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NETWORK EVOLUTION MODEL OF ANISOTROPIC STRESS
SOFTENING IN FILLED RUBBER-LIKE MATERIALS: PARAMETER

IDENTIFICATION AND FINITE ELEMENT IMPLEMENTATION

ROOZBEH DARGAZANY, VU NGOC KHIÊM, UWE NAVRATH AND MIKHAIL ITSKOV

A purely micromechanical network evolution theory granting new insight into the damage mechanism
was proposed previously by the authors (Dargazany and Itskov, 2009). In this follow-up paper, we
further formulate the network evolution model for implementation into finite element simulations. To
this end, a general internal variable formulation is developed which determines the inelastic response
of the microstructure on the basis of the free energy function. The thermodynamical consistency of the
network evolution model is then verified analytically. Next, the predictive capabilities of the model are
demonstrated by means of several experiments especially designed to capture stress softening, permanent
set, and induced anisotropy. Finally, the influence of the filler concentration on material parameters is
studied.

1. Introduction

Constitutive modeling of the macroscopic behavior of rubber-like materials has long been the subject of
interest; see [Treloar 2005] or [Mark and Erman 2007] for an introduction. In the behavior of rubbers,
hyperelasticity and stress softening are the most studied phenomena.

Investigations of inelastic effects in rubber materials, as, for example, stress softening, date back to
the beginning of the last century, starting with [Bouasse and Carrière 1903; Holt 1932]. Later, Mullins
and his coworkers investigated rubber-like materials in detail and reported different inelastic features of
filled rubbers [Mullins and Tobin 1957; 1965], which still can hardly be modeled micromechanically.

Bueche [1960; 1961] associated the Mullins effect with the breakage of weak bonds between polymer
chains and filler particles (see [Aksel and Hübner 1996]). This assumption was redefined by some
authors as the slippage of polymer chains on filler clusters [Houwink 1956; Killian et al. 1994]. This
concept has been further developed by describing the chain entanglements between particles [Hamed and
Hatfield 1989] and has consequently been employed as a basis for the thermodynamical representation
of continuum damage mechanics [Simo 1987; Miehe and Keck 2000]. Following the lead of Bueche,
Govindjee and Simo [1991; 1992] decomposed the rubber matrix into a pure rubber network and a
polymer-filler network, the latter being subjected to damage. The model was based on the isotropic three-
chain model [James and Guth 1943], in which the damage depends on the largest principal stretch. The
main assumption of their model is that damage takes place only in the presence of fillers. Indeed, recent
experiments show that only filled elastomers that can crystallize show stress softening [Diani et al. 2009].

Rajagopal and Wineman [1992] developed a set of integral-type constitutive equations governing the
microstructural damage induced by the rupture of molecular bonds and recreation of new ones. Based
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on this approach, stress softening and permanent set in some applications were calculated based on a
neo-Hookean-type model [Huntley et al. 1996]. Using a similar technique, Demirkoparan et al. [2009]
generalized the two-reference configuration theory proposed in [Wineman and Rajagopal 1990] to fibrous
soft matter by considering the material as a composition of two components, in which the microstructure
change only occurs in the fibrous component. The resulting model was able to capture stress softening
and permanent set in fibrous materials.

By categorizing polymer chains into two types, flexed and extended, Drozdov and Dorfmann [2001]
developed a micromechanically motivated model that can take stress softening and permanent set into
account.

Based on the concept of pseudoelasticity, Dorfmann and Ogden [2004] proposed a phenomenological
approach to account for permanent set. Combining the three-chain [James and Guth 1943] and eight-
chain [Arruda and Boyce 1993] models, Elías-Zúñiga and Beatty [2002] proposed a model that suc-
cessfully predicted the constitutive behavior of rubber under multiaxial loading conditions. The model
had a relatively simple formulation and only three model parameters. Next, by redistributing of the
representative chains in all possible orientations, the full network model was attained [Beatty 2003]. In
another approach, Elías-Zúñiga and Rodríguez [2010] proposed a phenomenological damage function
and substituted it into the non-Gaussian full-network model. The final model showed good agreement
with experimental results on equibiaxial tension tests.

Hanson et al. [2005] associated the anisotropic Mullins effect with the removal of the chain entangle-
ments during slippage of chains on each other. Thus, despite the constant number of active chains, the
density of entanglements changes under deformation.

In order to describe the anisotropic Mullins effect, the idea of network decomposition of [1991] was
exploited by Göktepe and Miehe [2005]. They further presented a microsphere model with 21 material
directions instead of the three principal directions proposed by Govindjee and Simo [1991; 1992]. By
considering nonaffinity in the polymer–polymer network, the developed model is also efficient for unfilled
elastomers. Zimmermann and Wineman [2005] derived the constitutive theories that characterize the
implications of polymer chains debonding on the mechanical properties of the rubber matrix, particularly
induced anisotropy, and permanent set.

In another approach, Diani et al. [2006] further generalized the one-dimensional network alteration
model into a three-dimensional model. Then, by proposing a phenomenological damage function, the
losses of energy in different directions were taken into account. The so-obtained model was then
compared with quasistatic experiments and agreed well with the measured residual strain and induced
anisotropy.

