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INTERACTION OF SHEAR CRACKS IN
MICROSTRUCTURED MATERIALS MODELED BY

COUPLE-STRESS ELASTICITY

PANOS A. GOURGIOTIS

The interaction of two colinear in-plane shear cracks is investigated within the context of couple-stress
elasticity. This theory introduces characteristic material length scales that emerge from the underlying
microstructure and has proved to be very effective for modeling complex microstructured materials. An
exact solution of the boundary value problem is obtained through integral transforms and singular inte-
gral equations. The main goal is to explain the size effects that are experimentally observed in fracture
of brittle microstructured materials. Two basic configurations are considered: a micro-macrocrack in-
teraction, and a micro-microcrack interaction. Numerical results are presented illustrating the effects
of couple-stresses on the stress intensity factor and the energy release rate. It is shown that significant
deviations from the predictions of the standard LEFM occur when the geometrical lengths of the problem
become comparable to the characteristic material length of the couple-stress theory revealing that in such
cases it is inadequate to analyze fracture problems employing only classical elasticity considerations.

1. Introduction

It is well known that in brittle materials crack growth is accompanied by the formation of microcracks
around the main crack [Hoagland et al. 1974; Atkinson 1984; Rice et al. 1994; Nara et al. 2011]. The
occurrence of such stress-induced microcracking has been recognized as an important toughening mech-
anism in many microstructured materials [Kreher and Pompe 1981; Evans and Faber 1984; Noselli et al.
2013]. There are many fracture models that deal with the nucleation and growth of such microcracks
(e.g., [Kachanov 1993; Deng and Nemat-Nasser 1994; Shao and Rudnicki 2000]), however the majority
of such models are based on the classical theory of linear elastic fracture mechanics (LEFM) which,
however, is scale independent and cannot realistically describe the fracture processes in such situations.
This deficiency of the classical theory can be circumvented by the use of generalized continuum theories.
These theories introduce characteristic material lengths in their formulation and have been successfully
employed in many cases to model the experimentally observed size-effects which are closely related to
the material microstructure.

The simplest gradient-type generalized continuum theory that can effectively model size effects in elas-
tic solids is the theory of couple-stress elasticity, also known as constrained Cosserat elasticity [Toupin
1962; Mindlin and Tiersten 1962; Koiter 1964]. In couple-stress elasticity the Euler–Cauchy principle
is augmented with a nonvanishing couple traction and the strain-energy density becomes a function of
the strain and the gradient of rotation. Such assumptions are appropriate for materials with granular or
cellular structure, where the interaction between adjacent elements may introduce internal moments. For
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the plane-strain isotropic case, the couple-stress theory introduces one material length scale which can
be related to the intrinsic material microstructure [Lakes 1983; Anderson and Lakes 1994; Bigoni and
Drugan 2007; Lakes 2016]. The couple-stress theory has been recently employed to model size effects in
microstructured materials in, among other areas, fracture [Gourgiotis and Georgiadis 2008; Radi 2008;
Piccolroaz et al. 2012; Gourgiotis and Piccolroaz 2014; Morini et al. 2014; Dyskin and Pasternak 2015],
contact [Zisis et al. 2014; 2015; Gourgiotis et al. 2016; Karuriya and Bhandakkar 2017; Song et al. 2017;
Wang et al. 2018], stress localization [Gourgiotis and Bigoni 2016a; 2016b; Bigoni and Gourgiotis 2016;
Zisis 2018; Lakes 2018], and wave propagation problems [Piccolroaz and Movchan 2014; Goodarzi et al.
2016; Wang et al. 2017; Gourgiotis and Bigoni 2017].

The present work examines the interaction problem of two shear cracks in a microstructured material
under remote mode II loading. The material microstructure is modeled here by use of the couple-stress
theory. For simplicity, the attention here is limited to the case of two colinear finite-length cracks in an
infinite body under plane-strain conditions. Of special interest is the case where the geometrical lengths
of the problem become comparable to the characteristic material length of the couple-stress theory. In
this context, two configurations are examined in detail: the micro-macrocrack interaction; and the micro-
microcrack interaction. In the framework of the classical LEFM theory, crack interaction problems were
investigated, among others, in [Rubinstein 1985; Rose 1986; Kachanov 1993; Deng and Nemat-Nasser
1994]. Interestingly, the crack interaction problem has not been investigated before in the context of any
generalized continuum theory. Regarding works closely related to our problem, we cite first the analyses
by Sternberg and Muki [1967] and Atkinson and Leppington [1977] who examined the mode I crack in
a couple stress material. The full field solution for the mode II crack problem in couple-stress elasticity
was given by Gourgiotis and Georgiadis [2007], while recently Baxevanakis et al. [2017] examined the
interaction problem of an in-plane shear crack with a glide dislocation.

