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An improved efficient zigzag theory (IZIGT) and an improved third-order theory (ITOT) are presented
for hybrid piezoelectric angle-ply composite circular cylindrical shells under electrothermomechanical
loading. In both theories, the potential and thermal fields are approximated as piecewise linear across
a number of sublayers so that the nonlinear potential field and actual temperature profile across the
laminate thickness can be captured to any desired degree of accuracy. The transverse displacement is
approximated to explicitly account for the transverse normal strain resulting from thermal and electric
fields without introducing additional unknowns. The shear traction free conditions on the top and bottom
surfaces in both theories and the continuity of transverse shear stresses at layer interfaces in the [ZIGT
are satisfied exactly considering coupled constitutive equations. The theories are assessed in comparison
with the available exact 3D piezothermoelasticity solution for simply supported angle-ply hybrid cylin-
drical panels under electrothermomechanical loads. The comparisons for a hybrid test panel, a composite
panel, and a sandwich panel establish that the IZIGT is very accurate and the ITOT is an improvement
over the conventional third-order theory for thermal loads, which assumes uniform deflection across the
laminate thickness.

1. Introduction

Research efforts continue to be directed towards the analysis, design, development, and testing of smart
piezoelectric composite shell-type structures because of the increasing potential of their use in aerospace,
marine, and automobile vehicles. Due to the presence of high layerwise inhomogeneity in mechan-
ical, thermal and electric properties in these so called hybrid laminates, development of an accurate
but computationally efficient two-dimensional (2D) shell theory for their analysis is a requirement that
poses considerable challenges. Exact three-dimensional (3D) piezothermoelasticity solutions for simply
supported finite-length cross-ply hybrid cylindrical shells [Xu and Noor 1996; Kapuria et al. 1997] and
for infinite-length angle-ply hybrid cylindrical shells [Dumir et al. 1997] have been presented, against
which the accuracy of the 2D theories can be assessed. In 3D solutions, no simplified hypothesis is
made on the variations of field variables along the thickness coordinate, whereas in 2D laminate theories,
variables are approximated in the thickness direction assuming a priori a given expansion. It is now well
understood that:

» The neglect of direct piezoelectric and pyroelectric coupling effects leads to substantial error in
predicting structural response [Lee and Saravanos 2000].

Keywords: cylindrical shell, angle-ply, piezoelectric composite, zigzag theory, thermal load.
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 The transverse normal strain (out-of-plane deformation) can not be neglected in presence of thermal
and electric fields [Kapuria and Achary 2006].

» The slope discontinuity in the inplane displacements at the layer interfaces, as observed from exact
3D solutions [Kapuria et al. 1997] should be included in the 2D theory for obtaining an accurate
response.

o A 2D theory which works well for a shell loaded by an assumed linear or quadratic temperature
profile may yield inaccurate results for an actual temperature profile based on the heat conduction
equation [Carrera 2002].

These effects should be included in an accurate 2D theory, without enhancing the cost of analysis.

A comprehensive review of the 2D theories for piezoelectric hybrid plates and shells has been pre-
sented by Saravanos and Heyliger [1999]. Classical laminate theory (CLT) has been employed for elec-
tromechanical static and dynamic response of piezoelectric laminated generic [Jia and Rogers 1990] and
circular cylindrical [Sung et al. 1996; Zhang et al. 2008] shells, wherein the two-way electromechanical
coupling is not considered (the charge balance equation is not solved). Kapuria et al. [1998b] presented
an assessment of uncoupled CLT and first-order shear deformation theory (FSDT) based on Flugge’s
approximations for electromechanical response of hybrid circular cylindrical shells in direct comparison
with the exact 3D piezoelasticity solution. Berg et al. [2004] employed classical shell theory based on
Flugge’s approximations for the dynamic response of single-layer piezoelectric shells, considering elec-
tromechanical coupling. A coupled mixed field approach [Saravanos 1997; Saravanos and Christoforou
2002] with FSDT assumptions for the displacement field and layerwise linear approximation for the
electric potential has been employed for doubly curved and cylindrical hybrid shells. Pinto Correia et al.
[2002] developed a finite element for active control of axisymmetric hybrid shells based on the coupled
third-order theory (TOT) with a sublayerwise linear approximation for electric potential. In this theory,
the shear traction conditions at the top (outer) and bottom (inner) surfaces of the shell are not satisfied in
presence of nonuniform electric potential on these surfaces. These equivalent single layer (ESL) theories,
wherein the displacements are assumed to follow a global variation across the laminate thickness, violate
the slope discontinuity in the inplane displacements and continuity of transverse shear stresses at the
layer interfaces. The slope discontinuity is incorporated in the displacement field approximations of the
layerwise theories (LWT), which yield accurate results [D’Ottavio et al. 2006; Carrera and Brischetto
2007]. However, these are computationally expensive since the number of unknown variables increases
with the number of layers, which restricts their applicability in dynamics and control problems. As an
efficient alternative to the LWT, zigzag theories (ZIGT) have been proposed, wherein the assumptions of
displacements are the same as in the LWT with additional quadratic and cubic or trigonometric global
variation across thickness for the inplane displacements. But the number of variables is reduced to that
of the corresponding ESL theory by enforcing transverse shear continuity conditions at layer interfaces,
and shear traction free conditions at the top and bottom surfaces. Ossadzow-David and Touratier [2004]
presented a semicoupled ZIGT for doubly curved hybrid shells under electromechanical loading wherein
the continuity and boundary conditions on transverse shear stresses and transverse electric displacement
at the layer interfaces and the bounding surfaces (top and bottom) are satisfied using uncoupled consti-
tutive equations. D’Ottavio et al. [2006] and Carrera and Brischetto [2007] also employed ESL models
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with additional Murakami zigzag functions for inplane displacements, which do not satisfy the conditions
on transverse shear stresses.

Limited literature is available wherein the above theories have been extended to incorporate thermal
loading and the implications of the thermal effects on the hybrid shells have been assessed. The uncou-
pled CLT [Tzou and Bao 1995], coupled mixed field FSDT with layerwise linear potential [Raja et al.
2004], and coupled ZIGT [Kim et al. 2002; Oh and Cho 2007] have been presented for doubly curved
shells under assumed temperature profile of linear and cubic variations across the thickness. A finite
element model based on the coupled FSDT with layerwise linear temperature profile was presented for
doubly curved hybrid shells by Lee and Saravanos [2000]. Kapuria et al. [1998a] extended the uncoupled
CLT and FSDT based on Flugge’s approximations for hybrid cylindrical shells to the thermal load case
with layerwise temperature profile and assessed the theories in direct comparison with the 3D exact
piezothermoelasticity solution. Such comparisons are not available for the other advanced 2D theories
for hybrid shells under thermoelectric loading.

In this work, two new improved 2D theories are developed, namely, improved zigzag theory (IZIGT)
and improved third-order theory (ITOT) for hybrid piezoelectric angle-ply composite cylindrical shells
under electrothermomechanical loading. It is an extension an earlier work [Kapuria and Achary 2006;
Kumari et al. 2008] for hybrid plates to the case of hybrid cylindrical shells. The temperature field is
approximated to be piecewise linear across a number of sublayers across the laminate so as to capture
the actual thermal profile based on the heat conduction equation, to any desired accuracy. The electric
potential is similarly approximated across the piezoelectric layers, and the deflection is approximated
to account for the normal strain along the thickness direction due to thermal and electric fields, without
introducing any additional unknown variables. The conditions on transverse shear stresses at the top
and bottom and at the layer interfaces (for IZIGT only) are satisfied exactly considering the coupled
constitutive equations, and the number of displacement unknowns in both theories is reduced to five.
The theories are assessed in direct comparison with the exact piezothermoelasticity solution [Dumir
et al. 1997] for simply supported angle-ply infinite-length hybrid cylindrical panels of heterogeneous
composite and sandwich laminate configurations under mechanical, electric potential, and thermal loads.
The effect of inclusion of transverse normal strain in the approximation of deflection is investigated.

