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The setup of a finite element model for homogenization featuring a fully periodic geometry and a fully
periodic mesh topology in combination with a high quality discretization is a cuambersome task and might
significantly reduce the overall efficiency in multiscale finite element simulations.

In this work, we examine multiple methodologies of setting up finite element models for homoge-
nization purposes that extenuate these difficulties. Approaches resulting in periodic and nonperiodic
representative volume element topologies in the microstructural generation process are introduced. Fur-
thermore, we review and analyze various types of boundary conditions that either enforce periodicity or
do not require periodicity of the underlying discretization. Approximate periodic boundary conditions
are discussed in detail.

The benchmark study proves that a fully periodic topology and mesh discretization with periodic
boundary conditions is not necessary in order to identify effective macroscopic material parameters for
technologically relevant composites.

1. Introduction — numerical homogenization of heterogeneous solids

Advanced and complex materials often possess a distinctive microstructure at a certain length scale,
which significantly influences the macroscopic material behavior. In composites, the combination of
multiple material phases enhances mechanical properties over the single constituents, which in turn
qualifies them as highly technologically relevant.

In computational micromechanics, the state of the art approach only considers a small but repre-
sentative part of the structure, namely a representative volume element (RVE), featuring all relevant
characteristics of the materials microstructure [Bohm 1998; Geers et al. 2010; Klusemann et al. 2012;
Kari et al. 2007; McBride et al. 2012; Saeb et al. 2016; Schroder and Hackl 2014; Yuan and Fish 2008;
Suquet 1985]. Such a RVE should have a sufficiently large size to capture enough microstructural infor-
mation while being significantly smaller than the macroscopic structure to hardly influence macroscopic
gradients [Bohm 1998].

One important issue to deal with is the application of appropriate boundary conditions. They have to
be chosen carefully to fulfill the macrohomogeneity condition [Hill 1963] (also named the Hill-Mandel
condition) for proper homogenization. At least five conditions obey this requirement: fully prescribed de-
formation over the entire domain, fully prescribed displacement on the boundary of the domain, periodic
boundary conditions, fully prescribed stress vectors on the boundary of the domain and fully prescribed
stresses over the entire domain.

Keywords: periodic boundary conditions, representative volume element, homogenization.
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Secondly, application of the finite element method (FEM) requires a discretization of the RVE. The
type and accuracy of such discretizations significantly influence the quality of the results. As will be
shown in this work, periodic RVEs with periodic boundary conditions are not necessarily worth the effort.

In the opinion of many researchers, a favorable FE model features a periodic topology with a large
number of inhomogeneities as well as high quality discretizations suitable for the direct application of
periodic boundary conditions [Bohm 1998; Torquato 2002; Yue and E 2007; Kanit et al. 2003; Peri¢
et al. 2011; Miehe and Koch 2002; Gliige 2013; Gusev 1997; Bohm and Han 2001; Bohm et al. 2002;
Gitman et al. 2007]. The construction of such models is either a very tedious and expensive task or
even impossible to accomplish for certain microstructures [Dirrenberger et al. 2014; Fritzen et al. 2009;
Fritzen and Bohlke 2011].

Tremendous effort might be necessary to gather microstructural information and transfer it to a dis-
cretized model. If periodicity in terms of geometry and boundary conditions is targeted, this effort is
questionable for engineering applications. Various possibilities of relaxing these strict requirements are
possible to ease the homogenization procedure. Discretizing geometrically complex microstructures (e.g.,
curved geometric entities) is typically realized by employing tetrahedralizations. To achieve trustworthy
analyses, high quality meshes are required; however, their generation might become a very cumbersome
and resource consuming task [Bohm et al. 2002; Fritzen et al. 2009; Schneider et al. 2016]. A viable
solution is the utilization of voxel discretizations resulting in regular grid-like meshes [Gliige 2013; Kanit
et al. 2003]. Regular voxel meshes naturally feature a periodic mesh topology, allowing a straightforward
application of periodic boundary conditions.

As an alternative approach, approximate periodic boundary conditions and kinematic uniform stress
vectors or displacement boundary conditions loosen the requirement of a periodic mesh topology. In fact,
these methodologies allow completely nonperiodic RVEs.