A full field exact solution of the mixed boundary value problem is obtained by means of the Fourier
transform and singular integral equations. Analytical expressions for the stress intensity factor (SIF)
and the energy release rate (ERR) are obtained for both cracks. The dependence of these quantities
upon the characteristic material length of the couple-stress theory is then examined in detail in order to
assess the effects of the microstructure on the fracture process. A comparison of these quantities in the
framework of couple-stress elasticity with the classical elasticity solutions is also provided. The main
goal of the present study is to examine the possible deviations from the predictions of classical LEFM
with a view towards understanding the mechanisms that govern the fracture of brittle materials on the
microscale.

2. Basic equations of plane-strain couple-stress elasticity

In this section, we recall briefly the main features of the plane strain couple-stress elasticity. A detailed
presentation of the plane strain anisotropic couple-stress theory can be found in [Gourgiotis and Bigoni
2017].

For a body that occupies a domain in the (x, y)-plane under conditions of plane-strain, the equations
of equilibrium in the absence of body forces and body moments reduce to

∂σxx

∂x
+
∂σyx

∂y
= 0,

∂σxy

∂x
+
∂σyy

∂y
= 0, σxy − σyx +

∂mxz

∂x
+
∂m yz

∂y
= 0, (1)
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where (σxx , σyy, σxy, σyx) and (mxz,m yz) are the nonvanishing components of the (asymmetric) stress
and couple-stress tensors, respectively. The complete solution of (1) admits the following representation
in terms of two sufficiently smooth stress functions 8(x, y) and 9(x, y) [Mindlin 1963]:

σxx =
∂28

∂y2 −
∂29

∂x∂y
, σyy =

∂28

∂x2 +
∂29

∂x∂y
,

σxy =−
∂28

∂x∂y
−
∂29

∂y2 , σyx =−
∂28

∂x∂y
+
∂29

∂x2 ,

(2)

and

mxz =
∂9

∂x
, m yz =

∂9

∂y
. (3)

Accordingly, the governing kinematic relations in the framework of the geometrically linear theory
become

εxx =
∂ux

∂x
, εyy =

∂u y

∂y
, εxy = εyx =

1
2

(
∂u y

∂x
+
∂ux

∂y

)
, (4)

ω =
1
2

(
∂u y

∂x
−
∂ux

∂y

)
, κxz =

∂ω

∂x
, κyz =

∂ω

∂y
, (5)

where uq are the displacement components, εpq are the components of the usual strain tensor, ωz ≡ ω is
the rotation, and (κxz, κyz) are the nonvanishing components of the curvature tensor (i.e., the gradient of
rotation) expressed in dimensions of [length]−1.

For a homogeneous centrosymmetric and isotropic couple-stress material the constitutive equations
furnish

σxx = (λ+ 2µ)εxx + λεyy, σyy = (λ+ 2µ)εyy + λεxx , σxy + σyx = 4µεxy (6)

and

mxz = 4µ`2κxz, m yz = 4µ`2κyz, (7)

where (µ, λ) stand for the Lamé moduli, and ` is the characteristic material length of couple-stress theory
[Mindlin and Tiersten 1962]. Note also that λ= 2µν(1− 2ν)−1, where ν is the Poisson’s ratio.

The Mindlin’s stress functions must satisfy the following pair of differential equations that result from
the requirement of kinematical compatibility [Muki and Sternberg 1965]:

∂

∂x
(9 − `2

∇
29)=−2(1− ν)`2

∇
2
(
∂8

∂y

)
,

∂

∂y
(9 − `2

∇
29)= 2(1− ν)`2

∇
2
(
∂8

∂x

)
,

(8)

which, in turn, implies that

∇
48= 0, ∇29 − `2

∇
49 = 0. (9)
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Finally, combining (2)–(7), one can obtain the following relations expressing the displacement gradients
in terms of Mindlin’s stress functions:

∂ux

∂x
=

1
2µ

(
∂28

∂y2 −
∂29

∂x∂y
− ν∇28

)
, (10)

∂u y

∂y
=

1
2µ

(
∂28

∂x2 +
∂29

∂x∂y
− ν∇28

)
, (11)

∂ux

∂y
+
∂u y

∂x
=−

1
2µ

(
2
∂28

∂x∂y
−
∂29

∂x2 +
∂29

∂y2

)
. (12)

3. Formulation of the crack problem

Consider two colinear cracks situated along the x-axis consisting of the segments L1 = (a1 < x < b1) and
L2 = (a2 < x < b2), with a2 > b1 (Figure 1). The crack-faces are traction free and the body is subjected
to remote mode II loading of magnitude S. For simplicity, the origin of the Cartesian coordinate system
coincides with crack-tip a1.

