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DYNAMIC RESPONSE OF MULTIPLE FLEXIBLE STRIPS
ON A MULTILAYERED POROELASTIC HALF-PLANE

TEERAPONG SENJUNTICHAI AND WICHAIRAT KAEWJUEA

We study the dynamic response of multiple flexible strip foundations resting on a multilayered poro-
elastic half-plane subjected to time-harmonic vertical loading. The contact surface between the strip
foundations and the half-plane is assumed to be smooth and either fully permeable or impermeable. The
half-plane under consideration consists of a number of layers with different thicknesses and material
properties, and is governed by Biot’s poroelastodynamic theory. The vertical deflection of the strip
foundation is represented by an admissible function containing a set of generalized coordinates. Solu-
tions for generalized coordinates are obtained by establishing the equations of motion of the foundation
through the application of Lagrange’s equations of motion. Selected numerical results are presented
to demonstrate the influence of foundation rigidity, hydraulic boundary conditions, layer properties
and configuration, and distance of adjacent foundations on dynamic interaction between flexible strip
foundations and a multilayered poroelastic half-plane.

1. Introduction

The study of dynamic interaction between a strip foundation and an elastic medium has received con-
siderable attention over the past forty years due to its useful applications for analysis and design of
foundations subjected to dynamic loading. Mixed-boundary value problems related to vibrations of a
strip foundation have been considered in the past by employing a variety of analytical, semianalytical,
and numerical techniques. Karasudhi et al. [1968] derived analytical solutions for vertical, horizontal,
and rocking vibrations of a rigid smooth strip resting on an elastic half-plane in terms of Fredholm
integral equations. The integral equation solutions were also presented by Luco and Westmann [1972]
for dynamic response of a surface rigid strip bonded to an elastic half-plane. Gazetas and Roesset [1976]
employed a semianalytical technique to obtain dynamic compliances of a rigid strip on a layered elastic
medium. Dynamic interaction between a system of flexible strips and an elastic half-plane was studied by
Wang et al. [1991] by employing a coupled variational-Green’s function technique. Several researchers
have employed numerical approaches to study vibrations of a strip foundation. For example, Chang-
Liang [1974] presented a finite element model of a strip footing on an elastic layer with rigid base. A
boundary element method was used by Israil and Ahmad [1989] to study dynamic interaction between
a rigid strip and a layered viscoelastic medium. In addition, a number of studies related to vibrations of
flexible strips have been presented [Spyrakos and Beskos 1986; Kokkinos and Spyrakos 1991; Spyrakos
and Xu 2004] by employing a hybrid BEM-FEM technique.
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All studies mentioned above considered a half-plane as a single-phase elastic medium. However,
geomaterials are often two-phased materials with a solid skeleton and pores filled with water, commonly
known as poroelastic materials in mechanics literature. The first theory of elastic wave propagation in
a poroelastic medium was established by Biot [1956] by adding inertia terms to his quasistatic theory
[Biot 1941]. A limited number of studies related to vibrations of a rigid strip foundation on a poro-
elastic medium have appeared in the literature by employing Biot’s poroelastodynamic theory despite
their relavance to geotechnical engineering and earthquake engineering [Kassir and Xu 1988; Bougacha
et al. 1993; Japón et al. 1997]. In addition, dynamic response of a rigid strip bonded to a multilayered
poroelastic half-plane was also studied by Senjuntichai and Rajapakse [1996] by employing an exact
stiffness matrix scheme [Rajapakse and Senjuntichai 1995] and a discretization technique. In practice,
there exists a situation of a closely spaced foundation system where one needs to consider not only
the interaction between the foundations and the supporting medium but also the interaction that occurs
between the adjacent foundations through the supporting medium. A review of literature indicates that
this structure-soil-structure interaction problem has been investigated in the past for dynamic interaction
between elatic media and rigid circular foudations [Warburton et al. 1971; Wong and Luco 1986], and
flexible strip foundations [Wang et al. 1991]. To our knowledge, the dynamic interaction between a
system of foundations and a poroelastic medium has never been reported in the literature.

