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PREFACE

BOGDAN T. MARUSZEWSKI, WOLFGANG MUSCHIK,
JOSEPH N. GRIMA AND KRZYSZTOF W. WOJCIECHOWSKI

Guest Editors

The International Symposia on Trends in Continuum Physics have been held every three years since
1998. The first three events took place at the Poznan University of Technology in Poznan, Poland. The
fourth one took place in Lviv, Ukraine, for the first time outside the European Union. The fifth jubilee
Symposium was held July 16–20, 2010 in Msida, Malta.

The first four Symposia were jointly planned and organized by B. T. Maruszewski (Poznan University
of Technology), W. Muschik (Technische Universität Berlin) and A. Radowicz (Kielce University of
Technology). Organization of the fifth one was possible by courtesy of Joseph N. Grima (University of
Malta, Msida, Malta).

One of the main aims of those meetings has been to bring together scientists from Eastern Europe
working in different fields of continuum physics, broadly understood, as well as those from Western and
Central Europe, in order to extend their cooperation and to create new connections and acquaintances.

Special emphasis was placed on the representation of various concepts applied to different physical
fields interacting with each other. The scope of the Symposia includes fundamentals of continuum
physics, new trends in thermodynamics and in electrodynamics, physics of materials (encompassing
defective crystals, ferroic crystals, liquid crystals, molecular crystals, high-temperature superconductors,
semiconductors, plasma, polymers, amorphous media, smart materials, and anomalous phenomena such
as auxetics and negative thermal expansion), biophysics, multiphase systems, and multiscale problems.
These fields have been developing fast in recent years.

The chairs of the Fifth International Symposium on Trends in Continuum Physics (TRECOP’10),
where most of the articles in this issue were presented, would like to acknowledge support by the spon-
soring institutions who made the meeting possible. They are:

• Institute of Applied Mechanics, Poznan University of Technology
• Institute of Theoretical Physics, Technical University of Berlin, Berlin, Germany
• Kielce University of Technology, Kielce, Poland
• University of Malta, Msida, Malta
• Institute of Molecular Physics, Polish Academy of Sciences, Poznan, Poland
• Foundation for Development of Poznan University of Technology, Poznan, Poland
• Poznan Division of the Polish Society of Theoretical and Applied Mechanics, Poznan, Poland
• Institute of Environmental Mechanics and Applied Computer Science, Kazimierz Wielki University,

Bydgoszcz, Poland,
• Department of Solid State Physics, Gdansk University of Technology, Gdansk, Poland
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THE INVERSE DETERMINATION OF THE VOLUME FRACTION
OF FIBERS IN A UNIDIRECTIONALLY REINFORCED COMPOSITE

FOR A GIVEN EFFECTIVE THERMAL CONDUCTIVITY

MAGDALENA MIERZWICZAK AND JAN ADAM KOŁODZIEJ

We consider the problem of determining the volume fraction of fibers in a unidirectionally reinforced
composite in order to provide the appropriate effective thermal conductivity. The problem is formulated
in such a way as to be treated as an inverse heat transfer problem. The thermal conductivities of the
constituents (fibers and matrix) and fiber arrangement are known. The calculations are carried out for a
perfect thermal contact between the fibers and matrix.

1. Introduction

In the literature the following problems are considered to be classical inverse heat conduction problems:

• determination of heat sources [Yan et al. 2008],

• determination of the heat transfer coefficient [Hon and Wei 2004],

• the Cauchy problem [Marin 2005], and

• determination of the temperature dependent thermal conductivity [Chantasiriwan 2002].

These problems usually apply to homogeneous media. In the case of composite materials (nonhomoge-
neous media) other practically important issues might have to be considered. One of them is the inverse
problem of determination of the volume fraction of constituents in order to obtain the appropriate effec-
tive thermal conductivity. Let’s consider a unidirectional fibrous composite with regular arrangement of
fibers (Figure 1, left). If the thermal conductivity coefficients of constituents and their volume fractions
are known then the composite can be treated as a homogeneous region for which effective thermal
conductivity can be determined as a function of known parameters. Currently there are many papers
in which the effective thermal conductivity coefficient is determined for a regular arrangement of fibers
for given thermal conductivity of constituents and volume fraction of fibers (the direct problem). The
method of determination is usually based on the solution of the heat transfer equation at a microstructure
level in repeated elements of an array [Han and Cosner 1981]. But to our knowledge no paper has
considered the inverse problem of determination of the volume fraction of fibers for a given effective
thermal conductivity. Here we propose an analytic-numerical algorithm for determination of the volume
fraction of fibers in order to obtain a given value of the transverse effective thermal conductivity λz (the
inverse problem).

Keywords: effective thermal conductivity, inverse heat transfer problem, boundary collocation method, Newton’s method.
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Figure 1. A unidirectional reinforced fibrous composite with fibers arranged in a square
array. Left: general view, with marked repeated element. Right: formulation of the
boundary value problem in the repeated element for nondimensional variables.

2. Direct problem: determination of the effective thermal conductivity coefficient of the
composite material

Consider a unidirectional composite with fibers arranged in a matrix in a regular, square array with
imperfect thermal contact between the fiber and matrix (Figure 1, left), where a is radius of the fibers,
2b is the distance between neighboring fibers, E = a/b, and ϕ = πE2/4 is the volume fraction of
the fibers. The ratio of the thermal conductivity of fibers λ f to matrix λm is denoted as F = λ f /λm ,
R = r/b is the dimensionless radius, X = x/b and Y = y/b are the dimensionless Cartesian coordinates,
T = (T̂ − T̂R)/(T̂R − T̂L) is the dimensionless temperature field, and T̂R and T̂L are the temperatures
on the left and right boundaries of the repeated element, respectively. In order to solve the boundary
value problem in the repeated element of the composite (Figure 1) the boundary collocation method is
used [Kołodziej and Zieliński 2009]. The general solution of the Laplace equation in a polar coordinate
system has the form

T = A0+ A1θ + A2θ ln R+ A3 ln R+
∞∑

k=1

(Bk Rk
+Ck R−k) cos(kθ)+ (Dk Rk

+ Ek R−k) sin(kθ), (2-1)

where A0, A1, . . . , Ek are integral constants.
Given the repetitive element of the square array �=�m +� f in the region of the fiber � f and the

matrix �m , a solution is predicted with the form of (2-1). Some of the constants must be determined



DETERMINATION OF THE VOLUME FRACTION OF FIBERS IN A COMPOSITE 231

strictly by the conditions at the bottom and on the left side of the repeated element:

∂T f

∂θ
=
∂Tm

∂θ
= 0 for θ = 0, T f = Tm = 1 for θ =

π

2
, (2-2)

and the contact conditions of the fiber-matrix:

F
∂T f

∂R
=
∂Tm

∂R
for R = E, T f = Tm for R = E . (2-3)

