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CHAOTIC VIBRATIONS IN A DAMAGE OSCILLATOR
WITH CRACK CLOSURE EFFECT

NOËL CHALLAMEL AND GILLES PIJAUDIER-CABOT

This paper deals with the dynamics of a single-degree-of-freedom unilateral damage oscillator. Using
appropriate internal variables, the hysteretic dynamic system can be written as a nonsmooth autonomous
system. The free dynamics of such a nonlinear system are simply reduced to periodic motion, eventually
attractive trajectories, and divergent motion. The direct Lyapunov method is used to investigate the
stability of the free damage system. A critical energy is highlighted that the oscillator can support while
remaining stable. The natural frequency of the periodic motion depends on the stationary value of the
damage internal variable. The inelastic forced oscillator, however, can exhibit very complex phenomena.
When the damage parameter remains stationary, the dynamics are similar to those of an elastic oscillator
with nonsymmetric stiffness. The dynamics appear to be controlled by the initial perturbations. Chaotic
motions may appear in such a system, specifically for severely damaged oscillators. It is numerically
shown that chaos is observed in the vicinity of the divergence zone (the collapse). This closeness of
both behaviors — chaos and divergence — is probably related to the perturbation of the homoclinic orbit
associated with the critical energy.

1. Introduction

Design procedures are becoming more and more oriented towards failure modes and structural ductility
control. Modern building codes aim at incorporating basic characteristics that result from the nonlinear
analysis of structures. In the case of seismic analysis, knowledge of the basic dynamics of inelastic sys-
tems (plastic or damageable systems) is among the main objectives. This is however quite an open issue
because these models are nonsmooth dissipative systems and very few results have been established in
this particular case [Wiercigroch 2000; Awrejcewicz and Lamarque 2003]. Although concrete structures
are inelastic multiple-degree of freedom (DOF) systems, their dynamics are so complex that there is still
room for use of a simple approach, based on single-DOF inelastic oscillators, in order to investigate and to
illustrate their basic characteristics. The inelastic response of concrete structures is due to several causes:
material nonlinearities, geometrical effects, interface, friction and contact problems, and others. Within
the framework of a single-DOF inelastic oscillator, the influence of each source of nonlinearity on its
dynamic response may be considered separately, its effect being investigated analytically or numerically.
Here we consider material nonlinearities only with two consequences: a nonlinear softening response
and a damage deactivation effect related to crack closure.

Up to now, most studies have been devoted to plastic oscillators. The pioneer analytical work of
Caughey [1960] uses an equivalent asymptotic method to approximate the response of a plastic-kinematic

Keywords: damage oscillator, nonlinear dynamics, seismic design, concrete structures, chaos, unilateral effect, crack closure,
breathing crack, bimodular material.
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hardening oscillator loaded by a harmonic signal. Periodic motion has been found using numerical sim-
ulations of such a plastic oscillator, as in [Savi and Pacheco 1997]; see also [Challamel and Gilles 2007;
Challamel et al. 2007; 2008] for the case of perfect plasticity. Limit cycles have been highlighted for the
free undamped kinematic-hardening system [Pratap et al. 1994]. The same oscillator forced by a periodic
load shows very rich phenomena in dynamics, and sometimes chaotic motion [Pratap and Holmes 1995].
The inelastic response of such a single-DOF oscillator results from a material nonlinear, plastic, response.
Coupling with geometrical nonlinearities also leads to chaotic motion [Poddar et al. 1988]. Without being
exhaustive, let us mention also that chaos may appear in a Bouc–Wen hysteretic oscillator [Lacarbonara
and Vestroni 2003; Awrejcewicz et al. 2008]. It has to be pointed out that these material sources of
nonlinearities are mainly investigated from a theoretical point of view, and very few papers have been
devoted to the experimental evidence of chaos in these nonsmooth oscillators. [Wiercigroch and Sin
1988] can be cited for extensive experimental investigations on nonsmooth oscillators with piecewise
linear restoring forces. [Ing et al. 2008] is also an experimental contribution on an impact oscillator
with a one-sided elastic constraint. To the authors’ knowledge, no paper has been published on the
experimental study of nonlinear dynamics of forced damage oscillators.

Material damage is a degradation of the elastic stiffness in the oscillator due to microcracking which
may become important [Aschheim and Black 1999; Williamson and Hjelmstad 2001]. The free dynamics
of a damage oscillator exhibit a stationary periodic motion in a given perturbation domain [Challamel
and Pijaudier-Cabot 2004]. The dynamics of a forced damage oscillator (without the crack closure effect)
has been studied by DeSimone et al. [2001].

During the loading history, and more specifically for alternated loads, micro and macrocracks may
open and close. Crack closure and contact conditions on the crack faces induce a characteristic response
called the unilateral material response, which depends on the sign of the applied stresses: cracking
and damage affect the material response in tension whereas the compression response remains elastic
(see [Ortiz 1985; Mazars et al. 1990] or more recently [Challamel et al. 2005] for a discussion of this
phenomenon in the framework of damage mechanics). In the case of crack closure, which induces
typically some additional discontinuity in the response of the nonlinear single-DOF oscillator, chaotic
responses have been found by investigating the solutions of the equations of motion in each subspace
and gluing them together [Wiercigroch 2000]. Foong et al. [2003; 2007] compared experiments on a
fatigue-testing rig involving crack closure effects to a numerical model of a bending cracked beam which
exhibited chaos. Carpinteri and Pugno [2005a; 2005b] investigated the specific role of the breathing
crack (the crack closure effect) on the response of a cracked cantilever beam (from an experimental and
numerical point of view). They observed the period doubling bifurcation.

The objective of the present study is to investigate the dynamics of a nonlinear damage oscillator with
nonsymmetric stiffness due to crack closure. The discontinuity induced by crack closure is taken into
account in the model, unlike in the results of [DeSimone et al. 2001; Challamel and Pijaudier-Cabot 2004].
Compared to fracture mechanics, an advantage of continuous damage is that it folds microcracking, crack
initiation (localization of damage), and crack propagation into a single framework [Mazars and Pijaudier-
Cabot 1996]. As we will see further, the dissipative response of the oscillator can be introduced quite
easily into a stability analysis, in addition to the nonsmooth character of the oscillator due to crack closure.
We wish to investigate the influence of the degradation of the elastic properties of an oscillator due to
(micro) cracking and damage deactivation due to crack closure at the same time within this rather general
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framework which has become popular in structural analyses of failure (see for example the review by
Baz̆ant and Jirásek [2002]). Section 2 presents the basic equations. The free vibrations and the forced
vibrations of the oscillator are discussed in the subsequent sections.

2. The general system

    ( )D,U,U &  

K0,KT,F+ M 

F0 cosΩΩΩΩt 

Y

0

+

T
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Consider the simple system shown on the right. A mass
M is attached to a damage spring. The inelastic system
is loaded by an external harmonic force. This oscillator is
characterized by the displacement U , the velocity U̇ , and
an additional internal variable characterizing the inelastic
damage process. This damage variable, classically denoted
by D, encodes the effect of microcracking in the spring of
the oscillator in tension. It varies between 0 (the initial virgin state) and 1 (at failure). The damage law
is schematized in Figure 1. Concrete, like many other geomaterials, has a nonsymmetric response in
traction and compression. In tension, linear softening is assumed. This law depends on three parameters:
the initial stiffness K0, the tangent stiffness KT in the postpeak regime, which rules the damage evolution,
and the maximum force F+. In the case of a softening process such as is considered in this paper, the
tangent stiffness is negative (KT ≤ 0). It is assumed that concrete remains elastic in compression. Load
levels where some nonlinear response is observed in compression are very high compared to tension and
will not be considered for simplicity. The material response is unilateral, with a discontinuous stiffness
upon the change of sign of the stress.

The material parameters of the model may be easily expressed in terms of characteristic displacements:
UY is the maximum displacement of the initial elastic domain, and U f is the displacement at failure,
defined as

UY =
F+

K0
,

U f

UY
= 1− K0

KT
. (1)

UY 

 K0 

 F 

F+ 

O 

 U 

 KT 

Uf 

Figure 1. Damage incremental law for the inelastic spring.
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In the meantime, the softening damage process can be characterized by one of the two dimensionless
parameters u f or κ2:

u f =
U f

UY
, κ2

=−
KT
K0

⇒ u f = 1+
1
κ2 . (2)

The damage variable D can directly be expressed in terms of a memory variable V , defined as

V (t)=maxt U (t), (3)

and the relation between D and V is given by

D =
〈
1+ KT

K0

〈
−1− K0−KT

KT

UY
V

〉〉
, where 〈x〉 =

{
x if x ≥ 0,
0 if x < 0.

(4)

It is easy to verify that the rate of damage is necessarily positive:

Ḋ ≥ 0, (5)

and the classical thermodynamic inequality prescribing the positiveness of the damage dissipation rate
of such scalar damage model is recovered.

Three dynamical states can be distinguished. These three states correspond to a reversible state (or
elastic state) in the tension domain Ê+, a reversible state in the compression domain Ê−, and an irre-
versible state D̂ (necessarily in the tension domain) associated with the evolution of damage:

Ê+ state: MÜ + K0
(
1− D(V )

)
U = F0 cos�t, Ḋ = 0;

Ê− state: MÜ + K0U = F0 cos�t, Ḋ = 0;

D̂ state: MÜ +〈KT
(
U −U f

)
〉 = F0 cos�t, V̇ = U̇ .

(6)

Each state is defined from a partition of the phase space:
Ê+ :

(
U > 0 or (U = 0 and U̇ ≥ 0)

)
and

(
(U̇ ≤ 0) or (U̇ ≥ 0 and U < V ) or (V <UY )

)
;

Ê− :
(
U < 0 or (U = 0 and U̇ ≤ 0)

)
;

D̂ : (U̇ > 0) and (U = V ) and (V ≥UY ).

(7)

One can recognize in this set Kuhn–Tucker like conditions defining the growth of damage. In the Ê+

state (loading or unloading within the elastic domain), damage does not grow because the displacement
is less than the history variable, or, if it is equal, unloading is being performed. In the Ê− state, crack
closure occurs and the original stiffness of the oscillator is recovered. In the D̂ state, damage grows and
the displacement U is equal to the history variable V at all times; the elastic domain grows at the same
time. Note that the dissipative nature induces an additional regime compared to the usual nonsmooth
oscillator.

Equations (6) and (7) describe a piecewise linear oscillator (see for instance [Shaw and Holmes 1983]
for some fundamental properties of piecewise linear oscillators). The dimensionless phase variables are
introduced as

(u, u̇, v)=
( U

UY
,

U̇
UY
,

V
UY

)
, v =maxt u(t). (8)
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New temporal derivatives are written directly with respect to the dimensionless time parameter

τ =
t
t∗

with t∗ =
√

M
K0
, (9)

where t∗ is a time constant of the dynamical system. With dimensionless variables, the system of equa-
tions of the oscillator becomes

Ê+ : ü+ (1− D(v))u = f0 cosωτ, Ḋ = 0,

Ê− : ü+ u = f0 cosωτ, Ḋ = 0,

D̂ : ü+
〈u−u f

1−u f

〉
= f0 cosωτ, v̇ = u̇,

 with f0 =
F0

F+
, ω =�t∗. (10)

The damage function depends on the new dimensionless memory variable v:

D =
〈
1+ 1

1−u f

〈
−1+

u f

v

〉〉
, (11)

and the three states are now governed by
Ê+ :

(
u > 0 or (u = 0 and u̇ ≥ 0)

)
and

(
(u̇ ≤ 0) or (u̇ ≥ 0 and u < v) or (v < 1)

)
;

Ê− :
(
u < 0 or (u = 0 and u̇ ≤ 0)

)
;

D̂ : (u̇ > 0) and (u = v) and (v ≥ 1).

(12)

For f0 = 0 (free vibrations), the system is autonomous with a three-dimensional phase space associated
with the variables (u, u̇, v). The periodically forced oscillator ( f0 6= 0) can be studied using an extended
four-dimensional phase space with coordinates (u, u̇, v, τ ).

Local solutions of (10) are known explicitly for each state. The solution of the Ê+ state, based on the
initial conditions (

u(τi ), u̇(τi ), v(τi )
)
= (ui , u̇i , vi ), (13)

is written as 
u(τ )= A cosωi (τ − τi )+ B sinωi (τ − τi )+

f0

ω2
i −ω

2
cosωτ,

u̇(τ )=−ωi A sinωi (τ − τi )+ωi B cosωi (τ − τi )−
f0 ·ω

ω2
i −ω

2
sinωτ,

v(τ )= vi ,

(14)

where
ωi =

√
1− D(vi ),

A = ui −
f0

ω2
i −ω

2
cosωτi ,

B =
u̇i

ωi
+

f0ω

ωi (ω
2
i −ω

2)
sinωτi .
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The solution of the Ê− state, based on the initial conditions (13), is
u(τ )= A cos(τ − τi )+ B sin(τ − τi )+

f0

1−ω2 cosωτ,

u̇(τ )=−A sin(τ − τi )+ B cos(τ − τi )−
f0 ·ω

1−ω2 sinωτ,

v(τ )= v0,

(15)

where

A = ui −
f0

1−ω2 cosωτi B = u̇i +
f0ω

1−ω2 sinωτi .

The solution of the D̂ state, based on the initial conditions (13), is
u(τ )= Ae−κ(τ−τi )+ Beκ(τ−τi )−

f0

κ2+ω2 cosωτ + 1+
1
κ2 ,

u̇(τ )=−Aκe−κ(τ−τi )+ Bκeκ(τ−τi )+
f0ω

κ2+ω2 sinωτ,

v(τ )= u(τ ),

(16)

where

A =
f0

2κ(κ2+ω2)
(κ cosωτi +ω sinωτi )−

1
2

(
1+ 1

κ2

)
−

1
2κ

u̇i +
1
2

ui ,

B =
f0

2κ(κ2+ω2)
(κ cosωτi −ω sinωτi )−

1
2

(
1+ 1

κ2

)
+

1
2κ

u̇i +
1
2

ui .

