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INTERFACIAL WAVES IN AN A/B/A PIEZOELECTRIC STRUCTURE WITH
ELECTRO-MECHANICAL IMPERFECT INTERFACES

M. A. REYES, J. A. OTERO AND R. PEREZ-ALVAREZ

We study the propagation of shear horizontal (SH) waves in the interfaces of an A/B/A piezoelectric
structure with an electrical and mechanical imperfect contact, being modeled by means of a capacitor
and a spring, respectively. The analytical dispersion relations are obtained and some limit cases are
analyzed in detail, predicting the existence of interface waves. Based on numerical calculations, it can
be shown that the electrical and mechanical imperfections strongly influence the dispersion curves.

1. Introduction

The possibility of an elastic shear surface wave being guided by the free surface of a piezoelectric crystal
with 6 mm hexagonal symmetry has been studied in [Bleustein 1968].

Maerfeld and Tournois [1971] found that these kinds of waves can also be guided by the interface in
perfect contact between two semi-infinite media, where at least one of these is a piezoelectric medium.
Moreover, a shear horizontal (SH) wave propagating along an interface between a piezoelectric half-
space and piezomagnetic half-space was investigated in [Soh and Liu 2006]. In [Fan et al. 2006b],
imperfection was considered by means of a discontinuity of the displacement (spring model). An exact
solution for antiplane waves in a ceramic half-space including an imperfectly bonded layer was obtained
in [Fan et al. 2006a]. In [Chen et al. 2008], an exact solution for antiplane waves in a 6 mm crystal
between two piezoceramic half-spaces with imperfect interface bonding was obtained. Furthermore, the
effect of an electric field gradient on the SH interface waves was investigated in [Yang and Yang 2009].
The SH surface waves propagating in a layered piezoelectric half-space with an imperfectly bonded
interface were studied in [Liu et al. 2010]. In [Sun et al. 2011], the SH wave propagation was studied
in a cylindrical PE/PM structure with an imperfect interface and two exact dispersion relations were
obtained. Dispersion relations of SH waves in an A/B/A heterostructure (which has different magnetic,
electric and elastic properties with imperfect bonding at the surfaces) taking 6 mm hexagonal symmetry
into account have been studied in great detail by Otero et al. [2011], giving some dispersion curves
for different A/B/A heterostructures with magneto-electro-elastic properties and showing how strongly
the behavior of these curves depends on the spring constant material parameter k, (GPa/m). In [Otero
et al. 2012], propagation of SH waves between the interfaces of two piezoelectric materials with electro-
mechanical imperfect contacts modeled by means of a spring and a capacitor and the corresponding
dispersion relations for the imperfect contact was presented.

Several works have been presented in order to study the effects of interface bonding on acoustic wave
generation in elastic bodies using piezoelectric transducers driven electrically, as in [Li et al. 2013].

Keywords: piezoelectricity, dispersion curve, wave propagation, imperfect contact.
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A coupling model for interfacial imperfection is proposed in [Li et al. 2015a] in order to characterize
the imperfect interface in a bilayered multiferroic cylinder, and in [Li et al. 2016a] the SH wave propaga-
tion at the interface in a bilayered multiferroic is considered. In [Li and Jin 2015], the shear-lag interface
model is used to simulate the effect of an imperfect interface on SH wave propagation in a piezoelectric
composite structure. Trying to generalize the interfacial imperfection coupling model, Li et al. [2015b]
introduced a new model to describe the magneto-electro-mechanical imperfect interfacial region in a
multiferroic composite consisting of an FE layer and another FM layer. Xiong et al. [2015] proposed an
interfacial sliding prevention/promotion model in order to consider the effect of interfacial normal stress
on interfacial sliding and Li et al. [2015c; 2016b] proposed a generalization of the spring model while
including intercoupling effects. Some authors, like Kakar [2015], have investigated the existence of SH
waves in a fiber-reinforced layer placed over a heterogeneous elastic half-space. Kong et al. [2016] stud-
ied the propagation of SH waves in the layered structure consisting of a transversely isotropic FGPM layer
and a PMN-0.29PT substrate that is being poled along [011]c, finding that the dispersion characteristics
of the SH waves are dominated by the cut orientation of the PE substrate.

