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The nonlinear analysis model for reinforced concrete plane frame structures is based on the simplified
concept of the localization of irreversible physical processes at previously definite zones, denominated
here as generalized hinges. However, when both damage due to the microcracking of concrete and
sliding mechanisms (aggregate interlocking) at crack surfaces are taken into consideration, hysteresis
loops can be reproduced if the loading history includes unloading cycles. The thermodynamic approach
of the model is herein developed with reference to generalized variables due to its application in the
framework of the classical theory of bars under bending load. According to this model, there are three
scalar variables: a damage variable, the plastic rotation of the section and the sliding-associated rotation
of the section. By comparison with available experimental responses, the numerical examples illustrate
the good performance of the model.

1. Introduction
As a natural progress of the constitutive modeling of materials coupling different phenomena such as
elasticity, plasticity and microcracking, the Continuous Damage Mechanics has been efficiently applied
since the early eighties. Some of the resulting models encompassing complex responses are nowadays
greatly diffused. Among the coupled phenomena considered, one can mention creep damage [Murakami
1981; Kachanov 1984], fatigue damage [Marigo 1985], creep-damage-fatigue interaction [Lemaitre and
Chaboche 1974], ductile damage [Simo and Ju 1987; Tai 1990], reinforced concrete damage [Mazars
1984], reinforced and fiber concrete under seismic response [La Borderie et al. 1991].
Concerning reinforced concrete modeling, most of the subsequent publications have, as a common
ground, the high level of complexity in terms of formulation and required discretization especially on
what concerns numerical analysis. However, when their application to framed structures is considered,
such complexities increase the computational costs and imply loss in efficiency. Hence, despite consideration of coupled phenomena, the so-called simplified models were explored as a more adequate
alternative. Pioneering works in this direction include [Riva and Cohn 1990a; 1990b; Mulas and Filippou
1990; Alves and Lubliner 1992; Flórez-López 1993].
A common feature of the simplified models is to assume that the material nonlinear response related
phenomena are lumped in zones of energy dissipation. Actually, this concept was originally proposed in
lumped plasticity models [Maier et al. 1973; Cohn and Franchi 1979; Riva and Cohn 1990a; 1990b].
Keywords: damage mechanics, plastic hinge, hysteresis.
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With the major focus on reinforced concrete framed structures, the Flórez-López simplified model
presumes that the damage and plasticity evolutive processes are localized at regions of length zero denominated as generalized hinges. The formulation adopted is based on the thermodynamics of solids
and accounts for the appearance of permanent strains and stiffness reduction in elements submitted to
monotonic loading or reversible loading without sign inversion.
On the other hand, still within the framework of the complex constitutive modeling, the subject of
the damping of structural dynamic response resulting from microcracking evolutive processes in the
material was originally treated in [Mazars et al. 2000] by employing Continuous Damage Mechanics. The
reproduction of hysteretic loops observed experimentally in uniaxial stress-strain diagrams of concrete
under unloading and reloading cycles was the most basic issue considered. Based on the aforementioned,
two dissipative phenomena present in concrete are considered: diffuse microcrack growth (damage) and
the sliding tendency combined with aggregate interlocking between microcracks faces.
The formulation of the Marzar model is also based on the framework of the thermodynamics of
solids. Accordingly, the phenomena to be modeled can be represented by two internal state variables:
a scalar damage variable and a sliding strain variable. Hence, in order to derive the constitutive model,
a thermodynamic potential representing the free energy at a certain state and a dissipative potential are
defined. From the free energy potential one can derive the well-known associated variables while from
the dissipative potential, one derives the evolution laws for the internal state variables.
With the major aim being the analysis of plane reinforced concrete framed structures, the present work
proposes the insertion of Mazars’ formulation in the scope of the simplified model formulated originally
by Flórez-López [1993] and in such way that the same phenomena described in the complex model
remain considered. However, since generalized stress (bending moment) and strain variables (rotation)
are now involved, the internal variable related to the sliding effect is defined as a sliding rotation. A
major hypothesis considered is an ideal bonding between concrete and steel bars, since debonding could
affect hysteresis loops.
Essentially, three new elements are then introduced: the possibility of occurrence of residual strains
due to concrete as well as steel behavior (in the original model only the plastic flow of steel is considered),
the employment of an alternative damage criterion function and the introduction of a sliding-associated
rotation variable φs (invoked from the hysteresis loops).
2. Thermodynamic framework of the model
Since this is a model for framed plane structures, in which the dissipative processes are located in zones
of null dimensions, the structures are admitted to be formed by bar elements with the possibility of
forming hinges at their ends. Away from the hinged zones, the elements remain in elastic regime as
shown in Figure 1.
The total hinge rotations result from the effect of different phenomena: elastic strain, damage and
plasticity of concrete, steel plasticity and sliding between microcrack faces. In the present idealized
model, it is considered that the latter effect is manifested in parallel with the other phenomena and can
be represented separately as illustrated in Figure 2. The figure compares the initial (a) and deformed
(b) configurations of the ends of an element according to bending theory (plane sections, shear strain
disregarded).
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Figure 1. Bar element of the lumped dissipation models.
The nomenclature indicated in Figure 2 has the following meaning:
- ke is the beam-column elastic stiffness;
- kd (d) is the portion of hinge stiffness associated to damage;
- ks (d) is the hinge stiffness associated to slip;
- φ is the total hinge rotation;
- φe is the portion of rotation resulting from elastic deformation of the beam;
- φd is the portion of hinge rotation due to damage;
- φ p is the portion of rotation due to plastification (concrete and steel) at hinge;
- φs is the rotation due to slip (it represents the sliding between the concrete fracture surfaces).
In correspondence to the various terms of rotation: rotation due to damage, rotation due to plastification
and rotation due to sliding, the moment at the element edge is divided into terms of denominated moment:
moment due to damage, moment due to plastification and, in another term, moment due to slip, which
is also dependent on the level of damage of the structure. The bending due to slip is related to the
sliding-associated rotation which can develop during both the loading process and the reloading and

