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PREFACE

This special issue contains contributions that were invited on the occasion of the Peridy-
namic Theory symposium held at the 17th U.S. National Congress on Theoretical and Applied
Mechanics (USNCTAM) at Michigan State University in June, 2014.

One theme of these papers is exploiting the potential of peridynamics in contemporary tech-
nology, particularly by including multiple physical effects and applying it to nanoscale mechan-
ics. The paper by Turner, Val Bloemen Waanders, and Parks develops an inverse method to
determine heterogeneous nonlocal material properties from experimental data, including digital
image correlation (DIC). Wildman and Gazonas couple peridynamic mechanics with a model
for electrical conduction and Joule heating to simulate fracture caused by high voltage dielectric
breakdown. Application of peridynamics to friction and wear at the nanoscale is demonstrated
in the paper by Ebrahim, Steigmann, and Komvopoulos.

Another general theme of the special issue is making peridynamic mechanics more practical
as a general analysis tool for applications involving fracture. The paper by Mitchell, Silling, and
Littlewood describes a new material model within peridynamics that helps avoid difficulties
due to the nonlocal nature of the theory in treating free surfaces. With the goal of applying
peridynamics only within a small subregion of a large structure where damage is expected,
Silling, Littlewood, and Seleson investigate techniques for varying the peridynamic horizon
within a model, including application to local-nonlocal coupling. In a related paper elsewhere in
this journal (DOI 10.2140/jomms.2015.10.167), Oterkus and Madenci describe a specialization
of peridynamics to anti-plane shear and torsion, resulting in a considerable simplification over
the full 3D equations.

These papers reflect a sample of the broad spectrum of research on the peridynamic theory
ongoing around the world.

STEWART SILLING
Sandia National Laboratories

OLAF WECKNER
The Boeing Company

Guest Editors
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A POSITION-AWARE LINEAR SOLID CONSTITUTIVE MODEL
FOR PERIDYNAMICS

JOHN A. MITCHELL, STEWART A. SILLING AND DAVID J. LITTLEWOOD

A position-aware linear solid (PALS) peridynamic constitutive model is proposed for isotropic elastic
solids. The PALS model addresses problems that arise, in ordinary peridynamic material models such
as the linear peridynamic solid (LPS), due to incomplete neighborhoods near the surface of a body. Im-
proved model behavior in the vicinity of free surfaces is achieved through the application of two influence
functions that correspond, respectively, to the volumetric and deviatoric parts of the deformation. The
model is position-aware in that the influence functions vary over the body and reflect the proximity of
each material point to free surfaces. Demonstration calculations on simple benchmark problems show a
sharp reduction in error relative to the LPS model.

1. Introduction

The peridynamic theory of solid mechanics allows for great flexibility in the development of constitutive
models. In contrast to classical, local models, which rely on a kinematic description of material defor-
mation at a point such as the deformation gradient, material models in the peridynamic theory determine
pairwise force densities based on the deformations of a nonlocal family of neighboring material points
[Silling 2000; Silling and Lehoucq 2010; Madenci and Oterkus 2014]. This enrichment of kinematic
information greatly expands the range of possible constitutive laws. Peridynamic material models de-
veloped to date fall into one of three categories: bond-based, ordinary state-based, and non-ordinary
state-based. Bond-based peridynamic models determine the pairwise force density that acts between
two material points based only on the histories of those points (e.g., initial and current positions). The
prototype microelastic brittle material model was the first peridynamic constitutive law to appear in the
literature [Silling 2000]. This model served as the foundation for a subsequently developed bond-based
plasticity model [Macek and Silling 2007]. The state-based theory for peridynamic constitutive models
represents a significant generalization of the bond-based approach [Silling et al. 2007]. The theory
of peridynamic states allows for constitutive models in which pairwise force densities are functions
of not only the material points in question, but also the full set of material points within the nonlocal
neighborhoods of those material points. State-based constitutive models in which pairwise force densities
act in the direction of the corresponding bond in the deformed configuration are referred to as ordinary
state-based models. Examples include the linear peridynamic solid (LPS) [Silling et al. 2007] and the
plasticity and viscoelasticity models developed by Mitchell [2011a; 2011b]. The third class of material
models, non-ordinary state-based, is comprised of constitutive models in which pairwise force densities
are not restricted to act in the bond direction. The correspondence model approach, in which classical

Keywords: peridynamics, PALS, ordinary state, lps, surface effects, elastic model, nonlocal, integral equations.
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(local) constitutive models are adapted for use within peridynamics, falls into this category [Silling et al.
2007; Foster et al. 2010; Tupek and Radovitzky 2014].

This study concerns the development of an ordinary, state-based constitutive model that improves upon
the performance of the material models currently available in the literature. The primary motivation is
the undesirable behavior of certain peridynamic material models in the vicinity of free surfaces. This
difficulty appears, for example, in a peridynamic simulation of a uniaxial tension test, illustrated in
Figure 1, using the LPS constitutive model and the mesh-free discretization approach of Silling and
Askari [2005]. In this simulation, the displacements at the end portions of the bar are prescribed, and the
forces on the grips, Gy, are computed, along with the engineering strain in the gauge, €. The Young’s
modulus may then be computed as

E=G,/Age,

where A, is the undeformed cross-sectional area of the bar in the vicinity of the gauge. The expected
value of Young’s modulus is the slope of the green curve in Figure 2. Modern three-dimensional finite
element codes can accurately reproduce the Young’s modulus in a simulation of the uniaxial tension
test for a linear elastic material. However, a typical three-dimensional peridynamic simulation using the
LPS material model predicts the red curve in Figure 2. The difference in slope between the two curves
shows that the peridynamic model under-predicts the load on the grips for a given value of strain. The
LPS material parameters are calibrated for points in the interior of a body and do not take into account
whether a point is near a boundary [Silling et al. 2007]. Due to the nonlocality of the peridynamic
equations, the LPS material model becomes inaccurate at points near a free surface. Here, some of
the peridynamic bonds that would be present in the interior are missing (Figure 3). Because bonds are
missing, they do not contribute to the net force on the cross-section of the gauge, hence the total force
is under-predicted. While this effect manifests for a number of constitutive models, it is not present for
all models; correspondence models are an exception because missing bonds are compensated for by the
shape tensor K.

The under-prediction of force at material points near a free surface is often referred to as the surface
effect in peridynamics. This effect presents a practical difficulty in applying bond-based models and
ordinary state-based models such as the LPS. Approaches for mitigating the surface effect have been
proposed by Kilic, Macek and Silling, and Mitchell. Following a bond-based approach, Kilic [2008] pro-
posed a position-aware correction that is computed iteratively for each material point. Macek and Silling
[2007] developed a position-aware force normalization that scales the stiffness of points near a surface
using a ratio of eigenvalues from local 3 x 3 stiffness matrices, where eigenvalues are computed (with the
same material properties) for points near a free surface and on the interior. Mitchell [2013] developed a
position-aware scaling of moduli for the LPS model, but its efficacy was found to be somewhat sensitive
to complex surface geometries.

The present study proposes an alternative approach to peridynamic constitutive modeling in which
model parameters at a point reflect the point’s location within the body, removing the need for auxiliary
surface correction techniques. This position-aware approach is a significant departure from previously
developed constitutive models in that the constitutive model parameters are linked directly with the
geometry of the body. The position-aware linear solid (PALS) model presented herein is an extension
of the LPS model that substantially reduces the surface effect. This is accomplished by introducing
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Figure 1. Uniaxial tension test schematic.

Numerical strain gauge

influence functions that are calibrated according to the bulk elastic properties at each material point,
resulting in influence functions that differ for points near a free surface and points on the interior of the
body. Identification of the influence functions for each point in the body is accomplished by solving
a constrained minimization problem. Determination of the influence functions within a computational
simulation does not require an iterative process and is instead achieved through the solution of a linear
system of equations.

