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ESHELBY INCLUSION OF ARBITRARY SHAPE IN ISOTROPIC ELASTIC
MATERIALS WITH A PARABOLIC BOUNDARY

XU WANG, LIANG CHEN AND PETER SCHIAVONE

We employ analytic continuation and conformal mapping techniques to derive analytic solutions for
Eshelby’s problem of an elastic inclusion of arbitrary shape in an isotropic elastic plane with parabolic
boundary. The region of the physical (z-) plane lying below the parabola is mapped (conformally) onto
the lower half of the image (§-) plane. The corresponding boundary value problem is then analyzed
in the £-plane. A second conformal mapping, which maps the exterior of the region occupied by the
(simply-connected) inclusion in the £-plane onto the exterior of the unit circle, is then used to construct
an auxiliary function of & which, when used together with analytic continuation, allows us to extend our
analysis to an inclusion of arbitrary shape.

1. Introduction

Eshelby’s classic problem concerning a subdomain (inclusion) undergoing uniform stress-free eigen-
strains continues to inspire researchers working in several areas of materials science (see, for example,
[Zhou et al. 2013] for a recent review). The two-dimensional Eshelby’s problem of an inclusion of ar-
bitrary shape located in the vicinity of a straight boundary has been well-studied and is now considered
to be solved [Ru 1999; Ru 2000; Ru 2003; Wang 2004; Wang and Schiavone 2015; Wang and Zhou
2014]. In contrast, there are relatively few studies pertaining to the corresponding problem of an Eshelby
inclusion of arbitrary shape lying near an open curvilinear boundary. The importance of this class of
problem can be illustrated, for example, by considering the case when the inclusion lies in an elastic
plane with parabolic boundary. In this case, the parabola represents the blunt crack tip of a crack present
in some fractured material and the inclusion perhaps a transformation strain spot of arbitrary shape. In
this way, the corresponding model can be used to study the shielding or anti-shielding effect of the
transformation strain spot on a nearby crack.

In this paper, we do, in fact, consider the Eshelby’s problem of an inclusion of arbitrary shape in an
isotropic elastic plane with parabolic boundary. Our approach differs from that used by [Ru 1999] for
the analogous problem involving a straight boundary (as mentioned above) in that instead of analyzing
the corresponding boundary value problem in the physical plane, our analysis is confined to the image
plane. Specifically, the region below the parabola is first mapped onto the lower half-plane in the image
(£-) plane in which the boundary value problem is then analyzed. A conformal mapping function which
maps the exterior of the region occupied by the (simply-connected) inclusion in the &-plane onto the
exterior of the unit circle [Savin 1961; England 1971] is then used to construct an auxiliary function
D(&) with which the problem can be solved using analytic continuation.

Keywords: Eshelby inclusion, parabolic boundary, conformal mapping, analytic continuation, auxiliary function.
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The paper is structured as follows. Muskhelishvili’s complex variable formulations for two-dimensional
isotropic elasticity are given in Section 2. Analytic solutions to the corresponding problems involving in-
plane and anti-plane shear eigenstrains are derived in Section 3. Several specific examples are presented
in Section 4 to illustrate the method. Finally, conclusions are drawn in Section 5.

2. Complex variable formulations

For plane deformations of an isotropic elastic material, the stresses (011, 022, 012), displacements (11, u3)
and stress functions (@1, ¢) can be expressed in terms of two analytic functions ¢(z) and ¥ (z) of the
complex variable z = x| +ix, as follows [Muskhelishvili 1953; Ting 1996]:

o1 +020=2(¢' @) +¢' (), o0n—on+2cn=2(2¢" @) + V'), (1)
2uur +iun) =kp(2) —2¢' (@) — Y (2), ¢ +idr =i(p(2) +2¢'(2) + ¥ (2)), 2)

where k =3 — 4v for plane strain, x = (3 —v)/(1 4 v) for plane stress and w, v(0 <v < 1/2) are the shear
modulus and Poisson’s ratio, respectively. In addition, the stresses are related to the stress functions

through
o1l =—¢12, on2==0¢11,
o =—¢22, 00N =0¢2].