Figure 2. Physical representation of hinge stiffness and rotations: (a) initial configuration; (b) deformed configuration.
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unloading cycles. Plastification, which develops from only loading processes, does not however show
this characteristic.
Three criteria are hence introduced to control the evolution of the model variables: the damage criterion
which identifies the possibility of evolution of the damage variable, the plastification criterion which
indicates the possibility of evolution of plastic rotation, and the slip criterion which accuses the possibility
of evolution of any slip rotation. It is worth observing that since slip is associated to movement between
microcrack surfaces and the latter in turn translate in damage, slip rotation will only occur with the
occurrence of damage.
The formulation of the model follows a thermodynamics-based approach applied to solids [Lemaitre
and Chaboche 1985], such that the model variables and the corresponding evolution laws maintain coherence with the principles of thermodynamics.
Consider therefore a typical bar element with end hinges as shown in Figure 3. The same figure
presents the positive conventions for degrees of freedom of interest (axial strains are not considered).
The scalar damage variable and the representative variables (vectorial) of the portion of rotation and
the strain hardening can together be denominated as internal state variables. The existence of a certain
amount of energy claimed to be free, or that can be made available for accomplishing work from a current
element state is assumed.
As usual, the damage is supposed to directly affect the initial rigidity of the material. On the other hand,
in order to account for aggregate interlocking, a plasticity-based approach is used to model the sliding
effect. However, since a certain level of coupling is supposed to exist between the internal state variables,
the damage variable appears also multiplying the sliding term in the free energy. As a consequence, in
the model, sliding occurs only after the appearance of damage, which is physically consistent.
Therefore, adopting the Helmholtz specific free energy as the free energy potential and admitting that
the bar element, in its current state, presents a certain level of damage, plastic rotation and slip rotation
(with a certain associated strain hardening level), we propose the potential
χ = χd p + χs ,
where χdp = 21 (φ − φ p )T K ed (d) (φ − φ p ), χs = 12 (φ − φs )T K s (d) (φ − φs ) + 12 b α T α, and
- χ is the total free energy potential;
- χdp is the portion of free energy after deducing the effects of damage and the plastification;
- χs is the portion of free energy associated to the slip process and strain hardening between microcrack faces;

Figure 3. Bar element under study and positive convention for end rotations.
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is the vector of total rotations at the i-th and j-th ends of the element;
φ 
- φ p = φ pjpi is the vector of plastic rotations at the element extremities;
φ 
- φs = φssij is the vector of slip rotations at the element extremities;

- α = ααij is the vector of the strain hardening variable associated to components of slip rotation;
- b is a material parameter;
- K ed (d) is the element elastic-damage stiffness matrix;
- K s (d) is the element slip stiffness matrix.
For the elasto-damaged stiffness matrix we adopt an expression similar to that presented by FlórezLópez [1993]. Such a matrix is made up of contributions of the beam-column elastic stiffness and the
hinge damage stiffness:
 (1−d )(4−d )
4(1−di )(1−d j ) 2E I 
i
j 4E I
4−di d j
L
4−di d j
L 


