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A SEMIANALYTICAL SOLUTION FOR THE BENDING OF CLAMPED
LAMINATED DOUBLY CURVED OR SPHERICAL PANELS

KASRA BIGDELI AND MOHAMMAD MOHAMMADI AGHDAM

A semianalytical solution is presented for bending of moderately thick fully clamped laminated doubly
curved panels using the extended Kantorovich method (EKM). The panel is subjected to uniform and
nonuniform distributed loading and cut from a rectangular platform. Based on the first-order shear
deformation theory, five highly coupled second-order partial differential equations in terms of displace-
ment components are derived. Assuming separable functions for panel displacements together with the
EKM converts the governing equations into double sets of ordinary differential equations with constant
coefficients in terms of x and y. The resulting ODE systems are then solved iteratively until a level
of prescribed convergence is achieved. Closed-form solutions can be presented for ODE systems in
each iteration. Efficiency and rapid convergence of the solution technique are examined using several
examples. Predictions of both deflection and stress resultants show very good agreement with other
available results in the literature. It is also shown that the same formulation and solution method can be
used to obtain results for spherical and cylindrical panels and rectangular plates.

1. Introduction

Since fabrication of composite materials such as graphite/epoxy, boron/epoxy, Kevlar/epoxy and graphite/
PEEK started, high-tech industries have become interested in using them as structural materials. Thus
laminated composites have replaced metallic alloys in many applications, offering, among their beneficial
features, light weight, high stiffness and strength.

Panels can generally bear much higher loads than plates, due to the geometric coupling between the
membrane and flexure forces in panels. This coupling is material-independent and only occurs in panels
due to the curved geometry. Material asymmetry in composite structures, either panels or plates, may also
cause another type of coupling between the membrane and flexure forces which can occur in composite
plates as well as composite panels. Thus, advanced laminated composite panels are currently being used
in aircraft, space vehicles, ships and other structures where excellent structural performance is needed.
Particularly, spherical panels are used wherever a high external pressure is applied on the panel, such as
pressure vessel caps and ceilings.

The efficient use of laminated panels relies on the accurate prediction of their behavior under various
types of loading. This depends on the level of accuracy of the modeling theory which normally leads
to a system of coupled PDEs and also solution technique. An efficient procedure to solve systems of
PDEs, known as the extended Kantorovich method (EKM), was initially introduced in [Kerr 1968] to
obtain highly accurate approximate closed-form solutions for torsion of isotropic beams with rectangu-
lar cross-section. In the EKM, the idea of the Kantorovich method [Kantorovich and Krylov 1958],

Keywords: bending analysis, doubly curved panel, laminated composite, extended Kantorovich method, EKM.
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which transforms a partial differential equation into a couple of ordinary differential equations, is further
developed into an iterative scheme to improve accuracy.

The EKM has been widely used to obtain highly accurate approximate solutions for several 2D elastic-
ity problems of rectangular plates in such applications as the bending of thin plates [Kerr and Alexander
1968; Dalaei 1995], eigenvalue problems [Kerr 1969], free vibration [Aghdam et al. 2009; Dalaei and
Kerr 1996], buckling [Yuan and Jin 1998], bending of thick plates [Aghdam et al. 1996; Yuan et al. 1998;
Aghdam and Falahatgar 2003], bending of variable thickness plates [Fariborz and Pourbohloul 1989] and
free-edge strength analysis [Kim et al. 2000]. Recently, the EKM has been used to solve problems in
other geometries, such as annular sector plates [Aghdam and Mohammadi 2009] and cylindrical panels
[Alijani and Aghdam 2009; Alijani et al. 2008; Abouhamze et al. 2007].

This study presents an EKM-based semianalytical solution for the bending of clamped laminated
doubly curved panels. Based on first-order deformation theory (FSDT) and considering initial curvature
effects [Toorani and Lakis 2000], governing equations in the form of five highly coupled second-order
PDEs are derived. The EKM is employed to convert them to two sets of five ODEs with constant
coefficients in terms of x and y. An exact closed-form solution is presented for each ODE system,
ensuring the computational effort in applying this method is generally lower than for numeric methods.
Rapid convergence and good accuracy of the solution is shown through examples and comparisons with
other analytical and numerical methods. The effects of length-to-thickness ratio and radius-to-length ratio
on stress resultant and displacement components are also investigated. We also show how the method
can be used for the analysis of rectangular plates and cylindrical panels by assuming infinite values for
one or both radii of curvatures.

2. Governing equations

A laminated doubly curved panel of rectangular platform with total thickness of h is considered. A
curvilinear coordinate system (x, y, z) is used to describe the geometry of the panel, as shown in Figure 1.
The radii of curvature of the panel are Rx and Ry , and the lengths of the panel are a and b, along the x
and y directions, respectively.

According to the FSDT assumptions, the three-dimensional displacement field is

ux(x, y, z)= u0(x, y)+ zβ1(x, y), u y(x, y, z)= v0(x, y)+ zβ2(x, y), uz(x, y, z)=w0(x, y), (1)

Ry  Rx  

x

z

y

b
a

Figure 1. Doubly curved panel geometry.
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where ui (i = x, y, z) are the displacement components of the panel along the analogous directions, u0,
v0 and w0 stand for the displacements of mid-surface, and β1 and β2 represent rotations about y and x ,
respectively. (For formulas (1)–(3) see [Reddy 2004].)

The strain-displacement relationships of the panel can be expressed as

ε1 =
1

1+z/Rx
(ε0

1 + zε1
1), ε2 =

1
1+z/Ry

(ε0
2 + zε1

2), ε4 =
1

1+z/Ry
ε0

4, ε5 =
1

1+z/Rx
ε0

5,

ε6 =
1

1+z/Rx
(ω0

1+ zω1
1)+

1
1+z/Ry

(ω0
2+ zω1

2),

(2)

where ε1 and ε2 are the normal strains along the x and y axes, ε6 is the shear strain in the xy-plane, ε4 and
ε5 stand for the transverse shear strains in the yz- and xz-planes, respectively. Also, ε0

i , ω
0
i , ε

1
i (i = 1, 2)

and ω1
i (i = 1, 2) represent the in-plane normal strains, in-plane shear strains, changes in the curvature

and the torsions of the mid-plane surface. ε0
i (i = 4, 5) denote the transverse shear strains of the reference

surface in y-z and x-z planes.
The relationship between the reference surface strains and the displacement components is

ε0
1 =

∂u0

∂x
+
w0

Rx
, ε0

2 =
∂v0

∂y
+
w0

Ry
, ε0

4 =
∂w0

∂y
−
v0

Ry
+β2, ε0

5 =
∂w0

∂x
−

u0

Rx
+β1,

ε1
1 =

∂β1

∂x
, ε1

2 =
∂β2

∂y
, ω0

1 =
∂v0

∂x
, ω0

2 =
∂u0

∂y
, ω1

1 =
∂β2

∂x
, ω1

2 =
∂β1

∂y
.

(3)

For simplicity we rewrite this in matrix form:

{ε} = [d]{u}, (4)

where {u}=〈u0, v0, w0, β1, β2〉
T is the displacement vector, {ε}=〈ε0

1, ω
0
1, ε

0
5, ε

0
2, ω

0
2, ε

0
4, ε

1
1, ω

1
1, ε

1
2, ω

1
2〉

T

is the strain vector and the operator matrix [d]10×5 is given by

[d] =



∂

∂x
0 −1

Rx
0 ∂

∂y
0 0 0 0 0

0 ∂

∂x
0 ∂

∂y
0 −1

Ry
0 0 0 0

1
Rx

0 ∂

∂x
1
Ry

0 ∂

∂y
0 0 0 0

0 0 1 0 0 0 ∂

∂x
0 0 ∂

∂y

0 0 0 0 0 1 0 ∂

∂x
∂

∂y
0



T

. (5)

The constitutive equations, that is, the relationship between strain components and stress resultants,
including transverse shear deformations and initial curvature effects, can be written as

{F} = [P]{ε} (6)
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(see [Toorani and Lakis 2000]), where {F} = 〈Nx , Nxy, Qx , Ny, Nyx , Q y,Mx ,Mxy,My,Myx 〉
T is the

stress resultant vector, and the stiffness matrix [P] is defined as

[P] =



G11 G16 0 A12 A16 0 H11 H16 B12 B16

G61 G66 0 A62 A66 0 H61 H66 B62 B66

0 0 Ks G55 0 0 Ks A54 0 0 0 0

A21 A26 0 G ′22 G ′26 0 B21 B26 H ′22 H ′26

A61 A66 0 G ′62 G ′66 0 B61 B66 H ′62 H ′66

0 0 Ks A45 0 0 Ks G ′44 0 0 0 0

H11 H16 0 B12 B16 0 J11 J16 D12 D16

H61 H66 0 B62 B66 0 J61 J66 D62 D66

B21 B26 0 H ′22 H ′26 0 D21 D26 J ′22 J ′26

B61 B66 0 H ′62 H ′66 0 D61 D66 J ′62 J ′66



(7)

(see [Reddy 2004]), where Ks is the shear correction factor and

Gi j = Ai j + a′1 Bi j + a′2 Di j + a′2 Ei j , G ′i j = Ai j + b′1 Bi j + b′2 Di j + b′3 Ei j ,

Hi j = Bi j + a′1 Di j + a′2 Ei j + a′3 Fi j , H ′i j = Bi j + b′1 Di j + b′2 Ei j + b′3 Fi j ,