The present work is unique with respect to the construction and use of position-aware influence func-
tions. As very recently pointed out by Bessa, Foster, Belytschko and Liu [Bessa et al. 2014], only
constant-valued influence functions have been studied. Apparently, the two exceptions are the study by
Seleson and Parks [2011] and the approach for incorporating classical damage models into state-based
peridynamics by Tupek, Rimoli, and Radovitzky [Tupek et al. 2013]. Seleson and Parks used influence
functions to establish relationships between bond-based and state based peridynamics models and did not
consider position-aware influence functions. Influence functions developed by Tupek et al. are a product
of a Gaussian and a binary valued function (0 or 1) depending upon the state of damage between two
points defining a bond; this is somewhat position-aware but not in a way related to the present work.

An outline of the paper is as follows. An overview of peridynamic theory and the LPS model are
given in Section 2, including calibration of the LPS parameters in the interior of a body. The influence
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Figure 2. The LPS model under-predicts the Young’s modulus in a model of the uniaxial
tension test.
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Figure 3. Schematic of missing peridynamic bonds.

functions used in the PALS model are derived in Section 3, followed by the formulation of the PALS
force state in Section 4. The selection and usage of matching deformations required by the PALS model
are discussed in Section 5. Section 6 presents example calculations demonstrating the efficacy of the
PALS model in reducing the surface effect. Results and conclusions are given in Section 7.

2. Introduction to peridynamics and the LPS model

The peridynamic theory of solid mechanics [Silling 2000; Silling et al. 2007; Silling and Lehoucq 2010]
is an extension of classical continuum mechanics theory [Bonet and Wood 1997]. The peridynamics
extension permits discontinuities in displacements by replacing the stress divergence in the momentum
equation with a volume integral

p(x)y(x,1) =/ f&x' x,1)dVy +b(x, 1), (D
B

where y(x) is the current position vector of a material point x at time ¢, p is mass density in the unde-
formed body 9B, f is a pairwise bond force density per unit volume, b is the usual body force density,
and x’ is an arbitrary material point within the neighborhood ¥ of the point x. In this section, the state-
based theory of peridynamics [Silling 2000; Silling et al. 2007; Silling and Lehoucq 2010] is reviewed
with emphasis on ordinary state-based constitutive models of relevance to this paper.

A bond vector is defined by

E:x/_x’ 0<|§|§87

where § is the horizon of the material. Conceptually, § is a relevant length scale and defines a spherical
neighborhood %, ; it represents the maximum distance for nonlocal interactions in the material model.
Material points within the neighborhood #, are referred to as the family of x. It will be assumed
throughout this paper that é is independent of x.

In formulating peridynamic material models, it is convenient to use mathematical objects called states,
which are mappings from bonds in a family to some other quantity. Vector states map bonds to vectors,
and scalar states map bonds to scalars. An example of the notation used for states is as follows. The
value of a vector state A, at the material point x and time ¢, operating on a bond &, is given by

Alx,t](8), xeRB, & e H,.
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The deformed image of a bond & = x” — x is given by the deformation state Y :
Yix, 1](§) =y(x', ) —y(x, 1)
= (' +u@, 1)) — (x+ux,0), @

where u is the displacement field. Further information on peridynamic states is given in [Silling et al.
2007].
The following scalar states are useful in material modeling:

o The undeformed bond length state x:

x(&) =1§|.
o The deformed bond length state |Y |:
1Y [(&) =Y (§)]. 3)
o The extension state e:
e(§) =1Y|(§) — x(&). )

In this paper, scalar states are underlined and written using italics, such as e; vector states are written
using bold and underlined, as in Y.

This paper is concerned with state-based constitutive models in which the pairwise bond force density
per unit volume f(x’, x, ¢) in (1) is given by

fOx, ) =Tlx, t1{x" —x) = T[x', t]{x — x'). ®)

The vector state T'[x] is called the force state. In (5), f contains contributions from the force states at
both x and x’ (that is, both T'[x, ¢] and T[x’, ]).

In ordinary state-based constitutive models, the vector force state is always parallel to the deformed
bond vector and written as

TE)=1(E)M(E), (6)

where ¢ is a scalar state called the scalar force state, and M is a vector state that produces unit vectors

parallel to the deformed bond:
Y§)
M) Y& (M
It is assumed that deformed material points do not overlap, that is, Y (§) #~ 0 for all &.

A simple material model in state-based peridynamics gives the force state as a function of the defor-
mation state and is written 7' (Y, x). The x in this expression accounts for possible heterogeneity. All
the material models considered in this paper are simple. The PALS model is inherently heterogeneous
since its parameters depend on position, in particular the proximity to a free surface.

In an ordinary state-based material model, the direction of the bond force is always given by (7).
Therefore, the material model is fully specified by scalar force state: (Y, x).

The LPS model, which serves as the foundation for development of the PALS model, is summarized
below.
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Define the dot product of two scalar states @ and b by
asb=[ a@)bErave

Let D =1, 2, 3 be the number of dimensions. The weighted volume m and the dilatation 6 are scalars
used in the decomposition of the extension state e into volumetric and deviatoric parts:
m=(wx)ex, ®)

0 =L ee, ©)
m

where o is a scalar state called the influence function [Silling et al. 2007]. A key element of the consti-
tutive model developed in this paper is the additive decomposition of the scalar extension state (4) into
spherical and deviatoric parts given by

e=¢e +s, (10)
where the spherical extension state €' is defined by
¢ =0x/D. (1D
Using the above quantities, the deviatoric extension state € is constructed as
e=e—0x/D. (12)

All of the above quantities are dependent on x and Y, but these dependencies are omitted from the
notation for simplicity.
The scalar force state for the LPS model is derived from an elastic energy functional W of the form

WO, ¢) = 3x0° + jag « we, (13)

where « is the bulk modulus and « is a constant. This implies that ¢ is decomposed into scalar volumetric
and deviatoric force states:
=1 +17, (14)
where
i _ OW 90 d__ oW

z =90 9e’ I =9 (15)

Here, the notation d/da, where a is a state, refers to the Fréchet derivative [Silling et al. 2007]. The
Fréchet derivative of a scalar-valued function i of a state ¢ has the property that, for a differential
change da,

oY

da

dy = — e da. (16)

Although geometrically nonlinear, the LPS model is a peridynamic analogue of Hooke’s law for isotropic
materials. For points x in the interior of the body, equating the elastic energy density from the LPS
material with the strain energy density from the local theory leads to the calibration (for D = 3)

a=15u/m,
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where p is the conventional shear modulus from the local theory and m is given by (8). The above
relation for « is inaccurate for points near a free surface. Experience with the LPS model in complex
geometries suggests that a simple correction to « near free surfaces [Mitchell 2013] is not general enough,
motivating the PALS model.

Using (15), the scalar force state for the LPS model takes the form

t= ec_vac+a@§- (17)

m

Observe that the scalar force state contains independent terms that depend on either the isotropic or
deviatoric part of the extension state.

An important side note relates to the use of (9) and (12) for cases when D = 1 or 2; conditions of
uniaxial stress and plane stress are local concepts which do not precisely exist in peridynamics, although
practical and useful analogies exist. In particular, (9) and (12) remain valid for these and other conditions
although care must be taken with respect to the choice of material parameters. The correct parameters
are found by assuming appropriate homogeneous deformations and equating the local energy density
with the peridynamic energy density.

3. PALS model and selection of influence functions

The PALS concept proposed in this paper is a kinematic correction to the dilatation and deviatoric exten-
sion states and circumvents the surface effect under a wide range of conditions. It also helps to reduce
errors introduced by spatial discretizations.

The basic idea is to introduce a set of constraints and associated Lagrange multipliers which force
the dilatation and deviatoric extension states to reproduce a set of predetermined deformations called
matching deformations. Using this set of matching deformations, two linear problems (one for dilatation
and one for deviatoric extension) are defined for each point; the solution to these linear problems gives
two sets of Lagrange multipliers that determine the influence functions w(£) and o (£). In general, these
influence functions are unique for each material point within the body; they determine the dilatation and
deviatoric extension state for any deformation; importantly, they reflect the position and proximity of the
point to free surfaces. Both w and o depend on x, although this dependence is omitted from the notation
in the following discussion.