K ed (d) = 
 4(1−d )(1−d ) 2E I (1−d )(4−d ) 4E I  ,
i

4−di d j

j

j

L

4−di d j

i

L

where
- di , d j are variables that quantify the damage suffered by the hinge at extremities i and j respectively;
- E = Ec (Ac −AAcs )+Es As is the homogenized modulus of elasticity; with E c , E s the Young’s moduli of
concrete and steel respectively, and Ac , As the concrete cross section and the total steel reinforcement areas respectively;
- I is the moment of inertia of complete bar transversal section;
- L is the element length.
Invoking the components of the main diagonal of the stiffness matrix of the element in a pure elastic
state, we postulate the part of stiffness due to slip effect between microcrack faces in the present work
to take the form


4E I di 0
K s (d) =
.
(2-1)
0 dj
L
The introduction of the damage level in each hinge in the slip stiffness matrix is intentional with the
aim of reproducing the coupling between damage and slip, more specifically, the dependence of the
latter in relation to the former. Actually, experimental observations justify the fact that every inelastic
phenomenon of concrete is manifested from the appearance and evolution of microcracks [Ragueneau
et al. 2000]. In addition, the diagonal structure of the slip matrix implies that no coupling is assumed
between hinges.
The thermodynamic admissibility of the model is guaranteed by imposing the Clausius–Duhem inequality which implies that dissipation of the deformation process cannot be negative. Considering that
in the case of the classical bending theory, strain results from the effects of bending moments and ignoring
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any other nonmechanical effect such as thermal effects, we can write the relation expressing the evolution
of dissipation as
M · φ̇ − χ̇ ≥ 0.
(2-2)
In the previous relation, the first term is the rate (the time variation, to better represent an evolutive
process) of internal energy involved in the bending process. The dot on the variable represents the
derivative of the variable with respect to time.
Assume the thermodynamic potential can be linearized in the neighbourhood of current values of the
state variables. Then it follows that
∂χ
∂χ
∂χ
∂χ
∂χ
χ̇ =
· φ̇ +
· φ̇ p +
· φ̇s +
· ḋ +
· α̇.
∂φ
∂φ p
∂φs
∂d
∂α
The linearized potential can now be substituted in (2-2) thus resulting in

∂χ 
∂χ
∂χ
∂χ
∂χ
M−
· φ̇ −
· φ̇ p −
· φ̇s −
· ḋ −
· α̇ ≥ 0.
∂φ
∂φ p
∂φs
∂d
∂α

(2-3)

The last inequality must be valid for any process including a purely reversible process where
φ̇ p = φ̇s = ḋ = α̇ = 0.
One way to ensure that this process is included in inequality (2-3) consists of imposing the following
condition now expressed in matrix notation:
M=

∂χ
= K ed (d)(φ − φ P ) + K s (d)(φ − φs ),
∂φ

(2-4)

which defines M as the thermodynamic variable associated with φ. By analogy, thermodynamic variables
associated to the other state variables can be defined
∂χ
Mdp =
(2-5)
= −K ed (d)(φ − φ p ) ,
∂φ p
∂χ
Ms =
= −K s (d)(φ − φs ) ,
(2-6)
∂φs
 1 ∂

1 ∂
∂χ
Y=
=
(φ − φ p )T K ed (d)(φ − φ p ) +
(φ − φs )T K s (d)(φ − φs ) ,
(2-7)
∂d
2 ∂d
2 ∂d
∂χ
X=
= bα.
(2-8)
∂α
Thus Mdp , Ms , Y and X are the thermodynamic variables associated to respectively, the state variables
φ p , φs , d and α. In particular, still, due to the fact that the modelling of strain hardening will be based
on its analogy with plasticity, the variable X will here be denominated as the kinematic strain hardening
moment.
What can easily be observed from (2-4), (2-5) and (2-6) is that the resulting total moment at the
extremities of the element consists of two parts: one involving the elastic rigidity penalized by the
damage (Mdp ) and the other involving an additional rigidity related to the aggregate interlocking effect
(Ms ). In particular, this term is also dependent on the damage level in such way that the expected
stiffening effect is reproduced. Moreover, it is also important to note that (2-6) defining the associated
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Figure 4. Bending test scheme.
sliding moment includes a rotation term. This term reduces when the sliding rotation increases thus
reducing the moment even if the damage attains unit value. What happens finally is that the hysteresis
loops and resulting irreversible strains given by the model are enlarged as the damage increases, which
is consistent with the experimental responses as the one illustrated in Figure 5.
Moreover, considering (2-3) and equations (2-4)–(2-8), we conclude that the dissipated energy is
nonnegative provided the following condition is satisfied:
Mdp · φ̇ p + Ms · φ̇s − Y · ḋ − X · α̇ ≥ 0.
Relative to those portions that are dependent on the effects of slip, it can be shown that positive dissipation is automatically verified so long as the evolution laws of the internal variable associated to this
phenomenon (φs and α) are derived from a convex dissipation potential [Ragueneau et al. 2000] (this
aspect will be reviewed in the next section). In order to ensure that −Y · ḋ ≥ 0 for the modeling in the
present work, the damage criterion proposed by Alva [2004] is invoked from experimental results.
3. Damage, plasticity and flow criteria
Consider the structural system illustrated in Figure 4 in terms of generalized variables. The system
response can be evaluated by the midsection bending moment versus midsection rotation diagram as
illustrated in Figure 5.

