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DECAY PROPERTIES OF SOLUTIONS OF A MINDLIN-TYPE PLATE MODEL
FOR RHOMBIC SYSTEMS

FRANCESCA PASSARELLA, VINCENZO TIBULLO AND VITTORIO ZAMPOLI

In the present paper, we investigate the spatial behavior of transient and steady-state solutions for the
problem of bending applied to a linear Mindlin-type plate model; the plate is supposed to be made of
a material characterized by rhombic isotropy, with the elasticity tensor satisfying the strong ellipticity
condition. First, using an appropriate family of measures, we show that the transient solution vanishes
at distances greater than ¢T from the support of the given data on the time interval [0, T'], where c is a
characteristic material constant. For distances from the support less than ¢T, we obtain a spatial decay
estimate of Saint-Venant type. Then, for a plate whose middle section is modelled as a (bounded or
semiinfinite) strip, a family of measures is used to obtain an estimate describing the spatial behavior of
the amplitude of harmonic vibrations, provided that the frequency is lower than a critical value.

A list of symbols can be found on page 337.

1. Introduction

Mechanical structures involving elastic plates are useful in a wide range of technical applications and have
been the subject of many studies, such as [Green and Naghdi 1967; Naghdi 1971; Lagnese and Lions
1988]. Initially, authors considered the plate model based on Kirchhoff’s elastic strain-displacement
relations, completely neglecting the effects of transverse shear forces [Nowinski 1978; Lagnese and
Lions 1988]. Then, increasingly refined models were introduced, taking into account not only the
deflection of the middle section, but also transverse shear deformations. The theory of elastic plates
based on the Mindlin model has been developed by Constanda [1990] for the elastostatic bending of a
thin slab, including the effects of transverse shear deformation. Furthermore, a dynamic model for small
deformations of a thin thermoelastic plate was developed by Schiavone and Tait [1993].

The Reissner—-Mindlin and Kirchhoff-L.ove models are the two most common models of a thin linear
elastic plate. It is often remarked in the engineering literature that the Reissner—-Mindlin model is more
accurate, particularly for thin plates and when transverse shear strain plays a significant role [Hughes
1987]; in fact, both Mindlin [1951] and Reissner [1945; 1947] independently proposed theories which
also include the effects of transverse shear deformation. Arnold et al. [2002] showed that the Reissner—
Mindlin plate bending model has a wider range of applicability than the Kirchhoff—-Love model. Under
the assumption of constant body force density in the transverse direction, they proved that the Reissner—
Mindlin model solution converges to the three-dimensional linearly elastic solution in the relative energy
norm for the full range of surface loads. Fabrizio and Chiritd [2004] studied the deformations of a linear
viscoelastic plate, including transverse shear deformations.

Keywords: plates, thombic systems, strong ellipticity, transient and steady-state solutions.
The work in this paper was performed under the auspices of the GNFM of the Italian INAAM..
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The state of bending for a transversely isotropic plate of Mindlin-type has been analyzed by Passarella
and Zampoli [2009a; 2009b]. The first of these papers contains a uniqueness result and a Galerkin repre-
sentation of the solution, without positive definiteness assumptions on the elasticity tensor. Furthermore,
under the hypotheses of positive definiteness of the elasticity tensor, the authors prove a Gurtin type
variational theorem and a minimum principle. In [Passarella and Zampoli 2009b], previous hypotheses
are relaxed and, assuming strong ellipticity of the elasticity tensor, results about the spatial behavior of
transient and steady-state solutions are established.

With regard to the spatial behavior of solutions, Saint-Venant’s principle plays a central role in the
theory and applications of elasticity. A comprehensive review of research on the spatial behavior of
solutions is given by [Toupin 1965; Knowles 1966; Flavin 1974; Horgan and Knowles 1983; Gregory
and Wan 1985; Horgan 1989; 1996; Mielke 1988].

For genuine dynamic problems of elasticity, useful information on the spatial behavior of solutions can
be furnished by the well-known domain of influence theorem as presented by Gurtin [1972] and ascribed
to Wheeler and Sternberg [1968]. According to Gurtin the domain of influence of the given external
data at time T consists of the set Dy of all points in the body that can be reached by signals propagating
from the support Dr, on the time interval [0, T, with speeds equal to or less than the maximum speed
of propagation c¢. Then the domain of influence theorem shows that on [0, T'] the externally given data
have no effect on points outside of Dr.

