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The sensitivity of the nonlinear long-term creep behaviour of shallow concrete domes to geometric
and material imperfections is investigated in this paper. A nonlinear incremental theoretical model is
developed, which accounts for the effects of creep and shrinkage, considers the aging of the concrete
material and the variation of the internal stresses and geometry in time, and is applicable for different
and nonaxisymmetric imperfection scenarios and loading schemes. The model focuses only on shallow
concrete domes, but the modelling concepts and solution techniques can be generated for the creep
buckling analysis of different types of thin-walled concrete structures. The field equations are derived
using the variational principles of virtual work and using integral-history-type constitutive relations that
are based on the principle of superposition. A step-by-step procedure is used for the solution of the
governing equations in time, while the solution of the incremental partial differential equations in space
is achieved by a separation of variables and expansion into truncated Fourier series in the circumferential
direction, along with the use of the multiple shooting method in the meridional direction. Numerical and
parametric studies, which highlight the capabilities of the model and which provide insight into the
nonlinear long-term behaviour of imperfect shallow concrete domes, are presented. The results show
that the structural behaviour and the critical time to cause creep buckling are very sensitive to geometric
and material imperfections.

1. Introduction

Like all other engineering structures, concrete structures have a finite design life. While strengthening
and upgrading techniques have been recognised and highlighted over the past two decades in order to
increase the safety and serviceability of existing structures, an understanding of the long-term behaviour
of concrete structures and the development of suitable and reliable theoretical models for their analysis
and safety assessment are essential before the application of costly strengthening techniques. These
aspects become more critical in thin-walled concrete shells and in shallow spherical shells (domes) in
particular, as these structures are vulnerable to the effects of creep and shrinkage, and unfortunately
characterized by catastrophic and sudden buckling failures [DPW NSW 1978; Takeuchi et al. 2004;
Moncarz et al. 2007].

In general, all concrete shells of revolution should be designed for the combined effects of creep and
buckling; yet, considering the shape of the shell, its use in civil engineering applications, the thickness
requirements, and the level of applied sustained loads (self-weight, periodic snow, water/earth pressure),
it can be observed that the vulnerability of vertical cylindrical or conical concrete shells of revolution (as
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cooling towers or storage tanks for example) to creep buckling failures is less than the case in shallow
concrete domes or other concrete shell roofs, where creep buckling becomes a key-parameter in their
design [Zarghamee and Heger 1983; Bockhold and Petryna 2008]. This paper focuses on the influence
of creep on the buckling aspects of shallow concrete domes, and particularly, on the sensitivity of the
long-term behaviour to structural imperfections. The challenges associated with the modelling, analysis,
and quantitative assessment of the creep buckling phenomenon in general concrete structures are also
discussed.

Creep effects generally increase the deformations of a concrete structure even at ambient tempera-
tures, and are usually only considered to affect behaviour at the serviceability limit states. However, in
thin-walled shallow concrete domes and other structures that may exhibit sudden buckling failures, the
deformations caused by creep and other time-dependent effects become more critical and bring the safety
of the structure into question. Due to the geometric nonlinearity, creep leads to a reduction of the height
of the dome with a consequent increase or modification of the internal stresses. These two effects may
interact to produce localised damage, or may lead to a configuration which produces so-called creep
buckling, in which the structure loses its stability slowly over time. The dependence of the creep strains
on the level of stresses, their interaction with nonmechanical shrinkage and thermal strains, the aging of
the concrete material, and the effects of structural imperfections that cannot be avoided in practice, make
accurate prediction of the nonlinear behaviour of concrete domes a challenging and difficult task.

The buckling behaviour of elastic domes has been intensively studied; see for example [Reissner
1946; Sheinman 1981; Błachut and Galletly 1990; 1995; Muc 1992; Teng and Lou 1997; Teng and Song
2001; Hong and Teng 2002; Wunderlich and Albertin 2002; Grigolyuk and Lopanitsyn 2003; Teng and
Hong 2006; Marcinowski 2007]. These studies revealed the main aspects that characterize the buckling
behaviour of domes, which include snap-through behaviour, the sensitivity of the dome to geometric
imperfections, the existence of asymmetric bifurcation points even under axisymmetric loads, and the
mode switching and mode interaction in the post buckling deformations. These studies also provided
the required theoretical models and numerical tools for the nonlinear analysis of general domes under
arbitrary loadings. However, all the aforementioned studies focused only on the nonlinear instantaneous
behaviour of domes made of an elastic material, while the nonlinear long-term effects which characterize
concrete domes were not investigated.

Only a few research works have focused on the buckling behaviour of concrete domes in general, and
a much smaller number of these have focused on the influence of creep on their nonlinear behaviour. In
terms of experimental findings, which reveal the importance of considering the long-term effects, Litle
et al. [1970] investigated the buckling behaviour of two spherical reinforced mortar domes. It was found
that the experimental buckling pressures were only approximately 40% of the classical theoretical value,
due to cracking, geometric imperfections, and long-term effects. Vandepitte and Lagae [1986] indicated
that the buckling analysis of concrete domes must account for long-term effects and that classical buck-
ling formulae provide much higher buckling pressures than was observed in their experimental work.
Based on a decade of a comprehensive experimental work, they observed that creep caused a significant
reduction (about 67%) in the buckling pressure. Thus, under sustained loading, a dome may collapse
over time under only 33% of its buckling pressure.

In terms of theoretical models, Teng and Rotter [1992] developed a general finite element model for
the geometrically and materially nonlinear analysis of reinforced concrete shells of revolution. However,
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the long-term effects of the concrete were not included. Dulácska and Kollár [1995] indicated that
various long-term effects can be assessed as multipliers of the classical buckling pressure, but a detailed
theoretical or experimental basis that supports the proposed factored buckling pressure was not found.
Zarghamee and Heger [1983] presented a design procedure for determining the buckling pressure of
concrete domes, based on a computer program that was developed by Bushnell [1976] and uses the
rate-of-creep method (the Dischinger method). However, the rate-of-creep method is more suitable for
materials that exhibit almost linear or bilinear creep behaviour in time. The rate of creep of the concrete
material approaches zero as time increases. Hence, when this method is applied for the buckling analysis
of concrete structures, where creep causes a significant variation of the internal stresses in time or when
the structure is gradually loaded, it may lead to erroneous results because of its inability to accurately
asses the creep caused by loads that are applied at older ages [Bažant 1988; Gilbert 1988]. Therefore, a
model that is able to account for these effects needs to be implemented in the creep buckling analysis of
concrete domes.