Ji j = Di j + a′1 Ei j + a′2 Fi j + a′3Ci j , J ′i j = Di j + b′1 Ei j + b′2 Fi j + b′3Ci j ,

a′1 =
1
Ry
−

1
Rx
, a′2 =

1
Rx

( 1
Rx
−

1
Ry

)
, a′3 =

1
R2

x Ry
,

b′1 =
1
Rx
−

1
Ry
, b′2 =

1
Ry

( 1
Ry
−

1
Rx

)
, b′3 =

1
R2

y Rx
,

(8)

with (for i, j = 1, 2, 4, 5, 6)

Ai j =

N∑
k=1

(Qi j )k(hk − hk−1), Bi j =
1
2

N∑
k=1

(Qi j )k(h2
k − h2

k−1),

Di j =
1
3

N∑
k=1

(Qi j )k(h3
k − h3

k−1), Ei j =
1
4

N∑
k=1

(Qi j )k(h4
k − h4

k−1),

Fi j =
1
5

N∑
k=1

(Qi j )k(h5
k − h5

k−1), Ci j =
1
6

N∑
k=1

(Qi j )k(h6
k − h6

k−1),

(9)

the Qi j being defined by

Q11 = Q11m4
+ 2(Q12+ 2Q66)+ Q22n4,

Q12 = (Q11+ Q22− 4Q66)m2n2
+ Q12(m4

+ n4),

Q22 = Q11n4
+ 2(Q12+ 2Q66)m2n2

+ Q22m4,
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1 

2 

x y 

3

n 

Figure 2. An orthotropic layer.

Q45 = (Q55− Q44)mn,

Q16 = (Q11− Q12− 2Q66)m3n+ (Q12− Q22+ 2Q66)mn3,

Q26 = (Q11− Q12− 2Q66)mn3
+ (Q12− Q22+ 2Q66)m3n, (10)

Q44 = Q44m2
+ Q55n2,

Q55 = Q44n2
+ Q55m2,

Q66 = (Q11+ Q22− 2Q12− 2Q66)m2n2
+ Q66(m4

+ n4),

for m = cosϕ, n = sinϕ, and

Q11 = E11/(1− ν12ν21), Q44 = G23,

Q12 = E11ν12/(1− ν12ν21), Q55 = G13,

Q22 = E22/(1− ν12ν21) Q66 = G12.

(11)

Here Eαα, Gαβ and ναβ (α, β = 1, 2) represent the Young’s moduli, rigidity moduli, and Poisson ratios,
respectively, along the principal directions, and the orientation angle ϕ is measured counterclockwise
from the x-axis to the 1-axis (fiber orientation) as shown in Figure 2.

The matrices [B], [E] and [C] vanish in the case of symmetrically laminated composites. Note that,
unlike the conventional constitutive equations in general use [Reddy 2004], here we consider also initial
curvature effects. Therefore, the shear forces and torsional moments are not generally equal, i.e., Nxy 6=

Nyx and Mxy 6= Myx .
To obtain equations of equilibrium, Hamilton’s principle is applied to the FSDT displacement field

[Toorani and Lakis 2000]. Neglecting time-dependent terms in the resulting equations, one obtains the
static form of the equilibrium equations as

[E]{F} = {q}, (12)

where the vector {q} = {0, 0, q(x, y), 0, 0}T is the external force vector and the matrix [E], usually called
the equilibrium operator, is defined as
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[E] =



∂

∂x
0 1

Rx
0 ∂

∂y
0 0 0 0 0

0 ∂

∂x
0 ∂

∂y
0 1

Ry
0 0 0 0

−1
Rx

0 ∂

∂x
−1
Ry

0 ∂

∂y
0 0 0 0

0 0 −1 0 0 0 ∂

∂x
0 0 ∂

∂y

0 0 0 0 0 −1 0 ∂

∂x
∂

∂y
0


. (13)

Substitution of (4) into (6) in conjunction with (12) leads to five second-order PDEs in terms of five
unknown displacement and rotation components. The final governing system of equations may be written
in matrix form as

[S]{u} = {q}, (14)

where the square matrix [S]5×5 = [E][P][d], called the fundamental matrix, comprises the geometric and
material properties of the panel; its entries are defined in Appendix A. In the case of clamped structures,
all displacements and rotations must vanish at the boundaries:

u0(x, y)= v0(x, y)= w0(x, y)= β1(x, y)= β2(x, y)= 0 at x = 0, a and at y = 0, b. (15)

3. Application of the EKM

To apply the EKM to the governing equations (14), the first step is to assume all displacement components
to be products of single-term separable functions. For economy we write this in matrix form as

u0(x, y)
v0(x, y)
w0(x, y)
β1(x, y)
β2(x, y)

=

ξ1(x)×ψ1(y)
ξ2(x)×ψ2(y)
ξ3(x)×ψ3(y)
ξ4(x)×ψ4(y)
ξ5(x)×ψ5(y)

= [ψ]× [ξ ]× {1}, (16)

where the square matrices [ξ ]5×5, [ψ]5×5 and {1}5×1 are defined by

[ψ] =


ψ1

ψ2 0
ψ3

0 ψ4

ψ5

 , [ξ ] =

ξ1

ξ2 0
ξ3

0 ξ4

ξ5

 , {1} =


1
1
1
1
1

 . (17)

Introducing (16) into (14) leads to the new form of the governing equations as

[S][ψ][ξ ]{1} = −{q}. (18)
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It is essential to rewrite the clamped boundary condition in terms of ψi (y) and ξi (x). Substituting (16)
into (15) results in the new form of the boundary conditions for clamped panels as

ξi (0)= ξi (a)= ψi (0)= ψi (b)= 0, i = 1, . . . , 5. (19)

Following the main idea of the weighted residuals method, all the governing equations should be multi-
plied by an appropriate weighting function, which in this case, in view of Hamilton’s principle, is ψi (y)
for the i-th equation. Multiplying the governing equations (18) by the appropriate functions leads to

[ψ][S][ψ][ξ ] = [ψ]{q}. (20)

The next step is to integrate over the length of the panel in the y direction. Performing the integration
results in the first system of ODEs:

[X ]{ξ} = {J }, (21)

where the matrices [X ] =
∫ b

0 [ψ][S][ψ]dy and {J } =
∫ b

0 [ψ]{q}dy. are presented in Appendix B. Thus,
assuming the first set of ψi (y) as the initial guess functions, [X ] and {J } can be calculated. Any analytical
or numerical solution for (21) leads to the first approximate displacement and rotation functions in the x
direction, i.e., ξi (x), i = 1, . . . , 5.

Closed-form solutions can be found for the system of simultaneous ODEs (21), using standard tech-
niques [Wylie and Barret 1985]. The solution consists of particular and homogenous parts:


ξ1

ξ2

ξ3

ξ4

ξ5

=


1 1 1 · · · 1
α1 α2 α3 · · · α10

β1 β2 β3 · · · β10

χ1 χ2 χ3 · · · χ10

δ1 δ2 δ3 · · · δ10


5×10



A1eλ1x

A2eλ2x

A3eλ3x

...

A10eλ10x


10×1

+


ξp1(x)
ξp2(x)
ξp3(x)
ξp4(x)
ξp5(x)

 , (22)

where the ξi p(x) are particular parts of the solution that depend on the type of external load. For instance,
in the case of uniform loading, all the ξi p(x) are constants. They can be obtained by substituting dx = 0
in the matrix [X ] of (21) and using the equality

{ξp}5×1 = ([X ]|dx=0)
−1
×{J }. (23)

The homogenous part of the solution is comprised of exponential functions multiplied by appropriate
constant coefficients. To obtain the λi in (22), one solves the characteristic equation

det [X ] = 0, (24)

which amounts to a polynomial equation

H1λ
10
+ H2λ

8
+ H3λ

6
+ H4λ

4
+ H5λ

2
+ H6 = 0, (25)
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in which dx is replaced by λ. Once the λi are calculated, it is possible to determine αi , βi , χi and δi , by
replacing dx by λi : 

X21 X22 X23 X24 X25

X31 X32 X33 X34 X35

X41 X42 X43 X44 X45

X51 X52 X53 X54 X55

 ∣∣∣∣
dx=λi

×


1
αi

βi

χi

δi

=


0
0
0
0
0

 . (26)

Finally, the boundary conditions (19) lead to the determination of the constant coefficients Ai :

1 1 1 1 1 1 1 1 1 1
α1 α2 α3 α4 α5 α6 α7 α8 α9 α10

β1 β2 β3 β4 β5 β6 β7 β8 β9 β10

χ1 χ2 χ3 χ4 χ5 χ6 χ7 χ8 χ9 χ10

δ1 δ2 δ3 δ4 δ5 δ6 δ7 δ8 δ9 δ10

eλ1a eλ2a eλ3a eλ4a eλ5a eλ6a eλ7a eλ8a eλ9a eλ10a

α1eλ1a α2eλ2a α3eλ3a α4eλ4a α5eλ5a α6eλ6a α7eλ7a α8eλ8a α9eλ9a α10eλ10a

β1eλ1a β2eλ2a β3eλ3a β4eλ4a β5eλ5a β6eλ6a β7eλ7a β8eλ8a β9eλ9a β10eλ10a

χ1eλ1a χ2eλ2a χ3eλ3a χ4eλ4a χ5eλ5a χ6eλ6a χ7eλ7a χ8eλ8a χ9eλ9a χ10eλ10a

δ1eλ1a δ2eλ2a δ3eλ3a δ4eλ4a δ5eλ5a δ6eλ6a δ7eλ7a δ8eλ8a δ9eλ9a δ10eλ10a



×



A1

A2

A3

A4

A5

A6

A7

A8

A9

A10



=



−ξ1p

−ξ2p

−ξ3p

−ξ4p

−ξ5p

−ξ1p

−ξ2p

−ξ3p

−ξ4p

−ξ5p



.

