, ). (8)

0x2 0xdy 0y?

If the FGM plate is only subjected to the transverse load g, that is, if g, = g, = 0, the in-plane Equa-
tions (6) and (7) can be solved in term of a stress function ¢ (x, y) defined by

3¢ ) 0%¢
Nx=—2, Ny=—2, ny—— .
dy ox dxdy

©)
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Using Equations (3) and (9), the strains at the middle surface are then expressed in terms of the stress
function ¢ (x, y) and the deflection w as

3%¢ 3w
ﬁ B 9 2
Exo Py P2 O a;;s Qi Q12 O 8;
w
ey (= | P12 Pu O Pyl r+ 1012 Qi 0 || 0 [ (10)
Yxyo 0 0 P66 82¢> 0 0 Q66 82w
dxady axady
Consequently, the bending moments rearranged by substituting (10) into (4) are
3% 9w
9v2 T 9x2
M, —Qun Qi 0 8§]¢> Si Sz 0 8;
w
My ¢=|—-Qi2 —Qu 0 2 | Si2 S 0 2 [ (11)
Mxy 0 0 —Q0s6 82¢) 0 0 Ses 82w
dxdy dxdy
where
Pii=An/A, 011 =(AnBi—AuBn)/A, Si1=B110u+ B12Q12+ Ci1,
P, =—Apn/A, Q1= (A1npBi—AuBn)/A, S12=B110Q12+ B12011 + C12, (12)
Pee = —1/Aee, Q66 = —Bes/ Acs, Se66 = Ce6 + Bos Q6
and
A= A%l - A%z-
Consequently, we substitute (11) into (8) and the equilibrium equation becomes
a4¢ 34 3t 3w *w 3w
Quy g 71201 —0Q66) 5.5 03202 +t0Onog +511W+2(512+2566) 28y2+511 oyt =q:(x, ).

(13)
In a similar manner, the compatibility equation for a plane problem expressed in terms of stress function
¢ (x, y) and the deflection w are derived as
4 4 4 4 94 4
P112—¢ + 2Py — Pyg) azg’ Py ¢ Qua— ~2(011 — Qes) zg” 5 Qu%’f —0. (14)
Equations (13) and (14) provide the simultaneous equations to solve the stress function ¢ (x, y) and the
deflection w. They are particular cases of the nonlinear equations presented in [Woo and Meguid 2001].
Similar formulae for the equilibrium and compatibility equations in (13) and (14) can also be found in
[Nowinski and Turski 1953] and [Sokolowski 1958].
If both the Young’s modulus and Poisson’s ratio are considered for calculating the coefficient, the
integration will turn out to be very complex. Chi and Chung [2003] showed that the influence of Poisson’s
ratio on the mechanics of FGM plates is much less than that of the Young’s modulus. Therefore, the
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solutions for the material with Poisson’s ratio assumed to be constant and Young’s modulus varying in
the thickness direction are derived in Section 3.
For material with v =constant and E = E(z), it can be found that

(A12, B2, C12) = v(Aq1, Bri, Ci),

1—v
(Ags, Bes, Cep) = T(A“’ Bi1, Ci1).,

(15)
(P12, Q12, S12) = v(= P11, 0, S1y),
1—v
(Pos. Qs So6) = (=201 +) P11, Qui ——Sn).
where
P ! 0 Bu d  Su=B101+C
1= ; n=-—-—, an 1n=nbn1¢n 11-
(1-v)Ay A
Consequently, the equilibrium and compatibility equations are simplified as
SnViw =q(x, y), (16)
Vi =0. (17)

It can be seen that for the FGM plate with constant Poisson’s ratio, the governing equations of the bending
problem expressed in Equation (16) and the in-plane problem in Equation (17) are uncoupled.