The goal of this paper is a systematic evaluation of the influences of RVE topology, discretization
and employed boundary conditions on the effective material response. A benchmark study is conducted
for the example of composites consisting of a topologically interconnected matrix and nonoverlapping
inclusions, so-called matrix inclusion composites.

2. Aspects of numerical homogenization in context of RVE topology, discretization and
boundary conditions

Vital to a proper homogenization is the fulfillment of the macrohomogeneity condition suggested by Hill
[1963]: the equality of the stress power deduced by the mean values (pure macroscopic quantities) and
the stress power calculated by the actual volume integral of the microscopic quantities:!

P:F=L| P:Fav, )

0JaBg
Here, V) is the volume in the reference configuration, P represents the first Piola—Kirchhoff stress tensor
and F is the deformation gradient. The fulfillment is accomplished by the proper choice of boundary

conditions.

1 Quantities on the macroscopic scale are related to the microscopic scale via a volume average over the RVE domain % and

are denoted by (...)=1/Vj f%o (...)dVp in the following. Accordingly, the macroscopic deformation gradient is introduced
viaF =1/V, Jan, F V0.
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Figure 1. Example microstructures for an inclusion volume fraction of f = 20% featur-
ing a periodic topology with (left) 10 inclusions, (center) 50 inclusions and (right) 100
inclusions.

2.1. Microstructure generation. In the following, the underlying RVE geometry is exemplarily based
on matrix-inclusion microstructures.

The key idea of a RVE with an a priori periodic topology is approximating inhomogeneous materials
by infinitely extended model materials with a periodic phase arrangement [Michel et al. 1999]. The
constraint of generating a fully periodic geometry results in additional effort.

The generation process is based on our random sequential adsorption algorithm [Schneider et al. 2016].
Inclusions are modeled as nonoverlapping spheroids randomly orientated and located inside a cubic RVE
as depicted in Figure 1. All investigated RVEs feature a target inclusion volume fraction of f =20%
with equally shaped, nonoverlapping spheroids incorporating an aspect ratio of y = % (ratio of minor to
major spheroid axis).?

The size of the RVE is triggered by the ratio of the characteristic length of the microstructural compo-
nents / (major axis of a spheroid) and the RVE edge length d. Three setups of 10, 50 and 100 inclusions
along with their respective ratios, listed in Table 1, are considered.?

target inclusion number n 10 50 100

major spheroid axis (/) / RVE length (d) [/d | 0.49 0.28 0.23

Table 1. Ratios of characteristic lengths of microstructural components / (longest axis
of the spheroid) and RVE dimension d for target inclusions numbers of 10, 50 and 100.

2periodic RVEs always exhibit this intended inclusion volume fraction since a placed inclusion intersecting the RVE bound-
ary has its periodic counterparts also inside the RVE. However, the actual volume fractions of inclusions intersecting with the
RVE boundary cannot be determined exactly in advance due to the random nature of the placement procedure. Therefore, the
inclusion volume fraction for nonperiodic cases are only approximate. The actual microstructure generation process for the
nonperiodic case is terminated, if the inclusion volume fraction deviates less than 1% from target volume fraction.

3 ARVE with a nonperiodic topology typically contains more inclusions than its periodic counterpart: randomly placed
inclusions intersecting the RVEs boundary do not have periodic continuations and, thus, more inclusions are required to achieve
the preassigned inclusion volume fraction.

4The expression [ /d converges towards zero with an increasing inclusion number as the RVE length is set to d = 1 and
remains constant. In the limit of infinitely many inclusions, / — 0 and, thus, //d — 0.
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2.2. FE discretizations. Two element types are employed for three-dimensional discretizations, namely
tetrahedral or hexahedral elements. Tetrahedral elements are more versatile in terms of meshing compli-
cated geometries, but typically exhibit increased computational costs compared to hexahedral elements
[Benzley et al. 1995; Carl et al. 2006].