In the present paper we study a bending state of a rhombic system modelled as a (either bounded
or unbounded) Mindlin-type plate, under a strong ellipticity condition on the elasticity tensor. In this
context, we use the properties of rhombic systems widely investigated by Gurtin [1972] and Chirita
et al. [2007]. Such systems, together with transversely isotropic materials, show a good applicability to
mathematical models of plates that take into account transverse shear deformations (see [Paroni et al.
2006] for details). In particular, in the context of the linear theory, we investigate the spatial behavior of
transient and steady-state solutions. This investigation is concerned with some properties of the solutions
of the evolution equations ruling the displacement and rotation fields, supposing the plate to be initially
at rest. Moreover, time-dependent displacements and rotation fields are imposed on its boundary. These
fields on the boundary induce disturbances that propagate in the interior of the plate.

Outline of paper. In Section 2, we derive the evolution equations for the two-dimensional theory and
state assumptions concerning the strong ellipticity of the elasticity tensor.

In Section 3, considering the spatial support of data contained in a bounded domain D%, we define a
set of appropriate line-integral measures $, and establish some estimates in order to obtain the domain of
influence and the spatial decay of transient solutions away from D7.. Using these estimates and following
the time-weighted power function method [Chiritd and Ciarletta 1999; 2003; Ciarletta et al. 2005], we
determine the speed of propagation of mechanical disturbances from D, as well as the spatial decay of
solutions.

In Section 4, we treat a more specific mechanical problem, concerning the steady-state vibrations
of a (either bounded or semiinfinite) strip. Starting from an idea of Ciarletta et al. [2005] and Chiritd
[1995], we introduce a set of appropriate line-integral measures $, associated with the amplitude of time-
harmonic vibrations. We obtain a differential inequality describing the behavior of steady-state solutions
under the hypothesis that the frequency of harmonic vibrations is lower than a certain critical value.
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2. Formulation of the problem

In this paper, we study the behavior of a homogeneous body filled by a material that occupies at time
t = 0 aright cylinder B of height 2/ with (bounded or unbounded) cross-section £ and smooth lateral
boundary IT. We call B and X the interiors of B and ; we choose the rectangular Cartesian coordinate
frame in such a way that Ox;x; is the middle plane of the cylinder and thus its faces are located at
x3 ==£h. We also suppose that X is a simply connected region, 0 X is the boundary of X, and 7 < diam X.
Latin subscripts (unless otherwise specified) range over the integers {1, 2, 3}, whereas Greek subscripts
are confined to the range {1, 2}; summation over repeated subscripts is implied. Superposed dots, or
subscripts preceded by a comma, mean a partial derivative with respect to time or to the corresponding
Cartesian variables. When needed, vector fields are represented by bold-type letters. We will disregard
regularity questions, simply assuming a degree of smoothness sufficient to ensure analysis is valid.

For each point (x, x2, x3) € B and ¢ € [0, 00), a bending state for such an elastic cylinder is charac-
terized by

U (X1, X2, X3, 1) = —ug (X1, X2, —X3, 1) and uz(x1, x2, X3, t) = uz(x1, X2, —x3, 1),

where u; are the components of the displacement vector that vary smoothly with respect to x3. Never-
theless, as with the study carried out in [Passarella and Zampoli 2009a; 2009b], we restrict our attention
to the bending state characterized by

Ug (X1, X2, X3, 1) = X304 (x1, X2, 1) and  uz(xy, x2, x3,1) = w(xy, x2, 1),
and we assume that the components f; of the body force vector obey the relations
Ja(x1, %2, x3, 1) = = fo (x1, X2, —x3, 1), J3(x1, x2, X3, 1) = f3(x1, X2, —X3,1).
The behavior of thin plates of uniform thickness is described by the equations of motion
n*Mpg, g — ta3 + H, = h*0i,, 53,5+ F = 01, on X x (0, 00) (2-1)

and the constitutive equations

3 h
M;j(x1,x2,1) = 2—}13/hx3Cijk1uk,1(x1,x2,x3,f)dx3,
o (2-2)
7 (X1, X2,1) = E/ Cijriui,(x1, x2, x3,t)dx3,
—h

where g is the reference mass density, C;j; are the components of the elasticity tensor obeying the usual
symmetry relations, and

h
1 1
F(x1,x0,1) = ﬁ/ f3(x1, x2, x3,1)dx3 + EC331<1M/<,1(X1, x2, h, 1),
—h

n

1

Hy(x1,x2,1) = E/ x3 fo (x1, X2, x3, ) dx3 + Cagpuk,1 (X1, X2, h, 1).
—h

Suppose that
H, =0, F =0, on T x [0, 00). (2-3)
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In what follows, we consider a homogeneous rhombic elastic material, with the group €3 generated! by
Rg and Rgz characterized by (see, for example, [Gurtin 1972])