In [Dargazany and Itskov 2009], we proposed a micromechanical constitutive model for carbon black
filled rubber-like materials, which can describe such anisotropic inelastic phenomena as the Mullins
effect, permanent set, and induced anisotropy. The model is based on the idea of network decomposition
of [Govindjee and Simo 1991], where the rubber network is decomposed into a pure rubber network and
a polymer-filler network. Damage in the polymer-filler network is considered as a consequence of chain
sliding on or debonding from aggregates. In contrast to previous works on anisotropy of the Mullins
effect, no phenomenological damage function is introduced. Damage in different directions is governed
by a network evolution concept which describes changes in the interaggregate distribution of polymer
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chains. The proposed model demonstrates very good agreement with experimental data with respect to
the above-mentioned inelastic effects, although it considers filler aggregates as rigid bodies.

Moreover, the model benefits from its simplicity, small number of physically motivated material pa-
rameters, and fast fitting procedure. However, the predictions of the model were validated by only one set
of experimental data and, furthermore, the thermodynamical consistency and implementation procedure
of the model into finite element code were not discussed. Addressing these issues is the main goal of
this work.

The paper is organized as follows. The fundamentals of the network evolution model are reviewed
in Section 2. Then, the constitutive modeling approach is discussed in Section 3. In Section 4, the
thermodynamical consistency of the model is studied and verified analytically. In order to implement the
network evolution model into finite element simulations, the tangent tensor is derived using a linearization
procedure discussed in Section 5. Section 6 describes the experimental procedure which is used later
in Section 7 for evaluation of the material parameters. The implementation of the proposed constitutive
model into commercial FE code (ABAQUS) is presented in Section 8. Finally, the Appendix provides
details of the derivation of the tangent tensor.

2. Network evolution model

2.1. Statistical mechanics of a single chain. According to Gaussian statistics, the probability that a
segment of a freely rotating chain with n segments and end-to-end distance R exists is given by

PG(n, R) d R =

√
α′

πnl2 exp
(
−
α′R2

nl2

)
d R, (1)

where l denotes the segment length and α′ = 3
2 (1 − cos θ)/(1 + cos θ) is expressed in terms of the

supplement to the valence angle θ = 70.5◦. Accordingly, the probability of existence of a polymer chain
connecting two constrained segments, so that none of the segments between numbers 1 and n is joined
to an aggregate surface, is given by (see [Dargazany and Itskov 2009])

P(n, R)= κ

√
α′

πn
exp A, with

A =−α′ R
2

n
− κ

√
α′

π

[
2
√

n exp
(
−α′

R2

n

)
+ 2R
√
πα′

(
erf
(

R

√
α′

n

)
− erf

(
R
√
α′
))
− 2 exp(−α′R2)

]
,

(2)

where κ denotes the average area of active adsorption sites available for one bond.
(A bar over a parameter denotes its normalized value with respect to the segment length l: thus

R̄ = R/ l, and so on.)
Let us denote the vectors connecting the two ends of the chain in the reference and deformed config-

urations by R and r , and their lengths by R and r , respectively. Accordingly, one has

r = Fm R, r =
D
λR, (3)

where Fm denotes the deformation gradient at the microscale, and
D
λ=

√
DFT

m Fm D the microstretch in
the direction specified by the unit vector D. Hereafter, the following font styles are used: for a scalar X ,
a vector X , a second-order tensor X, and a fourth-order tensor X.
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Based on non-Gaussian statistics, the strain energy density of a freely rotating chain is written as

ψc(n, r̄)= bnK T
( r̄

abn
β + ln β

sinhβ

)
, (4)

where the coefficients a and b are calculated by [Treloar 2005]

a =
3

2α′
cos−1

(
θ

2

)
, b = 2

3
α′cos2

(
θ

2

)
, (5)

and β = L−1(r̄/abn) is expressed in terms of the inverse Langevin function L−1, while K and T denote
Boltzmann’s constant and the absolute temperature.

2.2. Strain energy of the rubber matrix. By considering rubber as a nearly incompressible material, its
strain energy function 9N (C) can be decoupled into isochoric and volumetric parts by (see, for example,
[Holzapfel 2000])

9N (C)=9M(C)+U (J ), (6)

where C denotes the right Cauchy–Green tensor, J 2
= det C, and C= J−2/3C.

The rubber matrix is then decomposed into a pure rubber network (CC) and a polymer-filler network
(PP) which act parallel to each other (for details see [Dargazany and Itskov 2009]). Accordingly, the
isochoric strain energy of the rubber matrix 9M can be represented as

9M =9cc+9pp, (7)

where 9cc and 9pp denote the strain energies of the CC and PP networks per unit reference volume of
the material (see Figure 1).

2.3. Pure rubber network. The pure rubber network is considered as an ideally elastic network with
affine motion of cross-links and identical chains that are initially in the unperturbed state, in which the
mean end-to-end distance of a freely rotating chain is R0 = a

√
bn. Accordingly, the entropic energy of

a single chain subjected to elongation is represented by

ψ(n, D
χ) := ψc(n,

D
λR0), (8)

Figure 1. Illustration of the network decomposition concept.
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where we keep in mind that in the CC network the microstretch
D
λ is equal to the macrostretch D

χ . In
order to obtain the strain energy of the CC network, Nc chains with nc segments are considered in each
spatial direction, so that

9cc =
1
As

∫
S

Ncψ(nc,
D
χ) d Du, (9)

where As represents the surface area of the microsphere S, and Du the unit area of the surface with the
normal direction D.