3)

Under the assumption of anti-plane shear deformations of an isotropic elastic material, the two shear
stress components (031, 032), the out-of-plane displacement u3 and the stress function ¢3 can be expressed
in terms of a single analytic function f(z) of the complex variable z = x; +ix; as

opn+ioy =uf'(x),  ¢3+inuz =pf(2), “4)

where the two stress components can be expressed in terms of the stress function ¢3 as
on=¢31, 031=—P32. )

3. Aninclusion in a region with parabolic boundary

As shown in Figure 1, we consider an isotropic elastic material that occupies the region:
xy<axi, a=0, (0)

the traction-free boundary of which is a parabola described by

Xy = axlz. (7)

The parabola reduces to a semi-infinite crack when a — oo and a straight boundary when a = 0. The

isotropic plane with parabolic boundary contains an internal subdomain undergoing uniform in-plane

and anti-plane stress-free eigenstrains (¢7,, €35, £],) and (&3, €3,). Let $> and S} denote, respectively,

the subdomain (the Eshelby inclusion) and its exterior while I" denotes the perfectly bonded interface
separating S, and S;. In what follows, the subscripts 1 and 2 refer to S; and S, respectively.
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Figure 1. An Eshelby inclusion of arbitrary shape in an isotropic elastic plane with a
parabolic boundary.

We introduce the following conformal mapping function [Ting et al. 2001]:

V1 +4iaz —1

i=wE)=£+iag?, E=0"'(2)=
2ia

, Imé&<0. ®)

With reference to Figure 2, the parabola itself is mapped onto the real axis in the §-plane and the
region below the parabola onto the lower half &-plane. The inclusion z € S, is mapped onto & € €2;, the
matrix z € S; onto § € 2 and the interface z € I' is mapped onto § € L. The elliptical shape of L in
Figure 2 is chosen simply for illustrative purposes; in fact L may be of arbitrary shape. For convenience
and without loss of generality, we write

9i)=9j@©&), ¥;¢)=vy;@@), [ =/[fi@E) j=12

In what follows, we derive analytic solutions in the case of both in-plane and anti-plane eigenstrains.

Almé&

NN N Re&

Q

Q)

Figure 2. The problem in the &-plane.
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3.1. In-plane eigenstrains (&7, €5,, €},). In this case, the boundary value problem in the &-plane takes
the following form:

€01(6) — 2L &) — T () = k2(6) — 2L G1E) — V2(®) + 2ul810(6) + (B2 + 8@ )],
w® —— e G
1(%‘)+—<p1(§)+¢1(6)—¢2($)+—902(5)+1ﬂ2(%‘) §elL;
' (§) @' (§)

w(§) ——= 0
1(§)+T§¢1(5)+W1(§)— , Im&=07; (9b)
p&)=01), Y1 E)=0(1), [E]— oo, (%0)

where the real numbers 41, 6, and 83 are related to the in-plane eigenstrains through
81 = M 8y = M 83 =¢h,. (10)

2 2
After straightforward algebraic manipulations, the two interface conditions in (9a) can be expressed
equivalently as

2 .
01(8) = pa(8) + f [610(6) + (02 +i6)0 (@),

w®) o 2u
o ) [p1(6) —r(E)] =¥ (§) — P

If z € $, is simply connected, & € Q2 is also simply connected. Thus, there exists a conformal mapping
& = w(n) that maps the exterior of €2 in the &-plane onto the exterior of the unit circle in the n-plane
[Savin 1961; England 1971]. As a result, an auxiliary function D(§) can be constructed as follows:

- - 1 1
w(s):s—ia52:w< )—ia[w(
w=1(&) w=1(&)
In addition, the auxiliary function D(§) is analytic in the exterior of €2, except at the point at infinity,
where it has a pole of finite degree, namely

DE=PE+0E™), €l - oo, (13)

where P (&) is a polynomial of order 2N in & if £ = w(#n) is a polynomial of order N in 1/7.
Using (12), Equation (11) can be rewritten as

(11)

Y1 (€) + [S10(8) + (82 —i83)0 ()], E€L.