Subsequently, a similar procedure in the x direction results in the second set of ODEs:

[Y ]{ψ} = {K }, (27)

where the matrices [Y ] =
∫ a

0 [ξ ][S][ξ ]dx and {K } =
∫ a

0 [ξ ]{q}dx are defined in Appendix C. The same
process can be used to obtain closed-form solutions for (27) which lead to the approximate functions
forψi (y). At this point, the first iteration for solution of governing equations (18) is completed. Again,
the new set of ψi (y) is used to calculate coefficients of (21). This cyclic procedure should be continued
successively, until a predefined level of accuracy is achieved. Results show that three to four iterations
are usually enough to obtain the converged solution.

4. Results and discussion

In order to examine the efficiency and applicability of the solution, we consider examples of laminated
panels and plates subjected to uniform and nonuniform loadings. The mechanical properties of two
orthotropic materials used in this study are tabulated in Table 1, where E1 and E2 are the Young’s
moduli of the material in x and y directions, ν12 is the Poisson’s ratio in the xy-plane, G12 stands for the
in-plane shear modulus, and G13 and G23 are the transverse shear moduli in the xz- and yz-planes. The

E1 (GPa) E1/E2 E1/G13 E1/G12 E1/G23 ν12

Material I 175.78 25 50 50 125 0.25
Material II 147.66 15 35 35 42 0.3

Table 1. Material properties.
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shear correction factor is taken as Ks =
5
6 [Chaudhuri and Kabir 1993]. The results are then compared

with others results in the literature. Moreover, many results including displacement components as well
as stress resultants are presented to show the effects of various parametric ratios on the static response
of the panel. The following dimensionless terms are used in all results presented in this study:

W ∗ =
103 E2h3w0

qa4 , M∗ =
103 M1

qa2 , β∗ =
102 E2h3

qa3 β1. (28)

The dimensionless deflection (W ∗) and moment (M∗) are computed at the center point (a/2, b/2) of the
panel, while the dimensionless rotation (b∗) is reported at the point (a/4, b/2). The stacking sequence
of the panel is taken as [0/90/0] unless explicitly noted.

It should be noted that unlike the traditional weighted residual methods, the EKM does not require the
initial guess functions to meet boundary conditions. To illustrate this, arbitrary initial guess functions
for all cases are taken as ψi (y)= y2 sin(yπ/ i), i = 1, . . . , 5, which clearly do not satisfy the clamped
boundary conditions (19). However, the solution obtained satisfies the boundary conditions once the first
iteration is accomplished.

4.1. Laminated spherical panel. The first example deals with a clamped symmetrically laminated spher-
ical panel (Rx = Ry = R) subjected to a uniform distributed load. The span lengths of the panel are
taken as a = b = 812.8 mm, and the panel is made of material type I. For the described panel with the
radius to side length ratio of R/a = 10 and the side length to thickness ratio of a/h = 10, the first four
iterations of deflection functions ψ3(y) and ξ3(x) are illustrated in Figure 3. Note the good convergence
rate of the method apparent in these graphs. After the second iteration, both ξ3(x) and ψ3(y) overlap
completely. The predictions for dimensionless deflection, moment and rotation, tabulated in Table 2, left,
also show the rapid convergence of the solution: the last two iterations differ by no more than 0.07% in
dimensionless deflection, moment and rotation.

Table 2, right, compares, for a laminated spherical panel (R/a= a/h = 10) with symmetric lamination
[0/90/0] and asymmetric lamination [0/90], the results of the present study and those of the double
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Figure 3. First four iterations for ψ3 (left) and ξ3 (right).
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Iteration W ∗ M∗ β∗

1 4.5973 36.6842 0.3452
2 4.5012 35.9860 0.3332
3 4.4956 35.9494 0.3329
4 4.4925 35.9274 0.3327

Lamin. Method W ∗ M∗ β∗

[0/90/0] EKM 4.49 35.92 0.333
DF 4.73 35.89 0.322

[0/90] EKM 5.97 31.86 1.023
DF 5.58 31.70 1.030

Table 2. First four iterations for spherical panel (left) and comparison of end result with
those of the double Fourier method of [Chaudhuri and Kabir 1993] (right). In both cases,
a/h = R/a = 10.

Fourier series analysis reported in [Chaudhuri and Kabir 1993]. The predictions for dimensionless de-
flection, moment and rotation are in agreement with Chaudhuri and Kabir’s. However, it seems that
the results of their double Fourier series technique are slightly inaccurate, since the analytical solution
based on Navier’s approach for dimensionless deflection of a similar panel with simply supported (SS1)
edges is 10.11 [Reddy 2004], while the double Fourier series technique results in 10.53. Note also that
the solution based on the double Fourier series needs about 100 terms to converge, while the solution
presented here usually converges after the third iteration.

Figure 4, left, plots the dimensionless displacement W ∗, moment M∗ and rotation β∗ versus the length
to thickness ratio (a/h) of a moderately deep, symmetrically laminated cross-ply (R/a = 10) spherical
panel. For thin panels (a/h > 40), both dimensionless deflection and rotation are constant. Included in
the figure are also results of the double Fourier series method [Chaudhuri and Kabir 1993].

Variations of the dimensionless displacement W ∗, moment M∗ and rotation β∗ with respect to radius
to side length ratio (R/a) for symmetrically laminated moderately thick (a/h = 10) spherical panels are
depicted in Figure 4, right. No variations of the dimensionless parameters (W ∗, M∗ and β∗) can be seen
for the case of shallow shells (R/a > 20).
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Figure 4. Dimensionless deflection, moment and rotation as functions of thickness (left)
and curvature (right).
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Figure 5. Dimensionless deflection of the spherical panel along the centerline x/a = 0.5.
Left: R/a = 3 and a/h = 10; right: R/a = 3 and a/h = 100.

The next example investigates the static response of the laminated spherical panel to nonuniform
loading. The geometric parameters of the panel are taken as R/a = 3 and a/h = 10, and the material
is type I. Figure 5, left, shows the dimensionless deflection along the centerline (x/a = 0.5) of the
panel subjected to a uniformly distributed load of q0 and a sinusoidal load q0 sin(π x/a) sin(π y/b).
The deflection is greater under the uniform load than under the sinusoidal load. However, this is not
always the case: Figure 5, right, shows the dimensionless deflection of a spherical panel with geometric
parameters R/a = 3 and a/h = 100, where the maximum deflection is higher under a sinusoidal load.

To study the effects of the loading distribution on the static response, dimensionless deflection, we
give in Tables 3 and 4 the moment and rotation of spherical panels with different geometric parameters
and laminations. We see that that as the panel gets thinner and deeper, it is more easily deflected under
a sinusoidal load than under a uniform load.

4.2. Orthotropic spherical panel. This example investigates sensitivity of the static response of a single-
layer orthotropic spherical panel to degree of orthotropy (E1/E2). Except for E1/E2 ratio, other mechan-
ical properties of the panel are the same as material type I. In order to show the effect of the degree of
orthotropy on the static response of the panel, the dimensionless displacement W ∗, moment M∗ and
rotation β∗ versus degree of orthotropy (E1/E2) are plotted in Figure 6. It is obvious that changes in
the degree of orthotropy result in significant changes of the static response of the panel. It can easily
be seen that dimensionless deflection and rotation decrease as degree of orthotropy (E1/E2) increases
while increasing degree of orthotropy leads to increasing of dimensionless moment.

4.3. Laminated cylindrical panel. We now turn to cylindrical panels, introduced first as the limit of
doubly curved panels as one radius of curvature increases. Thus we take Rx = 108 m in this section.
Table 5 shows the dimensionless central deflections of clamped cylindrical panels made of material I
with constant curvature ratio of 10 (Ry/a = 10), various thickness ratios and various laminations under
uniform loading. Analogous results obtained using the commercial finite element software code ANSYS
are also included in the table, showing good agreement with our solution.
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a/h = 10 a/h = 20 a/h = 50
R/a W ∗ M∗ β∗ W ∗ M∗ β∗ W ∗ M∗ β∗

2 UL 1.715 12.544 0.120 0.518 8.299 0.082 0.092 1.696 0.021
SL 1.413 13.039 0.112 0.469 9.809 0.084 0.104 3.619 0.029

3 UL 2.715 20.917 0.196 0.943 16.332 0.156 0.209 4.918 0.052
SL 2.069 18.774 0.164 0.774 15.764 0.138 0.203 6.661 0.056

5 UL 3.777 29.876 0.278 1.535 27.664 0.260 0.492 13.140 0.129
SL 2.783 24.768 0.218 1.185 23.711 0.210 0.421 13.206 0.116

10 UL 4.493 35.927 0.333 2.049 37.524 0.351 1.018 28.653 0.271
SL 3.263 28.819 0.254 1.536 30.492 0.272 0.800 24.476 0.218

20 UL 4.715 37.805 0.350 2.231 41.023 0.382 1.356 38.646 0.362
SL 3.409 30.061 0.266 1.661 32.887 0.294 1.039 31.558 0.283

Table 3. Dimensionless deflection, moment and rotation for symmetrically laminated
[0/90/0] spherical panels, under uniform loading (UL) and sinusoidal loading (SL).

a/h = 10 a/h = 20 a/h = 50
R/a W ∗ M∗ β∗ W ∗ M∗ β∗ W ∗ M∗ β∗

2 UL 1.723 10.598 0.113 0.523 7.116 0.080 0.092 1.259 0.020
SL 1.387 11.138 0.106 0.477 8.677 0.083 0.107 3.129 0.030

3 UL 2.688 17.689 0.184 0.956 14.395 0.154 0.217 4.246 0.053
SL 2.010 15.969 0.153 0.781 14.025 0.136 0.209 5.967 0.057

5 UL 3.685 25.113 0.258 1.556 24.641 0.256 0.521 12.217 0.134
SL 2.667 20.895 0.202 1.182 21.051 0.205 0.432 12.055 0.117

10 UL 4.345 30.043 0.307 2.075 33.560 0.345 1.069 26.966 0.282
SL 3.103 24.168 0.234 1.524 27.001 0.264 0.814 22.478 0.221

20 UL 4.545 31.547 0.322 2.259 36.731 0.377 1.416 36.349 0.375
SL 3.237 25.168 0.244 1.644 29.097 0.285 1.054 28.986 0.285

Table 4. Dimensionless deflection, moment and rotation for symmetrically laminated
[0/90/90/0] spherical panels. under uniform loading (UL) and sinusoidal loading (SL).