2.4. Polymer-filler network. The evolution of the polymer-filler network is assumed to be responsible
for the already mentioned stress softening. Let Ñ (n, r̄) be the number of chains with number of segments
(relative length) n, relative end-to-end distance r̄ , and end-to-end direction specified by the unit vector
D. The integration over the whole set DA of relative chain lengths n available in the direction D further
yields the free energy of chains in this direction as

D
9 =

∫
DA

Ñ (n, r̄)ψc(n, r̄) dn. (10)

The network evolution was described as an interaction of two simultaneous processes of aggregate-
polymer debonding and network rearrangement. In the course of deformation, polymer chains begin
to slide on or debond from the aggregates. This debonding starts with the shortest chain and gradually
involves longer and longer chains. Under unloading, the debonded chains do not reattach back to the
aggregate’s active sites, and thus the maximal microstretch previously reached in the loading history,

D
λm = max

τ∈(−∞,t]

D
λ(τ), (11)

is crucial for the description of the polymer-filler debonding. Accordingly, the length of the shortest
available chain in the deformed subnetwork is then obtained by (see also [Dargazany and Itskov 2009])

nc− f (
D
λm)=

ν
D
λm R
ab

, (12)

where ν > 1 denotes a sliding ratio and is a material parameter.
Furthermore, we assume an upper limit for the length of a chain between two aggregates, denoted in

the following by nmax (for details see [Dargazany and Itskov 2009]). Accordingly, the set of available
relative lengths of chains bonded to aggregates in the direction D can be expressed by

DA(
D
λm)= {n | nc− f (

D
λm)≤ n ≤ nmax}. (13)

By these means, the material behavior in the direction D is influenced by the loading history.
The concept of chain rearrangement in a rubber network suggests that the detachment of chains from

the aggregate surface does not necessarily result in the complete loss of their role in the network entropic
energy, but it may also lead to the activation of some new segments. Thus, all in all, one can assume that
the total number of active segments remains constant. This assumption yields

Ñ (n, r̄)= N08(
D
λm)P(n, R)= N08(

D
λm)P̂(n), (14)

where

8(x)=
(∫

DA(x)
P̂(n)n dn

)−1

. (15)
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We consider R as a material constant, and introduce the notation P̂(n) := P(n, R). The variable N0

represents the number of active chains per unit undeformed volume, and will also be considered as a
material parameter. Finally, considering (14) and (13) in (10), the energy of a subnetwork in direction
D is obtained as

D
9 = N08(

D
λm)

∫
DA(

D
λm)

P̂(n)ψc(n,
D
λR) dn. (16)

3. Constitutive modeling

3.1. Three-dimensional generalization. Assuming an isotropic spatial distribution of polymer chains
in the rubber matrix, the macroscopic energy of a three-dimensional network can be written as

9cc =
1
As

∫
S

Ncψ(nc,
D
χ) d Du, 9pp =

1
As

∫
S

D
9 d Du. (17)

The integration is carried out numerically by

9cc ∼=

k∑
i=1

Ncψ(nc,
Di
χ)wi , 9pp ∼=

k∑
i=1

Di
9wi , (18)

where wi are weight factors corresponding to the collocation directions Di (i = 1, 2, . . . , k). As shown in
[Ehret et al. 2010], the numerical scheme of [Heo and Xu 2001] demonstrates the least error in prediction
of the induced anisotropy in comparison with the number of integration points and thus is used in this
study. Accordingly, a set of k = 45 integration points on the half-sphere is chosen. Substitution of (16)
into (18) yields the energy of the rubber matrix as

9M =9cc+9pp =
Ñc

K T

k∑
i=1

wiψ(nc,
Di
χ),+

Ñ0

K T

k∑
i=1

wi

∫
DA(

Di
λm)

8(
Di
λm) P̂(n)ψc(n,

Di
λR) dn, (19)

where
Ñc = Nc K T, Ñ0 = N0K T . (20)

3.2. Strain amplification. In a filler-reinforced rubber network, the stretch of the polymer chains be-
tween aggregates (microstretch) generally exceeds the stretch applied to the rubber matrix (macrostretch).
This strain amplification concept is based on the fact that filler aggregates are considerably stiffer than
the polymer chains connecting them together [Rault et al. 2006]. This inhomogeneity of the material
leads to the inhomogeneity in the microstretch distribution. Accordingly, the amplification function X is
defined to establish a relationship between the microstretch

D
λ and the macrostretch D

χ , and is written as
D
λ= X ( D

χ)=

D
χ −Cp

1−Cp
, (21)

where C ∈ (0, 1) represents the volume fraction of filler per unit volume of rubber matrix (C < 0.3 in
most studies), and p depends on the structure of the filler network. Bueche [1961] showed that p= 1

3 in
the case of a statistically homogeneous distribution of spherical particles (see, for example, [Govindjee
1997; Bergström and Boyce 1999]).

The strain amplification concept is based on the following assumptions.
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(1) Filler aggregates are distributed and colonized randomly in three dimensions.

(2) The stiffness of the rubber matrix is negligible in comparison to that of the filler aggregates, and
thus the filler aggregates can be considered as rigid inclusions.

(3) Changes in the aggregate’s volume under deformation are negligible.

(4) There is no energy dissipation in the aggregates.