In this paper, the dynamic response of a system of flexible strip foundations resting on a multilayered
poroelastic half-plane subjected to time-harmonic vertical loading as shown in Figure 1 is studied. The
interaction problem is analyzed by adopting the coupled variational Green’s function scheme [Wang
et al. 1991] together with a discretization technique. The contact surface between the foundations and
the half-plane is assumed to be smooth. Two extreme fluid flow conditions at the strip-half-plane contact
surface are considered, that is, fully permeable and impermeable contact surfaces. Each layer of the
half-plane is governed by Biot’s theory of poroelastodynamics. The transverse deflection of a strip
foundation is represented by an admissible function containing a set of generalized coordinates. Contact
traction and pore pressure jump under each strip foundation are expressed in term of the generalized
coordinates through the solutions of the flexibility equations based on the influence functions. These
influence functions correspond to the solid and fluid displacements of a multilayered half-plane under a
vertical load and pore pressure loading at the surface level. The generalized coordinates are determined
by establishing the Lagrange equations of motion for the foundation system. Convergence and accuracy
of the present numerical scheme are established through comparison with existing studies. Selected
numerical results are presented to illustrate the influence of poroelastic material parameters, layering,
foundation rigidity, hydraulic boundary conditions, frequency of excitation, and presence of adjacent
foundations on vertical displacement, contact traction, and pore pressure profiles, and bending moment
of the strip foundation system.

2. Basic equations and influence functions

Consider a poroelastic medium with a Cartesian coordinate system (x, y, z) defined such that the z-axis
is perpendicular to the free surface as shown in Figure 1. It is assumed that the deformations are plane
strain in the xz-plane, that is, εxy = εyy = εyz = 0. Let ui and wi denote the average displacement of the
solid matrix and the fluid displacement relative to the solid matrix in the i-direction (i = x, z) respectively.
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Figure 1. Flexible strip foundations on a multilayered poroelastic half plane. 

 

Figure 1. Flexible strip foundations on a multilayered poroelastic half-plane.

The constitutive relations for a homogeneous poroelastic material [Biot 1941] can be expressed by using
standard indicial notations as σi j =2µεi j +λδi jεkk−αδi j p, with i, j = x, z, and p =−αMεkk+Mζ. In the
above equations, σi j and εi j denote the stresses and strains of the bulk material respectively, µ and λ are
Lame’s constants of the bulk material, p is the excess pore fluid pressure (suction is considered negative),
ζ is the variation of the fluid content per unit reference volume defined as ζ = −wi,i , and δi j denotes the
Kronecker delta. In addition, α and M are Biot’s parameters accounting for the compressibility of the
two-phase material.

The equations of motion for a poroelastic medium in the absence of body forces (solid and fluid) and
a fluid source can be expressed in terms of displacements ui and wi as [Biot 1962]

µui, j j + (λ + α2 M + µ)u j, j i − αMw j, j i = ρüi + ρ f ẅi ,

αMu j, j i + Mw j, j i = ρ f üi + mẅi + bẇi .
(1)

Here ρ and ρ f are the mass densities of the bulk material and the pore fluid respectively, m is a density
parameter that depends on ρ f and the geometry of the pores, and b is the parameter accounting for the
internal friction due to the relative motion between the solid matrix and the pore fluid. If the internal
friction is neglected, then b = 0. In addition, the superscript dot denotes the derivative with respect to
time.

The motion under consideration is time-harmonic with a factor eiωt where ω is the frequency of motion
and i =

√
−1. The term eiωt is hereafter omitted from all expressions for brevity.

The Fourier integral transform of a function f (x, z) and its inverse relationship with respect to the
x-coordinate are given by [Sneddon 1951]

f̄ (ξ, z) =
1

√
2π

∞∫
−∞

f (x, z)e−iξ x dx, f (x, z) =
1

√
2π

∞∫
−∞

f̄ (ξ, z)eiξ x dξ, (2)

where ξ denotes the Fourier transform parameter.
An exact stiffness matrix method proposed by Rajapakse and Senjuntichai [1995] is employed in the

derivation of the influence functions required for analysis of the interaction problem shown in Figure 1.
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In this method, the exact stiffness matrices for the nth layer and an underlying half-plane are derived from
the general solutions of a homogeneous poroelastic material in the Fourier transform space [Senjuntichai
and Rajapakse 1994]. The global stiffness matrix of a multilayered poroelastic half-plane is then obtained
by assembling the layer and half-plane stiffness matrices together with the continuity of traction and fluid
flow at the layer interfaces. The global equation system can be expressed as