To facilitate our parametric analysis the following geometric quantities are defined

α = 1
2(b1− a1), β = 1

2(b2− a2), and δ = a2− b1, (13)

where α and β are the half-lengths of the two colinear cracks, and δ is the distance between them.
Due to the antisymmetry with respect to the y = 0 plane, the problem can be viewed as a half-plane

problem in the domain y ≥ 0 under the following boundary conditions:

σyx(x, 0)= 0 for x ∈ L, (14)

σyy(x, 0)= 0 for −∞< x <∞, (15)

m yz(x, 0)= 0 for −∞< x <∞, (16)

S S

S

S

y µ, ν, `

a1

2α 2β

b1 a2

δ

b2 x

Figure 1. Two collinear cracks subjected to remote mode II loading.
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accompanied by the antisymmetry condition

ux(x, 0)= 0 for x /∈ L, (17)

and the regularity conditions at infinity

σ∞xy = σ
∞

yx = S, {σ∞xx , σ
∞

yy ,m∞xz,m∞yz} → 0 as r =
√

x2
+ y2
→∞, (18)

with L=
∑2

j=1 L j .
Further, as it is customary in the classical theory of elasticity, we introduce the unknown density h(x)

as the slope function

h(x)=
∂ux(x)
∂x

, (19)

which in view of (17), is defined as

h(x)=
{

h j (x) for x ∈ L j ( j = 1, 2),
0 for x /∈ L.

(20)

For the solution of the boundary value problem the Fourier transform is utilized to suppress the x-
dependence in the field equations and the boundary conditions. The direct and inverse Fourier transforms
are defined as follows:

f ∗(ξ, y)=
∫
+∞

−∞

f (x, y)eiξ x dx, f (x, y)= 1
2π

∫
+∞

−∞

f ∗(ξ, y)e−iξ x dξ, (21)

where ξ is the Fourier variable and i is the imaginary unit. Transforming the governing field equations
(9) provides a pair of fourth order ODEs with constant coefficients whose solution is immediate [Zisis
et al. 2014]. The constants that emerge may be subsequently evaluated from the transform of (8) in
conjunction with the boundary conditions (15) and (16). Finally, utilizing (10) and (19), the transformed
stress functions assume the following form:

8∗(ξ, y)=−
µ

(1− ν)
e−|ξ |y y
|ξ |

h∗(ξ), 9∗(ξ, y)= 4iµ`2ξ

(
e−|ξ |y

|ξ |
−

e−γ y

γ

)
h∗(ξ) (22)

with γ ≡ γ (ξ)=
√
`−2+ ξ 2. Accordingly, using (2) and (3) the transformed shear stress σ ∗yx becomes

σ ∗yx(ξ, y)= µg∗yx(ξ, y)h∗(ξ), (23)

with

g∗yx(ξ, y)= i
[
(yξ − sgn (ξ))

1− ν
e−|ξ |y − 4`2ξ(|ξ |e−|ξ |y − ξ 2γ−1e−γ y)

]
, (24)

where sgn() is the signum function.
Moreover, h∗(ξ) is defined according to (20) and (21)1 as

h∗(ξ)=
∫
∞

−∞

h(t)eiξ t dt =
2∑

j=1

∫ b j

a j

h j (t)eiξ t dt. (25)
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Employing the inverse Fourier transform (21)2 in conjunction with (25) and reversing the order of inte-
gration, the shear stress σyx can be written as

σyx(x, y)= 1
2π

∫
∞

−∞

σ ∗yx e−iξ x dξ = µ
π

2∑
j=1

∫ b j

a j

G yx(x − t, y)h j (t) dt + S, (26)

where the kernel G yx(x − t, y) is evaluated analytically as

G yx(x, y)= 1
2

∫
∞

−∞

g∗yx(ξ, y)e−iξ x dξ =
x(y2
− x2)

(1− ν)r4 +
8`2x(x2

− 3y2)

r6 + 4`2∂3
x K0

[r
`

]
, (27)

and Kn[ ] is the modified Bessel function of the second kind and n-th order. Using the same procedure,
all the stress and couple-stress components are derived in closed form in the Appendix.

4. Singular integral equation approach

The unknown density function will be now determined by employing the method of singular integral equa-
tions (SIEs). In classical elasticity, the general procedure of reducing mixed boundary value problems
to singular integral equations is given, e.g., by Erdogan [1978]. An application of the technique within
the context of couple-stress elasticity for crack problems can be found in [Gourgiotis and Georgiadis
2008; 2007], and for contact problems in [Zisis et al. 2014; 2015; Gourgiotis et al. 2016; Karuriya and
Bhandakkar 2017; Song et al. 2017; Wang et al. 2018].