An alternative to avoid the tedious task of precisely resolving the geometry via a sophisticated mesh
represents the utilization of fully structured grids, also known as voxel discretization. By assigning each
element to material phases by means of the location of element midpoints or even Gauss points, it is
possible to capture the geometric features to a certain extent. As a consequence, the mesh is easily
generated, see Figures 2 and 3.

(a)

(b)

periodic periodic nonperiodic
tetra mesh voxel mesh tetra mesh

Figure 2. Periodic model setups considered in this study: (a) periodic topology and (b)
tetrahedral and voxel discretizations.

nonperiodic nonperiodic
voxel mesh tetra mesh

Figure 3. Nonperiodic model setups considered in this study: (a) nonperiodic topology
and (b) tetrahedral and voxel discretizations.
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We consider quadratic tetrahedral meshes as well as voxel discretizations featuring linear hexahedral
elements. In this context, a tetrahedralization of the geometry generally provides higher geometric accu-
racy. However, due to the sharp curvature of the inclusions, the geometry cannot be perfectly captured.
Following [Schneider et al. 2016], constrained triangulations and tetrahedralizations are utilized to gen-
erate high quality meshes which possess periodicity.

2.3. Boundary conditions. By applying boundary conditions to the RVE, macroscopic loadings are
transferred to the microscale. Typically, the macroscopic deformation gradient F or the macroscopic
first Piola—Kirchhoff stress tensor P are imposed on the microfield.
Kinematic uniform boundary conditions are formulated for the displacements u on the entire boundary
0% of the RVE via
u=F-X VX €dR. (2)

Here, X denotes the position vector of a material point in the reference configuration of the RVE. Since
the displacements are fully prescribed on the entire boundary, this boundary condition does not have any
requirements on the mesh topology, making it operationally very easy to implement. Disadvantageously,
the macroscopic response is predicted to be too stiff, resulting from strongly restricted degrees of freedom
[Pecullan et al. 1999; Miehe and Koch 2002; Kanit et al. 2003].

Periodic boundary conditions relax these kinematic constraints. The boundary of the RVE is split into
associated parts 0% = 89735“ U a9, with associated material points X+ and X . Displacements show a
periodic behavior, whereas the tractions p are antiperiodic:

u XN —uX")=[F—-1]-[X"—X ] and

3
PXNH+p(X)=0 VX, X~ €dB,d%,.

Since the boundary is divided into opposing (periodic) counterparts, it is an inevitable requirement for
the underlying discretization to possess a periodic mesh topology.
Furthermore, static uniform boundary conditions:

t=P-N VN eiR, “4)

are considered. Here, ¢ represents the stress vector in the current configuration and N is the normal
vector of the boundary in the reference configuration. Static uniform boundary conditions do not have
any requirements on the mesh. Difficulties concerning the uniqueness of a solution resulting from the
pure Neumann problem are overcome by employing semi-Dirichlet boundary conditions as suggested in
[Javili et al. 2017; Saeb et al. 2016]. Rigid body motions are restricted by fixing one corner node in all
three coordinate directions and applying semi-Dirichlet boundary conditions to the other corner nodes.’

2.3.1. Approximate periodic boundary conditions (APBC). If the underlying mesh topology is not peri-
odic, there is no straightforward way to apply periodic boundary conditions. To circumvent the restriction
on the mesh topology, some researchers weakly impose periodic boundary conditions on a nonperiodic
mesh [Larsson et al. 2011; Nguyen et al. 2012; Xia et al. 2003]. However, these methods demand
sophisticated programming and are hardly applicable to commercial software. A more practical approach

SWithin the commercial FE software package Abaqus, static uniform boundary conditions are implemented via the DLOAD
option.
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corner node

Py, master face nodes
Py, master face nodes

O O oo

P,, slave face nodes
Py, slave face nodes
Ry TIE constraints

-\“x PBC constraints in x-direction

PBC constraints in y-direction

Figure 4. Sketch of approximate periodic boundary conditions using surface-to-surface
constraints (e.g., TIE-constraints in Abaqus).

(suggested in [Yuan and Fish 2008; Kassem 2009]) is to apply approximate periodic boundary conditions
via surface-to-surface constraints, available in commercial FE software packages, e.g., in Abaqus.