3. Solution to FGM plates with two opposite edges simply supported and two other edges free

Consider an FGM plate with length a, width b, and uniform thickness 4 subjected to the lateral load
q:(x,y). The coordinates x and y define the plane of the plate, whereas the z-axis originating at the
middle surface of the plate is in the thickness direction. The Poisson’s ratio of the FGM plate is assumed
to be constant and the Young’s modulus varies functionally in the thickness direction. Further assume
that two opposite edges of the FGM plate are simply supported and the other edges are free, as shown
in Figure 1.

The deflection w must satisfy the boundary conditions of w =0 and w” =0 at x =0 and x = a.
Therefore the deflection of the FGM plate can be assumed as

mimx

wix,y) =) wm(y) sin——. (18)

m=1

Consequently the distributed loading ¢, (x, y) can be expanded by Fourier series

q:(x, ) = D qm(y) sinks,

m=1

where g, (y) = [ q;(x, y) sinkx dx and k = mz /a. For the special case when the FGM plate is under a
uniform load with magnitude g, (x, y) = qo, the quantity g,,(y) = 4qo/(mm) where m is an odd number.
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Free Edge

y Free Edge

Figure 1. The configuration of an FGM plate.

To satisfy the governing equation of V4¢ = 0, the stress function is also assumed as

. mmx
¢(x,y>=; G (y) sin ——. (19)
Substituting (18) and (19) into (16) and (17), we rewrite the governing equations as
R () = 2u () + ' () = P42, 20)
K pm () = 2626, () +¢",,(y) = 0. (21)

The solution of (20) consists of a homogeneous part w,,;,(y), and a particular part w,,,(y). The partic-
ular part cannot be determined until g, (y) is specified. However, the homogeneous part can be easily
determined as

Wn () = A1y coshky 4+ Aoy ky sinh ky + Az, sinhky + Agyky coshky. (22)
Similarly, ¢,,(y) is obtained in the form
¢m(¥) = By coshky + By, ky sinhky + B, sinhky + By, ky coshky. (23)
Because of symmetry with respect to the y-axis,
Az = Aayy = B3y = By =0.

The unknown constants A;,, and B;,, can be determined from the boundary conditions on the free edges
(y ==+£b/2) as
My =0, N, =0,

oM, and
Vy + ay :O, ny :O.
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The conditions Ny (y = +b/2) =0 and N, (y = +b/2) = 0 give By,, = By, = 0. Consequently, the
stress function ¢ (x, y) = 0. The boundary conditions M, =0 and V, +0M,,/dy =0 at y = £b/2 yield

VWi (y) <1+T:j sinh % — % cosh %) VW, (y) sinh %
A = , Ay = . 24
: AV Ginh kb — (1 — )2 T3 Gk (1 -k -
2 2 2 2

With the aid of ¢ (x, y) = 0, the complete solution of the FGM plate with two opposite edges simply
supported and two other edges free is

w(x,y) = Z (Alm coshky + Ay,,ky sinh ky + wm,,(y)) sinkx, (25a)
m
Ny =N, =N,, =0, (25b)
. 1v 0 Kx
My, =S1|v1 0 Ky ¢ (25¢)
M, 00 (1—=v)/2] |«kxy
€x0 Kx
g0 =011k ¢, (25d)
Vxy0 Kxy
Ex Kx
gy ¢ =(Qu—+2 1 k¢, (25e)
Vxy Kxy
Oy Mx
E
n :<1 (z)2>(lel+z) vl os)
—v
Tny a My
h 9w %w ) 9w d
T = —— y = — — = —
where K PSR Ky T Ky o3y’ an
82w 2 h inh .
Z = ; k* (A1 coshky + Agpky sinh ky + wp (¥)) sinkx,
3211) 2 . /" :
8_)12 = Z k (Alm coshky + Ay, (2coshky + ky sinh ky) + wmp(y)) sinkx,
m
0w —Zkz(A sinhky + Ay, (sinh ky 4+ ky coshky) +w’ ( )) k
9xdy = . 1m y 2m y y y Wy,p(Y)) COS KX,

for an FGM plate under a uniform load with magnitude g (x, y) = qo, the particular solution w,,, equals
4q0/(ak’S1y).
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4. Material gradient and the physical meaning of the coefficients

For the FGM plate in Figure 1, Poisson’s ratio is assumed to be constant. The Young’s moduli on the
upper and lower surfaces of the FGM plate differ and are preassigned according to the performance
demands, but the Young’s modulus inside FGM plates varies continuously in the thickness direction
with power-law functions (P-FGM) or sigmoid functions (S-FGM).