The requirement that the crack-faces are free of shear tractions (see (14)) in the disjoint intervals
(a1, b1) and (a2, b2) leads to the following system of coupled integral equations for the unknown densities
h j (t) ( j = 1, 2):∫ b1

a1

G yx(x − t, 0)h1(t) dt +
∫ b2

a2

G yx(x − t, 0)h2(t) dt =−π S
µ
, x ∈ L. (28)

Moreover, to ensure uniqueness of the crack problem the following closure conditions must be satisfied:∫ b1

a1

h1(t) dt = 0 and
∫ b2

a2

h2(t) dt = 0. (29)

For the solution of the coupled system of integral equations (28), it is expedient to separate the kernel to
its singular and regular parts. To this purpose, we examine the asymptotic behavior of G yx(x − t, 0) as
x→ t . Using asymptotic analysis, we may readily write

G yx(x − t, 0)=−(3−2ν)
(1−ν)

1
x−t
+ R(x − t), (30)

where the regular square-integrable kernel R(x − t) is given as

R(x − t)= 4
x−t

(
1
2
+

2`2

(x − t)2
− K2

[
|x−t |
`

])
−

4 sgn(x − t)
`

K1

[
|x−t |
`

]
, (31)

which is bounded as x→ t .
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In view of the above, the following system of SIEs is obtained for the interaction problem of two
colinear shear cracks in couple-stress elasticity:

−
(3−2ν)
(1−ν)

2∑
j=1

∫ b j

a j

h j (t)
x − t

dt +
2∑

j=1

∫ b j

a j

h j (t)R(x − t) dt =−π S
µ
, x ∈ L. (32)

It is worth noting that in classical elasticity, the mode II and mode I interaction problems are governed
by the same system of SIEs, i.e.,

−
1

(1−ν)

2∑
j=1

∫ b j

a j

h j (t)
x − t

dt =−π S
µ
, x ∈ L. (33)

However, as it was shown in [Gourgiotis and Georgiadis 2008], in couple-stress elasticity the opening
modes are more involved than the shear modes since additional densities must be introduced in order to
satisfy the boundary conditions at the crack-faces.

To render the system of SIEs amenable to numerical treatment, the following normalizations are
adopted [Erdogan and Wu 1993]:

x = 1
2(bk − ak)x̂ + 1

2(bk + ak), ak < x < bk, −1< x̂ < 1,

t = 1
2(b j − a j )t̂ + 1

2(b j + a j ), a j < t < b j , −1< t̂ < 1,

R(x − t)= Nk j (x̂, t̂), ak < x < bk, a j < t < b j ,

zk j = (b j − a j )
−1
[(bk − ak)x̂ + bk + ak − b j − a j ], Qk j (x̂, t̂)= (zk j − t̂)−1,

(34)

with j = (1, 2) and k = (1, 2).
Accordingly, the system in (32) assumes the following form

−
(3−2ν)
(1−ν)

∫ 1

−1

hk(t̂)
x̂ − t̂

d t̂ − (3−2ν)
(1−ν)

2∑
j=1

′

∫ 1

−1
Qk j (x̂, t̂)h j (t̂) dt̂

+

2∑
j=1

1
2(b j − a j )

∫ 1

−1
Nk j (x̂, t̂)h j (t̂) dt̂ =−π S

µ
,

k = (1, 2), −1< x̂ < 1, (35)

where the prime indicates that the summation does not include the term corresponding to j = k.
Following [Gourgiotis and Georgiadis 2007], the unknown densities hk(t̂) can be written as a product

of a regular bounded function and a singular function characterizing the asymptotic behavior near the
crack-tips. Within the framework of couple-stress elasticity, asymptotic analysis near a mode II crack-tip
[Huang et al. 1997; Gourgiotis and Georgiadis 2007; 2011] showed that the crack-face sliding displace-
ment has the same asymptotic behavior as in the classical LEFM. Such a behavior was also corroborated
by the uniqueness theorem for crack problems in couple-stress elasticity which imposes the requirement
of boundedness for crack-tip displacements [Grentzelou and Georgiadis 2005]. The densities can be
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expressed now in the following form:

hk(t̂)=
χk(t̂)√
1− t̂ 2

, −1< t̂ < 1, k = (1, 2), (36)

where the χk(t̂) are sufficiently smooth functions.
For the solution of the system of SIEs in (35), the standard Gauss–Chebyshev quadrature is employed.

For details, the reader is referred to [Erdogan 1978; Gourgiotis and Georgiadis 2007; 2008]. The dis-
cretized form of the system of SIEs becomes

−
(3−2ν)
(1−ν)

π

N

N∑
i=1

χk(t̂i )
x̂m − t̂i

−
(3−2ν)
(1−ν)

π

N

2∑
j=1

′

N∑
i=1

Qk j (x̂m, t̂i )χk(t̂i )

+
π

N

2∑
j=1

N∑
i=1

1
2(b j − a j )Nk j (x̂m, t̂i )χ j (t̂i )=−

π S
µ
, k = (1, 2), (37)

where the integration points t̂i and collocation points x̂m are given respectively as

x̂m = cos (mπ/N ) with m = 1, . . . , N − 1,

t̂i = cos ((2i − 1)π/(2N )) with i = 1, . . . , N .
(38)

Equation (37) together with the auxiliary conditions (29) provide a 2N algebraic system of equations
with 2N unknowns: χ1(t̂i ) and χ2(t̂i ) (i = 1, . . . , N ). From the solution of the system the densities hk(t)
are evaluated and then the stress and couple-stress components can be readily computed using (49)–(52).