)]ZzD(s), fcl. (12)

2p .
p1(§) — m(élw(s) + (82 +183) D(§)) = @2(&),

, (14)
2 D(E)D
DO+ 22006 + 624169 22 4 5, —isw@)| = va@). EeL.
k41 o' (§)
The asymptotic behavior of D(§)D'(€)/w’(£) at infinity is given by
DE)D'
PODE _ o)+ 0E™, 16— o, (15)

w'(§)
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where Q(£) is a polynomial of order 2N (2N — 1) in & if & = w(n) is a polynomial of order N in 1/7.
In view of (13) and (15), Equation (14) can be recast into the form

2u
(52 +i63) (D) — P(§)) = ¢2(§) + —(5160(5) + (82 +183) P (£)),

</71(§)— T

+1 o' (§)
2
= Y(E) — K—fl(«sz —i83)w(E) + 28, P(E) + (5, +183) Q). EeL. (16)

2 DE)D
vi() + K—M[Zél(D(S) — P(§))+ (5 +i63)<M - Q(S))}

We now define two auxiliary functions ®(§) and W (&) by

01(E) — 2—“]@2 +i63)(DE) - P§), £,
(€)= S
02(O)+ 20106 + 2 +i8)PE). § €.
(17)
Vi) + —[251(1)@ —P©®)+ (5 +153)(M Q(S))}, £ eQ,
W) = | ©
Y2 (§) — m((az —i83)(§) + 281 P(§) + (62 +183) Q(£)). £ e Q.

It is seen from the above definition and (16) that ®(£) and W (&) are continuous across L and then
analytic in the lower half &-plane including the point at infinity. Now the traction-free condition in (9b)
can be given in terms of ® (&) and W (&) as follows:

w(§) 21 DE)D'(E)
o (S)+ (52 163) _,(5)(1) (6)—P'(§))— pa [231(D(§) —P(£))+(82—i 33)(W—Q(S)>}
3 (854182 (D'[i(2a)~11 = P'[i2a)~']) = 2u (8, —i83) D[i(2a)~'1D'[i(2a)~]
Kk+1 2a(1 —2ia&) Kk+1 1—2ia&
Tty - 28 ey 2 i _
() @,(S)CI’ &) K+1(52+153)(D(S) P(&))

3 (83 +18)[D'[i(2a)~1 = P'[i2a)""1]  2u (8, —i83) D[i(2a)~'1D'[i(2a) "]

k+1 2a(l —2ia&) k+1 1—2ia& ’
Im&=0. (18)

The left and right sides of (18) are analytic in the lower and upper half-planes, respectively, including
the point at infinity. By applying Liouville’s theorem, we conclude that the left and right sides of (18)
are identically zero. We thus arrive at the following expressions for ®(£) and W (§):
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o(§)= —%(Bz—i&);u,(é)) (5/(5)—13/(5))4%% [251 (D(§)—P(&))+(5,—183) (%—Q(E)ﬂ
_ 3u (83 +182) (D'[i(2a)~'] — P'[i(2a)7']) _ 2u (8 —1i83)D[i(2a)~"1D'i(2a) ']
k+1 2a(l —2ia&) K41 1—2ia& ’
W)+ %d(é) = —%(52 —i83)(D(§) — P(§))
3 (83 —i8)(D'[i2a)~'1— P'li2a)""1)  2u (8, +183) D[i2a)"1D'[i(2a) ']
Kk+1 2a(1 + 2ia&) k+1 1 +2ia& ’
Imé& <0. (19)
It is not difficult to verify that ®(§) is regular at £ = —i/2a. It follows from (17) and (19) that
k+1 (&)

e (6) = (52 +183) (D(§) — P(§)) — (82 —i83) (D'&)—P'©)

w'(§)

= = . D()D'(§)
+251(D(5) —P(S)) + (62— 133)(W
B 3(635+ i82)(D’[i(2a)—1] — P'[i(2a)~ 1] ) B (8, —i83) D[i(2a)~'1D'[i(2a)~ "]