K U = F, (3)

where K is the global stiffness matrix, U and F are the global vectors of generalized displacements and
generalized forces defined as

U =
[
u(2) u(2)

· · · u(n)
· · · u(N ) u(N+1)

]T
, F =

[
f (1) f (2)

· · · f (n)
· · · f (N ) f (N+1)

]T
,

in which

u(n)
=

[
i ū(n)

x ū(n)
z p̄(n)

]T
, f (n)

=
[
i σ̄ (n)

zx σ̄
(n)
zz w̄

(n)
z

]T
,

and the superscript n denotes the quantities at the nth interface. Details on the formulation of the exact
stiffness matrix method including the explicit expression of the layer and half-plane stiffness matrices
are given elsewhere [Rajapakse and Senjuntichai 1995].

To determine the influence functions, a boundary value problem corresponding to a multilayered
poroelastic half-plane subjected to a uniform strip load at the surface is solved. The global generalized
force vector can then be expressed as

F =

[
0 −

√
2
π

sin(ξa)

ξ
0 · · · 0

]T

,

where a is half the width of the loading strip. The solutions for displacements and pore pressure at layer
interfaces can be obtained by solving (3) for discrete value of ξ together with the application of numerical
quadrature to evaluate the inverse Fourier transforms defined in (2). In the analysis of the interaction
problem shown in Figure 1, only vertical solid and fluid displacements (uz and wz) at the surface level
are required to establish the flexibility equation for the derivation of the contact stress and pore pressure
jump, which are employed in the formulation presented in the next section.

3. Formulation of interaction problem

Consider a system of NS flexible foundations resting on a multilayered poroelastic medium as shown in
Figure 1. For a foundation with its length much longer than its width subjected to dynamic loading that is
uniform along the longitudinal direction, it is reasonable to consider the foundation as a strip foundation
under plane strain condition. For the i-th strip foundation with a width of 2ai , it is convenient to define
a local coordinate η as η = (x − x i )/ai , with i = 1, 2, 3, . . . , NS, where x i is the x-coordinate at the
center of the i-th foundation. The vertical deflection of the i-th foundation, denoted by wi

st , can then be
expressed as

wi
st(η) =

NT∑
n=0

αi
nη

n, i = 1, 2, 3, . . . , NS, (4)
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where αi
0, α

i
1, . . . , α

i
NT

are a set of generalized coordinates. In view of (4), the bending moment per unit
length acting on the i-th foundation is given by

M i
st(η) = −Di

NT∑
n=0

n(n − 1)αi
nη

n−2, i = 1, 2, 3, . . . , NS, where Di
=

E i
st(h

i
st)

3

12
[
1 − (νi

st)
2
] ,

and hi
st , E i

st , and νi
st are the thickness, Young’s modulus, and Poisson’s ratio of the i-th foundation.

In this paper, it is assumed that the contact surface between the strip foundation and the multilayered
half-plane is smooth and either fully permeable or impermeable. For an impermeable strip foundation,
the vertical loading is resisted by contact traction and pore pressure generated at the bottom surface of
the foundation. The resultants of the contact traction and pore pressure of the i-th foundation can be
represented by traction T i

z (η) and pore pressure jump T i
p(η) acting on the contact surface between the

i-th foundation and the half-plane.
To determine T i

z and T i
p, the contact surface between the i-th strip foundation (i = 1, 2, 3, . . . , NS)

and the half-plane is discretized into the total number of N i
E strip elements. The width of each element

is denoted by 1i
k where k = 1, 2, . . . , N i

E (see Figure 2). The vertical displacement compatibility and
the impermeable condition are then imposed at the contact surface between the strip foundation and the
half-plane. This is done by taking each term of the deflection approximation of the i-th foundation, (4)
with αi

n = 1 (i = 1, 2, 3, . . . , NS; n = 0, 1, 2, . . . , NT ). Thereafter, the resulting deflection variation
and zero flow condition are imposed on the nodal locations at the contact surface of the half-plane by
applying contact traction T i

znk and pore pressure jump T i
pnk at the k-th node of the i-th strip foundation.

It is assumed that contact traction and pore pressure jump are constant within each strip element. The
following flexibility equation system can be established to determine the intensities of T i

znk and T i
pnk at

each strip element:

G11
zz G11

zp · · · G1 j
zr · · · G1NS

zz G1NS
zp

G11
pz G11

pp · · · G1 j
pr · · · G1NS

pz G1NS
pp

...
...