5. Results and discussion

In what follows, numerical results are presented regarding the crack-face displacements, the stress inten-
sity factors (SIFs) and the energy release rates (ERRs) of the shear cracks. All the results are presented
in terms of the three microstructural ratios: α/`, β/`, and δ/` (or combinations of them), where the geo-
metrical parameters (α, β, δ) are defined in (13). It is assumed that in all cases β > α, which implies that
the right crack is always larger than the left one. Our purpose is to examine the possible deviations from
the predictions of classical LEFM when the lengths of the cracks and the separation length between them
becomes comparable to the characteristic material length of couple-stress elasticity. Two configurations
are examined:

(i) a micro-macrocrack interaction where the ratio β/α is large and α/` is small, and

(ii) a micro-microcrack interaction where the lengths of both cracks are comparable to the characteristic
material length ` of the couple-stress theory (i.e., both α/` and β/α are small).

5.1. Crack-face displacements. The crack-face sliding displacements for the two colinear shear cracks
can be readily evaluated by integrating (19) and using (29). Figure 2 shows the influence of the ratio
α/` on the normalized sliding crack-face displacements of both cracks. It is remarked that as the crack
lengths become comparable to the characteristic length `, the material exhibits a more stiff behavior, i.e.,
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µux
αS

µux
αS

x/α x/α

β/α = 2
δ/α = 4
ν = 0.3

1. α/`= 1
2. α/`= 2
3. α/`= 5
4. α/`= 10

1. α/`= 1
2. α/`= 2
3. α/`= 5
4. α/`= 10

β/α = 2
δ/α = 1
ν = 0.3

Figure 2. Variation of the normalized upper crack-face sliding displacement versus the
normalized distance x/α when (left) the distance between the cracks is δ = α, and (right)
the distance between the cracks is δ = 4α. In all cases, β/α = 2 and ν = 0.3.

1.0

1.0

1.0

1.0
u(max)

x

u(max)
x(cl.)

u(max)
x

u(max)
x(cl.)

`/α `/α

β/α = 20
ν = 0.3

1. δ/α = 1
2. δ/α = 20

β/α = 2
ν = 0.3

1. δ/α = 1
2. δ/α = 20

Figure 3. Variation of the ratio of the maximum sliding displacement in couple-stress
and classical elasticity versus `/α for (left) β/α = 20, micro-macrocrack interaction,
and (right) β/α = 2, micro-microcrack interaction.

the crack-face displacements become smaller in magnitude as compared to the classical elasticity result
(dashed line).

The stiffening effect is more clearly depicted in Figure 3 where the ratio of the maximum displacement
in couple-stress elasticity u(max)

x to the respective one in classical elasticity u(max)
x(cl.) is plotted against `/α

for two different values of the geometric ratios δ/α and β/α. It is observed that the decrease in the
maximum couple-stress sliding displacement of the smaller (left) crack is more pronounced for higher
values of the ratio β/α, i.e., in the case of micro-macrocrack interaction and for smaller ratios δ/α. It
is remarked further that for `/α = 1 the decrease in the maximum sliding displacement for the smaller
crack can be up to 50% (Figure 3).

5.2. Stress intensity factors. The stress intensity factors (SIFs) K II at the four crack-tips are defined as

K (ak)
II = lim

x→a−k

√
2π(ak − x)σyx and K (bk)

II = lim
x→b+k

√
2π(x − bk)σyx , (39)

with k = (1, 2). The dominant singular behavior of the shear stress in the vicinity of the crack-tips is
due to the singular integrals in (26). Using standard asymptotic results regarding Cauchy-type integrals
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[Muskhelishvili 1953], the near-tip shear stresses may be written as

σyx(x→ a−k , 0)=−µ(3−2ν)
π(1−ν)

lim
x̂→−1−

∫ 1

−1

χk(t̂)√
1− t̂2(x̂ − t̂)

dt̂

=
µ(3−2ν)
(1−ν)

χk(−1)
√

2
(−1− x̂)−1/2, x̂ <−1,

(40)

σyx(x→ b+k , 0)=−µ(3−2ν)
π(1−ν)

lim
x̂→+1+

∫ 1

−1

χk(t̂)√
1− t̂ 2(x̂ − t̂)

dt̂

=−
µ(3−2ν)
(1−ν)

χk(+1)
√

2
(x̂ − 1)−1/2, x̂ > 1,

(41)

with k = (1, 2).
Accordingly, the SIFs assume the following form

K (ak)
I I =

µ(3−2ν)
(1−ν)

√
π(bk − ak)

2
χk(−1), k = (1, 2),

K (bk)
I I =−

µ(3−2ν)
(1−ν)

√
π(bk − ak)

2
χk(+1), k = (1, 2).