In the present work, different to the work of Otero et al. [2011], we consider the existence of two
imperfections at the interfaces on an A/B/A piezoelectric structure: electrical and mechanical. The
presence of electrical and mechanical imperfections are modeled by means of a capacitor and a spring,
respectively. The capacity of the capacitor is the measure of the electrical imperfection.

This paper is organized as follows: in Section 2 the equations governing the SH wave propagating
in piezoelectric materials with 6 mm hexagonal symmetry and the constitutive relations are presented.
Section 3 is dedicated to the general formulation of the main problem, considering two types of imper-
fections at the interfaces. Symmetric and antisymmetric solutions are obtained for a specific system.
Section 4 is devoted to calculating the dispersion relations, and some limiting cases are analyzed. These
results are in agreement with known results from the literature. In Section 5 some numerical examples
are shown and analyzed. Finally, in Section 6 some conclusions are presented.

2. Governing equations for the SH mode

A system of two coupled partial differential equations with two unknowns: the z component of the elastic
displacement u, and the in-plane electric potential ¢, describe SH waves in this type of material; that is,

2

ad
cVu + eVz(p = pa—[L;, (2-1)

eViu—eVip =0, (2-2)

where V2 = 82/8x2 + 82/8)/2 and u = u;. Here, c = cq4, ¢ =e15, € = &1 are the elastic, piezoelectric,
and dielectric permittivity coefficients, respectively. For the case of SH waves, both components u,
and u, are equal to zero. Equations (2-1)—(2-2), which depend only on (x, y, t), describe the motion of a
SH wave in a homogeneous material. Firstly, we have to rewrite (2-1)—(2-2) using an auxiliary potential
function ¢ defined by

b=y Cu. (2-3)
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Then, (2-1) can be written as

(7~ 3e)
Vo —— Ju=0, (2-4)

02 912

where ¥ = /C/p is the bulk shear wave speed within the piezoelectric and ¢ = ¢ 4 €%/« is the electro-
elastically stiffened constant. Secondly, (2-2) can be written as

V2p =0. (2-5)

3. SH waves in piezoelectrics

Consider a piezoelectric material with 6 mm hexagonal symmetry exhibiting polarization in the z-axis
direction of an xyz Cartesian coordinate system and the xy plane is an isotropy plane. The planes
y= j:%d are the interfaces. The spaces y < —%d and y > %d are occupied by a piezoelectric of type A
and the region enclosed in the interval [—%d CLid] by a piezoelectric of type B, as shown in Figure 1.

We want to find u and ¢ describing SH waves propagating along the positive x axis that satisfy (2-4)
and (2-5) at each interface of the piezoelectric structure. We are really interested in finding confined
modes, which is why the functions # and ¢ in media A should vanish as y goes to £o00. This in turn
implies that at these interfaces the solutions of (2-4) and (2-5) must be of the form

Uae™sy if y <—1d,
ug = '€ JUp cos(npy) if |yl < 3d, (3-1)
Upe 1Y if y > 1d,
for the symmetric modes in y, and
UAlenAy ify< —%d,
Uas = €' @7 LUy sin(npy) if |y| < 1d, (3-2)

—Upe™™  ify>1d,

for the antisymmetric modes in y, where Uy, Up, Ua1, and Up, are undetermined constants. Here, w, &,
and 7 are the frequency, the x-component of the wave vector, and the y-component of the wave vector,

A

| ol a2

A B A

Figure 1. Scheme of a piezoelectric structure A/B/A.
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respectively, which are related to each other through the expressions

na=£&/1—v/03) >0, |y|=3d,

(3-3)
ng =&/ (/o5 —1)>0, |y|<3id,
where v = w/§ is the phase velocity. Using the above considerations, we obtain
O yeby if y <—1d,
¢y =& f@pcosh(Ey) i [y| < 3d, (3-4)
Dy if y > 1d,
for the symmetric modes in y, and
| Dype if y < —1d,
pas = €' C 70 L Dy sinh(Ey) if |y < 1d, (3-5)

_Ey . 1
—Dye 8 1fy>§d,

for the antisymmetric modes in y, where ® 4, ®p, P41, and ®p; are undetermined constants.

