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FORMULAS FOR THE H/V RATIO OF RAYLEIGH WAVES IN
COMPRESSIBLE PRESTRESSED HYPERELASTIC HALF-SPACES

PHAM CHI VINH, THANH TUAN TRAN, VU THI NGOC ANH AND LE THI HUE

This paper concerns the propagation of Rayleigh waves in compressible prestressed elastic half-spaces.
The main aim is to derive formulas for the H/V ratio (ellipticity), which is the ratio of the amplitude
of the horizontal displacement to the amplitude of the vertical displacement of Rayleigh waves. First,
the equation for the H/V ratio is obtained using the secular equation and the relation between the H/V
ratio and the Rayleigh wave velocity. Then, formulas for the H/V ratio are derived for a general strain-
energy function. They are then specified for some strain-energy functions. Since the H/V ratio is a good
tool for nondestructively evaluating the prestresses of structures before and during loading, the obtained
formulas will be very useful in practical applications.

1. Introduction

Nowadays, prestressed materials are widely used in many technical applications. Evaluating nondestruc-
tively prestresses of structures before and during loading is necessary and important, and the Rayleigh
wave is a convenient tool for this task; see, for example, [Hirao et al. 1981; Delsanto and Clark 1987;
Makhort et al. 1990; Duquennoy et al. 1999; 2006] (noting that an error in the second paper was corrected
by Song and Fu [2007]). First, a Rayleigh wave is generated (excited) and it propagates in the structure
of which the prestresses are needed to evaluate. Then its velocity is measured. Based on the explicit
secular equations of the Rayleigh wave and the measured values of the Rayleigh wave velocity, an inverse
problem is solved to determine the prestresses. Suppose we have in hand the explicit formulas for the
Rayleigh wave velocity, then the inverse problem will be much simpler if it is solved by using them,
instead of using the secular equations.

As shown recently by M. Junge and Jacobs [Junge et al. 2006], the H/V ratio is more sensitive to
the state of stress than the Rayleigh velocity, and, further, in contrast to the Rayleigh velocity, it is
reference-free, so the H/V ratio of Rayleigh waves is a more convenient tool than the Rayleigh wave
velocity for characterizing the state of stress. When using the H/V ratio, the explicit H/V ratio equations
are employed as a mathematical base for extracting the prestresses from measured values of the H/V
ratio. The inverse problem will become much simpler if its formulation is based on the explicit H/V
ratio formulas. While the explicit secular equation [Dowaikh and Ogden 1991] and the explicit exact
formulas for the velocity [Vinh 2011] of Rayleigh waves propagating in compressible prestressed elastic
half-spaces have been found, no explicit equations and explicit exact formulas for the H/V ratio have
appeared in the literature so far.

The main aim of this paper is to derive the explicit exact H/V ratio formulas for compressible pre-
stressed elastic half-spaces. First, the H/V ratio equation is established by using the secular equation and

Keywords: Rayleigh waves, prestressed half-spaces, H/V ratio, H/V ratio formulas.
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the relation between the H/V ratio and the Rayleigh wave velocity. This relation is obtained by using
the surface impedance matrix of Rayleigh waves propagating in compressible prestressed half-spaces.
Solving analytically the H/V ratio equation, we arrive at the explicit exact H/V ratio formulas which are
valid for a general strain-energy function. They are then written down for some specific strain-energy
functions. These obtained formulas express directly the H/V ratio in terms of material parameters and
prestresses. Since the obtained H/V ratio formulas are totally explicit, they will be a powerful tool for
evaluating the prestresses appearing in structures before and during loading.

It is worth noting that the H/V ratio is an important quantity which reflects fundamental properties of
the elastic material [Malischewsky and Scherbaum 2004]. Therefore, it can be used for the nondestructive
evaluation of the elastic constants of the material as well.

2. Equations for the H/V ratio

Relation between the H|V ratio and the Rayleigh wave velocity. Consider a Rayleigh wave propagating
in an elastic half-space x, > 0 with velocity ¢ > 0, wave number k > 0O in the x;-direction, and decaying
in the x;-direction. Then, the displacement vector # and the traction vector ¢ at the planes x, = constant
of the Rayleigh wave are of the form

u=U(y)e*=D ¢ =ikE(y)e =Dy =kx,. (1)

Matrix M is called the surface impedance matrix of the Rayleigh wave if it relates the vectors U (0) and
2 (0) by the equality [Ingebrigtsen and Tonning 1969; Chadwick and Smith 1977; Barnett and Lothe
1985; Fu and Mielke 2002; Destrade and Fu 2006]

2(0)=iMU (). 2)

It is well-known that matrix M is Hermitian and it is an important tool for studying the existence and
uniqueness of Rayleigh waves in generally anisotropic solids [Barnett and Lothe 1985].

Let the half-space x; > 0 be a compressible prestressed isotropic elastic half-space that is assumed to be
deformed from the unstressed half-space X, > 0 by application of a pure homogeneous strain of the form

x1=MX1, xp=MXp, x3=2A3X3, A;=constant, i=1,2,3, 3)

where A; > 0 are the principal stretches of the deformation. In the deformed configuration, the elastic
half-space is characterized by the fourth-order elasticity tensor A;ji; defined as [Dowaikh and Ogden
1991; Vinh 2011; Ogden 1984; Fu and Ogden 2001]

W
JA:ii: =ik ,
T 9600
JAyy = | i OW/9hi =4, OW /%)) AT/ GF =23 (0 j, ki #A)), @
l lj - . .
%(Aiiii_Aiijj'F)\iaW/a)\i) (i #j, hi = 1)),

W .,
JAijji = JAjiij = J Aijij = hizo= (G # ),
4

for i, j € {1, 2,3}, J = A1A2A3, and where W = W (A1, A2, A3) is the strain-energy function per unit
volume in the unstressed state, all other components being zero. For simplicity we introduce the following
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notations:
an =JAnn, axn=JA»», oan=JA112,

vi=JApn, wv=JAn, vi=JAun. )

From the strong-ellipticity condition, «;;, y; are required to satisfy the inequalities [Dowaikh and Ogden
1991; Ogden 1984]

a;p >0, an>0, y1>0, y»=>0. (6)

According to Dowaikh and Ogden [1991] and Vinh [2011], the Rayleigh wave is a two-component surface
wave: U = [U; U3]T, X =[X; £,]”. The surface impedance matrix M is therefore a 2 x 2 matrix

M Mp+iM
M=l . 1.1 12+iMj; ’ %)
My —iM M»

where M1, M»;, M, M 12 € R. According to Fu and Mielke [2002, (4.2)—(4.4) and (5.4)],

X N
My =My, |22 [ =2 g, =0, ()
o Vo —X

where X = pc? and p is the mass density at the unstrained state. It has been shown that [Vinh and Seriani
2009; Vinh 2011], if a Rayleigh wave exists, then

0 < X < min{ay1, 11} (©)]

Suppose that the half-space is free of traction, i.e., X(0) = 0. Then, from (2), (7), and the second part of

(8) we have
U 0) . . U1(0)

—_— Mp=0, —iM
11 U,0) +iMj2 IM12 U>(0)

+ M» =0. (10)

These two equations give immediately

2
|:U1(0)] :_Mzz (11

U»(0) My

By « we denote the H/V ratio: k = |U(0)/U,(0)|. From (6), the first part of (8), (9), and (11) it follows
that

K° = LA —

2 Jan [n—X 12
Vo —X' (12)

This is the relation between the H/V ratio and the Rayleigh wave velocity.

Secular equation. According to Dowaikh and Ogden [1991], Fu and Mielke [2002], and Vinh [2011],
the secular equation of Rayleigh waves propagating in the x;-direction and decaying in the x;-direction
is given by

Vralem(an = X) —abl | A5 4 o an = X) — i1 = 0. (13)
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Equation for the H/V ratio. From (12) it follows that

_ 4
X — o22Y1 alleK (14)
w22 — V2K
Introducing (12) and (14) into (13) yields the H/V ratio equation, namely,
(1—d)yw’+ (1 —ad)w? +b0(d —Nw+b0*a—1)=0, w=x«?e(0,+00), (15)
where the dimensionless parameters a, b, d, and 0 are defined as
2 2
a=1-L  p=f2 5y %2 N (16)
Yiy2 Yir2 011022 o]
It is clear from (16) and (6) that
a<l(@=1wheny,=0), d<ld=1whena;;=0), b>0, 6=>0. (17)

As (15) has no positive roots for the case d = a = 1 (& a2 = v, = 0), we consider three remaining
possibilities: d < l,a< 1l;d=1,a<1;d <1,a=1.
Whend < 1,a <1 (& a2 #0, v, #0), (15) can be rewritten as

f(w) = w3+a2w2+alw+a0=0, (18)
where the coefficients a; of (18) are given by
_1—ab

bo*(1 —a) bo (O —d)
=, a) = —7, a) = . (19)
d—1 d—1 1—-d
Forthecasesd <1, a=1(ap #0,y,=0andd=1,a <1 (& a;p =0, y, #0), (15) is respectively
equivalent to

ag

(1—d)w?+ (1 —0)w+bo(d —0) =0, (20)
and
(1 —af)w* +bo(1 —O)w +bo*@—1) = 0. (21)

The existence of solution of the H[V ratio equations. Because w = /a2 /y> when y; = a1 (6 = 1),
according to (12), in the rest of the paper we assume that y; # a1y (6 # 1). Now we introduce the squared
dimensionless Rayleigh wave velocity defined as x = X /y;. From (9) it follows that

O<x<1if0<f8<1, O<x<1/0if 6>1. (22)

In terms of x, the relation (12) is of the form

1—x
w=x/1§9,/m. 23)

It is not difficult to verify that:

(i) The mapping defined by (23) is 1-1.

(1) f0<6 <1,23) maps x € (0, 1) tow € (0, \/59).
(iii) If @ > 1, (23) maps x € (0, 1/6) to w € (+/b 6, +00).
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By w, we denote a solution of H/V equations which belongs to interval (0, +/60) if 0 <6 < 1 and
belongs to interval (v/b, +00) if @ > 1. It also called a solution corresponding to a Rayleigh wave.

Since the mapping (23) is 1-1 as mentioned above, it follows that (15) has a solution if and only if
(13) does as well. From this fact and [Vinh 2011, Propositions 3 and 6] (see also [Dowaikh and Ogden
1991, Equations (5.19), (5.33), and (5.34)]) we have immediately the following results:

Proposition 1. Suppose thatd <1,a <1and0 > 0,0 # 1, b > 0. Then, (18) has a unique root w, if
a+~bd >0, (24)

otherwise, it has no solution corresponding to a Rayleigh wave.

Proposition 2. Letd <1and6 > 0,0 #1,b > 0:

@ If
0—d>0, 1+~bd>0, (25)
then (20) has a unique root wy.

(i1) If (25) is not valid, then (20) has no root corresponding to a Rayleigh wave.
Applying Proposition 2 for d :=a, 6 :=1/0, b :=1/b, and w := 1/w we have:
Proposition 3. Leta <1and09 > 0,0 #1,b > 0:
M If
1—ab >0, a++vb>0, (26)

then (21) has a unique root w,.

(2) If (26) is not valid, then (21) has no root corresponding to a Rayleigh wave.

Proposition 4. Supposed < 1,a < 1,0 > 0,0 %1, b > 0, and (24) holds. If (18) has two or three
distinct real roots, then its w, is the largest root.

Proof. Letd <1,a<1,0>0,0 #1,b >0, and (24) holds. If (18) has two or three distinct real roots,
then the equation f’(w) = 0 has two distinct roots, denoted by wmax and wpin, so that either:

(2) Wmax < Wmin <0, or

(b) Wmax < 0 < Wyin due to Wmax + Wmin = —%az <0 for 0 <6 <1 and wpaxWmin = %al <0 forf > 1.

If (a) holds, since f(w) is strictly monotonically increasing in (0, 400), f(0) <0 and f(4+00) = 400,
the equation f(w) = 0 has a unique root in (0, +00) and it is w,. If (b) is valid, then f(wmin) < O
because f(w) is strictly monotonically decreasing in (Wmax, Wmin) and f(0) < 0. As f(w) is strictly
monotonically increasing in (Wmin, +00), f(Wmin) <0, and f (+00) = +o00, therefore equation f(w) =0
has a unique root in (W, +00), so it is a unique root in (0, +00) and it is w,. That means w, is the
largest root. U
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3. Formulas for the H/V ratio for a general strain-energy function

Theorem 5. If there exists a (unique) Rayleigh wave propagating along the x,-direction, and attenuat-
ing in the xy-direction in a compressible isotropic elastic half-space subject to a homogeneous initial
deformation (Equation (3)), then its squared H/V ratio «? is determined as follows:

() Ifd <1,a <1 (ie,ajs #0, y. #0), then
(a3 —3ay)
9WR+D

where each radical is understood as the complex root taking its principal value; R and D are given
by

k?=—ta +VR+VD+ 27)

R= 5i4(9ala2 —27ag — 2a;), D= ﬁ(4a0a§ — alzag — 18apaa, + 27a3 +4a%), (28)

where ag, ay, and ay are determined by (19).
) Ifd <1l,a=1 (ie.,, a1 #0, y =0), then

_ —0)2 _ _
N 14/ (1—6)2+4b0(6 — d)(1 d). (29)
2(1—d)

(i) Ifd=1,a <1 (i.e., 012 =0, y, #0), then

2 bOO — 1)+ b0/b(1 —0)2+4(1—a)(1 —ab)
© = 2(1—ah) '

(30)

Proof.

(i): Supposed <1,a<1,(0 >0,0 #1, b > 0) and (24) holds. According to Proposition 1, a unique
Rayleigh wave can propagate in the half-space, and its H/V ratio is a root of (18). Let z = w + %az, then
in terms of z (18) takes the form
2 —=3¢°z+r =0, (31)
where
r=-2R, ¢°=35(a3—3a). (32)

According to the theory of cubic equations, three roots z; (k =1, 2, 3) of (31) are calculated by [Cowles
and Thompson 1947]

2=S+T, 2=—3S+D)+5ivV3(S-T), z=-3S+T)-3v3S-T), (33)
where
S=vVR+~+D, T=vVR—-vD, D=R*+0° 0=-¢ (34)
In relation to (34), we emphasize two points:
» The cube root of a negative real number is taken as the real negative root.

o If, in the expression S, R 4+ +/D is complex, the phase angle in T is taken as the negative of the
phase angle in S so that T = S*, where S* is the complex conjugate of S.

Remark 6. < If D > 0, then (31) has one real root and two complex conjugate roots.
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o If D =0, this equation has three real roots, at least two of which are equal.

e If D < 0, it has three real distinct roots.

Let z, = %ag + w,, then z, is a real root of (31) and if (31) has two or three real roots, z, is the largest
real root, according to Proposition 4. We will show that z, is given by

2

@ =VRIVD+——L (3)
VR+D
where each radical is understood as a complex root taking its principal value, R and D are calculated by

(28), and q2 is given by (32),. Then (27) is derived directly from (35) taking into account w, = — %(12 +z,.
In order to prove (35) we consider the distinct cases dependent on the values of D:

e If D > 0, according to Remark 6, (31) has a unique real root, which is z,, calculated by (33);; in
particular,

2 =vVR+~D+VR—D, (36)

in which the radicals are understood as real. To prove (35) we have to show that the right-hand
side of (36), in which the radicals are understood as real, coincides with the right-hand side of (35),
where each radical is understood as complex taking its principal value. Since

2
JR-VD=—-L__ (37)
VR+~D

this will be proved if we show that R + VD > 0. Note that, because (31) has a unique real root,
(18) must have a unique real root. To prove R ++/D > 0, we examine the distinct cases dependent
on the values of A’ = a% — 3ay, the discriminant of f/(w) = 0:

- If A’ <0, then f(w) is strictly monotonically increasing in (—oo, +00) and 0 < 6 < 1 because
if0 >1(>d)=a; <0= A’ > 0. By wy we denote the abscissa of the point of inflexion N
of the cubic curve y = f(w), then wy = —%az < 0 because ap > 0 (noting that 0 < 6 < 1).
This fact along with f(0) = ap < 0 and the strictly increasing monotonousness of f(w) lead to
f(wy) <0. Since r = f(wy) it follows r < 0, or equivalently R > 0. This gives R + VD > 0.

- If A’ >0, f'(w) = 0 has two distinct roots, wyax and wmyi,, and either wyax < Wpin < 0 or
Wmax < 0 < wpiy (see the proof of Proposition 4). In both cases we always have that f(wpi) <0,
as shown in the proof of Proposition 4. As (18) has a unique real root as addressed above,
f (Wmax) f (Wmin) > 0, otherwise it has two or three real roots; consequently, f(wmax) < 0. This
and f(wmpin) < 0 provides r = f(wy) < 0= R = —r/2 > 0; therefore we have R + VD > 0.

» If D =0, analogously as above, one can see that r < 0, and consequently R > 0. When D =0 we
have R2=—-0%=¢% (¢ >0) = R=¢> = r =—2R=—-2¢>, 50 (31) becomes z°> —3¢%z—2¢>=0
whose roots are z; = 2¢q, 7o = —q (double root). This says z, = 2¢, since it is the largest root. With
the help of ¢ > 0 and D =0 it is easy to see that z, calculated by (35) is 2¢.

e If D <0, according to Remark 6, (31) has three distinct real roots, and z, is the largest one according
to Proposition 4. Using the arguments presented in [Vinh and Ogden 2004, p. 255], one can verify
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that in this case the largest real root of (31) is

2 =vVR+~D+VR—D, (38)

in which each radical is understood as a complex root taking its principal value. By 30 we denote
the phase angle of R 4+i+/—D. Then, it is not difficult to prove that

VR+~vD=qe®, VR—VD=gqe ", (39)

where radicals are understood as complex roots taking their principal value. From (39) we have
immediately (37) and then (35) by taking into account (38).