Ci1123 =C1131 = Cr112 = Co223 = C231 = C212 =0,

(2-4)
C3323 = C3331 = C3312 = (2331 = C2312 = C3112 = 0.
Using these equations and defining as usual
ci = Crr, c22 = Con, ¢33 = C3333, cqq = Co323, css = C313,
ce6 = C1212, ci2 = Cii22, 23 = Cp33, c31 = Cs311,
the constitutive equations (2-2) for rhombic materials become
M1y =ci101,1 +c12022, My =ciav1,1 + 0022, M2 = Mo =cec(V12+02,1), (2-5)
13 =131 =cs5(w,1 +01), 123 =132 = caa(w 2 +02). (2-6)

Now, we restrict our attention to the class of rhombic materials having a strongly elliptic elasticity tensor,
that is,

Cijklmimknjnl >0 (2-7)

for all nonzero vectors (m, my, m3) and (ny, ny, n3). As it is possible to see in [Gurtin 1972], this
hypothesis on the elasticity tensor is weaker than positive definiteness. Chirita et al. [2007] prove that
for rhombic systems the strong ellipticity condition (2-7) is equivalent to

cintm? + conam3 + cxn3mi + ces(nima + nami)? + caa(n3my + nyms)?
+ ess(nims 4+ n3my)? 4 2cipnimynamy + 2ca3namonyms + 2y nymanymy > 0, (2-8)
and this relation implies the conditions
c11 > 0, Ccyp > 0, c33 > 0, Cq4 > 0, C55 > 0, Ce6 > O,
lc12 + ce6l < ce6 +4/C11€22,  |c13 + Cs55] < 55+ +/cr1€33, |23 + caa| < cas + /22033,
3. Transient solutions: decay estimate of Saint-Venant type

In this section, we establish results describing the spatial behavior of solutions of the given data on the
interval [0, T'] under the strong ellipticity condition on the elasticity tensor. To this end, we can rewrite
the system of (2-1), (2-3), (2-5), and (2-6) in terms of (v, w) as
Th*lenvn 1 + cesv1,22 + (12 + Co6)02,12] — es55(w,1 +v1) = h7giy,
Th*ceev2,11 + 220220 + (€12 + Co6)01,12] — cas(w 2 + v2) = $h*pils, (3-1)
css(w 11 +01,1) + caa(w 22 +022) = 010,
or, equivalently, as

S Mpop =03 = 501700, Tp3p =0, (3-2)

le is the orthogonal tensor corresponding to a right-handed rotation through the angle @ about an axis of unit vector u.
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where Mg, represents the family of tensors depending on the parameter x through

My = criv1,1 + (ce6 — K)02,2, Miz = (c12 +x)v1,2 + CesV2,1, (3.3)
My = cee01 2+ (12 +K)v2 1, M = (ce6 — K)1,1 + €202,

and 743 is defined by Equation (2-6). The family of tensors M so has a nonvanishing skew-symmetric
part, depending on the skew-symmetric part of v, g.
Let % be the problem defined by (2-6), (3-2), (3-3) and the initial-boundary conditions
Da(x19x290)205 w(xla-x’-z,o):() on Za
l}a(.X],XQ,O):O, l‘b(-xla-x290)=0 on 2:

Dy = Vg, w=w onlL x[0,400),

v, =0, w=0 on L¢cx[0,+00),

where L and L¢ are disjoint and complementary nonempty subsets of 6% and @ = (v, w) is the set of
assigned fields representing the external data of the problem in question.
We define the support Dy of external data % on the time interval [0, T'] as the set of points

x=(x,x) el

for which there exists € [0, T'] such that 3, (x, 7) # 0 or w(x, ) # 0. In other words, for x € 62\13},
we have

Dy(x,t)=0 and w(x,7)=0 forall t € [0, T]. (3-4)

For convenience, we assume that Dy is a nonempty bounded set and that D} is the smallest regular
subcurve of L including Dy. We consider the sets

D,={xe€X:D}NS(x,r) # o}, T, =X\D,, (1, ) =2\,
where r > 0, r < rq, and S(x, r) is the closed ball with radius r and center at x, that is,
S,r)={yeR:|y—x|<r}.

Then, L, = 0%, N X is the subcurve of 0%, that lies inside the inner part of ¥, and whose unit normal
vector n is directed towards the interior of X, (or, equivalently, towards the exterior of D,).

We also agree that, for r =0, Dy and L coincide with D, and the normal vector n to L is directed
towards the interior of X.