The effects of creep and shrinkage on the behaviour of concrete structures have been widely studied
and reported [Bažant 1988; Gilbert 1988]. However, very little advanced research appears to have been
reported on these effects in concrete shell structures, and in shallow concrete domes in particular. On
the other hand, the creep buckling phenomenon of shells and columns made of metals and polymeric
composite materials has been studied by many researchers [Hoff 1968; Bushnell 1977; Minahen and
Knauss 1993]. Special attention to the creep buckling of circular cylindrical shells was made by [Mu-
rakami and Tanaka 1976; Arnold et al. 1989; Miyazaki et al. 1991], and many others. However, in all
of these studies, the rate-of-creep method was used, which is of questionable accuracy when applied to
concrete structures with stress levels that vary significantly with time.

Similar to the above studies and based on the rate-of-creep method, a few research contributions have
been reported on the creep buckling of spherical shells made of metals and other materials. Shi et al.
[1970] and Kao [1981] focused only on the nonlinear axisymmetric creep behaviour. It was concluded
by Kao [1981] that a creep law that is based on the strain-hardening hypotheses (where the creep rate
is a function of the accumulated creep strain) provides more accurate results than the time-hardening
hypotheses (where the creep rate is a function of time elapsed since creep started) (also see [Arbabi-
Kanjoori and Leonard 1979]). Yet, these two models cannot be used separately for the geometrically
nonlinear analysis of concrete structures, because they significantly underestimate the additional creep
due to stress changes [Bažant 1987]. Xirouchakis and Jones [1980] studied the full nonlinear creep
behaviour considering an imperfection shape according to the classical axisymmetric buckling mode only.
Miyazaki [1986] developed a finite element procedure for the creep buckling analysis of spherical shells
of revolution considering the bifurcation behaviour, but without considering the effects of imperfections.
Huang [1965] used the Volterra integral constitutive relation, which is applicable for aging materials,
for the analysis of clamped shallow spherical shells. However, the model is limited to the axisymmetric
analysis of shells made of polymethyl-methacrylate with uniform thickness and clamped edges.

It can be seen that most of the existing research contributions have focused on domes made of metals
and other materials, where the use of the rate-of-creep method (strain hardening or time hardening) is
justified. These existing studies are also limited to specific geometry and boundary conditions, and cover
only a small range of imperfection scenarios that can exist in concrete domes. The main objective of this
paper is to provide insight into the creep buckling behaviour of thin-walled imperfect shallow concrete
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domes, in order to enhance their effective design and safe use, and to contribute to the establishment of
a foundation of theoretical knowledge required for nonlinear long-term analysis of concrete structures.
Another goal of the paper is to present and to study a different aspect of the influence of creep beyond
the service limit state of concrete structures. Studying the behaviour of shallow concrete domes can
best contribute to this, because along with other roof shells, these structures are more prone to creep
buckling failures than other concrete shells of revolution. A general theoretical model that accounts
for the nonlinear creep and shrinkage effects using a history integral-type analysis rather than a rate-
of-creep analysis, is developed. The model accounts for the aging of the concrete, different geometry
configurations and boundary conditions, and different axisymmetric and nonaxisymmetric loading and
imperfection shapes. A study of the creep and shrinkage effects on the geometrically linear behaviour
of shallow concrete domes under service loads was conducted by the authors [Hamed et al. 2009b]. The
effects of creep and shrinkage on the geometrically nonlinear behaviour were also studied [Hamed et al.
2008; 2009a; 2010] but considering axisymmetric behaviour only and without including the effects of
imperfections.

The variational principle of virtual work is used to derive the field equations and the boundary condi-
tions for the problem. Due to the use of an implicit integral-type constitutive relation, a time incremental
superposition approach is invoked to formulate the time-dependent governing equations, where the creep
and shrinkage strains are treated as initial strains and kept constant with each time step interval [Bažant
1988]. The time integration scheme utilises a slightly variable time step, to account for the decrease
of the creep rate, and to account for the rapid change of the structural response prior to buckling. It is
assumed that the dome behaves quasistatically, that is, the effects of inertia forces are neglected. Finally,
as a first step, and in order to focus on and clarify the stability characteristics of the dome, the analysis
is conducted in the framework of linear elasticity. Numerical and parametric studies are included, which
provide some insight into the nonlinear long-term behaviour of imperfect shallow concrete domes through
the examination of three different imperfection scenarios. The results highlight the capabilities of the
proposed theoretical model, and reveal some aspects of the creep response of these structures.

2. Mathematical formulation

The sign conventions for the coordinates, deformations, loads, and stress resultants of a spherical shal-
low concrete dome are shown in Figure 1. The variational principle of virtual work is used to derive
the nonlinear long-term incremental equilibrium equations along with the boundary conditions, which
requires that

δU + δW = 0, (1)

where δU and δW are the virtual works of the internal stresses and external loads respectively, and δ is
the variational operator. The virtual work of the internal stresses is

δU =
∫

V

[
(σϕϕ +1σϕϕ)δ1εϕϕ + (σθθ +1σθθ )δ1εθθ + (σϕθ +1σϕθ )δ1εϕθ

]
dV, (2)

where σϕϕ and σθθ are the stresses in the radial and circumferential directions respectively, σϕθ is the
in-plane shear stress, εϕϕ , εθθ and εϕθ are the corresponding strains, 1 is the incremental operator, and
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Figure 1. Geometry, loads, and sign conventions.

V is the volume of the dome shell. The virtual work of the external loads is

δW =−
∫ 2π

θ=0

∫ ϕ=ϕ̄

ϕ=0

[
(qϕ +1qϕ)δ1u+ (qθ +1qθ )δ1v+ (qz +1qz)δ1w

]
Rr(ϕ)dϕdθ, (3)

where u, v, and w are the components of the displacement at the reference surface of the dome shell in the
ϕ, θ , and z directions, respectively (see Figure 1); qϕ , qθ , and qz are the corresponding load components,
R is the radius of curvature of the spherical dome, and r(ϕ)= R sin(ϕ) is a horizontal coordinate that
runs along the radius of the base parallel circle of the dome (see Figure 1).