(ii), (iii): Letd <1,a=1 (and 6 > 0, 6 # 1). According to Proposition 2, a Rayleigh wave can propagate
in the half-space if and only if (25) holds, and the H/V ratio is computed by (20). It is easy to see that
with (25), Equation (20) has two distinct real roots w; and w; so that w; < 0 < w;, wy = w,, and w, is
calculated by (29). Equation (30) is proved analogously. ]

4. Formulas for the H/V ratio for specific strain-energy functions

4.1. Neo-Hookean material. For the neo-Hookean material, the strain-energy function is of the form
[Roxburgh and Ogden 1994]

W =203 + 23 + 135 — 3 —2In(A12223)), (40)

where u is a Lame coefficient and A; (i = 1, 3) are the principal stretches of the deformation. From (5),
(4), and (40) we have

o =pOi+D, anp=pAi+D, n=pri, »=ur3 wn=un aop=0 @)
In this case, a1y =0, y, = u # 0; therefore, the H/V ratio equation is of the form (21) with

1 _(A4+ADHA+2) o A7
a2 T 2222 AR
17*2 172 1

(42)

a=1

and according to Theorem 5 (iii), the squared H/V ratio is calculated by (30). Introducing (42) into (30)

yields
kK2 =1V 1+4/25 - D). (43)

The necessary and sufficient condition for a (unique) Rayleigh wave to exist in this case, according to
Proposition 3, (26), is

1 NA+ADA+23
A3 AiA2

) 0. (44)

Figure 1, left, shows the existence domain of Rayleigh waves (shaded) in the space of A; and A, and
some contour lines of the squared H/V ratio in this domain. They are horizontal lines parallel to A; axis
since the H/V ratio depends only on A; in this case. The right figure shows the graph of the squared
H/V ratio as a function of A,. The graph is decreasing and asymptotes to both axes. That means there is
no horizontal vibration on the surface, when the material is stretched remarkably along the x,-direction.
And there is no vertical vibration when the material is significantly squeezed along the x,-direction.



FORMULAS FOR THE H/V RATIO OF RAYLEIGH WAVES IN COMPRESSIBLE HALF-SPACES 255

compressible neo-Hookean material compressible neo-Hookean material
4F ,

10
0.07 0.0 0.07—
3.5+
8,
3l o o
25 6l
S 2 ) 2 02— e
15 4
o 0.5
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2,
0.5+
0 L L ) b L b il L T
0 1 2 3 4 00 1 2 3 4
)»1 )‘2

Figure 1. Left: some contours of the squared H/V ratio in the space of A; and X, for
the neo-Hookean material. The shaded area is the domain where a Rayleigh wave is
possible. Right: the dependence of the squared H/V ratio on A;.

4.2. Varga material. The strain-energy function for this material is [Roxburgh and Ogden 1994]
W = (A1 + A2 + A3 — 3 —In(A1A243)). (45)

From (5), (4), and (45) we have

2

A3 e Ao
= U, = U, = , =, = 1 - . == 0 46
an=pm, A=W, Y PR V2 PR Ve = a2 (46)

Substituting (46) into (16) gives

it - AA2)? b (A1 +12)? M

a=1 , , = .
A3 ATAS M+ 2o

(47)

Similar to the neo-Hookean material, 1 = 0 and y, 7~ 0 except at points where 1 — AjAp/ (A1 + Ap) =0.
As noted in Section 2, at these points a Rayleigh wave is impossible due to «1» = y, = 0. According to
Theorem 5 (iii), the squared H/V ratio is determined by (30). Introducing (47) into (30) yields

K2:

1 Mtha=A ) 4t kPG — kR 4Qath ikl
201+ X+ A3 =242 A3(A 4 Ay — A2 A(h 422 —A3) '

The existence condition of Rayleigh waves for this material, according to (26), is
BhAr— (A1 +242) >0, 2xA— (A +A24+23) <O. (49)

The H/V ratio for this case is a function of two variables: A and A,. Figure 2 shows some contour lines
with different values of the squared H/V ratio computed by (48) in the (shaded) domain of variables
A1 and A, where a Rayleigh wave is possible. The left-lower dotted line represents the condition (49);,
and the right-upper one shows the condition (49),. The H/V ratio increases and approaches infinity at
the upper boundary line since the denominator of (48) goes to zero. The thick curve is the collection of
points 1 — A1A2/(A; + X2) = 0, where a Rayleigh wave is impossible, as mentioned above. The H/V
ratio reduces to zero at points approaching to this curve. This could be seen from (48) by letting 1| 4 A,
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compressible Varga material

/

0 1 2 3 4
Figure 2. Some contour lines with different values of the squared H/V ratio in the space
of A1 and A, for the Varga material.

compressible Varga material (A, = 1) compressible Varga material (A, = 1)
20— : : 2 : : ;
15 1.5
oL 10} L
5 0.5
%05 1 15 2 % 4
)\.1 )\2

Figure 3. The squared H/V ratio as a function of A; with A, =1 (left) and of A, with
A1 =1 (right) for the Varga material.

20 to A1)y Therefore, the H/V ratio could vary from 0% to infinity for A1 and A,, varying between the
thick curve and the right-upper boundary curve.

Figure 3 shows the dependence of the squared H/V ratio on A; (left) and A, (right) when the other
A is fixed and equals 1, i.e., there is no stretch in the other direction. When A, = 1, A; varies from 0.5
to 2, and the squared H/V ratio increases from 0.5 to infinity. This means there are no vertical vibrations
of particles on the surface when the material is stretched along the x-direction by a factor of nearly 2.
When 1| =1, A, varies from 0.5 to infinity, and the squared H/V ratio decreases from 2 to 0.

4.3. Blatz—Ko material. The strain-energy function of this material is [Roxburgh and Ogden 1994]
W= Iu 2+ 2,7+ 237+ 2x1hks = 5). (50)
From (5), (4), and (50) we have

3u _3u s e
3 aZZ—Fa Y=
1 2

ajp =



FORMULAS FOR THE H/V RATIO OF RAYLEIGH WAVES IN COMPRESSIBLE HALF-SPACES 257
compressible Blatz—Ko material
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Figure 4. Several contour lines of the squared H/V ratio in the space of A; and A, with

A3 = 1 for the Blatz—Ko material.

1 1
V*=M(—2+—2—M?»2)»3), a2 = UA1A2A3. (51
AT A

Consider A3 = 1. It is clear from (51) that a1 # 0 (< d < 1) for this case. Hence, the H/V ratio equation
is the cubic equation (15) with

a=1- )LI+E—X2A22 b=9, d=1-1r123 e—ﬁ (52)
Ay A 172 ) ' 97172 3)\%'
Ify, #0 (< a < 1),1e,
1
—+ 5 —MAa#O, (53)
2 2
AA
then by Theorem 5 (i), the squared H/V ratio «? is given by (27) and (28) with
o] ! ! [1 A2A2(1+1 /\A>2}
a=9{—————|1-— —+ = — ,
2T ST 328 A VE Y
(54)
3( 3+9'\% Azxﬁ) 9K%(1+1 A ]
ar= |- 3 MM =TT\ 3T A
Ay Aq Ay \AT A,
and the existence condition of Rayleigh waves, according to Proposition 1, (24), is
1,444 2,2( 1 1 ’
4=3hiry =2 s+ 5 Mk ) >0 (53)
1 2

It could be easily checked from the equation of the H/V ratio (18) that the squared H/V ratio takes value
V/bO when either & = 1 or a + +/bd = 0. Therefore, the squared H/V ratio goes to +/b0 at the boundary
of the existence domain of Rayleigh waves given in (55).

Figure 4 shows some contour lines of the squared H/V ratio on the (shaded) domain of A; and X,,
defined by the condition (55), where a Rayleigh wave can exist. The two dotted lines are expressed by
the equations Ay /Ay =2+ V3 and M/ =2— /3, and in the domain located between them the strong
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compressible Blatz—Ko material compressible Blatz—Ko material

12

Figure 5. The squared H/V ratio (continuous line) and the quantity /56 (dotted line)
as a function of A; (left) and A, (right) with A3 = 1 for the Blatz—Ko material.

ellipticity condition stated by Roxburgh and Ogden [1994] is satisfied. The existence domain of Rayleigh
waves is a subset of this domain.

When y, =0, i.e., the left-hand side of (53) equals zero, for a Rayleigh wave to exist, A; and A, must
satisfy the two conditions (25) given in Proposition 2. The thick continuous curve in the shaded area in
Figure 4 shows the set of points which do not satisfy the first condition. The two end-points of this thick
curve are (A1, Ao) = (0.8223, 2.0770) and (1.3450, 1.0657). A Rayleigh wave is impossible on this curve.

The left figure in Figure 5 shows the dependence of k% on A for two fixed values of 1, = 0.75 and
A2 = 1 plotted by continuous curves. The dotted curves show the value of +/b8, which is A% /k% in this
case. This value is mentioned in Section 2 as the separation of two ranges of x> depending on if 6 is
less than or greater than one. When A, = (.75, for a Rayleigh wave to exist, it is deduced from (55) that
0.51 < X1 < 2.48. The two end-points are denoted by A and B. The continuous curve and the dotted
curve meet each other at these end-points because the squared H/V ratio goes to /b0 at the boundary of
the existence domain of Rayleigh waves, as mentioned above. These two curves cross at point C at which
6 = 1. One can see that the phase velocity x < 1 and the squared H/V ratio 2 < +/b0 in the segment
AC,and x < 1/6, k2 > +/bB in the segment CB. When A, = 1, the possible range of 1; is (0.57, 1.78)
and 0 < 1 in this range, therefore k2 < +/b6. The right figure in Figure 5 shows the dependence of k2 on
A for two fixed values of A; =1 and A; = 1.5 with the same description as the left figure. When A; =1,
there is an undefined point of the H/V ratio at A, = 1.465. This is a point of the thick curve shown in
Figure 4 where the H/V ratio does not exist.

4.4. Foam rubber strain-energy function. According to Murphy and Destrade [2009], in the plane-
strain A3 = 1, the foam rubbers are well-characterized by the strain-energy function
W=3n(1-24 @2 ), (56)
where
I=24+23 J=Mmh, ra=2"" 0<e<l. (57)

From (5), (4) and (56), (57) it is not difficult to verify that
arr = pafll+ /e = DA, am = Qu/e)i Y,

an=1-ean, y=pr, p= w\f(e_l), Y« =Y2. (58)
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Figure 6. Some contour lines of 2 in the possible domain of A; and € (left). The
dependence of the squared H/V ratio k2 on € € (0, 1) for the foam rubber material
(right).

By using (16), (19) along with (58), the H/V ratio equation for this material is (18) with
1 3—2¢ 1
—_——, 4=, a=—7.
(I—e? T -2 7T (-e2

As 0 < e < 1and Ay > 0itis clear from (58) that ¢;p > 0 (= d < 1) and y, > 0 (= a < 1). According
to Theorem 5 (i), k2 is calculated by (27) in which g is given by (59), and R, D are given by (28); in
particular,

o= (59)

(3¢ —2)(9¢” —36€* 4 51€ — 26)

R ,
54(1 —€)®
) 5 (60)
o (2 —€)2(32¢3 — 107€2 + 124€ — 44)
N 108(1 —¢)8 '

It is interesting that H/V ratio depends only on €, it does not depend on ;. The condition for a Rayleigh
wave to exist according to Proposition 1 is

2(e—2
| 2en g5l + AP E - 26)
: Ve+2X 22—
1
The left figure in Figure 6 shows the existence domain of Rayleigh waves in the space of € and A4

(shaded) and some contour lines of «2 in this domain. Since «? is a function of ¢ only, these contour

lines are horizontal. The right figure in Figure 6 shows the value of x> depending on the whole range of
€ from O to 1.

(61)

5. Conclusions

In this paper, the relation between the H/V ratio and the velocity of Rayleigh waves propagating in
a compressible prestressed elastic half-space is established. Based on it and the secular equation, the
equation determining the H/V ratio is obtained. Then, the exact H/V ratio formulas have been derived
by solving analytically the H/V ratio equation. These formulas are valid for a general strain-energy
function. Some particular strain-energy functions are employed to specify these formulas. Since the
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H/V ratio is a convenient tool for nondestructively evaluating the prestresses of structures before and
during loading, the obtained formulas will be very useful in practical applications.
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GEOMETRICAL NONLINEAR DYNAMIC ANALYSIS OF TENSEGRITY
SYSTEMS VIA THE COROTATIONAL FORMULATION

XIAODONG FENG

An efficient finite element formulation is presented for geometrical nonlinear dynamic analysis of tenseg-
rity systems based on the corotational formulation. In this method, large displacement of a space rod
element is decomposed into a rigid body motion in the global coordinate system and a pure small de-
formation in the local coordinate system. A new form of tangent stiffness matrix, including both static
and dynamic stages, is derived based on the proposed approach. The Newmark constant acceleration
method in conjunction with modified Newton—Raphson method is employed to solve the nonlinear dy-
namic equation of motion. A five-module quadruplex tensegrity beam is given as the numerical example
to illustrate the validity and efficiency of the proposed algorithm for geometrical nonlinear dynamic
analysis of tensegrity structures.

1. Introduction

Research into active structures has been at the forefront of aerospace, biological, civil and mechanical
engineering for recent years [Domer and Smith 2005; Ziegler 2005; Korkmaz 2011; Luo et al. 2008;
Paul et al. 2006; Rovira and Tur 2009]. Advances in theory and practice of active structural control
have changed the general perception of structures. Upon integration of active components, structures
become dynamic objects capable of interacting with their environments. Increasingly, the ability to adapt
to performance demands and environmental conditions has become key design criteria for a range of
structural and mechanical systems. Among many structural topologies, the tensegrity might be the most
promising actively controlled structures for its large motion amplitude and high strength-to-mass ratio
[Adam and Smith 2008; Masic and Skelton 2006; Raja and Narayanan 2007; Sultan and Skelton 2003;
Wroldsen et al. 2009; Skelton et al. 2014]. A fundamental aspect of tensegrities is the stress unilateral
property of the compression: cables and struts must be under tension and compression, respectively.
That is to say, the cables will be slacking when compressive loads are applied, which makes tensegrity
systems flexible and easily controllable using small amounts of energy [Tibert and Pellegrino 2003; Juan
and Tur 2008]. Another main requirement for a structure to be categorized as a tensegrity structure is
that its initial pre-stressed configuration must be in stable equilibrium in absence of external forces, and
which to a high degree decides the response properties, e.g. the stiffness to external loading. The design
of a tensegrity structure thereby has to include these aspects in addition to the definition of a special
geometry.

A complete analysis of the tensegrity structures comprises two parts. The first one is the evaluation of
pre-stressed configurations, known as form-finding, which has been and is currently object of extensive
research [Tibert and Pellegrino 2003]. The second part is the investigation of behavior under external

Keywords: geometric nonlinear, dynamic analysis, tensegrity systems, corotational formulation, space rod element.
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loads. In the literature, the form-finding step has been widely studied by different approaches [Barnes
1999; Xu and Luo 2010; Chen et al. 2012; Tran and Lee 2010; Koohestani and Guest 2013; Lee and
Lee 2014; Feng and Guo 2015; Zhang et al. 2014]. On the other hand, however, the structure analysis
step for nonlinear behavior, especially in the regime of large displacement, is still a difficult issue for
structural engineers since tensegrities are in general both kinematically and statically indeterminate. Nev-
ertheless, as is known to all, the total Lagrangian (TL) approach and update Lagrangian (UL) approach
have been used widely for large-displacement analysis. Kebiche et al. [1999] performed a geometrical,
nonlinear, elastic analysis for a basic quadruplex module (four-strut tensegrity prism) subjected to axial,
flexural and torsional loads and a multi-cell beam under traction based on TL approach. Kebiche and
Kahla [2000] developed nonlinear elasto-plastic investigations of a five quadruplex module tensegrity
system based on an UL formulation. Murakami [2001] analyzed static and dynamic characteristics of
tensegrity structure using both Eulerian and Lagrangian formulations of large-displacement kinematics
and kinetics. The modal analysis performed by Murakmi indicated that the tensegrity had low natural
frequency modes like thin members and it can be regarded as a typically flexible structure which usually
has a complicated nonlinear behavior. Recently, Tran and Lee [2011] performed geometric and material
analysis of tensegrity structures based on both total and updated Lagrangian formulations, and the updated
Lagrangian formulation was recommended for large deflection analysis. Oliveto and Sivaselvan [2011]
studied dynamic properties of tensegrity structures using a complementarity framework in the small
displacement regime.

Lately, an alternative and more attractive approach, known as the corotational (CR) method, was
proposed to investigate nonlinear behavior of tensegrity structures. Several researchers have proved that
the CR formulation is computational more convenient and efficient for large-displacement and small-
strain problems [Crisfield and Moita 1996; Felippa and Haugen 2005; Zhang et al. 2013; Zhang et al.
2015]. Relative literatures also demonstrated that the CR formulation offers exceptional benefits for an
element which has more rigid body modes than deformational modes in a static analysis [Faroughi and
Lee 2014; Feng and Guo 2017; Faroughi et al. 2017]. Because space rod element have five rigid body
modes (three translations and two rotations) and only one deformational mode, i.e. the axial compression
or extension, the CR formulation seems more attractive for the investigation of dynamic behavior of
tensegrity systems. Although dynamic analysis of structural components (e.g. beam and membrane) have
been performed successfully by the CR method [Le et al. 2011; Le et al. 2012; Eriksson and Faroughi
2013; Faroughi and Eriksson 2017], to our knowledge, dynamic analysis of tensegrity structures via the
CR approach was rarely seen.