(42)

The values of the unknown densities at the crack-tips χk(±1) can be evaluated using Krenk’s interpolation
technique [1975]. It is worth noting that in classical elasticity the SIFs are evaluated analytically for the
case of two finite length colinear cracks (see, e.g., [Yokobori and Ichikawa 1967]). For the inner crack-
tips (b1, a2), the classical SIFs assume the following form:

K (b1)
II cl.
=

√
2π S
2

√
b2− b1

(a2− b1)(b1− a1)
((b1− a1)− (a2− a1) f (m)) ,

K (a2)
II cl.
=

√
2π S
2

√
a2− a1

(b2− a2)(a2− b1)
((b2− a2)− (b2− b1) f (m)) ,

(43)

with

f (m)=
K [m] − E[m]

K [m]
, m =

√
(b2− a2)(b1− a1)

(b2− b1)(a2− a1)
, (44)

where K [m] and E[m] are the complete Elliptic integrals of the first and second kind with modulus m.
Figure 4 illustrates the variation of the normalized SIF K (a2)

II /K (N )
II of the crack-tip a2 with respect

to the normalized separation distance δ/α in couple-stress and classical elasticity. K (N )
II is the nominal

macrocrack SIF, i.e., the SIF that would prevail in the absence of the microcrack 2α. In classical elasticity
the nominal SIF is K (N )

II = S
√
πβ. In the couple-stress case the nominal SIF depends also upon the

microstructural ratio α/` and is always higher than the classical one as it was shown in [Gourgiotis
and Georgiadis 2007]. It is observed that the normalized SIF is always greater than unity which, in
turn, implies that the presence of the microcrack amplifies the shear stresses at the inner tip (a2) of the
macrocrack creating thus a stress aggravation effect. It is worth noting, however, that for smaller α/`
ratios, i.e., when the length of the microcrack becomes comparable to the material microstructure, this
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Figure 4. Variation of the normalized SIF K (a2)
II /K (N )

II of the inner crack-tip a2 ver-
sus the normalized separation distance δ/α for various values of the microstructural
ratio α/`: (left) β/α = 100, micro-macrocrack interaction, and (right) β/α = 2, micro-
microcrack interaction.
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Figure 5. Variation of the ratio of the SIFs K (b1)
II /K (a2)

II of the inner crack-tips in couple-
stress and in classical elasticity versus the normalized separation distance δ/α for various
values of the microstructural ratio α/`: (left) β/α = 100, micro-macrocrack interaction,
and (right) β/α = 2, micro-microcrack interaction.

stress aggravation becomes less pronounced. Moreover, comparing Figure 4, left, with Figure 4, right,
we note that:

(i) the length of the larger crack does not affect significantly the variation of the normalized SIF, and

(ii) that the interaction between the two cracks can be neglected when the separation distance is δ > 5α.

Figure 5 depicts the variation of the ratio of the SIFs K (b1)
II /K (a2)

II of the inner crack-tips: b1 (left crack)
and a2 (right crack) with respect to the normalized separation distance δ/α for various microstructural
ratios α/`. Figure 5, left, shows the case of a micro-macrocrack interaction with β/α = 100, while
Figure 5, right, examines the case of a micro-microcrack interaction with β/α = 2. The ratio is always
below unity which shows that the crack propagation will be initiated from the tip of the largest crack.
Moreover, in both cases, a significant decrease in the SIFs ratio is observed as compared to the classical
elasticity result (dashed line) for decreasing values of α/`. In light of the above and bearing also in mind
that K (a2)

II decreases with increasing `/α (see Figure 4), we may conclude that the effect of the larger
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crack to the microcrack is less pronounced when couple-stress effects are taken into account. Finally, we
note that as `/α→ 0 the SIFs ratio in couple-stress theory tends to its classical counterpart.

5.3. Energy release rates. The J -integral was first established in the context of couple-stress elasticity
by Atkinson and Leppington [1974; 1977] In the static case, the J -integral is identified as the energy
release rate (ERR) and is path-independent [Lubarda and Markenscoff 2000]. For the evaluation of the
ERR a rectangular shaped contour is considered centered at the crack-tip, with vanishing “height” along
the y-direction and of length 2ε [Freund 1990]. Letting ε→ 0 allows us to use only the asymptotic
near-tip fields. For the plane-strain case considered here, the J -integral assumes the following form
[Gourgiotis et al. 2012]

J =−2 lim
ε→+0

∫ ct+ε

ct−ε

{
σyy(x,+0)

∂u y(x,+0)
∂x

+ σyx(x,+0)
∂ux(x,+0)

∂x
+m yz(x,+0)

∂ω(x,+0)
∂x

}
dx

=−2 lim
ε→+0

∫ ct+ε

ct−ε

σyx(x,+0)
∂ux(x,+0)

∂x
dx, (45)

where ct denotes the location of the crack-tip, i.e., ct = {a1, b1, a2, b2}. Note that the normal stress
σyy(x,±0) and the couple-stress m yz(x,±0) are zero along the whole crack line (y = 0) for the shear
mode case.