4a(l —2iak) 1 — 2ia&

_ @@))

K+l _ K+l @)
2 V€)= W)

+ (82 +183)

DE)D'(§)
w'(§)

(D) —P'(§)) — (52 —i83)(D(§) — P(¥))

—28,(D(&) - P(®)) — (52 +153>(
(&)

' (€)
355 —i6) (D'[i2a) "' 1= P'lia)~"1) (82 +183) Dia) 1D [i(2a) ]

+ 4a(1 + 2iak) + 1 + 2ia& ’

EeQi (20)

- Q@“))

1
L (€)= —810(E) — (52 +163) P (&) — (55 — i83) 22
21 o'(§)

+281(DE) —P(§))+ (82 — i33)(

(D'®)—P'®)
D)D)
@€
30846 (D'[i2a) '] = P'liCa) ") (8, —i83) DIi2a)"1D'[i2a) "]

4a(l — 2ia&) 1 —2iag ’

- Q(&))

K+1 _ktla®eé)
2 Va(§) = W)

—81w(§) — (82 +183)

+ (82 —1i83)w(§) + 281 P(§) + (62 +183) Q(§)
dE)P'(E)
o' (§)
L 36— i8)(D'[i2a)~"'1— P'[i(2a) 1) PR i83) D[i(2a)~'1D'[i(2a) ']
da(1 + 2ia&) 1+ 2ia& ’
Ee; (21

(82 —183)(D(§) — P (%))
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For a thermal inclusion (¢}, = &3,, £}, = 0 or §, = §3 = 0; see [Ru 1999]), Equations (20) and (21)
simplify to

+1 L

KZM o1(8) =28, (D(&) — P(£)),

K+1 _ _ _ C?)(%-) ~/ __/ .

3 1 = 20(DE) ~ P©) =281 (D@ ~P'©). & e (22)
1 _ _

";; 02(8) = —810(8) + 28, (D(E) — P(&)).

K+1 o) =, —,
V() =28, P(§) — 281222 (B (&) — P'(£)). EeQ (23)

2p o'(§)
When a = 0 (straight boundary), the results in (20)—(23) recover those by [Ru 1999] for a half-plane.

3.2. Anti-plane eigenstrains (€3, €3,). In this case, the boundary value problem in the &-plane takes
the following form:

S1E) + f16) = f2(8) + f2(8),

- - - (24a)

HE) = fi6) = f2(5) — f2(6) +2(e3;, +igsPw () — 2(e3, —igsPw(§), EeL;
fi)+ fi(§) =0, Im&=07; (24b)
1) =01), [§] — oc. (24¢)

The two interface conditions in (24a) can be rewritten as
f1§) + (5, —ie5))(D(E) — P(§)) = f2(§) + (5, + 5w (§) — (65, —ie5 ) P(E), £€L, (25)

where D(&) and P (£) have been defined in (12) and (13).
We now introduce the auxiliary function /(&) defined by

_ f1€) + (e3, —ief(DE) — P(§)), £ eQy;
2(6) + (&5, +ie5Pw (§) — (65, —ie5)) P(§), § € Q2.

It is seen from the above definition and (25) that 4 (£) is continuous across L and then analytic in the
lower half &-plane including the point at infinity. The traction-free condition in (24b) can be expressed
in terms of 4 (&) as follows:

h™ (&) — (e, +ig5)(DE) —P(§)) = —hT(§) + (e3, —ie5 (D) — P(§)), Im&E=0. (27

The left and right sides of (27) are again analytic in the lower and upper half-planes, respectively,
including the point at infinity. As above, by applying Liouville’s theorem, the left and right sides of (27)
should be identically zero. Thus, we arrive at the following expression for 4 (£):

h(€) = (e3, +ie3)[D(E) —P(§)], Imé& <0. (28)

h(§) (26)
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It then follows from (26) and (28) that
f1€) = (g5, +ig5 D) —P(E)] — (5, —ie5IDE) — P()], &€
f2(6) = (5, +ie5DIDE) — P(§)] — (5, +ig o (§) + (3, — el P(E), & € Q;

It is clear that when the subdomain undergoes only anti-plane eigenstrains, the expressions for the two
analytic functions f1(&) and f»(&) are relatively simple.