Lamination a/h = 10 20 30 40 50

[30/−30/30/−30] EKM 4.560 2.490 2.053 1.867 1.754
ANSYS 4.563 2.496 2.062 1.890 1.783

[45/−45/45/−45] EKM 4.510 2.488 2.016 1.785 1.626
ANSYS 4.542 2.514 2.062 1.846 1.704

[0/90/0] EKM 4.702 2.215 1.674 1.445 1.303
ANSYS 4.711 2.215 1.674 1.439 1.299

Table 5. Dimensionless central deflection of cylindrical panels with constant curvature
ratio of R/a = 10 and various thickness ratios and laminations: comparison of present
method with results obtained using commercial finite-element code (ANSYS).
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Figure 7. Dimensionless deflection of cylindrical panel along the straight center line.

The next example is a clamped symmetrically laminated cylindrical panel subjected to sinusoidal
loading. The material properties of the panel are shown in Table 1 under type I and the geometric
parameters are Ry = 3 m, a = b = 0.3 m and h = 0.03 m. A sinusoidal loading distribution is assumed
along both curved and straight axes as q(x, y)= sin(π x/a) sin(π y/b). The dimensionless deflection of
the panel along straight axis x is plotted in Figure 7; close agreement can be seen between the present
method and the results from ANSYS. This suggests that the method provides a stable and valid solution
even as one radius of curvature tends to infinity.

4.4. Laminated rectangular plate. The next case mimics that of laminated rectangular plates by assum-
ing very large values for both radii of the panel, say Rx = Ry = 108 m. The mechanical properties of the
panel are shown in Table 1 under type II. The dimensionless deflections of plates with different aspect
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a/h b/a = 1.0 1.2 1.4 1.6 1.8 2.0

10 EKM 5.20 5.96 6.31 6.42 6.42 6.35
LMT 5.17 5.93 6.29 6.41 6.40 6.33

100 EKM 2.33 2.49 2.52 2.48 2.44 2.41
LMT 2.28 2.44 2.46 2.43 2.38 2.35

Table 6. Dimensionless deflection of plates with different aspect ratios: comparison
between the present method and results from [Chandrashekhara et al. 1990] obtained
with the Lagrange multiplier technique.

Lamination a/h = 10 20 30 40 50

[30/−30/30/−30] EKM 4.599 2.535 2.122 1.971 1.899
ANSYS 4.605 2.531 2.117 1.966 1.896

[45/−45/45/−45] EKM 4.615 2.614 2.203 2.049 1.974
ANSYS 4.626 2.610 2.200 2.043 1.969

[0/90/0] EKM 4.809 2.308 1.797 1.613 1.527
ANSYS 4.830 2.311 1.799 1.615 1.524

Table 7. Dimensionless central deflection of rectangular plates with various thickness
ratios and laminations: comparison between the present method and results obtained
from ANSYS.

ratios and thickness-to-side-length ratios are reported in Table 6. Predictions of the EKM are compared
with corresponding results achieved by the Lagrange multipliers technique (LMT) [Chandrashekhara
et al. 1990], again showing good agreement.

Finally, dimensionless central deflections of square plates made of material I with various thickness
ratios and laminations obtained using the presented solution along with analogous results obtained using
ANSYS are reported in Table 7.

Again, if we take infinite values for both radii (Rx = Ry =∞), no divergence appears to occur. This
suggests the validity and stability of the EKM for solving for the bending of laminated doubly curved
panels even in the limit when both axes are straight.

5. Conclusion

We have presented an accurate semianalytical solution procedure for the bending of clamped doubly
curved panels, using the extended Kantorovich method. Assuming the displacement functions to be
products of two sets of separable functions, the governing PDEs are converted to two systems of ODEs
with constant coefficients, each of which can be solved in closed form. Successive solution of the ODE
systems results in convergence to the final solution of the problem. Unlike other weighted residual
methods, this approach accepts arbitrary initial guess functions, not necessarily satisfying the boundary
conditions. Examples are given of panels with different length-to-thickness and radius-to-length ratios,
subjected to both uniform and nonuniform loading. In each case rapid convergence and high accuracy
are observed, and the results agree with existing numerical and analytical solutions. The method also
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performs well in predicting displacement components and stress resultants. Finally, for the case of
cylindrical panels (Rx = ∞) and rectangular plates (Rx = Ry = ∞), we check that the procedure
remains functional and valid.

Appendix A: Coefficients of the fundamental matrix S of (14)

The matrix is symmetric. Set dx =
∂

∂x
, dy =

∂

∂y
, d2

x =
∂2

∂x2 , d2
y =

∂2

∂y2 .

S11 = G11d2
x + 2A16dx dy +G ′66d2

y − Ks G55/R2
x

S12 = G61d2
x + A66dx dy + A21dx dy +G ′26d2

y − Ks A45/Rx Ry

S13 =

(
Ks G55+G11

Rx
+

A12

Ry

)
dx +

(
Ks A54+ A61

Rx
+

G ′62

Ry

)
dy

S14 = H11d2
x + H ′66d2

y + Ks G55/Rx + 2B16dx dy

S15 = H16d2
x + H ′62d2

y + Ks A54/Rx + (B66+ B12)dx dy

S22 = G66d2
x + 2A26dx dy +G ′22d2

y − Ks G ′44/R
2
y

S23 =

(
Ks A45+ A62

Ry
+

G61

Rx

)
dx +

(
Ks G ′44+G ′22

Ry
+

A21

Rx

)
dy

S24 = H61d2
x + H ′26d2

y + Ks A45/Ry + (B66+ B12)dx dy

S25 = H66d2
x + H ′22d2

y + Ks G ′44/Ry + 2B26dx dy

S33 =−Ks(G55d2
x + 2A45dx dy +G ′44d2

y )+
G11

R2
x
+

2A12

Rx Ry
+

G ′22

R2
y

S34 =

(
H11

Rx
− Ks G55+

B12

Ry

)
dx +

(
H ′26

Ry
− Ks A45+

B16

Rx

)
dy

S35 =

(
H16

Rx
− Ks A45+

B26

Ry

)
dx +

(
H ′22

Ry
− Ks G ′44+

B12

Rx

)
dy

S44 = J11d2
x + 2D16dx dy + J ′66d2

y − Ks G55

S45 = J16d2
x + (D12+ D66)dx dy + J ′26d2

y − Ks A54

S55 = J66d2
x + 2D26dx dy + J ′22d2

y − Ks G ′44

Appendix B: Coefficients of the fundamental matrix X of (21)

Set Ii j =

∫ b

0
ψi (y)ψ j (y) dy, I ′i j =

∫ b

0
ψi (y)

dψ j (y)
dy

dy, I ′′i j =

∫ b

0
ψi (y)

d2ψ j (y)
dy2 dy, and

{J } =
〈
0, 0,−

∫ b

0
q(x, y)ψ3(y)dy, 0, 0

〉T

.
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X11 = G11 I11d2
x + 2A16 I ′11dx +G ′66 I ′′11− Ks G55 I11/R2