Now, by utilizing the asymptotic solutions (40) and (41) in conjunction with (20) and (36) and Fisher’s
theorem for products of singular distributions (see, e.g., [Georgiadis 2003; Gourgiotis et al. 2012; Gour-
giotis and Piccolroaz 2014]), we derive the final expressions for the ERRs in couple-stress elasticity:

JII =
µ(3−2ν)
2(1−ν)

π(bk − ak)

2
χ2

k (−1) at crack-tip ak, k = (1, 2),

JII =
µ(3−2ν)
2(1−ν)

π(bk − ak)

2
χ2

k (+1) at crack-tip bk, k = (1, 2).
(46)

Comparing the above results with (42), the following relations can be established connecting the SIFs
and the ERRs in couple-stress plane-strain elasticity

JII =
(1−ν)

2µ(3−2ν)
K 2

II , (47)

while the respective relation in classical LEFM is

J (cl.)
II =

(1−ν)
2µ

K 2
IIcl.
. (48)

The variation of the ratio of the ERR in couple-stress theory to the respective one in the classical theory
is shown in Figure 6 with respect to the microstructural ratio `/α for a constant separation distance δ= 2α.
The inner crack-tips b1 and a2 of the two colinear shear cracks are examined. It is observed that in all
cases, the ratio JII /J (cl.)

II tends to unity when the characteristic material length tends to zero, `→ 0. This
finding shows that the couple-stress solution converges to the classical one when the material microstruc-
ture is not considered. On the other hand, when ` 6= 0, the ratio JII /J (cl.)

II decreases monotonically with
increasing values of `/α which implies that the couple-stress theory predicts a strengthening effect since a
reduction of the crack driving force takes place as the material microstructure becomes more pronounced.
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Figure 6. Variation of the ratio of the ERRs in couple-stress and classical elasticity
versus the microstructural ratio `/α for various values of (left) β/α, and (right) the
Poisson’s ratio ν. The inner crack-tips b1 (solid lines) and a2 (dashed lines) are examined.

More specifically, it is noted that in the case of the micro-macrocrack interaction, β/α = 100 (Figure 6,
left), the ERR at the tip b1 of the microcrack (blue solid line) decreases significantly as compared to its
classical counterpart for increasing ratios `/α. On the other hand, couple-stresses have little effect on
the ERR at the crack-tip a2 of the macrocrack (blue dashed line) as the ratio JII /J (cl.)

II remains close to
unity for all values of `/α. These findings show that:

(i) the macrocrack strongly affects the behavior of the microcrack,

(ii) the presence of the microstructure shields the microcrack, and

(iii) the larger the macrocrack, the less significant the couple-stress effects are on its crack driving force.

Finally, regarding the effects of the Poisson’s ratio, it is observed from Figure 6, right, that the strength-
ening effects are more pronounced for smaller values of ν.

The influence of the normalized separation distance δ/α upon JII /J (cl.)
II is examined in Figure 7 for a

micro-macrocrack configuration (Figure 7, left) and a micro-microcrack configuration (Figure 7, right).
The strengthening of the microcrack due to the presence of the microstructure is observed also in this case.
When the cracks are of comparable length (Figure 7, right) then there is a limiting separation distance
above which the interaction between the microcracks can be neglected. For β = 2α the limiting distance
is δ > 10α (Figure 7, right — dashed lines). In this case, the cracks behave as single cracks in an infinite
couple-stress material, a problem that has been previously studied by Gourgiotis and Georgiadis [2007].

The variation of the ratio of ERRs JII /J (cl.)
II with respect to `/δ is illustrated in Figure 8 for various

values of β/α and a fixed ratio δ/α = 1. The inner crack-tips b1 and a2 are examined. It is observed
that in the case of the micro-macrocrack interaction problem, β/α = 100 (blue lines), the ERR for the b1

crack-tip (blue solid line) suffers a significant decrease (compared to the classical value) as the separation
distance becomes comparable to the material length `, highlighting again the fact that the macrocrack
shields the microcrack further when the material microstructure is more pronounced. On the other hand,
the decrease in the ERR is less significant when considering the a2 crack-tip of the macrocrack (dashed
blue line) since the crack length is much larger than the material length scale. Note also that unlike the
previous cases, the ratio is not monotonically decreasing for all values of `/δ. Indeed, although the ratio
experiences a decrease initially, then for `/δ > 0.6 it starts to gradually increase again, remaining however
always below unity. A similar behavior is noted for the micro-microcrack interaction case, β/α ≤ 2, with
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Figure 7. Variation of the ratio of the ERRs in couple-stress and classical elasticity ver-
sus the microstructural ratio `/α for various values of the normalized separation distance
δ/α: (left) micro-macrocrack interaction, and (right) micro-microcrack interaction. The
inner crack-tips b1 (solid lines) and a2 (dashed lines) are examined.
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Figure 8. Variation of the ratio of the ERRs in couple-stress and classical elasticity
versus `/δ for various values of the geometrical ratio β/α. The inner crack-tips b1

(solid lines) and a2 (dashed lines) are examined.

the smallest (left) crack suffering again the greatest decrease. In the case β/α = 1 both curves (red curve
in Figure 8) coincide.