. . .
... . . .

...
...

Gi1
qz Gi1

qp · · · Gi j
qr . . . Gi NS

qz Gi NS
qp

...
... . . .

...
. . .

...
...

GNS1
zz GNS1

zp · · · GNS j
zr · · · GNS NS

zz GNS NS
zp

GNS1
pz GNS1

pp · · · GNS j
pr · · · GNS NS

pz GNS NS
pp





T 1
zn

T 1
pn
...

T i
qn
...

T NS
zn

T NS
pn


=



u1
zn

u1
pn
...

ui
qn
...

uNS
zn

uNS
pn


, (5)

where

Gi j
qr =


Gi j

qr,11 Gi j
qr,12 · · · Gi j

qr,1NE

Gi j
qr,21 Gi j

qr,22 · · · Gi j
qr,2NE

...
... Gi j

qr,kl
...

Gi j
qr,NE 1 Gi j

qr,NE 2 · · · Gi j
qr,NE NE

 .

In this equation, the element Gi j
qr,kl (i, j = 1, 2, 3, . . . , NS; k, l = 1, 2, 3, . . . , NE) denotes the vertical

displacement (q = z) and the fluid displacement (q = p) at the center of the k-th strip element of the i-th
foundation due to a vertical load (r = z) and fluid pressure (r = p) applied over the l-th strip element of
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Figure 2. Dicretization of the strip-half-plane contact surface.

the j-th foundation. In addition,

T i
zn =

[
T i

zn1 T i
zn2 · · · T i

znk · · · T i
znNE

]T
, T i

pn =
[
T i

pn1 T i
pn2 · · · T i

pnk · · · T i
pnNE

]T
,

ui
zn =

[
ui

zn1 ui
zn2 · · · ui

znk · · · ui
znNE

]T
, ui

pn =
[
0 0 · · · 0 · · · 0

]T
.

The contact traction and pore pressure jump at the k-th strip element of the i-th foundation that are
required to satisfy the displacement compatibility and the impermeability condition at the contact surface
can be expressed respectively as

T i
zk =

NT∑
n=0

αi
nT i

znk, T i
pk =

NT∑
n=0

αi
nT i

pnk, (6)

where T i
znk and T i

pnk (n = 0, 1, 2, . . . , NT ; k = 1, 2, 3, . . . , NE) denote the intensities of contact traction
and pore pressure jump respectively acting on the k-th strip element of the i-th foundation when ui

znk = ηn
k ,

in which ηk is the local coordinate at the center of the k-th strip element.
For a fully permeable strip foundation, since no pore pressure jump is generated under the foundation,

the flexibility matrix (5) is then reduced to
G11

zz G12
zz · · · G1NS

zz

G12
zz G22

zz · · · G2NS
zz

...
... Gi j

zz
...

GNS1
zz GNS2

zz · · · GNS NS
zz




T 1
zn

T 2
zn
...

T NS
zn

 =


u1

zn

u2
zn
...

uNS
zn

 . (7)

The Lagrangian function 5 of the system of NS flexible strip foundations resting on a multilayered
poroelastic half-plane as shown in Figure 1 can be expressed as

5 =

NS∑
i=1

{
V i

− U i
−

1∫
−1

[ 1
2

{
T i

z (η) + αT i
p(η)

}
− f i (η)

]
wi

st(η)dη

}
, (8)
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where V i and U i denote the kinetic and strain energies of the i-th strip foundation respectively and

V i
= α̇i M i

st(α̇
i )T , U i

= αi H i
st(α

i )T , i = 1, 2, 3, . . . , NS,

in which αi is a row vector whose elements are the generalized coordinates of the i-th foundation, that
is, αi

=
[
αi

0 αi
1 αi

2 · · · αi
NT

]
. The elements M i

mn and H i
mn of the matrices M i

st and H i
st are given by

M i
mn =

ρi
st h

i
st(a

i )m+n−1

2(m + n − 1)

[
1 − (−1)m+n−1],

H i
mn =

E i (hi
st)

2(ai )m+n−5

24
[
1 − (νi

st)
2
] (m − 1)(m − 2)(n − 1)(n − 2)

(m + n − 5)

[
1 − (−1)m+n−5],

where ρi
st is the density of the i-th foundation. In addition, f i (η) denotes the external loading acting on

the i-th foundation and can be written as

f i (η) =

NL∑
m=0

ϕi
mηm,

where ϕi
m is the coefficient of the loading function.