2. Displacement, potential and thermal field approximations

Consider a hybrid circular cylindrical shell panel of thickness / and circumferential span angle a as
shown in Figure 1, with circumferential axis €, longitudinal axis x, and thickness (radial) axis z. It is
made of L number of perfectly bonded orthotropic layers with their stiffer principal material axis direction
at an angle y to the #-axis. Some of the layers can be of radially polarized piezoelectric materials of
orthorhombic class mm2 symmetry [Auld 1973]. The shell is subjected to a thermal load and a transverse
mechanical load on the inner (bottom) and the outer (top) surfaces, with actuation potentials applied to
some piezoelectric layers. The midsurface of the panel is chosen as the reference surface z = 0. The
z-coordinate of the bottom surface of the k-th layer from the bottom is denoted as zx—;. Thus, the z-
coordinates of the bottom and the top surfaces are zg and zr, respectively, with zo = —h/2 and z; = h/2.
The layer in which the reference surface lies or is at the bottom is denoted as the ky-th layer and its radius
is R.
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Figure 1. Geometry of a hybrid angle-ply cylindrical shell.

The 3D piezothermoelasticity solutions [Kapuria et al. 1997] have revealed that the contribution of
the transverse normal stress o, to the strain energy is much smaller than the contributions of the other
stress components. Hence the assumption of ¢, ~ 0 made in some 2D shell theories is retained in the
present formulation. Using this assumption, the linear constitutive equations for the stresses oy, gy, Tgx,
Ty, and 7g, and the electric displacements Dy, Dy, and D, are given by

A

0=0¢—-&E — BT, t=0Q0y—¢E D=2&y+iE, D=&e+inE.+pT, (1)

where
v Thz Dy 0
c=|oy |, T = , D= s e=|¢& |,
Txz D,

L Tox - T -7 | Vox

011 012 Qs (A1 - .
= - = = 0z A 0Os5 Qas )
Q=012 O Q% |, B=|h|, y = iz , 0= Ous Q44:| ,

| Q16 Q26 Qss | B6_ e -

[Ey ~ e 525:| . [ 7712] _ -
E= R e=|_" "1, =12 7, e3=|es e3n esgl.

_Ex:| | €14 €24 1 | 712 122 M CIREEY

Here ¢ and y are the inplane and transverse strain components, and Ey, E,, and E, are the electric
field components. Qi s €ij, Nij, and ﬁ_i are the reduced elastic stiffnesses, piezoelectric stress constants,
electric permittivities, and stress-temperature coefficients, respectively. Let ug, u,, and w be the inplane
and transverse displacements and ¢ be the electric potential. Denoting differentiation by a subscript
comma, the strain-displacement and electric field-electric potential relations for small strain condition
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are given by
ugp +w b0

gg = — . =u +w 5 Eg=— : >

0 Rtz Vxz X,z X 2 Rtz
we—Ug

Ex = Uy x, Yo: =0+ g Ey=—¢,, 3)
Uy,0

&, =W,z V0x=u0,x+R:_Zs Ez:_¢,z-

The temperature field 7 (0, x, z) for the hybrid laminated shell can be solved analytically for some
geometries or numerically by, say, the finite element method. The temperature field 7 is approximated

piecewise linearly between ny points at le (I=1,2,...,n7) across the thickness. The potential field is
similarly approximated between ny points at zé (j=1,2,...,ny) across the thickness:
TO,x,2) =T ©0.x),  $0.x,2)="P,)$ ©.x), )

where T!(0, x) =T (0, x, z}.) and ¢/ (0, x) = $ (6, x, Z({ﬁ). Functions W} (z) and ‘I‘é (z) are linear Lagrange
interpolation functions for T and ¢ respectively. The summation convention is used for repeated indices
[ and j, and for /' and j’, used later. For discretisation of 7 and ¢, each layer is divided into a number
of sublayers as required by the desired accuracy.

3D exact solutions [Xu and Noor 1996; Kapuria et al. 1997] have revealed that for moderately thick
hybrid shells under thermoelectric load, the transverse displacement w has significant variation across
the thickness, which is caused by the thickness deformation primarily due to the electric and thermal
fields. Hence, in the present IZIGT, w is approximated by neglecting the contributions of stresses in
the constitutive equation for ¢, but retaining the contributions of thermal and electric fields and then
integrating the remaining expression for ¢;:

ee=w.~—dpp.+iT = w0 x,2)=w0,x) - V)¢ 0. x)+ LT O, x), ()
with

Yo - [ o Ho- [ aved ©)

‘i‘qjﬁ (z) is a piecewise linear function and ‘?IT (z) is a piecewise quadratic function.
The inplane displacements ug and u, are approximated as a combination of a global third-order vari-
ation in z across the thickness and a layerwise piecewise linear variation:

1+%0
u@,x,z)= OR | ur(0, x) — zwo, + 2y (6, x) + 220, x) + 210, x) (7

| ue |k _ | woe/R vk <) _ | e
1 P e P [ RS i E e R [ B

and u; and y; are the translation and shear rotation variables of the k-th layer. Substituting ug and u,
from (7), w from (5) and ¢ from (4), into (3) and thereafter using (1), the transverse shear stresses 7 are
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obtained as

7= Q4@ + 08¢ + Q8+ 04 ()¢ + 04 ()T}, )
with
R L 0 . _L ol _ . 22+22R 0
Qi) =0" | R+z |, 05@=0"|R+z |¥(), Q5@ =0"| R+z :
0 1 0 1 0 2z
kY [22432R Ty
¢i=| R |, Qi) =0"| R+z ., Ti=|R|, (10)
] i 0 372 Tlx

R 0 _ R 0 .
0% =2¢"| R+z | Wi(a)— 0" | R+z | ¥(a).
! o 1] * o 1]’

The conditions of zero transverse shear stresses 7 at the inner and outer surfaces, and the continuity of
7 and u at the layer interfaces yield

1) =0 = 0G0y + Q3G+ 03zo)n = —04;o)¢] — Q% (20) T}, (11)

1) =1@) = O @y — Q@i+ 05 + 0n=— 0k 4] — 04 T, (12)
1+%£ 0

u(zy) =u(zf) = [ -t)R 1:| (Upr1 — uk) + 2k W1 — 2wk =0, (13)

1) =0 = OFGuwr+ 05@E+ 0 n=—0% @), — QL@T),  (14)

where k=1,..., L —1,
0 =0/ @) — Qf (@), i=1,2,3,4, (15)
and
04, =04 @) - 04,), 0% =05 (z) — 0% (z). (16)

Equations (11)-(14) along with Uky = Uo and Wky = Yo are arranged in matrix form for the 2L 4 2
unknowns uy, y, &, and #:

A% = B"uo+ BV wo+ BI¢) + B/ T}, (17)
where A is a (4L +4) x (4L + 4) matrix, B*, BY, Bf, and BIT are matrices of size (4L +4) x 2, and

_ T
I=[ul wi uj vy ... u] y] T A'] . (18)
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Partitioning the matrices A, B¥, BY, B?, and BIT into 2 x 2 submatrices A(i, j), B“(i), BY (i), B;b(i),
and BIT (i), the nonzero submatrices are given by

A(1,2) = Q] (z0), AQL,2L) = Qf (z1), B"Q2L+1) = I,
A(1,2L+1) = 05(20), AQL,2L+1)=Q5(z1),  BYQL+2) =1,
A(1,2L+2) = 05(20), AQL,2L+2) = 05 (z1), B?(1) = — 0} (z0),