The main objective of this paper is to develop a 3D corotational model for geometrical nonlinear
dynamic analysis of tensegrity structures. The CR formulation, which decomposes a large displacement
into a rigid body motion and a pure small deformation, is adapted to achieve the internal force vector,
the static tangent stiffness matrix, the inertial force vector, the mass matrix and the dynamic tangent
stiffness matrix. By means of the CR approach, the space rod element is utilized to model the geometrical
nonlinear dynamic behavior of tensegrity structures in local coordinates. The advantage of the proposed
method is that behaviors of rod elements can be described utilizing engineering strain and stress which
are calculated directly by the small-deformation elastic theory, although geometrical nonlinearity must
be taken into account. The rod element has deformation only along its longitudinal direction (small
strain), this makes the orientation of the 2nd and 3rd axes arbitrary and therefore torsion and bending
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have been ignored in this paper. In the process of analyzing tensegrities at any equilibrium configuration
with and without loads, the slackening constraints of cable elements have been taken into account. It is
assumed that the form-finding procedure has been completed and the self-stress coefficients are known
in advance [Feng and Guo 2015; Feng 2017].

The organization of this paper is as follows: Section 2 presents the derivations of the internal force
vector, the static tangent stiffness matrix, the inertial force vector, the mass matrix and the dynamic
tangent stiffness matrix. In Section 3, the Newmark constant acceleration method in conjunction with
modified Newton—Raphson method are employed to solve the nonlinear dynamic equation of motion.
A numerical example is performed to illustrate the validity and convergence of the proposed approach,
which is presented in Section 4. Finally, some conclusions are summarized.

2. Global corotational formulation

In establishing the stress-strain relation to account for yielding behavior of an axially-loaded rod, the
following assumptions are adopted for tensegrity structures:

o Members are connected by pin joints.

« Struts are elements that carry axial tensile or compressive forces.
 Cables are elements that carry only axial tensile forces.

» The materials are considered to be linear and elastic.

» The tensegrity structures are subjected to external load only at nodes.
» Both local and global buckling of strut element are not considered.

» There are no dissipative forces acting on the system.

2.1. Derivation of the internal force vector. Figure 1 displays a rod finite element with two end nodes
(i, j). As can be seen, there are two coordinate systems. The first one is the global coordinate system
XY Z and the other is the local coordinate system x;, y;, z; that is fixed on and moves with the element.
The initial configuration “ij” goes to the current configuration “i” j””, via a large-rotation and small-
strain motion. The motion can thus be divided into two steps. The first step is a rigid body motion and

x/ 2/

translation from the configuration “ij” to “i’j”” in the global coordinate system XY Z; the second one is
a small-strain deformation from the configuration “i’ j”” to “i” j”””” in the local coordinate system x;y;z; .
Therefore, the transformation relation between local and global coordinate systems needs to be found.
The element nodal coordinates at initial time and time ¢ in the global coordinate system XY Z are
denoted by (°x;, v, %z)), (Oxj, Oyj, OZj), (xi,'yi,'zi), (xj,"yj, 'z;), respectively.
Thus, the global displacement vector is given by

T
d=[ui Vi wi uj vj wj]
T
=[x =% =y 'z="z xi=Ox; fyi=ly; 17,0, M
and the local displacement along the rod element is

Al="1-9], 2)
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Figure 1. Illustration of the corotational method of a space rod element.

where %/ and /[ are the lengths of the rod element at initial time and time ¢, respectively, given by

% = JOxj = xi)2 4 Oy; — O3 + 02 = z)2, 3)

1= \/(Oxj = Oxiduj—u)?+ Oy =i+ v —vi)* + Oz =%z +wj —wi)?. @)
Let ¢y, ¢z and c3 be the cosine angles of the x;-axis with respect to the global coordinate system XY Z:
c]=cosa = (Oxj- — O +uj—u)/'l
ca=cos B ="y = yi+v;—v)/'l ®)
cs=cosy = (z; =z +w; —w)/'l.

Taking the variation of (2) gives
SAl=68"1=tsd, (6)

where
t= [—Cl —Cy) —C3 C] C2 63] . @)
For cable elements, the local nodal internal force vector can be given by

q¢' =0A=EeA, ®)

where A is the cross-sectional area and o is the stress of cables or struts. Engineering strain at time ¢
can be calculated by
e=Al/ + ¢, )
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in which gy is the initial strain determined by pre-stressed or self-stress state.
Introducing (9) into (8), the local internal force vector can be rewritten as

q' = AL+ EAep. (10)

Based on the principle of virtual work, i.e. the internal virtual work is equal in both the local and
global coordinate systems, the relationship between the global nodal internal force vector g4 and local
nodal internal force vector ql is obtained from (12) as

sdTqt = (ADT g = @sd)” = q2 =1 4". (11)

2.2. Derivation of the static tangent stiffness matrix. According to the static equilibrium relationship,
the global tangent stiffness matrix K7 is acquired from

8q8 =Krdéd =Kgbsd+ K¢ éd, (12)

where K ; and K ; denote the material and geometrical tangent stiffness matrices in the global coordinate
system, respectively [Guest 2006].
Taking the variation of (11) gives

8q8 =tT8q" +5t7¢4'. (13)
Taking the variation of the local force vector ql from (9), the first term in (13) can be obtained:

, EA EA

In order to achieve the second term in (13), the variation of ¢ from (7) is computed, results in

l—c] —cica —cic3 c%—l cica cics
—ci10p l—c% —cyc3  Clen c%—l crC3

1 —C1C3 —C2C3 1— C2 Cc1C3 CcyC3 C2 -1 1
stT = — 3 3 8d = —[RR" —(Rr)(Rr)"18d, (15
1] C%—l cic cics l—c% —cicy  —CiC3 ’l[ (Rr)(Rr)"] (15)
cico cg —1 ¢35 —cicp 1-— c% —ChC3

cics cHC3 cg—l —cie3 —cez 1—c3

where matrix R and the vector r are as follows [Faroughi et al. 2015]:

“100100]" el
R=|0-10010| . r=1c!. (16)
00-1001 ¢

Introducing (10) into (13), the comparison between (14)—(15) and (12)—(13) gives the global tangent
stiffness matrix as follows:
EA ; %Al + EAsg

Kr= ot T[RRT — (Rr)(RM)T. (17)
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Y

z

Figure 2. Illustration of the kinetic energy of a space rod element.

2.3. Derivation of the inertial force vector and the mass matrix. Using the notation shown in Figure 2,
the global position can be written as

t
0SS = (x;+uper+ (yi +vi)ex + (z; + wi)es + W(cosa -e1+cosB-ep+cosy -e3), (18)

where e, e, and e3 are the three unit coordinate vectors of the corresponding coordinate axes.
Therefore the global velocity components i, v and w can be achieved from differentiating (18):
. . X . . . . X . . . . X . .
u=1u;+ O_Z(uj —u;), vV=0;+ W(vj —v)), w=w;+ W(wj —w;). (19)
The kinetic energy of a space rod element E (not to be confused with the same symbol used for the
modulus of elasticity) can be obtained as

2

where p represents the density of the rod element.
Transforming (20) into the vector form, gives

E=Lp / A(@? + (0)* + ()?) dl, (20)

l.r—.
E=-u Mu, 21
2

where M is the global mass matrix of the rod element, which can be determined by
M=T"m'T, (22)

where T and m! are the rotational matrix and the local mass matrix of the rod element, given by

T_clczc'gOOO ml_p_AIZI
10 0 0 ¢ e 3|’ T 6 |11
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The inertial force vector g© can be computed from the (21) by employing the Lagrangian equation of

motion, as
- 0] ] :
" =u oul 23)
By substituting (21) into (23), the first term in (23) can be computed as
;’t[aE] Mii + M (24)

Equation (22) indicates that the mass matrix M is a function of ¢y, ¢; and ¢z, which are functions of
time, thus

M=—¢+—é+ —¢s, (25)
where c;, ¢ and c3 are calculated as

dc1 dcl du tlT . . dcz dcz du tzT . . dC3 dC3 du t3
1= = =—u, = —=—=u, 3= =—=u, (26)
dt  dudt 1l dt  du dt 1] dt  du dt 1l
and

T
t1=[c]2—1 cic2  €1¢3 l—c% —ci0 —6103],

T

tzz[clcz C%—l cc3 —ClC) l—cg —0203], (27)
T

t3=[c1C3 crC3 cg—l —cic3 —C)C3 l—cg]

The partial derivates in (25) are calculated as

oM . oTT
— =M, 'T+TTm' — =RTm'T + TTm'R,,
36‘1 acl C1
oM —  aTT T
— =M, =—m'T+T"m' — =RIm'T + T"m'R,, (28)
3C2 802 8C2
oM . oTT T
=M, =—m'T+T"m' —— =RIm'T + T"m'R;,
dcs acs dcs
where ~ _
R — ﬂ . 1 —C1/Cz —C1 /C3 0 0 0
"9 [0 0 0 1 —cifea —cifes]’
oT [— 1 — i
R L |~/ L —efe 000 (29)
dcy | 0 0 0 —co/c; 1 —62/03_
Rx— ﬂ _ -—C3/C1 —C3/C2 1 0 0 0-
Ths | o 0 0 —cfer —c3fer 1]

By substituting (21) into (23), the second term in (23) can be computed as

J0FE Oc J0FE Oc J0FE oc
[8E} 1+——2+ acs

ou 801 ou 9dcr du  dc3 du

1.,0M 1.,0M \to (1_.,0M \t
=(=a"—au ——|— “u—u)-+|\zu —uj-. (30)
27 dcr J'\2T B ) \2 des )1
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Hence, the expression of the inertial force vector can be obtained by substituting (24) and (30) into (23):

E—Mii+1|7d u 8Mu u aMu 111T3Mit s (31)
7 = 2" e ) T \RY s ) T\ st

2.4. Derivation of the dynamic tangent stiffness matrix. The dynamic tangent stiffness matrix K p
can be written as
_ aqg

Dt = ——
ou

agt
t ou

. (32)
t

Differentiating the global nodal internal force vector ¢¢ and the inertial force vector g with respect to
displacement, velocity and acceleration, the static tangent stiffness matrix, mass matrix and gyroscopic
matrix are given as

KT:—q, M:L.., C:L.:M+H_HTv (33)
ou ou ou
where
o oM LM oM LM oM (34)
u u
e tz dco ’l dc3 ’l

To get dg%/du, the derivative of each term of (31) with respect to the displacement is calculated as

e IMii 8M LM oM LM oM i 7 Yoo tr i N 35)
= u u u u )
EX="0u ™ B¢, fz ey fl 3cs fl ety o'y

_ oM oM, [ 1T\ oM. (. tT\ oM, [ tT
Kpo= _ (L e (gl L OMe (B Mo (5
E2= Tou (fl ")( dcr ( tz)+ e, )T e M

oM., [ tI\ M., (.t]\ oM, (.t}
+(fl )( a1 (ufl)+ 9 47 )T e acs \ 1
oM tr oM tr oM tr
3 Cc3 .L Cc3 .i c3 i
+(fz )( 3¢, (ufl)+ ey <"tl>+ 3¢ (u 1))
Y (7 /A1 ) I T( XAl ) rd@/'D
McluuT Eliu MCzuuT ;u c; Ut “om (36)
_ oM fel oM 4!l oM tel
79y . T cl 2 . T Cl - 3
KE’3 < ) tlz ( C2 u> tlZ +\u 3C3 u tlZ
rdMe, \bt] (M, \bt] (M O\ bt
( ) gE +<" o, ) T\M s )
an ttl (oM, \tt] (. OM., )\ tst]
( >f12+u—8c2ufl_2+uac3ufl_2
Tan awl/n aTaM”u 8(t2T/’l) AT 31\76x 8(t3T/tl)‘ 37
ou dcy ou acy ou
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The second derivatives of the mass matrix with respect to ¢y, ¢ and c3 in (35)—(37) are

oM, OR! r 0T 3TT | 7 OR .
=—mT+R m'—+ mR+T ' m'— for i,j=1,2,3 (38)
aCj BCJ' 3Cj 3Cj 3Cj

and
aer/') (0t /ou)'l —t:(3'1/ou)  (9t;/ou)'l — t;t
Ju 2 = 2

for i,j=1,2,3, 39)

where ¢; and ¢ are determined by (27) and (7). Taking into account that c% + c% + c% = 1 and that each
0t;/ou (i =1,2,3)is a6 x 6 matrix, the partials dR; /dc; and 9¢; /du can be given as

AR [0 (3-D/33 (3—1)/c3 0 0 0 40)
der [0 0 0 0 (3—-D/e3 (3-D/a]’

Ry _[(c5—1)/c 0 (5—D/3 0 0 0 1)
der | 0 0 0 (l—c%)/clc% 0 cl(cg—c%)/czq ’

ORs _[(1=c3)/esei ci(cz—cp)/esc; 0 0 0 0} “2)
der | 0 0 0 (1-cd)/esc? ci(3—cd)/cze3 0]

R [(3—-D/c3 0 (3—1)/c3 0 0 0 “3)
dea L O 0 0 (c3—D/c3 0 (5—1/c3]’

AR, [0 (1—c/cic3 cac—cD/cic3 0 0 0 } 44)
dcy |0 0 0 0 (I1-cd)/cic3 c(3—=chH/eici]’

ORs _[aalci—cP/ei; (I=c]/ese; 0 0 0 0 45)
dcr | 0 0 0 cz(c%—cg)/clcg (l—c%)/03c% 0|’

R _[(3—1)/c] (ci—=1)/c3 O 0 0 0 46)
des L O 0 0 (3-1/c; (2-1/c3 0]

AR [0 cs(cz—cD/cicz (1=c3)/cic3 0 0 0 47)
dcs |0 0 0 0 c3(c3—cD/cic3 (1=cd)/eic3]’

& _ _03(0%—05)/0103 0 (l—c%)/czcg 0 0 0 :| 48)
des | 0 0 0 C3(612—C§)/6'1C§ 0 (l—c%)/czcg ’

oo [ o A AN

u 2017 0274-617 C37+C17 —2017 —(C27+C17) —<C37+017) ., (49)
L N S S S O/ g (4 A
T C27+017 2027 C37+027 _(C27+C]7> —2C27 —<C37+027) ., (50)
R A tf il 7"

F C37+617 C37+C27 2C37 —(6’37+C17> —(C37+627> —2C37 . (3D
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Hence, the expression of g /du is achieved by integrating (31) and (35)-(37):
E — — — —
— =Kp=Kg1+Kegr+Kg3. (52)

Substituting (17), (33) and (35)—(37) into (32), the dynamic tangent stiffness matrix can be obtained
as

— — — 4 __ 2 _
Kp=Kr+Kpg+-—M+——C, 53
D T AL 7 (53)
where At denotes the time step.
Once the aforementioned vectors and matrices are acquired, the classical finite element method is

utilized to assemble the global structural dynamic tangent stiffness matrix and mass matrix as

I?D=ZLI?DLT, (54)
M=) LML", (55)

where L is the element connectivity matrix, derived from structural topology and sums extend over all
elements.

3. Nonlinear analysis process
The equation of dynamic equilibrium of tensegrity structures can be written as follows:

g, u,ii) = q™ — ¢ (), (56)

ext

where g%, q

the seismic case is simulated, the external force ¢

accelerationc vector of ground motion.
Discretization of (56) at time ¢ gives

and g8 represent the inertial, external and internal force vectors respectively. Note that if
Xt should be replaced by ¢°*' — Mii,, where ii, is the

gi = qf (w,u, i) +qf ). (57)

Hence
hi=qi:— qteXt =0, (58)

where h; is the equivalent dynamic out of balance forces.
Introducing the predictor-corrector method [Kim and Yong 2001], equation (56) can be solved by
using a Taylor series; thus the term g; ;1 A; can be written as

0qi 1+
ou

qit+At =i t(uz+At —u;) = qi:+ KD,tAu. (59)

Substituting (59) into (57), the expected incremental predictor step can be computed as

Au = KB’lt @A — a7 . (60)
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By using the Newmark-average acceleration method, the updated displacement, velocity and acceler-
ation are calculated:

Ui nr = Us + Au, (61)
. . 3. 1 1 .

Uipnr = U+ Au Zuz + m(”t-i-At —u;) — mut ) (62)
.. 2 .

U Ar = A_ﬂ(utJrAt —U;) — A_tut. (63)

In order that the equivalent dynamic out of balance forces can be approached to zero at each time
step, the updated Newton—Raphson method should be utilized. Therefore, the improvement terms can
be calculated as

Supinr = —K;),I,_FA, hiias, (64)
. 1

Strynr = Eauz-mz, (65)

Sthyynr = A_tzauH-At- (66)

This procedure is then repeated until the value of nodal displacements and the equivalent dynamic out
of balance forces fall below the threshold given as

[Aull g™ — g4l
ax ’ ext
lwrracllz 1lg™l2

K = ) < Tol =107°. (67)

Since slackening is a natural property of cables, the slackening of cable elements is taken into account
in the following manner: the actual length of each cable is calculated and compared to its rest length
within each iteration. If the rest length is longer than the actual length, the cable is assumed to be slack.
Accordingly, its stiffness is not considered in the global structural system, and its axial force is set to
Zero.

4. Illustrative example

A five-module tensegrity beam (Figure 3; modules numbered M1 to M5) analyzed in [Kahla and Kebiche
2000] and [Tran and Lee 2011] is used to illustrate the proposed method. Eight infinitesimal mechanisms
and nine independent self-stress modes are determined based on the rank deficiency equilibrium matrix
for the tensegrity beam. In order to eliminate all the infinitesimal mechanisms, this tensegrity beam
should be in the feasible self-stress mode which is a linear combination of the above nine independent self-
stress modes [Tran and Lee 2010]. The initial self-stress coefficients of the structure can be determined
by the mature form-finding methods [Tibert and Pellegrino 2003; Feng and Guo 2015]. Table 1 gives
the initial self-stress values and material properties of the five-module quadruplex tensegrity beam.
Before observing the dynamic properties of the tensegrity beam under different seismic excitations, the
modal analysis is performed as to give an intuitionistic knowledge of the natural vibration characteristics
of this structure. Table 2 gives the first eight natural frequencies of the tensegrity beam modal. It is
apparent that the structural natural frequencies are gradually increasing. Isometric views of the first
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Figure 3. Geometry of a five-module quadruplex tensegrity beam: top view and per-
spective view.