The Lagrange’s equations of motion for the interaction problem shown in Figure 1 are given by

d
dt

(
∂5

∂ Ȧ

)
−

∂5

∂ A
= 0, (9)

where A =
[
α1 α2 α3

· · · αNS
]T

. Substitution of (8) in (9) results in the following equations of motion
to determine αi (i = 1, 2, 3, . . . , NS):

Q A = B, (10)

where
Q = −ω2(Mst + MT

st) + Hst + HT
st + S + ST ,

and

Mst = diag[M i
st ], Hst = diag[H i

st ], S = diag[Si
], B =

[
B1 B2 B3

· · · BNS
]T

.

The elements of Si
mn and Bi

m of the matrices Si and Bi (i = 1, 2, . . . , NS; m, n = 1, 2, . . . , NT + 1) are
given by

Si
mn =

1
2

NE∑
k=1

1i
k(ηk)

m−1(T i
z(n−1)k + αT i

p(n−1)k
)
, Bi

m =

NL∑
k=1

ϕi
k(a

i )m+k−1

(m + k − 1)

[
1 − (−1)m+k−1],

where 1i
k denotes the width of the k-th strip element of the i-th foundation.

The solution of a linear simultaneous equation system given by (10) yields the numerical values of the
generalized coordinates αi

n (n = 0, 1, 2, . . . , NT ; i = 1, 2, 3, . . . , NS) for a given foundation-half-plane
system. Finally, vertical displacements, contact traction, and pore pressure jump can then be obtained
by back substituting the generalized coordinates in (4) and (6) respectively.
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4. Numerical results and discussion

Numerical results for dynamic interaction between a system of strip foundations subjected to vertical
loading resting on a multilayered poroelastic half-plane are presented in this section. For impermeable
strip foundations, the first step is to solve the system of linear simultaneous equations given by (5) to
obtain the unknown contact traction T i

znk and pore pressure jump T i
pnk at each strip element of the i-th

foundation (i = 1, 2, 3, . . . , NS) for each n value. For fully permeable foundations, (7) is solved for the
unknown T i

znk . This involves the computation of the influence functions Gi j
qr,kl by solving (3). Since (3)

is established in the Fourier transform space, it has to be solved for discrete values of ξ . The required
influence functions are then determined by numerically integrating the inverse Fourier transform given
by (2).

To perform the numerical integration, it is important to examine the singularities of the integrands.
The main singularities are the branch points and poles that are complex-valued quantities with negative
imaginary parts for all poroelastic materials due to the presence of some internal friction (b 6= 0). There-
fore, the real ξ -axis is free from any singularities and the influence functions can be evaluated by direct
numerical integration along the real ξ -axis when b 6= 0. For poroelastic materials with b = 0 and ideal
elastic materials, 1% attenuation is used to ensure that the real ξ -axis is free from any singularity. In the
present study, the numerical evaluation of the influence functions is performed by employing a globally
adaptive numerical quadrature scheme [Piessens et al. 1983]. This scheme subdivides the interval of
integrand and uses a 21-point Gauss–Kronrod rule to estimate the integral over each interval.

Convergence and numerical stability of the solution scheme were investigated with respect to the
number of terms, NT , in (4), and the number of strip elements, NE , used to discretize the contact surface
between the strip foundation and the half-plane. It was found that converged numerical solutions are
obtained when NT ≥ 8 and NE ≥ 20.

The accuracy of the present solution scheme is verified by comparing with the existing solutions. The
left side of Figure 3 shows a comparison of vertical compliance, CV = wst(0)µ(1)/a f0, of a rigid strip
of width 2a subjected to a uniform load f0 resting on a layered elastic half plane consisting of one
homogeneous layer with a thickness of 2a and an underlying half-plane. Numerical solutions from the
present scheme are compared with those presented by Israil and Ahmad [1989] for different values of
µ(1)/µ(2). The nondimensional frequency δ = ωa

√
ρ(1)/µ(1) is used in the comparison in this figure and

all numerical results presented in this paper. It can be seen from the left side of Figure 3 that the two
solutions agree very closely for all values of µ(1)/µ(2).