Figure 5. The mid-span moment-rotation experimental diagram.
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In Figure 5 the following characteristic parameters are highlighted:
(exp)

- Mcr

(exp)

- Mp

(exp)

- Mu

is the critical moment at the beginning of damage of concrete;
is the moment corresponding to the beginning of plastification of steel;
is the peak moment corresponding to the maximum strength of the section;

-

(exp)
φ pp

is the residual rotation due to damage of concrete at the start of steel plastification;

-

(exp)
φ pu

is the plastic (peak) rotation corresponding to the peak moment.

These parameters can be determined experimentally by carrying out the experimental test schematized
in Figure 4.
As already mentioned, the total moment at the extremities of the element is composed of two distinct
parts (M = Mdp + Ms ). Figure 11, placed much further in the text for convenience, illustrates these parts.
It is worth remembering that only bending moments at the element extremity i are considered. The part
Mdp is associated to damage and plasticity of concrete and steel. This portion is used directly in the
criteria that define the start and evolution of damage and plasticity in hinges.
For those functions, the proposal in [Alva 2004] and an adaptation of the expression presented by
Flórez-López [1998] are respectively adopted. These criteria are given by
g = G − G cr − θ
f =

q ln(1 − d)
≤ 0,
1−d

Md p
− cφ p − Mcr ≤ 0,
1−d

(3-1a)
(3-1b)

where
G=

1  Mdp 2
,
2S0 1 − d

G cr =

Mcr 2
,
2S0

θ = exp(−γ (1 − d)),

with S0 = 4EL I , d is the damage at the extremity of the element, Md p is the operating moment, φ p is the
plastic rotation, γ is a parameter to be determined from the experimental response of the element, c and
q are additional parameters to be determined indirectly.
It is worth remembering again that in hinges the previous functions are associated exclusively to the
damage and plastification processes. Therefore, the parameter Mcr introduced in (3-1b) is not exactly
(exp)
(exp)
(exp)
equal to Mcr shown in Figure 5. With the aim of employing the experimental values Mcr , M p ,
(exp)
(exp)
Mu
in the parametric identification, it is considered that Mcr is related to Mcr through the penalty
factor η whose value depends on the average width of the hysteresis loops. The same proposal is extended
to other model parameters of interest. Therefore, the penalization in question takes the following set of
relations:

(exp)
M = η · Mcr ,


 cr
(exp)
(3-2)
Mp = η · Mp ,



(exp)
Mu = η · Mu .
It is worth saying before hand that the value η = 0.9 was the most representative value for the examples
considered in this work. In Figure 6, an interpretation for the relations in (3-2) is given.
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Figure 6. Interpretation of moment penalty.
Expression (3-1a), originally presented by Alva [2004], introduces a new parameter γ , in the definition
for θ , that needs to be identified from experimental tests on the damage of the hinge. Along this direction,
as a first step, the evolution law that governs the damage d appearing in the relation θ must be identified
from successive values of stiffness corresponding to the slopes of the unloading curves as illustrated
in Figure 7. These stiffness values also serve for constructing the experimental response curve which
relates the damage to the thermodynamic moment G (assuming Md p = M). In the following step, the
value of γ is obtained from best fit between the experimental and the numerically obtained curves which
represent the damage versus thermodynamic moment G relation; see Figure 8.
In order to consider the processes of plastification of concrete and the steel-concrete, the behavior
described in Figure 9 is proposed to the parameter c, which appears in (3-1b). Basically, there are two
groups of values, c p and cu , corresponding to the already cited plastification. A transition between the
two groups of values is also assumed in order to prevent numerical problems.

