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HARMONIC SHAPES IN ISOTROPIC LAMINATED PLATES

XU WANG AND PETER SCHIAVONE

Harmonic shapes are known to minimize stress disturbance when introduced into an elastic body as either
holes or inclusions. This paper is concerned with the design of harmonic shapes in an isotropic laminated
plate. Specifically, we require that the harmonic shape does not disturb the sum of the two normal
membrane stress resultants and that of the two normal bending moments when inserted into a uniformly
loaded laminated plate. Using complex variable methods, we demonstrate how a single harmonic shape
(hole or rigid inclusion) and two interacting harmonic shapes can be successfully designed to meet our
requirements. In our discussion, the two interacting harmonic shapes include (i) two interacting harmonic
holes, (ii) two interacting harmonic rigid inclusions, and (iii) one harmonic hole interacting with another
harmonic rigid inclusion.

1. Introduction

The minimization of stress concentrations in composite materials remains a priority among researchers
and practitioners alike. To date, various criteria have been proposed and successfully applied to the
design of the shape of holes or inclusions which produce minimum stress concentrations when inserted
into an elastic body (see for example [Mansfield 1953; Cherepanov 1974; Bjorkman and Richards 1976]).
The design of such optimal structural shapes inevitably leads to the solution of an inverse problem in
elasticity [Bui 1993; Bonnet and Constantinescu 2005]. The “neutral condition” proposed by Mansfield
[1953] and further developed by Ru [1998] and Milton and Serkov [2001] is the most stringent yet most
difficult to realize since it requires that the introduction of the corresponding neutral hole or inclusion
leaves the stress distribution in the original uncut body completely undisturbed. The “equal strength
condition” introduced by Cherepanov [1974] requires that the hoop stress be constant along the boundary
of the hole or inclusion. The “harmonic field condition” advanced by Bjorkman and Richards [1976;
1979a] and further developed by Ru [1999a; 1999b] and Wang et al. [2005] requires that the introduction
of the harmonic hole or inclusion does not alter the first invariant of the stress field anywhere in the
surrounding elastic body. This design condition has many implications: (i) the Laplacian component
of the stress field remains unchanged; (ii) there is no change in volume energy; (iii) there is no elastic
rotation; (iv) harmonic holes or rigid inclusions produce minimum stress concentrations in constant fields.
Interestingly, Bjorkman and Richards [1976; 1979b] observed that, under constant applied fields, the
harmonic field condition and the equal strength condition are essentially equivalent in that they produce
the same result.

Even though the analysis of bending and stretching deformations of thin plates in the presence of
various defects such as dislocations, holes, cracks, anti-cracks and inhomogeneities has received consid-
erable attention (see, for example, [Sih and Rice 1964; Zakharov and Becker 2000; Hasebe and Wang
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2000; 2002; Wang and Hasebe 2000a; 2000b; 2001; Cheng and Reddy 2002, 2003; 2004b; 2004a; Yin
2005a; 2005b; Wang and Schiavone 2013; Wang and Zhou 2013], the design of optimal hole shapes
to minimize stress concentrations in laminated plates has, in contrast, been investigated by only a few
researchers (see, for example, [Vellaichamy et al. 1990; Budiansky et al. 1993; Senocak and Waas 1995].
In this paper, we continue the work in this area by extending Bjorkman and Richards’ harmonic field
condition for linear plane elasticity to isotropic laminated plates. To achieve our design objective, we
make use of the complex variable formulation proposed by Beom and Earmme [1998] and developed
recently by Wang and Zhou [2014] for the analysis of isotropic laminated plates.

2. Formulation

Consider an undeformed plate of uniform thickness /4 in a Cartesian coordinate system {x;} (i =1, 2, 3)
in which x3 = 0 is on the main plane. The plate is composed of an isotropic, linearly elastic material
that can be inhomogeneous and/or laminated in the thickness direction. Repeated Greek indices imply
summation over the range of the index from 1 to 2.