After determining the constants from the boundary conditions (2-2) and from the contact conditions
(2-3) of fiber-matrix, marking the remaining constants as wk , and cutting off an infinite number of test
functions to N expressions, we obtain a solution for the temperature field of the fiber and matrix:

T f = 1+
N∑

k=1

wk R(2k−1) cos
(
(2k− 1)θ

)
, (2-4)

Tm = 1+
N∑

k=1

wk

2

[
(1+ F)R(2k−1)

+ (1− F)
E2(2k−1)

R(2k−1)

]
cos
(
(2k− 1)θ

)
. (2-5)

The constants wk are determined by fulfillment of the condition on the collocation points on the upper
02 and on the right 01 edges of the concerned region (Figure 2):

Tm = 0 for X = 1, (2-6)

∂Tm

∂Y
= 0 for Y = 1. (2-7)

0=mT  

Y

X  

jR  

jθ

mmT λ,

ffT λ,

0=
∂

∂

Y

Tm  

1Γ  

2Γ

mΩ

fΩ

j  

Figure 2. The collocation points at the upper and right boundaries of the matrix in a
repeated element in which the boundary conditions are collocated.
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The condition (2-7) can be written for polar coordinates:

∂Tm

∂Y
=
∂Tm

∂R
sin(θ)+ 1

R
∂Tm

∂θ
cos(θ). (2-8)

Choosing N1 points on the right boundary 01 and N2 points on the upper boundary 02 and collocating the
conditions (2-6) and (2-8) we obtain the system of N1+N2 linear equations with N unknown coefficients
wk , k = 1, . . . , N :

Aw = b, (2-9)

N∑
k=1

wk

[
(1+ F)R(2k−1)

j + (1− F)
E2(2k−1)

R(2k−1)
j

]
cos
(
(2k− 1)θ j

)
=−2, (R j , θ j ) ∈ 01, j = 1, . . . , N1,

N∑
k=1

wk(2k− 1)
[
(1+ F)R(2k−1)

j sin
(
(2k− 1)θ j

)
+ (1− F)E2(2k−1)

R2k
j

cos(2kθ j )

]
= 0,

(R j , θ j ) ∈ 02, j = N1+ 1, . . . , N1+ N2.

The constants wk obtained by the Gaussian elimination method provide estimates of the value of the
global heat flux through the unit region of the considered element:

q = 1
b

[
−λ f

∫ a

0

∂ T̂ f

∂x

∣∣∣
x=0

dy+ λm

∫ b

a

∂ T̂m

∂x

∣∣∣
x=0

dy
]
. (2-10)

The transverse effective thermal conductivity is defined by the formula

λz =
qb

1T̂
, (2-11)

where b is the distance between the isothermal boundaries and 1T̂ = T̂L − T̂R is the difference of the
temperatures at the isothermal edges. After taking into consideration in formula (2-11) the definition
of the nondimensional temperature and coordinates, the value of the effective thermal conductivity in
relation to the thermal conductivity of the matrix can be calculated from the relationship:

λz

λm
=−F

∫ E

0

1
R
∂T f

∂θ

∣∣∣∣
θ=

π
2

d R+
∫ 1

E

1
R
∂Tm

∂θ

∣∣∣∣
θ=

π
2

d R, (2-12)

or
λz

λm
=

N∑
k=1

wk

2
(−1)k

[
(F + 1)+ (F − 1)E2(2k−1)]. (2-13)

3. The results of the numerical experiment

The results of the calculations of the effective thermal conductivity of the fibrous composite are shown
in Figure 3. The value of the effective thermal conductivity in relation to the thermal conductivity of
the matrix λz/λm = (λz/λm)(ϕ)

∣∣
F is presented as a function of the volume fraction of fibers ϕ for the

desired value of thermal conductivity ratio F of the fiber λ f to the matrix λm , with F ∈ {0.5, 2, 10, 20}.
In order to compare the results, for a flat layer composite consisting of two components with different
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( )
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=  

Figure 3. The effective thermal conductivity as a function of the volume fraction of the
fibers in the matrix for different values of the ratio of thermal conductivity of the fibers
to the matrix.

coefficients of thermal conductivity we calculate the effective thermal conductivity coefficient in relation
to the thermal conductivity of the matrix for an ideal contact of the components from the formula

λz

λm
=

(
(1−ϕ)+

ϕ

F

)−1
.

The comparative results for a flat layer of composite are shown in Figure 3 by the dotted line. The value
of the effective thermal conductivity λz depends not only on the constants characterizing the composite,
F and E , but also on the coefficients wk involved in fulfilling the boundary conditions at the N1+ N2

collocation points. Table 1 shows the influence of the number of collocation points on the maximum error
fulfilling the collocation boundary conditions calculated at the control points (between the collocation
points). The analysis of the results shows that increase in the number of collocation points doesn’t lead
to an increase in the accuracy of the calculations. Increasing the number of collocation points entails a
rise in the dimension of the matrix system of equations. In all four examples presented in Table 1, the
smallest maximum error satisfying the boundary conditions was obtained for 7 collocation points on the
right edge and for 6 points on the upper edge of the region considered.

4. Inverse problem: determination of the volume fraction of fibers in a composite for a given
effective thermal conductivity

At times, when designing composites with specific properties of the fibers and matrix we must estimate
the fraction of the volume of fibers to obtain effective thermal conductivity values. Assuming that E =
a/b is unknown, we use the known value of the effective thermal conductivity in relation to the thermal
conductivity of the matrix λz/λm . From the collocation of the boundary conditions in the N1+ N2 points
on the right and upper edges of the considered region and from condition (2-11) we obtain a system of
N1+ N2+ 1 nonlinear equations with the N + 1 unknowns wk and E :
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E = 0.5, F = 10 E = 0.9, F = 10
N1 N2 λz/λm δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0 λz/λm δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0

5 4 1.3829 1.13× 10−4 1.33× 10−3 3.3401 0.004232 0.004027
6 5 1.3829 2.42× 10−5 3.83× 10−4 3.3408 2.61× 10−3 1.12× 10−2

7 6 1.3829 6.20× 10−7 8.38× 10−5 3.3405 5.48× 10−4 1.63× 10−2

8 7 1.3829 9.35× 10−6 3.85× 10−4 3.3413 1.55× 10−3 8.48× 10−2

9 8 1.3829 1.97× 10−5 8.77× 10−4 3.3396 4.25× 10−3 2.02× 10−1

10 9 1.3829 4.96× 10−5 2.47× 10−3 3.3431 1.14× 10−2 0.578786
11 10 1.3829 7.29× 10−5 3.98× 10−3 3.3372 1.72× 10−2 0.943426
12 11 1.3829 2.26× 10−4 0.013628 3.3502 0.053729 3.235684
13 12 1.3829 1.87× 10−4 0.012135 3.3328 4.46× 10−2 2.895936
14 13 1.3831 1.98× 10−3 0.139725 3.4128 0.463741 32.72905
15 14 1.3829 4.42× 10−4 0.033299 3.3242 1.06× 10−1 7.967415