Let us represent parameters related to fillers, polymers, additives, and the rubber matrix by subscript
f , p, a, and r , respectively. Then

C =
Vf

Vr
, Vr = Vf + Vp + Va, (22)

where V• denotes the volume. In industrial applications, the amount of filler in a rubber sample is given
by C f which denotes the mass parts of filler per hundred parts of rubber (phr):

C f =
Mf

Mp
=

Vf

Vp

ρ f

ρp
, Mr = Mf +Mp +Ma, (23)

where ρ• and M• represent the density and mass of the corresponding ingredients, respectively. The
amount of additive, which is mainly composed of processing agents, can be considered to be around
5–10 phr. Accordingly, one can simply express C as

C =
Vf /Vp

Vf /Vp + 1+Ma/(ρa Vp)
=

C f ρp/ρ f

(1+ 0.1ρp/ρa)+C f ρp/ρ f
. (24)

Note that (21) is valid as far as D
χ > Cp, otherwise the deformation of aggregates should also be taken

into account. Experimental results, however, show that the validity range of (21) lies within the elasticity
range of samples.

The implementation of the strain amplification concept does not introduce any additional parameters
into the model. It applies to microstretches and does not contradict the incompressibility constraint valid
for the macroscale deformations. Indeed, this constraint is a purely macroscopic phenomenon and does
not necessarily hold for microscopic deformations.

3.3. Macroscale behavior. Now, the total strain energy of the rubber matrix is given in (19). The con-
stitutive equation for the first Piola–Kirchhoff stress tensor P can be written as

P =
∂9M

∂F
=
∂9pp

∂F
+
∂9cc

∂F
, (25)

where

∂9cc

∂F
=

k∑
i=1

Ncwi
∂ψ(nc, x)

∂x

∣∣∣∣∣
x=

Di
χ

1

2
Di
χ

∂Di CDi

∂F
:
∂F
∂F ,

∂9pp

∂F
=

k∑
i=1

wi
∂

Di
9

∂
Di
λ

∂
Di
λ

∂
Di
χ

1

2
Di
χ

∂Di CDi

∂F
:
∂F
∂F .

(26)
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These equations can be further simplified by means of the following identities:

∂ψc(n, x R)
∂x

=
1
a

RK T L−1
( x R

abn

)
, (27)

∂ψ(n, x)
∂x

=
√

bnK T L−1
(

x
√

bn

)
, (28)

∂
D
9

∂
D
λ
= N08(

D
λm)

∫
DA(

D
λm)

P̂(n)
∂ψc(n, x R)

∂x

∣∣∣∣∣
x=

D
λ

dn, (29)

∂
D
λ

∂
D
χ
=

1
1−Cp

, (30)

∂DCD
∂F

:
∂F
∂F = 2F(D⊗ D) : J−1/3I= 2J−1/3F(D⊗ D). (31)

Thus, (25) yields

P=
k∑

i=1

(Pcc(Di )+ Ppp(Di ))
wi
Di
χ

J−1/3F(Di ⊗ Di ), (32)

where

Pcc(x)= Ñc
√

bnc L−1
( x

χ
√

bnc

)
, (33)

Ppp(x)=
R
a

Ñ0

1−Cp
8(

x
λm)

∫
DA(

x
λm)

P̂(n)L−1
( x
λR
abn

)
dn. (34)

A proper approximation approach for the inverse Langevin function can be chosen depending on
the elongation range of polymer chains. In this study, the elongation ratio at which the chains are
debonded from the aggregate surface is described by ν. Depending on its value, two different functions
approximating the inverse Langevin function are utilized.

In cases of moderate and large deformations, Taylor expansion is more favorable (see [Itskov et al.
2012]). However, if chain breakage occurs very close to the fully stretched state of the chains ν < 1.04,
then Padé approximants [Puso 2003] show better agreement with the exact values. Accordingly

L−1(x)∼=


n∑

i=0

Ci x i if ν ≥ 1.04,

3x
1− x3 if ν < 1.04,

(35)

where the number of terms n and the values of Ci are given in [Itskov et al. 2012].

4. Thermodynamic consistency

Since the strain energy of the rubber matrix 9M is influenced by a number of internal variables, namely
D
λm , one can rewrite 9M as

9M := 9̂M(C,�)= 9̃M(F,�), (36)



NETWORK EVOLUTION MODEL OF ANISOTROPIC STRESS SOFTENING 869

where
�= {

D
λm : D ∈ V3

∧ |D| = 1}. (37)

Accordingly, the Clausius–Duhem inequality resulting from the second law of thermodynamics can be
reduced to

−∂D
λm

9M · (
Ḋ
λm)≥ 0 for all D. (38)

Under unloading and reloading
Ḋ
λm = 0 while

Ḋ
λm > 0 in primary loading. Thus, the Clausius–Duhem

inequality is satisfied if during the primary loading, the following inequality:
∂9M

∂
D
λm

≤ 0 for all D (39)

holds. With respect to (7) and (18), (38) yields

∂
D
9

∂
D
λm

≤ 0 for all D. (40)

We will prove (40) for an arbitrary direction D and for the sake of brevity denote
D
λm by x . Using (16)

we further obtain
d8(x)

dx

∫ nmax

nc− f (x)
P̂(n)ψc(n, λR) dn−

dnc− f (x)
dx

8(x)P̂(nc− f (x))ψc(nc− f (x), λR)≤ 0, (41)

where
d8(x)

dx
=−x

(
υR
ab

)2
82(x)P̂(nc− f (x)). (42)

Since (41) should be verified just during the primary loading (
D
λm =

D
λ), it can be rewritten as

nc− f (x)
(∫ nmax

nc− f (x)
P̂(n)ψc(n, λR) dn

)
−

(∫ nmax

nc− f (x)
P̂(n)n dn

)
ψc(nc− f (x), λR)≤ 0, (43)

which holds since, in view of (2), we have the following inequalities:

nc− f (x)≤ n for all n ∈ {nc− f (x), nmax}, hence nc− f (x)<
∫ nmax

nc− f (x)
P̂(n)n dn;

and
ψc(nc− f (x), x R)≥ ψc(n, x R) for all n ∈ {nc− f (x), nmax},

hence ∫ nmax

nc− f (x)
P̂(n)ψc(n, x R) dn <ψc(nc− f (x), x R).