4.1. Material properties and parameters of P-FGM plates. The volume fraction of the P-FGM is as-
sumed to obey a power-law function

Z%—h/Z)P’ 26)

g(z)=( Y

where p is the material parameter and 4 is the thickness of the plate. Once the local volume fraction
g(z) has been defined, the material properties of a P-FGM can be determined by the rule of mixture (see
[Bao and Wang 1995])

E(@) =g@)EI+[1—-g()]E, (27)

where E| and E; are the Young’s moduli of the bottom and top surfaces of the FGM plate, respectively
(z = £h/2). The variation of the Young’s modulus of a P-FGM plate in the thickness direction with
different material parameters p is plotted in Figure 2, which indicates that the overall stiffness of the
FGM plate increases as the parameter p decreases. It is seen from Figure 2 that the Young’s modulus
varies rapidly at the top surface (z/h = —0.5) of the plate, therefore it must be very carefully defined in
finite element analysis when dividing the meshes near the top surface.

-0.5
p=0.
p=0.2
p=0.5
<
3] p=1
=2
p=4
p=10
0.5
= E,

Figure 2. Variation of the Young’s modulus of a P-FGM plate with differing material
parameters p.
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Substituting the gradation of the Young’s modulus of P-FGM plates in (27) into the definition of
coefficients in Equations (5), we obtain the coefficients of P-FGM plates:

A= E E E !
11_1—1)2( 2+ (E1— Z)p—l—l)’
2
311=—(E1—E2)+»
2(1—1v?) (p+D(p+2)
3 3(p*+p+2)
=— |E E,—F 28
Cn 12(1—1)2)( 2+ () 2)(p+1)(p+2)(p+3))’ 9
011 = —ph (E1—E>)
T2+ (PE+ E)
PR (E 3(P*+p+(E1—Ey) 3p*(E) — Ea)? )
T Ra-w) (p+D(P+D(p+3)  (p+D(P+22(pE+E))

4.2. Material properties of S-FGM plates. In the case of adding an FGM of a single power-law function
to the multilayered composite, stress concentrations appear on one of the interfaces where the material
is continuous but changes rapidly [Lee and Erdogan 1994; Bao and Wang 1995]. Therefore, we defined
the volume fraction using two power-law functions to ensure smooth distribution of stresses among all
the interfaces. The Young’s modulus of the S-FGM plate is defined based on two power-law functions
[Chung and Chi 2001]

gl(z)=1—%(h/;/gz>p for 0 <z <h/2, (292)
U h/242\P
gZ(Z)_E( 2 ) for —h/2<7z<0. (29b)

By using the rule of mixture, the Young’s modulus of the S-FGM plate can be calculated by

E@@)=gi@QE +[1-g1()]E, forO0=<z=<h/2, (30a)
E(z) =8@E +[1 - g()]Ey for —h/2<z<0. (30b)

The variation of the Young’s modulus of a P-FGM plate in the thickness direction with different material

parameters p is plotted in Figure 3 which shows that the material properties rapidly change near the top
and bottom surfaces for p <« 1 but vary rapidly near the middle surface for p > 1. Therefore, if the
S-FGM plate is used as the undercoat in a laminated material, the material distribution with p > 1 is the
better choice.
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-0.5
P= 25 p:Ol
p=
= p=10
N
0.5
E2 El

Figure 3. Variation of the Young’s modulus of an S-FGM plate with differing material
parameters p.