(29)

4. Examples

In this section, several examples will be presented to demonstrate the general solutions obtained in the
previous section.

4.1. &£ € Lis a circle. When & € L is a circle described by
& —&|l=R, €L, (30)
the explicit expressions for D(&£), D(E)D'(§)/w’'(§), P(§) and Q(&) are given by
R*(1—2ia&)  iaR*

D)= — &0 — ia&g,
O="%"8 T Gogr T
DED'E) 1 [_R2<§o—ia§§)<1—2ia§o> R*(—1+ 6iagy + 6a°E})
o) 1+42iag (& — &) (€ — &)’ 31)

3iaRO(1 — 2ia&))  2a’R®
E—&) G —50)5}
P(§) =& —iaé), Q(§)=0.
By substituting the above expressions into (20), (21) and (29), we arrive at the six analytic functions
@;j(&), vi&), fi(), j =1,2. We emphasize that although § € L is a circle, z € I' is of irregular

shape. For a thermal inclusion, the hoop stress along the parabola and the average mean stress within
the inclusion are given explicitly by

16148 1 R2(1 +2i 2iaR*
_ _lousd, Re{ . [ (1+ _1a§o) iaR ]} on x, = ax?, (32)
Kk+1 1+ 2iax (x1 —&p)? (x1 —&0)3
4ué) |: R? aR* 1-2almé& i|
o1+ o) = + : ) 33
\o11+ 022 k+1LAmé&?  (Amé&o)? |1+ 2ia&|? o

where (-) denotes the average. Although the thermal inclusion is of irregular shape, an analytical ex-
pression for the average mean stress inside the inclusion can be derived in view of the fact that £ € Q;
is circular. In the following numerical studies of (32) and (33) (Figures 3-6), it is assumed that §; > 0.
Figures 3 and 4 illustrate the hoop stress distributions along the parabola for different values of a&
with aR = 1. In Figure 3, the center of the circle § € L lies on the negative imaginary axis (i.e.,
Re &y = 0); whilst in Figure 4, the circle £ € L is just touching the real axis (i.e., Im§y = —R). It is
observed from Figure 3 that: (i) the hoop stress is an even function of x|, which is intuitively consistent;
(i1) the magnitude of the hoop stress reduces as the center of the circle § € L moves further away from
the real axis in the &-plane; (iii) the hoop stress is tensile (o;; > 0) when a|x1| is sufficiently small, but
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aR =1
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0.4 I I I I I

Figure 3. The hoop stress distributions along the parabola for a&; taking the values —i,
—5i, —10i, —30i, withaR =1 and Re §y = 0.

aR=1

0.8
0.6
0.4

0.2

g 02
04
-0.6

08 N .

Figure 4. The hoop stress distributions along the parabola for a&; taking the values —i,
1—1,2—1i,and 3 —1i, withaR =1 and Im& = —R.

compressive (o;; < 0) when a|x;| becomes sufficiently large; (iv) the maximum value of the hoop stress:

161481 (aR)*[|ago| +2|agol* = 2(aR)*] -
K+1 |ago|?

occurs at x; = O for a fixed value of a&;. It is observed from Figure 4 that: (i) when the center of the
circle is not on the imaginary axis, the hoop stress is no longer an even function of x; (ii) the maximum
value of the hoop stress max = {o;;} = 1681 /(k + 1) occurs at x; = Re &y for a fixed value of a&y;
(iii) the magnitude of the compressive hoop stress is considerable when a Re§y =1 ~ 2.

0, (34)

max{o,} =

Figure 5 plots the average mean stress within the inclusion as a function of a Im&y and aR with
Re &y = 0 (the center of the circle £ € L lies on the negative imaginary axis). It is seen from Figure 5 that:
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Re £)=0

k+1
4;,(,51

(o11+02)

Figure S. The average mean stress within the inclusion as a function of a Im&y and a R
with Re &) = 0.