x

X12 = G61 I12d2
x + (A21+ A66)I ′12dx +G ′26 I ′′12− Ks A45 I12/Rx Ry

X13 =

(
Ks G55+G11

Rx
+

A12

Ry

)
I13dx +

(
Ks A54+ A61

Rx
+

G ′62

Ry

)
I ′13

X14 = H11 I14d2
x + H ′66 I ′′14+ Ks G55 I14/Rx + 2I ′14 B16dx

X15 = H16 I15d2
x + H ′62 I ′′15+ Ks A54 I15/Rx + I ′15(B66+ B12)dx

X21 = G61 I21d2
x + (A21+ A66)I ′21dx +G ′26 I ′′21− Ks A45 I21/Rx Ry

X22 = G66 I22d2
x + 2A26 I ′22dx +G ′22 I ′′22− Ks G ′44 I22/R2

y

X23 =

(
Ks A45+ A62

Ry
+

G61

Rx

)
I23dx +

(
Ks G ′44+G ′22

Ry
+

A21

Rx

)
I ′23

X24 = H61 I24d2
x + H ′26 I ′′24+ Ks A45 I24/Ry + I ′24(B66+ B12)dx

X25 = H66 I25d2
x + H ′22 I ′′25+ Ks G ′44 I25/Ry + 2I ′25 B26dx

X31 =

(
Ks G55+G11

Rx
+

A12

Ry

)
I31dx +

(
Ks A54+ A61

Rx
+

G ′62

Ry

)
I ′31

X32 =

(
Ks A45+ A62

Ry
+

G61

Rx

)
I32dx +

(
Ks G ′44+G ′22

Ry
+

A21

Rx

)
I ′32

X33 =−Ks(G55 I33d2
x + 2A45 I ′33dx +G ′44 I ′′33)+

(
G11

R2
x
+

2A12

Rx Ry
+

G ′22

R2
y

)
I33

X34 =

(
H11

Rx
− Ks G55+

B12

Ry

)
I34dx +

(
H ′26

Ry
− Ks A45+

B16

Rx

)
I ′34

X35 =

(
H16

Rx
− Ks A45+

B26

Ry

)
I35dx +

(
H ′22

Ry
− Ks G ′44+

B12

Rx

)
I ′35

X41 = H11 I41d2
x + H ′66 I ′′41+ Ks G55 I41/Rx + 2I ′41 B16dx

X42 = H61 I42d2
x + H ′26 I ′′42+ Ks A45 I42/Ry + I ′42(B66+ B12)dx

X43 =

(
H11

Rx
− Ks G55+

B12

Ry

)
I43dx +

(
H ′26

Ry
− Ks A45+

B16

Rx

)
I ′43

X44 = J11 I44d2
x + 2D16 I ′44dx + J ′66 I ′′44− Ks G55 I44

X45 = J16 I45d2
x + (D12+ D66)I45dx + J ′26 I ′′45− Ks A54 I45

X51 = H16 I51d2
x + H ′62 I ′′51+ Ks A54 I51/Rx + I ′51(B66+ B12)dx

X52 = H66 I52d2
x + H ′22 I ′′52+ Ks G ′44 I52/Ry + 2I ′52 B26dx

X53 =

(
H16

Rx
− Ks A45+

B26

Ry

)
I53dx +

(
H ′22

Ry
− Ks G ′44+

B12

Rx

)
I ′53

X54 = J16 I54d2
x + (D12+ D66)I54dx + J ′26 I ′′45− Ks A54 I45

X55 = J66 I55d2
x + 2D26 I ′55dx + J ′22 I ′′55− Ks G ′44 I55
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Appendix C: Coefficients of the fundamental matrix Y of (27)

Set L i j =

∫ a

0
ξi (x)ξ j (x) dx , L ′i j =

∫ a

0
ξi (x)

dξ j (x)
dx

dx , L ′′i j =

∫ a

0
ξi (x)

d2ξ j (x)
dx2 dx , and

{K } =
〈
0, 0,−

∫ a

0
q(x, y)ξ3(x)dx, 0, 0

〉T

.

Y11 = G11L ′′11+ 2A16L ′11dy +G ′66L11d2
y − Ks G55L11/R2

x

Y12 = G61L ′′12+ (A66+ A21)L ′12dy +G ′26L12d2
y − Ks A45L12/Rx Ry

Y13 =

(
Ks G55+G11

Rx
+

A12

Ry

)
L ′13+

(
Ks A54+ A61

Rx
+

G ′62

Ry
r
)

L13dy

Y14 = H11L ′′14+ H ′66L14d2
y + Ks G55L14/Rx + 2L ′14 B16dy

Y15 = H16L ′′15+ H ′62L15d2
y + Ks A54L15/Rx + L ′15(B66+ B12)dy

Y21 = G61L ′′21+ (A66+ A21)L ′21dy +G ′26L21d2
y − Ks A45L21/Rx Ry

Y22 = G66L ′′22+ 2A26L ′22dy +G ′22L22d2
y − Ks G ′44L22/R2

y

Y23 =

(
Ks A45+ A62

Ry
+

G61

Rx

)
L ′23+

(
Ks G ′44+G ′22

Ry
+

A21

Rx

)
L23dy

Y24 = H61L ′′24+ H ′26L24d2
y + Ks A45L24/Ry + L ′24(B66+ B12)dy

Y25 = H66L ′′25+ H ′22L25d2
y + Ks G ′44L25/Ry + 2L ′25 B26dy

Y31 =

(
Ks G55+G11

Rx
+

A12

Ry

)
L ′31+

(
Ks A54+ A61

Rx
+

G ′62

Ry

)
L31dy

Y32 =

(
Ks A45+ A62

Ry
+

G61

Rx

)
L ′32+

(
Ks G ′44+G ′22

Ry
+

A21

Rx

)
L32dy

Y33 =−Ks(G55L ′′33+ 2A45L ′33dy +G ′44L33d2
y )+

(
G11

R2
x
+

2A12

Rx Ry
+

G ′22

R2
y

)
L33

Y34 =

(
H11

Rx
− Ks G55+

B12

Ry

)
L ′34+

(
H ′26

Ry
− Ks A45+

B16

Rx

)
L34dy

Y35 =

(
H16

Rx
− Ks A45+

B26

Ry

)
L ′35+

(
H ′22

Ry
− Ks G ′44+

B12

Rx

)
L35dy

Y41 = H11L ′′41+ H ′66L41d2
y + Ks G55L41/Rx + 2L ′41 B16dy

Y42 = H61L ′′42+ H ′26L42d2
y + Ks A45L42/Ry + L ′42(B66+ B12)dy

Y43 =

(
H11

Rx
− Ks G55+

B12

Ry

)
L ′43+

(
H ′26

Ry
− Ks A45+

B16

Rx

)
L43dy

Y44 = J11L ′′44+ 2D16L ′44dy + J ′66L44d2
y − Ks G55L44

Y45 = J16L ′′45+ (D12+ D66)L ′45dy + J ′26L45d2
y − Ks A54L45
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Y51 = H16L ′′51+ H ′62L51d2
y + Ks A54L51/Rx + L ′51(B66+ B12)dy

Y52 = H66L ′′52+ H ′22L52d2
y + Ks G ′44L52/Ry + 2L ′52 B26dy

Y53 =

(
H16

Rx
− Ks A45+

B26

Ry

)
L ′53+

(
H ′22

Ry
− Ks G ′44+

B12

Rx

)
L53dy

Y54 = J16L ′′54+ (D12+ D66)L ′54dy + J ′26L54d2
y − Ks A54L54

Y55 = J66L ′′55+ 2D26L ′55dy + J ′22L55d2
y − Ks G ′44L55

References

[Abouhamze et al. 2007] M. Abouhamze, M. M. Aghdam, and F. Alijani, “Bending analysis of symmetrically laminated
cylindrical panels using the extended Kantorovich method”, Mech. Adv. Mater. Struct. 14:7 (2007), 523–30.

[Aghdam and Falahatgar 2003] M. M. Aghdam and S. R. Falahatgar, “Bending analysis of thick laminated plates using ex-
tended Kantorovich method”, Comput. Struct. 62:3–4 (2003), 279–83.

[Aghdam and Mohammadi 2009] M. M. Aghdam and M. Mohammadi, “Bending analysis of thick orthotropic sector plates
with various loading and boundary conditions”, Comput. Struct. 88 (2009), 212–218.

[Aghdam et al. 1996] M. M. Aghdam, M. Shakeri, and S. J. Fariborz, “Solution to the Reissner plate with clamped edges”, J.
Eng. Mech. (ASCE) 122:7 (1996), 679–82.

[Aghdam et al. 2009] M. M. Aghdam, F. Alijani, K. Bigdeli, and F. BakhtiariNejad, “Free vibration Analysis of functionally
graded thin plates using the extended Kantorovich method, ICCST/07”, in Proc. 7th Int. Conf. on Composite Science and
Technology, Sharjah, UAE, 2009.

[Alijani and Aghdam 2009] F. Alijani and M. M. Aghdam, “A semi-analytical solution for stress analysis of moderately thick
laminated cylindrical panels with various boundary conditions”, Comput. Struct. 89 (2009), 543–550.

[Alijani et al. 2008] F. Alijani, M. M. Aghdam, and M. Abouhamze, “Application of the extended Kantorovich method to the
bending of clamped cylindrical panels”, Eur. J. Mech. A Solids (2008), 378–388.

[Chandrashekhara et al. 1990] K. Chandrashekhara, A. H. Yahyavi, and E. R. Rao, “Bending of cross-ply laminated clamped
plates using Lagrange multipliers”, Comput. Struct. 15 (1990), 169–179.

[Chaudhuri and Kabir 1993] R. A. Chaudhuri and H. R. H. Kabir, “Sensitivity to the response of moderately thick cross-ply
doubly curved panels to lamination and boundary constraints, II: application”, Int. J. Solids Struct. 30 (1993), 273–86.

[Dalaei 1995] M. Dalaei, “Analysis of clamped rectangular orthotropic plates subjected to a uniform lateral load”, Int. J. Mech.
Sci. 37 (1995), 527–35.

[Dalaei and Kerr 1996] M. Dalaei and A. D. Kerr, “Natural vibration analysis of clamped rectangular orthotropic plates”, J.
Sound Vib. 189 (1996), 399–406.

[Fariborz and Pourbohloul 1989] S. J. Fariborz and A. Pourbohloul, “Application of the extended Kantorovich method to the
bending of variable thickness plates”, Comput. Struct. 31:3 (1989), 957–65.

[Kantorovich and Krylov 1958] L. V. Kantorovich and V. I. Krylov, Approximate methods of higher analysis, Translated from
the 3rd Russian edition by C. D. Benster, Interscience, New York and Noordhoff, Groningen, 1958.

[Kerr 1968] A. D. Kerr, “An extension of the Kantorovich method”, Quart. Appl. Math. 26 (1968), 219–29.