In the remainder of this article, the following linear approximation to the extension state will be used:

g<s>=%, UE)=Y(E) —& forall & c %, (18)
The vector state U is called the displacement state.
In the PALS model, the elastic energy density at a point x is defined by

W0, &) = k0> + n(ge) ee, (19)

where w is the shear modulus and ¢ is defined in (12); o is a new influence function called the deviatoric
influence function. The dilatation 6 is defined using the extension state e by

6 = (wx)se, (20)
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where w is normalized such that the weighted volume m used in the LPS is not needed (that is, m = D).
The new influence function w is constructed starting from a given influence function »° which is arbitrary.
Typically, one assumes that @” follows some convenient dependence on bond length such as a constant
or a Gaussian.

Assume that a set of displacement gradient tensors H U H?, ... HX are given — these are the match-
ing deformations. The new influence function w is constructed as a best approximation to »° subject to
constraints which ensure the dilatation for each of the matching deformations is reproduced exactly; w is
determined such that the dilatation induced by each H* and evaluated using (18) and (20) equals the trace
of the matching deformation H*. Note that there are no symmetry requirements on the matching defor-
mations; this will become even more apparent in the construction of the deviatoric influence function.

Assume that a scalar state @ is given, and let A', A2, ..., AX be Lagrange multipliers — one for each
matching deformation H*. To find w, define a functional I by

K
I ) = 3@ - o) s @=0”) = ) A (ex) ¢ — trace HY), 1)
k=1

where the linear extension states ¥ (see (18)) are defined using the matching deformations H* by

. (H¥
ekg) = E(|g—|£) for all & € #,. (22)
It is required that I be stationary with respect to w and A', ..., AX. Taking the first variation of I leads to
K
al al
51 = °§ — Ak, 23
7e 02t ; o (23)

where 0/ /0w denotes the Fréchet derivative of I with respect to @. Observe that, for a given k, 1 <k <K,

ol X k

m:o = (wx)ee =trace H", (24)
which means the state @ exactly reproduces the dilatations in the matching deformations. Furthermore,
referring to the first term on the right-hand side of (21), this @ approximates the desired ° in the least

squares sense. Evaluating the Fréchet derivative of the right-hand side of (21) with respect to @ gives
o X
— =0 = c_o:c_()o—}—Z)\kgCgk. (25)

w
= k=1

This relation reveals the structure of w: it differs from w® by a linear combination of the states xe¥, k =
1,2,..., K. To evaluate the A* explicitly, impose the K requirements from the matching deformations
using (25):

K
trace H* = (wx) -gk = |:(6_00 + Z)»"Kn)if} ’E’k
n=1

K
= (@) e+ ) Meexe),  k=12....K. (26)

n=1
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This is a nonhomogeneous linear algebraic system with unknowns A!, A2, ..., AX. The solution to this
system, together with (25), provides the desired influence function w within a constant scale factor c.
For consistency with the decomposition of the extension state (see (10)—(12)) ¢ is chosen so that

(cwx)ex =D. (27)

Now consider the deviatoric part of the strain energy. In the PALS model, as in the LPS model, this
is treated by summing the energies in the deviatoric bond extensions. Motivated by the stored elastic
energy density function in (19), it is convenient to express the deviatoric contribution in terms of the
total shear defined by

y =(g¢) ¢, (28)
thus, from (19),
W =10+ pny. (29)

Recall that, in the classical theory, for any displacement gradient H,
W= %K@z + p trace[dev sym H]T[dev sym H]. (30)

The deviatoric tensor in this expression is the deviatoric strain tensor:
Hii6i;
ed=devsymH, ¢ =3(H;j+Hj)— D”. (31)

Combining (28)—(30) provides the requirement on ¢ that, for any of the matching deformations H k,

(ggk) . §k = trace[dev sym Hk]T[deV sym Hk]. (32)

Suppose a reference influence function ¥ is given. Proceeding as with the dilatational contribution,
define a functional N(o, 7', ..., %) by

K
N, 7' ... t*) =3 -a%e@—-a" =) tlae") +e" -1, (33)
k=1

where 7!, 72, ..., X are Lagrange multipliers,

yk := trace[dev sym Hk]T [dev sym Hk], (34)
and
k_ k k

gt =¢e" — (trace H)x/D. (35)

The influence function o and the associated Lagrange multipliers are found by taking the first variation
of (33):

K
oN oON
SN = 5 -5g+2_:ﬁ 87k (36)
Requiring N to be stationary,
oN ky, ko k
ST=0 = (eHecf=y (37)
and
oN o
_ _ 0 k kK
Go=0 = o=¢ + > ek, (38)
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This leads to the following nonhomogeneous linear algebraic system with unknowns *:
K
=% + ) e (N, k=12, K. (39)
n=1

When taken with (38), the " values that solve this system give the o states for the PALS model at a
given point x.

Except for the interior of the body, where the neighborhood 7, does not intersect with the free surface,
A" and 7" depend on x. Because this calibration varies from point to point, the model is position aware.
In summary, the PALS model is calibrated at each x by the following steps:

(1) Define initial guesses for w° and ¢*.

(2) Choose K linearly independent displacement gradient tensors H', ..., HX. (In three dimensions,
we choose K = 6 because there are at most 6 linearly independent strain tensors.)

(3) Solve the K x K linear algebraic system given by (26) for A!, ..., AK.

(4) Find w from (25) and normalize according to (27).

(5) Solve the K x K linear algebraic system given by (39) for 7!, ..., tX.

(6) Find o from (38).

In general, values of w(&) and o (§) may be negative for some bonds in the family. This is acceptable
and does not lead to material instability, since it does not necessarily imply imaginary wave speeds
[Silling and Lehoucq 2010].

In a computational implementation, it is sufficient to evaluate and store the 2K Lagrange multipliers
(for each node in the discretization) at the start of a run and, on the fly, compute influence functions
as they are needed. This uses less memory (but requires more floating point operations) than saving
influence function values on each bond for every point. The cost of evaluating one of the two PALS
model influence functions is very similar to the cost of evaluating the LPS model influence function,
although it requires retrieval and use of K Lagrange multiplier values for each point.

The cost/benefit analysis of using the PALS model is problem-dependent and relates to the domain
geometry and the ratio of surface area to volume. Since peridynamics is fundamentally oriented towards
fracture, it is likely that surface effects increase as new surfaces are created with each fracture. If bonds
are broken during a simulation, the PALS model influence functions should be recomputed subject to a
cost/benefit analysis which is beyond the scope of this paper. Simple engineering demonstration calcu-
lations later in this paper were chosen which highlight the degree to which surface effects can degrade
the LPS model; in these cases the PALS model substantially reduces the surface effect.

4. PALS scalar force state

In the preceding section, the influence functions @ and o were determined. Now we evaluate the bond
forces using these influence functions. Recall that the strain energy density is given by (19).

The scalar force state ¢ is found from the Fréchet derivative of W with respect to e:
ow

1=5>

de
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To evaluate ¢ explicitly, consider a change in the elastic energy density due to a small change Ae in the
extension state and use (16):

Using (12), (19), and (20) for the PALS stored elastic energy density W, the change AW is explicitly
evaluated as

AOx
teAe=AW =kbwxsAe+2uoee|Ae— D

2u
= K9—3g§°ac wx +2uce |« Ae. (41)

From this, the scalar force state ¢ is directly identified as

2
1= <K0 - %(gzc) °§>c_oac +2uoe. (42)

The term involving (ox) « ¢ appears because different influence functions @ and ¢ are used for the
dilatational and deviatoric terms in the elastic energy density. If w = o, then this term vanishes, as in the
LPS model. The (vector) force state is found from (6).