5. Finite element linearization

In the following we derive the tangent tensor defined by

C= 2 ∂S
∂C , (44)

where S denotes the second Piola–Kirchhoff stress tensor. By using the fourth-order deviatoric projection
tensor in the Lagrangian description

PDev = Is
−

1
3 C−1

�C, (45)
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for a nearly incompressible material S is formulated as

S= 2
∂9N (C, �)

∂C
= 2

∂9M

∂C
:
∂C
∂C + 2∂U

∂ J
∂ J
∂C = J−2/3(PDev : S)︸ ︷︷ ︸

Siso

+U ′ JC−1︸ ︷︷ ︸
Svol

, (46)

where S= 2∂9M/∂C.
Accordingly, the tangent tensor of the rubber matrix is given by

C= 2 ∂S
∂C = 2∂Siso

∂C︸ ︷︷ ︸
Ciso

+ 2∂Svol

∂C︸ ︷︷ ︸
Cvol

. (47)

Substituting (46) into (47) gives

Ciso
= J−4/3PDev : C : P

T
Dev−

2
3 J−2/3

[C−1
�S+S�C−1

] +
2
3 (S : C)Z, (48)

Cvol
= J

(
U ′′ J + 5

3 U ′
)
C−1
�C−1

− 2U ′ JZ, (49)

where the fourth-order tensor products are defined in [Itskov 2009].
Finally, the tangent tensor is obtained in view of (47) as

C= J−4/3PDev : C : P
T
Dev−

2
3 J−2/3(C−1

�S+S�C−1)

+
2
3 (S : C− 3U ′ J )Z+ J

(
U ′′ J + 5

3 U ′
)
C−1
�C−1, (50)

where Z=
[1

3 C−1
�C−1

+ (C−1
⊗C−1)

s] and C is given by (see details in the Appendix)

C= 2
∂S
∂C
+ 2

k∑
i=1

∂S(C, �)

∂
Di
λm

�
∂

Di
λm

∂C
. (51)

6. Experiment

The experimental study1 presented here consists of three parts: loading in two orthogonal directions to
capture induced anisotropy, multiaxial tension tests to evaluate model accuracy, and cyclic tension tests
on a compound with different filler concentrations to investigate the influence of material parameters.

6.1. Loading in two orthogonal directions. In this experiment we used a cross-shaped specimen (Figure 2)
made of 50 phr carbon black filled polychloroprene rubber (CR). The exact composition of the elastomer
used in this experiment is given in Table 1. The experiment was performed at room temperature with a
strain rate of 40% /min.

The four arms of the cross-shaped specimens have multiple slits parallel to the sides to obtain a nearly
homogeneous state of uniaxial tension in the measurement area (see, for example, [Pawelski 2001]).
The specimens were loaded by a spindle-driven two-pillar universal tensile test machine. The machine
provides a constant clamping force, which is important for measurement reproducibility [Itskov et al.
2006]. Fast clamping and unclamping procedures furthermore reduced the influence of time-dependent

1The experimental part of this work is a result of cooperation with Professor E. Haberstroh (Institute of Rubber Technology,
RWTH Aachen University) whose contribution is gratefully acknowledged.
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Figure 2. A cross-shaped specimen in its virgin and deformed states. The measurement
area retains its rectangular form, which implies a homogeneous strain distribution there.

effects such as relaxation. Using an optical measuring system, stretches in the measurement area were
evaluated by a noncontact method.

The experimental procedure was as follows: the virgin specimen was subjected to loading-unloading
cycles of uniaxial tension (in the x-direction) with increasing stretch amplitudes of 1.15, 1.30, 1.45, 1.60,
and 1.75. Five cycles were conducted for each stretch amplitude.

After unloading to the stress-free state, the sample was unclamped and reclamped for consequent
loading in the orthogonal direction (the y-direction). Despite resulting residual strains from the previous
loading cycles, the new configuration is considered as the reference configuration for the loading in the
y-direction. The above-described loading procedure was repeated again in the y-direction.

The nominal stress P is plotted versus stretch χ in Figure 3a. Under tension in the x-direction, the
classical Mullins effect and permanent set can be seen after the first loading cycle. Under tension in the
y-direction, the strong anisotropy of the Mullins effect can be observed.

In order to resume the ideal Mullins effect, the hysteresis observed in the second and subsequent
cycles is eliminated from the experimental data. Accordingly, Figure 3b illustrates the idealized Mullins
effect, permanent set, and induced anisotropy.

Compound phr Density (kg/m3)

Polychloroprene (CR) 100 1210
Carbon black (N330) 50 1800
Antioxidant 2 990
Processing aids 1.5 1230
Activator 2 3600
Cross-linker 5 2000
Plasticizer 2 970

Table 1. Compound specifications of the rubber sample used for the cross-shaped specimen.
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Figure 3. (a) Initial and (b) treated experimental results of the uniaxial tension test of
the cross-shaped specimen in the two orthogonal directions.