[Kerr 1969] A. D. Kerr, “An extended Kantorovich method for the solution of eigenvalue problems”, Int. J. Solids Struct. 5
(1969), 559–72.

[Kerr and Alexander 1968] A. D. Kerr and H. Alexander, “An application of the extended Kantorovich method to the stress
analysis of a clamped rectangular plate”, Acta. Mech. 6 (1968), 180–96.

[Kim et al. 2000] H. S. Kim, M. Cho, and G. I. Kim, “Free-edge strength analysis in composite laminates by the extended
Kantorovich method”, Comput. Struct. 49:2 (2000), 229–35.



BENDING OF CLAMPED LAMINATED DOUBLY CURVED OR SPHERICAL PANELS 873

[Reddy 2004] J. N. Reddy, Mechanics of laminated component plates and shells theory and analysis, 2nd ed., CRC Press,
2004.

[Toorani and Lakis 2000] M. H. Toorani and A. A. Lakis, “General equations of anisotropic plates and shells including trans-
verse shear deformation, rotary inertia and initial curvature effects”, J. Sound Vib. 237:4 (2000), 561–615.

[Wylie and Barret 1985] C. R. Wylie and L. C. Barret, Advanced engineering mathematics, 5th ed., McGraw-Hill, New York,
1985.

[Yuan and Jin 1998] S. Yuan and Y. Jin, “Computation of elastic buckling loads of rectangular thin plates using the extended
Kantorovich method”, Comput. Struct. 66:6 (1998), 861–7.

[Yuan et al. 1998] S. Yuan, J. Yan, and F. W. Williams, “Bending analysis of Mindlin plates by extended Kantorovich method”,
J. Eng. Mech. (ASCE) 124 (1998), 1339–45.

Received 15 Dec 2009. Revised 16 Jun 2010. Accepted 3 Jul 2010.

KASRA BIGDELI: bigdeli@aut.ac.ir
Thermoelasticity Center of Excellency, Department of Mechanical Engineering, Amirkabir University of Technology,
Hafez Ave, Tehran 15914, Iran
Current address: School of Engineering, The University of British Columbia at Okanagan, 3333 University Way,
Kelowna, BC, V1V 1V7, Canada

MOHAMMAD MOHAMMADI AGHDAM: aghdam@aut.ac.ir
Thermoelasticity Center of Excellency, Department of Mechanical Engineering, Amirkabir University of Technology,
Hafez Ave, Tehran 15914, Iran
http://me.aut.ac.ir/M.Aghdam.htm





JOURNAL OF MECHANICS OF MATERIALS AND STRUCTURES
Vol. 5, No. 6, 2010

ANALYTICAL SOLUTION FOR A CONCENTRATED FORCE
ON THE FREE SURFACE OF A COATED MATERIAL

ZHIGEN WU, YIHUA LIU, CHUNXIAO ZHAN AND MEIQIN WANG

Based on the general solution of the displacement method for isotropic plane problems, the analytical
solution for the plane problem of coated materials subjected to an arbitrary concentrated force on the free
surface has been derived explicitly by using the image point method. The displacement functions are
assumed to be the infinite series of the harmonic functions defined in the local coordinate systems with
their origins placed at different image points. The harmonic functions corresponding to the higher-order
image points can be deduced from those to the lower-order points by the recurrence formulae presented
in this paper, and the first two harmonic functions are the displacement functions for the solution of a
semi-infinite plane subjected to a concentrated force on the free surface. The theoretical formulae have
been confirmed by numerical, finite-element-based, results in a special coated material.

1. Introduction

With the wide application of film-coated and surface-treated materials in engineering structures, the stress
and failure analysis of coated materials have been the focus of attention. To obtain interfacial stresses for
the evaluation of the cohesive strength, there are commonly three approaches: analytical, numerical, and
experimental. In the last two decades, some numerical studies [Djabella and Arnell 1993; Hiroyuki et al.
1994b; Hiroyuki et al. 1994a; Kouitat-Njiwa and von Stebut 2003] and experimental methods [Masayuki
et al. 1994; Takuma et al. 2000] have been developed. However, accurate stress results at the interface
cannot be obtained easily by numerical or experimental methods for reasons of the thin coating or surface
layer. Therefore, an analytical solution for coated materials is desirable.

For coated materials with a thin surface layer, the analytical solution of the stress field cannot be de-
duced easily by the theoretical method due to the difficulty in satisfying boundary and interface conditions.
In recent years, the image point method has been applied to the construction of stress or displacement
functions and the analytical solutions of coated materials for some cases have been obtained. The image
point method is a technique that uses the superposition of known solutions to construct the solution of
other complicated problems, and the relevant stress or displacement functions are expressed in the form
corresponding to the loading point or image points. To our knowledge, this method was first employed
by Mindlin [1936], who dealt with the fundamental solution for a single force applied in the interior
of a semi-infinite solid, and the solution may be called a half-space nucleus of strain. Subsequently,
Mindlin and Cheng [1950] provided many fundamental solutions for nuclei of strain in the half-space
solid. Rongved [1955] found the theoretical solution of a point force acting in the interior of one of
the two jointed half-spaces. Dundurs and Hetényi [1965] presented the fundamental solution for a point

Keywords: analytical solution, coated material, image point method, displacement method, interface.
Work supported by the Anhui Provincial Natural Science Foundation under Grant No. 090414157.
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force applied in the interior of one of the two elastic half-spaces jointed by a sliding contact interface.
Phan-Thien [1983] considered the case of an elastic half-space with a fixed boundary. Hasegawa et al.
[1992] investigated Green’s function for the axisymmetric problem of a bimaterial elastic solid. Recently,
Ma and Lin [2001; 2002b] researched Green’s functions for an isotropic elastic half-plane and bimaterial
subjected to forces and dislocations, and nearly all kinds of image singularities for both half-plane and
bimaterial were discussed in considerable detail. In these studies, one reflection face exists and the
image point is a single point as far from the face as the object point. If there are two parallel reflection
faces, the object point will lead to infinite image points by reciprocal reflections. Therefore, the image
point method can be also extended to solve the problem with two parallel faces, and the related stress or
displacement functions are constructed in the form of infinite series about the image points. For example,
by taking the two interfaces as reflection faces, Aderogba [2003] established a theorem to generate the
Airy stress function for trimaterials comprised of two semi-infinite planes separated by a thick layer due
to a point force applied in or near the intermediate layer. By adopting the interface and surface as the
reflection faces, Xu and Mutoh [2003a; 2003b] derived the analytical solutions for both two- and three-
dimensional problems of coated semi-infinite bodies subjected to a concentrated force on the surface.
By introducing two series image points, Li and Xu [2004; 2007] obtained the fundamental solutions for
a coated semi-infinite plane subjected to a concentrated force in the interior of the coating layer and
substrate as well as at the interface. Most recently, Yang and Xu [2009] deduced the three-dimensional
analytical solution of coated materials with concentrated forces in the interior of the coating layer.

In the literature above, the image method was applied to isotropic materials. In fact, this method can
also be applied to anisotropic materials. For example, Willis [1970] and Barnett and Lothe [1974] consid-
ered Green’s functions for the two-dimensional deformation of an anisotropic elastic half-space subjected
to a line force and/or a line dislocation inside it. Ting [1992] discussed in detail the image singularities
of Green’s functions for an anisotropic elastic half-space and bimaterials subjected to line forces and line
dislocations based on Stroh’s formalism. It should be mentioned that the locations of image singularities
of Green’s functions for the half-plane depend on anisotropic elastic constants and there are at most nine
image points located at different positions with respect to the object point. Therefore, it is difficult to
apply the conventional image method to obtain the solution of the anisotropic problem with two reflection
faces directly. Nevertheless, recently, some particular mathematical approaches were employed by fewer
researchers to treat certain layered half-planes with complex material constants. For instance, by using
the Lekhnitskii formalism for anisotropic elastic materials and the Fourier-transformation technique, Ma
and Lin [2002a] obtained the analytical solutions for stresses in the anisotropic layered half-plane sub-
jected to concentrated forces and edge dislocations in the thin layer or in the half-plane. Applying the
Fourier transform method and the series expansion technique, an effective analytic methodology was
developed by Ma and Lee [2009] to construct the full-field explicit solutions for a transversely isotropic
magnetoelectroelastic layered half-plane subjected to generalized line forces and edge locations. In these
problems, the complete solutions consist of the simplest solutions for the infinite medium with applied
loadings, and the physical meaning of these simplest solutions is the image method.

In this paper, in order to obtain the explicit analytical solution for coated materials subjected to an
arbitrary concentrated force on the free surface, we make use of the general solution of the displacement
method as well as the image point method to construct the displacement functions in terms of infinite
series of harmonic functions. According to the free boundary and interface continuity conditions, the
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Figure 1. Analytical model of a coated material.

recurrence formulae for the harmonic functions are derived and all harmonic functions can be deter-
mined from the initial harmonic functions, which correspond to the first-order image point and are the
displacement functions for the semi-infinite plane subjected to a concentrated force on the free surface.