Figure 9 illustrates the variation of the normalized ERR, JII /J (N )II , at the crack-tip b1 of the microcrack,
with respect to the microstructural ratio `/α in couple-stress elasticity (solid lines) and classical elasticity
(dashed lines). J (N )II is the nominal microcrack ERR, i.e., the ERR that would prevail in the absence of
the macrocrack. J (N )II can be obtained from the current solution by letting δ/α→∞. Two cases are
examined:

(a) the micro-macrocrack interaction (β/α = 100), and

(b) the micro-microcrack interaction (β/α = 2).

A significant aggravation of the ERR is observed in the micro-macrocrack case (irrespective of the theory
employed) as the separation distance δ becomes comparable to the microcrack length 2α (Figure 9, left).
In classical elasticity (dashed lines), the ratio JII /J (N )II remains constant since the classical solution does
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Figure 9. Variation of the normalized ERR at crack-tip b1 (small crack) versus the
microstructural ratio `/α for various values of δ/α: (left) β/α = 100, and micro-macro
crack interaction (right) β/α = 2, micro-micro crack interaction.

not depend upon `. When couple-stress effects are taken into account, the ratio JII /J (N )II decreases as
compared to the classical result, which implies that the material microstructure shields the microcrack.
The decrease is more pronounced for smaller separation distances and higher values of `/α. A less
pronounced decrease is observed if we examine the corresponding ratio for the α2 crack tip of the
macrocrack. In the micro-microcrack case (β/α = 2, Figure 9, right), the effect of the larger crack
(2β) upon the smaller one (2α) is less significant (as expected) but the couple-stress effects are still
dominant especially for small values of the ratio δ/α.

6. Conclusions

The interaction problem of two colinear shear cracks was investigated within the context of couple-
stress elasticity. Two configurations which are of special interest were examined in detail: a micro-
macrocrack interaction, and a micro-microcrack interaction. It was shown that significant deviations
from the predictions of the classical LEFM are found when the geometrical parameters of the problem
become comparable to the material length scale of couple-stress theory. Smaller crack-face displacements
were observed when the crack-lengths become of the same order as the characteristic material length,
corroborating thus the well-known stiffening effect that occurs in all gradient-type theories. As in the
classical theory, the presence of the microcrack causes an aggravation of the SIF at the inner tip of
the macrocrack. Nonetheless, this aggravation is less pronounced when couple-stress effects are taken
into account. The couple-stress theory predicts also strengthening effects since a reduction of the crack
driving force in both cracks takes place as the material microstructure becomes more distinct. Finally, it
was found that the effect of the macrocrack on the microcrack becomes milder when couple-stresses are
considered which verifies that the material microstructure shields the microcrack. The results obtained in
the present study will enhance our understanding of the failure mechanisms that govern brittle materials
and shed some light on the role of the microstructure in fracture on the microscale.

Appendix: Stress and couple-stress components

The full-field expressions for the stress components σpq(x, y) and the couple-stress components mqz(x, y)
are derived by employing the inverse Fourier transform (21)2 in conjunction with the definitions (25).
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Reversing the order of integration, we readily obtain

σpq =
1

2π

∫
∞

−∞

σ ∗pqe−iξ x dξ = µ
π

2∑
j=1

∫ b j

a j

G pq(x − t, y)h j (t) dt + S(1− δpq), (49)

mqz =
1

2π

∫
∞

−∞

m∗pze−iξ x dξ = µ
π

2∑
j=1

∫ b j

a j

Hqz(x − t, y)h j (t) dt, (50)

where the indices p and q take the values {x, y} and δpq is the Kronecker delta. The kernel functions
G pq and Hqz are evaluated in closed form as

Gxx(x, y)=
y(3x2

+ y2)

(1− ν)r4 +
8`2 y(y2

− 3x2)

r6 − 4`2∂2
x ∂y K0

[r
`

]
,

G yy(x, y)=
y(y2
− x2)

(1− ν)r4 −
8`2 y(y2

− 3x2)

r6 + 4`2∂2
x ∂y K0

[r
`

]
,

Gxy(x, y)=
x(y2
− x2)

(1− ν)r4 +
8`2x(x2

− 3y2)

r6 − 4`2∂x∂
2
y K0

[r
`

]
,

G yx(x, y)=
x(y2
− x2)

(1− ν)r4 +
8`2x(x2

− 3y2)

r6 + 4`2∂3
x K0

[r
`

]
,

(51)

Hxz(x, y)=
4`2(y2

− x2)

r4 + 4`2∂2
x K0

[r
`

]
,

Hyz(x, y)=−
8`2xy

r4 + 4`2∂x∂y K0

[r
`

]
,

(52)

where r =
√

x2+ y2. Notice that the kernels in (49) and (50) are derived by replacing x with x − t in
the above relations. Moreover, we note that the classical elasticity kernels are derived from the above
equations by neglecting the terms that involve the characteristic length `.
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