E = 0.5, F = 0.5 E = 0.9, F = 0.5
N1 N2 λz/λm δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0 λz/λm δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0

5 4 0.87713 3.73× 10−5 0.000484 0.64835 4.10× 10−4 0.010038
6 5 0.87714 8.21× 10−6 1.46× 10−4 0.64849 2.28× 10−4 6.92× 10−3

7 6 0.87714 1.14× 10−7 2.17× 10−5 0.64844 6.26× 10−5 2.18× 10−3

8 7 0.87714 2.96× 10−6 1.21× 10−4 0.64845 4.66× 10−6 2.22× 10−4

9 8 0.87714 6.31× 10−6 2.81× 10−4 0.64846 9.55× 10−5 4.29× 10−3

10 9 0.87713 1.59× 10−5 0.000792 0.64842 2.96× 10−4 0.014795
11 10 0.87714 2.34× 10−5 0.001275 0.64849 4.58× 10−4 0.025030
12 11 0.87713 7.26× 10−5 0.00437 0.64834 1.44× 10−3 0.086817
13 12 0.87714 6.00× 10−5 0.003891 0.64855 1.20× 10−3 0.077723
14 13 0.87708 6.35× 10−4 0.044798 0.64758 0.012614 0.890239
15 14 0.87715 1.42× 10−4 0.010678 0.64865 2.84× 10−3 0.213776

Table 1. The impact of the number of collocation points on the value of the effective
thermal conductivity of the composite and the maximum error of fulfilling the boundary
conditions at control points.

f j = 1+
N∑

k=1

wk

2

[
(1+ F)R(2k−1)

j + (1− F)
E2(2k−1)

R(2k−1)
j

+

]
cos
(
(2k− 1)θ j

)
= 0,

(R j , θ j ) ∈ 01 j = 1, . . . , N1,

f j =

N∑
k=1

wk(2k− 1)
[
(1+ F)R(2k−1)

j sin
(
(2k− 1)θ j

)
+ (1− F)

E2(2k−1)

R(2k−1)
j

cos(2kθ j )

]
= 0,

(R j , θ j ) ∈ 02 j = N1+ 1, . . . , N1+ N2,

fN1+N2+1 =

N∑
k=1

wk

2
(−1)k

[
(1+ F)+ (F − 1)E2(2k−1)]

−
λz

λm
= 0. (4-1)
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The nonlinear system of N1+N2+1 equations f with N+1 unknowns W = [w1, . . . , wN , E]T is solved
by using Newton’s iterative method:


w1
...

wN

E


(i+1)

=


w1
...

wN

E


(i)

−


f (i)1
...

f (i)N1+N2

f (i)N1+N2+1




J (i)1,1 · · · J (i)1,N+1
...

. . .
...

J (i)N1+N2,1 · · ·
...

J (i)N1+N2+1,1 · · · J (i)N1+N2+1,N+1


−1

,

W (i+1)
=W (i)

− f
(
W (i))J

(
W (i))−1

→ W (i+1)
=W (i)

−Y
(
W (i)),

Y
(
W (i))

= f
(
W (i))J

(
W (i))−1

→ J
(
W (i))−1Y

(
W (i))

= f
(
W (i)).

(4-2)

The functions fi are described by (4-1), while the Jacobi elements have the following form:

J j,k =
∂ f j

∂wk
=

1
2

[
(1+ F)R(2k−1)

j + (1− F)
E2(2k−1)

R(2k−1)
j

+

]
cos
(
(2k− 1)θ j

)
,

j = 1, . . . , N1, k = 1, . . . , N ,

J j,N+1 =
∂ f j

∂E
=

N∑
k=1

wk(2k− 1)(1− F)
E (4k−3)

R(2k−1)
j

cos
(
(2k− 1)θ j

)
, j = 1, . . . , N1,

J j,k =
∂ f j

∂wk
=
(2k− 1)

2

[
(1+ F)R2(k−1)

j sin
(
2(k− 1)θ j

)
+ (1− F)

E2(2k−1)

R(2k)
j

sin(2kθ j )

]
,

j = N1+ 1, . . . , N1+ N2, k = 1, . . . , N ,

J j,N+1 =
∂ f j

∂E
=

N∑
k=1

wk(2k− 1)2
[
(1− F)

E (4k−3)

R(2k)
j

sin(2kθ j )

]
, j = N1+ 1, . . . , N1+ N2,

J j,k =
∂ f j

∂wk
=
(−1)k

2

[
(1+ F)+ (F − 1)E2(2k−1)], j = N1+ N2+ 1, k = 1, . . . , N ,

J j,N+1 =
∂ f j

∂E
=

N∑
k=1

wk(2k− 1)(−1)k(F − 1)E (4k−3), j = N1+ N2+ 1.

(4-3)

To start the Newton’s iteration we need to know W (0)
=
[
w(0)1 , . . . , w(0)N , E (0)

]T as an initial condition. As
an initial value of the constants w(0)k , k = 1, . . . , n, the solution of the linear problem for E = 0.1 has been
adopted. The condition for the end of the iteration was adopted at δNewton = ‖W (i+1)

−W (i)
‖max ≤ 10−7,

where ‖ ‖max means the maximum norm.

5. The results of the numerical experiment

The results of the iterative calculation of the volume fraction of fibers for a composite are shown in
Figure 4. The value of the volume fraction of fibers in a composite φ is presented as a function ϕ =
ϕ(λz/λm)

∣∣
F of the effective thermal conductivity in relation to the thermal conductivity of the matrix
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F
m

z









=

λ

λ
ϕϕ  

Figure 4. The volume fraction of fibers in the matrix as a function of the effective ther-
mal conductivity of the composite for different relative values of thermal conductivity
of the fiber and matrix.

λz/λm for the assumed value of the thermal conductivity ratio of the fiber to the matrix, F = λ f /λm ∈

{0.5, 2, 10, 20}. In order to compare the results for a flat composite layer consisting of two components
with different thermal conductivities, the volume fraction of the fibers for a known value of the effective
thermal conductivity for an ideal contact with the components can be calculated from

ϕ =

(( λz

λm

)−1
− 1

)
F

1− F
.