The limit case of the oscillator completely broken (D = 1) yields the differential equation ü = f0 cosωτ
and the solution:

u(τ )= Aτ + B−
f0

ω2 cosωτ, u̇(τ )= A+ f0
ω

sinωτ, (17)

where

A = u̇i −
f0
ω

sinωτi , B = ui +
f0

ω2 cosωτi −

(
u̇i −

f0
ω

sinωτi

)
τi .

The times of flight in each region (each state) cannot be found in closed form in the general case and
piecing together these known solutions is not directly possible directly. Before that, the time which
characterizes the transition between each state is computed from a Newton–Raphson procedure. Note
that this solution is considerably more accurate than the usual numerical solutions of ordinary differential
equations, the only approximations being made at the boundary of each state.

3. Free vibrations: f0 = 0

3.1. Existence of a stability domain. The following generic perturbation is considered:

τ0 = 0 : (u0, u̇0, v0)= (0, u̇0, 0), with u̇0 ≤ 0. (18)

If u̇0 ≥−1, elastic behavior prevails and the trajectory is a circle in the phase space restricted to D = 0.
On the opposite case, if u̇0 <−1, the motion is also composed of a damage inelastic phase. The time τ1
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necessary to initiate this damage phase is computed from

u(τ1)= 1, u̇(τ1)=

√
u̇2

0− 1. (19)

During this damage phase, the solution u(τ ) is expressed by (16). Three types of dynamic responses can
be distinguished from the sign of the constant B. A critical speed is then introduced:

u̇c =
√

u f . (20)

The size of the perturbation governs the stability of the origin point:
|u̇0|> u̇c ⇒ lim

τ→∞
u(τ )=∞,

|u̇0| = u̇c ⇒ lim
τ→∞

u(τ )= 0,

|u̇0|< u̇c ⇒ stationary periodic regime.

(21)

In the last case, another elastic phase is initiated and the motion is periodic. Free dynamics of such an
inelastic system can be reduced to the periodic regime (waiting for a certain time), and the attractive
or divergent trajectories (see also [Challamel and Pijaudier-Cabot 2004]). For the broken oscillator, the
autonomous system at failure is characterized by

ü = 0 ⇒

{
u(τ )= u̇i (τ − τi )+ u f ,

u̇(τ )= u̇i .
(22)

The phase portrait is a horizontal line parallel to the u-axis.
The same kind of classification would be observed for the free vibrations of the plastic softening

oscillator [Challamel and Pijaudier-Cabot 2006]. These three cases are distinguished by the value of
the initial speed u̇0 with respect to the critical speed u̇c. The different types of dynamics are plotted on
Figure 2. For the simulations, parameters are chosen as u f = 3 with the following initial conditions:

u0 = v0 = 0, u̇0 =−0.5;

u0 = v0 = 0, u̇0 =−1;

u0 = v0 = 0, u̇0 =−1.5;

u0 = v0 = 0, u̇0 =−
√

3=−u̇c;

u0 = v0 = 0, u̇0 =−2.

(23)

For sufficiently large perturbations, the motion diverges. For sufficiently small perturbations, the motion
is described by a circular (in the compression domain) or an elliptic (in the tension domain) periodic
trajectory after a damage phase. The intermediate trajectory, represented on Figure 2, is an attractive
trajectory. It asymptotically converges towards a fixed point. This attractive trajectory (homoclinic orbit)
is structurally unstable. It is in fact the limit of the domain of perturbations generating bounded evolutions
and also the limit of the domain associated with stability of the origin (in the sense of Lyapunov). This
domain is defined by:

u2
0+ u̇2

0 ≤ u f , u0 ≤ v0 ≤ 1. (24)

For seismic design applications, (24) can be interpreted as a critical energy (induced by seismic solicita-
tion for instance) that the oscillator can support in order to remain stable. For a higher seismic energy
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Figure 2. Dynamics of the free damage system.

level, a divergent evolution is present, leading to structural collapse. This critical energy is nothing but
the energy dissipated by completely damaging the spring and is equal to the area under the monotonic
force extension diagram (see [Challamel and Pijaudier-Cabot 2006] for the plastic softening oscillator).
Moreover, when the motion is periodic, the damage reaches a stationary value denoted by D. The global
pulsation of this periodic motion can be obtained in closed-form solution from

ω =
2
√

1− D

1+
√

1− D
. (25)

A similar relationship can be found in [Ryue and White 2007] where the damage parameter is replaced
by the relative crack depth.

3.2. The direct Lyapunov method. The critical energy related to the stability domain can also be deter-
mined by means of a stability analysis based on the direct Lyapunov method. We follow the reasoning of
[Kounadis 1996] for a smooth softening elastic system. We stress that the direct Lyapunov method was
initially developed by Lyapunov for smooth systems; see for instance [la Salle and Lefschetz 1961]. The
extension of such methodology to nonsmooth systems is a recent topic since the pioneer work of Filippov
[1960; 1988]; for examples see [Shevitz and Paden 1994; Wu and Sepehri 2001; Bourgeot and Brogliato
2005; Leine 2006]. An application of this method to plastic systems can be found in [Challamel and
Gilles 2007]. For the nonsmooth damage system, the Lyapunov function can be chosen as

V (u, u̇, D)= 1
2 u2
−

1
2 D〈u〉2+ 1

2 u̇2. (26)

In this energy function, the damage variable is coupled to the positive part of the displacement (this is simi-
lar to the unilateral continuum damage model of [Challamel et al. 2005] at the material scale). V (u, u̇, D)
is not a positive definite function over the complete space. The function V is vanishing for the trivial state
(u, u̇, D)= (0, 0, 0), but also at failure when the oscillator is fully damaged: (u, u̇, D)= (u ≥ 0, 0, 1).
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However, if it is assumed that the oscillator is not fully damaged (D < 1), it can be rigorously proven
that V (u, u̇, D) is effectively a definite positive function.

The direct Lyapunov method is based on the calculation of the time derivative of V . The time derivative
of V involves the growth of damage, that is, the dissipative nature of the response of the oscillator in
addition to the nonsmooth character captured with the positive part of the displacement introduced in
the function. The time derivative of the Lyapunov function does not exist in the classical sense at the
intersection of the elastic and the damage states (it only exists almost everywhere). It can be convenient
to present the dynamic system with the nonsmooth functions:

{
ü+ u− D(v)〈u〉 = 0,

v̇ = 2h(u− v)u̇,
h(x)=


1 if x > 0,
1
2 if x = 0,

0 if x < 0,

(27)

where h is a step function. The nonsmooth character of such a system is no longer ambiguous with
this unified presentation. In particular, the damage rate is discontinuous at the elastic-damage interface.
Additionally, the displacement rates can be discontinuous at the origin if the damage is nonzero.

The application of the direct Lyapunov method is much simplified when one considers the internal
variable v instead of D. It is possible to show that

dV (u, u̇, v)
dτ

∈
˙̃V, where ˙̃V =

(
∂V
∂u
,
∂V
∂ u̇
,
∂V
∂v

) u̇
−u+ D(v)〈u〉
2K [h(u− v)]u̇

 . (28)

K is called Filippov’s set. It can be calculated for the Heaviside function:

K [h(x)] = H(x), with H(x)=


1 if x > 0,

[0, 1] if x = 0,

0 if x < 0.

(29)

˙̃V can then be simplified as:

˙̃V = ∂V
∂D

∂D
∂v

2u̇ H(u− v)=−1
2
〈u〉2 ∂D

∂v
2u̇ H(u− v). (30)

The final result is obtained: Ê+, Ê− : ˙̃V = 0,

D̂ : ˙̃V =−u2

2
Ḋ ≤ 0.

(31)

V is a positive and definite function. Each element of ˙̃V is negative or zero — as the damage is necessarily
an increasing function of the time, see (5). Then, the origin (0, 0, 0) is stable in the sense of Lyapunov
for sufficiently small perturbations (in fact all perturbations leading to D < 1). The boundary of this
stability domain is exactly the stability domain exhibited by Equation (24). It is worth mentioning that
the particular case of the fully damaged oscillator leads to:

D = 1 ⇒ V (u, u̇)= 1
2 u2
+

1
2 u̇2

⇒ V̇ = uu̇ ≥ 0 since ü = 0. (32)
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In this case, one cannot apply rigorously the instability theorem of the direct Lyapunov method, but (32)
gives us some information about the instability of the fully damaged oscillator.

4. Forced vibrations: general case

Numerical simulations show that two types of responses may be observed, namely the shakedown re-
sponse (damage shakedown means that Ḋ = 0 after a critical time), and the collapse characterized by
a divergent evolution (in such a case, failure is reached and D = 1). The theoretical analysis consists
in treating the bounded dynamics (in the case of damage shakedown) as an equivalent elastic oscillator
after a critical time (as in [Poddar et al. 1988], for instance). The extended four-dimensional phase
space with coordinates (u, u̇, v, τ ) can be reduced to a three-dimensional phase space with coordinates
(u, u̇, τ ). The new oscillator is an elastic oscillator with different stiffnesses in tension and compression.
The results of [Shaw and Holmes 1983; Thompson et al. 1983; Mahfouz and Badrakhan 1990] can be
used for the dynamics of the oscillator studied in the three-dimensional phase space.

We shall employ the Poincaré section method to investigate the response of the forced inelastic oscil-
lator. In the case of elastic evolutions, damage remains constant (D = D) and the motion can be studied
using the three-dimensional phase space with coordinates (u, u̇, τ ). The vector field defined by (6) is
easily seen to be 2π/ω periodic in τ . The Poincaré section is useful to investigate properties of the
dynamical system: the phase space is sliced by the map

(u, u̇, τ )
τ

≡ τ0

[2π
ω

]
. (33)

Numerical simulations have been conducted with the following realistic parameters:

u f = 3, f0 = 0.05, ω = 0.2, u0 = 0, u̇0 = 0. (34)

The value of v0 (equivalently, the value of the initial damage D0) was varied in order to investigate the
damage effect. Periodic, quasiperiodic, chaotic, and divergent behaviors are observed, distributed as
Figure 3.

For the virgin material (v0 ≤ 1 or D0 = 0), with the parameters chosen, the motion is periodic (Figure
4, left) and the Poincaré map of the harmonic motion (Figure 4, right) is a single point (0, 0). With
the chosen initial conditions (u0 = 0; u̇0 = 0), the damage parameter remained stable (D = D0 = 0).
Quasiperiodic motion (Figure 5) has also been found for a system with moderate damage (v0 > 1 or
D0 6= 0). The quasiperiodic nature of the motion is checked in the Poincaré map on Figure 5, right. The
damage value has not varied during the simulation (v0 = 1.25, D = D0 = 0.30): the constant stiffness
ratio in tension and compression is equal to 1− D. The parameter f0 is not so significant if only elastic
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Figure 4. Periodic motion: phase portrait (left) and Poincaré map (right) for f0 = 0.25,
ω = 0.2, u f = 3, v0 = 0 (D0 = 0).

states prevail during the evolution (Ḋ = 0). In such a case, all phase portraits are geometrically similar,
transformed from a reference case (with adapted initial conditions). For size reasons, f0 = 0.25 has been
adopted for simulations of Figures 4 and 5 but the case f0 = 0.05 can be directly deduced from these
graphics (as in the bifurcation diagram of Figure 3). With the initial conditions chosen, failure can be
reached for v0 ∈ [2.62, 2.66] or v0> 2.78 (except for the marginal value of v0= 2.82). It strongly depends
on initial conditions. In the simulation plotted in Figure 6 (v0 = 2.65 or D0 = 0.934), damage shakedown
does not occur and failure is reached after several cycles (D = 1). For v0 = 2.71 (D0 = D = 0.946),
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Figure 5. Quasiperiodic motion: phase portrait (left) and Poincaré map (right) for f0 =

0.25, ω = 0.2, u f = 3, v0 = 1.25 (D0 = 0.3).
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Figure 6. Divergent motion: phase portrait for f0 = 0.05, ω = 0.2, u f = 3, v0 = 2.65 (D0 = 0.934).

chaos is observed (see further in Figure 9, right). Chaotic vibrations are also observed for higher damage
values (v0 ∈ [2.71, 2.78] or D0 ∈ [0.946, 0.960]) or smaller damage values (v0 ∈ [2.26, 2.32] or D0 ∈

[0.836, 0.853]; v0 ∈ [2.48, 2.49] or D0 ∈ [0.895, 0.898]; v0 ∈ [2.55, 2.58] or D0 ∈ [0.912, 0.919]). These
intermittent characteristic damage parameters are close to 1, that is close to the failure value. Figures 7
and 8 show phase portraits and Poincaré maps of the motion numerically observed before the transition
to chaotic motion. In fact, the crisis is sudden. A subharmonic motion of order 3 is recognized on Figure
7, right, and a subharmonic of order 43 for Figure 8, right. The phase portrait of Figure 9, left, is difficult
to analyze, whereas chaotic motion is clearly exhibited in Figure 9, right, and Figure 10. A symmetry is
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Figure 7. Periodic motion: phase portrait (left) and Poincaré map (right) for f0 = 0.05,
ω = 0.2, u f = 3, v0 = 2.68 (D0 = 0.940).
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Figure 8. Periodic motion: phase portrait (left) and Poincaré map (right) for f0 = 0.05,
ω = 0.2, u f = 3, v0 = 2.70 (D0 = 0.944).

observed in the phase space. Twenty-four thousand cycles have been considered for the Poincaré section
applied to chaotic motion. Hence, it is numerically shown that chaos is observed in the vicinity of the
divergence zone (see Figure 9, right, and Figure 10, for instance). This closeness of both behaviors,
chaos and divergence, is probably related to the perturbation of the homoclinic orbit, associated with
the critical energy. The Appendix details this argument, and the possible application of the Melnikov
method to an analogous elastic oscillator.