5. Matching deformations

The PALS model development in Section 3 was generic with respect to the use of specific matching
deformations H!, H?, ..., HX. In this section, a sample set of matching deformations is provided. The
matching deformations provided here were used in the example problems described in the next section;
they are expected to provide good results in general, although alternative choices are possible. When
D =3 (three dimensions), the local theory strain tensor has 6 independent components, hence we choose
K = 6 matching deformations. The strain components will be denoted XX, YY, ZZ, XY, XZ,YZ. The
matching deformations (shown below) represent three deformations for uniaxial strain and three for
simple shear:

XX 00 0 0 0 00 0

H'=|0 00|, H*?=|0YYof, H>=|00 0 |, (43)
| 0 00 (0 0 0 00 22
0 XY 0 0 0 XZ 0 0 0

H*=|xy o0 o|, H=|0 0 0o |, H°=|0 0 YZ]|. (44)
0 00 | XZ 0 0 0YZ 0

Let (a, b, ¢) be components of a bond vector £ and let |£| denote its length. It is convenient to set
the magnitudes of the strain components XX, ..., YZ all equal to the same small positive number A.
Using (18), the extension states ¢ are computed, one for each matching deformation:

el_Aaz ez_AbZ e3_A_c2 A 2abA s 2acA 6 _ 2bcA
R N [ [ &1

These extension states are used to form the symmetric 6 x 6 matrix associated with the linear problems
defined in (26) and (39). Entries in the matrix are evaluated using a quadrature scheme that is consistent

(45)
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with the discretized form of the momentum equation. For example, if the mesh-free approach of Silling
and Askari [2005] is employed, then dot products between state a and b are approximated by

aeb= [ al@)b@av~ Y ab

J

where j is a node number, V; is its associated volume in the undeformed configuration, and a; and b;
denote the value of the states a and b acting on the j-th bond (associated with node j).

In the remainder of this section, specific details are given for dilatation and shear. For the matching
deformations given above, components of the right-hand side vector associated with the linear problems
are given. It is shown that the Lagrange multipliers, A¥ and t* are independent of A (magnitude of the
strain components implied by the matching deformations).

5.1. Dilatation influence function. As a starting point for computing the dilatation influence function @
at a point, a reference influence function ” is assumed to be given. Then, using the definitions for ¢”
defined in (45), it is helpful to define a scaled set of states &" as

i A8 (46)
e = .
- 1€
Using this expression for the matching states, the linear problem defined in (26) is written as
K
AT (@ e 29 = trace(H") — Mo”0 2", (47)
k=1
where K = 6 equations are generated by n =1, 2, ..., K. Because each H" is proportional to the applied

deformation A, the Lagrange multipliers A" are inversely proportional to A. The linear problem in (47)
can be rewritten as

A’[K;1{r) = A{R), (48)

where [K) ] denotes the 6 x 6 matrix implied by (26) and (47), {A} denotes the unknown array of six
Lagrange multiplier values, and {R} denotes the right-hand side array of components defined in (47).
Solving the scaled system gives the Lagrange multipliers as

) =1{y/A,

where {)A»} =[K, ™Y ﬁ}. Based upon the matching deformations ((43) and (44)) and the corresponding
extension states given in (45), the dilatation influence function takes the form

K
w=0"+) e = +1'a® + 7207 + 33+ 20%ab + 205 ac +20%bc. (49)

As a final step, the above influence function is normalized according to (27).
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5.2. Deviatoric influence function. The procedure used to compute the deviatoric Lagrange multipliers
is analogous to the procedure for computing the dilatation Lagrange multipliers. The deviatoric Lagrange
multipliers are computed using the linear problem defined in (39). Using the matching deformations
provided in this section, the deviatoric extension states £* defined in (35) take the following specific form:
el=e' = A5l = —3AklL =50 gf=e =2 L= (50)

i)

Observe that the matching deviatoric extension states vary linearly with A so that a set of scaled deviatoric
extension states can be defined as e¥ = Aék. The linear problem in (39) can be rewritten as

A*[K (t} = A*{R). (51)
Solving the scaled system gives the Lagrange multipliers as
{r}={}/ A%

where {t} = [K.]™! {Ié }. Based upon the matching deformations ((43) and (44)) and the corresponding
extension states given in (50), the deviatoric influence function takes the form

K
o=0"+Y) e, (52)

where o is the given reference influence function.

6. Demonstration calculations

Computational simulation results are presented below for the purpose of comparing the performance of
the PALS model against the LPS model. Results for a beam in tension, a hollow cylinder subjected to
torsional loading, and a tensile test simulation for material characterization are given. The simulations
were carried out using the Peridigm [Parks et al. 2012; Peridigm 2014] code following the mesh-free
method of Silling and Askari [2005]. All demonstration calculations are three-dimensional and results
were obtained by solving the momentum equation under conditions of static equilibrium. The Cubit
code [Cubit 2014] was utilized to generate the discretization, and the Paraview code [ParaView 2014]
was used for visualization of results. For further discussion of the numerical solution procedure, see
[Silling and Askari 2005] and [Littlewood > 2015].

6.1. Square beam in tension. This demonstration calculation is a simpler version of the tensile test
described in the introduction (Section 1). A known/measured value for Young’s modulus E is given and
a simple peridynamics calculation is conducted to recover E and verify the efficacy of the PALS model.
In this calculation (schematic shown in Figure 4), one end of the beam is fixed while the other end has a
prescribed small displacement uq; Dirichlet boundary conditions are applied to the end sections (shown
in green) as u(z) = zug/L, where z is an axial coordinate with an origin z = 0 centered in one of the
green sections. The equilibrium solution for the displacement field is computed and reaction forces P
are calculated as a post-processing step. From elementary mechanics of materials, the reaction force is
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Figure 4. Schematic of square beam for verification of Young’s modulus.

related to the applied displacement and geometric properties of the beam:

p= AL_EMO, (53)

where A = b? denotes the cross-sectional area of the beam, and L denotes the length of the beam. Material
and geometric properties used for these calculations are given in Tables 1 and 2. The horizon parameter
8 =3.1h was used, where h = b/n is the mesh spacing, and n is the number of nodes along one axis of the
cross-section. Graphical results for these calculations are shown in Figure 5. Error in the effective value
of Young’s modulus (slope of the stress-strain curve) is shown in Table 3 for a few different numerical
mesh discretizations. The table gives results for two types of initial influence functions:

o Constant:

0 =a&) =1.

IS

o Gaussian: e g2
() =0"(6) =G (6. §) = IV

Although oscillations are observed in the PALS results shown, the PALS model errors are substantially
less than those of the LPS model for all discretizations.

6.2. Twist test. The focus of this example is on recovering the shear modulus . In this calculation, u is
estimated by applying an angle of twist ¢ to a circular hollow cylinder. A schematic of the cylinder is de-
picted in Figure 6; material and geometric properties used in the calculations are given in Tables 1 and 4.

Under the assumptions that every cross-section of the cylinder remains plane and undistorted and
that the material remains linearly elastic, the relationship between the angle of twist ¢ and the applied

Property Value Units

Bulk modulus: k 1.5x 10'?  dyne/cm?
Shear modulus: & 6.923 x 10'!  dyne/cm?

Table 1. Isotropic elastic material properties.

Property Value Units
Edge length: b 0.5 cm
Length: L 5.0 cm

Table 2. Square beam geometric properties. See Figure 4.
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Figure 5. Computed stress-strain curves for the square beam in tension (Figure 4). The
slope represents the effective Young’s modulus in the computational model.

torque T is
T =uJo/L, (54)

where J is the area polar moment of inertia of the cross-section, and L is the length of the cylinder.
Dirichlet boundary conditions are applied on points depicted in green (see Figure 6). The angles of twist
applied at the ends are

¢(0)=0, ¢(L)=¢r.