For any positive parameter 4, we introduce the function

t
e (r,t) = — /0 /L e M [1p3(s)td(s) + Sh2Mpo ()0u(s)|npdids, r=>0, te[0,T]; (3-5)

for what follows, it is useful to remark that

$(r,0)0=0 forall r >0. (3-6)
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From direct differentiation of (3-5) with respect to the variable ¢, we get

a; £(r,t) =— / e M ep3 () (t) + Lh* Mo ()04 (1) |npdl. (3-7)

L,

On the other hand, from the definition of X,, from (3-4), and from the divergence theorem, we have

e (r1, 1) — e (ra, 1) = — /0 t /)E ( )e_“[rﬁg(s)u')(s) + Sh? Mo ()i, ()] ydods.
1
Using (2-6) and (3-2)—(3-5), we obtain, for rp, < rq,
Fie(r1, 1) =9y (r2, 1)
= —% /ot/zm,rzf_“ a% {a[wz(m%h%a ()00 (5)]+c55 (10,1(5)+01 () "+ caa (w2 () +02(5))
+%hz[ﬁ10%,1(S)+022U%,2(S)+2(C66—K)Um (8)v2,2(5)

+ce6 (05,1 (s)-l-viz(s)) +2(c12+K)2,1(5)01,2(5)] } dods. (3-8)

Introducing
T = Lo+ 3h%00,), W =3 (Wo+ 3h>W + 1h*W>), (3-9)
and
Wo = css(w,1 4 01)* + cas(w 2 +2)°, Wy = crvf + 203, +2(ce — K)01,102,2, (3-10)
W2 = ce6(v3,1 407 5) +2(c12 +K)v2, 1012,
it follows from (3-8) that
t
S (r1, 1) —Fi(ra, 1) = —/ / e_“i[g(s) +W(s)ldo ds if rp <ry. (3-11)
0 /sy 08
Now, it is possible to show that $, is continuously differentiable with respect to r; in fact, considering
P (r1,t) — 9, (ra, t !
fim JeeD = Ik / / e D1 (5) + W(s)ldo ds
n—r r—r =t =12 Jo Jxgm 08

- / / e 2 [T (s) +W(s)]do ds,
0JrL, os

and integrating by parts with respect to the time variable s, we arrive at

09
e ye |
or L

Let dy, o1, and o, be the matrices associated with the quadratic forms Wy, W, and W, respectively.
When the strong ellipticity condition (2-8) is valid and « satisfies the relation

max{—ces — C12, C66 — +/C11¢22} < & < min{ces — 12, Co6 + /C11022}, (3-13)

the eigenvalues of g, 1, and d,, which are

eI @) +W()]dl — A / / e T (s) +W(s)]dl ds. (3-12)
0JL,

r

css,  cats enHenE£Ven —en)? +4(ce—x)2 ], ces £ e +xl,
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are all strictly positive. In what follows, we denote with u, and 7, the smallest and largest eigenvalues
of oy, o1, and », respectively. These are

Hic = min{C44, ess, S[en + e — V(ern — €22)? +4(ces — x)2], co6 — lc1 +K|},

Ne = max{C44, css, s[cin +en+ Vet — c2)? +4(ces — K)?], cos + 12 +K|}-

If p > 0 and (2-8) and (3-13) hold, then I and W’ are positive definite; thus, we show through (3-12) that
9 (r, 1) is a nonincreasing function with respect to r, that is,

9K(r1, l‘) < 9K(r2, l‘) if ry <ri. (3—14)

If the plate is bounded and £ = max, 5 {minye D: Vo —y)?+ (x — yz)z}, we obtain from the defini-
tion of L, that L, = & and, consequently,

(L, 1) =0, 1€l0,T]; (3-15)
moreover, (3-11), (3-14), and (3-15) imply that
t . a
0<9.(r,1) =/ / e’ —[T(s)+W(s)ldods forr<¢. (3-16)
0Jz.rn os
In this case, it is obvious that X (¢, r) = Z,. It is possible to obtain a relation similar to (3-16) for an

unbounded plate. To this end, we estimate $, (r, t) and 0.9, (r, t) /0t in terms of 6.9, (r, t)/or.

Theorem 3.1. Let p > 0 and suppose the hypotheses (2-8) and (3-13) hold. Let (v,, w) be a solution
of the initial-boundary value problem % and Dt the bounded support of external data D on the time
interval [0, T, then the function 9, satisfies the first-order differential inequalities

Cx 09
A or

09,
ot

| (r, 1) + (r,t) <0, (r, t)‘ +c,€%(r, t) <0, with ¢, = % (3-17)

Proof. Under the hypotheses (2-8) and (3-13), we can observe that
0 <k (1 +73) < Flshas v, Y1 < ki 0 +73), (3-18)
where k,gf ) and kj(g) are the smallest and largest eigenvalues of W, the functional % is given by
Flda: @, ¥ =0 sy,

with the variables ¢ = (g1, ¢2) and y = (y1, y2). In particular,

kD =i + e —V(e1—cn)? +4ces—x)2 ], kP = ce6 — 12 +l,
Ky = e + e+ (eni—en)? +4(ces—x)? |, kD = ¢ + 12 + ).