The displacement field in the Kirchhoff plate theory takes the form

Uy =Ug + X3V, Uz=w, (D

where the in-plane displacements u,, deflection w, and the slopes %y = —w  on the main plane are all
independent of x3.

An integral operator is first introduced as follows: Q(-) = ffh_oh"( -) dx3, with hg being the distance be-
tween the main plane and the lower surface of the plate. Then the constitutive equations of the laminated
isotropic plate are [Beom and Earmme 1998]

Naﬁ = Aaﬂwpgwp + Baﬂwp/(a)pa @)
Moz,B = Ba{ﬂwpga)p + Doz,Ba)pKwp,
where N,g and Mg are, respectively, the membrane stress resultants and bending moments defined by
Nopg = Qoup and Myp = Qx304p, With o,p being the stresses; €45 and kqp are the main plane strains
and curvatures, defined as g,5 = %(ua,,g +ugqe) and Ko = —W o8 Aapups Bapaop and Dypgy, are the
extensional, coupling and bending stiffness tensors, given by

Ao:,Bwp = AIZSaﬂaa)p + %(All - A]Z)(aawSﬂp + 5otp5/3a))a
B(x,Bw,o = 312801;‘}5(1),0 - %312(801(1)5,3,0 + 50{,05,&0)’ (3)
D(xﬁwp = D128aﬁ8a)p + %(Dll - DIZ)((Scxwaﬁp + 80(,06/30))7
with 84 being the Kronecker delta, A;; = QC;j, B;j = Ox3C;j, and D;; = Qx%Cij (ij=11,12). In
addition, C; and Cy; can be expressed in terms of the Young’s modulus £ = E(x3) and Poisson’s ratio
v = v(x3) of the plate as C1; = E/(1 —v?) and Cj» = vE /(1 — v?). Expression (3) implies that the main
plane is chosen such that By;; = 0. Consequently, it is found that
_ foh X3Cy1dX3

ho
Jorcidx;
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with X3 = x3 + h¢ being the vertical coordinate of the given point from the lowest surface of the plate.
In the absence of external loads on the top and bottom surfaces of the plate, the equilibrium equations
are given by
Naﬂ’ﬁ :O, Rﬁ’ﬁ :0, (4)

where Rg = Mg o are the transverse shearing forces.
Substitution of (2) into (4) yields the decoupled equations

(A1 +Aug pa + (A1 — A1 pg =0, W aapp =0. @)

By considering (5), the membrane stress resultants, bending moments, transverse shearing forces, in-
plane displacements, deflection and slopes on the main plane of the plate, and the four stress functions ¢,
and 71, can be expressed in terms of four analytic functions ¢ (z), ¥ (z), ®(z) and W(z) of the complex
variable z = x; +ix, as [Beom and Earmme 1998; Cheng and Reddy 2002; Wang and Zhou 2014]

Nii 4+ N =4Re{¢'(z) + BD'(2)},

6
Nz — Nij +2iN12 = 2(2¢(2) + ¥/ (2) + BZ®"(2) + BY'(2)). ©
A
My + Moy = 4D(1 +vP) Re{®' ()} + W Re{d'(2)).
My — My +2iM; = —2D(1 —vP) (29" (2) + ¥'(2)) — S(qu”(z) +v'(2)), (7)

A
R —iR, =4D®"(2) + —B("zu“)d)”(z),

2uuy +iun) = k¢ (2) —2¢'(2) — ¥ (2),
9 +ith = D(2) + 2P (2) + W(z), w=—Re{z®(2)+ x(2)},
o1 +igr =i(¢(2) + 20 @) + ¥ @) +iB(() + 29 @) + ¥()), ®)

m +im =iD( —v2)(kPd(2) — 23 () — V(7)) +i%(xf‘¢<z> — @) - V@),

where W (z) = x'(z), and
_Ae o p_Dop
Ay’ Dy’
A_3A11—A12_3—1)A KD_3D11+D12_3+UD
An+Apn 14047 Diy—Dyp  1—vP’

n=%(An—Ap), B=Bp, D=Dy, v
)