4. Dispersion relations

Now, the stress component 7' = T, and the electric displacement D = D, are related to u and ¢ by

du ap au ap
T=c—+4+eX, D=e——¢eg-—*+. 4-1
C8y+68y’ eay 88y 1)

It is convenient to express (4-1) using the potential function ¢, which leads to the following expressions:

_du 3¢ i)
T =c— — D=—e—. 4-2
cay+eay, an 4-2)

Substituting (3-1) and (3-4) into (2-3), the symmetric parts of the electric potential are written as

ea/ealUye + @ ey if y < —%d,
s = €' Jep/epUp cos(npy) + ®pcosh(Ey) if [y| < 1d, (4-3)
ea/eaUpe 1Y + D e if y > 3d.

Substituting (3-1) and (3-4) into (4-2), we get the following expressions for the symmetric part of T
and D:

Uacanae™ + & EesY if y < —1d,

Ty =¢'© = I —Upcpnp sin(npy) + ®pepé sinh(§y) if [y| < 1d, (4-4)
—UpcCanpe 1Y — CDAeASe_Sy if y > %d,
— Doty if y < —1d,

Dy =" _dpepésinh(Ey) if |y| < 1d, (4-5)

Dacpke sy if y > 1d.



INTERFACIAL WAVES IN A PIEZOELECTRIC STRUCTURE WITH IMPERFECT INTERFACES 461

Analogously, we get the following expressions for the antisymmetric part of 7 and D:

UaiCanae™ + @y &5 if y <—3d,

Tas = €'~ L Up Cpng cos(npy) + Pprepé cosh(Ey) if |y| < id, (4-6)
UaiCanae 1Y + ®yresEes” if y > 3d,
—CDA]eASeEy ify<—%d,

Dys = &S0 § —®p1epE cosh(Ey) if |y] < 3d, 4-7)
DpjepeY ify > %d.

4A. The symmetric part. Let us build the equations that satisfy the condition for the electro-mechanical
imperfect contact at y = —%d using the symmetric part of the solution. First,

Ty =ky(uas—up)
describes an elastic interface with spring constant material parameter k, > 0. Then, we get
Ua@Cana —ky)e /2 4 ®geqbe %/ + Upk, cos(3dng) =0, (4-8)
with the second condition
Tp =ky(ua—up),
therefore we get
—Upkye™ /2 + Up(pnp sin(3dng) + ky cos(3dng)) — ®pepé sin(3dg) =0. (4-9)
The third condition,

€A ép
Dy = k¢(¢A + —us—¢p— —MB>,
EA EB
describes an electric interface with electric capacitor parameter k, > 0, i.e., if the electric potential at the
interface is discontinuous, we get

e—AUAkgae_d'“/2 — D a(eak +ky)e %7+ e—BUBk(p cos(3dng) + ® gk, cos(3dE) =0. (4-10)
A €B

&

Using the fourth condition,

€A (]
Dp = k<p<¢A + —us—¢p— —MB>,
€A EB

we obtain
A B
+ @ (ep& sinh(3dE) +k, cosh(3d€)) =0.  (4-11)

The set of equations (4-8)—(4-11) is a homogeneous system of linear algebraic equations for Uy, Ug,
@4, and ®p. In order to obtain nontrivial solutions, the determinant of the matrix formed by this system



462 M. A. REYES, J. A. OTERO AND R. PEREZ-ALVAREZ

of equations should be zero, and it can be simplified to

eA%- 0 EA na — ku ku COS(%dnB)
0 —epé& sin(1dg) —ky  ¢pnpsinh(3dng) +k, cos(3dng)
—ea& —k, k, cosh(1d¢) —ea/eaky, ep/ep k,cos(3dng)
—k,  ep& sinh(3dE) +k, cosh(1dE) —ea/eak, ep/ep kycos(3dng)