A(2i,2i) = — Q' (z), AQRLA+1,2ko—1) = I, Bf(2i) = -0},
AQi,2i+2) = 01 (z), AQL+2,2k) = b, B?(2L) = —0%;(zy),
A(20,2L+2) = 04(z), AQi+1,2i) = —z D, B/ (1) = = 0%(20),
AQ2i,2L+1) = 05(z)), AQRi+1,2i+2) =z b, Bl (2i) = — 0L, (z),
1+ 0 1+% 0
A(2i+1,2i—l):—|: R } A(2i+1,2i+1)=|: R } Bl 2L) = -0 (zp),
0 1 1
fori =1,..., L — 1. Here I is the 2 x 2 identity matrix. The solution of (17) can be expressed as
F=C"ug+C"yo+Clgpy+CI T}, (19)
where
c'=A"'B", c'=a"'BY, c!=A""B?, C/=a""B]. (20)

c, cv, C¢ and C[ are partitioned into 2L + 1 submatrices C*(i), C¥ (i), C¢(z) and CT(l) of size
2x2 each Since ¢, 1, and y; in (11), (12), and (14) can be solved in terms of wo, ¢d, and T[ only, it
follows that C*(2i) =0fori =1,...,L,and C*(2L + 1) = C*(2L 4+ 2) = 0. Moreover, (13) implies
that u; = ug+ f (w1, w2, ..., wr), where f is a function of the ;. Thus C*(2i — 1) = I,. Considering
these submatrices of C, (19) can be explicitly written as

we = Lo+ C¥ 2k — Do+ C7 2k — g + C] 2k — DT},
wi = CV (2K o + CL 2K\ + C (2T,
&=CYQL+ Dyo+ClQL+ 1)) +C] QL+ DT},
n=C"@QL+2)yo+C?QL+2)¢) +C] QL+2)T}.

21

These expressions are now substituted in (7) to obtain the final expressions of u:

Z . _
u(d,x,7)= {“:)E ﬂ 1o (@, x) —zwo,, (0, )+ R @) w0, )+ RY (2)¢} (0, x)+ R ()T} (0, x), (22)

where
R*(2) = RE + RS+ 2°Rs + 2Ry,

RM (z) = Iélfj +z1§§j +221§§ +2°R], (23)
RM(z) = R¥ 4+ 7 RS + zzRé +2°Rl,
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with

1
Rf =CV(2k—1), Rs= S
~kj & ~kj +
R/ =C7@2k=-1), R) = S

1
RY'=cl@k-1), R} = o
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CY(2k—1)+C"(2k), Ry=C"(2L+1), Ry=CY(2L+2),
C?Qk—1)+CY@2k), Ri=Cl@L+1), R{=CIQL+2), (24)

cl k-1 +Cf@2k), R, =cl(2L+1), R,=ClL+2).

For the improved and consistent third-order ESL theory (ITOT), w is approximated by (5) and u is
approximated as

1+< 0
u@,x,z)= [ OR 1} uo(0, x) — zwo, + z2w0(0, x) +2°E(0, x) + 2710, x), (25)

for which the expression for 7 is obtained as

v = 0@ o+ 05()¢ + Q8@+ 04 ()] + 04 ()T} (26)

Applying the shear traction-free condition 7 = 0 at z = zg, zz, yields

where

= 01(z0), a» = 03(20), a3 = 03(z0), asj = Q}U(Zo), as; = 0%(20),

5l11//o+512§+5l371+514j¢;§+67517",§=0, 51W0+52§+5377+54j¢£+551Té=0, (27)

_ _ _ _ (28)
=07(G), b=05zL), by=05GL), bi=05cL), by =0%(w).
Equation (27) is solved for £ and # to obtain
&=Rspo+ Rip)+ RETS,  n=Rayo+ Rjg)+ RiT), (29)
where
Ry =AY (b;'by —a; 'ay), Ry =—a; ' (@R;+ar),
Ry = A"(b3'baj — a3 'as;),  R]=—a;"(@R]+ay)), (30)
Ry = A" (by'bs — a3 'as), R, = —a; ' (@R + as)), A=aj'a,—by'b.

Substitution of ¢ and # from (29) into (25) yields the expression of u for the ITOT to be of the same
form as of (22) for the IZIGT with the functions R*(z), R*/ (z), and R¥ (z) for the former given by

R¥(z2) =z, +z*R3 + 2> R4, Iékj(z) =z21§§+z31§j, R (z) =z21§l3+13Ri. 31
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3. Strain-displacement relations

The displacements # and w given by (22), (5) and the small virtual displacements du, dw can be written

u= fi(2)i, + R" ()T, w= iz +¥r ()T, (32)
du = fi(z)dity = di,| f) (2), dw = fr(2)ditr = dits f5 (2), (33)
with
_ T1T _ T
ul:[ug o Vo Y ] ’ 2 =leo _.W] ’ IZZ[H% 0}’ (34)
fi=[r b R @], pe=[1 #o), 0

where the index j indicates a sequence of elements with j ranging from 1 to ny. Substituting u and w
from (22) and (5) into (3) yields

e = f3(2)&1 + L@ + Q)T + QP @T!, 7 = fs(2)e + O (2)T), (35)

and hence
e = f3(2)081 + f2(2)dita, Oy = fa(2)d%2, (36)
with
. . — 1 - r _ .
£ =[0°:) 0@) ) W) |, i) =[0f@) o @], R~ =zI[1FE]. 6D
1 0 0 0 —< 0 0 0]
1+z/R
) =|0 0 0 1], @)= 0 0 0 =z,
Z 1 Z
0
O+ % 5ok ¢ | “T+z/R "
B k k 7] k kj
Rll R12 0 RI{ Rlé 0
1+z/R 1+z/R 1+z/R 1+z/R
k k kj kj kj
P@=| 0 Ry 0 Ry, @)= 0 Ry 0 Ry,
k k kj kj
Ry k Ry, Rk szl kj Rzé kj
[ 14+z/R "1 T4z/R 12 | T4+z/R "1 T+z/R "12 (38)
r Dkl pkl
B . r Rll 0 R12 0
Rk _ Ry, o _ Rpp ) I+z/R — 1+z/R
) = | T Rz TR Rz, @)= 0 Ry 0 Ry |,
R Ry Rlzci ki Réé Kl
| 1+z/R "' 14z/R 12
_ PP ) ) ) i )
L kj _R1{+R\P¢jﬁ Y o_ Ry _ RKL _R]fll_R\IllT pkl R
q)oj(Z): 11,z R+z Rz R4z |, (I)Sl(z): 11,z R+z 227 Ryz |,
kj kj =] pkl pkl vl
L Rzi,z szz,z_lyés L R21,z R22,Z+TT
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[ Uuo, ~ = 1
_ _ - R+z
J 0
l//Qd ¢d 0
bia i B 0
] [ w0,00/R* [(uoy.0/R [ wog.0/R
wO,@/R wo.0x /R U0g,x Yog,x
1w = . 1w = > , u = . = R
| won } %d | 1o /R %~ | uo,0/R Y0a = | yo,0/R (39)
W0, xx L UOy,x L Yox,x
- 5 ~
0/R Ty /R?
' ' - l
J — ,]9/R ¢j — ,]HX/R Tl — T,{9/R Tl — T,Hx/R
d il 0dd J »/R ’ d ! |’ 0da T! ,/R
5 X = 5
,JXX L T,Zxx

4. Equilibrium equations and boundary conditions

The variational principle for the piezoelectric shell is given by

"¢
/ (0ijd¢€ij + Dio¢;)dV — / (T/"ou; + Dpog)dI' — Z/ . jS5¢ji dAVi =0 (40)
v r i1 /AT

(see [Tiersten 1969]), where V and I' denote the volume and the surface area of the shell; Ali is an
internal surface area at z = z;j where ¢/i is prescribed and qj; 1s the jump in electric displacement D,
at this interface; the total number of such prescribed potentials is 74; and D,, T;" denote the electric
displacement vector and surface traction vector on a surface with outward normal vector 7.