2.1. Kinematic relations. The theoretical model is based on the Kirchhoff–Love hypothesis, for which
the strains at any material point (ϕ, θ, z) are

{ε(ϕ, θ, z)} = {ε̄(ϕ, θ)}+ z{κ(ϕ, θ)}, (4)

where {ε} = {εϕϕ, εθθ , εϕθ }T is the strain tensor, and {ε̄} = {ε̄ϕϕ, ε̄θθ , ε̄ϕθ }T and {κ} = {κϕϕ, κθθ , κϕθ }T are
the nonlinear membrane tensor and the change of curvature tensor of the reference surface, respectively.

Based on Donnell’s nonlinear shell theory, the incremental strain-displacement relations which account
for initial geometric imperfection (ŵ(ϕ, θ)), take the following form (for brevity, the notation of the
independent coordinates is omitted):

1ε̄ϕϕ =
1u,ϕ

R
+
1w
R
+

1
2

(
1w,ϕ

R

)2

+
w,ϕ 1w,ϕ

R2 +
ŵ,ϕ 1w,ϕ

R2 ,

1ε̄θθ =
cos(ϕ)

r
1u+

sin(ϕ)
r

1w+
1v,θ

r
+

1
2

(
1w,θ

r

)2

+
w,θ 1w,θ

r2 +
ŵ,θ 1w,θ

r2 ,

1ε̄ϕθ =
1u,θ

r
+
1v,ϕ

R
−

cos(ϕ)
r

1v+
1w,θ 1w,ϕ

r R
+
1w,θ (w,ϕ +ŵ,ϕ )

r R
+
1w,ϕ (w,θ +ŵ,θ )

r R
,

1κϕϕ =−
1w,ϕϕ

R2 , 1κθθ =−
cos(ϕ)

r R
1w,ϕ −

1
r21w,θθ , 1κϕθ =

2 cos(ϕ)
r2 1w,θ −

2
r R
1w,ϕθ ,

(5)

where ( ),ϕ and ( ),θ denote the derivative with respect to the angular and circumferential coordinates
respectively. Note that all the deformations that appear without the 1 operator are actually accumu-
lated known deformations from the previous time step. Also note that the strain-displacement relations
presented in Equation (5) are valid only for moderate displacements and rather shallow shells.
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2.2. Equilibrium equations. The incremental equilibrium equations are formulated using the variational
principle of virtual work, (1)–(3), along with the kinematic relations, (4) and (5), and read

−(r1Nϕϕ),ϕ +R cos(ϕ)1Nθθ − (r1Nϕθ ),θ −r Rqϕ = 0,

r1Nϕϕ + R sin(ϕ)1Nθθ −
( r

R
1Mϕϕ

)
,ϕϕ +

(
cos(ϕ)1Mθθ

)
,ϕ −

( R
r
1Mθθ

)
,θθ

−

(2R
r

cos(ϕ)1Mϕθ

)
,θ −(21Mϕθ ),ϕθ −

( r
R
(Nϕϕ+1Nϕϕ)1w,ϕ

)
,ϕ −

( r
R
1Nϕϕ(w,ϕ +ŵ,ϕ )

)
,ϕ

−

( R
r
(Nθθ +1Nθθ )1w,θ

)
,θ −

( R
r
1Nθθ (w,θ +ŵ,θ )

)
,θ −

(
(Nϕθ +1Nϕθ )1w,θ

)
,ϕ

−
(
1Nϕθ (w,θ +ŵ,θ )

)
,ϕ −

(
(Nϕθ +1Nϕθ )1w,ϕ

)
,θ −

(
1Nϕθ (w,ϕ +ŵ,ϕ )

)
,θ −qzr R = 0,

−(R1Nθθ ),θ −(r1Nϕθ ),ϕ −R cos(ϕ)1Nϕθ − r Rqθ = 0, (6)

with Nϕϕ , Nθθ , and Nϕθ being the radial, circumferential, and shear forces, respectively; and Mϕϕ , Mθθ ,
and Mϕθ are the bending moments.

The boundary conditions, which result from the variational calculus, are

kr Nϕϕ = N̄ϕϕ or u = ū,

kr Nϕθ = N̄ϕθ or v = v̄,

k
[ r

R
(Nϕϕ +1Nϕϕ)1w,ϕ +

r
R
1Nϕϕ(w,ϕ +ŵ,ϕ )+

( r
R

Mϕϕ

)
,ϕ

− cos(ϕ)Mθθ + (2Mθθ ),θ +(Nϕθ +1Nϕθ )1w,θ +1Nϕθ (w,θ +ŵ,θ )
]
= P̄z or w = w̄,

−k r
R

Mϕϕ = M̄ϕϕ or w,ϕ = w̄,ϕ , (7)

where N̄ϕϕ , N̄ϕθ , P̄z , and M̄ϕϕ are external loads and bending moments at the boundaries; the over-bar
designates prescribed deformations; k = 1 where ϕ = ϕ̄ and k =−1 where ϕ = 0.

2.3. Constitutive relations. The principle of superposition is adopted here for describing the time-
dependent stress-strain relations, which accounts for the aging of the concrete material, as well as, the
variation of the internal stresses and the dome’s shape in time [Bažant 1988; Gilbert 1988]. Although
this approach is more applicable for linear stress-strain relations; in practice, most thin-walled shallow
concrete domes are designed to stay in the linear range, and in many cases buckling may occur under
this level of stresses where the principle of superposition holds [Zarghamee and Heger 1983]. The study
of the creep effects at the materially linear level provides a theoretical basis and a basic understanding
for developing more advanced theoretical models that account for the material nonlinearity.