λz/λm = 1.4, F = 10 λz/λm = 3.35, F = 10
N1 N2 ϕ E δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0 ϕ E δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0

5 4 0.1904 0.4924 5.82·10−5 0.100879 0.5013 0.7989 1.74·10−3 2.688120
6 5 0.2036 0.5092 4.99·10−5 0.000256 0.6362 0.9 2.05·10−2 0.059686
7 6 0.2036 0.5092 6.72·10−7 8.91·10−5 0.6372 0.9007 5.68·10−4 0.016511
8 7 − − − − − − − −

λz/λm = 0.88, F = 0.5 λz/λm = 0, 65, F = 0.5
N1 N2 ϕ E δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0 ϕ E δmax

∣∣
Tm=0 δmax

∣∣
∂Tm/∂Y=0

5 4 0.1790 0.4774 1.49·10−5 0.026341 0.7876 1.0014 0.00025 0.32083
6 5 0.1915 0.4937 1.18·10−5 7.26·10−5 0.6327 0.8976 0.00025 0.0005
7 6 0.1915 0.4938 1.13·10−7 2.13·10−5 0.6328 0.8976 5.84·10−5 0.00204
8 7 − − − − − − − −

Table 2. The impact of the number of collocation points on the value of the volumetric
fraction of the fibers in the composite and the maximal error fulfillment of the boundary
conditions at checkpoints.
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F = 10
λz/λm λz/λm = 1.4 λz/λm = 3.35
Iter. δNewton E δNewton E

1 0.456063 0.5439 0.265565 0.7344
2 0.032858 0.5111 0.179407 0.9138
3 1.89× 10−3 0.5092 0.013073 0.9008
4 3.41× 10−6 0.5092 4.17× 10−5 0.9007
5 1.13× 10−11 0.5092 2.71× 10−9 0.9007

F = 0.5
λz/λm λz/λm = 0.88 λz/λm = 0.65
Iter. δNewton E δNewton E

1 0.357932 0.6421 0.217974 0.9164
2 1.31× 10−1 0.5113 0.018393 0.8980
3 1.72× 10−2 0.4941 0.000336 0.8976
4 2.99× 10−4 0.4938 3.61× 10−8 0.8976
5 9.05× 10−8 0.4938 − −

Table 3. Convergence of Newton’s method for the test examples, with N1 = 7 and N2 = 8.

The results for a flat composite layer are presented by the dotted lines in Figure 4. As with the problem
of identification of λz/λm , so also for the iterative identification of the volume fraction of fibers ϕ in a
composite; the number of collocation points N1+ N2 where the boundary condition is approximately
fulfilled affects the accuracy of the calculations. Table 2 shows the impact of the number of collocation
points on the value of the volumetric fraction of fibers ϕ in the composite and the maximum error of
fulfillment of boundary conditions at the checkpoints (between collocation points). As in the case of
the direct problem, we obtain the best results for 7 collocation points at the right edge 01 of a large
finite element and 6 points at the upper edge 02. In the case of the inverse problem for a large number
of collocation points (greater than 7) the convergence of the algorithm is lost. Table 3 presents the
convergence of the used Newton’s iterative method for four test examples. The method proves to be
convergent very quickly, and just after five iterations we get the correct result of the iteration with an
error of less than 10−7.

6. Conclusions

The presented method of determining the volume fraction of fibers of a composite or the effective thermal
conductivity except in the cases of maximal fiber density is easy to implement and efficient. It can be
easily applied to other configurations of regular arrangement of fibers in the matrix, for example to a
triangular or hexagonal mesh. This study compared the influence of the ratio of the thermal conductivity
of fibers to the thermal conductivity of matrix F on the value of the volumetric fraction of the fibers and
the value of the effective thermal conductivity of the composite. It was also shown that increasing the
number of collocation points doesn’t reduce the error of the approximation of the boundary conditions;
it leads to the ill-conditioning of the system of equations.
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ANALYTICAL-NUMERICAL SOLUTION OF THE INVERSE PROBLEM FOR THE
HEAT CONDUCTION EQUATION

MICHAŁ CIAŁKOWSKI, ANDRZEJ MAĆKIEWICZ,
JAN ADAM KOŁODZIEJ, UWE GAMPE AND ANDRZEJ FRĄCKOWIAK

The solution of the inverse problem for the transient heat transfer equation is considered. The partial
differential equation was discretized with respect to the space variable, and a system of ordinary differ-
ential equations of first order was obtained. The solution of the system of equations has a wave form.
The numerical results obtained from the solution of the inverse problem confirm the effectiveness of the
proposed method.

1. Introduction

Numerical solutions to linear partial differential equations can be obtained by different methods depend-
ing on the number of variables and the shape of the domain. When the unknown variable is a function of
time, one can use the finite difference method, finite element method, boundary element method or other
methods in order to conduct discretization with respect to the space variables. Consider a differential
equation of heat transfer with initial and boundary conditions as follows:

ρc
∂T
∂t
= λ∇T x, y, z ∈�⊂ R3 t ∈ (0,∞), (1-1)

with an initial and boundary condition

T (x, y, z, 0)= g(x, y, z) T (x, y, z, t) |x,y,z∈0= T0(t), t > 0, (1-2)

The solution of the matrix equation using the initial condition has the form

{
dT (t)

dt
} = [A]{T (t)}+ [B]{T0(t)} (1-3)

(see [Athans and Falb 1969]), which integrates to

{T (t)} = e[A]t {g}+
∫ t

0
e[A](t−p)

[B]{T0(p)}dp, t ≥ 0. (1-4)

The purpose of this paper is to investigate solutions to the inverse problem in the form proposed above
by using the different approximation of space-dependent temperature.

The inverse problem considered in this paper is a boundary type problem, which means seeking an
unknown boundary condition based on temperature measured in some chosen points inside the domain.
In engineering practice, the number of measured points is limited, and in the case of turbines it is typically

The work was partially supported by Grant 3134/B/T02/2007/33 and 4917/B/T02/2010/39.
Keywords: inverse problems, stability, matrix exponential, sensitivity analysis, transient heat transfer equation.
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only one or two points, as a result of the occurrence of stress concentration surrounding the thermoele-
ment. That is why we decided to investigate the one-dimensional problem.