Let pz1 and pz2 be the normal forces per unit area, and DZ1 and DZ2 be the surface charge density applied
on the bottom and top surfaces of the shell. Using the notation

=>/

klzkl

for integration across the thickness, the variational equation (40) for the laminated piezoelectric cylindri-
cal shell panel of length a and span angle o can be expressed as

/ / ( 00589 + 0 dex + T0x070x + 1920702 + Tx2 05z + D]gi¢ L + D0 x + D¢, }>
— p1 (l + Z—0)510(16, 0,z0)+ D! (l + Z—0)6¢1
—]§(1+ZL)&U@ GZL)—lﬂ(1+ZL)6¢W’ qh(1+ I) ¢h)Rdedx

agéug ~+ Ty 0uy + +79,0W + Dyddh) ‘

‘Nc\

mﬁw+%mfwmm+05@HRw=a (41)
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for all dug, dwg, Sy, and 6¢/. This variational equation is expressed in terms of dug, dwg, Sy, and dp/
to yield the governing equations of equilibrium for the shell and its variationally consistent boundary
conditions.

Using (36), the strain energy terms in (41) can be expressed as

z & iT i owyN, 5¢j§j T~
<(l—i—E)[éeTa—|—5yTr]>zéung—éwgddM—i-él//onP—i-&l//éd ST+t == oy Q+ogy O
where

[ No+ My/R [ My
o Ny + My9/R <( z) oT > My <( z) T >
= =(({14+=)D M = ={(14+=)O
N Noyx + R @a), My, * R @)
i N, | M,
gy 42
. s “2)
==+ 5)e @) = 5= (1 )0 )
P = P | = 1+R O~ ()0 ), and S/ = ng = 1+R oY (z)o
| Py _S,{

are stress resultants of the inplane stress components ¢ (and likewise S/, defined analogously), and

o-[8]-10+ ] o= [H]-(0egper] o

are the stress resultants of the shear stress 7. In these formulas Ny = (oy), Nxg, Nox = (79x), and N, are
inplane force resultants; My, Mys, Mp,, and M, are moment resultants; Py, Prg, Pox, Py, Sy = (¢’ (2)a),
s/ 0> Sex, and S] are higher-order moment resultants; and Qy, Oy, Qg, and Q + are higher-order transverse
shear resultants.

The electrical enthalpy terms in (41) can be expressed as

((1+£) (5oL + Do+ D0#c) ) = %?£+%W%+wa, (44)

where the shell electric resultants Hbf , H){ ,and G/ of electric displacements Dy, D,, and D, are defined
by

_ ~ (¥ (2) Do) . . :
w=[ )= o peond |70 o 2 P) =0+ ) mm

The electromechanical loading terms in (41) can be expressed as —(F3dwg + F6j d¢7) where F3 and
F6] are the mechanical and electrical loads respectively, defined by

= (1+2)pl+ (1+5L) p2,
i (46)

F == (1432) p1¥) o) = (1455 ) P2 o)+ (1455 ) D200, — (1452) D201+ (145 ) 450
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The boundary terms in (41) are similarly expressed in terms of the stress and electric resultants and its
area integral is expressed in terms of dug,, du, , dwo, dYo,, IWo,, and d¢’ by applying Green’s theorem,
wherever required, to yield the following 5 + n4 equations of equilibrium:

Noy Mo, Mg, Mo gy (Myg+ Mpy) 20

& TR TNext =0, Rz T R M

No \ p—0
R 3=VY,

N&x,g

Pgﬂ
Nx,x+ R :09 T-"_ng’g_Qg:Oa

ng 0
R TP
Q) Sty St 0 H;) §5
0 AJ ,00 X Ox AU x0 j 0 i~ A J_
T—i_Q)/C,X _( R2 + R + R +S)§,xx)+ R +H){,x G’ + R +F6 _O’

— 0 =0, (47)

and boundary conditions which consist of prescribed values of one of the factors of each of the following
products at =0, a:

Mg M@ﬁ
uoy | No + =) uo, Nox, wol\ Mxo, + R + Mox , |, wo oMo,
j (43)
il i o i S09 i j i G
WOQPQ, wo, Pox, @ Q5+Hg _T_Sxﬁ,x _ng’x > ¢,95g>
and at x =0, a:
ng Mﬁx 0 Mx@g
uoy | Nxo + =) uoy Ny, wo| My, + R’ + R’ , wo My,
g g/ 49)
ilpi wpgi_ X0 7% Jqi
l//ngxé): WOxPX’ ¢ Qx+H _T_T_Sx,x > ¢,xSx‘

The first term of each product corresponds to the essential boundary condition and the second term
corresponds to the natural boundary condition.

We now turn to the shell constitutive equations, which are the relations between shell stress resultants
and electric displacement resultants defined in (42), (43) and (45) with the generalised shell mechanical
strains and electric potential entities. They are obtained by substituting the expressions of ¢, 7, D, and
D, from (1) into (42), (43) and (45):

B T :/ :! ~ A
Fi=|NT MT pT SJ'T] = A& + 77 + AT+ (A =y YT + Adty,

r T _ —. _
P =0T QJT] = Ag+ B¢, +A'T), 50)

- . T a A A R
Fy=No/R $j/R| = AT+ Aits+ 7 7 + ATy + (4" =57,

J— it _ g sd o pilyl J—pit= o piT= il i o pill =jl o o ilyyl
H/ =p) & —EV ¢, +p/'T,, G/ =pl e1+p up—EV ¢ +p" T+ +y/H)T,

where A, A, A, and A* are the shell stiffnesses; A/, A!, and Al are the shell thermomechanical coefficients;
B4, B, and B/ are the shell electromechanical coupling matrices; g7/, /!, y!, 3¢, A!, A* and 7 /! are
the shell electrothermal matrices; y /! is the shell pyroelectric matrix; and E//" and E// are the shell
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dielectric matrices. These are defined in terms of material constants by

(A, AL A= ((14 %) A @ 0L, 3, 11 ()P} (z))

T
A A= ((1+5) H @014, 8 @), i=(EO0IEE)
_ <f2 (Z)Q11f2(Z)> _<f @0u¥) (z)>
'\ RR+2) [ - R(R+z) [
(Dkl
| p={(1+2) v o)
v
ﬂ (f4 (z)el (Z)\PJ (Z)) :< (2)631 @, Z(Z) >’ (51
g =((1+ %)) . @&0" o), =1 (z)llf;(z)é%"’(z)>
\I/l
' ={(1+3) Ao o) -(£OA%G)
EV = ((14 %) im¥) . %] ), EV =12 (z)flcl(z)‘P’(Z)‘PJ @)
. ¥ ‘P
' ={(142) %] 0¥ () < ‘“(Z)e“ (Z)>,
with
- 1 0
01=[0n Q12 Qie], II(z) = |:O H_g] (52)
R

5. Angle-ply shell under cylindrical bending

Consider an angle-ply circular cylindrical shell panel of infinite length for which the applied thermoelec-
tromechanical loading and hence all response entities are independent of x. The governing field equations,
the boundary conditions, and the shell constitutive equations for such a shell under cylindrical bending
are obtained by setting () , = 0 in (47), (48), (49), and (50) for general bending of shell. Substituting
the expressions of the resultants into the governing equations for the case of cylindrical bending yields
the following coupled electromechanical equations in terms of the primary variables uq,, 1o, , wo, Yoy,
Yoy, and ¢

LU =P, (53)

where

T
U:[uog Uoy Wo Yoy Yoy (ﬁl (,252 ¢n¢] )

_ R ngqT (54)
P=[P P, Py P, Ps P} P} ... P’] .