Through the Schwarz inequality and Equations (3-3) and (3-10), we get

1/2

Flsdy; @, v1 < [Flsdy; 0, 91] [ Flsdy: v, v]] (3-19)
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and ~ ~
Fotr; pD, p V] =W, Floty; MDY, p V] = M}, + M3, (320
F[sta; P, pP] =W, Fsto: MP, 5] = M3, + M},
where
PV = (11,00, MY =My, Mn), 7P =@i2021), M =My, Mp).
Now, collecting (3-10) and (3-18)—(3-20), we deduce that
M3+ M3 < FV2[sty; MO, MO < [k8) (083, + M3)] w2, .
~ ~ ~0Q) £ 1/2 )
M3, + M, < 9'?1/2[342; M®?, M(z)]OW;/Z [k(Z)(Mm + M12)] ! 1/2
On the other hand, from (2-6) and (3-10) it follows that
0 < kW0 < 1p37p3 < ki) Wo, (3-22)

where k,g? ) — min{cs4, c55} and k1(191) = max{cua4, cs55}. Equations (3-9), (3-21), and (3-22) allow us to show
easily that

Tty + Sh2 Mgy My, < kS Wo+ 202k Wy + L2k w, < 25w (3-23)
Next, the Cauchy—Schwarz and arithmetic-geometric mean inequalities lead to
. ~ . . 1 ~

|(cpato + S puia)ng| < 22 (0% + h%0,5,) + 30g (37 + S0 W) (3-24)

Finally, we use the estimates (3-23) and (3-24) in (3-5) and (3-7) in order to obtain

t
19,(r, )| < & / / e [%) n %W(s)]dz ds, (3-25)
0 . &
09
« <¢ / —“[ ]dl (3-26)
ot L,

Recalling (3-12) and setting ¢ = ¢, in (3-25) and (3-26), we derive the differential inequalities (3-17). [

Using Theorem 3.1, a result similar to (3-16) may be shown for an unbounded plate. In this case, the
variable r ranges in [0, c0). Thanks to (3-17), and for any pair (rg, fp) such that ty € [0, T'] and ro > ¢, 1o,
we can see that the functions $, (r, to + (r —ro)/cx) and $, (r, to — (r — rg)/cx) are nonincreasing with
respect to . This feature, together with (3-6), implies

i (ro, t0) < I (ro — city, 0) =0, ro = 1o — Ciclo, g 0 37
—_ , o) = 0. -
S (ro, to) = . (ro + cxto, 0) =0, ro+cxto > 1o, 0 (ro. o) G-27)
Taking into account (3-11), (3-14), and (3-27), it follows that
t
0<9.(@r,t)= lim / / e_’“i[g(s) +W(s)ldo ds, (3-28)
=00 Jo JXZ(ro,r) os

and it is obvious that lim,,_, o X (ro, 1) = Z,
With the help of (3-16) and (3-28), and integrating by parts with respect to s, it is possible to prove,
for bounded or unbounded plates, the following theorem.
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Theorem 3.2. Let the hypotheses of Theorem 3.1 be still valid. The function $,(r, t) is nonnegative and

t
0<9e(r,1)= / e HMT (1) +W(t)do + A / / e [T (s) +W(s)ldo ds. (3-29)
pI 0JEZ,

Now, since $,(r, t) is a nonnegative function, we can write from (3-17);

a%[exp(ér)ﬁk(r,t)]fo == éﬁx(i’,t)fexp(—ér)yx(oaf)

On the other hand, (3-17), implies that the function $, (c.t, t) is nonincreasing with respect to ¢. This
characteristic, together with (3-6), implies

jk(ckta I)S‘q)l{(o’ 0)209 IEO (3_30)
We deduce from (3-14) and (3-29) that
0<3x(r,1) < Iplcxt, 1), r > ct. (3-31)
Thus, (3-29)—(3-31) imply
t
/ e T (1) +W(D)do + A / / e T (s)+W(s)dods =0 for r > cyt. (3-32)
0JZ,

s,
When 9 and W are positive definite, (3-32) is valid if and only if 7 and W are null in Z, for any r > ¢,t.
The results obtained up to now lead us to formulate the following theorem about the spatial decay.