6.2. Multiaxial tension test. To investigate the evolution of the deformation-induced anisotropy, its mag-
nitude was studied by loading in different directions, in the following experiment.

A large specimen was elongated up to a certain stretch level then unloaded (one complete uniaxial
tension cycle). Then, a small dumbbell-shaped specimen was cut from the prestretched specimen at an
angle 8 inclined to the initial tension direction, with 8= 0◦, 15◦, 22.5◦, 45◦, 67.5◦, 90◦ (see Figure 4).
The small samples were then loaded up to the same stretch level as the large sample and then unloaded.

Using this approach, one can study the mechanical response of the material in different directions.
The comparison of the responses of the large and small specimens for 8= 0◦ is shown in Figure 5.

The samples were made of 50 phr (24% by volume) carbon black filled polychloroprene rubber (CR)
with the composition given in Table 2. The mechanical responses of the small samples for different

Figure 4. Sample preparation for multiaxial tension test. Small samples were cut under
a certain angle 8 to the prestretch direction of the large sample.
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Figure 5. The mechanical response of the large sample in comparison with the smaller one.

Compound phr Density (kg/m3)

Polychloroprene (CR) 100 1210
Carbon black (N330) 50 1800
Antioxidant 1 990
Processing aids 4 1230
Activator 1 3600
Cross-linker 5 2000
Plasticizer 10 970

Table 2. Compound specifications of the rubber sample used in the multiaxial experiment.

directions are depicted in Figure 6. One observes that the Mullins effect decreases with increasing
angle 8.

6.3. Influence of the filler concentration. It is expected that stress softening increases in compounds
with higher filler concentrations. In this experiment, a compound with three different filler concentrations
was used. The ingredients of the compound are given in Table 2, and the filler concentrations are 20, 40,
and 60 phr (11, 20, and 28% by volume). The transverse loading experiment described in Section 6.1 is
then applied to each sample. The results plotted in Figure 7 confirm that the Mullins effect, permanent
set, and hysteresis are more pronounced in samples with higher filler concentrations.

7. Comparison with experimental results

The objective of this section is to assess the predictive capabilities of the proposed constitutive model by
comparing it with the experimental data presented in Section 6.
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Figure 6. Experimental results of uniaxial tensile tests on small samples cut under dif-
ferent angles 8 from the large sample.
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Figure 7. Experimental results of the uniaxial deformation of samples with different
filler concentrations in the (left) x and (right) y-directions.

7.1. Transverse loading. By means of seven material parameters, the model was fitted to the transverse
loading experimental data presented in Section 6.1. To this end, the least-square error function was
minimized with the aid of the Levenberg–Marquardt algorithm. The obtained values of the material
parameters are given in Table 3, while the predicted stress-stretch curves are plotted in Figure 8 against
the experimental diagrams for the x and y-directions.
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Figure 8. Comparison of the nominal stress-stretch curves of the model and the experi-
ment for the uniaxial tension test in the (left) x and (right) y-directions.

κ ν R nmax nc Ñ0 (MPa) Ñc (MPa)

14.824 1.0065 6.406 24.9135 100 2.8356 1.8141

Table 3. Parameters of the network evolution model for 50 phr CR used in the transverse
loading experiment.

κ ν R nmax nc Ñ0 (MPa) Ñc (MPa)

4.218 1.0057 5.558 26.425 100 6.722 1.167

Table 4. Parameters of the network evolution model for 50 phr CR used in the multiaxial
loading experiment.

The loading-unloading cycle of the 1.6 stretch amplitude in the x-direction was used for the fitting.
Thus, good agreement with other unloading curves in the x-direction and all loading-unloading curves
in the y-direction was obtained automatically.

7.2. Multiaxial tension test. In the multiaxial tension test, the residual stretches in the small samples
were taken into account in their new reference configurations.

The material parameters given in Table 4 were obtained by fitting the model to the experimental data
on the large sample. Then, using these parameters, the multiaxial loading experiment was simulated and
compared to the experimental data as shown in Figure 9.

7.3. Influence of the filler concentration. The aim of this experiment was to check the capabilities of
our model to simulate rubbers with different filler concentrations. To this end, samples made of the same
compound and different filler concentrations were analyzed.
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C f (phr) κ ν R nmax nc Ñ0 (MPa) Ñc (MPa)

60 1.6203 1.0050 4.8700 24.7144 100 8.5121 1.0372
40 0.8094 1.0050 5.6747 38.7337 100 8.5121 1.0372
20 0.002552 1.0050 6.7090 97.1366 100 8.5121 1.0372

Table 5. Parameters of the network evolution model for fitting to compounds with dif-
ferent filler concentrations. Constant material parameters are shaded.

Since the sample materials differed from each other just in filler concentration, the material parameters
independent of the filler concentration should remain constant for all simulations.

To verify this concept, we first calculated the seven material parameters of the model by fitting to the
uniaxial loading result of 60 phr CR in the x-direction (see Table 5). Then, the model simulations were
compared to the experimental results for this material in the x and y-directions (see Figure 10).

The parameters {κ, R, nmax} are directly influenced by the concentration of filler and ν by the type of
filler. The parameters {nc, Ñ0, Ñc} highly depend on the cross-linking and monomer properties, which
are constant in the three samples. In addition, the number of active segments in a network, namely
{Ñ0, Ñc}, slightly changes with the filler concentration due to the immobilization of some segments
around the aggregates, which are generally referred to as bound rubber. However, by excluding the
effect of the bound rubber, the parameters {ν, nc, Ñ0, Ñc} can be assumed to be independent of the filler
concentration.