K

Moreover, the membrane stress resultants, bending moments, transverse shearing forces, and modified
Kirchhoff transverse shearing forces V| = R; 4+ Mj32 and Vo = Ry + M»; 1 can be expressed in terms of
the four stress functions ¢, and 5, as [Cheng and Reddy 2002]

Nopg = —€g0Pa,w, Mup = —€gwNa,w — %ecxﬁnw,w’ Ry = _%Eaﬁnw’wﬂ’ Vo = —€olo.wo,  (10)

where €,4 are the components of the two-dimensional permutation tensor.
Now we consider a laminated plate subjected to remote uniform membrane stress resultants N, gg and
bending moments M o‘fg The asymptotic behaviors of ¢(z), ¥ (z), ®(z) and W(z) at infinity can then be
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simply derived as
¢(@)=81z+0(), Y(@)=&hz+0(1), P@)=yz+0(1), V@ =pz+00), dAI)

where the two real constants 61, y; and the two complex constants &;, y» are related to the remote uniform
loading through

 uD(+VP) (N + N5§) — Bu(M + M3

% 4uD(1 +vP) — B2(kA — 1) ’
_Au(MY + MSS) — Bk — 1)(N{Y + N35
"= 16uD(1 +v0) —4B2(kA—1) 1)
5, = wD(1 —vP)(NSS — N +2iN%) + Bu(M5S — MY +2iM s |
2uD(1 —vP) — B2
y =2 (M5 — MY +2iM5) — B(NSS — NX° 4 2Ny
2 = .

4uD(1 —vD) —2B2

In the context of an isotropic laminated plate, Bjorkman and Richards’ harmonic field conditions now
become that the two sums Nj; + Nyp and M) + My, remain unchanged everywhere in the surrounding
laminated plate after the introduction of the harmonic hole or inclusion. It is further deduced from (6);
and (7); that ¢(z) and ®(z) must take the following form in order to ensure that the shape is harmonic:

$(z2) =61z, D(@)=nz. (13)

In the next two sections we will address in detail a single harmonic hole or rigid inclusion and two
interacting harmonic shapes.

3. A single harmonic hole or rigid inclusion

The single harmonic hole or rigid inclusion forms a simply connected bounded domain with Lipschitz
boundary. As such, we consider the conformal mapping function [Kantorovich and Krylov 1950]

=@ =RE+ LG+ ). f@=0"0. Kz (14)
where R is a real scaling constant and @; (i =1, 2, ...) are complex constants. This function conformally
maps the exterior of the hole or the rigid inclusion in the z-plane onto the exterior of the unit circle |§| =1
in the £-plane. For convenience, we write 1 (z) = ¥ (w(§)) = ¥ (§) and ¥ (z) = V(w(§)) = W (§).

3.1. A single harmonic hole. In this case, ¢ = ¢, =n; =, =0 along the edge of the hole. By enforcing
this free edge boundary condition on |§| = 1, we arrive at these expressions for 1/ (§) and W (§):

—(4uD(1 —vP)+ B*(k* — 1))81 —8BuDy, R(]

N o a a 2 DR

V() = 2uD(1 —vD) — B2 £ +a1€E 4+ arE* + > "
CBUA D8+ (4uDA+vP)+2B) 1,

V() = 2uD(1 —vP) — B2 R<§+a1§+a2§ +>
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By satisfying the asymptotic conditions for ¥ (z) and W (z) in the second and fourth expressions of (11),
we obtain
ap=a3=---=0, (16)
which implies that the harmonic hole must be of elliptical shape, and
—(4uD(1 —vP) + B*(k* — 1))8; — 8BuDy _

5y = ,
2 2uD(1 — D) — B2 a

a7
B+ 181+ (4uD(1+vP) +2B%)y, _
V2= D 5 ai.
2uD(1 —v?)—B
Consequently, the remote uniform loading should satisfy the restrictions
N — N33 —2iNy5 _Mff—Mfg—ZiMf;:al. (18)