L is a symmetric matrix of linear differential operators in ¢, whose elements are given by
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—A11() 00 —A13() .00 AisO o0 A —A19() .00
Lllsz LlZZTJ L13: R3 - R Ll4:T7
A O _ —A1L30000 (AL, =80 _ —Axu0)
LIS — Ta 1,54+j" = R3 R s L22 - Ta
Lo — Ass().000 A310)p Lo — —A39() 00 Lo — —A311(),00
Lo s — —A35 130000 (Al = B)O)p Lo _ A Ass()0000 | (A1 +24A51)() 00
25 = 3 2 : p=—An-—Fp 7t R2 :
AsoO) o0 (A3 —Ao)()g As 11O oo (As— A1) O
L3y = , L3s= + )
R3 R R3 R
(ﬁj,_Aj,_Aj/ +Aj/+_j/ ( Aj/ (
Laer, =5 ~ A5~ A3 T A Bi) e As 130). 0000 A LA Ago( ) 00
3,5+ = 72 + e 2 —FBis Lu=An——p—,
Lae = Aus — A9,11( )00 I o Aé,B( ),066 4 (Aés +ﬂ_31 ,89 +A 2)( ), 0
s=Au—— 454j = g R
Lee— Ay, 11000 Leei —A1y 1350000 | (As+ B3y — Bl + A1) Ol
ss=Au T T 5.5+) = R3 R ’
Lo AL -l =l + B + B - El] +A132 A 2)()00 At3.130).0000
5+7.5+) — R2 R4
v A BB
for (j, j') =1, ...ng. The elements of the load vector P are
I i I i
_ A11 T pog n (AL =7yDTy _ A51To9 | (A3 =73)Ty
(7§ — AL + Al — ATy, A% Tlygg0 .
Py = 72 — — 3—R—’4+(ATI—V1I)TZ,
I i il ! [l I _Zl AL
_ AT (79 — Ay + A5)T _AnaToe _ On— A+ 40T
R’ R ’ : R3 R ’
TR Til\ gl Jl ATl
j AL B =B+ - AT, ", A1 T oo i1 A2 T o
P =—F3— e LI I R Ay T - 2

To assess the accuracy of the theories developed herein, a Fourier series solution is obtained for simply
supported angle-ply shell panels of span angle o for the following boundary conditions at 8 =0, a:

Ne+%=0, Nox =0, wo=0, My=0, Py=0, Py,=0, ¢ = S) =0, (55)
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for j =1,...,ng4. The load parameters and the solution are expanded in Fourier series, satisfying the
boundary conditions, as:

(o.¢]
(t0g» U0y » Woy» Wor» Qx> Qos Qps H5)=Z(Mog, U0y Woy» Wox» Qxs Qs Qp» Hy )m cos(110),

m=1

o
(w0, ¢, No, Mg, Nox, Py, Pox, S5, G7, S))=> (w0, ¢7, No, My, No, Py, Pox, S}, G7, §)) sin(),

m=1

o0
(pia ¢i, Di’ 7}’ (Di’ C]i):Z(Pi; ¢i’ Di, 7}5 (Dia C]i)m Sil’l(n_’l@),

m=1

with m = n:x_n' Substituting these in (53) yields for the m-th Fourier component
KU™ = P™, (56)

U is partitioned into a set of five mechanical displacement variables U, a set of unknown output voltages
D, at zé where ¢ is not prescribed, and a set of known input actuation voltages @, at the actuated
surfaces. P is also partitioned accordingly. Equation (56) is then solved for the unknown variables U

and @;. The transverse shear stresses 7 and normal stress o, are obtained by integrating the 3D equations
of equilibrium.

6. Assessment of the theories

The IZIGT and ITOT developed herein are assessed for accuracy by comparison with the exact 3D
piezothermoelasticity solution by Dumir et al. [1997] for simply supported hybrid angle-ply cylindrical
shell panels in cylindrical bending. The exact 3D results for various laminate configurations have been
generated using the computer program developed by the same authors for their numerical study.

Three laminate configurations (a), (b), and (c) as shown in Figure 2 are considered for the assessment.
The orientation of the principal material direction is mentioned with respect to §-axis. Laminate (a),
which has been devised as a benchmark test case, has an elastic substrate of five plies of materials
1/2/3/1/3 having highly inhomogeneous properties for tensile and shear stiffnesses, coefficients of thermal
expansion, as well as thermal conductivities. A piezoelectric layer of PZT-5A is bonded to the top (outer)
surface of the substrate. Laminate (b) has a four-ply graphite-epoxy composite substrate of material 4 and

PZT -5A _ PZT -5A - PZT - 5A
X =1 T 1

NS \N\if? SN\t o1

mat.3 15° 0.27h 30° 0.225h 0.04h
_Loasn 30 0.225h 0an

mat. 3 75° 0.135h

—30° 0.225h

mat.2 15° 0.225h i g-gj:
oo Joow S

Panel (a) Panel (b) Panel (c)

Figure 2. Configurations of hybrid cylindrical panels.
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a PZT-5A layer bonded to its top surface. Laminate (c) has a sandwich substrate with two-ply composite
faces and a soft core, and two layers of PZT-5A bonded to its top and bottom surfaces. The span angle is
taken as 120° and the fibre orientation angle for the sandwich panel (c) is taken as 30° unless otherwise
mentioned. The interfaces between the substrates and the piezoelectric layers are grounded. The outer
surfaces of all the panels are in a close circuit condition with the prescribed electric potentials, while the
inner surface of panel (c) is in an open circuit condition with the prescribed charge density and unknown
electric potential.

Material constants and thermal conductivities, along with properties of PZT-5A, are given in Table 1.

The following mechanical, potential, and thermal load cases are considered:

(1) Pressure load p? = —po sin(z 8 /a) applied on the top surface.
(2) Potential load ¢"¢ = ¢ sin(z 6 /a) applied on the top surface.
(3) Thermal load T'(@, —h/2) = Ty sin(z8/a), T (@, h/2) =0.
The results for the three load cases are nondimensionalised as shown in Table 2.
The 3D thermal problem is solved as in [Dumir et al. 1997], by analytically solving the heat conduction
equation for all layers and satisfying the thermal boundary conditions and the continuity conditions at

layer interfaces for temperature and heat flow. The distributions of temperature across the thickness for
load case 3 is shown in Figure 3. It has been found from convergence studies that converged results

Y Y, Y3 Ga3 Gz G2

Material 1 6.9 6.9 6.9 2.76 2.76 2.76
Material 2 224.25 6.9 6.9 1.38 56.58 56.58
Material 3 172.5 6.9 6.9 1.38 3.45 3.45
Material 4 181.0 10.3 10.3 2.87 7.17 7.17
Face 131.1 6.9 6.9 2.3322 3.588 3.588
Core 2.208x10~% 2.001x10~* 2.76 0.4554 0.5451 0.01656
PZT-5A 61.0 61.0 53.2 21.1 21.1 22.6

V12 V13 V23 al ax a3 ki ko k3

Material 1 0.25 0.25 025 356 356 356 0.12 0.12 0.12
Material 2 0.25 0.25 0.25 0.25 356 356 72 144 144
Material 3 0.25 0.25 0.25 0.57 356 356 192 096 0.96
Material 4 0.28 0.28 0.33 0.02 225 225 15 05 0.5

Face 032  0.32 0.49 0.0225 225 225 15 05 05
Core 099 3x107> 3x107° 30.6 30.6 306 3.0 3.0 3.0
PZT-5A 0.35 0.38 0.38 1.5 15 20 1.8 1.8 1.8

d3 ds» ds3 day dis  nu N2 133 D3
PZT-5A —171 =171 374 584 584 153 15.3 15.0 0.0007

Table 1. Material constants Yi, Y», Y3, G»3, Gi3, Gi» (GPa); vy, viz, V235
ay, az, az (107°K~1); and thermal conductivities ki, k>, k3 (W/m K). Other properties
of PZT-5A d31, d32, d33, dos, dis (pm/V); 511, 122, 733 (nF/m); and p3 (C/m*K).
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YO = D 4

I D) = _— D, =———
(ug, U)) (MH, w)hS4p0, 4 IOSZPOd(),

Pressure load case:

Tox

o _ - - 0y Oyx —1
(66, Ox, Oz, Tox, Txzs T07) = 0 g0 g o T Tz 10Spo”

. - — (ug, w) =y DZh’
Potential load case: (g, w) = —>"——, D=————,
10S=¢odo 1000¢0d;5 Yo
- - - - - h
(00, 0x, 07, Tox, Txz, T02) = (09, Ox, 0.5, Tox, TxzS, THZS)W.
10(ug, - D - 1000¢d
Thermal load case: (ug, w) = M, D.=——— ¢= ﬁ,
hSZOCoT() aoToYod() aoToh

(5_95 6-)(’ 0_-17 fGX9 ‘L_-X17 f@z) - (100-69 O-Xa 1000-ZS9 T&Xa STXZ) STQZ) T Y .
aoploto

Table 2. Nondimensional magnitudes in the loading cases considered. Parameters in
the formulas: S = R/ h, Yy = 6.9 GPa for panels (a) and (c), Yo = 10.3 GPa for panel
(b); ap = 35.6 x 107° K~! for panel (a), ag = 22.5 x 1075 K~! for panels (b) and (c);

and dy = 374 x 10~'2 pm/V for all panels.

are obtained by approximating the exact temperature distributions across the thickness by the present
sublayerwise linear distribution with 8 equal sublayers in the core of sandwich panel and 4 equal sublayers
for all other laminas. For the distribution of electric potential, converged results are obtained by dividing
each piezoelectric layer into 4 equal sublayers.

The exact 3D results and the percent errors in the results of the present 2D theories IZIGT and ITOT for
displacements, predominant inplane normal stresses ¢ ¢ in the elastic substrate and ¢ ” in the piezoelectric
layer, shear stresses, D, and ¢ at typical points across the thickness, where they are large, are given in
Tables 3-5 for panels (a), (b), and (c) for the pressure and potential load cases. The z-locations of
the entities are mentioned within brackets. In order to investigate the influence of the thermoelectric

0.5 S — S — S
Test panel (a) Composite panel (b) Sandwich panel (c)
\ \\\ \\\
[ N\ \
Lo\ N \
Z T N \ N
0.0 - Sse ] - \ ] - N ]
L N N L \
L \ NN L N
N \
i \\ i N
[ — S=5 \ N [ ~
[ 5=10 ~_ ) i
5 e T T T T et S T Y Y S v v v v v v e N L Lo vy
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
T7(0.5¢, z) T(0.5¢x, 2) T(0.5¢, z)

Figure 3. Temperature distributions in hybrid angle-ply cylindrical panels (a), (b), and (c).



1174 JAYANTA KUMAR NATH AND SANTOSH KAPURIA

Load case 1 Load case 2
S Entity Exact  IZIGT ITOT Entity  Exact IZIGT ZIGT ITOT TOT
5 Uy -0.57137 —-4.56 -23.8 iy 0.13464 -2.60 -3.76 -5.63 -7.53
10 (-0.5h) -0.40342 -1.62 -8.07 | (-0.5h) 0.12403 -0.69 -1.39 -1.55 -2.46
20 -0.35424 -0.49 -2.27 0.12020 -0.16 -0.54 -0.39 -0.83
5 w -0.77787 —4.57 24.7 w 0.18944 -258 -3.71 -5.66 -7.55
10 0) -0.57234 —-1.66 -8.30 (V) 0.18020 -0.69 -1.39 -1.56 -2.47
20 -0.51595 -0.51 -2.31 0.17744 -0.16 -0.54 -0.39 -0.83
5 oy 0.98562 —0.10 -8.05 o4 2.9186 -3.63 440 -4.02 -522
10 | (-0.41h™) 0.84048 0.10 -2.00 | (0.4h™) 2.8458 -0.82 -141 -093 -1.64
20 0.78939 0.10 -0.43 2.8290 -0.12 -047 -0.15 -0.53
5 69” —-0.35624 -3.83 -9.47 gl -57276 1.29 1.07 135 1.17
10 (0.5h) -0.33133 -1.23 -2.85 | (0.4h™) =5.7419 0.56 047 058 0.49
20 -0.32473 -0.45 -0.87 —5.7440 0.24 020 025 0.20
5 Thx —0.14333 -3.48 -3.23 Thx 0.69887 -3.15 -3.86 -3.27 444
10 0.4h™) -0.13794 -1.14 -1.10 | (0.4h7) 0.68701 -048 -1.06 -0.51 -1.21
20 —-0.13588 —0.40 -0.39 0.68492 0.07 -0.28 0.07 -0.32
5 70, -0.20590 0.72 2.35 7o, 0.20268 4.78 250 540 342
10 | (-0.05h) —0.19841 0.26 0.65 | (-0.21h) 0.20421 1.67 066 184 091
20 —0.19363 0.10 0.20 0.20360 0.65 0.17 069 0.24
5 DZ 0.18698 -0.64 —4.18 l_)z -0.19026 -0.66 0.18 -0.74 0.08
10 (0.5h)  0.17955 0.42 -0.57 (0.5h) -0.19101 -0.27 0.15 -029 0.13
20 0.17727 0.74 0.48 -0.19154 -0.11 0.10 -0.11  0.09

Table 3. Exact 3D results and percent errors of 2D theories for hybrid test panel (a)
under load cases 1 and 2.

transverse normal strain, the results for the potential load case and the thermal load case (presented later)
are also compared with the particular cases of the present theories wherein w is considered uniform
across the thickness. The latter theories are referred to herein as the ZIGT and TOT. It is observed from
these tables that the IZIGT yields accurate results for all response entities for both pressure and electric
potential load cases even for thick hybrid panels with S = 5, having highly inhomogeneous lay-up. The
ITOT with the same number of unknowns yields far inferior results with large error in the deflection
and predominant inplane stress for the inhomogeneous test case and the sandwich panel under pressure
loading. For the potential load case, the ITOT is quite accurate although inferior to IZIGT. For this load
case, the IZIGT and ITOT are in general superior to their respective counterparts the ZIGT and TOT
with uniform deflection approximation. The improvement is not restricted to w only, but holds well also
for uy, op, and 7g,. Similar results for the thermal load case are presented in Tables 6 and 7 for hybrid
cylindrical panels (a), (b), and (c). It is revealed from these results that inclusion of layerwise terms in
the approximation of inplane displacements has far less effect on the results than the incorporation of the
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Load case 1 Load case 2
S Entity  Exact IZIGT ITOT Entity  Exact IZIGT ZIGT ITOT TOT

5 ug —-0.79418 -2.81 —4.62 g 0.14747 091 -2.14 -1.80 -3.07
10 | (-0.5h) -0.62329 -0.86 -1.41 | (-0.5h) 0.13644 -0.07 -0.78 -0.31 -1.05

20 -0.56802 -0.24 -0.39 0.13229 0.08 -030 0.02 -0.37

5 w -1.0772 298 4381 w 0.20551 -1.15 230 -2.08 -3.31
10 (0) -0.88373 -0.92 -147 0) 0.19697 -0.10 -0.81 -036 -1.08
20 -0.82736 -0.26 -0.40 0.19462 007 -031 001 -0.38

5 o4 0.62386 0.08 -0.63 oy 1.5160 -1.75 276 -2.14 -3.42
10 | (-0.5h) 0.56103 0.06 -0.12 | (0.4h7) 1.5042 -031 -097 -041 -1.14
20 0.53462 0.03 -0.01 1.5028 0.00 -037 -0.03 -042

5 Gy -037858 222 -2.84 ol -3.8409 1.15 2.62 1.35 1.16
10 | (0.5h) -0.35979 -0.57 -0.75 | (0.4h™) -3.8496 0.51 0.41 0.57 047
20 -0.35532 020 -0.24 -3.8504 0.22 0.17 023 0.19