For the simulations considered, chaos is found for large values of the damage: chaos can be considered
as a route to collapse. Nevertheless, chaos has been difficult to observe from the initial state (D0 = 0),
meaning that this phenomenon is generally a transient phenomenon. Mahfouz and Badrakhan [1990]
show that chaos can appear for large stiffness ratios. The asymptotic case is here the limit where the
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Figure 9. Chaotic motion: phase portrait (left) and Poincaré map (right) for f0 = 0.05,
ω = 0.2, u f = 3, v0 = 2.71 (D0 = 0.946).
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Figure 10. Chaotic motion: Poincaré map for f0 = 0.05; ω = 0.2; u f = 3; v0 = 2.75 (D0 = 0.955).

stiffness ratio vanishes (the case treated by [Thompson et al. 1983] for instance). Understanding damage
shakedown is also important for investigating the safety margins of concrete structures. Figure 11 shows
a case of successful damage shakedown. The oscillator started in its initial state (D0 = 0) and the
stationary damage value associated with the final periodic motion is equal to D = 0.423. In view of
this result and of those in Figures 6–10, we see that damage shakedown is strongly dependent on initial
conditions. For instance, a divergent evolution can be achieved for a sufficiently perturbed damage
oscillator. This is different from the results observed for an elastic, perfectly plastic oscillator, where
elastoplastic shakedown does not depend on initial conditions [Challamel 2005; Challamel et al. 2005].

This study was restricted to an undamped system, but existing results from [Shaw and Holmes 1983;
Thompson et al. 1983; Mahfouz and Badrakhan 1990] suggest that the main phenomena exhibited in this
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Figure 11. Stationary periodic motion (damage shakedown): phase portrait (left) and
Poincaré map (right) for f0 = 0.05, ω = 0.2, u f = 3, u0 = 0, u̇0 = 1.25, v0 = 0 (D0 = 0).
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paper may be also observed for a weakly damped system, where a damping term is added to (10):
Ê+ : ü+ 2ζ u̇+ (1− D(v))u = f0 cosωτ, Ḋ = 0,

Ê− : ü+ 2ζ u̇+ u = f0 cosωτ, Ḋ = 0,

D̂ : ü+ 2ζ u̇+
〈u−u f

1−u f

〉
= f0 cosωτ, v̇ = u̇,

(35)

Here ζ is a dimensionless damping ratio. Equations (11) and (12) are still valid. The bifurcation diagrams
of Figure 12, showing the dependence on the choice of the initial parameter v0 or D0, confirm the
appearance of chaotic phenomena for a severely damaged oscillator. Bifurcation diagrams similar to
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Figure 13. Chaotic motion, Poincaré map, undamped system. f0 = 0.05; ω = 0.2;
u f = 3; u0 = 0; u̇0 = 0; v0 = 2.77 (D0 = 0.958); ζ = 0.
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Figure 14. Chaotic motion: Poincaré map, damped system, for f0 = 0.05, ω = 0.2,
u f = 3, u0 = 0, u̇0 = 0, v0 = 2.77 (D0 = 0.958), ζ = 0.01.

those in Figure 12 were obtained in [Foong et al. 2003] from a fatigue-testing rig (without the divergence
phenomenon). The structure of the chaotic attractor is affected by the damping ratio; compare Figures 13
and 14. The attractor can deform in shape, depending on the strength of damping, and can even become a
chaotic sea with islands of quasiperiodic trajectories for the undamped system, as also observed in [Cao
et al. 2008]. It is worth mentioning that the chaotic attractor associated with the damaged system is very
analogous to the Hénon’s attractor; see, for example, [Thompson 1982].
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5. Conclusions

This paper deals with the stability of a single-DOF damage softening oscillator with crack closure effect.
This system can be understood as an archetypal damage oscillator for concrete structures. Using appropri-
ate internal variables (a damage variable or an equivalent memory variable), the free dynamics of such
a nonlinear system can be written as a nonsmooth autonomous system with three regimes describing
elasticity, elastic stiffness recovery, and energy dissipation due to damage growth, respectively. It is
shown that the free vibrations of such an oscillator are reduced to stationary periodic regimes, attractive
trajectories, or divergent motion.

The stability of this free oscillator is investigated with the direct Lyapunov method extended to non-
smooth systems. Following physical arguments, the Lyapunov function of the problem is chosen as the
nonsmooth energy of the system. A critical energy that the oscillator can support in order to remain stable
is obtained (induced by seismic loads for instance). For energy levels higher than this critical value, a
divergent evolution is observed, leading to structural collapse. This result may have some implications
in seismic design applications.

The behavior of the forced harmonic damage oscillator is much more complex. It is worth mentioning
that the present damage model is different from a nonlinear elastic one essentially because the damage
behavior is irreversible in nature. As a consequence, the inelastic (damage) problem has additional
regimes (that the nonlinear elastic problem does not have), loading-unloading conditions, an energy
threshold associated with the elastic domain, numerical analysis to compute the transition from the elastic
state to the damage state and vice versa, and so on. The dynamics of a forced elastodamage oscillator
with the crack closure effect have been numerically investigated. Periodic, quasiperiodic, chaotic, and
divergent motions are observed. Chaotic motions are observed for severely damaged oscillators, in the
vicinity of the divergence area. This oscillator is typically a simple physical model associated with the
coexistence of chaos and divergence.

Damage shakedown, a fundamental feature related to the structural integrity, means that the damage
value is stationary after a critical time. Damage shakedown is typically controlled by initial conditions
and structural parameters (for example, stiffness ratios). For instance, a divergent evolution can be
achieved for a sufficiently perturbed damage oscillator. In the case of damage shakedown, the stationary
response is the same as that of an elastic oscillator with different stiffnesses in tension and in compres-
sion. Chaotic motions are observed for severely damaged oscillators (for sufficiently small stiffness in
tension). Furthermore, it is numerically shown that chaos is observed in the vicinity of the divergence
zone. This closeness of both behaviors, chaos and divergence, is probably related to the perturbation
of the homoclinic orbit, associated with the critical energy. Therefore, chaos may be understood as a
route to collapse. A more theoretical analysis would be probably needed to understand the specific route
to chaos, for example, using the Melnikov method (even if the application of the Melnikov method to
nonsmooth systems is a mathematically difficult problem [Kukučka 2007]).

Classically, chaotic systems are extremely sensitive to initial conditions and numerical simulations
require specific attention when devising computational schemes [Symonds and Yu 1985; Tongue 1987].
The structure of the chaotic attractor is notably affected by the damping ratio. The attractor can deform
in shape, depending on the strength of damping, and can even become a chaotic sea with islands of
quasiperiodic trajectories for the undamped system, as also observed in [Cao et al. 2008]. It is worth
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mentioning that the chaotic attractor associated with the damaged system is very analogous to the Hénon’s
attractor [Thompson 1982]. One of the characteristics of the inelastic system considered here is that the
dynamic collapse of concrete structures may involve chaotic phenomena. It is expected that large-scale
models of concrete structures may also reveal the complex phenomena highlighted in this paper from an
archetypal damage oscillator.

Appendix: A possible application of the Melnikov method to the analogous elastic oscillator

We study in this Appendix a piecewise elastic system with softening restoring force, somewhat remi-
niscent of the single-DOF system associated with a simple arch model (which includes snap-through
buckling). This later system was considered in [Cao et al. 2008] as an archetypal oscillator exhibiting
chaotic phenomena.

The constitutive elastic law of our dimensionless piecewise elastic system is

ü+ 2ξ u̇+ f (u)= f0 cosωτ,where f (u)=

{ u if u ≤ 1,
u−u f

1−u f
if u ≥ 1,

with u f ≥ 1. This oscillator is similar to the damage oscillator (inelastic system) studied in the paper,
but differs from it in that the restoring force depends only on the position. This piecewise elastic system
has limited tension strength.

Cao et al. [2008] also investigated a symmetrical piecewise elastic constitutive law and used Mel-
nikov’s method to detect the homoclinic tangling under the perturbation of damping and driving. The
Melnikov method can be used to show the possible occurrence of chaos, for certain range of parameters of
the system. We mention the application of the Melnikov method to nonsmooth dynamics [Awrejcewicz
and Lamarque 2003; Awrejcewicz and Holicke 2007; Kukučka 2007]. As shown by Kukučka [2007],
the mathematical background of the Melnikov method applied to nonsmooth systems is very recent and
complex.

The Hamiltonian function associated with the free undamped piecewise elastic system is given by

H(u, u̇)=
1
2

u̇2
+


1
2 u2 if u ≤ 1,

1
2
(u− u f )

2

1− u f
+

1
2

u f if u ≥ 1.

This system is very close to the system studied by Cao et al. [2008] who investigated a piecewise linear
model, based on the following constitutive elastic law written with respect to the unstable equilibrium
solution:

f (u)=
{
−ω2

1u if |u| ≤ u0,

ω2
2

(
u− sgn(u)u f

)
if |u| ≥ u0,

u f = ω2,

which is a symmetrical piecewise elastic model with a softening restoring force (the equilibrium solution
at the origin is unstable). There is a correspondence between both systems for the set of parameters:

ω2
1 =

1
u f −1

=
1
u0
, ω2 = 1.
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The reasoning concerning the application of the Melnikov method is identical to the case treated by Cao
et al. [2008], as the symmetrical part of the constitutive law does not change the result of the perturbed
orbit around the homoclinic orbit.

The equation of the homoclinic orbit is given by

u2
+ u̇2
= u f if u ≤ 1,

u
u f
+

√
u f − 1
u f

|u̇| − 1= 0 if u ≥ 1.

The Melnikov function is defined by the formula for the undamped system:

M(τ0)=

∫
∞

−∞

u̇(τ ) f0 cosω(τ + τ0)dτ .

If the function M(τ0) has simple zeros, then for a sufficiently small parameter f0, the motion governed
by the forced dynamic system can be chaotic. The reader is referred to [Cao et al. 2008] for the technical
calculation of the Melnikov integral. It is shown that chaos may occur for a certain range of parameters for
the equivalent elastic oscillator. This result cannot be strictly used in the case of the damage oscillator, for
two reasons. First, the dimension of the phase space is augmented in the presence of damage (additional
state variable). Secondly, the homoclinic nature of the orbit is lost for the damaged system. Therefore,
the proximity of the chaotic response of the damage oscillator with the divergence area is actually a
numerical finding, without a rigorous theoretical proof, based on the Melnikov method.
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ELASTIC BUCKLING CAPACITY OF BONDED AND UNBONDED
SANDWICH PIPES UNDER EXTERNAL HYDROSTATIC PRESSURE

KAVEH ARJOMANDI AND FARID TAHERI

Sandwich pipes can be a potentially optimal system for use in deep-water applications. In recent years,
there has been considerable interest in understanding the stability characteristics of these pipes under the
governing loading conditions, with the aim of generating optimal design. External hydrostatic pressure is
a critical loading condition that a submerged pipeline experiences during its installation and operational
period.

This article presents an analytical approach for estimating the bucking capacity of sandwich pipes
with various structural configurations and core materials, subject to external hydrostatic pressure. The
influence of adhesion between the core layer and inner or outer pipes is also a focus of this study. Beside
the exact solution, two simplified equations are developed for estimating the buckling capacity of two
configurations commonly used in practice. Details of both the exact and simplified analytical formula-
tions are presented and the required parameters are defined. The efficiency and integrity of the proposed
simplified solutions are compared with a solution developed by other researchers. A comprehensive
series of finite element eigenvalue buckling analyses was also conducted to evaluate the accuracy and
applicability of the proposed solutions.

A list of symbols can be found on page 407.

Introduction

As shallow offshore oil reserves are depleted, the demand for deep water oil reserves is increasing.
Extracting oil from deep waters will not be possible, unless new pipeline systems can be developed
to accommodate the new loading and environmental conditions. High external hydrostatic pressure,
pipeline buoyancy during installation, and low water temperatures restrict the application of single
metallic pipelines to a limited depth. Sandwich pipes can be a potentially optimal design alternative
in addressing the requirements of deep waters. Sandwich pipe (SP) systems employ the structural and
thermal insulation benefits provided by two stiffer pipes sandwiching a lighter-weight and less stiff core
material. Moreover, the secondary containment provided by the outer pipe improves the reliability of the
system in the case of product leak.

A typical pipe in pipe (PIP) system consists of an inner pipe, a relatively thick lightweight core layer,
and an outer pipe. Each layer in this system can be designed for a specific purpose. The inner pipe, also
referred to as the product pipe, usually is designed to endure the internal pressure and to facilitate the
transport of the product safely. The core layer’s function can be different depending on the application.
For example, it can be designed to act as a thermal insulator, or to improve the structural performance
of the pipeline, depending on the core’s material properties and the interaction mechanism between the

Keywords: sandwich pipes, pipe-in-pipe, stability, buckling, hydrostatic pressure.
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core layer and the surrounding pipes. A wide range of core materials such as plastics, gels, ceramics, and
composites can be used to achieve the system’s thermal and structural requirements. The outer pipe, also
called the sleeve pipe, separates the inner and core layers from the surrounding environment. The sleeve
pipe may individually carry the externally applied loads, as in a PIP system, or may act as the main part
of a sandwich system, as in an SP system. The outer pipe also provides secondary containment for the
product being transported, in case of leakage of the product through the inner pipe.