2. Analytical model

The coated material is modeled as a surface layer with thickness h bonded perfectly to a half-plane, as
shown in Figure 1. An arbitrary concentrated force is decomposed into a normal force Fx and a tangential
force Fy applied at the point O1 on the free surface of the surface layer. The surface layer and half-plane
materials are numbered I and II, respectively; their shear moduli and Poisson’s ratios are µI, µII, νI, and
νII. We place the origin O of the global coordinate system on the interface just beneath the loading
point O1 and the x-axis along the interface. By use of the reciprocal reflections of the loading point
O1 on the interface and free surface, infinite image points will be produced on the xy-plane, i.e., the
image points Ok (k = 1, 2, 3, . . .) in the upper half-plane and Ck (k = 1, 2, 3, . . .) in the lower half-plane.
Introducing the local coordinates (x, yk) and (x, ηk) with their origins located at Ok and Ck , respectively,
the relationships between the local and global coordinates can be expressed as

yk = y− (2k− 1)h, ηk = y+ (2k− 1)h, k = 1, 2, 3, . . . . (1)

The displacement and traction continuity conditions on the interface can be represented as

uI = uII, νI = νII, σyI = σyII, τxyI = τxyII, at y = 0, (2)

and the free surface condition can be written as

σyI = 0, τxyI = 0, at y = h, (3)

where subscript I and II refer to materials I and II, respectively.
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3. Derivation of theoretical formulae

The general solution of the displacement method for isotropic plane problems can be obtained from [Wu
and Liu 2008] as

2µu =
∂8

∂x
+ y

∂9

∂x
, 2µv =

∂8

∂y
+ y

∂9

∂y
− κ9, (4)

σx =
∂28

∂x2 + y
∂29

∂x2 +
κ − 3

2
∂9

∂y
, σy =

∂28

∂y2 + y
∂29

∂y2 −
κ + 1

2
∂9

∂y
,

τxy =
∂28

∂x∂y
+ y

∂29

∂x∂y
−
κ − 1

2
∂9

∂x
,

(5)

where8 and9 are the two displacement functions which are harmonic, µ is the shear modulus, κ= 3−4ν
for plane strain and (3− ν)/(1+ ν) for plane stress, and ν is Poisson’s ratio.

Substituting (4) and (5) into (2) and (3), respectively, one has

08I =8II, 0

(
∂8I

∂y
− κI9I

)
=
∂8II

∂y
− κII9II,

∂28I

∂y2 −
κI+1

2
∂9I

∂y
=
∂28II

∂y2 −
κII+1

2
∂9II

∂y
,

∂8I

∂y
−
κI−1

2
9I =

∂8II

∂y
−
κII−1

2
9II, at y = 0,

(6)

where 0 = µII/µI, and

∂28I

∂y2 + h
∂29I

∂y2 −
κI+ 1

2
∂9I

∂y
= 0,

∂8I

∂y
+ h

∂9I

∂y
−
κI− 1

2
9I = 0, at y = h. (7)

In order to solve the displacement functions 8I, 9I, 8II, and 9II, assume that these functions can be
written in series form as

8I =

∞∑
k=1

[Ak(x, yk)+φk(x, ηk)] , 8II =

∞∑
k=1

Bk(x, yk),

9I =

∞∑
k=1

[ak(x, yk)+ψk(x, ηk)] , 9II =

∞∑
k=1

bk(x, yk),

(8)

where Ak , φk , ak , ψk , Bk , and bk are harmonic functions with respect to x and yk or ηk . Considering
the remote stress condition (the stresses should vanish at infinite), all functions on the right in (8) must
be singular at their corresponding origins. Since there is no stress singularity in the material II, the
displacement functions of the material II cannot contain any term related to the image points in the lower
half-plane.

From (1), it is easy to find that

∂

∂y
=

∂

∂yk
,

∂

∂y
=

∂

∂ηk
. (9)
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Substituting (8) into (6) and using (9), one obtains, at y = 0,

0φk(x, ηk)= Bk(x, yk)−0Ak(x, yk),

0

[
∂φk(x, ηk)

∂ηk
− κIψk(x, ηk)

]
=
∂Bk(x, yk)

∂yk
− κIIbk(x, yk)−0

[
∂Ak(x, yk)

∂yk
− κIak(x, yk)

]
,

∂2φk(x, ηk)

∂η2
k

−
κI+1

2
∂ψk(x, ηk)

∂ηk
=
∂2 Bk(x, yk)

∂y2
k

−
κII+1

2
∂bk(x, yk)

∂yk
−
∂2 Ak(x, yk)

∂y2
k

+
κI+1

2
∂ak(x, yk)

∂yk
,

∂φk(x, ηk)

∂ηk
−
κI− 1

2
ψk(x, ηk)=

∂Bk(x, yk)

∂yk
−
κII− 1

2
bk(x, yk)−

∂Ak(x, yk)

∂yk
+
κI− 1

2
ak(x, yk). (10)

These equations are of the form L(x, ηk) = R(x, yk) (L and R being the left and right sides of the
equation, respectively). Because (10) is valid only on the interface where the local coordinate values
satisfy yk =−ηk =−(2k− 1)h, we have the interchange laws

∂L
∂ηk
=−

∂R
∂yk

,

∫
L dηk =−

∫
R dyk . (11)

Applying (11) to (10), we obtain

Bk(x, yk)=
0(κI+ 1)
0κI+ 1

Ak(x, yk)+0

[
κ2

I (0− 1)
2(0κI+ 1)

−
0κI− κII

2(0+ κII)

] ∫
ak(x, yk) dyk,

bk(x, yk)=
0(κI+ 1)
0+ κII

ak(x, yk),

(12)

φk(x, ηk)=−
κI(0− 1)
0κI+ 1

Ak(x, yk)+

[
κ2

I (0− 1)
2(0κI+ 1)

−
0κI− κII

2(0+ κII)

] ∫
ak(x, yk) dyk,

ψk(x, ηk)=
2(0− 1)
0κI+ 1

∂Ak(x, yk)

∂yk
−
κI(0− 1)
0κI+ 1

ak(x, yk), at yk =−ηk .

(13)

Equations (12) and (13) show that the four harmonic functions Bk , bk , φk , and ψk can be calculated
by using the other two ones, Ak and ak . In (13), yk = −ηk means that yk on the right side should be
replaced by −ηk to obtain φk and ψk .

Substituting the values of 8I and 9I from (8) into (7), using the relation (9), and considering the
symmetric relations of the image points Ok+1 and Ck about the free surface, we have

∂2 Ak+1(x, yk+1)

∂y2
k+1

+ h
∂2ak+1(x, yk+1)

∂y2
k+1

−
κI+ 1

2
∂ak+1(x, yk+1)

∂yk+1

=−

[
∂2φk(x, ηk)

∂η2
k

+ h
∂2ψk(x, ηk)

∂η2
k

−
κI+ 1

2
∂ψk(x, ηk)

∂ηk

]
,

∂Ak+1(x, yk+1)

∂yk+1
+ h

∂ak+1(x, yk+1)

∂yk+1
−
κI− 1

2
ak+1(x, yk+1)

=−

[
∂φk(x, ηk)

∂ηk
+ h

∂ψk(x, ηk)

∂ηk
−
κI− 1

2
ψk(x, ηk)

]
, at y = h, (14)
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and

∂2 A1(x, y1)

∂y2
1

+ h
∂2a1(x, y1)

∂y2
1

−
κI+ 1

2
∂a1(x, y1)

∂y1
= 0,

∂A1(x, y1)

∂y1
+ h

∂a1(x, y1)

∂y1
−
κI− 1

2
a1(x, y1)= 0, at y = h.

(15)

Equation (14) is in the form L(x, yk+1)= R(x, ηk). On the free surface y = h, the local coordinate
values satisfy yk+1 =−ηk =−2kh; thus we can get the interchange laws in the form

∂L
∂yk+1

=−
∂R
∂ηk

,

∫
L dyk+1 =−

∫
R dηk . (16)

Applying (16) to (14), one has

Ak+1(x, yk+1)= κIφk(x, ηk)+ 2h
∂φk(x, ηk)

∂ηk
+ 2h2 ∂ψk(x, ηk)

∂ηk
−
κ2

I − 1
2

∫
ψk(x, ηk) dηk,

ak+1(x, yk+1)=−2
∂φk(x, ηk)

∂ηk
− 2h

∂ψk(x, ηk)

∂ηk
+ κIψk(x, ηk), at ηk =−yk+1.

(17)

From (17), we find that the harmonic functions Ak+1 and ak+1 can be obtained from φk and ψk . In
(17), ηk =−yk+1 means that ηk on the right side should be replaced by −yk+1 to obtain Ak+1 and ak+1.
Equation (17) shows that the harmonic functions corresponding to the order k+ 1 can be deduced from
the ones to the order k. Therefore, if the functions A1 and a1 are given, all functions on the right in (8)
can be derived by using (12), (13), and (17).

To determine the functions A1 and a1, one should consider simultaneously (15) and the condition of a
concentrated force applied at the point O1 on the free surface. It is not difficult to find that the solutions
for the normal and tangential concentrated forces on the free surface of a semi-infinite plane satisfy these
conditions. Considering the parallel translation of the coordinate system, the functions A1 and a1 for the
normal and tangential forces can be found, respectively, as

A1(x, y1)=
Fy

2π

[(
κI− 1

2
y1− h

)
ln(x2

+ y2
1)+ (κI− 1)x arctan

y1

x

]
,

a1(x, y1)=
Fy

2π
ln(x2

+ y2
1), for normal force,

(18)

A1(x, y1)=
Fx

π

[(
κI+ 1

2
y1− h

)
arctan

y1

x
−
(κI+ 1)

4
x ln(x2

+ y2
1)

]
,

a1(x, y1)=
Fx

π
arctan

y1

x
, for tangential force.