5 Tox 0.30147 0.15 -0.19 Tox 0.73238 -0.35 -1.41 0.05 -1.29
10 | (-0.5h) 0.27576 0.10 0.02 | (0.4h™) 0.73872 038 029 049 -0.26
20 0.26415 0.06 0.03 0.74212 034 -004 036 -0.03

5 79, —0.20207 0.26 0.11 79, —0.43799 1.75 004 266 099
10 (0) -0.19365 0.05 0.01 (0.4h) -0.45551 065 -0.18 090 0.08
20 —0.18926 0.00 0.00 —0.46292 027 -0.14 033 -0.08

5 D, 0.20302 0.66 0.33 D, -0.12744 -0.57 026 -071 0.11
10 | (0.5h) 0.19631 0.97 0.87 (0.5h) -0.12797 -0.24 0.18 -028 0.14
20 0.19445 0.95 0.93 -0.12834 -0.10 0.12 -0.11 0.11

Table 4. Exact 3D results and percent errors of 2D theories for hybrid composite panel
(b) under load cases 1 and 2.

layerwise terms in the transverse displacement. While the difference between the IZIGT and ITOT or
between the ZIGT and TOT is not significant, the IZIGT and ITOT exhibit very significant improvement
over their respective conventional counterparts the ZIGT and TOT, respectively. For the given load case,
the reduction in error in the improved theories is over 70% for the deflection w and predominant inplane
stress ay. For the hybrid test and composite panels (a) and (b), the improved theories predict the deflection
w with significant error (9-10%) even for thin panels with S = 20.

The through-the-thickness distributions of g, ©, oy, and 7y, predicted by the present 2D theories, the
IZIGT and ITOT, are compared with the exact 3D solutions in Figures 4-8 for panels (a), (b), and (c). It
is observed that even though the ITOT yields erroneous distributions for u#y and w for thick panels with
S =5, the distributions for gy and 7y, predicted by it are accurate for both load cases except for some
error in the distributions in stiffer layers for g for hybrid test panel (a) and sandwich panel (c) under
pressure load. The IZIGT predicts more accurate distributions of these entities in all cases.
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Load case 1 Load case 2
S Entity Exact IZIGT ITOT Entity  Exact IZIGT ZIGT ITOT TOT
5 Uy -1.3080 -3.17 -19.9 Uy 0.24821 -0.05 -1.58 -3.84 494
10 | (-0.5h) -0.82100 -1.22  -7.61 | (=0.5h) 0.23618 0.08 -0.73 -094 -1.64
20 -0.68738 -0.36 -2.22 0.23187 0.07 -0.34 -0.19 -0.58
5 i -1.8181 -3.08 -20.6 i 0.36134 -0.02 -1.55 -3.85 494
10 (0) -1.1709  -1.25 -7.87 (0) 0.34907 0.08 -0.73 -0.94 -1.64
20 -1.0024  -037 227 0.34524  0.07 -0.34 -0.19 -0.57
5 oy -0.54675 -0.02 1.63 oy 3.8462 0.27 -123 060 -0.93
10 | (0.4h™) -0.55914 -0.06 0.34 | (0.4h™) 3.8267 0.16 -0.63 026 -0.54
20 -0.56060 -0.04 0.06 3.8146 0.09 -0.31 0.12 -0.29
5 &ep 0.93850 -197 -8.23 gl -5.0918 0.53 0.66 047 0.61
10 | (-0.5h) 0.77239 093  2.62 | (0.4h™") -5.0862 022 029 020 0.28
20 0.71722 -0.60 -1.03 -5.0832 0.06 0.10 0.06 0.09
5 Thx -0.28170 -0.66 1.01 Tox 1.9572 094 -0.58 134 -0.21
10 | (0.4h™) -0.28768 -0.47 -0.07 | (0.4h™) 1.9543 050 -0.29 062 -0.18
20 -0.28794 -0.27 -0.17 1.9515 026 -0.14 029 -0.11
5 79, -0.17733 0.12 0.84 79, -0.37320 0.67 -0.84 0.98 -0.57
10 | (-0.32h) -0.16068 0.04 0.21 | (0.4h) -0.38334 028 -0.50 0.36 -042
20 -0.15238 0.01 0.06 -0.38824 0.12 -0.27 0.14 -0.25
5 D. 0.35811 1.94 -1.43 D. -0.20263 -0.31 027 -034 024
10 (0.5h) 0.34826 1.17 0.26 | (0.5h) -0.20368 -0.13 0.17 -0.14 0.16
20 0.34504  0.95 0.71 -0.20426 -0.03 0.12 -0.04 0.11
5 b 21.149 0.41 -3.70 ¢ —0.010942 1.29 0.68 0.07 -1.08
10 | (-0.5h) 18.686 0.31 -0.75 | (-=0.5h) -0.010343 0.62 0.23 0.30 -0.22
20 17.727 0.18 -0.08 -0.010086 0.32 0.10 023 -0.02

0.5 pre

Table 5. Exact 3D results and percent errors of 2D theories for hybrid sandwich panel
(c) under load cases 1 and 2.
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Figure 4. Through-the-thickness distributions of ig, w, gy, and 7y, for hybrid test panel
(a) under load case 1.
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Figure 5. Through-the-thickness distributions of ig, w, gy, and 7y, for hybrid test panel
(a) under load case 2.
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Figure 6. Through-the-thickness distributions of ity and w for hybrid composite panel
(b) under load cases 1 and 2.

0.5 —————— e P

Bt T | AN s 1 [ oos ]
L--- et TR } A N\ R N S ]
[ —— ITOT - [ i : ] [ ] L ]
B ] B | AN ] i ]
ool S=10 b " } 1L ] i b
i ] i i SNE I ] B ]
L i L S=10 i L J L J
z/h 4 F ‘ | L F 4 F 4
L S—=5 4 L | | | L i L 1
B ] B ‘ L1 ] i ]
i 1T | IR N 1 ]
Y ] I T SR (P N I R I I R e i
-2.0 -1.5 -1.0 -0.5 -1.8 -1.5 -1.2 -1.2 -0.6 0.0 0.6 1.2 -0.18 -0.12  -0.06 0.0
ug(0, 2) w(0.5a, 2) 9(0.5¢, 2) 70.(0, 2)

Figure 7. Through-the-thickness distributions of ug, w, 69, and 7, for hybrid sandwich
panel (c) under load case 1.

It is seen in Tables 6 and 7 that results of the IZIGT and ITOT do not show any significant difference for
load case 3. To investigate the effect of inclusion of transverse normal strain, the through-the-thickness
distributions of uy, w, gy, and 7y, obtained from the IZIGT and ZIGT, are compared with the exact
3D solutions in Figures 9-11 for panels (a), (b), and (c). The distributions of ¢, across the thickness,
obtained by postprocessing from the 3D equilibrium equations, are shown in Figure 12. It is revealed
that the assumption of uniform deflection in the conventional ZIGT causes erroneous distributions not
only for the deflection w, but also for inplane displacements and stresses for hybrid test and composite
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Figure 8. Through-the-thickness distributions of iy and @ for hybrid sandwich panel

(c) under load case 2.