The history integral-type constitutive relations take the form

{ε(t)} =
∫ t

to
J (t, t ′)[B]d{σ(t ′)}+ {εsh(t)} or {σ(t)} =

∫ t

to
R̄(t, t ′)[B]−1(d{ε(t ′)}− d{εsh(t ′)}

)
, (8)

where J (t, t ′) is the compliance or creep function, R̄(t, t ′) is the relaxation function, εsh is the shrinkage
strain, to corresponds to the time at first loading/deforming, and [B] is an elastic matrix that takes the
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form

[B] =

 1 −ν 0
−ν 1 0

0 0 1−ν
2

 , (9)

where ν is Poisson’s ratio, which is assumed to be constant with time [Bažant 1988]. It is also assumed
that the creep/relaxation function under biaxial loading is similar to the one obtained under uniaxial
loading, while the matrix [B] introduces the Poisson’s effect [Buyukozturk and Shareef 1985; Bažant
1988].

The governing equations in terms of the unknown deformations (u, v, w) that are based on Equation
(8) suffer from the existence of implicit integral expressions, which introduce a major difficulty in their
solution. Because of this, an incremental procedure that was first developed by Bažant [1972] for the
geometrically linear analysis of concrete structures is adopted and further extended here to the geomet-
rically nonlinear analysis (also see [Bažant 1988]). According to the incremental approach, the time t is
subdivided into nt discrete times with 1ti = ti − ti−1 (i = 1, 2, . . . , nt ). Using the trapezoidal numerical
integral rule, the integral constitutive relation presented in (8) is approximated as

{ε(ti )} = J (ti , to)[B]{σ(to)}+ {εsh(ti )}+
i∑

s=1

(
J (ti , ts)+ J (ti , ts−1)

2

)
[B]{σ(ts)− σ(ts−1)}. (10)

Using the same procedure for the strain at ti−1, the following incremental stress-strain relations are
obtained, which present a quasistatic relation with a modulus E ′′ along with a prescribed incremental
strain 1ε′′ that introduces the effects of the creep and shrinkage into the system

{1ε(ti )} =
1

E ′′(ti )
[B]{1σ(ti )}+ {1ε′′(ti )} or {1σ(ti )} = E ′′(ti )[B]−1

{1ε(ti )−1ε′′(ti )}, (11)

and correspondingly

{1N (ti )} = E ′′(ti )h[B]−1
{1ε̄(ti )−1ε̃(ti )}, {1M(ti )} = E ′′(ti )

h3

12
[B]−1

{1κ(ti )−1κ̃(ti )}, (12)

where {1N } = {1Nϕϕ,1Nθθ ,1Nϕθ }T and {1M} = {1Mϕϕ,1Mθθ ,1Mϕθ }
T , and h is the thickness

of the dome shell.
The incremental modulus and incremental strains caused by creep and shrinkage are

E ′′(ti )=
2

J (ti , ti )+ J (ti , ti−1)
, (13)

{1ε̃(ti )} =
(
J (ti , to)− J (ti−1, to)

)
[B]
{N (to)}

h
+{εsh(ti )− εsh(ti−1)}

+

i−1∑
s=1

(
J (ti , ts)+ J (ti , ts−1)

2
−

J (ti−1, ts)+ J (ti−1, ts−1)

2

)
[B]
{N (ts)− N (ts−1)}

h
, (14)

{1κ̃(ti )} =
(
J (ti , to)− J (ti−1, to)

)
[B]
{M(to)}12

h3

+

i−1∑
s=1

(
J (ti , ts)+ J (ti , ts−1)

2
−

J (ti−1, ts)+ J (ti−1, ts−1)

2

)
[B]{M(ts)−M(ts−1)}

12
h3 . (15)



114 EHAB HAMED, MARK A. BRADFORD AND R. IAN GILBERT

2.4. Governing equations. The incremental governing equations are formulated by substitution of the
incremental constitutive relations, (12)–(15), into the equilibrium equations, (6), noting that terms that
include uncoupled functions from the initial state (or previous increment) vanish since they are in equi-
librium, and that terms of higher order product of the incremental displacement may be neglected due
to the use of sufficiently small increments in time. The incremental governing equations are written in
terms of the unknown deformations:

ψp(1u,1v,1w)= 0, p = 1, 2, 3, (16)

where ψp consists of differential operators. For brevity, the explicit form of these equations is not
presented here.

This incremental formulation, which is based on the history integral constitutive relation, requires that
at each time increment all the preceding values of the stresses and strains that are represented in terms
of prescribed strains (1ε̃ϕϕ , 1ε̃θθ , 1κ̃ϕϕ , and 1κ̃θθ ) in (12) must be stored by means of (14) and (15).
Despite this, the method is preferred over the incremental differential-type formulation because in the
nonlinear case studied here, where the internal stresses may significantly vary with time, the conversion
of the constitutive equation of an integral type to one of a differential type using a series expansion (a
Dirichlet series for example [Bažant 1988]) is required at each time increment. This procedure is difficult,
consuming in computational effort, and in essence only provides an approximation to the compliance
function. Moreover, in many cases the use of differential type constitutive relations based on Kelvin or
Maxwell chains violate basic thermodynamics laws, where the spring moduli and dashpot viscosities
become negative [Bažant and Chern 1984].

2.5. Time dependent parameters. In general, the creep and shrinkage characteristics of concrete are
highly variable and are never known exactly. There are many theoretical models which aim to predict
the time-dependent behaviour of concrete [Bažant 1988; Gilbert 1988]. In this paper, the influences of
creep and shrinkage are introduced based on the well-known and commonly used recommendations of
[ACI 1982]. The shrinkage strain includes the influences of the drying, autogenous, and carbonation
shrinkage. It is assumed here that the shrinkage strain is axisymmetric, and uniform along the meridian
of the dome and through its thickness, and takes the following algebraic empirical form:

εsh(ϕ, θ, z, t)= εsh(t)=
tβ

f +tβ
εu

sh, (17)

where β and f are parameters that control the magnitude of the shrinkage strain, and εu
sh is the final

shrinkage strain, at time infinity.
[ACI 1982] recommends the following expression for the creep or compliance function, which in-

cludes the effects of basic and drying creep:

J (t, t ′)=
1+φ(t, t ′)

E(t ′)
, (18)

where φ(t, t ′) is the creep coefficient and is evaluated as follows:

φ(t, t ′)=
[

(t − t ′)λ

d + (t − t ′)λ

]
φu(t ′). (19)
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λ and d are wide-range parameters that control the creep coefficient, and the time t and the age of loading
t ′ are measured in days. φu(t ′), which depends on the age of loading, takes the following form for moist
cured concrete:

φu(t ′)= 1.25× t ′(−0.118)φ(∞, 7). (20)

φ(∞, 7) is the final creep coefficient at time infinity for a load first applied at age 7 days [ACI 1982; AS
3600 2001].