This determinant leads us to the following dispersion relations for the symmetric modes:

PsPp — Q% +k,(Pa+ Pp+20) =0,

where

2 2
= MA = 1 MB
Py =—ca|na —§V¢Z ,  Pg=cg|nptan(3dng) +$V¢g ,

0=ty (WB) Vo= ko
"\eaes )" * T &k, (1/6a+ 1/25 coth(Ldg))’
62 62
M2 = A s M2 — B .
A CAEA B CBEA

4B. The antisymmetric part. We now build the equations that satisfy the condition for the electro-
mechanical imperfect contact at y = — %d using the antisymmetric part of the solution.
The first condition,
Ty =ky(ua—up),

describes an elastic interface with spring constant material parameter k,, > 0. Then, we get
Un1(Cana — ke 2+ @ 1epe” %2 — Up k, sin(3dnp) = 0. (4-12)

With the second condition,
Tg =ky(ua —up),
we get
—UA1kue_dnA/2 + Up (EBUB COS(%d?’]B) —k, sin(%dng)) + ®prepé COSh(%dE) =0. (4-13)
The third condition,

€A ép
Dy =k¢<¢A +—ua—¢p— —MB),
EA EB

describes an electric interface with an electric capacitor parameter k, > 0, i.e., the electric potential at
the interface must be discontinuous, so we obtain

e € . .
—8—AUA1k¢,e_d”A/2 — D1 (eaf +kp)e %/ — S—BUBIkW sin(3dng) — ®@pik, sinh(3dE) =0.  (4-14)
A B

Using the fourth condition,

ea ep
Dp=ky| pa+ —ups—¢p— —up|,
€A EB
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we obtain,
€A - _ €B .
—Uaikye d"A/2©A1k¢e i/ 4 — Uik, sm(%dng)
EA ¥}
1 : 1 _
+ @y (5 cosh(5dE) + k, sinh(3d€)) =0.  (4-15)

The set of equations (4-12)—(4-15) is a homogeneous system of linear algebraic equations for Uy, Ug,
@4, and ®p. In order to obtain nontrivial solutions, the determinant of the matrix formed by this system
of equations should be zero, and it can be simplified to

esé 0 cana —ky —k, sin(3dn;)
0 epé& cosh(1d&) —k,  Cpnpcos(3dng) —k, sin(1dn;)
—ea —k, —k, sinh(1d¢) —ea/eaky, —ep/ep ky sin(3dnp) '
—k,  —ep&cosh(3d&) —k,sinh(3dE) —ea/eak, —ep/ep ky sin(3dnp)

This determinant leads us to the following dispersion relations for the antisymmetric modes:

PaPp— Q% +ky(Pa+ Pp+20) =0,

where

2 2
- MA - 1 MB

Py=—cCa|lna—EAy,—2 ), Pp=cp(nptan(3dng)+EAy,—2 ),
EA 2 EB

€A€ER k(p
—_EA Ay, = ,
0=-s y¢( 3)’ e £ +ky(1/e4+ 1/ep tanh(1dE))

EAE
2 2
e e
M; =2, Mj=-—5.
CAEA CBEA

5. Limit cases

Let us consider the following limit cases for the symmetric part:

(1) The interface has partial electrical interaction but has no mechanical interaction:

ky,— 0, 0<k,<o0,

2
V1= /53vv? /% — Ltan(Ldevv? /o3 — 1) + W%m — /3
B
M2
- y¢8_:\/ v?/vg, — ltan(dgVv? /o3 — 1) =0.

(2) The interface has perfect electrical interaction but has no mechanical interaction:

k,— 0, ky— 00,

2
V1—v¥ 52V /o) — Ltan(Ldev/o? /o3 — 1) + M V1—v?/]

eB/ea —i—coth(%dé)

2
Mi Vv? /vy — 1tan(3deVv? /iy — 1) = 0.

* 1+64/ep coth(1d#)
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(3) The interface has neither mechanical nor electrical interaction:
k,— 0, ky,—0,
V1= v2/53Vv?/i% — tan(3devv? /5% — 1) = 0 — sin(1dev/v?/53 — 1) =0

1d%* (v /o — 1) =n’n? nel

(4) The interface has perfect mechanical interaction but partial electrical interaction:
ky — 00, 0<k, <00,

Eav' 1 — 02 /55 — pv/ 02/ — Ltan(LdEVv? /53 — 1) = yy(en/ea —es/en)”.