To design an optimal SP system, understanding of its structural behavior is a prerequisite. A great
number of works have been written in recent years to clarify the structural characteristics of such a system
under different loading conditions. Some of those works have considered the stability of a sandwich
cylindrical shell, which can be a general geometry for a sandwich pipe. For example Kyriakides and his
coworkers studied buckle propagation phenomena [Kyriakides 2002; Kyriakides and Netto 2002; 2004;
Kyriakides and Vogler 2002] from both numerical and experimental perspectives. Kardomateas and
Simitses [2002; 2005] studied analytically the buckling of long sandwich cylindrical shells under external
pressure. Ohga et al. [2005] studied, both numerically and analytically, the reduced stiffness buckling of
sandwich cylindrical shells under uniform external pressure. Sato and Patel [2007] and Sato et al. [2008]
studied the buckling behavior of a PIP system under hydrostatic pressure and developed a simplified
solution for estimating a PIP system’s buckling capacity. Castello and Estefen [2006; 2008] and Estefen
et al. [2005] studied the feasibility of a sandwich pipe system for deep water applications with both
numerical and experimental approaches. In another study, Castello and Estefen [2007] investigated the
ultimate strength of sandwich pipes under combined external pressure and bending for several degrees
of adhesion between the core layer and outer pipe. They also investigated the effect of cyclic loads
applied during a reeling installation on the collapse pressure. Very recently, Castello et al. [2009] also
conducted an investigation, comparing PIP and SP systems designed for a hypothetical oil field with
several core materials. In this study they used polypropylene and polyurethane foams with various
densities as the core materials and investigated the influences of both their mechanical and thermal
properties. They concluded that the combination of steel and foams could produce effective SP systems
with good buoyancy and thermal insulation properties.

1. Motivation and aims

Our preliminary investigation indicated that most of the available simplified solutions developed for
predicting buckling capacity of PIP systems subject to hydrostatic pressure produce results with very
large margins of error under certain conditions. This fact prompted an analytical investigation, with the
aim of developing exact and simplified solutions for establishing the buckling capacity of PIPs subject to
externally applied hydrostatic pressure. Moreover, a comprehensive finite element investigation is also
conducted to establish the performance of PIPs with a wide range of material and physical properties,
and to verify the integrity of the proposed solutions. Four different interlayer bonding configurations
are considered. The parameters used to define the characteristic equation of the system are outlined. An
important aim of this investigation is also extracting simplified solutions from the exact solution for use
in practical design. As a result, the simplified and exact solutions are compared and the accuracy of their
results discussed. Finally, the error margins resulting from the use of the proposed simplified equations
and those resulting from the proposals of other researchers are established.
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Figure 1. The coordinate system and the idealized geometry.

2. The analytical model

A long, circular cylindrical shell with three layers (steel, core, and steel) is considered. Due to the
symmetry in structural configuration and loading, this problem can be idealized as a two-dimensional
plane strain problem. The use of polar coordinates also aids in the formulation the problem. Figure 1
shows the geometry and polar coordinate system of the model.

Equilibrium equations of the system. The potential energy of the system can be used to derive the
equilibrium equations. It can be represented as follows [Kyriakides and Corona 2007]:

5=UP,1+UP,2+Uc+Wp, (1)

where the potential energies of the inner and outer pipes are given by

UP,i =

∫ 2π

0

1
2 [Nθθ,iε

o
θθ,i +Mθθ,i kθθ,i ]ri · dθ, (2)

where i = 1 for the outer pipes and i = 2 for the inner one, Nθθ is the internal axial force, εo
θθ is the

circumferential strain of the centroid fiber, Mθθ is the internal moment, and kθθ is the curvature change
in the centroid surface.

In (1), the effect of the core layer can be considered as the work done by the entire layer’s stresses
applied to the inner and outer pipes. These works can be represented by

UC =Uc,1+Uc,2, where UC,i =

∫ 2π

0

(
σr |ai ·w|ai + τrθ |ai · v|ai

)
ai · dθ, (3)

where a1 = r1− t1/2 and a2 = r2+ t2/2.
The work done by the external hydrostatic pressure is given by

WP = P
∫ 2π

0

(
wr1+

1
2(v

2
+w2

− vw′+ v′w)
)
· dθ, (4)

where the ′ indicates the differentiation with respect to θ .
Sander’s shell equations are used to describe the strain-displacement relationships. Sander’s kinematic

equations are nonlinear and are based on small strain and moderate rotation assumptions, which are
appropriate for establishing the linear buckling equations. The kinematic equations in polar coordinate
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can be written as

εθθ = ε
o
θθ + zkθθ , εo

θθ =
w+v′

r
+

1
2β

2, kθθ =
β ′

r
. (5)

In these equations β represents the rotation of a circumferential element located at the midplane of the
pipes. β for an intermediate class of deformation (small midsurface strains and small but finite rotations)
can be defined as in [Farshad 1994] by as

β =
v−w′

r
. (6)

Using the plane strain material constitutive relation, we get for the force and moment intensities in (2)

Nθθ = Cεo
θθ , Mθθ = Dkθθ , (7)

where C = Et/(1− ν2
p) and D = 1

12 Et3/(1− ν2
p).

By substituting the kinematic and constitutive equations and using variational calculus, we can write
the equilibrium equations of the system as

α1,1(w1+ v
′

1)−α2,1(v1−w
′

1)
′′′

+ p(w
′′

1+w1)+a1σr
∣∣
a1
= 0, (8a)

α1,1(w1+ v
′

1)
′
+α2,1(v1−w

′

1)
′′

+ a1τrθ
∣∣
a1
= 0, (8b)

α1,2(w1+ v
′

1)−α2,2(v1−w
′

1)
′′′

− a2σr
∣∣
a2
= 0, (8c)

α1,2(w1+ v
′

1)
′
+α2,2(v1−w

′

1)
′′

− a2τrθ
∣∣
a2
= 0, (8d)

where

α1,i =
Ci

ri
, α2,i =

Di

r3
i

(i = 1, 2). (8e)

These Euler differential equations are written in terms of the four independent variables u1, v1, u2, and v2,
which represent the deformation of the inner and outer pipes, and four dependent variables σr |a1 , τrθ |a1 ,
σr |a2 , and τrθ |a2 . The dependent variables can be described as functions of the independent variables,
using the core properties. An elasticity approach is used here to characterize the core behavior.

The displacement function that could satisfy the equilibrium equations can be assumed to be cir-
cumferentially periodic. Considering this assumption, the following stress function would satisfy the
equilibrium equations [Sato and Patel 2007]:

φ(r, θ)= fn(r) cos nθ, (9)

where n is the buckling mode number. To yield a possible stress distribution, the stress function must be
such that the following compatibility equation is satisfied [Timoshenko and Goodier 1970]:(

∂2

∂r2 +
1
r
∂
∂r
+

1
r2

∂2

∂θ2

)(
∂2φ

∂r2 +
1
r
∂φ
∂r
+

1
r2

∂2φ

∂θ2

)
= 0. (10)

In order for φ to be an admissible solution of this equation, the general form of fn must be as follows
[Timoshenko and Goodier 1970]:

fn(r)= Anr−n
+ Bnr2−n

+Cnr2+n
+ Dnrn (n ≥ 2), (11)
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in which the constants An , Bn , Cn , and Dn are calculated from the distribution of forces and displacements
at the boundaries. The stress and displacement components in polar coordinates are

σr =
1
r
∂φ(r, θ)
∂r

+
1
r2

∂2φ(r, θ)
∂θ2 , τrθ =−

∂
∂r

(
1
r
∂φ(r, θ)
∂θ

)
, w̃ =

∫
εr · dr , ṽ =

∫
(rεθ −w) ·dθ.

(12)
Using these relations, stresses at the boundary of the core can be described as a function of the deforma-
tion of the boundary. The following general core boundary conditions are considered:

w̃|a1 = W̃1 cos nθ, ṽ|a1 = Ṽ1 sin nθ, τrθ |a1 = 0, (13)

w̃|a2 = W̃2 cos nθ, ṽ|a2 = Ṽ2 sin nθ, τrθ |a2 = 0. (14)

Four sets of boundary conditions are chosen depending on the problem:

I. Core is fully bonded to both inner and outer pipes: boundary conditions (13)1,2 and (14)1,2.

II. Core is unbonded to the outer pipe in the tangential direction, but is fully bonded to the inner pipe:
boundary conditions (13)1,3 and (14)1,2.

III. Core is unbonded to the inner pipe in the tangential direction, but is fully bonded to the outer pipe:
boundary conditions (13)1,2 and (14)1,3.

IV. Core can slide freely against both inner and outer pipes: boundary conditions (13)1,3 and (14)1,3.

Characteristic equation of the system. We denote the stiffness matrices of the pipes and core by K p =

[pi j ]0≤i, j≤4 and Kc = [ci j ]0≤i, j≤4. The nonzero coefficients of K p are

p11=α1

[
1+ 1

12

( t1
r1

)2
n4
]
+q(n2

−1), p22=α1n2
[
−1+ 1

12

( t1
r1

)2]
, p12=−p21=α1n

[
1+ 1

12

( t1
r1

)2
n2
]
,

p33=α2

[
1+ 1

12

( t2
r2

)2
n4
]
, p44=α2n2

[
−1+ 1

12

( t2
r2

)2]
, p34=−p43=α2n

[
1+ 1

12

( t2
r2

)2
n2
]
,

where

a1 = r1−
t1
2
, a2 = r2+

t2
2
, α1 =

E pt1
r1(1− ν2

p)
, α2 =

E pt2
r2(1− ν2

p)
.

The coefficients of Kc are more complex and are given in the Appendix.
The characteristic equation of the system can be written as

[K p + Kc]{δ} = 0, (15)

where δ represents the deformation of the structure in the form of a vector representing the radial and
circumferential deformations of the inner and outer pipes. To obtain a nontrivial solution, the determinant
of the coefficient matrix must be set to zero. By solving this eigenvalue equation, the buckling pressure
of the sandwich pipe is determined.

The characteristic equation of a sandwich pipe is more complex than that of a single pipe. Because
of this complexity, the mode number that yields the lowest buckling pressure is not necessarily 2. In the
system under investigation, the first buckling mode (n = 1) corresponds to a rigid body motion; therefore
the characteristic equation must be solved for higher buckling modes.
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3. Simplified solutions

A simplified solution was developed independently by Brush and Almroth [1975] and Sato and Patel
[2007] for calculating the buckling pressure of a sandwich pipe under externally applied hydrostatic
pressure; hereafter it is abbreviated as SS. The SS equation is

Pcr = Pcrs+
1

n2− 1
k, (16)

where

k = Ec
2n(νc− 1)− 2νc+ 1

4ν2
c + νc− 3

, Pcrs =

( t1
r1

)3 E p(n2
− 1)

(1− ν2
p)
(
(t1/r1)

2
+ 12

) .
This equation was developed by solving the buckling pressure of a ring supported internally by an

elastic foundation. This would indicate that the continuity of the shear stresses between the core and
outer pipe is ignored. Furthermore, the above equation was developed based on the assumption that the
core can be replaced by a set of springs. The solution has been improved in this study by considering a
proper stress function representing the core layer’s response. In the mathematical model developed in this
study, the continuity of the interlayer deformations and stresses was considered, and the characteristic
equation of the system, which included the response of both core and pipes, was solved simultaneously.

In this section a set of simplified equations will be developed with the assumptions that r2→ 0 and
h2→ 0, indicating that the inner portion of the system (surrounded by the outer pipe) is filled entirely
by the core material. It is indeed recognized that this assumption may not be entirely correct, violating
the exact proportional equivalency of the inner steel pipe in terms of the core material; however, as
will be seen later, this simplifying assumption facilitates the solution of an otherwise complex equation.
Moreover, as will also be shown, the produced solution is capable of generating relatively accurate results.

The assumption above enables one to establish the buckling pressure of a sandwich pipe by satisfying
the equation

lim
R→0

lim
h2→0
[K p + Kc]{δ} = 0. (17)

The accuracy of the proposed simplified solution is discussed in the following sections.

A: Core free to slide against outer pipe. Using the simplifying assumptions above, the characteristic
equation of the system was solved using Mathematica, leading to the following equation, which can
be used to establish the critical buckling capacity (pressure) of a sandwich pipe whose core layer is
unbonded from the outer pipe:

Pcr = Pcrs+
Ec

[2n(1− νc)+ 2νc− 1](1+ νc)
. (18)

This satisfies (17), using boundary conditions II or IV.

B: Core bonded to outer pipe. Using the same method, the following buckling pressure has been calcu-
lated by solving (17) with case I boundary conditions:

Pcr =
ξ1

ξ2
, (19)
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where

ξ1 = 192E2
c a1r1

3(ν2
p − 1)

2
+ E2

pt14n23(n2
− 1)(3+ 7)2+ 2Ec E pr1t1(ν

2
p − 1)(3+ 7)

×
{
t12n2
[n(3− 1)−3− 1] − 6t1r1[(n+ 1)2+ (n− 1)23] − 12r1

2
[n(3− 1)−3− 1]

}
,

ξ2 = r1(ν
2
p−1)(3+ 7){−12Ecr1

2a1(ν
2
p−1)[n(3−1)−3−1] + E pt1n23(t12

+ 12r1
2)(3+ 7)}.

Here
3= 4νc− 3. (20)

For brevity, the simplified solutions just developed will be referred to as the ATS.

4. Results and discussion

The histogram in Figure 2 illustrates the number of standard and heavy wall line pipes available in the
API standard [API 2000]. This histogram has been generated for API pipes with radii greater than 0.1 m,
which is the most widely used range for offshore pipeline applications. As shown in this graph, the
thickness to radius ratio in API pipe charts varies between 0.02 and 0.18.

Exact solution results. The ratio of the buckling pressure of an integral sandwich pipe to the buckling
pressure of the outer pipe of a SP system can be written as a function of nondimensional parameters:

Pcr

Pcrs
= f

(
Ec

E p
,

t1
r1
, νp, νc, n

)
, (21)

where Pcrs is the buckling pressure of the outer pipe; see the beginning of Section 3. This ratio is used
hereafter to present the results obtained from the proposed and SS solutions.