During the last decades, some numerical techniques have been proposed to solve a 1-D IHCP. In [Al-
Khalidy 1998] the control volume algorithm has been combined with a digital filter method to estimate
temperature and heat flux values on the surface of a body based on the temperature measurement inside
the body. The accuracy of the method was verified by comparison with a direct analytical solution of
the problem. Lesnic and Elliott [1999] have used the Adomian’s decomposition approach for solving the
inverse heat conduction problem in which temperature and heat flux histories on the left boundary were
estimated based on temperature and heat flux on the right boundary. The mollification method was applied
to deal with noisy input data and to obtain a stable approximate solution. In [Shen 1999] two kinds of
boundary element method were employed to solve IHCP, namely a collocation method and a weighted
method. The author has used the Tikhonov’s regularization method and the truncated singular value
decomposition method for stabilization results. The conjugate gradient method supported by Fourier
analysis has been applied in [Prud’homme and Hguyen 1999] to solve the IHCP among others for the
1-D case. It was found that an unknown time-dependent heat flux may be recovered satisfactorily using a
single sensor inside the region. A Kalman filter combined with a variable forgetting factor as a weighting
function in a recursive least-squares algorithm was applied in [Lee et al. 2000] to estimate impulsive heat
flux. In this method, a spatial derivative in the 1-D heat equation was approximated by finite differences.
In [Jonas and Louis 2000] some versions of mollification method have been used to solve the 1-D IHCP.
Usually the mollification is done in the data space, but in this paper the mollification is performed in
the solution space. In [Taler and Duba 2001] the 1-D non-linear IHCP was solved by means of the
method of lines. This method is based on replacing the partial differential equation of heat conduction
by the system of ordinary differential equations through discretization of the space derivative or the time
derivative. Instead of other optimization techniques, the maximum entropy method was used in [Kim and
Lee 2002] in the solution of the IHCP. The presented results showed considerable enhancement in the
resolution of the inverse problem and bias reduction in comparison with the conventional methods. One
of the most popular methods for solving IHCP is a sequential function specification method proposed at
first by Beck [1970]. In [Lin et al. 2004] a modification of Beck’s method was presented to estimate the
heat source in the 1-D case. One base of this proposition is an application of a finite difference method
for approximation the spatial and time derivatives. Almost all of the methods mentioned above are mesh
methods which need some kind of mesh. In [Hon and Wei 2004] the meshless method, namely the method
of fundamental solution, has been used for solution the 1-D IHCP. For regularization of the results, the
authors used Tikhonov’s regularization technique equipped with the L-curve method. The IHCP in which
surface heat flux is estimated based on moving measurements inside the body was presented in [Shidfar
and Karamali 2005]. The authors use an integral equation method and a linear least-squares method.
The sequential function specification method supported by singular value decomposition was discussed
in [Cabeza et al. 2005]. In [Shidfar and Pourgholi 2006; Pourgholi et al. 2009], the ill-posed IHCP
is transformed to Cauchy’s problem by means of a linear transformation. Next, Cauchy’s problem is
solved successfully by applying Legendre polynomials. The numerical approach combining the use of
the finite difference method with the solution of ordinary differential equations has been proposed in
[Ebrahimian et al. 2007] for solving the 1-D IHCP. The least-squares method has been used to determine
the unknown boundary condition [Cabeza et al. 2005]. Four different versions of the variable metric
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method for solving the 1-D IHCP [Luksan and Spedicato 2000] with a symmetric rank-one update are
compared in [Pourshaghaghy et al. 2007]. The results indicate that the accuracy of these versions do not
differ significantly from each other. In [Deng and Hwang 2007] the 1-D IHCP is solved by means of a
Kalman filter-enhanced Bayesian back propagation neutral network. The results show that the proposed
method can predict the unknown parameters in inverse problems with acceptable error.

In [Grysa 2010] an application of the Trefftz function for solving the inverse heat conduction problem
is considered for 1-D problems, among others.

The use of hyperbolic spline functions to approximate the solution with respect to the space variable
is novel in our paper. Thanks to it, the second derivative of the approximate solution is continuous.

2. Formulation of the problem

The linear equation of heat conduction has the form

ρc
λ

∂T
∂t
=
∂2T
∂r2 +

1− 2γ
r

∂T
∂r
, Ri < r < Ra, (2-1)

where

γ =


−

1
2 for a spherical layer,

0 for a cylindrical layer,
1
2 for a plane layer,

is a parameter describing the shape of the domain (see Figure 1). The following conditions are imposed:

– The initial condition,
T (r, 0)= T0(r), Ri ≤ r ≤ Ra. (2-2)

– The boundary condition at the surface r = Ra ,

−λ
∂T
∂r

∣∣∣∣
r=Ra

= α(T − Tfluid). (2-3)

h∗1
h∗20 1

Ri Ra r

h

r∗1

r∗2

Figure 1. Notation.
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– Additional conditions resulting from the measurement of temperature at the inner points of the
region r∗k , k = 1, 2, . . . ,M :

T (r∗k , t)= fk(t). (2-4)

We will apply the substitutions

r = Ri + η(Ra − Ri ), 0≤ η ≤ 1,

ϑ =
T
Tm
, Tm =max(T0(r), Tfluid), τ =

λ

ρc
t

(Ra − Ri )2
, a =

Ri

Ra − Ri

(2-5)

to obtain the nondimensional counterparts of (2-1)–(2-4):

– The equation of heat transfer,

∂ϑ

∂τ
=
∂2ϑ

∂η2 +
1− 2γ
η+ a

∂ϑ

∂η
, η ∈ (0, 1), τ > 0. (2-6)

– The initial condition,

ϑ(η, 0)=
T0(r, η)

Tm
= g(η), η ∈ [0, 1]. (2-7)

– The boundary condition at surface r = Ra ,

∂ϑ

∂η
|η=1=

α(Ra − Ri )

λ
(ϑ −ϑfluid)= Bia(ϑ −ϑfluid), τ > 0. (2-8)

– The additional conditions in inner points η∗k , k = 1, . . . ,M :

ϑ(η∗k , τ )= fk(τ ), τ > 0. (2-9)

The solution of (2-6) can be expressed as

ϑ(η, τ )=

N∑
i=0

ϑi (τ )ϕi (η) (2-10)

where the interpolation basis functions ϕi (η) are specified on a grid of points (see Figure 2).
Taking into consideration the character of the temperature function in r direction (the character of a

hyperbolic function), the spline hyperbolic function is chosen as a base function. The unknown functions
ϑi (τ ), i = 0, . . . , N are sought by solving (2-6) in the interior marked points of the segment [0, 1]; that

   

0 N=1 K 

0 1 

Figure 2. Grid of points for interpolation of spline function.
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is, we substitute (2-10) into (2-6) to obtain N − 1 equations:

N∑
i=0

ϑi (τ )

dτ
ϕi (ηk)=

N∑
i=0

ϑi (τ )

(
d2ϕi (η)

dη2 +
1− 2γ
ηk + a

dϕi (η)

dη

)
=

N∑
i=0

ϑi (τ )ψi (ηk), k=1, . . . , N−1. (2-11)

The successive equations result from the conditions (2-8) and (2-9); that is, by substituting the solution
(2-10) to the condition (2-8) we obtain

−

N∑
i=0
ϑi (τ )ϕ

′

i (1)= Bia

(
N∑

i=0
ϑi (τ )ϕi (1)−ϑfluid

)
= Bia(ϑN (τ )−ϑfluid),

which we rewrite in the form

−

N−1∑
i=0

ϑi (τ )ϕ
′

i (1)−ϑN (τ )(ϕ
′

N (1)+ Bia)=−Biaϑfluid(τ ). (2-12)

Introducing

bi = ϕ
′

i (1), i = 0, 1, . . . , N − 1,

and

bN = ϕ
′

N (N )+ Bia,

Equation (2-12) becomes
N∑

i=0

ϑi (τ )bi = Biaϑfluid(τ ). (2-13)

The additional conditions for the temperature function result from condition (2-9) and have the form

N∑
i=0

ϑi (τ )ϕi (η
∗

k )= fk(τ ), i = 1, 2, . . . ,M. (2-14)

3. The solution of the direct problem

The idea for solving the inverse problem is based on the ability to express the solution of the direct
problem in parametric form with the boundary conditions attached. Equation (2-11) leads to the following
system of equations:

ϕ0(η1) · · · ϕN (η1)
...