The modulus of elasticity takes the following form [AS 3600 2001]:

E(t ′)= 0.043ρ1.5
√

fc(t ′) (in MPa), (21)

where ρ is the concrete mass density (in kg/m3) and fc is the time dependent characteristic compressive
strength of the concrete (in MPa), which is given by [ACI 1982]

fc(t ′)=
t ′

α+γ t ′
f 28
c , (22)

where f 28
c is the characteristic compressive strength at 28 days, and α and γ are constants. The above

expressions show that the compliance function (18) depends on the age of loading and introduces the
effect of aging into the system.

3. Solution procedure

The set of incremental partial differential equations, (16), and their boundary conditions, (7), are reduced
to a set of ordinary differential equations by a separation of variables and expansion into truncated Fourier
series [Hong and Teng 2002; Sheinman and Jabareen 2005]:

{1u(ϕ, θ),1v(ϕ, θ),1w(ϕ, θ)} =
2F∑

m=0

{1um(ϕ),1vm(ϕ),1wm(ϕ)}gm(θ), (23)

where F = (Fu , Fv, or Fw) is the number of terms in the relevant Fourier series. The solution of the
initial state (or previous increment), the geometric imperfection, the external load (which can be of any
shape and not necessarily axisymmetric), and the incremental initial strains at each time increment that
results from creep and shrinkage, take this form:

{u(ϕ, θ), v(ϕ, θ), w(ϕ, θ)} =
2F∑

m=0

{um(ϕ), vm(ϕ), wm(ϕ)}gm(θ), (24)

ŵ(ϕ, θ)=

2Fw∑
m=0

ŵm(ϕ)gm(θ), (25)

{qϕ(ϕ, θ), qθ (ϕ, θ), qz(ϕ, θ)} =

2Fq∑
m=0

{qϕm(ϕ), qθm(ϕ), qzm(ϕ)}gm(θ), (26)

{1ε̃(ϕ, θ)} =

2Fc∑
m=0

{1ε̃m(ϕ)}gm(θ), (27)
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{1κ̃(ϕ, θ)} =

2Fc∑
m=0

{1κ̃m(ϕ)}gm(θ), (28)

where Fq = (Fqϕ , Fqθ , or Fqz), and Fc = (Fcϕϕ , Fcϕθ , or Fcθθ ) are the number of terms in the
relevant Fourier series. The functions gm(θ) are

gm(θ)=

{
cos(nmθ), m = 0, 1, . . . , F,

sin[n(m− F)θ ], m = F + 1, . . . , 2F,
(29)

where n is the characteristic circumferential wave number.
Minimization of the errors due to the truncated Fourier series by the Galerkin procedure with trigono-

metric weighting functions yields the nonlinear ordinary differential equations

9m
p (ϕ)=

∮
ψp(u, v, w)gm(θ)dθ m = 0, 1, . . . , 2F, p = 1, 2, 3. (30)

As r→ 0, the solution of the equations becomes singular at the pole (see (6)). In order to prevent this
singularity, the strains and change of curvature must remain finite as r→ 0. In other words, limr→0{1ε̄}

and limr→0{1κ} must be finite. Following Gould [1988], and noting that n ≥ 4 based on Donnell’s
theory, these requirements, which are treated by the aid of l’Hospital’s rule, yields the following boundary
conditions at the pole:

For m = 0 (axisymmetric):
u = 0, v = 0, w,ϕ = 0, (31)

r
R
(Nϕϕ +1Nϕϕ)1w,ϕ +

r
R
1Nϕϕ(w,ϕ +ŵ,ϕ)+

( r
R

Mϕϕ

)
,ϕ

− cos(ϕ)Mθθ + (2Mθθ ),θ +(Nϕθ +1Nϕθ )1w,θ +1Nϕθ (w,θ +ŵ,θ )= 0. (32)

For m ≥ 1 (nonaxisymmetric):

u = 0, v = 0, w = 0, w,ϕ = 0. (33)

Equations (31)–(33) impose the boundary conditions at the dome’s pole only, while the actual boundary
conditions at the edge of the dome are defined or generated via (7).

The solution of the coupled governing equations and the boundary conditions in the meridional di-
rection is conducted via the multiple shooting numerical method [Stoer and Bulirsch 2002]. In order
to account for the possible bifurcation and mode-switching (secondary bifurcation) behaviours of the
dome, the load-disturbance method is used. In this method, very small nonaxisymmetric loads in selected
harmonics are added to the axisymmetric loads to guide the structure into the new equilibrium mode (see
[Teng and Hong 2006] for more details). The analysis is conducted up to a certain time (the ultimate time)
where the rate of deformation of the system begins to increase rapidly and becomes infinite or when the
deformations exceed prescribed limits [Murakami and Tanaka 1976; Miyazaki 1986]. The development
of bifurcation points through the time response, which may or may not result in instantaneous loss of load
carrying capacity [Obrecht 1977], is accounted for as an automatic outcome of the full nonlinear analysis
combined with the load disturbance method, rather than by performing a perturbation analysis. In order
to account for the rapid increase of the deformations rate at certain points, to consider the fact that the
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rate of creep is higher at the early ages of loading, and to account for gradually increasing loadings, the
time step was kept relatively small and almost constant through the entire analysis. However, at certain
points or time domains, a reduction of the time step is required, and in other cases, an increase is allowed.
In this paper, user intervention was used when necessary. The appropriate time step for a given loading
is selected so that the difference between the ultimate times based on the selected time step and one-half
of this step is of minor significance [Kao 1981].