0.21
ug(0, 2)

0.24

0.33 034 035

w(0.5¢x, z)

0.36

0.37

Panel (a) Panel (b)
S | Entity  Exact IZIGT ZIGT ITOT TOT | Entity Exact IZIGT ZIGT ITOT TOT
5 g  -0.97476 -16.1 —-62.5 -182 —64.5 ip -1.0501 -17.1 -69.4 -17.6 —-69.9
10 | (-0.5h) —0.63749 -12.3 —482 —13.2 —489 | (-0.5h) -0.63504 —13.5 -55.4 —13.7 -55.6
20 -0.46207 -8.33 —32.7 -8.65 —-33.0 -0.43876 —9.53 -39.2 -9.60 -39.2
40 037548  —-5.06 -19.9 —5.16 —20.0 —0.34405 —-6.00 —24.7 -6.02 —24.7
5 o -1.3929 -17.7 -68.0 -19.8 -70.0 w  -1.5229 -18.0 -73.8 —18.5 -74.3
10 | (-0.5h) -0.91058 -13.3 -51.7 —14.2 —-52.5 | (-0.5h) -0.91930 —142 -58.4 —144 -58.6
20 —0.66701 -8.80 —34.4 -9.13 —34.7 —0.63899 —9.90 —40.8 -9.98 —40.8
40 -0.54930 -5.23 —20.5 -5.33 —20.6 -0.50578 —6.15 —25.3 —6.17 —25.3
5 Gg  -12.923 —0.51 -1.54 —0.44 —-1.47 ¢ -0.73423 -1.63 -5.94 -1.49 -5.81
10 | (-0.5h) -12.821 031 -091 -0.29 -0.89 | (-0.5h) —0.71242 -0.86 -3.34 —0.83 -3.31
20 -12.762 -0.16 -0.48 -0.16 -0.48 -0.70050 -0.44 -1.77 -0.43 -1.76
40 -12.732 —0.09 -0.25 -0.09 -0.25 -0.69431 -0.22 -0.91 -0.22 -0.91
5 Toe  —0.090954 290 -6.43 -1.59 -521 Gy -1.0225 -140 -59.4 -142 -60.3
10 | (0.4h) -0.10173 -1.09 -2.89 —0.69 -2.55| (0.4h*) —0.79055 —14.4 —48.7 -14.6 —49.1
20 -0.10588 045 -1.39 —-0.35 -1.29 -0.63965 —13.1 -35.8 132 -35.9
40 -0.10755 -0.20 -0.68 —0.18 —0.66 —0.55613 -11.7 -25.1 -11.7 =252
5 7. -0.15346 299 7.68 329 8.03 T 046301 445 154 407 150
10 |(=0.185h) —0.16911 140 400 147 4.08| (-0.5h) 049989 203 7.72 195 7.63
20 —0.17489  0.66 2.02 0.68 2.04 0.51953 097 3.85 095 3.83
40 -0.17717 032 1.01 033 1.02 0.52962 047 192 047 1.92
5 D, 0.096015 —22.3 —75.4 -23.5 -76.9 T, —0.15942 1.07 255 092 242
10| (0.5n)  0.070628 -21.0 —64.7 —21.5 —65.3 |(=0.275h)-0.16049 0.43 134 039 131
20 0.052848 —-19.2 -50.7 -19.4 -50.9 -0.16052 0.19 0.69 0.18 0.68
40 0.042949 -17.7 -37.6 -17.7 -37.7 —0.16042  0.09 035 0.09 0.35
5 D,  0.17730 -11.2 -38.0 -11.4 -38.5
10 (0.5h)  0.15998 -10.2 -27.6 -10.3 -27.7
20 0.14759 -9.0 -19.1 -9.1 -19.2
40 0.14048 -82 -13.7 -82 -13.7

Table 6. Exact 3D results and percent errors of 2D theories for hybrid panels (a) and (b)

under load case 3.
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Panel (c) Panel (¢)
S Entity  Exact IZIGT ZIGT ITOT TOT Entity  Exact IZIGT ZIGT ITOT TOT
5 iy 28779 -1.52 247 -4.04 -26.9 Tox 1.7026 0.41 232 079 2.60
10 | (-0.5h) -2.2940 -0.82 -152 -1.61 -159 |[(-0.4h") 1.7444 0.19 1.06 029 1.13
20 -2.0141 -043 -8.50 -0.66 -8.68 1.7616 0.09 0.50 0.12 0.52
40 -1.8781 -0.23 -4.51 -0.29 -4.56 1.7692 0.04 0.24 0.05 0.25
5 w -3.7519 -198 -27.7 -4.78 -30.2 79, 0.26651 0.65 229 127 279
10 | (-0.5h) -3.1537 -097 -164 -1.81 -17.1 (0.4h) 0.26441 0.17 0.86 0.31 0.97
20 -2.8760 -0.48 -8.87 -0.71 -9.07 - 0.26246 0.05 0.37 0.09 0.39
40 -2.7442 024 -4.62 -0.30 -4.67 - 0.26128 0.03 0.17 0.03 0.18
5 7 23.442 1.32 407 180 442 D, 0.60796 -4.61 -8.00 —4.93 -8.37
10 [(-0.4h™) 24.247 0.63 1.87 0.75 196 | (0.5h) - 0.64232 -5.05 -6.99 -5.14 -7.09
20 24.591 0.31 090 034 092 - 0.65673 -5.25 -6.29 -5.28 -6.31
40 24.747 0.15 044 0.16 044 - 0.66318 -5.35 -5.89 -5.36 -5.89
5 ol -3.5722  0.39 195 075 221 ¢ -58.181 1.39 029 149 0.35
10 | (-0.5h) -3.6373 -0.03 0.66 0.05 0.72 | (-0.5h) -58.563 0.65 0.13 0.67 0.14
20 -3.6638 -0.20 0.13 -0.18 0.14 -58.711 0.31 0.06 0.32 0.06
40 -3.6757 -0.27 -0.11 -0.26 -0.11 -58.775 0.15 0.03 0.15 0.03

Table 7. Exact 3D results and percent errors of 2D theories for hybrid sandwich panel

(c) under load case 3.
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Figure 9. Through-the-thickness distributions of iy, w, o6y, and 7y,

hybrid test panel (a) under load case 3.
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Figure 10. Through-the-thickness distributions of iy, w, gy, and 7y, for hybrid compos-
ite panel (b) under load case 3.
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Figure 11. Through-the-thickness distributions of ug, w, 69, and 7y, for hybrid sand-
wich panel (c) under load case 3.

panels. These distributions show significant improvement for the IZIGT. The percent error in w and 6/
in the substrate is plotted in Figure 13 against the fibre axis angle y of the face layers of the sandwich
panel (c) with span angle o« =2z /3 and S = 10. The error in w for the ITOT and ZIGT (for the thermal
load case) increases with the decrease in the ply angle  for all load cases, but the same does not hold
well for ;. For the IZIGT, the same trend is valid for w only for load case 1.

The effect of span angle a on the response is shown by plotting the % error in w and ¢, against the
span angle in Figure 14 for the hybrid sandwich panel with S = 10 and w = 30° under load cases 1-3. It
is observed that the error in the ITOT and ZIGT (for the thermal load case) increases with the decrease
in the span angle for all load cases. The same is not always true for the IZIGT for which the error is
small.
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Figure 12. Through-the-thickness distributions of o, for panels (a), (b), and (c) under
load case 3.
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Figure 14. Effect of span-angle on percent error of w and ¢, for hybrid panel (c).

7. Conclusions

An improved third-order zigzag theory and an improved third-order theory have been presented for the
electrothermomechanical response of hybrid angle-ply circular cylindrical shells. The accuracy of the
theories has been assessed in direct comparison with the 3D exact piezothermoelasticity solution for
simply supported infinite-length angle-ply cylindrical panels under pressure, electric potential, and ther-
mal loads. The assessment is made for hybrid shell panels with highly inhomogeneous test, composite,
and sandwich substrates. Based on the assessment of maximum values of entities and their distributions
across the thickness, it is concluded that the IZIGT with the same number of unknowns as the ITOT
yields accurate results and is a significant improvement over the ITOT for all laminate configurations
for mechanical and potential loads. This improvement is due to the inclusion of layerwise terms in the
approximation of inplane displacements in the IZIGT. However, the IZIGT and ITOT do not show any
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significant differences for the thermal loading case. Both the theories, however, show significant improve-
ments over their counterparts with uniform w across the thickness for thermal loads. The inclusion of
the transverse normal strain in the approximation of w in the 2D theories improves not only the predicted
deflection but all other response entities. In general, the error in the ITOT increases with the decrease in
ply angle and span angle. The same does not hold well for the IZIGT for which the error itself is small.
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