Figure 7. Determination of the experimental values of the damage.
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Figure 8. Calibration of the variable γ .
Note that the bending moment M y is used as reference for the transition part between the values of c.
In the present work, the relation
3M p + Mu
My =
,
4
which corresponds to dividing the interval (M p , Mu ) into four equally spaced subintervals, with M y
being one of the extremities of first subinterval, is adopted.
For the remaining parameters c p , cu and q, no well defined mechanical interpretation is given; simply
speaking, the values of these parameters can be determined indirectly by imposing certain complementary
conditions. On determining these values, two other reference parameters du and d p are observed to appear.
For example, the following conditions determine the constants q and du :

M2


g = 0, Mdp = Mu , d = du ⇒ (1 − du )2 G cr + θu q(1 − du ) ln(1 − du ) − u = 0,
2S0
(3-3)
2
∂(M
)

dp

g = 0,
= 0, d = du ⇒ −2(1 − du )G cr − θu q(h u ln(1 − du ) + 1) = 0,
∂d

Figure 9. Behavior of parameter c.
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where θu = exp(−γ (1 − du )) and h u = 1 + γ du − γ . Respectively, the conditions in (3-3) impose that
for the ultimate moment that verifies the criterion with the equality, a corresponding damage du exists
and for this damage level there is a corresponding maximum for Md p .
On the other hand the solution of the following equation provides the value for d p :
g = 0, Mdp = M p , d = d p ⇒

q ln(1 − d p )
M p2
− G cr − θ p
= 0,
2
2(1 − d p ) S0
1 − dp

where θ p = exp(−γ (1 − d p )) and d p is the damage corresponding to the moment of plastification of steel
reinforcement.
The constants c p and cu are obtained from the following equations

 M

1
p


f
=
0,
M
=
M
⇒
c
=
−
M
dp
p
p
cr ,

φ pp 1 − d p
 M


1
u

 f = 0, Mdp = Mu ⇒ cu =
− Mcr ,
φ pu 1 − du
thus completing the process of obtaining all necessary damage and plastification parameters. Considering
the criterion that defines the start and evolution of the rotation in hinges, which thus reflects the slip
between the microcrack surfaces, we propose the following form:
f s = |Ms − X | − Mk ≤ 0,

(3-4)

where the constant Mk is large enough to prevent numerical problems, but still very small such that
the evolution of slip occurs nearly simultaneously with the evolution of damage. Figure 10 includes a
representation of relation (3-4).
The inequality (3-4) applies to the loading, unloading and reloading stages. As it will be seen later
in the solution strategy, violation of the condition f s ≤ 0 will serve to characterize, for the loading step
under consideration, whether or not the slip process evolves, the degree of resistance to its evolution
being represented at a minor or major scale by the value of X .
With relation to the evolution laws of the slip associated internal variables expressed by φ̇s and α̇, a procedure analogous to that used in the nonassociative plasticity theory is adopted. Therefore the dissipative
energy is employed with essentially similar expressions to those of the slip criterion. However, in order

Figure 10. The kinematic nonlinear strain hardening moment.
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to introduce the possibility of describing nonlinear strain hardening, the following form is considered for
the dissipative potential:
(3-5)
ψs = |Ms − X | + 43 a X 2 − Mk ,
where a is a material parameter. The term 43 a X 2 is responsible for strain hardening nonlinearity and for
the tendency to reach an asymptotic value as it will be shown afterwards.
Hence, imposing the normality rule on the surface of the dissipative potential, we can give the evolution
laws for the internal variables as
∂ψs
φ̇s = λ̇
,
(3-6a)
∂ Ms
∂ψs
α̇ = −λ̇
,
(3-6b)
∂X
where λ̇ maintains the similarity with the plastic multiplier of plasticity and the negative sign of the
expression of α̇ guarantees positive dissipation.
A condition introduced in the model is that the kinematic strain hardening moment, now nonlinear,
tends to an asymptotic value X ∞ as the values of rotation become higher since under such a situation
the slip between microcrack faces ceases to increase.
To obtain this limit value, (2-8) is considered thus leading to
Ẋ = bα̇.

(3-7)

From a combination of expression (3-7), (3-6b) and (3-5), we have
Ẋ = bλ̇(sign(Ms − X ) − 32 a X ).