A schematic illustration of this method for the two-dimensional case is depicted in Figure 4. First,
master faces Py, : X = 0 (red nodes) and Py, : Y = 0 (green nodes) are introduced. These faces are
copied and, for better illustration purposes, translated to their opposing counterparts, namely Py, : X =1,
(orange nodes) and Py, : Y =/, (blue nodes), with /, and [, being the dimensions of the RVE. The
required constraints for the periodic boundary conditions are then formulated between reference points
(Ry and R)), copied faces and their source faces. Therefore, identical nodal distributions are maintained
a priori, see the blue and violet area in Figure 4. Furthermore, the actual RVE boundaries P,, and Py, are
coupled to the copied faces via surface-to-surface coupling, thus consequently equalizing their motion
respectively and tying them together.® During this coupling, P,, and Py, act as slave surfaces implying
the condensation of degrees of freedom of associated nodes.

In Abaqus, an element-based master-slave surface algorithm is employed. To every point on the master
surface, the closest nodes on the slave surface are computed by a projection procedure. These quantities
are then coupled via constraints which are generated using the element shape functions.

Special care must be taken to set up constraints for the corners (black nodes) and edges (in three
dimensions) of copied surfaces to circumvent overconstraining. Edges and corner nodes are excluded
in the coupling process and are processed via separate multipoint constraints. In particular, three master
edges (Lyyy, : x =y =0, Ly :y=2=0, Ly :x=z=0) have to be introduced and copied for

6Asa consequence, all involved surfaces show the same motion during an analysis. In Abaqus, this coupling is conveniently
established by utilizing the *TIE keyword.
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Figure 5. Model setup for a 3d nonperiodic mesh topology using TIE-constraints: virgin
mesh (left), TIE-constraints with copied P,,, Py, and P, faces (center) and conducted
analysis for tensile loading (right).

coupling to each slave edge (analogously to the mentioned surfaces).” Since edges are one-dimensional,
a coupling solely relying on nodal distributions is utilized.® The displacements are prescribed at the
reference nodes before analysis.

Following the described approach, we are able to apply approximate periodic boundary conditions to
nonperiodic three-dimensional meshes. Figure 5 exemplarily depicts a three-dimensional nonperiodic
model. An additional investigation of the approximate periodic boundary conditions can be found in the
Appendix.

3. Numerical examples

3.1. Set-up of benchmark study. All RVEs have a unit edge length d whereas the spheroid axis length /
varies to trigger the RVE size. For each RVE, 20 randomized realizations are considered. A statisti-
cal study is given to support the results and extenuate artificial findings due to the randomness of the
RVE generation process. To this end, a total of 3600 simulations are conducted for this study.” Two
oppositional cases of matrix-inclusion materials are investigated:

(i) materials with soft inclusions and a stiff matrix, i.e., a low stiffness ratio @ = Efnciusion/ EMatrix =
Gnclusion/ GMatrix such as the polymer blend Acrylonitrile-Butadien-Styrene (ABS) [Michler 1992;
Lombardo et al. 1994];

(i1) materials with a very high stiffness ratio such as glass-fiber or carbon-fiber reinforced composites.

Linear elastic material behavior is assumed with the corresponding material parameters documented in
Table 2. Typically, the employed FE models exhibit a minimum element number of n; = 107, allowing
for a sufficient resolution of geometric features. Furthermore, all meshes exhibit an average element
shape factor of n < 0.5 to ensure reliable results. Additionally, plastic material behavior based on the
von Mises yield criterion is considered for the matrix material. A yield stress of o, = 60 MPa and a
linear, isotropic hardening coefficient of 35 MPa are utilized to represent the deformation behavior of the

7 A master edge possesses three slave edges, and thus three copies are necessary.

8In Abaqus, edge-coupling is realized by node-based surfaces tying.

9Three RVE sizes, two periodic and three nonperiodic topologies and discretizations, three types of boundary conditions,
two loading cases, two stiffness ratios and 20 realizations.
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EMatrix GMatrix EInclusion GInclusion o

3800 1300 38 13 00
3800 1300 38000 13000 100

Table 2. Material properties for the RVE constituents.

matrix material (SAN), see [Seelig and Van der Giessen 2009]. As load cases, tension as well as simple
shear in the small strain context are considered. All results are normalized to the numerical reference
solution, obtained by the full periodic RVE (periodic topology, mesh and boundary conditions) with 100
inclusions.