Figure 3 shows the variation of the buckling pressure of a sandwich pipe with respect to the change in
pipe geometry (r2/r1) and pipe material properties (Ec/E p) in the aforementioned practical range. As
stated, the buckling pressures of the sandwich pipes in these figures have been normalized with respect
to that of the outer pipe. These graphs have been developed for a sandwich pipe with inner and outer
pipe thickness to radius ratios of 0.05. In this study, Poisson’s ratios of the core and pipes are taken
as 0.5 and 0.3, respectively. As can be seen, the continuity of the shear stresses between the pipes and
the core layer would significantly affect the buckling resistance of the pipe under external pressure. As
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Figure 2. Histogram of t/r for API heavy and standard wall pipes with diameter greater
than 0.1 m.
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expected, the fully bonded configuration provides the greatest buckling capacity in comparison with the
other configurations. The configuration in which the core layer and surrounding pipes are free to slide
against each other exhibits the lowest buckling pressure. The difference between the buckling pressures
of these two extreme configurations can be more than 100 times for certain values of r2/r1 and Ec/E p.

Figure 3, top left, shows that for the fully bonded case, the buckling pressure of sandwich pipes
with wide ranges of r2/r1 and Ec/E p values is not significantly affected by the variation in the r2/r1

parameter. This fact was used as the basis for driving the simplified equations based on the assumption
that the equivalent structure would be a pipe (the outer pipe) filled with the core material. The same
conclusion can be made by considering Figure 3, top right, for the lower range of r2/r1. As also seen,
the buckling pressure in the other configurations is significantly dependent on the inner pipe diameter.

The other interesting results are associated with the pipe configuration in which the core and inner
pipe can slide on one another. As can be seen in Figure 3, bottom left, there is no consistent trend
for the buckling pressure within the studied range of parameters. By comparing the bottom left panes
of Figures 3 and 5, which illustrate the buckling mode numbers for the same configuration, it can be
concluded that the uneven behavior of the graph in the former is due to the oscillation in the buckling
mode response of the pipe. Note that the actual buckling mode response of such sandwich pipes would
not be exactly the same as what has been captured in our investigation. Indeed, the discrepancy between
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Figure 3. Ratio of buckling capacity of sandwich pipe versus outer pipe as a function
of geometric and material properties for the cases discussed on page 395.
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what has been considered as the general buckling mode shape in this study and what would happen
in reality becomes more significant in sandwich pipes in which the core can freely slide on the inner
pipe. This phenomenon is believed to be the cause the oscillation in the calculated buckling pressures
corresponding to the different buckling mode shapes. For the sake of consistency, the logarithmic scale
has been used in these figures, which magnifies the unevenness.

Figure 4 shows the variation of buckling pressure of the sandwich system as a function of the inner
pipe’s geometry (t1/r1) and the pipeline material properties (Ec/E p) within the practical range. In these
figures, the ratios r2/r1 and t2/r2 have been taken as 0.8 and 0.05, respectively. These graphs show
that the buckling pressure of the system is significantly influenced by t1/r1. The bottom right graph in
Figure 4 shows that if the core layer is free to slide on both the inner and outer pipes, then the increase
in the core modulus of elasticity would not improve the structural performance of the pipe when subject
to external pressure. For other configurations, however, the increase in the core’s modulus of elasticity
would increase the buckling pressure of the system.

According to the results exhibited in Figures 3 and 4, in order to design an optimal sandwich pipe
under external hydrostatic pressure, close attention should be paid to the bonding properties between the
layers, as well as the geometrical and material related parameters like Ec/E p, r2/r1, and t1/r1.

Figure 5 shows the mode number associated with the minimum buckling pressure of the SPs with var-
ious geometries and material properties. As illustrated in the figures, for the system under investigation,
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Figure 4. Ratio of buckling capacity of sandwich pipe to outer pipe as a function of
geometric and material properties.
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the buckling mode associated with the minimum buckling pressure of a sandwich pipe is not necessarily
mode number 2. In fact, in most of the configurations studied, the buckling mode corresponding to the
lowest capacity shifts upward as the core’s stiffness is increased. The bottom right graph in Figure 5
shows that for the fully unbonded case, the corresponding buckling mode number is mode number 2 for
all the studied parameters ranges. This conclusion would help to simplify the calculations significantly.

Accuracy of the simplified equations. In this section, both simplified solutions (that is, both Sato and
Patel’s and our proposed solutions) are compared with the exact solution. The comparison is done for a
sandwich system with core and pipe Poisson’s ratios of 0.5 and 0.3, respectively. The percentage error
is calculated by

% error=
∣∣∣∣ Pcr (Exact)− Pcr (Simplified)

Pcr (Exact)

∣∣∣∣× 100. (22)

Figure 6 shows the buckling pressure error in the SS solution, (16), relative to the exact values calculated
by solving (15). This graph has been generated for case I boundary conditions (fully bonded case).
As seen in the left half of the figure, this simplified equation would produce error up to 180% for the
illustrated range of parameters. The right half reports the margin of error for a sandwich pipe with
t1/r1 = 0.05 and inner to outer pipe radius ratio of 0.8. We see that the error produced by (15) for the
sample pipe is at least 120% and can be as large as 200%. In conclusion, the error produced by this
equation increases as the core stiffness decreases and the outer pipe thickness to radius ratio increases.
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Figure 5. Sandwich pipe buckling mode numbers for the cases discussed on page 395.
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Figure 6. Percent error produced by the SS in the fully bonded case, as a function of
Ec/E p and the outer pipe’s t/r ratio (left) and as a function of Ec/E p and r2/r1 (right).
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Figure 7. Percent error produced by the ATS in the fully bonded case, as a function of
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Figure 8. Percent error produced by the ATS for the case of the outer pipe sliding over
the core, as a function of Ec/E p and the outer pipe’s t/r ratio (left) and as a function of
Ec/E p and r2/r1 (right).

Figure 7 shows the percent error resulting from the ATS (19) (that is, the simplified solution developed
in this study), for the case of a fully bonded SP. The figure suggests that the ATS yields more accurate
results than the SS from (16). The SS produced a maximum error of 120%, where for the same pipe the
ATS produces a maximum error of 50% in predicting the buckling pressure (in the worst possible case).

Figure 8 shows the percentage error produced by our simplified solution in predicting the buckling
pressure of the pipe with core layer unbonded to the outer pipe. The exact results are obtained by solving
(15), using type II boundary condition. As can be seen, the ATS produces very large errors for values of
r2/r1 above 0.75. However, if the inner to outer pipes radius ratio is below 0.75, the error is less than
20%. In practice, most PIP systems use r2/r1 < 0.75. Therefore, the ATS (19), would be admissible
for use in practice. Figure 8, top right, shows the percent error for a sandwich pipe with a thickness to
radius ratio of 0.05 and an inner to outer pipe radius ratio of 0.8.

Numerical results

In this section a series of finite element (FE) eigenvalue analyses are performed for a parametric study
to assess the accuracy of the proposed simplified solution. ABAQUS Version 6.8 was used to construct
and analyze the FE models. Due to the assumption of uniform structural properties and loading con-
ditions along the length of the pipeline, a sandwich ring was modeled as the equivalent structure, to
study the buckling characteristic of the SP under hydrostatic pressure. The 20-node, reduced integration
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brick element (C3D20R) was used to construct the finite element model of the pipes. In this paper, SP
systems with incompressible core layers were investigated to establish the margin of error produced by
the solutions outlined earlier. Therefore, the core layer was modeled with 20-node, reduced integration
hybrid brick elements (C3D20RH), suited for modeling soft materials. Appropriate boundary conditions
were applied to restrain the rigid body motions of the model; however, they were kept to a minimum so
that the higher order buckling modes could be captured.

The “tie” multipoint constraint option of ABAQUS was used to model the fully bonded contacts
between the core and inner and outer pipes. However, in those configurations in which the core layer
was disbonded from the pipes, the contact mechanism was modeled using the linear two point constraint
equations of ABAQUS. With this approach, the radial displacement of the core on the contact surfaces is
set to follow the radial displacement of the contacting surfaces of the pipes, but no constraint is imposed
on the tangential displacements. This approach is prone to error, because the elements may intersect.
To minimize this possibility, a fine mesh must be used. A mesh convergence study was conducted to
investigate the effect of the mesh density on the calculated buckling pressure. Figure 9 shows the buckling
mode shapes of the four studied PIP configurations.

To test the integrity of the simplified solution, four sets of parametric studies were performed on the
four analytically studied configurations. In each set, 1296 FE models were analyzed and the results were
compared with those obtained using the simplified solution. Figure 10 shows the percent error produced
by the simplified equations with respect to the FE results for the SS from (16), AST from (19), and AST
from (18) cases.

Case I Case II

Case III Case IV

Figure 9. Buckling mode shapes for the cases discussed on page 395.
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Figure 10. Percentage error produced by the simplified equations with respect to the FE
results for (a) SS from (16), (b) AST from (19), and (c) AST from (18).

As shown in Figure 10a, the SS solution results in an error of less than 50% for larger values of r2/r1.
The comparison of the results obtained by the ATS simplified from (19) and FE are illustrated in Figure
10b. As can be seen, the solution yields a maximum error of slightly less than 50% for smaller values of
r2/r1. These graphs show that either solution can predict the buckling pressure of a sandwich pipe, for
a limited range of the parameters, with reasonable accuracy.

Figure 10c shows the error margins when using (18) for a SP system in which the core layer is
disbonded from the outer pipe. As illustrated in this figure, for Ec/E p greater than 10−3, this equation
yields an error of greater than 60%. However, for smaller values of Ec/E p, which would pertain to most
of the commonly used plastic materials, (18) would yield acceptable accuracy.

Figure 11 shows the admissible parameter ranges for which one could use the simplified equations,
keeping the margin of error below 50%. Also within a small range of parameters (that is, r2/r1 > 0.75
and Ec/E p > 0.01), both solutions — given by Equations (16) and (19) — would yield error margins
greater than 50%. Therefore, in order to obtain reliable results in the noted ranges (that is, the parameter
ranges that fall within the cyan region in Figure 11), it is recommended that a FE buckling analysis be
conducted.
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Figure 11. Range of parameters for which each of the simplified equations can predict
the buckling pressure with less than 50% error.

Conclusions

We used an analytical approach to develop exact and simplified (approximate) solutions for the elastic
buckling pressure of sandwich pipes under external hydrostatic pressure. The parameters required to de-
scribe the characteristic equation of the system were discussed in detail. The integrity of the approximate
solution given in [Brush and Almroth 1975; Sato and Patel 2007] was compared with that of this study.
The practical and admissible ranges for physical and material parameters were established. The results
were compared with those obtained through an extensive series of FE parametric case studies and the
accuracy of the equations was assessed. Here is a summary of our conclusions:

• The contact mechanism between the core layer and the inner and outer pipes significantly affects
the buckling capacity of the system.

• While for a single pipe the first buckling mode shape always corresponds to the second eigenmode
(the first eigenmode would correspond to the rigid-body mode), the same does not always hold in
the case of a sandwich pipe. Therefore, to find the buckling capacity of a sandwich pipe, one should
explore the higher eigenmodes.

• The results obtained from the exact solution were used to validate the assumptions made in devel-
oping the simplified solution and to establish the range of applicability of the simplified solution.

• Comparison of the results obtained from the simplified solutions for the fully bonded system with
those obtained from either the FE or exact analytical solutions indicated that the approximate solu-
tions could produce reasonable accuracy for predicting the buckling capacity of the system, but for a
limited range of the investigated parameters. It was shown that for stiffer core materials and greater
ratios of inner to outer pipe radii, the simplified solution of [Sato and Patel 2007] would yield more
accurate results. However, for the other ranges, which would fall within a more practical domain
for SPs with plastic core materials, the simplified solution presented in this study would predict the
buckling capacity with a higher accuracy.
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• The choice from among the simplified solutions is facilitated by the graphs produced in this study.
These graphs can be used to gain a sense as to what error margin one could expect when using the
proposed simplified equation within a practical range.

• The comparison of the results produced by the FE analyses and those obtained from the simplified
solutions for the case where the core layer could slide on the external pipe demonstrated that the
simplified equation (the ATS) would produce large error margins within certain ranges; however, the
solution would generate acceptable accuracy for SP systems with conventionally used core materials.

Appendix: Coefficients of the core material stiffness matrix Kc

We set Kc =
1
ψ

L A, where L is given by

L =


1 0 0 0

−nt1/2r1 1− t1/2r1 0 0
0 0 1 0
0 0 nt2/2r2 1+ t2/2r2


and ψ and the coefficients Ai j of A (for 0≤ i, j ≤ 4) are given in terms of R = a2

a1
and 3= 4νc− 3 by

case-dependent formulas:

Case I: core is fully bonded to inner and outer pipes (nonvanishing entries only).