A similar approach to that used for P-FGM plates yields for the coefficients of S-GFM plates

h Ei+ E;
An =1z 2< 2 )

2 p*+3p
Bj=—— (E| — E))—E2 20
T A P Y P

W3 E +E;
C == 9
"= Tha=w 2 Gb
01 = —h(E| — E2)(p*+3p)

4E +E)(p+1)(p+2)]

o K <E1+E2_ (E1 — E2)*(p*+3p)? )
TR\ 3 4(E1+E)(p+ 1) (p+2?)

4.3. Physical meaning of the quantities A1, B11, and C11. For FGM plates with constant Poisson’s
ratio, the parameters A1y, By;, and Cp; are defined in (5a) as

(A1, B11, Cn) =

h2
/ (E(Z),ZE(Z),ZZE(z)) dz

1—v2 J_

Therefore, it is clear that (1 — v?)A; equals the area under the E(z) curve from z = —h/2to z=h/2,
referred to in Figure 4, as indicated in [Mushelishvili 1953]. Similarly, the parameters By, and C;; are
related to the first and second moments of the area under the E(z) curve from z = —h/2 to z = h/2 with
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-h/2

E(z)

Figure 4. Distribution of the Young’s modulus in the thickness direction of an FGM plate.

respect to the z = 0 axis. They are simplified as

1- vz)All = the area under the E(z) curve from z = —h/2toz =h/2, (32a)
(1—=v)Bi = (1—-v)A; xZ, (32b)
A=v)C1 =T+ 1 —v)An x 22, (32¢)

where 7 is the distance from the centroid of the area (1 — v2)A;; to the axis z = 0, and I is the second
moment of the area (1 — v?) A, with respect to the axis passing through the centroid. It can be seen from
Equation (32c¢) that the location of the centroid z can be expressed by the parameters A;; and By as

B

bu 33
A (33)

7=
From Equations (28) and (31), the quantity By, is positive if the Young’s moduli satisfy E| > E»; in this
case the location of the centroid z is also positive.

4.4. Physical meaning of the parameters Q1; and S11. Because of the zero strains at the neutral surface,
the neutral surface is located at Q1 4+ z = 0 according to (25e). Therefore, the physical meaning of the
parameter Qg is the negative of the location of the neutral surface of the FGM plates. Based on (15)
where Q11 = —Bj1/A11 and (33) where Z = By /A1, we obtain Q11 + z = 0 which means that the axes
of the neutral surface and the centroid of the area under the E(z) curve coincide. Therefore, the neutral
surface of the FGM plates for bending problems can be evaluated directly by determining the location of
the centroid of the E(z) curve, which is related to the quantity Bj; in (33). Consequently, it is concluded
that when the origin of the z-axis is located at the central axis of the area under the E(z) curve parallel
to the middle surface, the quantity By; = 0.

The neutral surfaces versus the material parameter p with different ratios of Young’s moduli are plotted
in Figure 5 for P-FGM and S-FGM plates. The two halves of the figure indicate that the neutral axes
move far away from the z = 0 axis as the parameter p increases for E/E, > 1 (with E| fixed). With the
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Figure 5. Locations of the neutral surfaces versus the material parameter p for E| =
196 GPa and varying E,. Top: P-FGM plate. Bottom: S-FGM plate.

same parameter p and Young’s moduli £ and E;, the locations of the neutral surfaces of the S-FGM
plates are closer to the middle surfaces than those of the P-FGM plates.
It is also worthwhile to investigate the quantity Sy;. With the aid of (15), (32c) and (33), the parameter
S11 can be rewritten as
1
S = T2 (34)
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where I is the second moment of the area (1 — v?)A;; with respect to the axis passing through the
centroid. For homogeneous plates (E; = E; = E), the quantity S1; equals EA®/12(1 — v?) according to
(28) and (31), and this is the bending stiffness of a homogeneous plate. By comparing the equilibrium
equation of FGM plates in (16) with that of homogeneous plates, it is shown that parameter Sy, is related
to the bending stiffness of FGM plates. Therefore, the parameter S1; is here called the bending stiffness
of FGM plates.