(3-8)

Admit sign(Ms − X ) = 1. Therefore, lim 3 a X →1 Ẋ = 0. Therefore, the limit value for X can be obtained
2
when the equality
2
X∞ =
3a
is true. The curve presented in Figure 10 is obtained from the numerical integration of expression (3-8).
Finally, the meaning of each terms of the moments considered in this model are shown in Figure 11.
The hysteresis loop is here characterized by the noncoincidence of the curves defined in the unloading
and reloading stages in the moment-rotation diagram. The model under analysis is aimed at generating
hysteresis loops of unloading and reloading cycles as shown in Figure 12.
Figure 12 (a) is a representation of the contribution of various rotation terms φe , φ p , φd that make up
the total rotation φ = φe + φ p + φd for the load level corresponding to point B.
4. Implementation of the model
The model was implemented using a special proposed nonlinear analysis plane frame software. The
main strategy employed was the Newton–Raphson incremental-iterative method with a step-by-step load
application followed by successive corrections of equilibrium [Ortiz and Simo 1986]. The integration
of the constitutive model including a determination of the damage variable, plastic rotation, slip rotation
and the variable associated to the kinematic nonlinear strain hardening of the hinges at each iteration
follows an iterative approach.
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The damage evolution in each hinge is obtained by imposing nullity condition on the damage criterion
(3-1a) since this criterion must have already been violated in the i-th (g (i) > 0) iteration step. Therefore,
for the (i + 1)-th iteration we have
1d (i+1) =

−g (i)
∂g (i)
∂d

=

g (i)
θq

ln(1−d)−1 
(1−d)2

+ γ θq

 (i)
ln(1−d) 
2G
+ 1−d
1−d

.

Having updated the damage d (i+1) = d (i) + 1d (i+1) , we verify the damage criterion again, with the
successive update of damage until the criterion g ≤ 0 is verified.
The evolution of plastic rotation of each hinge is also obtained by imposing the nullity condition on
the plasticity criterion (3-1b) since this criterion must have been violated in i-th iteration ( f (i) > 0).
Therefore, for the (i + 1)-th iteration we have
1φ p (i+1) =

− f (i)
∂ f (i)
∂φ p

=

f (i)
,
(sign(λ)c)|(i)

where
M
λ=
− cφ p ,
1−d
(i+1)

sign(λ) =

(
+1

if λ > 0,

−1

if λ < 0 .

φ p (i) + 1φ p (i+1) ,

After updating the plastic rotation φ p
=
the plasticity criterion is again verified.
The successive updating of rotation is continued until the criterion f ≤ 0 is verified.
Relative to the plastic multiplier, considering a hinge j of the finite element, as illustrated in Figure 3,
we linearize the representative surface of the sliding criterion f s = 0 using current values of the state
variables in the i-th iteration of the same i-th step:
f s (i+1) = f s (i) +

∂ fs
∂ Ms

(i)

 ∂ fs
Ms (i+1) − Ms (i) +
∂X

(i)


X (i+1) − X (i) = 0 .

Figure 11. Various terms of the moments used in the model.

(4-1)
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Figure 12. Hysteresis loop of (a) M, Md p versus φ (b) Ms versus φ.
Knowing that for hinge j, in the i-th iteration we have
 ∂ψ (i)
s
Ṁs (i) = −K s22 φ̇s (i) = −K s22 λ̇
,
∂ Ms

 ∂ψ (i)
s
Ẋ (i) = bα̇ (i) = −b λ̇
.
∂X

By adopting an explicit relation such that
Ṁs (i) 1t = Ms (i+1) − Ms (i) ,

Ẋ (i) 1t = X (i+1) − X (i) ,

and substituting (4-2) in (4-1), we have
1λ(i) = λ̇(i) 1t =

− f s (i)
(i)

∂ fs
∂ Ms

K s22

∂ψs
∂ Ms

(i)

+ ∂∂ fXs

(i)

s
b ∂ψ
∂X

(i)

,

where K s22 is a component of the matrix given in (2-1). We have also
∂ fs
∂ Ms

(i)

∂ fs
∂X

(i)


= sign Ms (i) − X (i) ,

∂ψs
∂ Ms

(i)


= − sign Ms (i) − X (i) ,

∂ψs
∂X

(i)


= sign Ms (i) − X (i) ,

= sign Ms (i) − X (i) + 32 a X (i) ,

where
2
,
a=
3X ∞

sign Ms

(i)

−X


(i)

=

(
+1
−1


if Ms (i) − X (i) > 0 ,

if Ms (i) − X (i) < 0 .