4. Numerical study

The geometry of the examined dome, which is loaded by an axisymmetric vertical load, is given in Figure
2a. The boundary conditions at the edge are u = v = w = Mϕϕ = 0, which are derived via (7), while the
conditions at the pole are given by (31)–(33). The characteristic compressive strength and modulus of
elasticity of the concrete (N32) are taken as 32 MPa and 28.6 GPa respectively [AS 3600 2001], with a
Poisson’s ratio of 0.15, and a mass density of ρ = 2400 kg/m3. Note that the mass density is given for
the determination of the time-dependent modulus of elasticity through (21) and for the determination of
the dead load, but not for any dynamic effects. Based on the recommendations of [ACI 1982; Gilbert
1988], the following values are adopted for the parameters that control the long-term behaviour: β = 1,
f = 35, εu

sh = −780µε, λ = 0.6, d = 10 days, φ(∞, 7) = 2.35, α = 4, and γ = 0.85. Note that the
radial and perpendicular components of the vertical load are considered in the analysis, which become
nonuniform and depend upon the radial coordinate.

4.1. Short-term behaviour. For reference, the short-term behaviour of the perfect shallow dome is stud-
ied first in Figure 2b and Figure 2c using the characteristic modulus of elasticity. The governing equations
for the short-term analysis can be easily generated from (6) by dropping all the terms that are related to the
response at the previous increment, and by dropping the 1 operator. These equations are not incremental
ones, in which the solution at each load level can be obtained by a straightforward procedure using the arc-
length continuation technique [Sundararajan and Noah 1997]. The normalized equilibrium path, Figure
2b, shows that the shallow dome is characterized by a limit-point type of behaviour with no bifurcation
point observed at the examined range of displacements. Yet, examining a wider range of displacements
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Figure 2. Numerical example: (a) geometry of a shallow dome; (b) short-term loading
equilibrium path; (c) axisymmetric buckling mode.
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may reveal primary and secondary bifurcation points in the postbuckling range. Nevertheless, the post-
buckling behaviour of thin walled concrete structures is of little concern in most practical cases because of
the brittleness of the concrete material and its very limited ability to undergo a snap-through behaviour,
which is associated with dynamic effects and relatively high tensile and compressive strains [Gioncu
1979]. In general, however, perfect shallow domes under axisymmetric loading may exhibit bifurcation
points that may appear before or after the limit point. This depends on many parameters including the
radius/thickness ratio, the rise/(base diameter) ratio, the boundary conditions, the loading pattern (radial
or vertical), and others. In the case studied here, the buckling mode, which is an axisymmetric one,
appears in Figure 2c.

As can be seen in Figure 2b, the vertical buckling pressure of the dome equals 47 times its self-weight
and the displacement at this point is approximately 0.72 of the thickness of the dome shell. Though the
buckling pressure could be very conservative for design purposes, considering the fact that the buckling
pressure of imperfect domes could be 50% that of the perfect one [Zarghamee and Heger 1983], and the
fact that many concrete domes are subjected to snow loads of the same level of magnitudes as their self-
weight, the actual buckling pressure could be as low as 12 times the actual weight of the dome. When the
long-term effects of creep and shrinkage are considered, this value could be even much lower as shown
subsequently.

Using the classical theoretical value for the buckling pressure [Billington 1982],

qcr = C E
( h

R

)2
, (34)

where C = 2/
√

3(1− ν2), the classical buckling pressure of the dome becomes 57 times its self-weight,
which is 19% higher than the one obtained in Figure 2b. The differences are because (34) is based on the
linear stability approach that does not account for the nonlinear prebuckling deformations, and because
it is appropriate for complete spherical shells and not shallow ones. Also, note that (34) is valid for radial
loading only; yet, this result provides a level of verification to the proposed model.

4.2. Imperfection scenarios. Three different imperfection scenarios that characterize shell structures in
general and concrete shells in particular are considered. The first scenario is a case where the imperfection
is of the form of the critical buckling mode under axisymmetric loading. Such a scenario is typical for
the sensitivity study of shell structures and is recommended by many design codes [Xirouchakis and
Jones 1980; Hong and Teng 2008]; thus

ŵ(ϕ)= ξh× buckling mode, (35)

where ξ is the imperfection amplitude, and the buckling mode is plotted in Figure 2c.
The second imperfection scenario, which is almost impossible to be avoided in concrete structures but

is also typical to any other structure, results from inaccuracies in the construction process that may lead
to small departures from sphericity. A nonaxisymmetric geometric imperfection of the following shape
is considered [Kao 1981]:

ŵ(ϕ, θ)= ξh×

(
1−

(
sin(ϕ)
sin(ϕ̄)

)2
)3

cos(nθ). (36)
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The third imperfection scenario is more unique to concrete domes, and accounts for the potential
varying stiffness of the dome in the circumferential direction. Such varying stiffness may result from
preloading shrinkage cracks that are parallel to the meridians direction and result from tensioning in the
circumferential direction, from a nonuniform thickness of the dome due to construction inaccuracies,
or from nonuniform material moduli. The varying stiffness of the dome is introduced here through a
symmetrically reduced effective thickness that sinusoidally varies in the circumferential direction (where
the combined extensional-bending rigidity is zero) and takes the form

h(θ)=
(

1− ξ
2

)
ho+

1
2
ξho cos(nθ). (37)

Here, ho is the nominal (designed) thickness of the dome shell, and ξ corresponds to the reduction factor
of the membrane rigidity. Mathematically, this imperfection is also treated using the truncated Fourier
series as was shown in Equations (24)–(29). Thus, the thickness profile of the dome becomes

h(ϕ, θ)=
2Fh∑
m=0

hm(ϕ)gm(θ), (38)

where Fh is the number of terms in the Fourier series, and hm(ϕ) is a constant function in the case studied
here in the meridional direction; yet it varies with the corresponding Fourier term (see Equation (37)),
while gm(θ) introduces the variation in the circumferential direction.

Note that other imperfection scenarios than those examined here may lead to different and even greater
drop of the critical load; see for example [Zarghamee and Heger 1983; Błachut and Galletly 1990; 1995].
Yet, this aspect is not investigated here. Nevertheless, using the proposed model, many imperfection
scenarios can be studied.