NX+NS MY+ MY
The hoop membrane stress resultant Ngy and hoop bending moment Myy are both constant along the
boundary of the elliptic hole:

NQQINSD+N§20, M@@IM??-FM?S. (19)

Similar to the argument by Bjorkman and Richards [1976], the harmonic hole simultaneously produces
minimum values of Ngg and Myg, and thus is optimal. We note that (18) and (19) are in agreement with
the corresponding results in [ibid.] for a harmonic hole in an isotropic and homogeneous plate subjected
to in-plane loading.

3.2. A single harmonic rigid inclusion. In this case, u; = up = ¥ = v = 0 along the edge of the rigid
inclusion. By enforcing this boundary condition for a rigidly clamped edge on || = 1, we arrive at these
expressions for ¥ (£) and W (§):

VE = "~ DER(g + @k + it ),
0)

v() = —2)/1R(é+6_11§—|—ﬁ2§2+...>‘

By satisfying the asymptotic conditions on ¥ (z) and W (z) in the second and fourth expressions of (11),
we obtain
a2=a3=---=0’ (21)

which implies that the harmonic rigid inclusion must be elliptical and
b= (k" = Déiar,  y2=-2yar. (22)
Thus, the remote uniform loading should satisfy the restrictions
(4uD(1 4+ vP) — B2 (kA — 1)) (N33 — N 42N
(2uD(1+vP) + B2) (kA — (N + N5§) — 2B + 1) (M + M3S
(4uD(1 4+ vP) — B2 (kA = D)) (M — MY + 2iM

= =a . 23
(4uD(1 —vP) + B2 (kA — 1)) (MY + M5) —2BD(k — 1)(N{Y + N§3 “ =
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The interfacial normal membrane stress resultant N,, and interfacial normal bending moment M,
are uniformly distributed along the inclusion/matrix interface as

Npp =" +1)81,  M,, =4Dy, (24)

where 481, y; are as in (12).
The hoop membrane stress resultant and hoop bending moment are both constant along the inclu-
sion/matrix interface on the matrix side and are given by

(DA +vP)(3 — k) — B> (k" = 1)) (N{Y + N5$) + Bk + 1) (MY + M53
4uD(1+vP) — B2(k4 —1) ’
(4uDvP — B2(k* — 1)) (MY + M35) + BD (k™ — (NP + NS
4uD(14+vDP) — B2(kA —1) ‘

Nyg =
(25)
Mgy =

When B =0, (23)—(25) reduce to

2(NJS — N +2iNS)  _ kA +1 3—xA
=a;, Npyy=——(NX+N5), Np= N +N5S), (26
(A — )N + N3 a1 PP 4 (NiT +Ny) 00 4 (N +N) (26)
(1 4+vP) (M — M® +2iM%) M + M VP (MX + MSS
22 11 12 =a, 1‘410)O — 11 22 ’ MGG — 11 22 ) (27)

(1 —vPY(MY + M5S 14+vP 1+vP

The results in (26) agree with those in [Bjorkman and Richards 1979b] for a harmonic rigid inclusion
in an isotropic and homogeneous plate under in-plane loads.

4. Two interacting harmonic shapes

In order to obtain two interacting harmonic shapes (which include three typical cases: (i) two interacting
harmonic holes, (ii) two interacting harmonic rigid inclusions, and (iii) one harmonic hole interacting
with another harmonic rigid inclusion), we first introduce the conformal mapping function [Wang 2012]

1 a A la ad
Z:w(é):R( + — + — + (an$n+a—né_n)>a
e A S

EQ)=w'(2), 1<|§|<p '/ (28)

where R is a real scaling constant, A is a real constant with 1 < [A| < p~ /2, a and A are complex

constants, and a,, a_, are complex constants to be determined. In (28), the first-order pole at £ = A is
located within the annulus 1 < |£| < p~!/2, whereas the two first-order poles at £ = A~ ! and £ = (pA) ! are
both located outside the annulus. The function (28) will conformally map the matrix region (excluding
the two harmonic shapes) in the z-plane onto an annulus 1 < |§| < p~ /2 in the &-plane, and the left and
right interfaces L and L, formed between the two harmonic shapes and the matrix are mapped onto
two coaxial circles with radii 1 and p~!/2, respectively, in the £-plane. It is also apparent that each of
the two interacting shapes will be nonelliptical [Wang 2012].