(4-2)
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Therefore once the slip criterion (3-4) is violated, the update of internal variables for the (i + 1)-th
iteration of the load step is carried out as shown in the following equations:
φs (i+1) = φs (i) +1λ(i)

∂ψs
∂ Ms

(i)

,

X (i+1) = X (i) −1λ(i) b

∂ψs
∂X

(i)

,


Ms (i+1) = K s22 φ −φs (i+1) .

Having obtained the new values, the slip criterion is again verified proceeding by successive updating
until the criterion f s ≤ 0 is verified. A similar procedure is applied to hinge i.
5. Strategy for considering the inversion of sign of the loading
In order to extend the model to include response under dynamic loading, it is necessary to determine the
possibility of sign of the load being inverted. Based on this, the strategy proposed in [Flórez-López 1995]
by defining two sets of independent variables, one associated to positive load and the other associated to
negative loads according to the convention presented in Figure 13, is adopted.
Two scalar damage variables d + for M > 0 and d − for M < 0, both with independent behaviors,
are considered. However, for the plastic rotation φ p , as well as for the slip rotation φs , only a single
variable continues to exist. In each case there are the evolution laws that start to depend on the sign
of the load. The damage, plastification and kinematic strain hardening criteria then assume a particular
form depending on the sign of the loads. Thus, for positive load we have
+

g =G

+

− G+
cr

−θ

+q

+ ln(1 − d + )

1 − d+

≤ 0,

f

+

=

Md+p
1 − d+

+
− αc+ φ p − ((1 − α)c+ p + Mcr
) ≤ 0,

f s+ = |Ms+ − X + | Mk+ ≤ 0 ,
while for negative load we have
−

g =G

−

− G−
cr

−θ

−q

− ln(1 − d − )

1 − d−

≤ 0,

f

−

=

Md−p
1 − d−

−
− αc− φ p − ((1 − α)c− p + Mcr
) ≤ 0,

f s− = |Ms− − X − | Mk− ≤ 0 ,
where p = max |φ p | and 0 ≤ α ≤ 1.
6. Examples of application
In order to evaluate the efficiency of the model under study, in the first example, results of experimental
and numerical analyses for a beam presented in [Mazars et al. 2000] were compared. The cross section
geometry and steel reinforcement is shown in Figure 14.

Figure 13. Positive convention for the nodal/end moments.
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Figure 14. Geometry and beam reinforcement [Mazars et al. 2000].
In Figure 15, the numerical response is compared to the experimental response. Besides the numerical
response obtained from the model under study, the response from another damage model [La Borderie
et al. 1991] was also reproduced (in this model the damage is diffused in the element while the reinforcement bars are discretized into layers). The parameters of interest in the numerical modeling were
calibrated based on the experimental result in [Ragueneau et al. 2000]. The values adopted are:
Properties of concrete:
E C = 28000 MPa,

ν = 0.2,

γC = 2500 kg/m3 .

Properties of steel:
E S = 200000 MPa,
E ST = 4000 MPa,

f y = 450 MPa,
γ S = 7850 kg/m3 .

Parameters of the La Borderie [1991] model:
β1 = 1 MPa,

β2 = −10 MPa,

y01 = 3.05 × 10−4 MPa,

y02 = 5 × 10−3 MPa,

A1 = 4.0 × 103 MPa−1 ,

A2 = 6.8 MPa−1 ,

B1 = 0.95,

B2 = 0.7705,

σ f = 2.6 MPa.

Figure 15. Load/displacement curve for beam in [Mazars et al. 2000].
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Parameters of the simplified model under study:
Mcr = 5.04 kN·m,
γ = 6,
X ∞ = 3.15 kN·m,

M p = 26.1 kN·m,

Mu = 28.35 kN·m,

φ pp = 1.8 × 10 rad,

φ pu = 7.0 × 10−3 rad,

b = 5000 kN·m,

Mk = 0.0315 kN·m.