Theorem 3.3. Let the hypotheses of Theorem 3.1 be still valid; for each fixed t € [0, T], we have
Fe(r, 1) < exp(—cir)yx(o, 0 for O0<r<cd, I(rnD)=0 for r>cet.  (3-33)
K

It is easy to observe that, for ¢ € [0, T'] and for each r > ¢, ¢, (3-29) and (3-33); lead to

/ e’)'t[g(t) +W(t)]do _|_,1/ / e*“[g(s) +W(s)ldo ds = 0.
T, 0JZ,

Consequently, when o > 0 and W is positive definite, we obtain v, = » =0 on X, x [0, T'], and through
homogeneous initial conditions, we get

vy =w=0 on X, x [0, T]. (3-34)

Following [Gurtin 1972], we depict the domain of influence of the externally given data at time 7" as
the set of the points of £ that can be reached by signals propagating from the support Dy on the time
interval [0, T'], with speeds equal to or less than the maximum speed of propagation

c=\/Z with  x=inf#,,
0 K

where x satisfies the relation (3-13). In fact, for a bounded or unbounded plate, we can show by means
of (3-34) that on [0, T'] the externally given data have no effect on points outside of D.7.

Lemma 3.4 (domain of influence). Let the hypotheses of Theorem 3.1 be still valid and let (v, w) be a
solution of initial-boundary value problem P. Then, v, = w =0,0n X.7 x [0, T].
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We can easily prove the following uniqueness result, valid for a bounded or unbounded plate.

Lemma 3.5 (uniqueness). Let the hypotheses of Theorem 3.1 hold. There exists at most one solution for
the initial-boundary value problem P.

Proof. Thanks to the linearity of the problem, we have only to show that the null data imply a null
solution. Let (0, ) be a solution corresponding to the null data. If we choose T} > 0, since the set
l§T = @ for each T € (0, T}) and the function $,(r, t) = 0, we can conclude that: v, = w = 0, on
T x [0, T1]. O

4. Steady-state solutions: decay estimate of Saint-Venant type

Throughout this section, the cross-section X is a rectangular strip, and the problem of steady-state vi-
brations is studied assuming that (v,, w) are separable with respect to space and time variables and that
the time dependence is periodic, that is v, = Re[¢, (x1, x2)ei® ], w = Re[w (x1, x2)e'®], where Re[ f]
represents the real part of f, w € RT is the prescribed frequency of oscillations, and ¢, and y are complex
functions. We choose a Cartesian frame of reference such that the middle section of the plate is defined
by > =10, £1]1 x [0, £»] C R2, where ¢, and ¢ are some positive constants and ¢ can also tend to infinity.
Moreover, we impose prescribed harmonic vibrations on the end of the strip located at x; = 0.
Using the equations of motion (3-1), we conclude that the amplitude (¢, w) satisfies

Ilendin + cool1,22 + (cr2 + c66)2,12] — €55 (w1 + (1) + 0 3h* 0’ =0,
1h*cesi2,11 + 2,2 + (Cr2 4 ce6)C1,12] — cas(w2 +02) + 0 3h* 0’ =0,
ess(pi1 4+ +eas(w o+ 0.0) + 00’y =0,

or, equivalently, it satisfies the system

YT pap — tu+0ih*0* =0,  xpp+o00*y =0, (4-1)
with
I =cidi1 + (ce6 — x)(2,2, = (c12+x){1,2 + 662,15 “42)
21 =ce612+ (cr2+K)(2 1, [22 = (co6 — )11 + €2202.2,
and
1 =css(y1+ ), x2=caa(y 2+ ). (4-3)

In particular, using (4-1) we can easily show that
IhPT 101 = =31°Tag + Ja — 03h°0°C, K11 =—J122— 00"y (4-4)

Let P be the problem defined by (4-1)—(4-3) and by the boundary conditions
Ca(x1,0) =0, w(x1,0)=0, (x1,02) =(3, w(xi, 6) = 0: x1 € [0, £4], “s)
Ca(li,x2) =0, w(li,x)=0, &(O0,x)=000), yw(0,x0)=y(x), x2e€l[0,0],

where éx and 1/V/ are prescribed continuous functions such that

LO)=0, w0 =0, GH()=0, y(t)=0.
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Using a superposed bar for complex conjugation and defining the segment L, ={(x1, x2) : x2€[O0, {21},
we introduce the function

Fe(x1) = / 2Re[7 1y + 1h°Tialu]dxa,  x1€[0,44]. (4-6)
Ly,
Differentiating $,, we obtain
Fr(xq) = / 2Re[7 11w + 71w + sh* Tra18e + Tiala)]dxo. (4-7)
Ly,

Using integration by parts, boundary conditions (4-5), and Equations (4-3), (4-4), and (4-7), we arrive at

() = / 2T — 00 (i + 1h2Eac) ] da, (4-8)

Ll
where
T = ot 1020, + 127,
0=css(C1+ w1+ ya) e+ v+ vo),
1 =il + 202 + (ceo — k) (1,182,204 1,182,2)s
W2 = co6((2,102,1 + C1.201.2) + (12 +©) (G2181.2 + C2181.2).