3.2. Results and Discussion.

3.2.1. Influences of topology and mesh. The effective macroscopic responses are seemingly independent
of the chosen combinations of periodic and nonperiodic topologies and meshes. Figure 6 clearly demon-
strates that for all cases, the five combinations predict a very similar material behavior: the markers in
each group achieve the same normalized response, independent of the topology-mesh combination. '’

This is true for the elastic as well as the plastic material behavior, tensile and shear loading, both
stiffness ratios, all three RVE ratios and the various applied boundary conditions. The effort of the RVE
construction strongly differs between the analyzed combinations. The simulation times when calculating
the effective properties are in similar time ranges. Consequently, the high effort of constructing a fully
periodic RVE, with periodic topology as well as a periodic mesh, does not pay off and simpler approaches
should be used.

Remark. The averaged inclusion volume fractions emanating from varying topologies and discretiza-
tions are within a very small range for all combinations and are independent of the aspect ratio. The voxel
mesh with a periodic topology naturally reaches the target volume fraction of 20%, whereas the others
converge to a slightly smaller volume fraction (with a maximum underestimation of 1%). Moreover,
voxel meshes feature linear hexahedral elements with an a priori perfect average element shape factor.

3.2.2. Influence of boundary conditions. With respect to elastic/plastic material behavior, topology/mesh
combination, RVE ratios and load cases, the obtained differences are negligible.

However, with respect to the stiffness ratio «, the choice of boundary conditions may influence the
results’ quality to a large extent. In case of a low stiffness ratio o« = 0.01 (stiff matrix and soft inclusions),
kinematic uniform boundary conditions and periodic boundary conditions predict very similar effective
properties. In contrast, the static uniform boundary conditions reveal large discrepancies of 22.7% up to
55.3% for elastic material behavior and 18.0% up to 40.4% for von Mises plasticity.

If the composite under consideration possesses a high stiffness ratio, the situation drastically changes.
In this case, the static uniform boundary conditions’ performance enhances and the results are within
the range of the periodic boundary conditions. The kinematic uniform boundary conditions, however,
clearly overestimate the effective material properties to an unacceptable degree.

10Dye to the meshing effect voxel meshes possess a slightly higher inclusion volume fraction, resulting in slight variations
from the tetra meshes.
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KUBC - kinematic uniform boundary conditions PBC - periodic boundary conditions
SUBC - static uniform boundary conditions APBC - approximate periodic boundary conditions
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Figure 6. Normalized effective Young’s and shear moduli and macroscopic stress re-
sponses (tensile: o1, shear: a1,) at a state of deformation featuring a pronounced plastic
deformation for all model variants, RVE sizes [ /d and stiffness ratio «.

As discussed in Section 3.2.1, a fully periodic topology-mesh-RVE is not worth the construction
effort and thus nonperiodic counterparts are strongly recommended. In this case, truly periodic boundary
conditions must be replaced by approximate periodic boundary conditions, as described in Section 2.3.1.
Advantageously, they are easily set up and their performance is by no means inferior to the truly periodic
boundary conditions, see Figure 7. Disadvantageously, they necessitate slightly longer computational
times.

If the finite element model is set up for one particular material or for one set of materials with similar
stiffness ratios, either all high or all low, a short investigation of the different uniform boundary conditions
might be well worth the effort to circumvent the fully periodic setup. If the model, however, is set up for
materials with a strong deviation in the stiffness ratio, one needs to invest the effort of setting up periodic
or approximate periodic boundary conditions in order to obtain meaningful numerical results for all sim-
ulations. In particular, the presented approximate boundary conditions ease the model generation effort.
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KUBC - kinematic uniform boundary conditions PBC - periodic boundary conditions
SUBC - static uniform boundary conditions APBC - approximate periodic boundary conditions
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Figure 7. Normalized responses — effective Young’s and shear moduli and macro-
scopic stress responses (tensile: o1, shear: 0;>) at a state of deformation (¢;; = &1, =
0.05) featuring a pronounced plastic deformation for all model variants — for all model
variants in the light of different and stiffness ratios «.