In the next step, simulating the behavior of 40 and 20 phr CR, the material parameters {ν, nc, Ñ0, Ñc}

were taken from the fitting to 60 phr CR experimental data, and the rest, {κ, R, nmax}, approximated by
phenomenological relations which take the forms of power functions in terms of the filler concentration.
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Figure 10. Comparison of the model predictions with the experimental results of sam-
ples with different filler concentrations. A transverse loading experiment is applied to
each sample and the results in the (left) x and (right) y-directions are compared.

Despite the error induced by neglecting the effect of bound rubber, the predictions of the model using
the aforementioned set of parameters show relatively good agreement with experimental results (see
Figure 10). This further suggests that the changes in material parameters for different filler concentrations
can be obtained by performing only one fitting procedure and enables one to simulate rubbers of the same
compound with various filler concentrations based on only one set of fitting parameters.

8. Application examples

In this section, our model, implemented into the commercial FE code ABAQUS, is illustrated by two
examples with large inhomogeneous deformations. First, the behavior of a thin rubber sheet with a hole
in the middle is simulated and compared with experimental results under uniaxial tension. In the second
test, the model predicts the behavior of an industrial damper under cyclic loading.

8.1. Rectangular rubber specimen with a central hole under uniaxial tension. The objective of this
experiment is to assess the accuracy of the proposed constitutive model in predicting complex strain
fields.

The specimen is made of a 60 phr carbon black filled rubber, with the exact compound given in Table 5.
It has a rectangular shape (100× 35× 2 mm) with a hole of D = 14 mm at its center (see Figure 11). The
hole was punched out by a mechanical cutting device.

The experiment is performed at room temperature with a strain rate of ε̇ = 0.4 /s and stretch amplitude
of ε= 0.75. The strain field on the surface of the specimen is accurately measured by an optical measuring
system (GOM Aramis), where the displacements of several points on the sample are captured and a
detailed displacement field is provided.
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Figure 11. Shape of the test specimen.
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Figure 12. Comparison between strains in the loading direction from the FE results and
the experimental data.

Five points on the specimen surface are chosen, as shown in Figure 11. Strains at these points are
compared with the numerical results of the model simulations with 922 cubic elements. Good agreement
between the experimental data and the numerical simulation is observed (see Figure 12).

8.2. Rubber suspension system. In another example, the model is used to simulate the behavior of a
rubber component in an industrial application. To this end, cyclic loading of a cylindrical rubber string2,
shown in Figure 13, is simulated and compared with the measured data. The specimen is part of a
suspension unit that is generally used as an impact stop, oscillation damper, or pivot bearing in machine
constructions. The housing and the shaft of the bearing are made of steel. The string is made of carbon

2The samples used in this experiment are manufactured and provided by ROSTA AG.
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Figure 13. Assembled rubber suspension unit with housing (1), string (2), and shaft (3).
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Figure 14. Comparison of the model predictions with the experimental results for the
material of the string.
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black filled rubber with material constants obtained by fitting to the experimental data provided by the
manufacturer, ROSTA AG (Figure 14).

Due to the symmetry of the structure, appropriate boundary conditions were applied to one-quarter of
the rubber suspension unit, which was discretized by 2094 linear cubic elements. The simulation of the
rubber suspension unit started with the assembly process from undeformed state (Figure 13), following
by rotation of the shaft inside the bearing.

In Figure 15, the model predictions for the moment normalized with respect to the length of the string
are plotted versus the angle and compared with the experimental data for the reaction moment. This was
measured after five loading-unloading cycles, which corresponds to the unloading curve of our model.
This curve demonstrates good agreement with the above-mentioned experimental data (see Figure 15).

9. Concluding remarks

The previously proposed network evolution model for carbon black filled rubbers exhibiting anisotropic
Mullins effect is implemented here for finite elements simulations. To this end, the tangent moduli for
elastic and nonelastic regimes are formulated in terms of internal variables. Additionally, the thermody-
namical consistency of the model is proved.

In the next part, the concepts and predictive capabilities of the model are validated experimentally. The
performance of the model is illustrated by comparing it to different sets of experimental data particularly
designed to reveal the anisotropic Mullins effect and permanent set. Next, the predictive capabilities
of the model are verified by comparing compounds with different filler concentrations. The model is
also implemented into the FEM commercial code ABAQUS and its predictions for complex loading and
geometrical problems are compared with the experimental data.

Everywhere, the model illustrated very good agreement with the experimental data. This fact, in
addition to the simplicity of the proposed model, makes it a suitable option for commercial and industrial
applications.