The expected angle of twist on any cross-section with axial position z is ¢ (z) = z¢r /L. The computa-
tional model finds a resultant torque 7" from which p is recovered using (54). A relative error for recovery
of the shear modulus u is computed. This error is calculated as (it — )/, where (i was estimated from
the PALS or LPS models using (54), and u is the input value given in Table 1. For these calculations,
the horizon parameter § = 3.1k was used, where h = (r, —r;)/n, and n is the number of nodes through
the thickness of the cylinder.

Mesh PALS LPS
n | ®=0"=1 °=0"=G(5,8) | =1 =G, §)
3 0.00621 0.00621 0.649 0.649
5 0.000686 0.000685 0.173 0.173
7 0.00820 0.0082 0.0723 0.0723
9 0.00595 0.00595 0.0201 0.0201

Table 3. Relative error in the computed Young’s modulus for a beam under uniaxial tension.



554 JOHN A. MITCHELL, STEWART A. SILLING AND DAVID J. LITTLEWOOD

Angle of twist ¢(z)

Length L

Figure 6. Schematic of twist test for verification of shear modulus.

Numerical results of demonstration calculations are given in Table 5 for a few different mesh discretiza-
tions. This is a particularly challenging problem because the expected solution is not a homogeneous
(affine) deformation since the shear strain depends on the radial coordinate; relatedly, the local elastic
energy density is independent of the axial coordinate z and varies quadratically as a function of the radial
coordinate; this is shown in Figure 7 for the finest discretization, n = 9, as listed Table 5. The PALS
model influence functions were computed at each point using affine matching deformations, so good
results are not guaranteed by this particular choice of matching deformations. Nevertheless, the PALS
model continues to show a significant reduction in error with respect to the LPS model. Better accuracy
with the PALS model would be expected for thinner walled tubes, since the deformation would more
closely approximate simple shear.

Several additional points are made with respect to Figure 7. This plot shows the spatial variation of
the elastic energy density for any cross-section along the axis of the cylinder. Each color bar is scaled
using the local analytic minimum and maximum values. Tick labels on color bars for LPS and PALS are
the minimum and maximum values computed while tick labels for the local analytic calculation are the

Property Value Units

Inner radius: r; 0.667 cm
Outer radius: r, 1.0 cm
Length L 5.0 cm

Table 4. Twist test geometric parameters.

Mesh PALS LPS
n (i)ozgozl C_L)O=QO=G(6,§) C_()0=1 C_L)O=G(8,§)
3 0.097 0.097 0.303 0.276
5 0.056 0.056 0.168 0.158
7 0.040 0.040 0.131 0.121
9 0.026 0.026 0.117 0.107

Table 5. Relative error in the computed shear modulus u for the twist test example.
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LPS model

Figure 7. Elastic energy density for twist test calculation using LPS and PALS; o° =

" =G, 8).

PALS model
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exact minimum and maximum values. As shown, the PALS model resolves the spatial variation of the
energy density better than the LPS model. As previously mentioned, these calculations were done using
Peridigm [Parks et al. 2012; Peridigm 2014]; in preparation for running Peridigm, the geometry of the
domain is first discretized (in this case with hexahedra); for each hexahedron an equivalent peridynamic
nodal volume is created and located at its centroid; although the plots in Figure 7 show a quadrilat-
eral discretization (which corresponds to a cross-sectional view of hexahedra), this is only for plotting
convenience. All calculations were fully 3D using the mesh-free method [Silling and Askari 2005].

6.3. Tension test. As a final demonstration calculation, the PALS model is applied to the motivation
problem described in Section 1 (see Figure 1). A full three-dimensional model of the specimen was used.
Improved accuracy in reproducing E using the PALS model, compared with the LPS model, is shown

in Figure 8.
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Figure 8. Stress-strain curve for a full 3D peridynamic model of the uniaxial tension
test with PALS and LPS; both on the same discretization.
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7. Summary and conclusions

A new position aware linear solid (PALS) model for peridynamics was introduced. The PALS model is
an ordinary-state-based peridynamics constitutive model that addresses inaccuracies in previous models,
most notably the linear peridynamic solid (LPS) [Silling et al. 2007], due to the surface effect [Mitchell
2013]. The PALS model addresses problems that arise due to missing bonds (see Figure 3) near the
surface of a peridynamic body. Using this new model, simple benchmark calculations demonstrate large
reductions in the surface effect. Although the development given in the present paper is for linear elastic
materials, work currently in progress suggests that previously developed plasticity and viscoelasticity
models [Mitchell 2011a; 2011b] can be extended to include some aspects of the PALS approach.
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PERIDYNAMICS ANALYSIS OF THE
NANOSCALE FRICTION AND WEAR PROPERTIES
OF AMORPHOUS CARBON THIN FILMS

SAYNA EBRAHIMI, DAVID J. STEIGMANN AND KYRIAKOS KOMVOPOULOS

State-based peridynamics theory was used to study the nanoscale friction and wear behavior of thin
films of amorphous carbon used as protective overcoats in hard-disk drives. Numerical results of the
coefficient of friction and wear depth are shown to be in good agreement with published experimental
results. Although long-range forces are not considered in the analysis, the results indicate that the present
approach yields fairly accurate estimates of the coefficient of friction and wear depth for films of thick-
ness larger than 10 nm and a grid size of 1.6 nm. The results of this study demonstrate that peridynamics
theory can be used to analyze various nanoscale friction and wear phenomena without being limited by
the excessive computational time and convergence difficulties encountered with traditional numerical
techniques, such as the finite element method.

1. Introduction

Thin films are used as protective overcoats in a wide range of applications where the tribological proper-
ties of proximal surfaces are of paramount importance to the functionality and endurance of mechanical
components possessing contact interfaces. For example, thin films of amorphous carbon (a-C) play a
critical role in the reliability and performance of magnetic recording devices because they protect the mag-
netic head and hard disk surfaces against mechanical wear during intermittent contact and inhibit corro-
sion of the magnetic medium of the hard disk. Because of the extremely small a-C film thickness and the
occurrence of head-disk surface interactions at nanoscopic surface protrusions (asperities), knowledge of
the nanoscale tribological and mechanical properties of thin a-C films is of high technological importance.

The nanomechanical/tribological properties of a-C films are greatly affected by the type of carbon atom
hybridization and the hydrogen content. Other elements (e.g., Si, N, B, F, and O) can be added to modify
the electromechanical properties of a-C films [Charitidis 2010]. The structure and elemental content of
a-C films strongly depend on the intricacies of the deposition process, which controls film nucleation and
growth [Lifshitz 1996; Grill 1999; Charitidis 2010]. Thus, small variations in the deposition conditions
may result in vastly different film properties. In view of the time-consuming experimental techniques
available for nanoscale mechanical and tribological testing of thin films, alternative approaches must be
used to examine the effects of structural changes on the resulting film properties.

High contents of tetrahedral carbon atom hybridization (sp®) characterize the structure of a-C films
exhibiting diamond-like behavior, whereas high contents of trigonal carbon atom hybridization (sp?)

Komvopoulos is the corresponding author.
Keywords: state-based peridynamics, friction, wear, thin films.
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generally produce graphite-like film behavior. A continuum description does not account for local differ-
ences in nanostructure [Luan and Robbins 2005], whereas molecular dynamics (MD) is limited by high
computational cost, model size, and type of potential function used to describe atomic interaction [Alder
and Wainwright 1959]. Therefore, nonlocal computational approaches, which are not subjected to the
aforementioned restrictions, must be developed to enhance the study of the interdependence of structure
and material behavior at the nanoscale.