The right side of Figure 3 presents a comparison of vertical impedance KV = F0/µawst(0) of a
permeable rigid strip of width 2a on a homogenous poroelastic half-plane subjected to a time-harmonic
vertical force F0. It is evident from the right side of Figure 3 that the solutions from the present scheme
are in very good agreement with those given by Kassir and Xu [1988]. Note that the half-plane in the
present study consists of 10 layers of equal thickness 0.2a and an underlying half-plane. A compari-
son of vertical impedance KV = f0a/µwst(0) of a flexible strip on a homogenous elastic half-plane
subjected to a uniform load of intensity f0 is shown in Figure 4. The nondimensional relative rigidity,
γ = Est h3

st/12(1 − ν2
st)a

3µ(1), is used in the comparison. Excellent agreement is noted between the
present solution and the solution given by Wang et al. [1991]. The accuracy of the present solution
scheme is therefore verified by these independent comparisons.
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Figure 3. Comparison of (left) compliance of a rigid strip on a layered elastic half-plane,
and (right) vertical impedance of a rigid strip on a homogenous poroelastic half-plane.
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Figure 4. Comparison of vertical impedance of a flexible strip on an elastic half-plane.

Next, vertical vibrations of strip foundations resting on a multilayered poroelastic half-plane as shown
in Figure 5 are studied. The strip foundations under consideration are either fully permeable or imper-
meable. The half-plane consists of two poroelastic layers bonded to an underlying poroelastic half-plane.
The material properties of both layers and the underlying half-plane are given in Table 1. The first set
of solutions corresponds to vertical vibrations of a single strip foundation on a multilayered poroelastic
half-plane subjected to a uniform load of intensity f0 as shown on the left side of Figure 5. Nondimen-
sional vertical displacement at the center of the strip foundation, w∗

st(0) = wst(0)µ(1)/ f0a, is presented
in Figure 6. Both fully permeable and impermeable foundations with different relative rigidity ratio
γ = 0.2, 0.5, 1.0, 5.0, and 100 are considered to investigate the influence of strip foundation rigidity and
hydraulic boundary conditions at the contact surface. Numerical results presented in Figure 6 indicate
that the variation of w∗

st(0) with frequency is quite similar for fully permeable and impermeable strips
although both real and imaginary parts of w∗

st(0) are larger for the impermeable strip. Both real and
imaginary parts of w∗

st(0) decrease with increasing relative rigidity γ . The real part of w∗
st(0) shows a
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Figure 5. Flexible strip foundation systems considered in numerical study: (left) single
strip and (right) two strips.

µ λ M ρ ρ f m† α b

First layer 2.5 5.0 25.0 2.0 1.0 3.0 0.95 1.50
Second layer 1.25 1.88 18.8 1.6 1.0 1.8 0.98 0.75

Underlying half-plane 10.0 10.0 20.0 2.4 1.0 4.8 0.90 4.50

Table 1. Material properties of the layered systems considered in numerical study.
Units: µ, λ and M in 108 N/m2; ρ, ρ f and m in 103 kg/m3; b in 106 Ns/m4.

change in sign within the frequency range 1.0 < δ < 1.5. The imaginary part of w∗
st(0) remains negative

throughout the frequency range 0 < δ < 3.0 and it is maximum when the corresponding real part of the
solution is equal to zero. In addition, the strip foundation becomes virtually rigid when γ ≥ 100.

Comparison of nondimensional central bending moment M∗
st(0) = Mst(0)/ f0a3 shown in Figure 7

indicates that the bending moment of a strip foundation depends significantly on the relative rigidity γ

and the hydraulic boundary condition at the contact surface. The bending moment at the center of the
strip varies smoothly with frequency and the maximum values of real and imaginary parts of M∗

st(0)

are found when 1.0 < δ < 1.5. As expected, the magnitudes of both real and imaginary parts of M∗
st(0)

increase with increasing γ , and the bending moment at the center of an impermeable foundation is higher
than that of the permeable one.