The short-term behaviour of imperfect domes was extensively studied in many research works includ-
ing the development of theoretical models and numerical tools for their analysis; see for example [Muc
1992; Błachut and Galletly 1990; 1995; Teng and Song 2001; Wunderlich and Albertin 2002]. Therefore,
for brevity and clarity, and in order to focus on the goals of this paper, the short-term behaviour of
imperfect domes is not presented here.

4.3. Long-term behaviour of imperfect dome. The long term behaviour under the three imperfection
scenarios described above is studied here. In practice, structures are seldom fully loaded at one time,
and the loading process usually takes hours and sometimes even days. In this sense, a gradually loading
history, which is presented in Figure 3, is considered. For this, the dome is first loaded at age of 7 days
by its self-weight, followed by a linearly increasing load at the age of 28 days for a period of one week
to reach a magnitude of 50% of its vertical buckling pressure (23.5× self-weight). The load is then held
constant. In the following discussion, the time is measured from the age of first loading when the age
of the concrete is 7 days, assuming that the structure is fully supported during the first 7 days for curing.
The behaviour at t = 0 actually corresponds to the instantaneous response of the dome to its self weight
without any long-term effects. Because the stresses induced by shrinkage prior loading depends on the
supporting scheme before loading and thus on the construction technique, these stresses are ignored
before the time of first loading (that is, shrinkage is taken to commence at t = 0).
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First imperfection scenario: axisymmetric. The variation of the peak perpendicular deflection (observed
at ϕ = 0.316 rad (18.1◦) according to Figure 2c) with time is shown in Figure 4 for the case where the
dome is loaded according to Figure 3 and with an axisymmetric imperfection according to the buckling
mode as given by Equation (35) and Figure 2c. Different values for the imperfection amplitude ξ are
examined; the response with ξ = 0 corresponds to the perfect dome. The results reveal that the ultimate
time for creep buckling of the perfect dome, where the rate of deformation of the system begins to increase
rapidly and becomes infinite, equals 206 days. In reality, at this point the system tends to snap toward
a far more stable equilibrium position with a potential development of circumferential nonaxisymmetric
deformations. Yet, due to the brittleness and the limited deformability of the concrete material, the dome
will generally collapse at the ultimate time once the deformations become large, and does not exhibit a
snap through behaviour [Gioncu 1979].

The results presented in Figure 4 show that the ultimate time significantly decreases with the increase
of the imperfection amplitude. Thus, thin-walled concrete domes are very sensitive to the existence of
geometric imperfections. Despite the use of the load-disturbance method, which allows for the develop-
ment of bifurcation points and mode switching, no bifurcation point is observed here and the deformation
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pattern of the dome remains axisymmetric through the entire time domain. The nonlinear sensitivity of
the dome to small imperfections indicates the importance of considering these effects through detailed
and comprehensive computational models.

Note that with ξ = 0, for instance, the rapid increase of the deflection at t < 50 days results from
the gradual loading and from the nature of creep of the concrete material, which is higher in the first
few days after loading. On the other hand, the rapid increase at t > 180 days results from the geometric
nonlinearity. Comparing the long-term limit deflections that develop at the ultimate time with the short-
term limit deflections obtained in Figure 2, it can be seen that the peak deflections develop under a
sustained pressure that is half of the vertical buckling pressure are about three times the peak deflections
that develop under the full short-term vertical buckling pressure. The normalized peak deflection at
ϕ = 18.1◦ obtained in Figure 2c is 0.93, while the level of normalized deflection in which buckling
starts in Figure 4 equals 3.2. Thus, while under short-term loading the structure loses its stability by a
combination of large forces and relatively moderate deflections, under sustained load, the structure loses
its stability by a combination of moderate forces and relatively large deflections that result from creep
and nonlinear coupling as well.

Second imperfection scenario: nonaxisymmetric. The time-dependent behaviour of the dome under the
loading history described in Figure 3 and with a nonaxisymmetric imperfection according to Equation
(36) is shown in Figure 5 for different imperfection amplitudes. The results show that the amplitude of
the nonaxisymmetric imperfection significantly affects the time-dependent behaviour of the dome and
should be considered in their design. The response with ξ = 0.05 and ξ = 0.1 reveals a sudden change
in the slope of the curve at certain points, that is, t = 162 days and 92 days respectively. These points
are considered as critical points, in which the deformation at ϕ = 18.1◦ sharply increases and becomes
affected by nonaxisymmetric deformations. To clarify this, consider Equation (23), which indicates that
the total solution is obtained by a summation of the effects of different Fourier harmonics. Figure 6
shows the ratio between the axisymmetric term of the solution w0 (obtained with m = 0) and the total
solution. The results show that with ξ = 0.05 this ratio is very close to 1 up to t = 162 days. At this
point, this ratio jumps to 1.12, which reflects a negative contribution of the higher Fourier harmonics on
the deflection at ϕ = 18.1◦ and θ = 45◦. A similar behaviour is observed at t = 92 days with ξ = 0.1.

Because in general, bifurcation or fork points do not necessarily mean a failure of the structure
[Obrecht 1977], the effect of these critical points at a different location (ϕ = 8.0◦ and θ = 0) is examined
in Figure 7. The results show that the deflection becomes very large beyond these critical points. Such a
level of deflections in concrete structures, which is of the order of 5 to 9 times the thickness of the dome,
definitely leads to failure of the structure, and so the critical points observed here can be considered as
points that cause creep buckling and failure of the dome. The results presented in Figures 5 and 7 show
that in order to identify these critical points in a full nonlinear analysis, the deformation-time curve should
be examined at multiple points along the surface of the dome. Another approach for identifying these
critical points is by using energy methods as proposed by Murakami and Tanaka [1976] and Miyazaki
[1986]; yet it is not considered here.