El ¢ Cat Stress/KN for module # Cross Modulus
ement - Lategory 1 2 3 4 5  section/cm®  /GPa
1 3.889 3.753 3.723 3.679 3.719
2 Lower 6.870 6.517 6.552 6.559 6.963 0.280 20
3 cables  3.700 7.253 6.875 6913 6.913 :
4 7253 6.875 6913 6913 3.705
5 5.173  4.639 4.681 6.875 5.180
6 Upper  5.158 5.040 5.053 5.040 5.180 0.280 20
7 cables  5.129 4.639 4.681 4.639 5.180 :
8 5250 5.084 5.095 5.084 5.180
9 5262 5.084 5.095 5.084 5.180
10 Bracing  4.950 4.459 4.483% 4.671 5.180 0.280 20
11 cables  5.158 4.639 4.681 4.639 5.180 '
12 5233  5.158 5312 5296 5.477
13 —9.063 -8.472 -8.514 -8.472 -9.041
14 —9.063 -8.472 -8.514 -8.472 -8.971
2 2
15 SUUS o 063 -8.780 -8.776 -8.780 -8.971 200 00
16 —8.934 -8.034 -8.108 —8.034 —-8.971

Table 1. Initial self-stress values and material properties of the five-module quadruplex
tensegrity beam.
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Mode 1 2 3 4 5 6 7 8 9 10
Frequency (Hz) 2.7 5.8 12.0 14.8 18.1 21.1 289 36.5 459 625

Table 2. Natural frequencies of the quadruplex unit modal (first eight modes).

four mode shapes are displayed in Figure 4, indicating that the lower order mode shapes are almost
symmetrical or anti-symmetrical, while the higher order modes that involve synchronous and asynchro-
nous deformation of adjacent modules can not be identified clearly. This might be explained by the
asymmetry of the structure, i.e. the basic module and the placements of the boundary supports are not
perfectly symmetrical.

Figure 4. Mode shapes of the first four natural frequencies. Top: Mode 1 (twisting) and
Mode 2 (bending). Bottom: Mode 3 (bending) and Mode 4 (higher-order).

To compare the dynamic responses of the tensegrity beam under different seismic excitations, the El
Centro and the Taft earthquake data (Figure 5) is employed. The sampling time and time step size are
taken as 20s and 0.02 s, respectively. Figure 6 plots the time history response curves of typical nodal
displacements of the tensegrity beam under El Centro seismic wave and Taft seismic wave. Table 3
gives the comparison of the maximum displacements of the specified nodes excited by these two dif-
ferent seismic waves. The numerical results from Figure 6 and Table 3 indicate that the maximum
nodal displacements are less differentiating at some level considering two seismic waves, i.e. the nodal
displacement distributions are approximately the same. Additionally, the possible maximum structural
deflections (node 15) are 0.0209 m (El Centro) and 0.0217 m (Taft) which are less than 1/200 of the
beam span. It indicates that the structure will not be damaged due to excessive deformation, and also
proves that the tensegrity beam is sufficiently good for lightweight large-span structural applications.

Figure 7 plots the internal forces over time of typical cable elements excited by two different seismic
waves, correspondingly, the results of the internal forces over time of typical struts elements are plotted in
Figure 8. Obviously, the results from Figures 7-8 show that the changes of internal force in typical cable
elements and strut elements are within 350 N and 800 N, respectively. In other words, the maximum
variation amplitudes of cables and struts are with 8% and 9%, respectively. This indicates that all these
typical cable elements and strut elements remain in tension and compression at all times, respectively.
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Figure 5. Seismic wave with peak value of 250 Gal. Top: El Centro; bottom: Taft.
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Figure 6. Displacements over time of typical nodes excited by different seismic waves.

Left column: El Centro; right column: Taft.
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Figure 7. Internal forces over time of typical cable elements excited by different seismic

waves. Left column: El Centro; right column: Taft.

That is to say, none of the components of this tensegrity beam with the properties given in Table 1 will
be laid off due to the tension in struts or slackening of cables. The whole system works in the elastic
range, and the structure has good seismic performance.

Table 3 gives the comparison of the maximum stresses of the specified elements excited by two seismic
waves. As can be seen, the maximum elemental stresses (including cables and struts) are very close to
each other for the two different seismic waves, demonstrating the phenomenon that the stress distributions
of cables or struts are almost the same for the structure excited by these two seismic waves.

Finally, Table 4 gives the comparison of the convergence and efficiency of three different methods, and
highlights that the CR formulation presented here is much faster than previous nonlinear formulations
based on the total Lagrangian or updated Lagrangian solutions.

Node 11 14 15 17
El Centro 0.0070m 0.0143m 0.0209m 0.0149m
Taft 0.0073m 0.0139m 0.0217m 0.0157m

Table 3. Comparison of the maximum displacements of the specified nodes under two
different seismic waves.
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Figure 8. Internal forces over time of typical strut elements excited by different seismic
waves. Left column: El Centro; right column: Taft.

Taft seismic wave

El Centro seismic wave

Comparison TL UL CR TL UL CR
Convergence yes yes yes yes yes yes
Total number of iterations 2352 1986 534 2332 1896 521
CPU times 5529 42.38 19.68 54.89 42.02 19.23

Table 4. Efficiency comparison of formulations for a five-quadruplex module tensegrity beam.

5. Conclusion

We have presented a new three-dimension corotational algorithm to investigate the nonlinear dynamic
properties of tensegrity structures. A new dynamic tangent stiffness matrix of a space rod element is
derived based on the corotational approach which decomposes a large displacement into a large rigid
body motion and a small strain, thus the behavior of elements can be described directly in the local
coordinate system utilizing an engineering strain. It is very convenient for implementation of a standard
finite element procedure. The validity and efficiency of the proposed method are illustrated by numerical
examples. Dynamic responses of tensegrities, including a classical tensegrity quadruplex unit and a
five-module quadruplex module tensegrity beam are investigated using the proposed formulation. The
outcomes of the proposed study also confirm that the CR approach is more efficient and practical than the
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TL and UL formulations of the elements in the structure that have more rigid body modes of translation
and rotation than they have deformation modes.

It should be noted that, however, the proposed formulation is not valid for large-strain deformation.
Nevertheless, combining with other approaches or technics [Shekastehband et al. 2012; Shekastehband
and Abedi 2013], the proposed method could be extended to predict collapse of a tensegrity due to
fracture of cables or buckling of bars, i.e. once the axial stress-axial strain behaviors of struts and cables
are evaluated by the proposed method, a nonlinear dynamic collapse analysis can then be performed to
find the load-deflection responses of the tensegrity system. Additionally, dynamic elasto-plastic behavior
and vibration control of tensegrity structures, especially active tensegrities, e.g., deployable tensegrities
and clustered tensegrities, need to be further investigated. These are some directions for future work.
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SHAFT-HUB PRESS FIT SUBJECTED TO COUPLES AND RADIAL FORCES:
ANALYTICAL EVALUATION OF THE SHAFT-HUB DETACHMENT LOADING

ENRICO BERTOCCHI, LUCA LANZONI, SARA MANTOVANI, ENRICO RADI AND ANTONIO STROZZI

A shaft-hub press fit subjected to two non-axisymmetric loading conditions is examined and the situation
of incipient detachment between the shaft and the hub is determined. The first condition consists of a
central radial load P applied to the hub, balanced by two lateral forces P /2 applied to the shaft at a
distance d from the hub lateral walls. In the second condition, a central couple C is applied to the hub,
and it is balanced by two lateral opposite loads withstood by the shaft at a distance d from the hub
lateral walls. The shaft-hub contact is modelled in terms of two elastic Timoshenko beams connected by
distributed elastic springs (Winkler foundation), whose constant is analytically evaluated. Based upon
this enhanced beam-like modelling, the loading inducing an undesired shaft-hub incipient detachment
is theoretically determined in terms of the shaft-hub geometry, of the initial shaft-hub interference, and
of the elastic constants. Finite element forecasts are presented to quantify the error of this beam-like
approximate analytical approach.

1. Introduction

Press fit between a hub and a shaft is a widely employed clamping method, but it can lead to problems of
fretting fatigue if the clamping pressure generated by interference is insufficient to prevent slip. A limit
situation in which slip inevitably occurs is when the loading applied to the shaft-hub assembly causes
an appreciable shaft bending that in turn produces incipient detachment between the shaft and the hub.
This incipient detachment situation is an indicator of poor mechanical design, and it may be assumed as
a reference condition against the outcome of fretting.

The title problem bears some similarity with the press fit of the bush into a connecting rod small end
[Marmorini et al. 2012]. The undesired event is bush loosening, since it favours bush rotation, which
would occlude the lubrication hole; the load that produces bush loosening is assumed as a reference
loading, and the admissible force must exhibit a safety factor with respect to the reference load threshold.

The available models of the shaft-hub press fit possess an extensive literature spread over various
decades, which may be classified into three main groups. The first category collects the classical, ax-
isymmetric, plane solution of a shaft-hub interference fit. This solution neglects the possible outcome
of pressure peaks at the contact extremities, and it ignores loadings that produce shaft bending. The
second group addresses the evaluation, for an axisymmetric loading, of the pressure bumps occurring
at the contact extremities. The third set considers both the presence of lateral pressure peaks and of
shaft bending, caused by a non axisymmetric loading. Extended literature review on these three topics
is available in [Strozzi et al. 2011; 2016; Croccolo et al. 2012; Smetana 2001; Radi et al. 2017].

Keywords: press fit, incipient detachment, analytical solution, Winkler foundation, finite elements.
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Figure 1. The two loading conditions (a) and (b) in terms of the forces P and the couple
C, and the meaning of the symbols a, b, d, [, L, r, y, z.

This paper presents both analytical and numerical investigations on the mechanical response of a shaft-
hub press fit subjected to an external, non axisymmetric loading. Two loading conditions of practical
interest are addressed:

(i) A central radial load P is sustained by the hub, and it is equilibrated by two lateral forces P /2
applied to the shaft at a distance d from the hub lateral walls (Figure 1a).

(i1) A central couple C applied to the hub is equilibrated by two lateral loads P = C/[2(I +d)], sustained
by the shaft at a distance d from the hub lateral walls (the hub length being L), and having opposite
directions (Figure 1b).

Figure 1 also clarifies the meaning of the symbols a, b, d, [, L, r, y, z.

This practically oriented paper complements a previous work addressing a press-fit, in which the shaft
was deflected by two equal bending couples applied to the shaft extremities [Strozzi et al. 2016; Radi
et al. 2017]. The above loading together with the two additional loadings illustrated in Figure 1 constitute
three loading conditions considered in the DIN standards discussed in the two papers cited.

The main aim of this paper is to determine the intensity of the bending loading that locally annihilates
the initial contact pressure due to the shaft-hub press fit alone, and it begins the detachment between the
shaft and the hub. As already noted, the occurrence of a shaft-hub separation constitutes an indicator of
poor mechanical design, since it promotes undesired phenomena of wear and fretting fatigue [Ciavarella
et al. 1998]. Such observations justify this return to the analysis of situations of incipient detachment.

A rigorous three-dimensional analytical modelling of the detachment condition being prohibitively
complex, the modelling of the shaft-hub contact is approximated in terms of two elastic Timoshenko
beams connected by distributed elastic springs (Winkler model), see [Radi et al. 2017]; the classical
Lamé solution is employed to simulate the press-fit stresses in the absence of external loading. The
analytical evaluation of the intensity of the loading that locally begins the detachment between the shaft
and the hub is achieved by separately evaluating the frictionless contact pressure due to the press-fit
alone, and the contact pressure imputable to the shaft bending alone. The corresponding solutions are
briefly considered in the following sections; further details can be found in [Radi et al. 2017].

The authors are aware of the availability of alternative approaches for describing the incipient detach-
ment between two bodies; see, e.g., [Deseri and Owen 2003; 2010]. However, the two-beam model
already employed in [Radi et al. 2017] was found to be suitable for our purposes.
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The analytical prediction of the detachment loading when the shaft is loaded by couples at its extrem-
ities, presented in [Radi et al. 2017], indicates that the unavoidably approximate beam-like modelling
favoured in this paper to describe this contact detachment problem supplies an indicative value rather than
an accurate threshold of the critical loading. It is therefore expected that for the two loading conditions
illustrated in Figure 1 the analytical solution be approximate, although still technically significant. Var-
ious three-dimensional finite element (FE) forecasts are included in this paper, that provide an accurate
prediction of the detachment loading, albeit only for a selection of press-fit geometries, and they permit
the evaluation of the error incurred in the approximate analytical approach.

The FE forecasts of [Strozzi et al. 2016] indicate that, if the hub bore edges are rounded, the couple
that produces the shaft-hub detachment is higher than its counterpart valid for sharp hub bore edges. In
practical situations, this increase may be of, say, 20 per cent. A thorough modelling of the shaft-hub
detachment problem should therefore incorporate the hub bore fillet radius effect. However, since the
main aim of this paper is to determine an indicative value of the detachment loading rather than its
accurate threshold, the effect of the hub bore rounded edges is not explored in this paper, and reference
is made to a sharp bore edge both in the analytical and in the FE studies.

In [Radi et al. 2017] the press fits subjected to bending have been classified into two main categories.
The first group collects problems in which the shaft laterally protrudes from both the hub sides, and the
shaft projecting portions are subjected to bending, as in the two couplings of Figure 1. Bearing mounting
often belongs to this category. The second group embraces situations where the shaft protrudes from
only one side of the hub, whereas the remaining shaft extremity is aligned with one of the two hub
lateral faces; in this case, the external loading is applied to the shaft protrusion and to the hub. The
crankpin press-fitting into a crankweb in a composite crankshaft [Smetana 2001; Strozzi and Vaccari
2003] belongs to this second group. This paper addresses the first category by examining in detail two
detachment problems whose geometries and loadings are illustrated in Figure 1, and it is organized as
follows. Section 2 considers the contact pressure due to press fit alone, whereas Section 3 addresses the
contact pressure caused by the shaft bending alone; Section 4 analytically evaluates the Winkler constant;
Section 5 imposes the incipient detachment condition; Section 6 reports fundamental solutions in the FE
study; Section 7 compares analytical and FE forecasts.

2. Press-fit contact pressure

The shaft-hub contact pressure due to the press-fit alone is axisymmetric, and it stays reasonably constant
in its central part, whereas it exhibits localized pressure bumps at the shaft-hub contact extremities,
where the hub bore edges are rounded. Overall, the pressure profile is camel backed [Strozzi et al. 2011;
Croccolo et al. 2012]. The analytical value of the elastic flattish central contact pressure ppr (the index pf
denotes “press fit”) is correctly forecast by the Lamé plane modelling, e.g. [Strozzi et al. 2011]:

ppr =5 (I —a?), 6]

where a denotes the nominal value of both the shaft radius (the shaft is assumed to be solid) and of the
hub inner radius, @« = a/b, and b represents the hub outer radius, Figure 1. In addition, § denotes the
radial interference, and E is the Young’s modulus of the material of both the above components.
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No simple expression is available that quantifies the lateral pressure bumps [Strozzi et al. 2011; Croc-
colo et al. 2012]. Since the shaft detaches from the hub starting from their contact extremities, at a first
sight the detachment loading is expected to be appreciably influenced by such pressure bumps, whose
presence cannot therefore be ignored. However, since the pressure bumps are extremely localized, when
the loading produces an axial extent of the shaft-hub detachment higher than that of the pressure bump,
the pressure bumps disappear, and the contact pressure smoothly decays from its flattish central value to
zero [Strozzi et al. 2016]. It may therefore be concluded that, when computing the loading that initiates
the shaft-hub separation, it is acceptable to refer to the flattish central contact pressure of formula (1)
and to neglect the lateral pressure bumps; see [Strozzi et al. 2016] for additional details.

3. Contact pressure due to the shaft bending

This section addresses the analytical evaluation of the frictionless contact pressure bilaterally exerted
between the shaft and the hub in the presence of a perfect fit, i.e., in the absence of interference or
clearance, as a result of the external loading alone, see Figure 1. The shaft-hub contact is assumed as
bilateral, since this paper addresses and incipient detachment condition rather than a partially detached
contact. Following [Radi et al. 2017], the shaft and the hub are described in terms of two Timoshenko
beams according to a shear-deformable modelling, endowed with a Winker foundation to account for the
deformations of the shaft and hub cross sections due to the in-plane stresses. The analytical approach
follows the same lines as those detailed in [Radi et al. 2017] for the shaft loading constituted by two
couples, to which the interested reader is referred; attention is paid in Sections 3.1 and 3.2 to the boundary
conditions to be applied to the two beams for the two loadings detailed in Figure 1, whereas only a
perfunctory description of the analytical solution of the two contact problems of Figure 1 is reported in
this paper.
The governing equation of this beam contact problem is the fourth order ODE [Radi et al. 2017]:

d*®  4e)? d2c1>+4)\4
dz* 12 dz? 14

d=0, ()

where the non-dimensional constants A and ¢ have been introduced together with the auxiliary constant y:
KI* /1 1 KI?
M=ot mr) Ve (S En): 3)
4 \EI, El GA1 GAp

2 )
Y ( KEL 1-|—1) K 1+a ) 5
7 _ / ! .
’ A2 GAy GAO 4(10+11) 7E1—a? [( )X XO] @

In (2), @ denotes the relative rotation between two cross sections of the two beams describing the
shaft and the hub, respectively, at the same axial coordinate z, Figure 1, and / is the hub half length. In
addition, K is the Winkler constant, E is the Young’s modulus, G is the shear modulus, Ag and A are
the areas of the cross sections of the two beams, Iy and I; are their moments of inertia, and x and x;
are their shear factors, see [Radi et al. 2017], respectively. A discussion on the evaluation of the Winkler
constant K is postponed to Section 4.
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The general solution of the ODE (2) in terms of & is:
P(z) = [01 sin()m/l —¢ %) +c cos()m/l —¢ %)] cosh()m/ 1+¢ %)
+ |:C3 sin(k«/l —¢ %) +ca cos()»\/l —¢ %)] sinh(k«/l +¢ %),

where ¢; (i = 1,2, 3,4) are non-dimensional constants to be determined by imposing the boundary
conditions at z =0, [.