Again, as in the previous section, the matrices associated with °Wo, °W1, and Wz are Ao, A, and A,,
respectively. When the relations (2-8) and (3-13) are satisfied, we have

W = /uk[(é_’tl + l/_/,a)((a + l/’,oc) + %hzé_’a,ﬂga,ﬁ] > 0. (4-9)

Taking into account the well-known membrane problem, we can write

2 - - 2 - -
{,—2/ (aladxo 5/ (o,28a2dx2, / Wy dx; S/ Yoy 2dxa, (4-10)
Lxl Lxl x

9
52 Ly, Ly,

and considering (4-8) and (4-9) we arrive at

2p2
_ _ _ ow s _ _
}:c(xl) = /L zﬂk[(Ca + W,a)((a + V/,a) + %hzé:a,ﬁéa,ﬂ - u n22 (l//,2 W+ %hzéa,ZCa,Z)]dXI (4-11)
xl K

Using relations (4-10), we can observe that

603
n2h?

- , 2 - ,
/ [+ w2+ wa) + th* 0 ptn]dxs = n—zz/ (2,2022dx2 Z/ Oodxy. (4-12)
Ly, Ly Ly
On the other side, Schwarz and arithmetic-geometric mean inequalities imply

_ — _ 1 _
G+ +w2) = —-e)ndh+ (1 - g) Yoy for every ¢ > 0,
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and in particular, for e =2, ({4 w2) (2 + v2) = —00 + S22 thus,

/ [+ v2) G+ o)+ iP5 dx: Z/ G+ w2+ va)dx
X Ly,

L‘I

> / (0 + 3w ovs)dxs. (4-13)
L

x]

Combining (4-12) and (4-13) we obtain

/ [+ w22+ o)+ thP0000]dx = woyadxs. (4-14)

Ly,

h?n?
2(6¢3 + n2h?) /LK1
Moreover, (4-11) and (4-14) imply

B B /’12 2 2 52 2 6f2 _
};(Xl)Z/ ﬂK[Z(Cl+W,1)(Cl+W,1)+ i [1— Eei (H— = )i|l//,21//,2
L

63 + n2h? w2 i w2h?

~1

1ol A= - 030 - 200507\ -
+ 307 20000 + 20,100 +2 1_7r2/¢ Gatip+ (11— =y 0200 | 1dxe. (4-15)

K K

If o > 0, (2-8) and (3-13) hold and

_ 2003 662 \1"*
o < o, with o, = 1+ . (4-16)

T2 n2h?

The frequency w,, depends on the geometrical properties of the plate, namely # and £,. We can see that
Uy 1s strictly positive and the critical frequency @, is such that

2 2003%w? 602 20 200%0?
O<1—w—2:min{1— 92 (1+ 222),1—9'22 1-222 } (4-17)
w5 T Uy mh Ty T U

Then, (4-15) and (4-17) lead to

F(x1) Z/ te[pi(C +w )G +w) + prvawo
: + 303 (p3l11811 + Pala 1o + P51 2012 + Pel22022)|dxa,  (4-18)

where py, ..., pe represent the following strictly positive coefficients:

h2r? w? w*
= p3 = p4s =2, =—[1——), =2ps=2{1——).
P1 = P3 = P4 P2 6€§+h2n2( a),%) Ps Po6 ( w’%)

Under the above hypotheses, $, is a nondecreasing function and we can prove the following theorem.

Theorem 4.1. Let the hypotheses of Theorem 3.1 be still valid and let the frequency of harmonic vibra-
tions w be lower than the critical value w,,, as in (4-16). The function $, is such that

f - - _
|Fse (x1)| S/ ;2[P1(Cl+l//,1)(51+l//,1)+P2l//,2l//,2
Ly _ _ _ _
l + %h2(P3£_,“1,1Cl,1 + Ps02,1020 + PsCi2012 + Pelap0)|dxa,  (4-19)



DECAY PROPERTIES OF SOLUTIONS OF A MINDLIN-TYPE PLATE MODEL FOR RHOMBIC SYSTEMS 335

where
Pi=css, Py=cs5, Py=ci1, Pi=ces, Ps=(ci1+ces+c12), Ps=2ces+ci12). (4-20)

Furthermore, $, satisfies the inequality
,u,{|§k(x1)| <v$(x1) with v = max —*. (4-21)

We underline that, as with w,,, v also depends on the geometrical properties of the plate.