HARMONIC SHAPES IN ISOTROPIC LAMINATED PLATES 439

4.1. Two interacting harmonic holes. By enforcing the free edge boundary condition on the inner circle
|€] = 1, we obtain these expressions for 1 (§) and W (§):

—(4uD(1 —vP) + B*(k* — 1))8; —8BuDy,

v = 2uD(1 —vP) — B2
1 ar? A'a o~ 4 -
X R(S_l ) — E_2 + ,Or’;:_l o +Z(ang " +an$n)>s
n=l (29)
v - Bk + 1)81 + (4uD(1 +vP) +2B?)y,
B 2uD(1 —vP) — B2
1 ar? Ala -
Similarly, by enforcing the free-edge boundary condition on the outer circle |£] = p~!/2, we obtain
another set of expressions for vy (§) and W (§):
© —(4uD(1 —vP) + B*(k* —1))8; — 8BuDy;
Ve = 2uD(1 —vP) — B2
At a Alan S
: (1—pxs e +;(“"p Sotaaps )>’
- (30)
v Bk +1)81 + (4uD(1 +vP) +2B?)y,

2uD(1 —vP) — B2
Al N a A~ lax?
X JR—
1—prg  p7le-t—a-t &£

(o.¢]

Y (@np"E" +a_np"s">).
n=1

The two expressions for 1 (§) and W (§) obtained in (29) and (30) must coincide. As a result, the
unknown parameters in (28) are given by
k—n—l _}_apn)\‘n—i-l An—l +aA—n+1

A=A=1, a,= , d,=—m—— n=12,.... 31)
p"—1

1—p™

Remark. The interacting harmonic shapes can now be uniquely determined using (28) for given real
numbers A, p, A and a given complex number a.

In addition, the satisfaction of the remote boundary conditions on ¥ (z) and W (z) in the second and
fourth expressions of (11) will yield

—(4uD(1 —vP) + B*(k* —1))8; —8BuDy; _
- 2uD(1 — D) — B2 4
Bk +1)81 + (4uD(1+vP) + 2By __,

- 2uD(l —vP) — B2 ar”.

)»2

8 =
(32)
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Thus, the remote uniform loading should satisfy the restrictions

Nip = N3 —2iN M- M3 -2iMy o)
N+ N3 MY+ M35

The hoop membrane stress resultant and hoop bending moment are both uniformly distributed along
the boundary of the two harmonic holes as

N99=Nlof+Nzo§, M99=Mi>f+M20§, ze L UL,. (34)
4.2. Two interacting harmonic rigid inclusions. By enforcing the boundary condition for a rigidly
clamped edge on the inner circle |£| = 1, we obtain these expressions for (&) and W(§):
. .

1 ar? A la
- - +— — + (éné‘”+éns”)>,
El—1 E—1 p&l—a! ;

w(s>=(KA—1>51R<
W(E) 2yR< ! ‘”2+ Al +§oo:<zzs—"+a s">) .
= — 1 — - — — n —n .
e I e R =

Similarly, by enforcing the boundary condition for a rigidly clamped edge on the outer circle |£] = p~!/2,
we again obtain a second set of expressions for ¥ (£) and W (§):
At a Alar &
(A =~ —Ng—n =
YE) = k" - 1)51R<1 S et T o L@ +anp"s">),
"= (36)

2! N a A lan
l—prg  ple-l—a-1 £

2 00
VGE —2y1R< +3 G "E +é_np"sn>).
n=1

Equating the two expression for ¥ (§) and W (§), we obtain A = 1; a, and a_, in (28) can also be
determined from (31).