Figure 8 presents profiles of nondimensional displacement w∗
st of an impermeable strip foundation on

the multilayered half-plane for γ = 0.2, 0.5, 1.0, 5.0, and 100, and δ = 0.5 and 2.0. It can be seen from
the left side of Figure 8 that both real and imaginary parts of displacement profiles depend significantly
on relative rigidity and frequency. Both Re[w∗

st ] and Im[w∗
st ] are maximal at the center of the strip before

monotonically decreasing at the strip edge. In addition, the displacements decrease with decreasing the
relative rigidity γ , and the effect of γ is negligible when γ > 100.

Profiles of nondimensional contact traction T ∗
z = Tz/ f0 and pore pressure jump T ∗

p = Tp/ f0 under
an impermeable strip foundation on the multilayered half-plane are presented in Figure 9 to investigate
the load transfer mechanism between the strip and the half-plane. It is found that the contact traction
under a flexible strip is distributed more uniformly than that under a rigid strip. Numerical results for
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Figure 6. Displacement at the center of a flexible strip on a multilayered poroelastic
half-plane: (top row) permeable strip and (bottom row) impermeable strip.

the contact traction presented in Figure 9 confirm the presence of classical singular behavior in both real
and imaginary parts of T ∗

z near the edge of the strip. Similar behavior was also observed for a rigid
strip [Hryniewicz 1981] and a flexible strip [Wang et al. 1991] on a homogeneous elastic half plane. A
comprehensive review on investigations of the exact local behavior of the contact traction in the vicinity
of the foundation edge was given by Selvadurai [1979]. On the contrary, the pore pressure jump presented
in Figure 9 is not singular near the strip edge. Its real and imaginary parts approach zero near the edge of
both rigid and flexible strips. It is also found that larger pore pressure jump occurs at a higher frequency
(δ = 2.0) than at low frequency (δ = 0.5). This implies that the load is carried by both solid and fluid
phases at higher frequency, whereas at low frequency, the load transfer takes place through the solid
skeleton. Similar behavior was also observed for the load transfer mechanism of a circular plate in a
poroelastic medium [Zeng and Rajapakse 1999; Senjuntichai and Sapsathiarn 2003].

Figure 10 shows nondimensional central displacement w∗
st(0) of an impermeable flexible strip foun-

dation (γ = 1.0) on different poroelastic systems. Four poroelastic systems, namely a homogenous half
plane, a homogenous layer of thickness a with an impermeable rigid base, and multilayered systems A
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Figure 7. Bending moment at the center of a flexible strip on a multilayered poroelastic
half-plane: (top row) permeable strip and (bottom row) impermeable strip.
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Figure 8. Displacement profiles of an impermeable strip on a multilayered poroelastic
half-plane.
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Figure 9. Profiles of contact traction and pore pressure jump under an impermeable
strip on a multilayered poroelastic half-plane.

and B, are considered in this figure to investigate the influence of layering and poroelastic material pa-
rameters. The material properties of the homogeneous half-plane and the homogenous layer are identical
to those of the first layer defined in Table 1. The geometries of the multilayered systems A and B are
identical to those shown in Figure 5. The material properties of both systems are given in Table 1 except
the internal friction between solid and fluid is neglected for both layers and the half-plane of system
B (b = 0). The comparison of w∗

st(0) presented in Figure 10 indicates substantial differences among
three poroelastic systems. Both real and imaginary parts of w∗

st(0) for the strip on the homogenous half-
plane vary smoothly with δ whereas the strip displacement on the homogeneous layer shows oscillatory
variation over the frequency range due to the standing wave generated between the surface and the rigid
base. The difference in strip displacements corresponding to the multilayered systems A and B is mainly
due to the parameter b. Note that all layers in system B have zero internal friction (b = 0) whereas
system A consists of materials with nonzero b values. It is found that both real and imaginary parts of
w∗

st(0) in system A are smaller due to the presence of the internal friction between solid and fluid phases
that makes this layered system more stiff and damped.

Numerical results corresponding to vertical vibrations of two impermeable strip foundations of width
2a subjected to uniform loading resting on a multilayered poroelastic half-plane as shown on the right
side of Figure 5 with the properties given by Table 1 are presented next. The two strip foundations are
identical and the distance between them is denoted by d. Variations of nondimensional displacement
and nondimensional bending moment at the center of the left foundation with respect to nondimensional
frequency are presented in Figures 11 and 12 respectively. Two values of the normalized distance between
the two foundations d/a = 1 and 5 and the relative rigidity γ = 0.2, 0.5, 1.0, 5.0, and 100 are considered
in these two figures. It should be noted that the influence of the normalized distance d/a was investigated
by preparing plots similar to those shown in Figures 11 and 12 for different values of d/a. It was found
that the effect of d/a on displacement and bending moment becomes negligible when d/a > 15.