ψ = (7+3)
{
32(1+R4n)−R2n−2

[(n2
−1)(R2

−1)
2
+(1+R4)32

]
}

A11 = 2Ec
{
3[n(3−1)−3−1]−R4n3[n(3−1)+3+1]

+2R2n−2
[2(3−1)+n2(R2

−1)(R2
+3−2)+R2(3−3)+R4(32

−1)]
}

A33 = 2Ec
{
3[n(3−1)+3+1]−R4n3[n(3−1)−3−1]

+2R2n−2
[1−32

+n2(R2
−1)(1+R2(3−2))+R2(3−3)−2R4(3−1)]

}
A22 = 2Ec

{
3[n(3−1)−3−1]−R4n3[3+1+n(3−1)]+2R2n−2

[n23−(n2
−1)R2(1+3)+R4(n2

−1+32)]
}

A44 = 2Ec
{
3[n(3−1)+3+1]+R4n3[3+1−n(3−1)]−2R2n−2

[(1+3)(R2
−1+3)+n2(R2

−1)(R23−1)]
}

A12 = A21 =−2Ec
{
3[1+n+(n−1)3]+R4n−23(n(1+3)+3−1)−2n R2n−2

[(n2
−1)(R2

−1)2+R432
+3]

}
A34 = A43 = 2Ec

{
R4n3[1+n+(n−1)3]+3(n(1+3)+3−1)−2n R2n−2

[(n2
−1)(R2

−1)
2
+R43+32

]
}

A13 = A31 =−2Ec(3−1)
{

R3n−1
[(n2
−1)(R2

−1)−(1+n+(n−1)R2)3]

+Rn−1
[((1+n)R2

+n−1)3+(n2
−1)(R2

−1)]
}

A14 = A41 =−2Ec(3−1)
{

R3n−1
[(n2
−1)(R2

−1)−(1+n−(n−1)R2)3]

+Rn−1
[((1+n)R2

−n+1)3−(n2
−1)(R2

−1)]
}

A23 = A32 =−2Ec(3−1)
{
−R3n−1

[(n2
−1)(R2

−1)+(1+n+R2
−n R2)3]

+Rn−1
[(n2
−1)(R2

−1)+(1+R2
+n(R2

−1))3]
}

Case II: Core can slide against outer pipe but is bonded to inner pipe (nonvanishing entries only).

ψ = (7+3)
{
3[n(3−1)−1−3]−R4n3[1+3+n(3−1)]+2R2n−2

[n23−(n2
−1)R2(1+3)+R4(n2

−1+32)]
}
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A11 = 8Ec(n2
−1)

{
−3−R4n3+R2n−2

[2R2
+n2(R2

−1)
2
+R4(32

−1)]
}

A13 = A31 = 4Ec(n2
−1)(3−1)

{
R3n−1

[n(R2
−1)+R2(1−3)]+Rn−1

[R2(1−3)+n(1−R2)]
}

A14 = A41 = 4Ec(n2
−1)(3−1)

{
Rn−1
[n(R2

−1)−R2(1+3)]+R3n−1
[R2(1+3)−n(1−R2)]

}
A33 = 2Ec

{
−2R2n−2

[2R4(2−23+n2(3−2))−2n23−(n2
−1)R2(3−3)(1+3)]

+[n2(3−1)2−(1+3)2]+R4n
[n2(3−1)2−(1+3)2]

}
A34 = A34 = 2Ec

{
−R4n

[3+1+n(3−1)][1−3+n(1+3)]

+[n(3−1)−3−1][3−1+n(1+3)]+4n R2n−2
[n23−(n2

−1)R2(1+3)+R4(n23−1)]
}

A44 = 2Ec
{
[n2(3−1)2−(1+3)2]+R4n

[n2(3−1)2−(1+3)2]+2R2n−2
[2n23(1+R4)−(n2

−1)R2(1+3)2]
}

Case III: Core can slide against inner pipe but is bonded to outer pipe (nonvanishing entries only).

ψ= (7+3)
{
3[1+3+n(3−1)]−R4n3[n(3−1)−1−3]−2R2n−2

[(1+3)(R2
−1+3)+n2(R2

−1)(R23−1)]
}

A11 = 2Ec
{
[n2(3−1)2−(1+3)2]+R4n

[n2(3−1)2−(1+3)2]

+2R2n−2
[4(3−1)−R2(3−3)(1+3)+n2(4−23+2R43+R2(3−3)(1+3))]

}
A21 = A12 =−2Ec

{
a4n

1 R2
[1+n(3−1)+3][1+n+(n−1)3]−R2(a1 R)4n

[n(3−1)−3−1]

[n−1+3+n3]−4a1
2nn(a1 R)2n

[3−1+R2(1+3)+n2(R2
−1)(R23−1)]

}
A31 = A13 =−4an

1 Ec(n2
−1)(3−1)

{
R3n−1(3−1+n(1−R2))+Rn−1

[3−1+n(R2
−1)]

}
A22 = 2Ec

{
[n2(3−1)2−(1+3)2]+R4n

[n2(3−1)2−(1+3)2]+2R2n−2
[2n23+2n2 R43−(n2

−1)R2(1+3)2]
}

A32 = A23 =−4Ec(n2
−1)(3−1)

{
Rn−1
[n(R2

−1)−1−3]+R3n−1
[1+3+n(R2

−1)]
}

A33 = 8Ec(n2
−1)

{
3(−2−R4n)+R2n−2

[n2(R2
−1)

2
+32
−1+2R2

]
}

Case IV: Core can slide against both inner and outer pipes (nonvanishing entries only).

ψ = (7+3)
{
[n2(3−1)2−(1+3)2]+R4n

[n2(3−1)2−(1+3)2]+2R2n−2
[2n23(1+R4)−(n2

−1)R2(1+3)2]
}

A11 =−8Ec(n2
−1)

{
−R4n

[n(3−1)−1−3]+[1+3+n(3−1)]−2R2n−2
[R2(1+3)+n2(R2

−1)(R23−1)]
}

A31 = A13 =−8Ecn(n2
−1)(3−1)

{
Rn−1
[(n−1)R2

−1−n]+R3n−1
[1+R2

+n(R2
−1)]

}
A33 =−8Ec(n2

−1)
{
[−1−3+n(3−1)]−R4n

[1+3+n(3−1)]+2R2n−2
[n2 R4

+n23−(n2
−1)R2(1+3)]

}
List of symbols

AST Simplified solution developed in this study r1, r2 Outer and inner pipe nominal radius
Ec, E p Elastic moduli of core and pipe material SS Simplified solution from [Brush and

Almroth 1975; Sato and Patel 2007]h Constituent’s thickness
Kc, K p Stiffness matrices of core and pipe layers σr Radial stress
n Buckling mode number t1, t2 Outer and inner pipe wall thickness
νc, νp Poisson ratios of core and pipe material τrθ Tangential stress
P External pressure v Tangential deformation
Pcr Sandwich pipe buckling pressure w Radial deformation
Pcrs External pipe buckling pressure φ Stress function
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ELASTIC ANALYSIS OF CLOSED-FORM SOLUTIONS FOR ADHESIVE
STRESSES IN BONDED SINGLE-STRAP BUTT JOINTS

GANG LI

In this paper, the adhesive stresses in unbalanced bonded single-strap butt joints are theoretically studied.
Mathematical difficulties in the analysis of high order differential equations were solved and closed-
form solutions for both the adhesive peel and shear stresses have been successfully developed. In the
proposed solutions the adherends and doublers can be different in material and thickness. Peak stresses
are located at the bonded overlap edges, especially at the inner edges. In addition, two-dimensional
geometrically nonlinear finite element analyses were carried out to study the adhesive stresses in two
different bonded butt joints. One was a special butt joint case with the adherends and doubler of identical
material and thickness, and the other was a general butt joint case with different adherends and doubler.
Good agreement in the adhesive stresses between the closed-form solutions and finite element results has
been achieved. The single-strap butt joint actually consists of two single-lap joints; thus, the adhesive
stress solutions can be further applied to unbalanced single-lap joints.

1. Introduction

The elastic analysis of bonded joints can be traced back to the 1930s, and was first practiced on balanced
single-lap joints by Volkersen [1938]. Since then, extensive theoretical studies have been carried out on
this joint configuration [Goland and Reissner 1944; Hart-Smith 1973; Chen and Cheng 1983; Adams
and Wake 1984; Oplinger 1994; Tsai and Morton 1994; Li and Lee-Sullivan 2006a; 2006b]. To date,
closed-form solutions of balanced single-lap joints for predicting bending moments and shear forces at
the overlap edges, as well as the adhesive shear and peel stresses in the adhesive layer, have been well
established. A balanced symmetric, adhesive single-lap joint is defined as a single-lap joint made by
adhesively bonding two identical adherends. When the two adherends have different geometries and/or
mechanical properties, the joints are referred to as unbalanced (see Figure 1(a)). The complexity of this
joint configuration is much greater than that of the balanced case. In addition, due to the complicated
and tedious derivation and lengthy stress expressions, the corresponding complete closed-form adhesive
stress solutions have not been provided in the open literature [Hart-Smith 1973; Williams 1975; Bigwood
and Crocombe 1989; Cheng et al. 1991]. With the progress achieved in adhesively bonded single- and
double-lap joints (see Figure 1(b)), single-strap butt joint configuration became the subsequent topic of
study (see Figure 1(c)). The extent of study on single-strap butt joints was less than that on the single-lap
joints and the theoretical progress was slow. This situation could be attributed to the inherent theoretical
difficulties in the required mathematics and identification of its potential roles in engineering structural
applications, as claimed by Hart-Smith [1985].

Keywords: adhesive stress, closed-form solution, single-strap butt joint, finite element analysis.
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er 

er 

(a) Single-lap joint (b) Double-lap joint

doubler 

adherend 

adhesive 

(c) Single-strap butt joint

Figure 1. Several adhesively bonded joint configurations.

A single-strap joint consists of two single-lap joints. For joints with identical doubler and adherends, a
special joint case, closed-form adhesive stress solutions can be easily obtained using the same approach as
in the balanced single-lap joint configuration. For the butt joints with different doubler and adherends, a
coupling relationship exists between the adhesive peel and shear stresses, and the corresponding complete
closed-form solutions in explicit expressions in the adhesive stresses have not been reported in the open
literature. Delale et al. [1981] reported on a bonded panel-to-substrate joint structure, which could be
approximately treated as an unbalanced butt joint configuration with one piece of the adherend bonded
with a sort of doubler. They gave general expressions of the closed-form solutions for the adhesive
peel and shear stresses, and presented the boundary conditions used to determine the integral constants.
Complex terms with nonzero imaginary terms were present in the adhesive stress expressions, the integral
constants, and the final expressions of the adhesive stresses, and were not further investigated.

Currently, there is a strong and growing trend towards optimizing the strength, weight, and durability
of aircraft structures. The substantial developments in high performance composite structures and special
automated fiber placement machines encourage expectations for the extensive application of composite
joints to both the secondary and primary structures in aircraft. The fuselage structures for the new gener-
ation of aircraft are being built by assembling several precured one-piece composite fuselage barrels. A
bonded single-strap butt joint configuration could be one of the possible configurations for the assembly
of the fuselage structure. In addition, this joint configuration has a better aerodynamic efficiency than
most other joint configurations. As reported by Kweon et al. [2006], the static strength of bonded double-
lap joints using film adhesives FM73 could be much higher than that of bolted joints. With the develop-
ment in joint bonding techniques, the peak peel stress can be effectively reduced, as reported by da Silva
and Adams [2007a; 2007b]. To maximize the joint efficiency, an adequate understanding of the variation
in adhesive stresses under various influences is essential. This paper presents theoretical explorations
of the adhesive stresses in an adhesively bonded general single-strap joint configuration with different
adherends and doubler. Without losing generality of the solutions and avoiding unnecessary complexity
in the theoretical derivation, the joints will be restricted to being made from isotropic materials. The aim
of the work is to obtain closed-form solutions for the adhesive stresses in isotropic butt joints so that the
solutions can later be extended to composite joints including unbalanced single-lap joints. The obtained
theoretical solutions can be used to quantitatively study the effect of each component on the variation in
adhesive stresses, guide practical joint design, and make possible sound bases for practical applications
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in the aerospace industry. For the provided complete closed-form solutions, the integration constants
are quite long, which should be acceptable for such a complicated analysis of high order differential
equations. Furthermore, they can be a solid basis for further effective development of simplified stress
solutions for more practical applications in the near future. For the sake of brevity, only the main contents
of the adhesive stress derivations are present in this paper. An extended version including a parametric
study using the developed closed-form solutions can be found elsewhere [Li 2008].

2. Theoretical formulations

Joint deflection. Secondary bending occurs in butt joints when they are loaded in tension. Within the
elastic deformation range, it is appropriate to treat both adherends and doubler as beams using cylindrical
bent plate theory, as initially proposed by Goland and Reissner [1944], and then applied by others in
works including [Hart-Smith 1973; Cheng et al. 1991; Oplinger 1994; Li and Lee-Sullivan 2006a; Li
2008]. The deformation of a single-strap butt joint in tension is shown in Figure 2. The geometrical
nonlinearity induced by the out-of-plane deflection w should be involved in identifying the joint bending
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Figure 2. Deformation of the adhesively bonded single-strap butt joint in tension (not to scale).
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moment. An accurate joint deflection and shear force can then be determined using cylindrical bent plate
or beam theory. The variables in this joint configuration include both dimension and material parameters.
The length of the outer unbonded adherend is L , the bonded overlap length is 2c on each side, the length
of the inner unbonded doubler is 2L0, the total length of the doubler is 4c+2L0, and the total joint length
is 2L+ 4c+ 2L0. The adherend thickness is t1 and the doubler thickness is t2. The plane strain condition
is applicable for the joint configuration, and thus, the per-unit-width forces of tensile force, T , the shear
force, Vi , and the bending moment, Mi , are the three forces assumed in the joint. By convention, when
i = 1 the forces are in the outer unbonded adherends, when i = 2 the forces are in the bonded overlap
section, and when i = 3 the forces are in the inner unbonded doubler section. The tensile force T is
applicable to any section of the joint.

Brief descriptions of the joint deflection derivation are given in the following. Detailed expressions
of the deflection within each section can be found in [Li 2008].