The contact force g between the two beams is obtained by repeatedly differentiating ® according to
formula (6) [Strozzi et al. 2016]. Since it has been ascertained that, for the cases examined, the shaft-hub
separation always initiates from the hub extremities defined by z =/ [Radi et al. 2017], and not at the
hub centre, it is important to evaluate therein the value of the contact force g. Finally, the corresponding

&)

maximum contact pressure pmax has been estimated in formula (6) by assuming a cosinusoidal distribu-
tion of the contact pressure in the circumferential direction; see [Radi et al. 2017] for additional details:

* o (l)_Kl4d3CI>(l) _ KI* o)
Hrdp TV T pa T 0 P T e T ag

The boundary conditions for the two loadings of Figures Figure 1a and 1b are separately treated in
Sections 3.1 and 3.2.

q9=K (6)

3.1. Boundary conditions for the loading constituted by a central force and by two lateral equilibrating
Jorces. In this Section the loading condition is examined in which a central radial force P applied to
the hub is equilibrated by two lateral forces P /2 applied to the shaft at a distance d from the hub lateral
walls, Figure 1a. The aim of this Section is to formulate the corresponding boundary conditions for the
beam modelling.

It is convenient to refer to the statically equivalent loading detailed in Figure 2, in which the two
forces P /2 applied to the shaft at a distance d from the hub lateral walls, Figure 1a, are substituted
by two forces P /2 applied to the shaft section aligned with the hub lateral walls, and by two couples
C = Pd/2 applied to the shaft. Figure 2 also clarifies the origin of the z coordinate.

The four unknown constants c; of the general solution expressed by (5) are evaluated by imposing four
boundary conditions, expressing that a) at the shaft-hub contact midpoint, i.e., for z = 0, the unknown
function ® vanishes, whereas the shear force assumes the value P /2, consistent with the presence of
the central force P applied to the hub, and that b) at the shaft-hub contact extremity, i.e. for z = [, the

P/Z‘ |L ‘P/Q
e

Figure 2. The boundary conditions to be applied to the beam for the loading of Figure 1a.
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Figure 3. The boundary conditions to be applied to the beam and to the hub for the
loading of Figure 1b.

bending moment M; and the shear force 7; (indices O and 1 denote the hub and the shaft, respectively)
equal the applied moment C = Pd/2 and the force P, within the respect of the sign conventions of
Figure 4 of [Radi et al. 2017]:

d*® P do C Pd  d*® P

P0)=0, —O0HN=-o—\, —()=—-—=——, H=——.
© 2=y =0T en T wEn a2 V7 2

The expressions of the four unknown constants ¢; are too long to be reported here.

(N

3.2. Boundary conditions for the loading constituted by a central couple and by two lateral equilibrat-
ing forces of opposite directions. In this section the loading condition is examined in which a central
couple applied to the hub is balanced by two lateral, opposite forces P = C/[2(I + d)] exerted on the
shaft at a distance d from the hub lateral walls, Figure 1b. The aim of this Section is to formulate the
corresponding boundary conditions for the beam modelling.

It is advantageous to refer to the statically equivalent loading detailed in Figure 3, in which the two
forces P applied to the shaft at a distance d from the hub lateral walls are substituted by two forces P
exerted on the shaft section aligned with the hub lateral walls, and by two couples Q = Pd withstood
by the shaft.

The four unknown constants c; of (5) are evaluated by imposing four boundary conditions, expressing
that a) at the shaft-hub contact midpoint, i.e., for z = 0, the loading is skew-symmetric, and, therefore,
the bending moment assumes the value reported in (8), whereas the contact force ¢ is null, thus implying
that d3/dz® = 0 according to (6); b) the shear force and the bending moment at the shaft-hub contact
extremity, i.e. for z =/, assume the values reported in (8), within the respect of the sign conventions of
Figure 4 of [Radi et al. 2017]:

Cd d*o C

C Ao 0 =
RU+DIEL’ dz2°°  RU+DIEL’

do (O+) _
dz " 2EIl,  dZ3

dd
0) =0, d_z(l) = - (®)

4. Evaluation of the Winkler constant

It has been observed in [Radi et al. 2017] that the introduction of a Winkler model in the analytical
description of the contact interaction between the shaft and the hub is physically advantageous, since it
avoids the outcome of stress singularities at the contact extremities.
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In [Radi et al. 2017] various models proposed for evaluating the Winkler constant have been compared,
and it has been shown that its numerical value noticeably varies according to the approach employed. In
particular, in formula (12) of [Lundberg 1958] the deformability of the shaft-hub cross section has been
estimated by adopting a plane model formed by a hollow disk surrounded by a ring, and by adopting a
simplified loading. A closed form expression has been obtained for the Winkler constant K :

K 7a(l+v) a;i \? a\? a2 (a\*1!

26 = oy L (@) 1+ G =G G ] ©)
where aj, a, and b are the inner, intermediate, and outer radii, respectively. For v = 0.3, for a solid shaft
(ai = 0), and for the reference configuration b = 2a, K/(2G) =7.29.

The radial compliance of a solid circular cross section surrounded by a ring is analytically examined
in [Strozzi et al. 2016]. Following the approach of [Castillo and Barber 1997], the differences between
the shear stresses acting on the two plane cross sections of a thin shaft slice are replaced by body forces.
The exact distribution of the shear stresses t,, and ty, due to a shear force is analytically available both
for a solid disk and a ring, [Love 1944, p. 335]. The analytical expression of the Winkler constant has
been evaluated in [Radi et al. 2017] with an energy approach based on the Clapeyron theorem. Within
this model, for the above reference geometry @« = a/b = 1/2 and for v = 0.3 and adopting plane strain,
the normalized Winkler constant K /(2G) is 1.90.

An alternative model for evaluating the Winkler constant assumes that the body forces representative
of the shear stresses be uniformly distributed according to a gravitational field within both the solid disk
and the ring, see Figure 2a of [Castillo and Barber 1997]. In this case, the analytical solution provides
K/(2G) =3.68 foro =a/b =1/2 and for v = 0.3 in plane strain.

In the present work we propose an alternative procedure for evaluating the Winkler constant, based
on the virtual work theorem. We assume indeed a uniform distribution of shear stress, whose resultants
are a unit shear force in the shaft and an opposite unit shear force in the hub, as the virtual stress field
working for the actual distribution of shear strain provided in [Radi et al. 2017] as 1,/ G and 15,/ G and
due to the opposite shear forces Q acting on shaft and hub. The latter work is then compared to that
carried out by the unit shear forces acting on shaft and hub for the actual relative displacement between
shaft and hub, namely Q/K. In this case, the analytical expression of K /(2G) becomes:

% _ %(1 C ot (1), (10)

where
D={(1-a®)[15—33v 200>+ 641> +a* (34 —46v— 720>+ 80v°) +a* (35— 77v — 41> +4817)]
—12(1+aH)[3—v—4*+22*3—v—2v")]Ina}. (11)

With this model, for « =a/b =1/2 and for v = 0.3, K/(2G) = 2.6933 under plane strain conditions.
The Winkler constant derived from the application of the principle of virtual work does not need to be
strictly positive. In fact, for v = —0.9 the normalized Winkler constant exhibits an unphysical singular
behavior. However, the press-fit problem examined in this paper deals with classical elastic materials
whose Poisson’s ratio is positive and, therefore, this anomaly has not been examined further.
Figure 4 reports the normalized Winkler constant K /(2G) versus a = a /b for the three above models,
i.e., for the body forces according to the exact shear stress distribution, referred to as “Love”, for the
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Figure 4. Three normalized Winkler constants K /(2G) in terms of « = a/b, for v =0.3,
in plane strain.

shear stresses distributed according to a gravitational loading, named “Barber”, and for the proposed
combination of the two above stress distributions, denoted “mixed”. Plane strain is assumed, and v = 0.3.
The corresponding values are reasonably comparable; the foundation of (9) supplies considerably higher
values and, therefore, it has not been included in Figure 4. Note that the limit of K /(2G) for o =0, 1
vanishes, according to its physical meaning.

In [Radi et al. 2017] it has been noted that, in the region where the shaft-hub separation begins, the
shaft protrudes from the hub, so that the cross section of the shaft projecting part, being no longer directly
compressed by the contact pressure, but being only deflected by the bending moment, remains reasonably
undeformed with respect to its counterpart directly compressed by the hub. The above observation
suggests that the Winkler constant may be more realistically evaluated by considering only the in-plane
deformability of the hub cross section, whereas the deformability of the shaft cross section is neglected.
This assumption produces an increase of the Winkler constant, albeit moderate. For « =a/b =1/2 and
for v = 0.3 under plane strain conditions, the normalized Winkler constant increases to 2.31 for the “Love”
model, to 4.81 for the “Barber” model, and to 3.39 for the “mixed” model. The above assumption for the
evaluation of the Winkler constant has been adopted in this paper in the compilation of the detachment
diagrams; see Figures 6 and 7.

5. Incipient detachment condition

The condition of shaft-hub incipient detachment requires that the contact pressure pjr due to the press
fit alone and expressed by (1) equals the opposite of the maximum contact pressure ppax caused by the
shaft bending alone, and expressed by (6):

KI* d?®()
4 }’i)»4 d Z3 ’
Equation (12) allows the evaluation of the analytical value of the loading that initiates the shaft-hub

detachment. For the loading of Figure 1a, Equation (12) supplies the critical value of the force P, whereas
for the loading of Figure 1b it provides the critical value of the couple C.

pif:pmaxiz(l_a ) = (12)
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6. Finite element study

The approximate beam-like modelling developed in this paper supplies an indicative, although still
technically significant, value of the incipient detachment loading. To quantify the error incurred by
the beam-like approach, various three-dimensional finite element (FE) forecasts have been presented in
Section 7, that supply an accurate prediction of the detachment loading, albeit only for a selection of
press-fit geometries.

The commercial FE program MSC Marc 2013 has been employed in this study. The 3D mesh is
formed by about 23000 biquadratic quadrilateral elements adopting a Fourier formulation. The element
size grades smoothly from 0.016 times the shaft radius a at the indenting edge, to 0.1 times in the zones
far from the stress singularity. For all the test cases, a refined mesh with halved element sides was
employed to assess the numerical convergence. The relative error of the coefficient H defining the radial
stress singular term, see below, was found to be 0.14 per cent. A similar mesh is displayed in Figure 3
of [Strozzi et al. 2016].

The FE solutions for the two problems described in Figure 1 express the normalized detachment
loading for the following three normalized geometries, namely a) the ratio a/b between the hub inner
and outer radii; b) the ratio a/L between the shaft radius and the hub axial length; c) the ratio d/a of
the distance of the lateral loadings from the hub lateral faces, to the shaft radius.

To limit the computational effort, fundamental FE loadcases have been identified in Figure 5, whose
superposition provides the detachment loading for a general d/a value, although for prescribed values of
a/b and a/L. Figure 5(a) addresses the frictionless stress field due to the interference alone, whereas the
remaining Figs consider various loadings for a shaft-hub perfect fit, bilateral, frictionless contact pressure.
For the loading of Figure 1(a), the three suitable fundamental loadcases are presented in Figures 5(a),
5(b), 5(c), whereas for the loading of Figure 1(b), the three fundamental loadcases are those of Figures
5(a), 5(d), 5(e).

For instance, suitable combinations of the loadings of Figures 5(b) and 5(c) allow various distances d
of the lateral forces P from the hub sides to be modelled for a perfect fit. Consequently, for a pre-
scribed d, the relative weights of the solutions of Figures 5(b) and 5(c) may be determined. The weight
of the solution of Figure 5(a), supplying the shaft-hub press-fit stresses, may be evaluated by numerically
imposing, similar to the analytical condition of Section 5, the incipient detachment condition through
the vanishing of the contact pressure where detachment begins. In other words, the correct combination
of the previous fundamental solutions must annihilate the radial stress at the sharp edge at the hub bore
side.

Unfortunately, it is difficult to robustly implement the above procedure in a FE analysis. In fact, for a
general loading, the sharp edge produces a theoretically unbounded contact pressure. To circumvent this
numerical difficulty, an incipient detachment condition has been adopted that is based on the non-singular
displacement field, see Appendix 4 of [Strozzi et al. 2015]. In more detail, according to the dominant
term of the Williams asymptotic expansion, the stress tensor singularly behaves as H x f;;(¢) x §70-226,
whereas the displacement vector non singularly behaves as H x g;(¢) x s'7022° where (s, ¢) is a local
polar coordinate system along the meridional plane of Figure 1, whose origin falls at the sharp edge of
the hub bore. The expressions of the f;;, and g; functions are known, and they are independent of the
loading. In [Yosibash and Szab6 1995] it is shown that the singularity strength is the same for a plane
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and for an axisymmetric domain, see also [Huang and Leissa 2007]. The incipient detachment condition
requires that o, vanishes at the sharp edge, which in turn demands that H too be null.

It is numerically convenient to compute H by sampling the FE radial displacement component moving
along the hub lateral face, rather than the radial stress component moving along the contact interface.
A best fitting procedure is then employed to extract the multiplying coefficient H of u, = H x g;(0) x
§1-0226

The coefficient H has been evaluated for all the loadcases of Figure 5. Returning to the above example,
the relative weights of the two loadcases of Figure 5(b) and 5(c) may be determined by imposing the value
of the distance d, Figure 1(a). Such weights depend on the external loading, on the coupling geometry,
and on the Poisson ratio. The weight of the loadcase of Figure 5(a) depends on the initial interference, on
the coupling geometry, on the Poisson ratio, and linearly on the Young’s Modulus; it may be determined
by imposing that the superposition of the three above loadcases produces a null coefficient H. It is
concluded that this numerical procedure determines the relationship between the initial interference and
the external loading, for a prescribed press-fit geometry and for given elastic constants.

7. Comparison between analytical and FE forecasts

As noted in the Introduction, the unavoidably approximate beam-like modelling of the two contact prob-
lems (a) and (b) of Figure 1 supplies the order of magnitude of the critical loading rather than an accurate
forecast of its threshold. For this reason, various FE forecasts have been enclosed in this paper, that supply
accurate predictions of the detachment loading, although only for selected press fit geometries, and they
permit the error incurred by the simplified analytical approach to be quantified. The comparison between
analytical and FE forecasts for the two press-fit loadings detailed in Figures 1(a) and 1(b) is separately
presented in the following two Sections 7.1 and 7.2. As discussed in the Introduction, reference is made
for simplicity to hub bore sharp edges, and the effect of a fillet radius is not explored.
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Figure 6. The value of the normalized detachment force Pa®/(I EI,) versus a/b for
a/L =1/3 (left) and a/L = 1/8 (right), in the situation of incipient shaft-hub detachment,
for v=0.3.

7.1. Comparison between analytical and FE forecasts for the loading of Figure 1(a). For the non
axisymmetric press-fit loading constituted by three radial forces, Figure 1(a), a suitable expression of
the normalized force describing the detachment initiation derives from the analytical solution (5) of the
ODE (2) within the respect of the boundary conditions (7). The analytical solution suggests that a proper
normalized detachment force is Pa’/(IEI,), where P represents the central load, a denotes the shaft
radius, [ is the diametric interference, E is the Young’s modulus, and [ is the shaft moment of inertia.
The detachment initiation force Pa®/(I EI}) depends upon the three aspect ratios a/b = «, d/a, a/L.
The ranges explored with FE in Figure 6 for the three aspect ratios are 2 < d/a <10, 0.3 <« < 0.7,
1/8 <a/L < 1/3. To limit the computational effort, only the two extreme values 1/3 and 1/8 of the
variable a/L have been considered. The corresponding analytical and FE forecasts are presented in
Figure 6, in which the abscissa variable is a/b = «, the family of curves refers to five a/d values, and
the ordinate variable is the normalized detachment force Pa’/(IEI).

The agreement between analytical and FE forecasts is on the whole acceptable, especially for a/L =
1/8, a coupling, this, whose geometry is better identifiable in terms of a beam.

In the following, the FE normalized detachment force Pa®/(I E1,) of Figure 4 referring to a/L = 1/8
and to d/a = 10 is compared to the FE normalized detachment couple Ca?/(I EI;) of Figure 5 of
[Strozzi et al. 2016], also referring to a/L = 1/8. In fact, according Figure 4, the shaft extremity is
loaded by a force P /2 acting at a distance d from the shaft section aligned with the hub lateral walls.
For high values of d/a, the deforming effect of the bending couple Pd/2 acting on the shaft section
aligned with the hub lateral walls is deemed to prevail over that of the shear force P /2. Consequently,
Caz/(IEll) = Pda2/2/(IE11) = 5Pa3/(IE11). In conclusion, the normalized couple of Figure 5 of
[Strozzi et al. 2016] evaluated for a/L = 1/8, is expected to be about five times the normalized force
of Figure 6, right, computed for a/L = 1/8 and for d/a = 10. For a/b = 0.5, the above ratio extracted
from the FE forecasts of the two above diagrams is about 6, thus confirming the validity of the FE study.
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Figure 7. The value of the normalized detachment couple Ca?/(I EI}) versus a/b for
a/L =1/3 (left) and a/L = 1/8 (right), in the situation of incipient shaft-hub detachment,
for v=0.3.