Peridynamics [Silling 2000] is a relatively new theory which promises to bridge the material gap in
computational mechanics. Peridynamics is a continuum version of MD which uses integral equations
of motion to offset complexities associated with material discontinuities (e.g., defects, edges, and sharp
corners) instead of the conventional partial differential equations used in classical mechanics and does
not rely on a priori assumed defect or damage criteria (e.g., crack growth direction). Because of the
mathematical simplicity and computational affordability, peridynamics has been used to analyze vari-
ous computationally intense problems, such as dynamic fracture in brittle [Ha and Bobaru 2010; 2011;
Bobaru and Hu 2012; Liu and Hong 2012; Lipton 2014] and composite [Askari et al. 2006; Xu et al.
2008; Kilic et al. 2009; Hu et al. 2011; 2012] materials, multiscale damage [Askari et al. 2008; Alali and
Lipton 2012], and damage of nanofiber networks, including long-range effects of van der Waals forces
on nanofiber deformation [Bobaru and Silling 2004; Silling and Bobaru 2005; Bobaru 2007; Bobaru
et al. 2011]. Moreover, peridynamics has been used in failure analyses dealing with thin film cracking
in electronic packaging [Agwai et al. 2008; 2009; 2011] and also in conjunction with atomic force
microscopy and nanoindentation techniques to determine the mechanical properties of ultrathin films
[Celik et al. 2009].

The objective of this study is to introduce a two-dimensional (2D) peridynamics analysis of the nano-
tribological behavior of thin a-C films. Simulation results of the coefficient of friction and depth of wear
track due to a rigid (diamond) tip sliding against a-C films of different thickness and nanomechanical
properties are presented and compared with experimental results of a previous study [Lu and Komvopou-
los 2001] to validate the accuracy of the developed peridynamics models.

2. State-based peridynamics formulation

Peridynamics is a theory of mechanics which uses a finite number of particles to discretize a deformable
solid body. Particle interaction is modeled within a predefined distance, referred to as the horizon. Be-
cause the governing equations in peridynamics are integrals of particle motion, material discontinuities
and high strain gradients do not present computational obstacles. The main peridynamics approaches
can be classified in bond-based and state-based formulations. Bond-based peridynamics presumes the
existence of a pairwise force function between any two particles, which is independent of the deforma-
tion associated with other particles [Silling 2000] and has been developed for a Poisson’s ratio of 0.33
and 0.25 for 2D and three-dimensional (3D) problems, respectively. State-based peridynamics relies on
a more general theory, which uses a more comprehensive constitutive model derived based on force- and
deformation-state concepts [Silling et al. 2007]. To obtain the force state at each particle, the deformation
(stretching) of all bonds within the horizon of each particle are considered without assuming a specific
value of the Poisson’s ratio. Similarities between state-based peridynamics and continuum theory have
been reported [Silling et al. 2007; Lehoucq and Silling 2008], including the convergence of state-based
peridynamics to classical elasticity theory [Silling and Lehoucq 2008].
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The general 3D peridynamics equation of motion is given by [Silling et al. 2007]

p(x;)i(x;, 1) = /%(I[xi, 11x; —x;) — Tlx;, t1{x; —x;)) dV; + b(x;, 1), (D
where p is the mass density, x; and x; are the position vectors of particles i and j, respectively, u is
the displacement field, # is the domain of the spherical horizon with a radius §, T is the force vector
state field, b is the body force density field, ¢ is the time, and dV; is the volume of particle j. In the
present analysis, the deformable materials are assumed to be ordinary, implying that the force between
two particles acts in the bond direction.

For ordinary materials, the force vector is given by [Silling et al. 2007]

I=:M, (@)

where ¢ is the scalar force state and M is the deformation direction vector. In the linear peridynamics
solid (LPS) model, the force scalar state is defined by [Silling et al. 2007]

3K0x, 15G
t= ﬂw(&)x(&) +——w(§)e’lx, 1], (€)

m[x] — 77 m{x]~

where K and G are the bulk and shear modulus, respectively, 0 is the dilatation, m is the weighted
volume, e is the deviatoric component of the extension scalar state e, and w is the influence function.
These parameters can be defined, following [Silling et al. 2007], as:

e[x,zlz%[%@@u@)g[x,zﬂadv, )
m[xlzf%c_()(E)J_C(&)z(E)dV, )
elx, 11(€) = 1 +nll — €], (6)
e'[x, 11(€) = elx. 11(E) — €'[x., 11(E) = elx, 1]() — 50[x. 1]x (£), ()

where § = x; — x; is the relative position vector between particles i and j in the reference configuration
and n =u(x;, t) —u(x;, t) is the relative displacement vector between particles i and j at time ¢.
Because of the highly disordered structure of a-C films [Charitidis 2010], they can be modeled as
isotropic materials with an influence function w(&) = 1/||&||, as suggested elsewhere [Parks et al. 2010].
Damage is assumed to occur when bond stretching exceeds a predefined critical stretch s., given by
[Silling and Askari 2005; Ha and Bobaru 2011]

se =+/4nG;/9ES, ®)

where G is the critical energy release rate corresponding to the mode I stress intensity factor K; (i.e.,
Gr=K ,2 /E’, where E’ = E (plane stress) or E/(1 — v2) (plane strain)). Equation (8) indicates that s,
is a function of the material properties and the characteristic length scale of the analyzed body, i.e., the
horizon radius §.

Damage at a given material point (particle) is defined as the ratio of the number of broken bonds to
the total number of bonds D. Because D assumes values between 0 (no damage) and 1 (full damage)
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[Silling and Askari 2005], it can be used as a damage index to characterize the extent of material removal
(D =1) and the evolution of permanent damage (0 < D < 1) in the wear model.

3. Body discretization and computational details

To obtain a solution for the 2D version of (1), the body is discretized by a uniform grid (Ax = Ay) and
the integral is replaced by a summation including all interacting particles within the horizon of a given
particle. Thus, (1) can be expressed as

Nye

. -1 —1

pidi! =Y F X XV 4B )
j=1

where the superscripts denote the time step and Ny is the total number of particles interacting with the
particle of interest within its horizon. Time integration of (9) using the central difference method yields
the position and velocity of each particle at time step (n 4 1). The nodal area of the particles lying on
the horizon boundaries is accordingly modified [Parks et al. 2008].

In addition to the force vector state obtained from (2), short-range forces are also included in the
present analysis by introducing a short-range particle interaction distance

dpi =min{0.9]|x, — x; ||, 1.35(r, +1i)},

where x,, and r, are the position and radius of particle p in the vicinity of particle i, respectively, and r;
is the radius of particle i, which is set equal to one-half of the grid size (i.e., r; = %Ax) [Parks et al. 2010].
Long-range forces may also have a strong effect on nanoscale deformation and, despite the continuum
nature of peridynamics, it is possible to incorporate potential force functions from MD analysis in the
force state of peridynamics [Silling and Bobaru 2005; Bobaru 2007; Bobaru et al. 2011]. However,
for a separation distance of 2 nm, long-range forces reach ~10% of their peak values [Bobaru 2007].
Consequently, because the grid size used in the present analysis is less than 2 nm (see Section 4 for
details), long-range forces are not considered for simplicity.

4. Peridynamics friction and wear models

State-based peridynamics friction and wear models are presented in this section and simulation results are
compared with published experimental results of the nanoscale tribological properties of thin a-C films
[Lu and Komvopoulos 2001] to illustrate the validity of the developed models. A 2D analysis of the
sliding process is valid provided the depth of penetration is significantly less than the width of the result-
ing plowing (wear) track [Komvopoulos et al. 1985]. Since in all simulation cases the ratio of the wear
depth to the wear track width is less than 0.1, a 2D peridynamics analysis of the sliding friction and wear
processes is justifiable. All simulations were performed with a custom-made peridynamics code written
in Fortran 90/95 and executed on a Linux platform with a quad-core 2.33 GHz Intel Xeon E5345 CPU.