In addition, the satisfaction of the remote boundary conditions on ¥ (z) and W (z) in the second and
fourth expressions of (11) yields

8= —(k4 = )8 1ar>, y»=2yar%. (37)
Thus, the remote uniform loading is constrained by the equations
(4uD(1+vP) — B> (kd — 1)) (N33 — N +2iNS
(2uD(1 +vP) + B2) (kA = D)(NX + N53) —2Bu(c + 1)(MY + M5s
(4uD(1+vP) — B2 (kA — D) (M5 — MY + 2iM3

- = —ax’. (38)
(4uD(1 —vP) + B2(kA — 1)) (M + MSS) —2BD (kA — 1)(N{Y + N5

The interfacial normal membrane stress resultant and interfacial normal bending moment are uniformly
distributed along the two inclusion/matrix interfaces as

Nyp =+ 18, M,,=4Dy;, zeL UL,. (39)
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The hoop membrane stress resultant and hoop bending moment are both constant along the two inclu-
sion/matrix interfaces on the matrix side and are given by

(LD +vP)(3 — k™) = B2(k — D) (N + N5S) + Bu(c + D)(MY + MSS
4uD(1+vP) — B2(kA — 1)
(4uDvP — B2k — D)) (MY + M) + BD(k* — 1)(N{? + Ns5
4uD(1 +vD) — B2(kA — 1)

Nygg =

’

(40)

Mpg = , z€LiUL,.

4.3. A harmonic hole interacting with a harmonic rigid inclusion. Without loss of generality, we as-
sume that the left-hand shape is a hole, whilst the right-hand shape is a rigid inclusion. By enforcing the
free edge boundary condition on the inner circle |§| = 1, we obtain these expressions for ¥ (§) and W (§):

—(4uD(1 —vP)+ B*(k* — 1))8; —8BuDy,

Ve = 2uD(1 —vD) — B2
1 ar? Ala N
) R(S—l 3T E-a oA +;(a,,g T )>’
"~ (41)
A D 2
v - Bk +1)8; + (4uD(1 +vP) +2B%)y,

2uD(1 —vD) — B2

1 ar? A la o, -
X R< + - +Z(an$ n+an$n)>
n=1

§T—h §—1 p5l-a

—1,2

By enforcing the boundary condition for a rigidly clamped edge on the outer circle |§| = p , We
obtain a second set of expressions for ¥ (£) and W (&):
A a YNy E—
_ A -~ —ng—n - nen
V() =" - 1)51R<1 o E T e T T g T L@ s )),
n=1
Al 7 Alar? & 2
a a
\Ij — _2 R _ - —Nnge—n —_ ngsn .
& =27 (1_[&5 T i +;<anp E7 - a_np"E >)
Equating the two expressions for each of (&) and W (&), we obtain the expressions
A—i (k* —1D(2uD —vP) — B?)s
~ (4uD(1 —vP)+ B2(kA — 1)), +8BuDy @)
22uD(1 —vP) — By,
~ B(k*+1)81 + (4uD(1 +vP) +2B2)y,
for the unknown parameters in (28), and
}\’—n—l A—l nkn+1 )\411—1 )\—}’H—l
=t Fer o, A e n=1,2,.... (44)

1—Ap™" A-lp=n—1"
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It can be further deduced from (43) that the two sums Ny + N33 and M7} + M35 cannot be set
arbitrarily, and should satisfy the restriction

B(NX® + NS
2RI _, (45)
(MY 4 M3
where
A VP4 /(vA —vP)2 4+ 28(1 —v4 B?
L P VA —vP) 425 Vg B “6)
1—vA uD

As a result, the parameter A in (43) can be more explicitly determined as

W =DRA—) =) 2+ P = A —vP)2 4 28(1 —vh))

47)
(41 +vP) — B(kA — 1)) (2 —vA —vP +/(vA — VD)2 £ 28(1 —vA))
if the plus sign is chosen in (46), and
W =DRA—v?) = B) 2+ v+ P+ (A — D)2+ 28(1 —vh)) “s)

(41 +vP) = B(kA = 1)) (2 —vA —vP — /(vA — VD)2 4 28(1 —vA))

if the minus sign is chosen in (46). Equations (47) and (48) suggest that there are two distinct values
of A for given material parameters v4, v” and B.