Im E()Z— R

Kk+1
4M51

(o11+02)

a Ref;:o

Figure 6. The average mean stress within the inclusion as a function of a Re &y and a R
with Im&) = —R.

(i) (011 4+ 022} is an increasing function of both a Im &y and aR; (ii) (o1 + 022) is always negative and
reaches its maximum when & = —iR; (iii) as aIm& — —oco oraR — 0, (o1 + 022) = —8ud/(k + 1),
which is simply the value of a circular thermal inclusion in a homogeneous plane [Ru 1999]. Figure 6
plots the average mean stress within the inclusion as a function of a Re &y and a R with Im &y = — R (the
inclusion just touches the parabola). It is seen from Figure 6 that: (i) (011 + 022) is an increasing function
of a Re &j and a decreasing function of aR; (ii) (o1 + 022) is always negative, and

481 14+3aR - 6ud;

I ey |

(35)

occurs at Re &y = 0; (iii) (o] +022) = —4ud;/(k +1) asaRe&y — oo oraR — 0.
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4.2. A thermal inclusion with & € L describing an ellipse. We consider a thermal inclusion. In addition,
& € L is an ellipse described by

m
E=wm=R(n+7)+&, R>0. O<iml<l =1, (36)

in which m and &y are complex numbers.
In this case, D(&), P(&) and D(£) — P(&) are determined to be

_ _£32 1/2
D(S):(n%—m_l)[l—2ia§0—ia(n'1+m_1)(§—go)][s 250+<(5 450) _mR2> ]
+& +ia[RPm ™ (1 — m|H? = &) +m ™' (& — £0)[1 — 2ia&y —iam™" (€ — &),

P (&) = —iam*&* + m[1 — 2ia (&) — m&o)1& + & — mé&y +ia[2R*m(Im|* — 1) — (&) — mé&)*],

a2 12 .
D(f)—P(S)=<n‘1—m—1>[1—2ia§o—ia<na+m—1)<s—son[(@_mw) _é 250}

—iamR*(m* —m™?). (37)
By substituting the above into (22) and (23), we arrive at the two pairs of analytic functions ¢; (),
V&), j = 1,2. We emphasize that although & € L is an ellipse (see Figure 2), z € I" is non-elliptical

(see Figure 1). The explicit expressions for the hoop stress along the parabola and the mean stress within
the thermal inclusion are finally found to be

_ 8ud Re{(m—nﬁl)(lJrZiaSo)[ x1— & 1]}

o= 1+ 2iaxi VG — )2 —4mR?
B 32u81aR? Im{rh(m2 —ﬁ1_2)|: 1 B 2 ]}
k+1 L+2iaxe |G =82 = 4mR2  xi—&++/(v —&)2 —4mR? 1)
on x; =ax12, (38)
<711-i-022=—8WSl + 8o Re{(m_n_l_l)(.l—i_zmé())[ 5_—50 —1]}
k+1 «k+1 1+ 2ia& V(E —E)? —4mR2

B 32ud1aR? m{na(mz—m—z)[ 1 B 2 ]}
k+1 L+2ias |/ -8 —4mR>  &—E+v/(E &) —4mR?1)
£ e Q. (39)

5. Conclusions

A novel procedure is presented to derive analytic solutions for the Eshelby’s problem of an inclusion
of arbitrary shape in an isotropic plane with parabolic boundary. First, a conformal mapping function,
which maps the region with the parabolic boundary in the physical plane onto the lower half of the image
&-plane, is introduced in (8). In the £-plane, an auxiliary function D (&) is then constructed via (12). The
technique of analytic continuation is further applied with this auxiliary function to derive the analytic
functions ¢; (&), ¥; (&), fj(§), j =1, 2. In contrast to the method used by [Ru 1999] in the analysis of
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the corresponding “straight boundary problems”, our analysis remains in the &-plane where the parabola
is conveniently mapped onto the real axis.
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