4.1. Friction model. Figure 1 schematically shows a rigid spherical tip of radius R under normal load P,
which is sliding against a thin a-C film firmly attached to a thick Si substrate. Because of the high elastic
modulus of diamond, in all numerical simulations the tip is modeled as rigid. The center of the tip
is initially set at a distance equal to R — %Ax from the film surface. Short-range forces inhibit the
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a-C film

Si substrate
S/2 S/2
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Figure 1. Schematic of peridynamics friction model of a spherical diamond (rigid) tip
sliding at a constant velocity V against a thin a-C film, which is firmly adhered to a
thick Si substrate. The tip slides from left (x /S = 0) to right (x/S = 1) through a total
distance S. The shaded layer at the bottom of the substrate is modeled as rigid. The
coefficient of friction is obtained as the ratio of the computed tangential (friction) force
F, which opposes tip sliding, and the applied normal load P. The film thickness and
the tip radius are not drawn to scale.

development of particle-particle distances less than d,;, defined in Section 3. Both film and substrate
materials are assumed to be isotropic, predominantly exhibiting brittle behavior. The elastic properties,
density, and critical stretch of the Si substrate are given in Table 1, whereas the thickness, root-mean-
square (rms) roughness, elastic properties, and density of all a-C films examined in this study are given

Material Elastic modulus® (GPa) Poisson’s ratioc® Density® (g/cm®) Critical stretch®

Silicon 132 0.278 2.329 0.01

Table 1. Mechanical properties and critical stretch of Si substrate. @Ref. [Lu and
Komvopoulos 2001]. ®Ref. [Agwai et al. 2011].

Film# Thickness® Roughness,® Elastic Poisson’s Density  # particles  # particles
(nm) rms (nm) modulus® (GPa) ratio® (g/cm?) (film) (substrate)

1 31 0.51 105 0.278 3.139 5000 x 19 5000 x 606

2 34 0.20 197 0.278 4.058 5000 x 21 5000 x 604

3 39 0.15 206 0.278 4.143 5000 x 24 5000 x 601

4 53 0.27 139 0.278 3.500 5000 x 33 5000 x 592

5 59 0.23 101 0.278 3.094 5000 x 36 5000 x 589

6 69 0.15 192 0.278 4.017 5000 x 43 5000 x 582

7 95 0.24 155 0.278 3.661 5000 x 59 5000 x 566

Table 2. Thickness, roughness, elastic properties, and density of a-C films and number
of film and substrate particles used in the peridynamics friction analysis. @Ref. [Lu and
Komvopoulos 2001].
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in Table 2. The film density was calculated from the relation p = 1.37 4+ E 2/3 /44.65, where p and E
are given in g/cm® and GPa, respectively [Casiraghi et al. 2007]. The number of particles used to
discretize the film and substrate media in each friction simulation are also given in Table 2. In all friction
simulations, the tip radius is equal to 20 yum.

To enhance the convergence, load-control sliding experiments were simulated by the following method.
First, the normal load was incrementally applied using several time steps until the desired load (in the
range of 50-400 uN) was reached. This incremental loading procedure is similar (though faster) to that
used in the experimental study [Lu and Komvopoulos 2001]. Subsequently, the tip was traversed in the
x-direction at a constant velocity V = 0.4 um/s through a total distance S =4 um. To avoid boundary
effects on the friction results, the distance of the left and right boundaries of the discretized domain from
the initial (x/S = 0) and final (x/S = 1) tip positions was set equal to S/2 (Figure 1). An adaptive
dynamic relaxation (ADR) method similar to that presented in [Kilic and Madenci 2010], which was
accordingly modified for state-based formulation, was used in the friction analysis. The time step in the
ADR analysis of friction was set equal to 0.01 s. Artificial damping was used in the equations of particle
and tip motion. For the calculation of the damping coefficient of the rigid tip, the stiffness was increased
by a factor of 10 to account for the rigidity of the tip. Similar to the friction experiments reported in [Lu
and Komvopoulos 2001], only elastic deformation is modeled in the friction simulations, i.e., irreversible
damage such as bond breakage is not included in the friction model. The initial boundary conditions used
for time integration are zero displacements and velocities in all directions at all particles and the tip center.
Films of thickness larger than 10 nm are examined because the grid size is less than 2 nm. In addition,
because the rms roughness of the films (in the range of 0.15-0.51 nm [Lu and Komvopoulos 2001]) is
significantly smaller than the grid size, both film and substrate media are modeled as perfectly smooth.

........ - -

Rigid Tip _>V Rigid Tip
Weardepthi
a-C fim =
Sr4 Si substrate N
S
LLLLL L L L L Ll Ll Ll ..l

Figure 2. Schematic of peridynamics wear model of a sharp conospherical diamond
(rigid) tip under a normal load P sliding at a constant velocity V and plowing through
a thin a-C film, which is firmly attached to a thick Si substrate. The tip slides against
the film surface from left (x /S = 0) to right (x/S = 1) through a total distance S. The
shaded layer at the bottom of the substrate is modeled as rigid. The film thickness and
the tip radius are not drawn to scale.
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Film# Thickness® Roughness,® Elastic Poisson’s Density Critical # particles # particles
(nm) rms (nm) modulus® (GPa) ratio® (g/cm3 ) stretch (film) (substrate)

8 17 0.19 113 0278 3.230 0.0125 937x10 937 x615

9 22 0.18 203 0278 4.115 0.0125 937x13 937 x612
10 10 0.20 226 0.278 4317 0.0125 937x6 937 x619

Table 3. Thickness, roughness, elastic properties, density, and critical stretch of a-C
films and number of film and substrate particles used in the peridynamics wear analy-
sis. @Ref. [Lu and Komvopoulos 2001].

4.2. Wear model. Figure 2 shows a schematic of the wear model consisting of a sharp rigid (diamond)
conospherical probe with a tip radius R plowing through an a-C film, which is firmly attached to a thick
Si substrate. After incremental loading of the probe to the desired normal load P = 10 uN (load-control
simulations) at x/S = 0, the probe was traversed in the x-direction at a constant velocity V = 4 um/s
through a total distance S = 1 wm and was finally unloaded at x/S = 1. To avoid boundary effects on
the wear results, the distance of the left and right boundaries of the discretized domain from the initial
(x/S =0) and final (x/S = 1) tip positions was set equal to S/4. The thickness, rms roughness, elastic
properties, density, and critical stretch of the a-C films analyzed with the wear model and the number of
particles used to discretize the film and the substrate are given in Table 3. In all wear simulations, the
probe tip radius is equal to 1 um and the initial displacements and velocities of the tip and all particles
are set equal to zero. The previously mentioned ADR technique [Kilic and Madenci 2010] with a time
step of 0.001 s was also used in the wear analysis.

In the wear simulations, irreversible damage in the wake of the plowing tip comprises bond breakage.
Therefore, a critical bond stretch was used to capture bond breakage. In addition to the critical bond
stretch of the substrate (Table 1) and film (Table 3) materials, a conservative estimate of the critical bond
stretch of the a-C/Si interface was obtained from (8), where E is the elastic modulus of the substrate
and G is the strain energy release rate due to indentation of the film by a conospherical diamond indenter,
which is equal to 0.037J/m? [Marshall and Evans 1984; Volinsky et al. 2002]. Using (8), the critical
stretch of the a-C/diamond interface was found to be equal to 0.007. The depth of the wear track on the
film surface was determined by calculating the average displacement of irreversibly deformed (0 < D < 1)
particle layers of the film medium along the plowing path after the unloading of the probe tip.

5. Results and discussion

Simulation results obtained with the peridynamics friction and wear models are presented in this section
in conjunction with experimental results from a previous experimental study [Lu and Komvopoulos 2001]
to validate both peridynamics models.

5.1. Coefficient of friction. The coefficient of friction is defined as the ratio of the tangential (friction)
force and the applied normal load. At each time step, the friction force was calculated as the tangential
component of the total force generated by the sliding action of the tip; thus, a coefficient of friction was
computed at each time step. An overall coefficient of friction was calculated for each a-C film as the
average of all friction coefficient data.
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6 (nm) m  Coefficient of friction
8 3.5 0.1421
8 4.0 0.1526
8 4.5 0.1567
8 5.0 0.1591
8 5.5 0.1456

Table 4. Coefficient of friction results from m-convergence tests.