For example, if we set A = Alf, vP =03, B =0.2, then « = 0.6667 and A = —0.2903, or « = —0.8
and A = —1.

In addition, the satisfaction of the remote boundary conditions for r(z) and W(z) in the second and
fourth expressions of (11) yields

—(4uD(1 —vP) + B*(k* — 1))8; —8BuDy; __,
- 2uD(1 — D) — B2 ar
B+ 1)1+ (4uD(1+vP) +2B%)y, _
- 2uD(1—vD) — B2 “
Thus, in addition to condition (45), the remote uniform loading should also satisfy the restrictions
Niy — N5 —2iN73 My — M35 —2iMy5

NY + N33 MY + M35

8 =

’

(49)
22,

V2=

—a)’. (50)

The hoop membrane stress resultant and hoop bending moment are both uniformly distributed along
the boundary of the left harmonic hole as

N99=Nlof+N§>§, M99:M10?+Mzo§, z€eLl. (51)

Meanwhile, the interfacial normal membrane stress resultant and interfacial normal bending moment
are uniformly distributed along the right inclusion/matrix interface as

kh + DA +vP =B

P 41+ vD) — A — 1)
o 4matd =D

PP 4(1 40Py — B(kA —1)

(N + N33),
(52)

(M +MSS), ze€la.
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The hoop membrane stress resultant and hoop bending moment are both constant along the right
inclusion/matrix interface on the matrix side, and are given by

A+v2)B =M+ LA+ 1) - B —1)
41+ D) — B(kA —1)

4P 4+ (a—B)(k4 = 1)

T 41+ 0D0) — BkA—1)

Ngg = (N + N3,

(53)

06 (MY +M355), z€Ls.

5. Conclusions

We have proposed a new harmonic condition in the context of isotropic laminated plates. By imposing
this condition and by using the complex variable formulation for a laminated plate [Beom and Earmme
1998; Wang and Zhou 2014], we have successfully obtained (i) a single harmonic hole, (ii) a single har-
monic rigid inclusion, (iii) two interacting harmonic holes, (iv) two interacting harmonic rigid inclusions,
and (v) a harmonic hole interacting with another harmonic rigid inclusion when the laminated plate is
subjected to remote uniform membrane stress resultants and bending moments. It is shown that a single
harmonic hole or rigid inclusion must be elliptical in shape and that the remote uniform loading should
satisfy (18) for a harmonic hole, or (23) for a harmonic rigid inclusion. Our results in Section 4 show
that it is permissible to obtain two interacting nonelliptical harmonic shapes composed of (i) two holes,
(i1) two rigid inclusions, or (iii) one hole near another rigid inclusion. For the case of two interacting
harmonic holes or two interacting harmonic rigid inclusions, A = 1 in (28); for the case of one harmonic
hole interacting with another harmonic rigid inclusion, A is determined by Equations (47) and (48).
The remote loading condition (33) for two interacting harmonic holes is identical in form to (18) for a
single harmonic hole, the remote loading condition (38) for two interacting harmonic rigid inclusions is
identical in form to (23) for a single harmonic rigid inclusion, whereas the remote loading conditions (45)
and (50) for a harmonic hole interacting with another harmonic rigid inclusion are more stringent. It is
observed that for all the cases discussed, the hoop membrane stress resultant and hoop bending moments
are always constant along any existing boundary and interface (see (19), (25), (34), (40), (51) and (53)).
Thus, the obtained harmonic shapes also satisfy the equal strength condition.
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