...

ϕ0(ηk) · · · ϕN (ηk)
...

...

ϕ0(ηN−1) · · · ϕN (ηN−1)





dϑ0
dτ
...

dϑN−1
dτ

dϑN
dτ


=


ψ0(η1) · · · ψN (η1)
...

...

ψ0(ηk) · · · ψN (ηk)
...

...

ψ0(ηN−1) · · · ψN (ηN−1)



ϑ0
...

ϑN−1

ϑN

 (3-1)
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The system (3-1) has dimension (N − 1) ∗ (N + 1). In the direct problem, a boundary condition in point
η = 1 is attached, which leads to an equation involving an (N − 1)× (N − 1) matrix:


ϕ1(η1) · · · ϕN−1(η1)
...

...

ϕ1(ηk) · · · ϕN−1(ηk)
...

...

ϕ1(ηN−1) · · · ϕN−1(ηN−1)




dϑ1

dτ
...

dϑN−1

dτ

=

ψ1(η1) · · · ψN−1(η1)
...

...

ψ1(ηk) · · · ψN−1(ηk)
...

...

ψ1(ηN−1) · · · ψN−1(ηN−1)


 ϑ0

...

ϑN−1



−

 ϕ0(η1)
...

ϕ(ηN−1)

 · dϑ (τ )0

dτ
+

 ψ0(η1)
...

ψ(ηN−1)

 ·ψ0(τ )−

 ϕN (η1)
...

ϕ(ηN−1)

 · dϑ (τ )N

dτ
+

 ψN (η1)
...

ψ(ηN−1)

 ·ψN (τ ). (3-2)

The base functions ϕi , i = 0, 1, . . . , N , are interpolation functions with the property

ϕi (ηk)=

{
0 if i 6= k,
1 if i = k,

so the vectors dϑ0/dτ and dϑN/dτ on the right-hand side of the (3-2) disappear, and the matrix of
coefficients matching vector {dϑ/dτ } is diagonal. Equation (3-2) can be then written as

{dϑ(τ)
dτ

}
= [ψ]{ϑ(τ)}+ {ψ0} ·ϑ0(τ )+{ψN } ·ϑN (τ ). (3-3)

The solution of (3-3) is equal to (see for example [Athans and Falb 1969])

{ϑ(τ)} = e[ψ]τ · {g}+
∫ τ

0
e[ψ](τ−p)[

{ψ0}ϑ0(p)+{ψN }ϑN (p)
]

dp. (3-4)

The diagonalizable matrix e[ψ] takes the form

e[ψ] = [Z ] · [diag(eλ)][Z ]−1 (3-5)

where [diag(eλ)] is the diagonal matrix with elements eλi , i = 1, . . . , N − 1 on the main diagonal and
the numbers λi are eigenvalues of the matrix [Shen 1999]. Determining the integral in expression (3-4)
for any moment of time τ requires each time the integration over the whole interval [0, τ ]. Determining
the temperature ϑ(τ) in subsequent moments of time τ and τ +1τ based on the dependence (3-4) we
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get

{ϑ(τ +1τ)}

= e[ψ](τ+1τ) · {g}+
∫ τ+1τ

0
e[ψ](τ+1τ−p)[

{ψ0}ϑ0(p)+{ψN }ϑN (p)
]

dp

= e[ψ](1τ) ·
(

e[ψ](τ+1τ) · {g}+
∫ τ

0
e[ψ](τ−p)[

{ψ0}ϑ0(p)+{ψN }ϑN (p)
]

dp
)

+

∫ τ+1τ

τ

e[ψ](τ+1τ−p)[
{ψ0}ϑ0(p)+{ψN }ϑN (p)

]
dp

= e[ψ](1τ) · {ϑ(τ)}+
∫ τ+1τ

τ

e[ψ](τ+1τ−p)
[{ψ0}ϑ0(p)+{ψN }ϑN (p)]dp

= e[ψ](1τ) · {ϑ(τ)}+1t
∫ 1

0
e[ψ]1(1−t)

{ψ0}ϑ0(τ+1τ t)dt ·
∫ 1

0
e[ψ]1(1−t)

{ψN }ϑN (τ+1τ t) dt. (3-6)

In engineering practice the measurement of temperature is usually done with constant time steps
1τ . Taking τ = τm = n ·1τ and τ +1τ = τn+1, then ϑ0 and ϑN are known at the measured points
ϑ0(τ +1τ)= ϑ0(τn+1)= ϑ

n+1
0 , ϑ0(τ )= ϑ

n
0 and similarly for ϑN (τ ). How to calculate the integral in

(3-6) is an important problem. We propose three ways to do this:

(a) Approximate the function ϑ by its average value (depending on the parameter ξ ):

1τ ·

∫ 1

0
e[ψ]1τ(1−t)

·w(τn +1τ · t)=1τ ·
∫ 1

0
e[ψ]1τ(1−t)

· dt[wnξ +wn+1(1− ξ)]

= wn
[S(2)] +wn+1

[T (2)]. (3-7)

(b) Use the mean value theorem for definite integrals:

1τ ·

∫ 1

0
e[ψ]1τ(1−t)

·w(τn +1τ · t)=1τ ·
∫ ξ

0
e[ψ]1τ(1−t)

· dt ·wn
+1τ ·

∫ 1

ξ

e[ψ]1τ(1−t)
· dt ·wn±1

= wn
[S(ξ)] +wn+1

[T (ξ)], 0< ξ < 1, (3-8)

(c) Approximate the function ϑ by its asymptotic expansion [Ciałkowski 2008]:

1τ ·

∫ 1

0
e[ψ]1τ(1−t)

·w(τn +1τ · t)=1τ ·
∫ 1

0
e[ψ]1τ(1−t)

· [wn(1− tξ )+wn+1tξ ]dt

= wn
[S] +wn+1

[T ], 0< ξ < 1. (3-9)

The function in these equations is replaced with ϑ0 or ϑN . In the integration process the matrix
exp([ψ] ·1τ) expressed in the form (3-5) is used. The choices (3-7) and (3-9) guarantee that the solution
of the inverse problem is stable. After this operation the expressions (3-7) and (3-9) take on the form