(5) The interface has both perfect mechanical and electrical interactions:

ky — 00, k4, — 00,

_ 2
EA /I—Uz/ﬁi—EB /Uz/ﬁ%—ltan(%dg /UZ/'D%—I)z (BA/S‘A 63/88)

1/e4+ 1/ep coth(3dg)

(6) The interface has perfect mechanical interaction but has no electrical interaction:

k, — 00, ky— 0,
cav'1—v?/oy —épVv? /oy — Ltan(3deV? /o — 1) =0
Let us consider the following limit cases for the antisymmetric part:
(1) The interface has partial electrical interaction but has no mechanical interaction:

ky,— 0, 0<k,<o0,
2

\/l—v /vi\/v /vB—lcot( devv? /vB ) Ay¢—\/1—v /vA
2
- Ay¢t/l—:\/v2/17% — leot(3dgvVv? /v — 1) =0

(2) The interface has perfect electrical interaction but has no mechanical interaction:

k,— 0, ky— 00,

2
V1= 0253V — 1 cot(Lde Vv — 1) — Mis NS

e/€a —i—coth(%dé)
2
- M —Vv* /U — 1 cot(3dEvVv* /i —1) =0
1+ &4 /¢p tanh(5d€)

(3) The interface has neither mechanical nor electrical interaction:
k,— 0, ky,—0,
V1-1? /vA\/v /vB—lcot( devv? /o5 — 1) = Oecos(%dgm)=0

e2(? /i3 — 1) =Q2n+ 1)’ neZ
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(4) The interface has perfect mechanical interaction but partial electrical interaction:
k, — o0, 0<ky,<oo,
Eav 1= 02 /33 + Epv/ 02 /0% — 1 cot(AdeVv2 /5% — 1) = Ayy(ea/ea — en/ep) .

(5) The interface has both perfect mechanical and electrical interactions:

ky — 00, k4, — 00,

_ 2
EA /I—Uz/'l_]i—EB /Uz/ﬁ%—lcot(%d%— /Uz/l_)%—l)z (EA/S‘A 63/83)

1/ea+1/ep tanh(%dé)'

(6) The interface has perfect mechanical interaction but has no electrical interaction:

ky — 00, ko, — 0,

cav' 1 —v?/v5 —épVv? /vy — 1cot(3deVv?/ig — 1) =0.

6. Numerical examples

In order to show the effects of the imperfections within the interfaces, we present some dispersion curves.
We used two different piezoelectric materials: BaTiOs as the piezoelectric A and PZT4 as the piezoelec-
tric B. The properties of the materials are summarized in Table 1.

In Figure 2, dispersion curves v = f(wd) for the symmetric part for the fixed electrical imperfect
parameter k, =0 F/m? and different values of the mechanical imperfect parameter k, are shown. These
curves are nonmonotonic for small values of k, and strictly convex and decreasing for large values of k,,.
As we can see, the dispersion curves are shifted to the right by increasing values of k,. This behavior
of the dispersion curves was shown by Otero et al. [2011, Figures 2(a) and 2(b)]. The value of k, has a
really strong influence on the dispersion curves and all the wave velocities tend to the wave velocity in
phase B as wd goes to infinity. Nevertheless, for high frequencies, the wave propagation is not affected.
The wave velocities are between v4 and vg, and both are shown in Figure 2.

In Figure 3, dispersion curves for the symmetric part for k, = 5 F/m? and different values of the
mechanical imperfect parameter k,, are shown. In Figure 4, dispersion curves for the symmetric part for
ky = 107 F/m? and different values of mechanical imperfect parameter k,, are shown.