Similar to local numerical methods, determining an appropriate grid size in peridynamics requires
convergence testing [Bobaru et al. 2009; Bobaru and Hu 2012]. Among various convergence tests, the
m-convergence test was used in the peridynamics friction model to calculate the coefficient of friction.
The é-convergence test was not used because the decrease of the horizon radius to zero (i.e., no length
scale) should yield solutions converging to classical elasticity solutions, which not only do not hold at the
nanoscale [Luan and Robbins 2005] but are also length-scale independent. In the m-convergence test, §
is fixed whereas m = §/ Ax is gradually increased until the solution converges to an exact nonlocal peridy-
namics solution obtained for fixed 6 [Bobaru et al. 2009]. Table 4 shows results from m-convergence tests
for film #7 (Table 2), P =400 uN, § = 8 nm, and m in the range of 3.5-5.5. The coefficient of friction
diverges with the increase of m from 5.0 to 5.5, suggesting an increasing effect of long-range forces.
Therefore, m = 5.0 (i.e., Ax = 1.6 nm) was used in the present peridynamics analysis. Because the focus
of this study is the analysis of thin a-C films, the convergence test was only carried out for the a-C film.

Table 5 shows a comparison between peridynamics and experimental results of the coefficient of
friction of a-C films with different thickness and rms roughness for P in the range of 50-400 uN. Even
though the films were modeled to have ideally smooth surfaces, the agreement between numerical and
experimental results is very good. It is noted that the experimental coefficients of friction represent
averages of 300 data acquired along the entire sliding track and that the scatter in the measurements
increases with the decrease of the normal load, yielding standard deviation values in the range of 0.05—
0.08 [Lu and Komvopoulos 2001].
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Figure 3. Peridynamics and experimental results [Lu and Komvopoulos 2001] of the
coefficient of friction of an a-C film versus sliding distance for P = 400 uN.
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Film # Thickness® Roughness®, Normal load®  Coeff. of friction Coeff. of friction
(nm) rms (nm) (uN) (peridynamics)  (experimental)®
1 31 0.51 50 0.132 0.16
100 0.127 0.14
200 0.115 0.13
400 0.108 0.12
2 34 0.20 50 0.149 0.17
100 0.128 0.15
200 0.110 0.14
400 0.099 0.12
3 39 0.15 50 0.156 0.18
100 0.142 0.16
200 0.121 0.14
400 0.115 0.13
4 53 0.27 50 0.145 0.17
100 0.127 0.15
200 0.118 0.13
400 0.102 0.12
5 59 0.23 50 0.140 0.17
100 0.122 0.15
200 0.114 0.14
400 0.105 0.12
6 69 0.15 50 0.169 0.18
100 0.148 0.16
200 0.129 0.14
400 0.121 0.13
7 95 0.24 50 0.147 0.17
100 0.108 0.15
200 0.115 0.13
400 0.108 0.12

Table 5. Peridynamics and experimental results of the coefficient of friction of a-C films
versus film thickness, roughness, and normal load. @Ref. [Lu and Komvopoulos 2001].

Figure 3 shows a comparison between peridynamics and experimental results of a typical coefficient of
friction response for a 400 wN normal load. The peridynamics solution closely follows the experimental
trend, showing good agreement with the average response of the scattered experimental data. Figure 3
and Table 5 illustrate the validity of the peridynamics friction model and provide justification for the
modeling assumptions.

Figure 4 shows peridynamics results of the steady-state coefficient of friction (obtained as the average
of all numerical data in the 0—4 pm sliding distance range) versus normal load for different a-C films
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Figure 4. Peridynamics results of the coefficient of friction of various a-C films versus
normal load.
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Figure 5. Contour maps of y-displacement (top image) and x-displacement (second
image) of particles in film #4 for x /S = 1, and corresponding high-magnification contour
maps (bottom two images) showing the displacement of particles in the near-surface
region of the film adjacent to the contact interface with the sliding rigid tip.

(Table 2). All peridynamics solutions show that the coefficient of friction decreases with increasing
normal load. This trend is in good agreement with experimental findings and is attributed to the inverse
proportionality of the coefficient of friction of predominantly elastically deformed surfaces to the cubic
root of the normal load [Lu and Komvopoulos 2001].

The top two images in Figure 5 show y- and x-displacement contour maps, respectively, for x /S = 1.
High-magnification views of the particle displacements under the tip, shown in the bottom two images in
Figure 5, provide insight into the highly stressed region of the film underneath the loaded tip. However,
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Figure 6. Top left: damage contour map of film #9 after tip unloading (damage index
D =1 corresponds to particles with all their bonds broken). Top right: corresponding
high-magnification damage contour map of damaged particle layers in the near-surface
region of the film. Bottom left: y-displacement contour map of damaged film #9 after
tip unloading. Bottom right: corresponding high-magnification contour map showing the
y-displacement of particles adjacent to the contact interface with the plowing rigid tip.

the zero displacements in the wake of the tip (top two images in Figure 5) reveal a full recovery of the
unloaded film region. Importantly, despite the fully elastic behavior of the film/substrate medium and the
adhesionless tip/film contact interface, the instantaneous coefficient of friction is not zero. Not only is
this finding in contrast with classical friction theories, which attribute friction to irreversible deformation,
but also reveals that frictionless contact is practically impossible.

5.2. Wear depth. To validate the peridynamics wear model, the experimentally measured depths of wear
tracks produced on a-C film surfaces by a sharp conospherical rigid tip [Lu and Komvopoulos 2001] are
compared with numerical results. Figure 6 (top left) shows damage at the film surface due to sliding
contact interaction. A damage index D = 1 is indicative of bond breakage. As the rigid tip plows
through the film, the particles near the surface are permanently displaced from their original positions.
Figure 6 (top right) shows a close-up view of the deformed grid below the tip, revealing much more
pronounced damage in the near-surface region of the a-C film adjacent to the sharp tip. Further insight
into nanoscale film wear is provided by the y-displacement contour map and the close-up view of the
near-surface damaged particle layers shown in Figure 6 (bottom left and right, respectively).

The wear depth is defined as the average displacement of all particles with partly broken bonds (i.e.,
0 < D < 1), located relatively far from the initial (x/S = 0) and final (x/S = 1) tip positions. The
displacements of particles with D = 1 were not included in the calculation of the wear depth. Table 6
shows numerical and experimental results of the wear depth of three a-C films for P = 10 uN. For
films #8 and #9 the agreement is very good (~ 4% error), whereas for film #10 the agreement is fair,
presumably because of the rougher film surface and errors due to the small film thickness (10 nm) relative
to the grid size (= 1.6 nm).
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Film# Thickness Roughness,® Normal Wear depth (nm) Wear depth (nm)
(nm) rms (nm) load (uN) (peridynamics) (experimental)(a)
8 17 0.19 10 0.730 0.76
9 22 0.18 10 0.391 0.40
10 10 0.20 10 0.161 0.20

Table 6. Comparison of peridynamics and experimental results of the wear depth of a-C
films versus film thickness, roughness, and normal load. @Ref. [Lu and Komvopoulos
2001].

6. Conclusions

Nanoscale material behavior can be challenging because classical continuum theory breaks down at the
nanoscale, whereas MD analysis is limited to very small scales of limited practical use. Peridynamics
promises to bridge the material gap in computational mechanics. In this study, state-based peridynamics
theory was used to develop friction and wear models of thin films. Favorable comparisons between
peridynamics solutions and experimental results of thin films obtained under identical testing conditions
illustrate the validity of the peridynamics friction and wear models developed in this study. Long-range
forces were not considered and film surfaces were modeled as perfectly smooth, because the film rough-
ness was significantly less than the grid size. Despite these assumptions, very good agreement was
obtained between peridynamics and experimental results of films with thickness equal to or larger than
10nm. The results of this study demonstrate the potential of peridynamics to capture the nanoscale
tribological behavior of thin films, which is difficult (if not impossible) to achieve at the nanoscale with
other numerical techniques, such as finite element analysis and the boundary element method.
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