7.2. Comparison between analytical and FE forecasts for the loading of Figure 1(b). In the case of
the loading of Figure 1(b), constituted by the couple C and by two equilibrating radial forces, a suitable
normalized parameter that describes the press-fit incipient detachment is Ca?/(I E1;). The detachment
initiation couple Ca?/(I EI;) depends upon the three aspect ratios a/b = «, d/a, a/L. The ranges
explored with FE for the three aspect ratios in Figure 7 coincide with those adopted for Figure 6. The
agreement between analytical and FE forecasts is on the whole acceptable.

For a/L = 1/3, both the analytical and the FE curves referring to d/a = 2, 3, 4, 6, 10 are very similar.
To avoid confusion in the diagram of Figure 5, only the analytical curves referring to the extremal d/a
values 2 and 10 have been drawn. This essential independence of the normalized detachment couple of
the parameter d /a suggests the rule of thumb according to which detachment occurs when Ca?/(IEI) ~
0.4+0.7for2 <d/a <10and 0.3 <a/b <0.7. A similar situation in which curves referring to various
geometries are essentially superimposed occurs in Figure 5 of [Strozzi et al. 2016].

The reasonably favourable comparisons between analytical and FE predictions indicate that additional
situations of incipient detachment may confidently be examined on the basis of the analytical predictions
alone, without the need for a FE assessment. For instance, situations mentioned in the Introduction may
analytically be examined in which, in a composite crankshaft, the shaft protrudes from only one side of
the hub, whereas the remaining shaft extremity is aligned with one of the two hub lateral faces [Strozzi
and Vaccari 2003].

8. Conclusions

A shaft-hub press fit subjected to two non-axisymmetric loading conditions has been examined, and the
loading producing a situation of incipient detachment between the shaft and the hub has been determined.
The first loading condition consists in a central radial load P sustained by the hub, equilibrated by
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two lateral forces P/2 applied to the shaft at a distance d from the hub lateral walls. In the second
loading condition a central couple C applied to the hub is equilibrated by two lateral loads withstood
by the shaft at a distance d from the hub lateral walls, and exhibiting opposite directions. The shaft-
hub contact has been modelled in terms of two elastic Timoshenko beams [Lanzoni and Radi 2016]
connected by distributed elastic springs, whose constant has been analytically evaluated. Based upon
this beam-like modelling, the loading inducing an undesired shaft-hub incipient detachment has been
theoretically determined in term of the shaft-hub geometry, of the initial shaft-hub interference, and of
the elastic constants. The analytical predictions of the incipient detachment loading have been compared
to selected finite element forecasts, and the agreement has been found to be technically acceptable.

Acknowledgements

The authors are grateful to an anonymous reviewer for drawing their attention to the singular behaviour
of the normalized Winkler constant for Poisson’s ratios of about —0.9.

References

[Castillo and Barber 1997] J. Castillo and J. R. Barber, “Lateral contact of slender prismatic bodies”, Proc. Royal Soc. Lond. A
Math. Phys. Engng. Sci. 453 (1997), 2397-2412.

[Ciavarella et al. 1998] M. Ciavarella, D. A. Hills, and G. Monno, “The influence of rounded edges on indentation by a flat
punch”, Proc. Inst. Mech. Engs., Part C: J. Mech. Eng. Sci. 212:4 (1998), 212-319.

[Croccolo et al. 2012] D. Croccolo, M. D. Agostinis, and N. Vincenzi, “Normalization of the stress concentrations at the
rounded edges of a shaft-hub interference fit: extension to the case of a hollow shaft”, J. Strain Anal. Eng. Des. 47 (2012),
131-139.

[Deseri and Owen 2003] L. Deseri and D. R. Owen, “Toward a field theory for elastic bodies undergoing disarrangements”, J.
Elasticity 70:1-3 (2003), 197-236.

[Deseri and Owen 2010] L. Deseri and D. R. Owen, “Submacroscopically stable equilibria of elastic bodies undergoing disar-
rangements and dissipation”, Math. Mech. Solids 15:6 (2010), 611-638.

[Huang and Leissa 2007] C. S. Huang and A. W. Leissa, “Three-dimensional sharp corner displacement functions for bodies
of revolution”, J. Appl. Mech. (ASME) 74 (2007), 41-46.

[Lanzoni and Radi 2016] L. Lanzoni and E. Radi, “A loaded Timoshenko beam bonded to an elastic half plane”, Int. J. Solids
Struct. 92 (2016), 76-90.

[Love 1944] A.E. H. Love, A treatise on the mathematical theory of elasticity, vol. 1, Dover Publications, New York, 1944.

[Lundberg 1958] G. Lundberg, “Spannungen in pressverbidnden bei belastung”, Die Kugellager Zeitschrift SKF 3 (1958), 55—
63.

[Marmorini et al. 2012] L. Marmorini, A. Baldini, E. Bertocchi, M. Giacopini, R. Rosi, and A. Strozzi, “On the loosening
mechanism of a bush press-fitted in the small end of a connecting rod”, Proc. Ints. Mech. Eng. D: J. Automobile Eng. 226:3
(2012), 312-324.

[Radi et al. 2017] E. Radi, L. Lanzoni, A. Strozzi, and E. Bertocchi, “Shaft-hub press fit subjected to bending couples: analytical
evaluation of the shaft-hub detachment couple”, Appl. Math. Model. 50 (2017), 135-160.

[Smetana 2001] T. Smetana, Untersuchungen zum Ubertragungsverhalten biegebelasteter Kegel- und Zylinderpressverbindun-
gen, Shaker Verlag, 2001.

[Strozzi and Vaccari 2003] A. Strozzi and P. Vaccari, “On the press fit of a crankpin into a circular web in pressed-up
crankshafts”, J. Strain Anal. Engng. Des. 38 (2003), 189-199.

[Strozzi et al. 2011] A. Strozzi, A. Baldini, M. Giacopini, E. Bertocchi, and L. Bertocchi, “Normalization of the stress concen-
trations at the rounded edges of a shaft-hub interference fit”, J. Strain Anal. Eng. Des. 46 (2011), 478-491.


http://dx.doi.org/10.1098/rspa.1997.0128
http://dx.doi.org/10.1177/0309324712439982
http://dx.doi.org/10.1177/0309324712439982
http://dx.doi.org/10.1023/B:ELAS.0000005584.22658.b3
http://dx.doi.org/10.1177/1081286509106101
http://dx.doi.org/10.1177/1081286509106101
http://dx.doi.org/10.1115/1.2178358
http://dx.doi.org/10.1115/1.2178358
http://dx.doi.org/10.1177/0954407011417498
http://dx.doi.org/10.1177/0954407011417498
http://dx.doi.org/10.1016/j.apm.2017.05.018
http://dx.doi.org/10.1016/j.apm.2017.05.018
http://dx.doi.org/10.1243/030932403765310527
http://dx.doi.org/10.1243/030932403765310527
http://dx.doi.org/10.1177/0309324711403845
http://dx.doi.org/10.1177/0309324711403845

296 ENRICO BERTOCCHI, LUCA LANZONI, SARA MANTOVANI, ENRICO RADI AND ANTONIO STROZZI

[Strozzi et al. 2015] A. Strozzi, E. Bertocchi, A. Baldini, and M. Giacopini, “On the applicability of the Boussinesq influence
function in modelling the frictionless elastic contact between a rectangular indenter with rounded edges and a half-plane”,
Proc. Inst. Mech. Eng. C J. Mech. Engng. Sci. 229 (2015), 987-1001.

[Strozzi et al. 2016] A. Strozzi, E. Bertocchi, A. Baldini, and S. Mantovani, “Normalization of the stress concentrations at the
rounded edges of an interference fit between a solid shaft subjected to bending and a hub”, Mech. Based Des. Struct. Mach.
44:4 (2016), 405-425.

[Yosibash and Szabd 1995] Z. Yosibash and B. Szabd, “The solution of axisymmetric problems near singular points and
computation of stress intensity factors”, Finite Elem. Anal. Des. 19 (1995), 115-129.

Received 20 Nov 2017. Revised 26 Apr 2018. Accepted 30 Apr 2018.

ENRICO BERTOCCHI: enrico.bertocchi@unimore.it
DIEF-Dipartimento di Ingegneria Enzo Ferrari, Universita di Modena e Reggio Emilia, Via Pietro Vivarelli 10, 41125 Modena,

Italy

LUCA LANZONI: luca.lanzoni@unimo.it
DIEF-Dipartimento di Ingegneria Enzo Ferrari, Universita di Modena e Reggio Emilia, Via Pietro Vivarelli 10, 41125 Modena,
Italy

SARA MANTOVANI: sara.mantovani@unimore.it
DIEF-Dipartimento di Ingegneria Enzo Ferrari, Universita di Modena e Reggio Emilia, Via Pietro Vivarelli 10, 41125 Modena,
Italy

ENRICO RADI: enrico.radi@unimore.it
DISMI-Dipartimento di Scienze e Metodi dell’Ingegneria, Universita di Modena e Reggio Emilia, Via Amendola, 2,
42122 Reggio Emilia, Italy

ANTONIO STROZZI: antonio.strozzi@unimore.it
DIEF-Dipartimento di Ingegneria Enzo Ferrari, Universita di Modena e Reggio Emilia, Via Pietro Vivarelli 10, 41125 Modena,

Italy

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1177/0954406214542641
http://dx.doi.org/10.1177/0954406214542641
http://dx.doi.org/10.1080/15397734.2015.1086274
http://dx.doi.org/10.1080/15397734.2015.1086274
http://dx.doi.org/10.1016/0168-874X(94)00061-J
http://dx.doi.org/10.1016/0168-874X(94)00061-J
mailto:enrico.bertocchi@unimore.it
mailto:luca.lanzoni@unimo.it
mailto:sara.mantovani@unimore.it
mailto:enrico.radi@unimore.it
mailto:antonio.strozzi@unimore.it
http://msp.org

JOURNAL OF MECHANICS OF MATERIALS AND STRUCTURES
Vol. 13, No. 3, 2018

dx.doi.org/10.2140/jomms.2018.13.297

APPROXIMATE ANALYSIS OF SURFACE WAVE-STRUCTURE INTERACTION

NIHAL EGE, BARIS ERBAS, JULIUS KAPLUNOV AND PETER WOOTTON

Surface wave-structure interaction is studied starting from a specialised approximate formulation in-
volving a hyperbolic equation for the Rayleigh wave along with pseudostatic elliptic equations over the
interior of an elastic half-space. The validity of the proposed approach for modelling a point contact is
analysed. Explicit dispersion relations are derived for smooth contact stresses arising from averaging
the effect of a regular array of spring-mass oscillators and also of elastic rods attached to the surface.
Comparison with the exact solution of the associated plane time-harmonic problem in elasticity for the
array of rods demonstrates a high efficiency of the developed methodology.

1. Introduction

Dynamic soil-structure interaction was investigated in great detail in numerous publications (for exam-
ples, see the widely cited book [Wolf 1985] and general reference work [Luco 1982]) with the emphasis
usually placed on the effect of bulk waves, in particular in the insightful papers by Boutin and Roussillon
[2004; 2006]. Seemingly surface wave-structure interaction has not been studied until very recently when
it has been motivated by seismic metasurfaces design, see [Colombi et al. 2016; Colquitt et al. 2017],
in which an array of rods attached to the surface of an elastic half-space is analysed starting from full
dynamic equations in linear elasticity.

In this paper, a specialized surface wave model, e.g., see [Kaplunov and Prikazchikov 2013; 2017], is
adapted for a broad range of soil-structure interaction problems. The mathematical formulation consists
of an explicit wave equation on the surface along with pseudostatic elliptic equations governing the
decay over the interior. Although the model has been previously implemented to a variety of dynamic
scenarios, including 3D moving load problems [Kaplunov et al. 2013; Erbas et al. 2017], its validity for
studying soil-structure interaction is not immediately obvious. The point is that the asymptotic theory
exposed in [Kaplunov and Prikazchikov 2013; 2017] is oriented to near-resonance excitation in the form
of a prescribed wave disturbance with the phase speed close to the Rayleigh wave one. Thus, for soil-
structure interaction problems involving unknown contact stresses, the assumption of near-resonance
behaviour always has to be verified a posteriori.

The paper is organized as follows: 3D equations governing transient surface wave-structure interaction
are presented in Section 2. For the sake of simplicity, structure dynamics is modelled by a scalar partial
differential equation in vertical displacement, which is specified in what follows. In Section 3, a plane

Erbag and Kaplunov acknowledge the financial support of TUBITAK via the 2221 — Fellowships for Visiting Scientists and
Scientists on Sabbatical Leave. Wootton is grateful to Keele University, UK, for supporting his PhD studies. Erbas and Ege also
acknowledge the support of Scientific Projects of Anadolu University, No: 1408F370. The support of the Ministry of Education
and Science of the Republic of Kazakhstan, Grant IRN AP05132743, is also acknowledged.

Keywords: Rayleigh wave, approximate model, array of oscillators, soil-structure interaction.
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point time-harmonic contact is considered. It is demonstrated that the approximate surface wave model
is not applicable due to presence of a spurious localized component. At the same time, the sought after
Rayleigh wave contribution predicted by this model is identical to that within the exact solution of the
plane time-harmonic problem given in the Appendix.

The effect of smooth contact surface stresses coming from homogenizing regular arrays of resonators
attached to the surface of a half-space is studied in Sections 4 and 5. The simplest spring-mass resonators
are considered in Section 4, while the next section deals with an array of elastic rods. Explicit dispersion
relations are readily derived in both cases. Comparison of the approximate solution in Section 5 with the
exact solution presented in [Colquitt et al. 2017] shows a remarkable similarity.

2. Statement of the problem

Let us study dynamic interaction of an elastic structure and a homogeneous isotropic half-space, see
Figure 1, starting from the earlier proposed asymptotic model for surface wave fields, e.g., see [Kaplunov
and Prikazchikov 2017]. According to this model, we have for the longitudinal wave potential ¢ the
hyperbolic equation

1 (14+k2)
Dop = —pu="7 P (2-1)
ch ubB

at the contact surface x3 = 0 along with the elliptic equation

82
“ K =0 (2-2)
dx3

over the interior (—o0 < x1, x < 00, 0 < x3 < 00), where

2
R=1-% =12,
¢
and
k k
B=—(1-k)+->(1—k)—(1—k3).
ko kq

In the formulae above, ¢ is time, ¢y, ¢, and cg are the longitudinal, shear, and Rayleigh wave speeds,
respectively, u is the Lamé constant, P = P(xy, x3, t) is the unknown normal contact stress, A, =
3%/ Bxf +0?%/ 3x§. The displacement vector is expressed through the longitudinal and shear potentials ¢

e

; 01x3 x]

Figure 1. Elastic solid-structure interaction.
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P = e—iwt

Figure 2. Point time-harmonic force.

and ¥ as
u=(uy,up, uz)=gradp+curl ¢, (2-3)
where

¥ = (—v2, ¥1,0),

with its components satisfying the equations

Oy
8x32

+k A =0, i=1,2, 2-4)

over the surface x3 > 0 and the conditions

Y, 1+k3 0g
dx3 2 0Ox

(2-5)

at the interface x3 = 0.
For the sake of simplicity, we model the dynamic behaviour of an elastic structure, see Figure 1, by
the following scalar equation:

Lv=muvy (2-6)

over the region —oo < x1, xp < 00, —00 < x3 < 0, where v(xg, t), k =1, 2, 3 is the vertical displacement,
m is the mass, and L is a symbolic notation for a differential operator in the variables x;. The contact
conditions at x3 = 0 are taken in the form

P=Iv and v =us3, 2-7)

where / also denotes a differential operator in x;. The presented formulation is oriented to the scenario
with a dominant contribution of surface waves to the overall dynamic response. In this case, the effect
of bulk waves is neglected; see [Achenbach 1976; Ewing et al. 1957] for more detail. The ranges of
validity of such assumptions are evaluated in what follows.
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3. Point contact

Consider first a plane time-harmonic problem in cartesian coordinates (x, x3). For a point contact, we
get from (2-1) at P = — Py (x1)e ™' in its right-hand side
e 13%  1+k
Bxlz C% 912 2uB

Pod(x1)e'", (3-1)

where w is angular frequency, Py is constant amplitude of normal stress, and §(x) denotes the Dirac-delta
function. The solution of this equation is
2
LK POCR i1 /eg—)

@(x1,0,1) = l4u—B " (3-2)

corresponding to propagating surface Rayleigh wave patterns.
Next, we apply a Fourier transform in x; to the 2D counterpart of the elliptic equation (2-2) over the
interior, having
d2 §0F
dx32

— ket =0, (3-3)

where ¢! denotes the transformed potential and k is Fourier transform parameter. Its solution can be
written as

2
o txs, =2 e il iorn, (3-4)
2uB k2 — w?/cy
As a result,
1+k2 P e—iwt [e9) —ky|k|x3 )
o(x1, x3,1) = ( 2o f ; 3 e~ dk. (3-5)
dmuB —oo k2 —w?/cy
Let us now split the integral in (3-5) into two parts as
o0 e—k1|k|X3 i
—lKX]| — -
/oo—kZ—aﬂ/c%e dk =1+ I, (3-6)
where ‘ ‘
I = C_R /oo e fwxs/cr B e kiwxs/cr e—ikxl m a7
20 J_oo \ k—w/cR k+w/cg
and

c (o.¢] €7klkx3 _ e*kleS/CR e*klk)q _ efkla))g/ck
L==2= ( - ) cos(kx,) dk. (3-8)
0

1) k—w/cg k+w/cr

The integral I; has no poles and can be readily evaluated numerically. As for the integral I}, it accounts
for the contribution of the Rayleigh wave poles and takes the form

ITCR (il —kixso/er. (3-9)

Ii(x1,x3) =

It is worth noting that the last formula, due to the presence of |x|, demonstrates a discontinuity of
the derivative with respect to x; at x; = 0 not only at the surface x3 = O but also over the interior
x3 > 0. However, this is also a feature of the Rayleigh pole contribution to the exact solution of the
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J : : : : : ‘ J2 o

2 15 1 05 0 05 1 15 2 0 2 s 6 8 10

V1 V1
Figure 3. Variation of the integral J, along the horizontal and vertical axes for v = 0.25
and cg = 0.914¢,. Left: y3 = 1. Right: y; =0.

associated plane problem in elasticity presented in the Appendix. In fact, calculating the aforementioned
contribution ¢; to integral (A-5), we have
(1+k)Py <

X3, 1) = ———2 =T (xy, x3)e ', 3-10
@1(x1, x3, 1) TR (crje2) ox 1(x1, x3)e (3-10)

where the Rayleigh denominator is defined by (A-10). It can easily be verified that
R'(cr/c2) =4B c2/ck, (3-11)

with constant B from (2-1). Thus, the approximation of the surface wave field given by formulae (3-5)
with (3-9) and (3-10) coincide.