The behavior in Figures 3 and 4 are quite similar for the case k, =0 F/m?, but there is a slight difference,
which is shown in Figure 5, if we compare the dispersion curves for k, = 0.3 GPa/m in all cases. As we

properties BaTiO;  PZT4
c (GPa) 43 26
e (C/m?) 11.6 10.5
e (1072 C2/Nm?) | 11.2 7.124
p (10% kg/m?) 5 7.5
v (10° m/s) 3.07981 2.35162

Table 1. Material properties.
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32 T T T T

22 1 1 1 1
0 20 40 60 80 100

wd (kHz m)

Figure 2. Dispersion curve for the symmetric part for k, =0 F/m? and different values of k,.

32 T T T T

22 1 1 1 1
0 20 40 60 80 100

wd (kHz m)

Figure 3. Dispersion curve for the symmetric part for k, =5 F/m? and different values of k,.

32 T T T T

v (10° m/s)

22 1 1 1 1
0 20 40 60 80 100

wd (kHz m)

Figure 4. Dispersion curves for the symmetric part for k, = 107 F/m? and different
values of k.
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Figure 5. Dispersion curve for the symmetric part for k, = 0.3 GPa/m and different
values of k.
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Figure 6. Dispersion curve for the antisymmetric part for k, = 10 F/m? and different
values of k.

can see in Figure 5, there is a notable displacement in both the frequency and the wave velocity axes.
If k,, is increased, the dispersion curves are shifted to the left and the wave velocity is decreased. This
conclusion is really important because the dispersion curves are strongly dependent on the mechanical
imperfect parameter (k,) and depend weakly on the electrical parameter (k).

In Figure 6, dispersion curves for the antisymmetric part for the fixed electrical imperfect parameter
ky =10 F/m? and different values of mechanical imperfect parameter k, are shown. These curves are
strictly convex and have the same nonmonotonic behavior for small values for k, and large values of k,,
similar to that of dispersion curves for the symmetric part. The visual difference between these curves
and the symmetric ones is that dispersion curves for the antisymmetric part are shifted to the right. This
behavior of the dispersion curves was shown in [Otero et al. 2011, Figures 8(a) and 8(b)]. The value of
k, has a really strong influence in the dispersion curves and all the wave velocities approach to the wave
velocity in phase B as wd goes to infinity. Nevertheless, for high frequencies, the wave propagation is
not affected. The wave velocities are between v4 and vg, and both are shown in Figure 6.
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Figure 7. Dispersion curve for the antisymmetric part for k, = 107 F/m? and different
values of k.
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Figure 8. Dispersion curve for the antisymmetric part for k, = 0.5 GPa/m and different
values of k.

In Figure 7, dispersion curves for the antisymmetric part for k, = 10’ F/m? and different values of
the mechanical imperfect parameter k, are shown. The behavior in Figures 6 and 7 are quite similar,
but there is a slight difference, which is shown in Figure 8, if we compare the dispersion curves for
k, = 0.5 GPa/m in both cases. As we can see in Figure 8, there is a notable displacement in both the
frequency and wave velocity axes, which is the same behavior as in the symmetric part.

7. Conclusions

Dispersion relations for the propagation of an interfacial shear wave in an A/B/A piezoelectric structure
for symmetric and antisymmetric parts have been studied by considering the existence of electrical and
mechanical imperfections at the interfaces, which are modeled by means a capacitor and a spring, respec-
tively. Analytical expressions for dispersion relations are obtained and different limit cases are studied,
showing a good agreement with [Otero et al. 2011]. Numerical examples are presented by using two
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piezoelectric materials (PZT4 and BaTiO3), and dispersion curves for different values of the material
parameters (k, and k,) are shown. Some conclusions about dispersion curves have been obtained:

« they are confined within the velocity of media A and B for the symmetric and antisymmetric parts,
« they never intersect each other for the symmetric and antisymmetric parts,
» they go to vp as wd goes to infinity for all values of k,, and possible values of kg,

« they are nonmonotonic for small values for k,, strictly convex and decreasing for large values of k,,

the smaller the value of the imperfect bounding parameter (ky), the more shift to the right.
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