1.2
|[P-FGME,=196GPa
1 E/E~1
NI> i
—
& 0.8
o 1
5 0.6 2
I}
A 1
~ 0.4 4
0 0.4
b
0.2 2
. 50
O T llllllll T T T T T7TT7TTT
0.1 1 10
p
1.2
||SFGM E,=196GPa|
o EJ/E=1
(\II> i
i
< 0.8
S
=
m 0-6‘\
1}
Q : 4
0.4
S . 10
%) 20
0.2
| 50
0 T IIIIIIII T T T T7TTTTT
0.1 1 10

p
Figure 6. Bending stiffness versus material parameter p for E; = 196 GPa and varying
E>. Top: P-FGM plate. Bottom: S-FGM plate.
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The ratios of Si; to the bending stiffness of homogeneous plates EA3/12(1 — v?) are plotted in Figure
6 for P-FGM and S-FGM plates. The figure shows that S;; = Eh3/12(1 — v?) for a homogeneous plate
in which E| = E». The bending stiffness of FGM plates S;; decreases with increase of p for E{/E; > 1.
However for P-FGM plates, the bending stiffnesses Sj; are almost the same and close to that of the
homogeneous plate for p < 1. It also can be seen that the bending stiffness S;; decreases when E/E»
(E fixed) increases for both S-FGM and P-FGM plates, because the overall stiffnesses of the plates
decrease with the increase of E;/Ej.

5. Numerical results

For the problem in Figure 1, if the aspect ratio a/b is large, the behavior of the plate will be similar to
that of a beam. Therefore, consider a homogeneous plate in which £} = E; = E and Poisson’s ratio is
v = 0 subjected to a uniform load ¢gq. If the aspect ratio a/b of the plate is large, the maximum deflection
located at x = a/2 is approximated by Sqoba*/384E1 = 15¢goa” /96 Eh3 = 0.15625goa* / ER>. This value
will be compared with the solution to a homogeneous plate given in Equation (25a).

When E| = E; = E, and v = 0, Equations (28) and (31) become

(1—vH Ay = Eh, B =011 =0, Cii = Si = Eh*/12(1 —?).

As mentioned previously, the quantity (1 —v?)A1; represents the area under the E (z) curve from z = —h /2
to z =h/2 which is equal to Eh. The results of Q17 =0 and B; = 0 reveal that the location of the neutral
surface is at the origin of the z-axis, and that the axes of the neutral surface and the centroid of the area
under the E(z) curve coincide, respectively. Moreover, the term (1 — v?)C}1, the second moment of the
area under the E(z) curve from z = —h/2 to z = h/2 with respect to z = 0 axis, is equal to the bending
stiffness of FGM plates S;; times (1 — V).

The coefficients Ay, and Ay, in (24) are approximated by zero as the aspect ratio a/b becomes large.
Then, the displacement of a homogeneous rectangular plate based on (25a) is simplified as w(x, y) =
> m Wmp(y) sinkx. Hence, the maximum displacement of the homogeneous rectangular plate located at
y =0, x =a/2 is obtained as

48goa 1 . mm
wx=a/2,y=0)= > — sin——,
m=1,3,5,... (35)
4
~0.15625 1%L
Eh3

The result of (35) derived from (25a) with £y = E; = E, v = 0 and large a/b is almost the same as
the result from beam theory. The comparison of the deflections of a homogeneous plate and a beam is
shown in Figure 7 for different aspect ratios. The figure shows that if the aspect ratio a/b is large, the
deflections at the line x = a/2 based on the plate theory and beam formulation are almost the same for
zero or nonzero Poisson’s ratio. However if the aspect ratio a/b is small, the deflection at the center of
the homogeneous plate will be identical to that of the beam theory only for Poisson’s ratio v = 0.