At the same time, the integral I, is a spurious product of the utilized model for the surface Rayleigh
wave, which does not appear in the exact solution of the problem. It corresponds to a pattern localized near
a point contact and arises in the model due to neglecting the integrals over the branch cuts characteristic
of the exact formulation, e.g., see [Achenbach 1976; Ewing et al. 1957]. This integral may be rewritten
in the form

I, = o Js (3-12)
CR
with

0 / p—ki1lys _ p—kic2/cry3 e K1ty _ p—kica/crys
h= / ( - ) cos(¢y1) dz, (3-13)
0 ¢ —ca/cr ¢ +ca/cr

where y; = w/cy x;, i =1, 3. It is plotted in Figure 3 for the Poisson ratio v = 0.25 and consequently
with the Rayleigh wave speed cg = 0.914¢, for y; = 0 (Figure 3, left) and y3 = 1 (Figure 3, right).

The spurious component of the solution related to the integral J, makes more problematic the appli-
cability of the promoted surface wave model for tackling a point contact. Moreover, the latter cannot
also be treated in the general framework of linear elasticity. In the latter case, the vertical displacement
u3 does not take a finite value at the origin x; = x3 = 0 because of the divergence of a Fourier integral
following from (A-5), (A-6), and (2-5); see [Ewing et al. 1957] for more detail. In literature, the problem
is usually overcome by distributing a point contact, e.g., see [Satto and Wada 1977].
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4. Array of mass-spring oscillators

Consider now a plane strain problem for a regular array of mass-spring oscillators attached to the surface
of the half-space x3 = 0; see Figure 4. Let m represent mass, x the spring stiffness, and a the distance
between the oscillators. Then, we have from the general equation (2-1),

]

?e 1
o2 22 = 2uB p(x1, 1)8(x1 +na), (4-1)
1 R

2

3% 1+k5
12

n=—00

where p is a contact force. In this case, the original 3D elliptic equations for the interior in Section 2
become

32<p

82g0

— ki =0, 4-2
8x32 ! 8x12 (4-2)
iy 0%
— +k—5 =0, 4-3
8x32 2 3x12 (4-3)

where ¢ = ¢ (x1, x3, t) and ¥ = ¥ (x, x3, t) with ¥; =, i = 1, 2. The relation between the potentials
now takes the form
Y 144k3 0¢
ax3 2 axp

We also need the formula for the vertical displacement:

(4-4)

do oY
=—+—. 4-5
= 8)63 + 8X] ( )
Let the vibration of each of the oscillators be governed by
muvy + Xv=p. (4-6)

In addition, we impose the continuity of vertical displacements; see (2-7);.
First, we distribute the contact stress in the right-hand side of (4-1), setting

o0

> PO, 080x1 +na) L piar, 0. @7

n=—o0

Figure 4. Array of mass-spring oscillators.
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Thus, a typical wavelength is assumed to be much greater than the distance between the oscillators. A
more sophisticated homogenization technique for a regular array of oscillators is reported in [Boutin and
Roussillon 2006].

For a time-harmonic wave in the form p = pgexpi(kx; — wt), where pg is a constant, k is the
wavenumber, and w is the frequency, we readily obtain from equations (4-2)—(4-5)

A i(kx;—wt)—kkix3
=—— : 4-8
Y= (4-8)
and _
w — 2iA - ei(kxl—a)t)—kkzx3’ (4_9)
k(14k3)
where A is an unknown amplitude. As a result, (4-6) yields
_ Po i(kxi —wt)
= ¢ 4-10
m(a)% —w?) (4-10)

with
wo=+/x/m. 4-11)
We also have from (4-5)

Ze—kk2)€3 )
Uz = A(e—kkm - >e’<’<x1—w’>. (4-12)
1+43

On substituting formulae (4-8), (4-10), and (4-12) into the wave equation (4-1) and the continuity condi-
tion (2-7),, we arrive at linear algebraic equations with unknowns A and pg. They are

(k* — 0*/cR)A = %po, (4-13)
L=k, Lo (4-14)
1+k3 m(w? — o)
The associated dispersion relation can be presented as
K?—Q* =r(s*Q* - DK, (4-15)

where the dimensionless wave number and frequency are given by

wa
K =ka, Q=— (4-16)
CR

and

e (=Khix

, 4-17)
woa 2uB

The zero of the left-hand side in (4-15), K = €2, corresponds to the Rayleigh surface wave, whereas
its right-hand side zero, Qg = s~!, coincides with the eigenfrequency of the considered oscillator. The
exploited surface wave model is formally valid near the left-hand side zero, e.g., see [Kaplunov and

Prikazchikov 2017], and it becomes exact at Ko = s~ .
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Figure 5. Dispersion curve for an array of mass-spring oscillators. The dispersion equa-
tion (4-18) is plotted by a black line, the shear wave (K = 2) is plotted by the red dotted
line, and the Rayleigh wave (K = c»/cg 2) is plotted by the blue dotted line.

Numerical results are presented in Figure 5, where the dispersion curve calculated by the formula

P e O Vri(s2Q2 — 1)2 +4Q2
B 2

is plotted by solid line. In this figure, m = 1000 kg/m, a =2m, u =325MPa, x =4 u, c; =232.379 m/s,
¢y = 158.114m/s, and cg = 140.109 m/s. The Rayleigh wave K = cy/cg Q2 (blue dotted line) and
shear wave K = 2 (red dotted line) are also shown along with the eigenfrequency €2y (horizontal line).
The figure demonstrates that the validity range of the model is located near the point with coordinates
(Ko, $20).

(4-18)

5. Array of elastic rods

In this section, we study a more elaborate plane time-harmonic problem for an array of elastic rods of
height H and width %; see Figure 6. We start from the relations in the previous sections using, instead
of (4-6), the boundary value problem for longitudinal vibration of a rod over the interval —H < x3 <0.
This is given by the equation

8% 3%
E— —m— =0, 5-1
o2 o2 e
subject to the boundary conditions
av p
— =, =0, 5-2
ox; Eh ©-2)
a
L =0,  x;=-H (5-3)
3X3

where m and E are the mass density and Young’s modulus, respectively.
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Figure 6. Array of elastic rods.

The solution of the problem (5-1)—(5-3) is

L Cop Cos(cf)(x3 + H)/CO)’ (5-4)
Ehow  sin(wH /cp)

co=+E/m. (5-5)

The continuity of the displacements at x3 = 0, see (2-7), taking into account (4-12), results in

with

co wH _l—kgA
co 14K

(5-6)

The compatibility of the linear homogeneous equations (5-6) and (4-13) leads to the dispersion relation
K> — Q% =46, KQtan(0y ), (5-7)

where K and 2 are given by (4-16) as above and

h H Eki(1—k?
o=KL gy =r o JERUZR) (5-8)
coa coa 2uB
The zeros of the right-hand side in (5-7),
Q=" m=1,2,3,..., (5-9)
Ou

correspond to the eigenfrequencies of a rod with free ends, for which p = 0 in (5-2). At the same time,
its poles,

Qp=——OQm—1), m=1,23,..., (5-10)
20y

are related to a rod with a clamped end at x3 = 0. In this case we have to impose the boundary condition
v = 0 instead of (5-2).
The exact solution of the studied problem in [Colquitt et al. 2017] rewritten in the notation of the

present paper becomes
cr Q 2Bgby 1 Q3 c% Q2
R(EE2)=— (—) 1= R an@y9), 511
<cz1<> (g e an0 (5-11)
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10

Figure 7. Dispersion curves for the array of rods. Black solid lines correspond to the
approximate dispersion equation (5-14) with eigenfrequencies (5-9) and (5-10) indicated
by the horizontal dashed and solid lines respectively.

where the Rayleigh denominator R is defined in the Appendix; see (A-10). Its one-term Taylor expansion
around 2 = K is given by
Q R
Rr( SR %C_RL/CZ)(QZ_KZ). (5-12)
(6] K 2 2K 2

Then, on substituting the latter into the exact dispersion relation (5-11) and taking into consideration
identity (3-11), we arrive at

q6, 3 ¢k Q?
1

K*—Q* =
As might be expected, the right-hand sides of dispersion relations (5-7) and (5-13) are identical at Q = K,
i.e., for the Rayleigh wave.
Numerical data are given in Figures 7 and 8 for the parameters of rods E = 1.7 GPa, m = 450kg -m~3,
H =14 m, and 7 = 0.3 m with the same distance between the oscillators and the same parameters of the
half-space as in the previous section. For the surface wave model, the dispersion curves are calculated
starting from the explicit formula

4L Qan(0 Q) +/q207 Q% 1an? (0, 2) + 422

K = , (5-14)
2

while the curves originating from the exact solution are plotted from the transcendental equation (5-11).
Since the curves corresponding to (5-11) and (5-14) are virtually identical, in Figure 7, only the approxi-
mate dispersion equation is plotted by solid black lines. Eigenfrequency (5-9) and (5-10) are shown in this
figure by dashed and solid horizontal lines, respectively. As before, the Rayleigh and shear waves are also
displayed. In Figure 8, the curves by (5-11) and (5-14) are depicted by blue and black lines, respectively.

It is worth noting that the adapted approximate model also demonstrates a reasonable accuracy near the
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Figure 8. Comparison of the formula (5-14) and the dispersion relation (5-11), corre-
sponding to black and blue solid lines respectively, near the first (left) and second (right)
band-gaps.

band-gaps centred around frequencies (5-10) related to a clamped surface of the half-space, which does
not support Rayleigh wave propagation.

6. Concluding remarks

An approximate scheme starting from the explicit model for the Rayleigh wave, e.g., see [Kaplunov and
Prikazchikov 2017], has been developed for surface wave-structure interaction problems. This scheme
is proven not valid for analysing a point harmonic contact. As a result, its various extensions aimed at
taking into consideration contact stresses distributed over small surface regions, for example using the
methodology in [Muravskii 2008], seem to be of obvious interest.

Comparison with the exact solution of the plane time-harmonic problem for an array of elastic rods
attached to the surface demonstrates an acceptable accuracy of the scheme, see Figures 7 and 8, which
gives a notable prediction even near band-gaps. In this case, there is also a potential for applying ad-
vanced homogenization techniques, as has been done in [Boutin and Roussillon 2006]. Overall, a very
promising outcome of the presented comparison indicates clear prospects for implementing the scheme
in more elaborated problems of surface wave-structure interaction inspired by the modelling of seismic
metasurfaces [Colombi et al. 2016; Colquitt et al. 2017] and also calculating the seismic response of
wind turbines and farms, e.g., see [Saccorotti et al. 2011; Westwood et al. 2015].

Appendix

A.1. Plane problem in elasticity for a half-space. Consider the plane time-harmonic problem in elas-
ticity for a half-space —oo < xy, x < 00, 0 < x3 < 00 subject to the following boundary conditions at
X3 = 0:

92 92 92
alg=u( AL I ‘”2>=0, (A-1)

2
0x10Xx3 axlz 8x32
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92 92 92 92 .
033 = A _(/2) + _(i +2u _ﬁ + L —PoS(xp)e™"", (A-2)
0x7 dx3 0x3 0xX1Xx3

where A and p are Lamé parameters, and the wave potentials ¢ and  satisfy the equations
g %o 1 0%
8x12 8x32 c% ar?

92 92 1 92
f lﬁ -3 f =0. (A-4)
8x1 8x3 c5 ot

—0, (A-3)

The solution of the formulated problem expressed through Fourier integrals takes the form, e.g., see
[Achenbach 1976],

P —iwt 00 2k2 272 i
o1, x3, 1) = ——= f W/ fmitni—ans g (A-5)
2r i J_x F
and _
P —lwt o0 2]( .
Y xs, 1) = — f L gk gy (A-6)
27 J_n F
where
F = 2k* — 0?/c)? — 4kPa o (A-7)
and
ai:,/kz—aﬂ/ciz, i=1,2. (A-8)
The function F can be written as
F(k, w) =k*R(c), (A-9)
where R is the well-known Rayleigh denominator given by
RE) =2 —cH?—4/1—2V1— 22, (A-10)
where ¢ = w/(kcp) and
Sy Y s (A-11)
Ve V2o

with v denoting the Poisson’s ratio.
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TUNING STRESS CONCENTRATIONS THROUGH
EMBEDDED FUNCTIONALLY GRADED SHELLS

XI1AOBAO LI, YIWEI HUA, CHENYI ZHENG AND CHANGWEN MI

In this work, we explore the possibility of tuning stress concentrations in materials by judiciously de-
signing embedded functionally graded shells. Specifically, we choose thick-walled cylinders to illustrate
our central idea. We specifically consider the boundary value problem of a radially varying graded shell
bonded to a thick-walled cylinder. We obtain closed-form solutions and our parametric numerical studies
suggest that a graded soft shell can effectively drive the stress concentration from the inner surface of
the shell to the shell-cylinder interface. For any boundary loading, an optimal inhomogeneity index that
balances the stress concentrations along the inner surface and the interface can be identified. Using the
solution to a completely homogeneous cylinder as a benchmark, the stress concentration factor can be
reduced by more than 40%. The results of this work suggest the significant potential of functionally
graded materials for tailoring the stress concentrations of engineering structures by bonding a properly
designed inhomogeneous layer to the perimeter of geometric defects.

1. Introduction

Stresses may be significantly amplified around regions with geometric discontinuities and abrupt changes
in material properties or load intensities. This phenomenon is known as stress concentrations. It is often
responsible for structural failure, e.g., damage and fracture, and is generally measured by the use of
stress concentration factors (SCFs). Consequently, reducing the stress concentration factor of engineering
elements and structures is of significant interest and importance in practice. In other words, optimization
of stress distribution is desired for those structures with stress concentrations, in particular, for plates and
cylinders containing holes. Since the 1960s, many studies have been continuously devoted to the stress
analysis of plates with holes of various shapes under different loading conditions [Savin 1961; Theocaris
and Petrou 1986; Ukadgaonker and Rao 1999; Rezaeepazhand and Jafari 2010]. More recently, Wu and
Mu [2003] developed a computational method to estimate the SCFs of isotropic and orthotropic plates
as well as cylinders with a circular cutout. Later, Yang et al. [2008; 2010b] investigated the stress and
strain concentrations of a plate containing a circular hole. By the use of the complex variable method,
Batista [2011] calculated the stress concentration around a hole with complex geometry in an infinite
elastic plate. Patel and Sharma [2017] proposed a numerical approach to study the stress field around
polygonal cutouts with complex geometries in an orthotropic media. On the basis of these literature
studies, Nagpal et al. [2012] presented a complete analysis and overview on techniques focusing on the
relief of stress concentrations in materials and structures with cavities.

Keywords: functionally graded material, stress concentration, method of stress function, thick-walled cylinder, elasticity
theory.
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The above studies all focused on homogeneous materials with geometric defects. Functionally graded
material (FGM) is a class of composite materials that possess continuous variation of material prop-
erties along certain spatial dimensions. This distinguishing feature eliminates the sharp discontinuity
in material properties that naturally arise when bridging materials with drastically different properties.
FGMs may thus help regulate the stress distribution and function performance of composite structures.
Due to this, FGMs have received considerable attention in the past two decades and found a number
of applications in aerospace engineering [Marin 2005] and biomedical engineering [Watari et al. 2004],
among others [Kawasaki and Watanabe 2002; Miiller et al. 2003; Chen et al. 2012].

Up to the present, numerous studies have reported applications of FGMs in engineering structures,
and in particular, their effect on stress reduction in structures with geometric defects [Jin and Batra 1996;
Chi and Chung 2006a; 2006b; Birman and Byrd 2007; Yang et al. 2015]. Kubair and Bhanu-Chandar
[2008] solved the SCFs due to a circular hole in a functionally graded panel and found that the stress
concentrations can be reduced when the Young’s modulus is allowed to progressively increase away
from the center of the hole. Yang et al. [2010a] also analyzed the stress distribution of a functionally
graded plate with a circular hole and reported significant stress relief as the Young’s modulus is allowed
to radially increase. Later, Mohammadi et al. [2011] revisited the stress concentration problem around
a circular hole in an infinite FGM plate subjected to different loading conditions. More recently, Yang
et al. [2015] further studied the three-dimensional equilibrium problem of a voided transversely isotropic
FGM plate subjected to loading applied on the remote boundary of the plate. Several other studies on the
stress concentration analysis of FGM plates under different conditions include [Kubair 2013; Sburlati
et al. 2014; Gouasmi et al. 2015; Mohammadi et al. 2016]. Jha et al. [2013] supplied a comprehensive
review on various theories of FGM plates and their applications.