{ϑn+1
} = e[ψ]1τ · {ϑn

}+ (ϑn
0 [S] +ϑ

n+1
0 [T ]){ψ0}+ (ϑ

n
N [S] +ϑ

n+1
N [T ]){ψN }

= e[ψ]1τ · {ϑn
}+ {S0} ·ϑn

0 +{T 0} ·ϑn+1
0 +{SN } ·ϑn

N +{T N } ·ϑn+1
N . (3-10)
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The matrix exp([ψ] ·1τ) is a matrix of stability for the direct problem with a boundary condition of the
first type at the point η = 0 and η = 1. The dependence (3-10) can be written more compactly as

{ϑn+1
} = [{S}, e[ψ]1τ , {SN }]{ϑ̄n}+ {T 0}ϑn+1

0 +{T N }ϑn+1
N

= [Sψ]{ϑ̄n}+ {T 0}ϑn+1
0 +{T N }ϑn+1

N , {ϑ̄} = {ϑ0, ϑ1, . . . ϑN }, (3-11)

where dim[Sψ] = (N −1)∗ (N +1). Supplementing the vector (ϑn+1) with the elements ϑn+1
0 and ϑn+1

N
we obtain

{ϑ̄n+1
} =

 {0}T[Sψ]
{0}T

 {ϑ̄n
}+

 1
{T 0}

0

 {ϑn+1
0 }+

 0
{T N }

1

 {ϑn+1
N }

= [ ¯Sψ]{ϑ̄n
}+ + {P0}ϑn+1

0 +{P N }ϑn+1
N = [ ¯Sψ]{ϑ̄n

}+ [T T ] · {ϑn+1
0 , ϑn+1

N }
T , (3-12)

for n = 0, 1, . . . , or, in a form which takes into account the values of temperature ϑn+1
0 , ϑn+1

N at the
boundary in the subsequent moments of time:

{ϑ̄n+1
} = [ψ]n+1

·

n−1∑
k=0

[ψ]n−1+k
· {P0}ϑn+k

0 +

n−1∑
k=0

[ψ]n−1+k
· {P N }ϑk+1

N (3-13)

This gives the solution of the direct problem with a boundary condition of the first type. This series is
convergent, if the spectral radius of matrix ψ , fulfills condition ρs[ψ]< 1. The dependence (3-13) gives
a convenient method for solving the global inverse problem [Ciałkowski and Grysa 2010].

4. The solution of the inverse problem

In many practical situations it is impossible to determine temperature ϑ at the surface η = 0. However, it
is possible to measure the temperature ϑ(η, τ ) at points η = η∗k , 0< η∗k < 1, k = 1, . . . ,Mstern, τ = τn+1,
n = 0, 1, 2, . . . . The dependence (2-9) takes the form

ϑ(η∗k , τn+1)= ϑ
n+1(η∗k )=

N∑
i=0

ϕi (η
∗

k )ϑ
n+1
i = f n+1

k , k = 1, 2, . . . ,Mstern (4-1)

or separate in (4-1) temperatures ϑn+1
0 and ϑn+1

N at the ends of a segment [0, 1] we have

ϕ0(η
∗

k )ϑ
n+1
0 +

N−1∑
i=1

ϕi (η
∗

k )ϑ
n+1
i +ϕN (η

∗

k )ϑ
n+1
N = f n+1

k

or

ϕ0(η
∗

k )ϑ
n+1
0 +{ϕ(η∗k )}

T
{ϑn+1

}+ϕN (η
∗

k )ϑ
n+1
N = f n+1

k . (4-2)

Substituting relationship (3-11) into (4-2) we obtain

ϕ0(η
∗

k )ϑ
n+1
0 +{ϕ(η∗k )}

T
· ([Sψ]{ϑ̄n}+ {T 0}ϑn+1

0 +{T N }ϑn+1
N )+ϕN (η

∗

k ))ϑ
n+1
N = f n+1

k
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or

(ϕ0(η
∗

k )+{ϕ(η
∗

k )}
T
{T 0})·ϑn+1

0 +(ϕn(η
∗

k )+{ϕ(η
∗

k )}
T
{T N })·ϑn+1

N = f n+1
k −{ϕ(η∗k )}

T
[Sψ]·{ϑ̄n

}, (4-3)

for k = 1, 2, . . . ,Mstern. The boundary condition (2-13) is simplified to a similar form:

b0 ·ϑ
n+1
0 +{b}T {ϑn+1

}+ bN ·ϑ
n+1
N = Bia ·ϑ

n+1
fa

(4-4)

and after introducing the dependence (3-11) we have:

b0 ·ϑ
n+1
0 +{b}T ([Sψ]{ϑ̄n}+ {T 0}ϑn+1

0 +{T N }ϑn+1
N )+ bN ·ϑ

n+1
N = Bia ·ϑ

n+1
fa
,

or

(b0+{b}T {T 0}) ·ϑn+1
0 + (bN +{b}T {T N }) ·ϑn+1

N = Bia ·ϑ
n+1
fa
−{b}T [Sψ] · {ϑ̄n

}. (4-5)

Equations (4-3) and (4-4) create a system of equations with the unknowns ϑn+1
0 and ϑn+1

N which can be
written as follows:
ϕ0(η

∗

1)+{ϕ(η
∗

1)}
T
{T 0} · · · ϕN (η

∗

1)+{ϕ(η
∗

1)}
T
{T N }

...
...

ϕ0(η
∗

M)+{ϕ(η
∗

M)}
T
{T 0} · · · ϕN (η

∗

M)+{ϕ(η
∗

M)}
T
{T N }

b0+{b}T {T 0} · · · bN +{b}T {T N }

 ·
ϑ

n+1
0
...

ϑn+1
N



=


f n+1
1
...

f n+1
M

Bia ·ϑ
n+1
fn

−

{ϕ(η∗1)}

T
[Sψ]

...