(19)

It is easy to demonstrate that (18) and (19) are all harmonic functions and satisfy (15) as well as the
condition of the concentrated force applied at the point O1. To this time, all harmonic functions appearing
on the right in (8) can be derived through the recurrence as shown in (12), (13), (17), and (18) or (19).
Therefore, the analytical solution for coated materials subjected to an arbitrary concentrated force on the
free surface is obtained explicitly.
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4. Numerical results

For a verification of the correctness of the above theoretical formulae, the stresses along the interface of
a coated material (Figure 2) have been numerically analyzed by ABAQUS based on the displacement
finite element method concerning the plane strain analysis. Since the thickness of the surface layer is
very thin, it can be considered as a thin film bonded to the free surface of a semi-infinite plane. In Figure
2, the height and width of the substrate are taken as one and two hundred times the thickness of the film,
respectively. Although half of the analytical model can be selected for the numerical calculation due
to the symmetry and anti-symmetry of the problem, the whole model was till treated for the numerical
analysis to obtain the accurate numerical results of the nodes at and near the symmetric axis y. The finite
element mesh, containing 6200 elements and 18841 nodes, is shown in Figure 3. The material constants
are EI = 546 GPa, EII = 206 GPa, and νI = νII = 0.3, respectively.

Tables 1–4 compare the theoretical and FEM results of the stress components along the interface for
the normal and tangential concentrated forces, respectively, where n = k means that the orders of the
image point from one to k are considered in the analytical solution. From these tables it can be observed
that the higher the order of the image point is considered, the better the theoretical results agree with the
FEM ones, and the convergence rates are all very rapid. From Table 1 it can be found that the maximum of
the stress component σy is about 0.513892 MPa for the theoretical result and 0.517178 MPa for the FEM
one at x = 0, and the relative error is 0.64%. Table 2 shows that the minimum of the stress component τxy

is about −0.166807 MPa for the theoretical result and −0.168955 MPa for the FEM one at x = 0.6 mm,
and the relative error is 1.27%. Table 3 indicates that the minimum of the stress component σy is about

mm 1

mm 100
mm 100mm 100

yF

xF

I  Material

II  Material
x

y

O

Figure 2. Model for FEM calculation.

 

Figure 3. Mesh division for FEM (right: zoom near the loading point).
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σy /MPa
x/mm n = 1 n = 2 n = 3 n = 4 FEM

0.0 0.377616 0.470810 0.502243 0.513892 0.517178
0.2 0.348280 0.439538 0.470597 0.482151 0.486965
0.4 0.277906 0.363634 0.393600 0.404869 0.412302
0.6 0.199702 0.277057 0.305294 0.316106 0.324809
0.8 0.134947 0.202128 0.228126 0.238330 0.246878
1.0 0.088676 0.144976 0.168376 0.177853 0.185658
1.2 0.057885 0.103544 0.124148 0.132810 0.138807
1.4 0.037974 0.073918 0.091680 0.099476 0.105742
1.6 0.025168 0.052719 0.067721 0.074633 0.080256
1.8 0.016876 0.037494 0.049923 0.055961 0.061005
2.0 0.011439 0.026542 0.036652 0.041853 0.046368

2.31919 0.006252 0.015088 0.022140 0.026092 0.029827
2.69364 0.003101 0.007558 0.011908 0.014714 0.017624
3.13291 0.001306 0.003164 0.005508 0.007284 0.009394
3.64824 0.000355 0.000952 0.002031 0.003028 0.004437
4.25279 −0.000101 0.000031 0.000472 0.000978 0.001850

Table 1. Normal stress σy along the interface for the case of Fx = 0 and Fy = 1 N.

τxy /MPa
x/mm n = 1 n = 2 n = 3 n = 4 FEM

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.2 −0.078466 −0.086408 −0.088172 −0.088660 −0.090259
0.4 −0.126963 −0.141976 −0.145389 −0.146345 −0.148621
0.6 −0.140036 −0.160574 −0.165427 −0.166807 −0.168955
0.8 −0.130309 −0.154459 −0.160467 −0.162210 −0.163999
1.0 −0.111587 −0.137409 −0.144241 −0.146276 −0.147799
1.2 −0.091997 −0.117795 −0.125111 −0.127359 −0.128753
1.4 −0.074835 −0.099318 −0.106796 −0.109176 −0.110524
1.6 −0.060862 −0.083188 −0.090546 −0.092981 −0.094314
1.8 −0.049829 −0.069566 −0.076578 −0.078995 −0.080316
2.0 −0.041206 −0.058242 −0.064744 −0.067084 −0.068366

2.31919 −0.031160 −0.044170 −0.049661 −0.051781 −0.052963
2.69364 −0.023304 −0.032496 −0.036728 −0.038501 −0.039528
3.13291 −0.017365 −0.023419 −0.026333 −0.027663 −0.028471
3.64824 −0.012977 −0.016778 −0.018529 −0.019392 −0.019936
4.25279 −0.009781 −0.012140 −0.013028 −0.013478 −0.013750

Table 2. Shear stress τxy along the interface for the case of Fx = 0 and Fy = 1 N.

−0.143830 MPa for the theoretical result and −0.143788 MPa for the FEM one at x = 0.6 mm, and the
relative error is 0.03%. In Table 4, the maximum of the stress component τxy is about 0.101641 MPa for
the theoretical result and 0.102782 MPa for the FEM one at x = 1.2 mm, and the relative error is 1.11%.
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σy /MPa
x/mm n = 1 n = 2 n = 3 n = 4 FEM

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.2 −0.069656 −0.076721 −0.078337 −0.078804 −0.077114
0.4 −0.111162 −0.124505 −0.127639 −0.128552 −0.127132
0.6 −0.119821 −0.138045 −0.142507 −0.143830 −0.143788
0.8 −0.107958 −0.129342 −0.134879 −0.136558 −0.137641
1.0 −0.088676 −0.111488 −0.117807 −0.119778 −0.121405
1.2 −0.069462 −0.092198 −0.098999 −0.101193 −0.102991
1.4 −0.053163 −0.074696 −0.081694 −0.084038 −0.085851
1.6 −0.040268 −0.059879 −0.066827 −0.069253 −0.071031
1.8 −0.030376 −0.047714 −0.054414 −0.056860 −0.058592
2.0 −0.022878 −0.037874 −0.044183 −0.046595 −0.048302

2.31919 −0.014500 −0.026062 −0.031579 −0.033851 −0.035506
2.69364 −0.008354 −0.016731 −0.021256 −0.023285 −0.024818
3.13291 −0.004091 −0.009919 −0.013416 −0.015124 −0.016489
3.64824 −0.001295 −0.005342 −0.007950 −0.009318 −0.010482
4.25279 −0.000429 −0.002494 −0.004460 −0.005532 −0.006493

Table 3. Normal stress σy along the interface for the case of Fx = 1 N and Fy = 0.

τxy /MPa
x/mm n = 1 n = 2 n = 3 n = 4 FEM

0.0 −0.022910 −0.025870 −0.026507 −0.026780 −0.028217
0.2 −0.007212 −0.009495 −0.010030 −0.010127 −0.011164
0.4 0.027875 0.027507 0.027271 0.027240 0.027283
0.6 0.061111 0.063535 0.063761 0.063833 0.064659
0.8 0.081337 0.086962 0.087769 0.087976 0.089110
1.0 0.088676 0.097452 0.098904 0.099268 0.100444
1.2 0.087486 0.099000 0.101107 0.101641 0.102782
1.4 0.081859 0.095488 0.098213 0.098918 0.100030
1.6 0.074469 0.089522 0.092791 0.093660 0.094766
1.8 0.066781 0.082613 0.086326 0.087346 0.088465
2.0 0.059502 0.075575 0.079624 0.080775 0.081943

2.31919 0.049356 0.065027 0.069393 0.070705 0.071945
2.69364 0.039863 0.054403 0.058853 0.060276 0.061562
3.13291 0.031491 0.044462 0.048753 0.050214 0.051528
3.64824 0.024433 0.035721 0.039673 0.041093 0.042405
4.25279 0.018685 0.028395 0.031935 0.033254 0.034533

Table 4. Shear stress τxy along the interface for the case of Fx = 1 N and Fy = 0.

Tables 1–4 illustrate that the analytical results really converge to FEM ones and that enough accuracy
of the analytical solution can be achieved only considering the first four image points for this coated
material. Figures 4 and 5 provide the numerical calculations based on the analytical solution (n = 4) for
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Figure 4. Analytical solutions of stress components at different values of y for the case
of Fx = 0 and Fy = 1 N: σy (left) and τxy (right).
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Figure 5. Analytical solutions of stress components at different values of y for the case
of Fx = 1 N and Fy = 0: σy (left) and τxy (right).

the stress components at different locations for the cases of Fx = 0 and Fy = 1 N as well as Fx = 1 N
and Fy = 0, respectively.

On the other hand, to maintain the accuracy of the analytical solution, the different orders of image
points should be needed for the various matches of material constants. Given νI = νII = 0.3 and EI =

546 GPa, Figure 6 displays the required image point order to obtain the results with the relative error
below 2.5%. It can be found that the larger the difference of the material constants is, the more image
points are needed.

5. Conclusions

In this paper, we derived the analytical solution for the plane problem of the coated material subjected
to an arbitrary concentrated force on the free surface by using the general solution of the displacement
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Figure 6. Image point order required for various Young’s modulus ratios.

method as well as the image point method. This solution is given explicitly as the summation of the
harmonic functions corresponding to each image point, and the harmonic functions corresponding to the
higher-order image points can be determined from those to the lower-order ones through the recurrence.
The numerical results verified the correctness and rapid convergence of the analytical solution obtained
in this paper. The enough accurate theoretical results can be obtained only by considering image points
of the first several order.
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