Bending moments and shear forces. The per-unit-width bending moment and shear force at specific
positions can be obtained using the relations

Mi = Di
d2wi

dx2
i

(i = 1, 2, 3), Vi =
d Mi

dxi
= Di

d3wi

dx3
i

(i = 1, 2, 3), (1a)

where

D1 =
E ′adherendt3

adherend

12
=

E1t3
1

12(1− v2
1)

(plane strain),

D2 = E ′adhesive

(
η3

12
+ η

(
δ1−

tadherend+ η

2

)2
)
+ E ′adherend

(
t3
adherend

12
+ tadherendδ

2
1

)
+E ′doubler

(
t3
doubler

12
+ tdoubler(δ2− δ1)

2
)

≈ E ′adherend

(
t3
adherend

12
+ tadherendδ

2
1

)
+ E ′doubler

(
t3
doubler

12
+ tdoubler(δ2− δ1)

2
)

= E ′1

(
t3
1

12
+ t1δ2

1

)
+ E ′2

(
t3
2

12
+ t2(δ2− δ1)

2
)
,

D3 =
E ′doublert

3
doubler

12
=

E2t3
2

12(1− v2
2)
.

(1b)

The parameter Di (i = 1, 2, 3) is the per-unit-width bending stiffness in the plane strain condition of the
outer unbonded adherends, overlap, and inner unbonded doubler sections, respectively. In the bonded
overlap section, the impact of the adhesive stiffness to the stiffness D2 can be neglected, because it is
small enough compared to those of the adherends and doubler. The origins of the coordinate frames are
located at the centroid in the left end cross-sectional area of each section. δ1 and δ2 are the transverse
(vertical) distances between the neutral planes, as shown in Figure 3 and given by

δ1 =
t1+ t2+ 2η

2
(
1+ E ′1t1/(E ′2t2)

) , δ2 =
t1+ t2+ 2η

2
. (1c)
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Figure 3. Neutral planes of the cross-sectional area of the bonded overlap section.

Overlap section. The sign convention for the positive tensile force, shear force, and bending moment
is defined in Figure 4. The subscripts u and d apply to the upper adherend and doubler in the overlap
section, respectively.

The bending moments and shear forces at the two outer overlap edges are

M0 = Du
d2w1(x1)

dx2
1

∣∣∣∣∣
x1=L

, V0 = Du
d3w1(x1)

dx3
1

∣∣∣∣∣
x1=L

. (2a)

The bending moment and shear forces at the two inner overlap edges are

M1 = Dd
d2w3(x3)

dx2
3

∣∣∣∣∣
x3=0

, V1 = Dd
d3w3(x3)

dx3
3

∣∣∣∣∣
x3=0

. (2b)
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Figure 5. Illustration of loading state in infinitesimal elements for upper adherend (u)
and lower doubler (d) in the overlap section.

Please note that the relations, Du = D1 (the adherend) and Dd = D3 (the doubler) exist throughout
the entire paper. To clearly display the variation in moments at the outer and inner overlap edges and
directly study the quantitative relationship between the two edge moment magnitudes affected by each
joint component and tensile load, these being the edge moments normalized by the moment parameter
(t1+ η)T /2, the edge moment factors are introduced and defined as

k1 =
2

(t1+ η)T
M0 ≈

2M0

T t1
(outer edges), k2 =

2
(t1+ η)T

M1 ≈
2M1

T t1
(inner edges). (2c)

Adhesive shear and peel stresses. Adhesive stresses can be determined from the equilibrium in the
overlap section, as shown in Figure 5, where σa is the peel stress, τa the shear stress, and η the adhesive
thickness. The adherend thickness is t1 and the doubler thickness is t2. The force and the moment
equilibrium equations for the upper and lower infinitesimal elements in the bonded overlap section can
be described by

d Mu

dx
− Vu− τa

( t1+η
2

)
= 0,

dTu

dx
− τa = 0,

dVu

dx
+ σa = 0,

d2wu

dx2 =
Mu

Du
,

d Md

dx
− Vd− τa

( t2+η
2

)
= 0,

dTd

dx
+ τa = 0,

dVd

dx
− σa = 0,

d2wd

dx2 =
Md

Dd
.

(3a)

The axial strains of the adherend-adhesive and adhesive-doubler interfaces are

εux =
duu
dx
=

Tu

E ′ut1
+

t1
2

Mu

Du
, εdx =

dud
dx
=

Td

E ′dt2
−

t2
2

Md

Dd
, (3b)

where E ′ = E/(1− v2) under the plane strain condition.
Generally, the adherends and doubler may behave in a linear elastic manner, but under relatively

severe loading and temperature the adhesive may exhibit viscoelastic and/or nonlinear properties. The
nonlinearities in the material properties make exact analytical treatment of the structural and material
problems very complicated. Therefore, the theoretical analysis was carried out using simplified assump-
tions. The adherends, doubler, and adhesive were treated as linear elastic materials. For the elastic
adhesive layer, the relationships between the adhesive peel and shear stresses and the displacements of
the upper adherend and lower doubler can be defined by

σa

Ea
=
wu−wd

η
,

τa

Ga
=

uu− ud

η
, (3c)
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where Ea and Ga are elastic and shear moduli of the adhesive material.
Differentiating Equation (3c) and utilizing these equilibrium relations, the coupling relations existing

between the peel and shear stresses can be identified as

d3τa

dx3 + a1
dτa

dx
+ a2σa = 0,

d4σa

dx4 + b1σa + b2
dτa

dx
= 0, (4a)

where

a1 =−
Ga
η

(
1

E ′ut1
+

1
E ′dt2
+

t1(t1+ η)
4Du

+
t2(t2+ η)

4Dd

)
, a2 =

Ga
η

(
t1

2Du
−

t2
2Dd

)
,

b1 =
Ea
η

( 1
Du
+

1
Dd

)
, b2 =

Ea
η

(
t2+ η
2Dd

−
t1+ η
2Du

)
.

(4b)

The coupling relations vanish provided the coupling parameters a2 = b2 = 0, when the same material
with identical thickness is used for the adherends and doubler.

3. Solutions for the adhesive stresses

Definition of the butt joints in general and special cases. The general case refers to joints with different
adherends and doubler in their materials and/or thicknesses. The special case refers to joints in which
the coupling between the adhesive peel and shear stresses vanishes, for instance, in joints with the same
material and thickness in the adherends and doubler. For this situation, the adhesive peel and shear
stresses can be decoupled as in balanced single-lap joints; thus, it is easy to obtain the closed-form
solutions [Oplinger 1994; Li and Lee-Sullivan 2006a; Li 2008].

Efforts to explore the closed-form solutions are carried out for the general butt joint case in the fol-
lowing.

Determination of the adhesive stresses in the general case.

Adhesive shear stress. By eliminating the peel stress in the coupling Equation (4a), the equation of the
adhesive shear stress can be written as

d7τa

dx7 + a1
d5τa

dx5 + b1
d3τa

dx3 + (a1b1− a2b2)
dτa

dx
= 0. (5a)

The characteristic equation of this equation is

λ7
+ a1λ

5
+ b1λ

3
+ (a1b1− a2b2)λ= 0 (5b)

(see [AEP 1979; Derrick and Grossman 1987; Kreyszig 1993]). One root is λ0 = 0, and then the equation
above becomes λ6

+ a1λ
4
+ b1λ

2
+ (a1b1− a2b2)= 0. Assuming φ = λ2, the equation can be written as

φ3
+ a1φ

2
+ b1φ+ (a1b1− a2b2)= 0. Substituting φ = γ− a1/3 into the above equation [AEP 1979],

the above equation becomes
γ3
+ pγ+ q = 0, (5c)

where

p = b1−
a2

1

3
, q =

2a3
1

27
+

2a1b1

3
− a2b2. (5d)
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We use the classical formula to solve (5c). Setting

r ′ =
3

√
−

q
2
+

√(q
2

)2
+

( p
3

)3
and r ′′ =

3

√
−

q
2
−

√(q
2

)2
+

( p
3

)3
,

the three roots of (5c) are

γ1 = r ′+ r ′′, γ2 = ωr ′+ω2r ′′, γ3 = ω
2r ′+ωr ′′, (5e)

where ω = (−1+ i
√

3)/2, ω2
= (−1− i

√
3)/2, and i2

=−1. The root γ1 is real; γ2 and γ3, and γ2
2 and

γ2
3, are complex conjugates and can be further expressed as

γ2 =−
γ1

2
+ i
√

3
2
(r ′− r ′′), γ3 =−

γ1

2
− i
√

3
2
(r ′− r ′′). (5f)

Using these expressions, the three roots of parameter φ can be expressed as

φk = γk −
a1
3

(k = 1, 2, 3). (6a)

Thus, the second and third roots of λ for (5b) can be determined as

λ1,2 =±

√
γ1−

a1
3

(
provided γ1−

a1
3
≥ 0

)
. (6b)

The second and third roots of φ can be expressed as follows [AEP 1979; Derrick and Grossman 1987;
Kreyszig 1993]:

φ2 = |φ| exp(iβ)= |φ|(cosβ + i sinβ), φ3 = |φ| exp(−iβ)= |φ|(cosβ − i sinβ), (6c)

where the argument β is the directed angle from the positive x-axis to the complex vector on the complex
plane, given by β =min{β1, β2}, where the angles are defined within the range from 0 to 2π . The sum
of the two angles β1 and β2 is 2π .

The modulus, |φ|, of φ2 and φ3 is

|φ| =

√(
−
γ1
2
−

a1
3

)2
+

3
4(r
′− r ′′)2, (6d)

The angles are measured in radians and are positive in the counterclockwise sense. For instance, if
the angle β1 is within the range [0, π/2], then the angles can be calculated as

β1= argφ2= arctan
(
√

3/2)(r ′− r ′′)

−
γ1
2
−

a1
3

(6e)

and β2 = 2π −β1.
Based on the actual positions of φ2 and φ3 on the complex plane, the angle values can be determined.

The real part of φ2 and φ3 is |φ| cosβ =−γ1/2− a1/3, and the imaginary parts of the φ2 and φ3 are

±|φ| sinβ =±

√
3

2
(r ′− r ′′).
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Based on (6c), the remaining four roots of λ can then be determined as

|φ|
1
2

(
cos β

2
+i sin β

2

)
, −|φ|

1
2

(
cos β

2
+i sin β

2

)
, |φ|

1
2

(
cos β

2
−i sin β

2

)
, −|φ|

1
2

(
cos β

2
−i sin β

2

)
. (6f)

Expression of the adhesive shear stress. Provided φ1= γ1−a1/3≥ 0, the general solution of the adhesive
shear stress can be expressed as

τa = C0+C1 cosh
(

x
√
γ1−

a1

3

)
+C2 sinh

(
x
√
γ1−

a1

3

)
+C3 cosh

(
x |φ|

1
2 cos β

2

)
cos
(

x |φ|
1
2 sin β

2

)
+C4 sinh

(
x |φ|

1
2 cos β

2

)
cos
(

x |φ|
1
2 sin β

2

)
+C5 cosh

(
x |φ|

1
2 cos β

2

)
sin
(

x |φ|
1
2 sin β

2

)
+C6 sinh

(
x |φ|

1
2 cos β

2

)
sin
(

x |φ|
1
2 sin β

2

)
. (7a)

In this expression, all seven terms are real (no imaginary part). This shear stress can be directly used
for practical joint analysis under the influence of joint components and external loading conditions. This
shear stress expression is more practical than the one given in [Delale et al. 1981], where imaginary and
real terms were used together.

The seven constants C j (where j ranges from 0 to 6) can be determined using the following seven
boundary conditions:∫ c

−c
τa dx =−T .

dτa

dx

∣∣∣∣∣
x=−c

=
Ga

η

d
dx
(uu− ud)

∣∣∣∣∣
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=
Ga

η

(
T
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2
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Du

)∣∣∣∣∣
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η

(
T
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+

t1
2

M0

Du

)
,

dτa

dx

∣∣∣∣∣
x=c

=
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η

d
dx
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∣∣∣∣∣
x=c

=
Ga

η

(
−

T
E ′ut2
+

t2
2

Md

Dd

)∣∣∣∣∣
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η

(
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T
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2
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)
,

d2τa

dx2 + a1τa

∣∣∣∣∣
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=
Ga

η

t1Vu

2Du

∣∣∣∣∣
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=
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η

t1
2
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Du
,

d2τa

dx2 + a1τa
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x=c

=
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η

t2Vd

2Dd
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=
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η

t2
2

V1

Dd
,

d5τa

dx5 + a1
d3τa

dx3

∣∣∣∣∣
x=−c

=−a2
Ea

η

Mu

Du

∣∣∣∣∣
x=−c

=−a2
Ea

η

M0

Du
,

d5τa

dx5 + a1
d3τa

dx3

∣∣∣∣∣
x=c

= a2
Ea

η

Md

Dd
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x=c

= a2
Ea

η

M1

Dd
,

(7b)

The expressions of the seven constants in the adhesive shear stress are given in the Online Supplement.
The above first boundary condition is obtained through the equilibrium relation of the joint adherend
tensile load with the integral of the resulting shear stress in the adhesive layer. The rest of the six
boundary conditions relate different derivatives of the adhesive shear stress at the outer and inner overlap
ends with the applied loads at the same positions. Assuming continuity of axial strains in the adherends

http://pjm.math.berkeley.edu/jomms/2010/5-3/jomms-v5-n3-x03-li-supplement.pdf
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and doubler at the interfaces with the adhesive layer and the adhesive stresses in the adhesive layer,
the second and third boundary conditions at the two overlap ends are obtained by combining the first
derivative of the adhesive shear stress in (3c) and the expressions of the axial strains at the adherend-
adhesive and adhesive-doubler interfaces in (3b). The adhesive shear stress in (3c) is differentiated twice,
using the equilibrium equations of moment and tensile force in (3a) to substitute for the fourth and fifth
boundary conditions. To obtain the sixth and seventh boundary conditions for the uncoupled adhesive
shear stress, two differentiations are applied to the first coupled adhesive stress equation in (4a) with the
aid of the peel stress expression in (3c) and moment-curvature relation in (1a).