Proof. Considering (4-2)—(4-6), we arrive at

Fic(x1) =/ 2Re{css (14w )y + %hz[cllgl,lfl + (co6 — 1) 2,201 + (C12 + 1) 1,200 + Co6(2,102 |} doxa.

1 (4-22)
Using the arithmetic-geometric and Schwarz inequalities and taking into account (4-10), we can show
that

fLA_lRe[(El +y.)yldx; < %(fLXI(ézl +y )G+ l//,l)dxz)l/z(fo1 V_/,zl/f,2dx2>1/2

= 2%[&”(51 +y )@+ l//,1)dx2+fo Wy dxs],

{r /2

fLXIRe[E],ICI]dXZ f CllClldxz) Cl 201,2dx2 [2 fL C] all,adx2,

(4-23)

172 12 _

fLXIRe[C:Z,ZCI]dXZ f sz(zzd)Q f ClzClszQ _27t fL Cazé“azdm,

fLXIRe[El,zé"z]dm f 4“1 2{1,2dx2 f Cz 2{22dx2 L fL Ca 2{a,2dx2,

N;\lN ;.l% ;‘l

I Re[Cz 182]dxsy < 1/2

2( (/z, )"
2( ) )
all ) )" =<5
2([1, Gacadx) ([, )"

By means of (4-22) and (4-23), we obtain the inequality

|Fre ()| < /Ln{055(61+l//1)(é“1+l//1)+055l//29”2

+ 30118110 + (Co6 — K)Ca2lu2 + (€12 +5)a2lan + Cségz,aéz,a]}dxz,

which, through (4-20), leads to (4-19).
Since u, and py, ..., pe are strictly positive, the definition of v, and (4-19) allow us to write

|Fre (1) | S/ V[P @G+ v G+ va) + pvava
h + 12 (P3C11810 + Pala1 (o + PsC12012 + Pel22022) |dxs. (4-24)

Finally, (4-18) and (4-24) prove that (4-21) is satisfied. Il
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For what follows, it is useful to introduce the class of steady-state vibrations (¢, i) for which

f — — —
€(x1) =/ ;Z[Pl(é’l +y )G+ y)+ Pawoayo
S, ) _ _ B}
1 + 12 (P31 + Pala1 01 + Pséi2012 + Polaptn2)|da < oo, (4-25)

where Sy, = 3 N [x1, 00) X [0, £>]. From a direct differentiation of €(x;), we get

/ ¢ - - _
—%(X1)=/ ;2[P1(4“1+l//,l)(4’1+l//,1)+P2l//,2V/,2
L, - _ _ _
' + AR (Psci 11y + Pacanlon + Pstiafin + Pecantan)]dxa.  (4-26)
As a consequence of (4-19) and (4-26), it follows that

|Fe(x1)] < =€ (x1), (4-27)

so é(x1) is a nonincreasing function.
When the strip X is bounded, the hypothesis (4-25) is trivially satisfied; Equations (4-5) and (4-27)
imply
E()=0 = gu(t)=0. (4-28)
On the other side, if the strip X is semiinfinite and the hypothesis (4-25) is satisfied, then (4-26) and
(4-27) lead to
lim € (x;))=0 = lim $ (1) = 0. (4-29)
1—>

X1 —> 0
Now, provided that the frequency of harmonic vibrations is lower than the critical value ®,,, we can
establish the following theorem.

Theorem 4.2. Let the hypotheses of Theorem 4.1 be still valid and let {¢,, v} be the steady-state vibra-
tions for which (4-25) holds. Then, the function $, satisfies a decay estimate of Saint-Venant type:

0= —Fu(n) = —FrO exp(—L2x)). (4-30)
Proof. Whether the considered strip is bounded or not, from hypothesis (4-16) on the frequency w and
from the nondecreasing property of $,, (4-28) and (4-29) imply

Fic(x1) 0. (4-31)

We can also remark, from the definitions of coefficients Py, ..., Pg and v, that v is strictly positive. Then,
(4-21) and (4-31) allow us to write

d
Fol)+259,00)20 = Llgnexp(Len)] 20 (432)
v dxy v
It is easy to observe that (4-32) leads to the estimate (4-30) with exponential decay factor u, /v. O

Remark. The investigation performed is based on an assumption concerning the strong ellipticity of the
elasticity tensor. The results obtained under such an hypothesis are thus valid also for classes of particular
materials characterized by special properties, like negative Poisson’s ratio and negative stiffness (auxetic
or antirubber materials). These particular structures (see, for example, [Park and Lakes 2007]) expand
laterally when stretched, in contrast to ordinary materials.
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