{ϕ(η∗M)}
T
[Sψ]

{b}T [Sψ]

 · {ϑ̄n}, M = Mstern,

or

[FIB]
[
ϑn+1

0
ϑn+1

N

]
= {FBiotn+1

}− [SB]{ϑ̄n
}, dim[FIB] = dim[SB] = 2(Mstern+ 1), (4-6)

and finally [
ϑn+1

0
ϑn+1

N

]
= [FIB]+{FBiotn+1

}− [FIB]+[SB]{ϑ̄n
}. (4-7)

The solution (3-13) takes the form:

{ϑ̄n+1
} = [ ¯Sψ]{ϑ̄n

}+ [T T ]([FIB]+{FBiotn+1
}− [FIB]+[SB]{ϑ̄n

})

= ([ ¯Sψ] − [T T ][FIB]+[SB]){ϑ̄n
}+ [T T ][FIB]+{FBiotn+1

}

= [ψint ]{ϑ̄
n
}+ [T F]{FBiotn+1

}, n = 1, 2, . . . , (4-8)

where

{FBiotn+1
} = { f n+1(η∗1), . . . , f n+1(η∗M), Bia ·ϑ

n+1
fn
}

T , f n+1
= f (τn+1).
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5. The stability of the inverse problem

For the subsequent time steps τ = τn , n = 0, 1, 2, . . . we write (4-8) as

{ϑ̄1
} = [ψinv]{ϑ̄

0
}+ [FIB]+{FBiot1

},

{ϑ̄2
} = [ψinv]{ϑ̄

1
}+ [FIB]+{FBiot2

},

{ϑ̄3
} = [ψinv]{ϑ̄

2
}+ [FIB]+{FBiot3

},

{ϑ̄n
} = [ψinv]

n
{ϑ̄0
}+

n−1∑
k=0

[ψinv]
k
· [FIB]+{FBiotn−k

}.

(5-1)

If the spectral radius ρs of the matrix [ψinv] satisfies ρs([ψinv]) < 1, the Neumann series is convergent
and the solution of the inverse Equation (4-8) is stable. For the initial temperature vector {ϑ̄0} disturbed
by {δϑ̄0} and the data vector {FBiotn

} disturbed by value {δFBiotn
}, the value of disturbance {δϑ̄ } of

temperature by {ϑ̄n
} is determined from the dependence (5-1), namely

{ϑ̄n
+ δϑ̄n

} = [ψinv]
n
{ϑ̄0
+ δϑ̄0

}+

n−1∑
k=0

[ψinv]
k
· [T F]{FBiotn−k

+ δFBiotn−k
}. (5-2)

Subtracting (5-2) from the dependence (5-1), we have:

{δϑ̄n
} = [ψinv]{δϑ̄

0
}+

n−1∑
k=0

[ψinv]
k
· [T F]{δFBiotn−k

}, n = 1, 2, . . . (5-3)

The dependence (5-3) determines the propagation of the measurement errors of the initial temperature
and of the vector of measured temperatures in points η∗1, . . . , η

∗

M , M = Mstern. The distance between the
first thermoelement and the boundary η = 0 has an essential influence on the value of the spectral radius
ρs , and so does the method of determining the integral — (3-7), (3-8), or (3-9).

6. Numerical calculation

To investigate the numerical properties of the proposed method, the calculation was carried out for a
circular ring with inner radius Ri = 0.1 m and outer radius Ra = 0.209 m. We further took r∗1 = 0.108 m
and r∗2 = 0.157 m. The thermophysical properties were chosen as c = 500 J/(kg K), ρ = 7800 kg/m3, and
λ= 47.76 W/mK. For test values, we took temperatures in cylindrical ring with different heat transfer
coefficient at inner surface of ring αi = {5000, 2500, 1000, 500, 100}W/m2K, outer surface isolation
q = 0 and the temperature T fi = 535◦C, initial temperature T0 = 0◦C. Figure 3 presents the distribution
of heat transfer coefficient αI obtained from the solution of the inverse problem for the data mentioned
above.

The distribution of heat transfer coefficient is obtained from the solution of the inverse problem by
means of a different way of calculating the integral in (3-6). Integration according to the method ex-
pressed by the formula (3-8) or (3-9) leads to a nonoscillating solution of the inverse problem.

For ζ = 0.75 and method of integration (3-7), the spectral radius of the matrix is given in Figure 4
for positions of thermoelements at s1 = 8 mm and s2 = 57 mm from the inner surface. The influence the
number of spline functions on the heat transfer coefficient is given in Figure 5. Figure 6 presents inverse
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Figure 7. Solution of the inverse problem for different values of parameter ζ in (3-7).

problem solution for the data taken from the exact solution. Stability of the inverse problem depends on a
length of time interval, a way of integration and the value of heat transfer coefficient on the outer side of
cylinder. The time step was equal to 0.5 s. The use of (3-7) with parameter ζ = 0.75 in our calculations
guarantees the stability of the inverse problem while at the same time identifying the value of the heat
transfer coefficient with high precision in a large time interval. Decreasing the value of parameter ζ leads
to oscillation of the heat transfer coefficient obtained from the solution of the inverse problem, Figure 7.
The arithmetic average of the subsequent values for ζ = 0.55 brings the results very near to the values
for parameter ζ = 0.75. It can then be concluded that the interval of appropriate values for the parameter
ζ is relatively broad and allows one to obtain stable results for the solution of the inverse problem using
the arithmetic average. Figure 8 demonstrates the distribution of the measured temperature in a fluid
at two inner points of a ring with radius Ri = 0.1m placed s1 = 8 mm and s2 = 57 mm from the inner
surface.



THE INVERSE PROBLEM FOR THE HEAT CONDUCTION EQUATION 251

0

50

100

150

200

250

0 50 100 150 200 250 300 350 400 450 500 550 600 650
time in [s]

te
m

p
e
ra

tu
ra

e
 i
n

 [
C

]

fluid temperature distribution in [C]

temperature distribution at first measurement point

temperature distribution at second measurement point

Figure 8. Distribution of measured temperature.

  
0

10000

20000

30000

40000

50000

60000

0 250 500 750 1000 1250 1500 1750 2000 2250 2500

time in  [s]

a
lf
a
_
i 
 i
n

  
[W

/(
m

*m
*K

)]

non averaged distribution

arithmetic averaged distribution

Figure 9. Solution to the inverse problem for real measurement. The thermocouples
were placed at s1 = 8 mm and s2 = 57 mm from the inner surface.

These distributions are used to solve the inverse problem and to determine the heat transfer coefficient
at the surface r = Ri . The values of the heat transfer coefficient are shown on Figure 9, where the time
step is equal to 1t = 4 s.

7. Conclusions

We have presented a method for solving the inverse problem for the transient linear heat transfer equation
by approximating the solution with respect to the space variable with hyperbolic spline functions. The
unknown coefficients of the linear combination of spline functions were determined by fulfilling the
differential equation in the points of the net (Figure 2).

The essence of the proposed method is based on the approximation of the solution of differential equa-
tions with respect to the space variable by a twice-differentiable function. Hyperbolic spline functions
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were chosen because using a backward quotient difference for the time variable transforms the heat trans-
fer to Helmholtz’s equation with source function, the solution of which contains a hyperbolic function.
The smoothness of spline functions guarantees continuity of heat flux in each point of region which do
not have place in the finite element method (there are jumps of flux between elements). The proposed
method is appropriate for continuous temperature monitoring of casings with cylindrical or spherical
geometries. This assumption usually follows from the lack of possibility of placing a large number of
thermoelements because each hole leads to greater thermal stress.
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