For completeness and clarity, the behaviour of the dome at three different times (namely: t = 28,
t = 150, and t = 180 days) obtained with ξ = 0.05 is depicted in Figure 8. The behaviour at t = 28 days
corresponds to the response immediately after the gradual loading, and the behaviours at t = 150 and



122 EHAB HAMED, MARK A. BRADFORD AND R. IAN GILBERT

Time [days]

w
(

=
1

8
.1

, 
=

4
5
 )

 /
 h

M
�

T
�

0 50 100 150 200 250
0

0.5

1

1.5

2

2.5

3

3.5

[=0.01[=0.05

[=0.1

n=4

Critical point

Critical point

 

w
w

=
=

5

0 0 0 0 0 0

0

0 0 0 0

Figure 5. Nonaxisymmetric imperfection with n = 4 (scenario 2): variation in time of
selected deflection with different imperfection amplitudes.

w
 /

 w
(

=
1

8
.1

, 
=

4
5

 )
M
�

T
�

Critical points

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

Time [days]

0 50 100 150 200 250

[=0.01

[=0.05

1.2

[=0.1

0

 

0

0 0 0 0

Figure 6. Nonaxisymmetric imperfection (scenario 2): ratio between the axisymmetric
term and total solution.

 

w
(

=
8
.0

, 
=

0
) 

/ 
h

M
�

T
�

[=0.01

0

1

2

3

4

5

6

7

8

9

10

Time [days]

0 50 100 150 200 250

[=0.05

[=0.1

n=4

Critical points

 

Figure 7. Nonaxisymmetric imperfection with n = 4 (scenario 2): variation in time of
peak deflection with different imperfection amplitudes.



CREEP BUCKLING OF IMPERFECT THIN-WALLED SHALLOW CONCRETE DOMES 123

180 days correspond to the response before and after the critical point. Figure 8 shows that the time-
dependent effects significantly increase and modify the distribution of the perpendicular deformations
and internal forces. The distribution in the circumferential direction is governed by the characteristic
circumferential wave number of the imposed imperfection, which equals 4. Figure 8b shows that at
t = 28 days, the ratio between the deflection at any given circumferential angle θ to that at θ = 0 is close
to 1.0. However, this ratio decreases in time and becomes almost 0.05 at t = 180 days, which reflects
the effect of the nonaxisymmetric harmonics on the overall response. It is also seen that the internal
forces become relatively large at t = 180 days, and specifically, the circumferential forces change from
compression to tension in some locations. These tension forces cause cracking and eventually initiate
the failure of the dome. Finally, note that due to the geometric nonlinearity and the combined action of
creep and shrinkage, and their interaction, the location of the peak response varies along the meridian
(Figures 8a, 8c, and 8e). These effects highlight the need to use detailed theoretical models for the
nonlinear long-term analysis of concrete domes.

The effect of the characteristic circumferential wave number n on the response of the dome is studied
in Figure 9 for the nonaxisymmetric geometric imperfection given by (36) with ξ = 0.05. In order to
approximately identify the ultimate time for creep buckling failure, the variation of the deflection at
two critical locations is plotted. Figure 9a shows that with n = 6, a critical point develops at around
t = 65 days compared to 162 days with n = 4, and Figure 9b shows that a critical point with n = 5
develops at t = 130 days. As discussed earlier, these critical points, which are associated with relatively
large deformations, are considered as failure points in concrete structures, and so the long-term behaviour
and ultimate time of shallow concrete domes are also affected by the characteristic wave number.

Third imperfection scenario: variable stiffness. Figure 10 shows the effect of sinusoidally varying stiff-
ness according to (37). Different magnitudes of the imperfection parameter (ξ , the reduction factor of
the membrane rigidity) and the circumferential wave number n are examined. The results show that
relatively small reductions in the effective thickness of the dome and the corresponding membrane and
bending rigidities significantly decrease the ultimate time for creep buckling of the dome. It is also seen
that the characteristic circumferential wave number in this case significantly and nonlinearly affects the
nonlinear creep behaviour of the dome. These effects play important roles in the structural behaviour of
thin-walled concrete domes, and should be carefully considered in their design.

5. Conclusions

The creep buckling behaviour of thin-walled imperfect shallow concrete domes has been studied and
some of the main aspects that characterize their behaviour have been revealed and clarified. This has
been achieved by the development of a theoretical model for their nonlinear long-term analysis. The
variational principle of virtual work and the principle of superposition, which accounts for the aging of
the concrete material and the variation of stresses and geometry of the dome in time, have been used
for the derivation of the governing equations. An incremental time-stepping approach has been used for
the solution in time, while the truncated Fourier series and the multiple shooting method have been used
for the solution in space allowing for different boundary conditions, loading schemes, and imperfection
scenarios.
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Figure 8. Structural response at three different times of a dome with nonaxisymmetric
geometric imperfection (ξ = 0.05, n = 4): (a, b) perpendicular deformation; (c, d) radial
force; (e, f) circumferential force. Solid line: t = 28 days; dashed line: t = 150 days;
dotted line: t = 180 days.
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Figure 10. Varying stiffness imperfection (scenario 3): (a) variation in time of peak
deflection with n = 4 and different imperfection amplitudes; (b) variation in time of
peak deflection with ξ = 0.05 and different circumferential wave numbers.

Since the geometric imperfection in a dome to be constructed is not known at the design stage, both
the form and the amplitude of the expected imperfection have been considered in the numerical study
including an imperfection case that approximately simulates the effect of varying rigidities due to radial
preloading shrinkage cracks or other construction inaccuracies, which are unique to domes made of
concrete. It has been quantitatively shown that small departures from sphericity and the potential vary-
ing rigidities of the dome in the circumferential direction, significantly affect the long-term nonlinear
behaviour and structural safety of shallow spherical concrete domes. Both the shape and amplitude of
the imperfection have affected the behaviour and led to significant reductions in the ultimate time for
creep buckling. Because in reality such imperfections cannot be avoided and are more prominent in
concrete structures in general, and in curved concrete members in particular, a reliable prediction of the
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imperfection effects is required. In addition, more imperfection scenarios than those examined in this
paper should be considered for a detailed design of shallow concrete domes.

This paper contributes to the establishment of a foundation of theoretical knowledge required for long-
term reliable analysis, effective design, and safe use of shallow concrete domes and general thin-walled
concrete structures considering their potential imperfect shape. The results presented here show that
the long-term effects of creep and shrinkage have a critical effect on the safety and the design life of
shallow concrete domes. Finally, the modelling concepts and numerical tools and algorithms developed
here can be further enhanced and generalized for the nonlinear long-term analysis of general thin-walled
concrete structures, while the material nonlinearity and the development of a perturbation analysis for
the characterization of bifurcation points are also considered for future research work.
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