−3

The La Borderie [1991] model was used in the discretization process with 14 equal elements while
for the simplified model, the structure was discretized in two equal elements.
A close observation of the curves in Figure 15 shows the La Borderie [1991] model satisfactorily
reproduces the displacement curve. However this model is not capable of reproducing the two experimentally observed hysteresis curves. Moreover, the residual displacements are shown to be considerably
distant from experimental results (in this model both plastifications of concrete and steel reinforcement
are considered).
The displacement curve obtained from the simplified model under study is shown to be very realistic.
Above all, it is worth emphasizing that this model is capable of reproducing hysteresis loops and also
reproduces residual displacements with a remarkably high precision.
The second example explores the efficiency of the simplified model to reproduce the behavior of a
structure submitted to loading with inversion of sign. The results of experimental and numerical analyses carried out for a frame presented by Alva [2004] are given. For this structure, the geometry and
reinforcement distribution are shown in Figure 16.
In this test, the general loading procedure consisted of applying a constant point load of FN = 240 kN
in the column direction to simulate gravitational load, and of a variable load at the beam end to simulate

Figure 16. Frame subjected to load with sign inversion [Alva 2004].
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Figure 17. Beam end experimental load-displacement curve [Alva 2004].
cyclic load in multiple floor buildings [Alva 2004]. The sign convention for displacements measured at
the beam end is indicated in Figure 16.
Figure 17 presents the experimental force-displacement response. The cyclic loading process at the
beam end was initiated after the column normal load had been applied. The maximum and minimum
applied loads were ±10 kN, ±20 kN, ±30 kN, ±40 kN, ±50 kN and ±60 kN, in totalizing six cycles.
The model in [La Borderie et al. 1991] and the simplified model under study are employed in simulating the numerical response. The material properties and the necessary parameters considered for
application of these models are shown. For the model in [La Borderie et al. 1991], average concrete
parameters are used while for the simplified model, the parameters employed were obtained from the
results of [Alva 2004]:
Properties of the concrete:
E C = 28315 MPa,

ν = 0.2,

γC = 2500 kg/m3 .

Properties of steel:
E S = 200000 MPa,
E ST = 10500 MPa,

f y = 600 MPa,
γ S = 7850 kg/m3 .

Parameters of the model in [La Borderie et al. 1991]:
β1 = 0.8 MPa,

β2 = −10 MPa,

y01 = 1.0 × 10−4 MPa,

y02 = 1 × 10−3 MPa,

A1 = 8.0 × 103 MPa−1 ,

A2 = 6.8 MPa−1 ,

B1 = 0.85,

B2 = 0.7705,

σ f = 2.6 MPa.

The simplified model parameters for both M > 0 and M < 0 are:
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Beam:
Mcr = 11.7 kN·m,
γ = 10,

M p = 139.5 kN·m,

Mu = 167.4 kN·m,

φ pp = 2.5 × 10 rad,

φ pu = 11.0 × 10−3 rad,

−3

X ∞ = 18.6 kN·m,

b = 7000 kN·m,

Mk = 0.186 kN·m.

Mcr = 17.1 kN·m,

M p = 117.9 kN·m,

Mu = 130.5 kN·m,

φ pp = 1.0 × 10 rad,

φ pu = 4.0 × 10−3 rad,

Column:

γ = 5,
X ∞ = 14.5 kN·m,

−3

b = 7000 kN·m,

Mk = 0.145 kN·m.

In the case of applying the model in [La Borderie et al. 1991], the structure was discretized in
9 elements: 4 column elements of equal length and 5 beam elements. In the case of the simplified model,
only two column and one beam elements were considered.
Figure 18 presents the numerical response obtained from the model in [La Borderie et al. 1991].
The figure shows that although this model reproduces the plastic strain associated to the concrete, it
underestimates the experimental residual displacement. It is worth observing also that the unloading
path is described by practically straight line which is a little distant from the experimental curve.
Figure 19 presents the numerical response obtained from applying the model under study with hysteresis. As can be observed, the model satisfactorily reproduces the structural behavior and is capable of
reproducing residual displacements associated to the plastic behavior of concrete, which are much closer
to experimental results.

Figure 18. Beam end numerical load-displacement curve, the model in [La Borderie
et al. 1991].
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Figure 19. Beam end numerical load-displacement curve, proposed model.
7. Conclusions
The formulation of the simplified model is based on generalized variables that are consistent with the
classical bending theory of bars. The parameters involved (cracking and plastification moments, and the
corresponding kinematic parameters) can be obtained from conventional moment-rotation experimental
procedures.
To evaluate the efficiency of the model, the results from the obtained model were compared with
known experimental responses of reinforced concrete structures under load with the possibility of sign
inversion. The numerically obtained force-displacement diagrams were shown to satisfactorily reproduce
the experimental response. It was evidenced that the relative movement between the fracture surfaces in
the concrete, particularly revealed during the unloading and reloading cycles, is important for any refined
consideration of the effects of damage on structural behavior.
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