Next, consider an FGM plate in which the boundary and load conditions are shown in Figure 1.
Because of the symmetry about the x- and y-axes, only one quarter of the full plate in Figure 1 is under
consideration when using the finite element program MARC. On the edge y = 0 of the one-quarter plate,
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Figure 7. Comparison of the deflections of a homogeneous plate and beam.

04

Figure 8. Deformation of an FGM plate at the neutral surface.

hinges are put at the neutral surface, while on the symmetric edges (that is, y =0 and x = a/2), rollers are
used such that displacements in z-direction are allowed. In the finite element mesh, because there is no
stress singularity in the plate, solid eight-node elements are applied and 20 x 20 equally divided elements
are used in the x- and y-directions. In order to simulate the variation of the material properties of the
FGM plate, sixty layers in the thickness direction are used. Each layer has constant material properties,
but the material properties differ from layer to layer. The material properties of all layers in the mesh
are determined from the functions of volume fractions, according to the given Ey, E», v.

The dimensions of the FGM plate in Figure 1 are taken as @ = b = 100 cm and & = 2 cm, so the width
to thickness ratio is equal to 50. The Poisson’s ratio of the FGM plate is assumed to be constant for the
whole plate and is taken as v = 0.3. It is assumed that the Young’s modulus at the bottom surface of the
FGM plate Eq, is 196 GPa, while that at the top surface of the S-FGM plate E,, varies with the ratio of
E1/E,. The deflections and strains of the FGM plate for the material parameter p = 2 and the ratios of
Young’s modulus E{/E, =1, 2,4, 10, 20, 50 are under investigation.

The deformed configuration of an FGM plate at the neutral surface is shown in Figure 8. The dimen-
sionless deflections along the x = a/2 axis from y =0 to y = b/2 and those along the y = 0 axis from
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Figure 9. Deflection of an S-FGM plate. Top: from y = 0 to y = b/2 along the line
x =a/2. Bottom: from x = a/2 to x = a along the line y = 0.

x =a/2 to x = a are plotted in Figure 9. Figures 8 and 9 reveal that the FGM plate exhibits saddle
deformation which is the same as in homogeneous plates. The analytical and numerical results agree
very well for small E;/E, and are slightly different for large E;/E,. However, the error is less than 5%.

The dimensionless stresses o, /qo and o, /qo at the center of the plate along the thickness direction for
p = 2 and different E;/E; ratios are presented in Figure 10. These figures show that the stresses of the
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Figure 10. Distribution of stresses o, (top) and o, (bottom) at the center of an S-FGM
plate along the thickness direction for different £/ E, ratios.

S-FGM plate along the thickness direction are cubed. This is reasonable because the material parameter
p = 2. For a homogeneous plate in which E/E> = 1, the magnitude of the tensile and compressive
stresses are equal and located at the top and bottom surfaces. However, as the ratio of E/E, increases,
the magnitudes of the tensile and compressive stresses are no longer equal. The maximum stress is tensile
and is located at the bottom surface of the plate. However, the maximum compressive stress moves from
the top surface to inside of the plate, and this phenomenon becomes clear for large E/E>.
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Figure 11. Distribution of stresses o, (top) and o, (bottom) at the center of an S-FGM
plate along the thickness direction for differing material parameters p > 1.

Next we focus on a fixed value E/E, =4, with changing material parameters p = 1, 2, 4, and 10, and
p=1/2,1/4, and 1/10. The dimensionless stresses o, /go and o /qo at the center of the FGM plates are
plotted in Figure 11 for p =1, 2, 4, and 10 and in Figure 12 for p =1/2, 1/4, and 1/10. It is clear from
these four figures that the stress distributions differ little for different parameters p when E|/E; is fixed.
Specifically, the stresses at the top and bottom surfaces are almost the same for p < 1. This phenomenon
occurs because the bending stiffness Sy, for E/E, = 4 doesn’t change very much for different values

of p.
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Figure 12. Distribution of stresses o, (top) and o, (bottom) at the center of an S-FGM
plate along the thickness direction for differing material parameters p < 1.