Adhesive peel stress. Exploration of the closed-form solution for the adhesive peel stress should be car-
ried out based on its fundamental behavior expressed in (4a). This nonhomogeneous equation degrades
to its corresponding homogeneous equation in the special butt joint case when the coupling parameter b2

vanishes. The nonhomogeneous equation can be investigated using variation of constants or Lagrange’s
method [AEP 1979; Derrick and Grossman 1987]. The general solution is established by combining the
general solution of the homogeneous equation and any one particular solution of the nonhomogeneous
equation. If we define

X = x 4
√

b1
4
,

the general solution of the homogeneous equation is

σaH = C1H cosh X cos X +C2H sinh X cos X +C3H cosh X sin X +C4H sinh X sin X. (8a)

One particular solution for the nonhomogeneous equation can be expressed in the form

σap = G1p(x) cosh X cos X +G2p(x) sinh X cos X +G3p(x) cosh X sin X +G4p(x) sinh X sin X, (8b)

where the functions G1p(x), G2p(x), G3p(x), and G4p(x) are determined using the following simulta-
neous equations [AEP 1979; Derrick and Grossman 1987]:

G ′1p(x) cosh X cos X +G ′2p(x) sinh X cos X +G ′3p(x) cosh X sin X +G ′4p(x) sinh X sin X = 0,

G ′1p(x)
d

dx
(cosh X cos X)+G ′2p(x)

d
dx
(sinh X cos X)

+G ′3p(x)
d

dx
(cosh X sin X)+G ′4p(x)

d
dx
(sinh X sin X)= 0,

G ′1p(x)
d2

dx2 (cosh X cos X)+G ′2p(x)
d2

dx2 (sinh X cos X)

+G ′3p(x)
d2

dx2 (cosh X sin X)+G ′4p(x)
d2

dx2 (sinh X sin X)= 0,

G ′1p(x)
d3

dx3 (cosh X cos X)+G ′2p(x)
d3

dx3 (sinh X cos X)

+G ′3p(x)
d3

dx3 (cosh X sin X)+G ′4p(x)
d3

dx3 (sinh X sin X)=−b2
dτa

dx
.

(8c)
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The expressions for Gi p(x) (i = 1, . . . , 4) functions are given in the Online Supplement. The general
solution for the adhesive peel stress in the general butt joint case can be established as

σa = σaH + σap

= C1H cosh X cos X +C2H sinh X cos X +C3H cosh X sin X +C4H sinh X sin X

+G1p(x)cosh X cos X +G2p(x)sinh X cos X +G3p(x)cosh X sin X +G4p(x)sinh X sin X. (8d)

The expressions for the constants C1H , C2H , C3H , and C4H are also given in the Online Supplement,
and are determined using the boundary conditions

d2σa

dx2

∣∣∣∣
x=−c
=

Ea
η

Mu

Du

∣∣∣∣
x=−c
=

Ea
η
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Du
,
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x=c
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Ea
η
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x=c
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Ea
η
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Dd
,
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Ea
η
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Du
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Ea
η
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,

d3σa

dx3 + b2τa
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x=c
=−

Ea
η

Vd

Dd
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x=c
=−

Ea
η

V1

Dd
.

(8e)

These four boundary conditions relate the derivatives of the adhesive peel stress with the applied loads
at the outer and inner overlap ends. Two differentiations are conducted on the peel stress expression in
(3c) with the aid of the moment-curvature relation in (1a) to obtain the first two boundary conditions.
One more differentiation is applied to the second derivative of the peel stress expression with the aid of
the moment equilibrium relation in (3a) to obtain the third and fourth boundary conditions.

Joint special case: parameters of a2 = b2 = 0. It can be seen from (4b) that the coupling parameters a2

and b2 vanish when the butt joints are balanced, a special case. The adhesive shear and peel stresses are
then decoupled. The other two parameters in (4b) are

a1 =−
Ga
η

(
2

E ′t
+

t (t + η)
2D

)
, b1 =

2Ea

ηD
. (9a)

The shear and peel stress equations can be simplified as

d3τa

dx3 + a1
dτa
dx
= 0,

d4σa

dx4 + b1σa = 0. (9b)

Adhesive shear stress. The general solution for the adhesive shear stress is then

τa = C0S +C1S cosh

(
x

√
Ga

η

(
2

E ′t
+

t (t + η)
2D

))
+C2S sinh

(
x

√
Ga

η

(
2

E ′t
+

t (t + η)
2D

))
. (10)

The expressions of these three constants, Ci S (i = 0, 1, 2), are given in the Online Supplement and are
determined using the three boundary conditions∫ c

−c
τa dx =−T, dτa

dx

∣∣∣∣
x=−c
=

Ga
η

(
T

E ′ut1
+

t1
2

Mu

Du

)∣∣∣∣∣
x=−c

,
dτa
dx
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x=c
=

Ga
η

(
−

T
E ′dt2
+

t2
2

Md

Dd

)∣∣∣∣∣
x=c

.

Similarly to the general butt joint case, the first boundary condition is the equilibrium relation in the
adherend between the applied tensile load with the integral of the resulting shear stress in the adhesive
layer. The second and third boundary conditions relate the first derivative of shear stress to the loads at

http://pjm.math.berkeley.edu/jomms/2010/5-3/jomms-v5-n3-x03-li-supplement.pdf
http://pjm.math.berkeley.edu/jomms/2010/5-3/jomms-v5-n3-x03-li-supplement.pdf
http://pjm.math.berkeley.edu/jomms/2010/5-3/jomms-v5-n3-x03-li-supplement.pdf
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the two overlap ends, and are obtained by combining the first derivative of the adhesive shear stress in (3c)
with the expressions of the axial strains at the adherend-adhesive and adhesive-doubler interfaces in (3b).

Adhesive peel stress. The general solution for the adhesive peel stress is

σa = C3S cosh X cos X +C4S sinh X cos X +C5S cosh X sin X +C6S sinh X sin X. (11)

The constants Ci S (i = 3, 4, 5, 6) are given in the Online Supplement. They are determined using the
boundary conditions
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∣∣∣∣∣
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,
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D
.

As in the general butt joint case, the above four boundary conditions relate the derivatives of the adhesive
peel stress with the applied loads at the outer and inner overlap ends of the balanced butt joint.

Consistence of the adhesive stresses from the general to the special joint cases. The derivations in
the closed-form stress solutions were carried out based on their fundamental equations, thus, when the
general case approaches the special butt joint case, both the adhesive peel and shear stresses will converge
to their corresponding adhesive stresses in the special joint case, which has been validated in [Li 2008].

Validation of the closed-form solutions of the adhesive stresses using finite element methods. Due to
the geometrical nonlinearity caused by the secondary bending deformation in butt joints, two-dimensional
geometrically nonlinear finite element (FE) analyses were carried out under the plane strain condition,
using MSC Patran and Marc version 2008r1. Linear elastic material properties were used for the FE
analyses. Two different joint situations, as given in Table 1 and Figure 6, were considered. The FE
results obtained for the adhesive stresses were compared with the corresponding closed-form solutions.

Assuming a small clearance in the joint, a gap of 0.02 mm was assumed to represent the inner section
length without adherends and adhesive, as shown in Figure 6. Two elements were used through the
adhesive thickness. A fine mesh was applied to the overlap edge areas. Ten elements were used across

Item Mechanical parameters Length (mm) Thickness (mm)

Adherends E = 70 GPa, v = 0.3 L = 50
(each outer adherend)

t1 = 2.1

Doubler E = 70 GPa, v = 0.3 4c+ 2L0 = 101.6
(inner section length of
2L0 = 0.02)

t2 = 2.1 and 3.2
for special and general
(thicker doubler) cases

Adhesive Ea = 3 GPa, va = 0.3 4c = 101.58 η = 0.15

Table 1. Parameters for the unit width single-strap butt joint. The total gauge length of
the joint is 2L + 4c+ 2L0 = 201.6 mm.

http://pjm.math.berkeley.edu/jomms/2010/5-3/jomms-v5-n3-x03-li-supplement.pdf
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(a) Special case, 2.1 mm thick doubler and adherends 
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(b) General case, 3.2 mm thick doubler and 2.1 thick mm adherends 
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Figure 6. Schematic diagrams for the two simulated butt joints with a 0.02 mm inner
gap section for both adherends and adhesive for the special (2.1 mm doubler) and general
(3.2 mm doubler) joints.

the adherends and doubler thicknesses for the special case, and 12 elements were used for the 3.2 mm
thick doubler. A total of 3,284 eight-node quadrilateral elements with 10,273 nodes were created for the
special case. A total of 3,516 eight-node quadrilateral elements with 10,971 nodes were generated for
the thicker doubler general case joint. The left edge was clamped without any displacement in both the
horizontal and vertical directions, while the right adherend far end edge was uniformly loaded with a
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Figure 7. Comparison of the adhesive peel stresses obtained from closed-form solutions
and FE results for a special butt joint with identical adherends and doubler (above) with
dashed box marking the detail (below). FE_lower refers to the lower path along the
midnodes of the lower adhesive layer elements.

tensile stress of 100 MPa. Multipoint-constrain conditions were applied to the right edge nodes having
the same displacement during the tensile loading stage.

Comparison of the adhesive stresses between the closed-form solutions and FE results. Five nodes were
used through the thickness of the adhesive layer. The peel and shear stresses at the nodes along the
adherend-adhesive or adhesive-doubler interface are dominated by the mechanical parameters of both the
adherend (or doubler) and adhesive, and cannot be treated as the adhesive stresses. Thus, the adhesive
stresses at the upper element midnode, adhesive centerline, and lower elements midnode were extracted
and analyzed. The stresses at the lower node were greater than the corresponding stresses at the centerline
and upper node. The average stresses along the three paths were identical to the stresses along the
centerline. For the closed-form stress solutions, the first step was to determine the bonded overlap edge
forces such as the bending moments and shear forces as introduced in Section 2 and elsewhere [Li 2008],
then to follow the steps in Section 3, as well as the Online Supplement, to get the adhesive stresses.
Variations in the adhesive peel and shear stresses obtained from the closed-form solutions and finite
element results are presented in Figures 7–10 for both butt joint cases. Based on these figures, the
following observations can be made: the adhesive stresses are uniform in the thickness direction except
at the overlap edge nodes; high stresses are present in the vicinity of the overlap edges, the highest

http://pjm.math.berkeley.edu/jomms/2010/5-3/jomms-v5-n3-x03-li-supplement.pdf
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Figure 8. Comparison of the adhesive peel stresses obtained from closed-form solutions
and FE results for a general butt joint with 2.1 mm thick adherends and a 3.2 mm thick
doubler. FE_lower refers to the lower path along the midnodes of the lower adhesive
layer elements.

being at the inner overlap edge position; the stress magnitudes are lower using the thicker doubler; the
closed-form solutions are approximately the same as the FE results, except at the edge positions; and
at the inner overlap edge position, the peel stresses obtained from the closed-form solutions are within
the FE stresses at the centerline and lower path nodes, and the shear stresses obtained from the closed-
form solutions are almost identical to the FE results at the lower path nodes and slightly larger than the
centerline values. The peak stress values and stress singularity, which existed at the adherend-adhesive
and adhesive-doubler interfaces in the vicinity of the overlap edges, are not within the scope of the paper,
and thus were not covered in the current FE analyses.

The above comparisons clearly show that the closed-form stress solutions are reliable and accurate in
predicting the stress variations. The closed-form stress solutions can also be used to analyze the mode I
and mode II strain energy release rates for cohesive crack propagation behavior in a generic situation of
butt joints using the approach suggested by Hu [1995] on the single-lap joints.
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Figure 9. Comparison of the adhesive shear stresses obtained from closed-form solu-
tions and FE results for a special butt joint with identical adherends and doubler.

4. Concluding remarks

In the study of unbalanced butt joint, the derived high order differential equation was the same as the
one initially obtained by Delale et al. [1981] for the uncoupled adhesive shear stress. They provided
general stress expressions containing complex terms with nonzero imaginary terms, and did not present
the final complete adhesive stress solutions. Among the seven boundary conditions, two were slightly
different. However, the impact on the final solutions could be neglected based on our previous study
[Li and Lee-Sullivan 2006a]. Due to the page limit, the study of the impact of small differences on
the set of boundary conditions on the adhesive stress variation is not carried further. Difficulties and
complexities in the derivation process using these high order differential equations have been solved.
Closed-form solutions for the adhesive peel and shear stresses have been successfully developed in this
paper for the general butt joint case. Good agreement was achieved in the adhesive stresses obtained
from the closed-form solutions and finite element results for both the special and general butt joints. The
obtained results validate that the used boundary conditions are accurate. Since the closed-form solutions
have been obtained from their fundamental behavior equations, the consistence of the adhesive stresses
between the general and special joint cases can be theoretically ensured. Moreover, the obtained stress
solutions allows the quantitatively study of the effect of each joint component on the variation in the
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Figure 10. Adhesive shear stresses obtained from closed-form solutions and FE results
for a general butt joint with 2.1 mm thick adherends and a 3.2 mm thick doubler.

adhesive stresses for more joint geometries and materials, as can be found elsewhere [Li 2008]. Thus,
a practical evaluation of this joint configuration can be easily carried out using the Excel spreadsheet
tool. Usually the length of the inner gap section (the inner unbonded doubler section) in a butt joint is
very small and much shorter than the outer adherend length; the two single-lap joints of the butt joint
should be then treated as in the unbalanced single-lap joint case. Thus, the adhesive stress solutions
obtained from the butt joint configuration can be applied to the unbalanced single-lap joint case if the
overlap edge loads are known. The next stage could be: the exploration of the simplified stress solutions
for better practical applications, the development of the adhesive stresses in composite butt joints, and
the identification of the proper hole positions for introducing extra fasteners to fabricate a strong hybrid
attached joint.
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