Numerical results presented in Figures 11 and 12 indicate that the presence of the adjacent foundation
significantly influences both displacement and bending moment. Both real and imaginary parts of w∗

st(0)

for the two-foundation systems (d/a = 1.0 and 5.0) presented in Figure 11 show more oscillatory variation
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Figure 10. Displacement at the center of an impermeable strip (γ = 1.0) on different
poroelastic systems.
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Figure 11. Displacement at the center of the left strip of two impermeable strip systems
(see Figure 5, right side): (top row) d/a = 1.0 and (bottom row) d/a = 5.0.
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Figure 12. Bending moment at the center of the left strip of two impermeable strip
systems ( see Figure 5, right side) : (top row) d/a = 1.0 and (bottom row) d/a = 5.0.

with frequency when compared to smooth variations observed for a single strip foundation presented in
Figure 6. The comparison of nondimensional displacement in Figure 11 for both two-foundation systems
indicates differences in both magnitude and shape of w∗

st(0). The real part of w∗
st(0) for d/a = 5.0 shows

a change sign near δ = 1.2 whereas Re[w∗
st(0)] for the two-foundation system with d/a = 1.0 remains

positive throughout the frequency range 0 < δ < 3.0. The imaginary part of w∗
st(0) remains negative for

0 < δ < 3.0 and the maximum values are found near δ = 1.0 for both d/a = 1.0 and 5.0. In addition,
both real and imaginary parts of w∗

st(0) decrease with increasing γ and the foundations become virtually
rigid when γ ≥ 100 similar to what observed for a single strip foundation in Figure 6.

The nondimensional bending moment shown for the two-foundation systems in Figure 12 indicates
that both Re[M∗

st(0)] and Im[M∗
st(0)] exhibit more oscillatory variation with frequency than those ob-

served for a single strip foundation in Figure 7. An important feature of the bending moment results
revealed from Figure 12 is the notable dependence of both Re[M∗

st(0)] and Im[M∗
st(0)] on the distance

d/a. The variation of both Re[M∗
st(0)] and Im[M∗

st(0)] with δ for the two-foundation system with
d/a = 5.0 shows considerable oscillations, and it is quite different from that of a two-foundation system
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with d/a = 1.0. Numerical results presented in Figure 12 also indicates that the relative rigidity γ has
more significant influence on the bending moment than on the displacement, similar to what is observed
in Figures 6 and 7 for a single strip foundation. Both real and imaginary parts of M∗

st(0) for the two-
foundation systems increase with increasing the relative rigidity γ and their magnitudes are lower than
the corresponding solutions presented in Figure 7.

5. Conclusion

The dynamic interaction between a flexible strip foundation system under time-harmonic vertical loading
resting on a multilayered poroelastic half plane is presented in this paper by using the coupled variational
Green’s function scheme together with a discretization technique. Both fully permeable and impermeable
conditions at the contact surface between the foundations and the multilayered half-plane are considered.
The required influence functions, which are computed by using the exact stiffness matrix method, cor-
respond to a vertical strip load and fluid source applied at the surface of a multilayered poroelastic
half-plane. The present numerical solutions are computationally stable and are in very good agreement
with the existing solutions for both rigid and flexible foundations. Numerical results indicate that the
dynamic response of the strip foundations depends significantly on the frequency of excitation, hydraulic
boundary conditions, relative rigidity γ , poroelastic material properties and the distance between adjacent
foundations. Both permeable and impermeable strip foundations show similar variations of displacement
and bending moment with frequency, and higher magnitudes are observed in the impermeable one. With
increasing the relative rigidity γ , the displacements of both single and multiple strip foundations decrease
whereas their bending moments increase. The effect of the relative rigidity is negligible when γ > 100.
In addition, the displacement and bending moment of the two-foundation system show significant de-
pendence on both the distance between adjacent foundations and the frequency. It is also found that
variations of displacement and bending moment with frequency show more considerable oscillations
when δ > 1.5.
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