So far, the results in this paper show that the analytical solution agrees very well with FEM simulation.
However, the limitations and range of validity of the proposed model need to be investigated. Therefore,
further considerations will focus on how thick the FGM plate is, or how steep the material gradient can
be for the theoretical solution to fail.

The theoretical solutions in this paper are based on the assumption that the thickness of a moderately
thick FGM plate is in the range 1/20 ~ 1/100 of its span, and thus transverse shear deformations can
be negligible. To examine this assumption, we fix the ratio E/E, = 10 but take the thickness of the
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Figure 13. Error in maximum deflection versus thickness-to-length ratio 4 /a (fixed a).
Top: P-FGM plate; bottom: S-FGM plates. In both cases E{/E> = 10.

plate A =2cm, 4 cm, 8§ cm, 16 cm, or 24 cm, and the corresponding ratios of thickness to length 4 /a =
0.02, 0.04, 0.08, 0.16, 0.24. The maximum deflections located at the center of the plate are evaluated
by theoretical equation and FEM simulation. The errors, which are the differences between theoretical
and numerical results divided by the theoretical results, are plotted in Figure 13 for P-FGM and S-FGM
plates for various ratios 2 /a. These figures indicate that for moderately thick FGM plates with thickness
less than 0.1 of the span, the error is less than 5%. This means that for an FGM plate with thickness
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Young’s moduli. Top: P-FGM plate; bottom: S-FGM plates. In both cases i /a = 0.02.

less than 0.1 of its span, the classical theory of plates will give good results, as indicated in [Shames and
Dym 1985] for homogeneous plates.

To investigate the effect of the steepness of the material gradient on the FGM plates, the ratio of
thickness to length is fixed at 0.02 (that is, #/a = 0.02), but the ratios of Young’s moduli are taken as
E|/E,=1,10,20,50, 80, 120, and 200. The errors in maximum deflections versus the ratios E/E»,
plotted in Figure 14 for P-FGM and S-FGM plates, are all in the range 0.1% to 0.5%. Therefore, the
linear assumption for the displacement field is still accurate for FGMs with steep material gradients.

6. Conclusions

We applied a Fourier series expansion to the analysis of FGM plates with two opposite edges simply
supported and the other two edges free, subjected to uniform load. The results lead to these conclusions:

(1) The analytical solution obtained agrees very well with the finite element solution. The deformed
configuration of the FGM plates is a saddle deformation, which is the same as that of a homogeneous
plate. The maximum tensile stresses are located at the bottom of the FGM plates. However, the
maximum compressive stresses move to the inside of the FGM plates, especially for larger E/E>.

(2) In general, the bending and in-plane problems in FGM plates are coupled. But if the material
properties of the FGM plate are such that the Young’s modulus varies along the thickness direction
but the Poisson’s ratio is constant for the whole FGM plate, as in the problem solved in this paper,
then the governing equations for the bending and in-plane problem become uncoupled.

(3) The parameters of Ayy, Bi1, C11, Q11, and S1; defined in this paper have physical meaning. The
quantity (1 — V)AL represents the area under the E(z) curve from z = —h/2 to z = h/2. The
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parameters By and Cy; are related to the first and second moment of the area under the E(z) curve
from z = —h/2 to z = h/2 with respect to the z = 0 axis. The ratio of By;/A; is equal to the centroid
location z, of the area under the E(z) curve. The parameter Q1 = —Bj; /A1 = —Z represents the
location of the centroid of the area under the E(z) curve. The parameter Sj; is called here the
bending stiffness of FGM plates.
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