Appendix: Derivation of tangent tensors

In view of (36), the second Piola–Kirchhoff stress tensor S is a nonlinear tensor valued-tensor function
of state variables C and �, defined as follows:

S(C, �)= 2
∂9̂M(C, �)

∂C
= 2

∂9cc

∂C
+ 2

∂9pp

∂C
= Scc+Spp. (A.1)

Accordingly, in view of (27) one has

Scc = 2
∂9cc

∂C
=

k∑
i=1

wi Ñc
√

bnc L−1
( Di

χ
√

bnc

)
1
Di
χ
(Di ⊗ Di ),

Spp = 2
∂9pp

∂C
=

k∑
i=1

wi Ñ08(
Di
λm)

µξi
Di
χ
(Di ⊗ Di ), (A.2)
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where µ= 1
1−Cp . Furthermore, the parameter ξi is defined by

ξi =
R
a

∫
DA(

Di
λm)

P̂(n)L−1
( Di
λR
abn

)
dn. (A.3)

The standard Newton–Raphson procedure in finite element analysis requires a linearization of the
relation between the second Piola–Kirchhoff stress tensor S and the state variables C and �. The modified
tangent tensor C is formulated by dropping the higher-order terms of the following Taylor expansion:

S(C+ dC, �+ d�)= S(C, �)+ dS

= S(C, �)+
∂S(C, �)
∂C

: dC+
k∑

i=1

∂S(C, �)

∂
Di
λm

d
Di
λm +2(dC2, d

Di
λm

2).

Thus, the linearization process yields

dS=
∂S(C, �)
∂C

: dC+
k∑

i=1

∂S(C, �)

∂
Di
λm

d
Di
λm =

∂S(C, �)
∂C

: dC+
k∑

i=1

∂S(C, �)

∂
Di
λm

(
∂

Di
λm

∂C
: dC

)

= 2

[
∂S(C, �)
∂C

+

k∑
i=1

∂S(C, �)

∂
Di
λm

�
∂

Di
λm

∂C

]
:

1
2

dC, (A.4)

which finally gives C as

C= 2
∂S
∂C
+ 2

k∑
i=1

∂S(C, �)

∂
Di
λm

�
∂

Di
λm

∂C
. (A.5)

In view of (A.1) and (A.5), the first part of the tangent tensor is given by

2
∂S
∂C
= 2

∂Scc

∂C
+ 2

∂Spp

∂C
= Ccc+Cpp. (A.6)

Next, Ccc is calculated by using (A.2) as

Ccc = 2
k∑

i=1

wi Ñc
√

bnc(Di ⊗ Di )�
∂

∂
Di
χ

[
1
Di
χ

L−1
( Di

χ
√

bnc

)]
∂

Di
χ

∂C

=

k∑
i=1

wi Ñc1i (Di ⊗ Di )� (Di ⊗ Di ), (A.7)

where the parameter 1i is written as

1i =−

√
bnc

χ3
i

β +
1

Di
χ 2

β2 sinh2 β

sinh2 β −β2
, (A.8)
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by knowing
d L−1(y)

dy
=

1
d L(β)/dβ

=
β2 sinh2 β

sinh2 β −β2
.

Furthermore, with respect to (A.2), one has for Cpp:

Cpp = 2
k∑

i=1

wi Ñ0µ8(
Di
λm)(Di ⊗ Di )�

∂

∂C

[
ξi
Di
χ

]

=

k∑
i=1

wi Ñ0µ8(
Di
λm)

[
−
ξi

Di
χ 3
+
µγi
Di
χ 2

]
(Di ⊗ Di )� (Di ⊗ Di ), (A.9)

where γi = dξi/d
Di
λ .

Finally, (A.6) is simplified to

2
∂S
∂C
=

k∑
i=1

wi

(
Ñc1i + Ñ0µ8(

Di
λm)

[
−
ξi
Di
χ 3
+
µγi
Di
χ 2

])
Di , (A.10)

where Di = (Di ⊗ Di )� (Di ⊗ Di ).
For the second term of the tangent tensor, one has

∂
Di
λm

∂C
=


∂

Di
λ

∂C
=
µ

2
Di
χ
(Di ⊗ Di ),

Di
λ =

Di
λm (in primary loading),

0, (in unloading or reloading),

(A.11)

which consequently gives

2
k∑

i=1

∂S(C, �)

∂
Di
λm

�
∂

Di
λm

∂C
= 2

k∑
i=1

∂S(C, �)

∂
Di
λm

�
µ

2
Di
χ
(Di ⊗ Di )δ(Di ), (A.12)

where

δ(Di )=

1 if
Di
λ =

Di
λm,

0 if
Di
λ 6=

Di
λm .

Since the second term of the tangent tensor is nonzero just in the case of primary loading, one obtains
the following identity based on (A.2):

∂S(C, �)

∂
Di
λm

=
∂Scc

∂
Di
λm

+
∂Spp

∂
Di
λm

=
∂

∂
Di
λm

(
wi Ñ08(

Di
λm)

µξi
Di
χ
(Di ⊗ Di )

)

= wi Ñ0
µ
Di
χ
(Di ⊗ Di )

[
8(

Di
λm)

∂ξi

∂
Di
λm

+ ξi
∂8(

Di
λm)

∂
Di
λm

]
. (A.13)
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Next, substituting (42) and
∂ξi

∂λm
=−

υR2

a2b
P̂
(
nc− f (λm)

)
L−1

( 1
υ

)
, (A.14)

into (A.13) gives
∂S(C, �)

∂
Di
λm

= wi Ñ08(
Di
λm)ηi

1
Di
χ
(Di ⊗ Di ), (A.15)

where

ηi =−

(
υR
ab

)2
P̂
(
nc− f (

Di
λm)

)[ b
υ

L−1
( 1
υ

)
+ ξi

Di
λm8(

Di
λm)

]
. (A.16)

Finally, the expanded formulation of the tangent tensor is obtained as

C=

k∑
i=1

wi

(
Ñc1i + Ñoµ8(

Di
λm)

[
−
ξi
Di
χ 3
+µ

γi + ηiδ(Di )
Di
χ 2

])
Di . (A.17)
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