4. Conclusion

The current work presents a systematic study of different homogenization approaches. The RVEs of
the matrix-inclusion composites were randomly generated and employed to compute effective material
properties.

Within our benchmark study, we examined similar results for the simplest possible model setup (a
nonperiodic RVE featuring a structured voxel discretization) and the most sophisticated approach of a
fully periodic model setup.

For different stiffness ratios, nonperiodic and periodic microstructural topologies, periodic and non-
periodic tetrahedral meshes as well as structured voxel discretizations, kinematic and static uniform
boundary conditions, approximate periodic boundary conditions and exact periodic boundary conditions
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stiffness ratio | effective material parameters inclusion p OSIUOH?
center corner side
g L E11 [MPa] 3834.62 3833.99 3835.21
100 G 1> [MPa] 1310.01 1310.04 1310.12
o — 100 E11 [MPa] 3765.93 3764.36 3766.65
G 1> [MPa] 1291.44 1291.39 1291.54

Table A1l. Macroscopic material parameters for different single inclusion RVEs with
approximate periodic boundary conditions.

were investigated. Subjected to macroscopic uniaxial tensile and simple shear loading cases, the effect
of the individual model setups were analyzed. All simulations were conducted for linear elastic as well
as nonlinear elastic-plastic material behavior.

As reported in the literature, kinematic uniform boundary conditions are a rougher choice in homog-
enization, leading to overly stiff responses, while static uniform boundary conditions show a softer
response. Our studies show that kinematic uniform boundary conditions and static uniform boundary
conditions are very sensitive with respect to the stiffness ratio. On the one hand, kinematic uniform
boundary conditions show superior performance at low stiffness ratios, whereas static uniform boundary
conditions are more suitable for high stiffness ratios.

Approximate periodic boundary conditions are very convenient to circumvent a cumbersome genera-
tion of periodic meshes. Thus, generation of truly periodic RVEs is not worth the effort.

Appendix: Performance study of approximate periodic boundary conditions

The following analysis indicates the effectiveness and feasibility of the approximated periodic boundary
conditions introduced in Section 2.3.1. In compliance with Miehe [Miehe and Koch 2002], we inves-
tigate three different microstructures for a material with a periodic inclusion arrangement as shown in
Figure Al:

(a) inclusion at RVE center;
(b) one eighth of the inclusion at each RVE corner;
(c) inclusion very close to one side of the RVE.

Due to the assumed periodic arrangement of the inclusion, all RVEs represent the same microstructure.
The aspect ratio of the major spheroid axis (/) and the RVE length (d) is [ /d = 0.28. The volume fraction
of the single inclusion is 0.4%. We use a free meshing technique resulting in a nonperiodic mesh topology
and apply approximate periodic boundary conditions. As in Section 3.1, we consider two stiffness ratios
with the material properties given in Table 2. Tensile and shear loadings are applied. Table Al lists
the resulting macroscopic material parameters. The variations of the effective material parameters are
negligible, i.e., the three different geometric setups yield almost identical results. Figure A1l exemplarily
depicts contour plots of the von Mises stress distribution for tensile and shear loadings for a stiffness ratio
of o = 100. Regarding the stress distribution, similar patterns for the different variants are observable
which indicates the conformity of the simulations. However, some artificial stress concentrations are
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geometric setup

tensile loading

Mlses [MPa]
1307.2
1300.0
1170.0
1040.0
910.0
780.0
650.0
520.0
390.0
260.0
130 0

shear loading

Figure Al. Geometric setup and von Mises stress distributions o, . for tensile and
shear loadings for a stiffness ratio of « = 100: left, center inclusion; center, corner
inclusion and, right, side inclusion.

M:ses [MPa]
300 0

200

present near the RVE edges due to the nonconformity of the mesh and the consequences of the approxi-
mations introduced by the approximate periodic boundary conditions. Nevertheless, the influences on the
macroscopic properties are negligible. Thus, approximated periodic boundary conditions are feasible.
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