In addition to plates, stress concentrations in another important engineering structure, i.e., graded
cylinders, under various loading conditions have also been studied [Pan and Roy 2006; Chen and Lin
2010; Batra and Nie 2010; Nie and Batra 2010; Nie et al. 2011; Sadeghi et al. 2012; Ghannad et al. 2013;
Chen 2015]. Horgan and Chan [1999] solved the stress field in a pressure vessel with radially graded
Young’s modulus. By comparing with a completely homogeneous vessel, they showed the significant
difference in stress distribution. Tutuncu [2007] further investigated the stress distribution in cylindrical
vessels with exponentially varying modulus along radial axis. Oral and Anlas [2005] derived a closed-
form stress solution for an orthotropic cylindrical pressure vessel with inhomogeneous material properties.
By treating either the elastic stiffness or Poisson’s ratio as a constant, but not both, Dryden and Batra
[2013] studied the axisymmetric plane strain problem of a graded cylinder under hydrostatic loading.
They also successfully designed an equivalent homogeneous vessel with the same stress concentration
level as that of a graded one. Xin et al. [2014] further considered the possible effects of Poisson’s ratio
on stresses and displacements and presented a theoretical formulation for graded thick-walled cylinders.

Although many studies have been devoted to reducing stress concentrations in pressure vessels, most
of them focus on geometric defects embedded in infinite domains under hydrostatic boundary loads.
Nonetheless, it has been shown that graded materials work best as a coating or a transitional layer bridg-
ing two components with drastically different material properties. When employed this way, an FGM
component is able to significantly improve the mechanical behavior of the original structure, including
the conventionally undesired stress concentrations [Kashtalyan and Menshykova 2007; Sburlati 2012;
Sburlati et al. 2013; Chu et al. 2015].
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By the use of a thin FGM ring, Sburlati [2013] explored the possibility to relieve the stress concentra-
tion around the circular hole in a homogeneous plate under far-field uniaxial tension. They demonstrated
that the SCF around the hole perimeter can be significantly reduced by a proper choice of the grading
parameter of the annular ring. Shortly thereafter, they extended their model to take into account both a
perfect bonding and a pure sliding condition at the ring/plate interface [Sburlati et al. 2014]. Analytical
solutions due to four types of simple far-field loads are presented. Yang and Gao [2016] also confirmed
that by using a properly graded thin shell around an elliptic hole in an infinite plate, the SCFs may be
effectively reduced.

Motivated by these studies, the primary goal of the present study is to propose a solution to mitigating
stress concentrations in a thick-walled cylinder subjected to an arbitrary boundary load. We believe
that it is a promising way to improve the stress distribution in thick-walled cylinders by introducing an
inhomogeneous annular shell, treated as a thin coating perfectly bonded to the inner surface of a circular
cylinder. The Young’s modulus of the inhomogeneous shell is allowed to vary along its radial dimension
by following a power-law function, whereas the Poisson’s ratio of the shell is kept as a constant without
any gradation. The problem is formulated with the method of Airy stress function. For the case of
inhomogeneous material properties, the conventional biharmonic equation that must be satisfied by the
stress function of a homogeneous medium becomes a general fourth-order differential equation of Euler-
type. Successful tackling of this differential equation renders us an analytical solution to the stresses and
displacements of the proposed problem.

The remainder of this paper is organized as follows. Section 2 presents the Airy stress function formula-
tion of the proposed problem and its analytical solutions due to both an all-around traction and an arbitrary
biaxial load. In Section 3, extensive parametric studies are performed to illustrate the effects of the
inhomogeneity index of the embedded shell and the traction ratio along perpendicular directions on the
stress distribution and stress concentrations. Whenever possible, the benchmark solution to a completely
homogeneous cylinder is computed and used as a comparison basis. Finally, in Section 4, a few conclud-
ing remarks that were informed from both the analytical solutions and numerical studies are drawn.

2. Formulation and method of solution

As shown in Figure 1, the problem under consideration is composed of a thick-walled cylinder reinforced
by a perfectly bonded thin shell, both of finite thickness. The Young’s modulus of the cylinder is assumed
to be homogeneous while that of the inner shell is treated as a radially graded quantity, i.e.,

EO =@ (L), (1)
ro
where m represents the inhomogeneity index of the grade shell and therefore should be a real number.
The superscripts (i) and (o) are used to denote the quantities that belong to the inner shell and the
outer cylinder, respectively. The inhomogeneity index serves as a governing parameter for tuning the
relative stiffness between the shell and the cylinder. The power law function (1) was specialized so that
the material properties at the shell-cylinder interface (r = rp) remain continuous. Since the effect of
Poisson’s ratio (v) has proven to be very marginal when compared to that of the elastic modulus, see for
example [Sburlati et al. 2014, Table 3], it seems reasonable to fix it as an equal constant in both domains.
The combination deforms under the application of a uniform boundary loading: o, = p and oy = g at the
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Figure 1. Geometry and loading configuration of the problem.

outer boundary of the cylinder. Such a loading condition is general in the sense that an arbitrary uniform
boundary traction can always be converted into this form, with a proper rotation of coordinates.

Due to the axial symmetry of the structure, polar coordinates become a natural choice to formulate
and solve the problem. In the absence of body forces, the two-dimensional equations of equilibrium are

thus given by
do, 100, O —0p _ dog 1009 2

=0, 420, =0, 2
or " r o6 r ar "rae 7o @
where o, 0y, and 0,9 are the normal and shear stress components, respectively. The strain-displacement
relations read
ou, 1 oy 1/10u, ug OJug
= 59—?(“3—9 =5 T T ) )

The present problem is more reasonable to be modeled as a plane strain one. Nonetheless, it is well
known that plane strain formulation generally results in more complicated mathematical expressions
when compared to those of plane stress formulation. For simplicity, we have chosen to first formulate
the present problem in terms of the plane stress constitutive law:

1 1 2(14+v)
“ED “EM Er) 7"
Later in the numerical analysis and discussion (Section 3), the plane strain version of these equations are
obtained by the change of material properties: E — E/(1 —v?) and v — v/(1 —v).

For problems formulated in terms of stresses, it is well known that in addition to the above equations,
the strain compatibility condition must also be satisfied:

9%ep 1 0%, 20ey 10e, 13%,0 1 95

&r (0r —voy), &g (0g —voy), &= 4)

a2 Tr29er Trar Trar roree 2 a6

Since the present problem is formulated within the framework of the linearized theory of elasticity, the

biaxial boundary tractions shown in Figure 1 can safely be superposed from the two uniaxial tractions

along individual coordinate axes. As a result, it would be sufficient to develop a solution due to the

traction load o, = p. The solution due to oy, = g can readily be obtained by making the replacements
p—>qand0—>9+%n.

®
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With the help of the transformation matrix between the regular Cartesian and polar coordinates, it is
easy to find the polar components for the uniaxial traction o, = p:

o, = %p(] +c0s20), o= —%p sin 26. (6)

The boundary conditions (6) can further be decomposed into an axial symmetric component,

oy = % D, (7a)
ore =0, (7b)

and an antisymmetric component,
ar:%pcos%, 0 :—%psin29. ®)

Irrespective of the traction conditions applied at the outer boundary of the cylinder, the inner surface of
the embedded shell is always free of tractions:

o,(ry,0) =0, (9a)
0,9(rg,0)=0. (9b)

The perfect bonding condition between the two material components requires that both the displacements
and the stress tractions must be continuous across the shell-cylinder interface:

[0y (r0, )] =0, (10a)
[076(r0, 6)] =0, (10b)
[u,(ro,0)] =0, (10c)
[ug (ro, 6)]1 =0, (10d)

where the square brackets denote the jumps of displacements and stress tractions.
To solve the problem we use the Airy stress function in the general form ¢ = ¢(r, 8), with the polar
stress components written as

_109(r0) | 19%(0)  _d%pn8)  _10p(r6) _10%(6)
r or 2 992 0 a2 0 T2 50 r 9rdf

In the remainder of this section, we aim to develop analytical solutions to both the symmetric (7) and
the antisymmetric (8) boundary conditions.

(11)

r

2.1. Axial symmetric solution. When the structure shown in Figure 1 is subjected to an all-around trac-
tion of magnitude % p, i.e., (7), the Airy stress function becomes azimuthally independent: ¢ = ¢o(r).
For this case, the compatibility condition can be reformulated in terms of the Airy stress function by
combining equations (11), (4), and (5):

d*@o(r) 4 20=m) do(r) " (m* +vm —m — 1) d®¢o(r) (m4+DOmv—1) deo(r)
dr4 r dr3 r? dr? r3 dr

This equation is an ordinary differential equation of Euler type whose solution is

0. (12)

0 (r) = 21 In(r) + zor? (13)
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for the outer cylinder and
o (r) = Cp™/ TPy Cypm/2mp /2] (14)

for the inner shell, where z1, z2, C1, C; represent unknown coefficients to be determined by imposing
the boundary conditions and p = vm? +4 — 4vm. It is easy to show for the practical range of Poisson’s
ratio, e.g., 0 < v < 0.5, the parameter p is always a real number. Substituting (13) and (14) back into
(11) yields

ol =2z + j_; 0\ =2z, — Z—l (15a)
@ (m+p+2)rmHPRC 4 (m—p + 2)rm/2”’/2C2
o) = > , (15b)
@i _ (m+p)m+p+2r"*HPRC 4 (m — p)(m — p +2)r™2 PR Cy
0y = > . (15¢)

The four unknown coefficients (z1, z2, C1, C;) are determined by the boundary conditions (7a), (9a),
(10a), and (10c)

2.2
mri;r
2 =—21’—9‘)”(r5(m—2v—p>(2+m+p>—r5’(m—2v+p>(2+m—p>),
2
= ” <2+m+p)<m +mQ2—2v—p)+22-p))
(16)
-
b °”(2+m P)(mE+mQ2—2v+ p)+22+ p)),
c zrbzré m/2+p/2(2+m_p)p c 2r§r§r(l) m/2+p/2(2+m+p)p
1= ) 2= )
Q Q

where

Q=rlQ2+m+p)mrd(p —m+2v) +rZ(m* +mQ2—2v —p) +2(2 - p)))
+rf 2 4m— p)(mrd(p+m—2v) —rim* +m@2—2v+p) +22+p))). (17)

2.2. Antisymmetric solution. Given the antisymmetric boundary conditions (8), the Airy stress function
for both domains must assume the form ¢ = ¢, (r) cos 26. In view of (11) and (4), the strain compatibility
(5) can now be recast in terms of the function ¢,(r). For the outer cylinder and the inner shell, the
compatibility condition becomes

d2+1d 4 d2+1d 4 © ()= 0 (18)
a2 rar 2 N\a2 T rar T 2) VT
and
d4<p(l)(r)+ 2(1 —m) d3(p(l)(r) (m? +vm —m —9) d>py’ (r)
dr# r dr3 r2 dr?

(A D(mv —9) doy’ (r) | Amm +vm —3)

3 dr e (=0, (19)
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respectively. Benefitting from the constant material properties in the cylinder, (18) is easy to solve and
the corresponding stress function is found to be

4
03" (r,0) = (224 + % + 2% + 22274) cos 26. (20)

Although the differential equation (19) is much more complicated, it is a fourth-order Euler equation,
whose solution can be put in the form

03 (r, ) = " (D1 A1 (r) + DaAs(r) + D3B1(r) + D4 Ba(r)) cos 26. 21

The eight coefficients (Dy, D,, D3, D4, 221, 222, 223, 224) are all unknown constants to be evaluated from
the boundary conditions (8), (9), and (10). The four functions (A;, A;, By, By) depend solely on the
radial coordinate:

A(r) =r 2702 Ay(r)y = A2 By (r) = 2P By (r) = r AR (22)
where

o= \/m2 +2m —2vm +20 — 2\/m2 +v2m?2 — 14vm? — 32vm + 32m + 64, (23a)

= \/m2 +2m — 2vm 420 + 23/ m? + v2m?2 — 14vm? — 32vm + 32m + 64 (23b)

For real « and B, the inhomogeneity index m has to fall in the interval [0, 8(2 — V3) /(v + 43 — n].
Given the Airy stress functions (20) and (21), it is straightforward to find the stress components from (11):

2 3
or(o):—2<zzl+%+ :23)00829 (24a)
322
ay” 2(zz1+6zzzr +—> cos 26, (24b)
3
69 =2 221 + 322> = 22 — =2 ) sin 26, (24¢)
r r
i _ (m—a—6)Ai1(r)Di+ (m— B —6)B1(r)Ds
o, i cos 26
6)A>(r)D 6)B>(r)D
(m+a )A2(r) 22T(m+,3 )Ba(r) Dy c0s20. (24d)
r m
i _ m—o)m—a+2)A1 (") D1+ (m — p)(m — +2)B,(r) D3
oy g cos 20
(m+oz)(m+oz+2)A2(r)D2+(m+ﬂ)(m+,3+2)Bz(r)D4
g cos20, (24e)
r(é)_(m a)A(r)D; + (m — ,B)Bl(r)D31+(m+05)A2(V)D2+(m+,3)BZ(V)D4 <in20. (24f)
r m

Simultaneously enforcing the boundary conditions at the inner surface of the shell (9), at the shell-
cylinder interface (10), and at the outer boundary of the cylinder (8) solves the eight unknown coefficients
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oy = rap iy X i€ — Epmijaia; ’
40 i E = E)Yijaia
Py i (2rfri(4zo1 + Dia — dzo1rghin — (4zo1 + Drjdis)ai
AN O + 208 hiz — Brirdhis)a;
o rarep Yo > j-i&i —§puijaia; 25¢)
2o 4y > j-i& —&pvijaia; ’
r2p Y (12201rBrihin — 2(4z01 + Dr§hin + (201 + Drfdis)a;

204 = , (25d)
438 + 2r0is = 3rprdria;

(25a)

722 = , (25b)

4

Di=pY gjzjhij, i.j=1,23.4, (25¢)
j=1

where A;j, n;j, ij, and ¥;; are elements of 4 x 4 matrices while &;, a;, and ¢; are those of vectors
possessing four components. Although the solution procedure was straightforward, the mathematical
expressions for these parameters are quite lengthy. For brevity, they are documented in the Appendix.

At this point, the complete solution to the uniaxial traction load o, = p applied at the outer boundary
of the cylinder can readily be obtained by superposing the axial symmetric (15) and the antisymmetric
(24a) stresses. For the case of o, = g, stresses can be adapted by making the replacements 6 — 6 + %n,
c0s 260 — — cos 26, and sin 260 — — sin 20, without affecting the axial symmetric part.

In summary, we solved the boundary value problem presented in Figure 1 by the method of Airy stress
function. The solution algorithm follows closely to typical plane elasticity problems as explained in the
classical theory of elasticity [Barber 2010]. First, the governing equations of plane elasticity (2)—(5) were
combined to construct the compatibility condition on stress components. Second, by the introduction of
Airy stress function (11), the condition was further transformed into a fourth-order differential equation
whereas both equilibrium equations in (2) are found to be identically satisfied. Third, the compatibility
equation in terms of Airy stress function was analytically solved for both axial symmetric and antisym-
metric uniform boundary loading. For the two cases, the solutions contain four and eight integration
constants, respectively. Finally, they were uniquely determined by implementing the traction boundary
conditions at the inner and outer surfaces of the cylinder and the perfect bonding assumption at the graded
shell-cylinder interface.

3. Numerical results and discussion

Although we have obtained the analytical solution to the present problem it is mathematically lengthy
and therefore inconvenient to demonstrate the effect of the embedded FGM shell. The numerical studies
that will be presented in this section are for two purposes. The first of which is to compare the differences
in stress concentrations of a thick-walled cylinder, if any, due to an FGM inner shell and a completely
homogeneous one. The other is to explore the mechanism of mitigating stress concentrations and thus
to enhance the structural integrity of pressure vessels.
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Figure 2. Variation of the normalized radial stress as a function of the radial coordinate
for five homogeneous shells.

Calculations require specific values for material properties, geometric parameters, and mechanical
loads. We assume that the Poisson’s ratio of both the cylinder and the shell is v = 0.3, because of its very
limited impact on stress concentrations [Sburlati 2013]. Due to the absence of the size-dependent effect,
it is sufficient to assign just two radii ratios rg/r, = 3 and r,/r, = 9 for the geometric parameters. All
stress values are normalized with respect to the applied boundary traction. In addition, for comparison
purposes the case of a homogeneous inner shell that possesses the same material properties as those of
the outer cylinder is also calculated whenever necessary. As aforementioned in Section 2, all analysis
and discussion to be presented in this section were performed against the plane strain condition. In the
remainder of this section, we first consider the case of a uniform all-around boundary loading, followed
by the more general case of an arbitrary biaxial traction.

3.1. Axial symmetric traction loading.

3.1.1. A homogeneous inner shell with different properties from those of the outer cylinder. For compar-
ison purposes, let us first consider a completely homogeneous inner shell but with a different Young’s
modulus than that of the outer cylinder

E(i) — <r_”>nE(0)’ (26)
ro

where n is an arbitrary constant representing the relative stiffness between the shell and the cylinder. For
nonzero #, it is seen that there is a discontinuity in material properties across the shell-cylinder interface.
This simplified case may be treated as a degeneracy of the solution developed for an FGM shell. The
Airy stress function of the shell thus takes the same form as that of the cylinder (13). As a result, the
stress fields in both domains share the same distribution pattern; see (15a) and (15b). The four constants
of integration can subsequently be determined by imposing the boundary conditions at the material’s
surfaces (r,, rp) and the shell-cylinder interface (rg). For the special case of a completely homogeneous
cylinder, the stress field can be obtained by further setting the index n as zero.

Figure 2 shows the normalized radial stress distribution for different values of n (n =0, 0.5, 0.85, 1.1, 2).
It is seen that for positive n, the radial stress is always smaller than that of a completely homogeneous



320 XIAOBAO LI, YIWEI HUA, CHENYI ZHENG AND CHANGWEN MI

Normalized hoop stress og/p

r/Tq
Figure 3. Variation of the normalized hoop stress as a function of the radial coordinate
for five homogeneous shells.

cylinder (n =0 or E®) = E©). In particular, the radial stress is significantly reduced at the shell-cylinder
interface. Because in this case the Young’s modulus of the embedded shell is smaller than that of the
outer cylinder, the slope of the radial stress curve becomes smaller in the shell and larger in the cylinder,
when compared to the case of n = (0. With increasing n, both the slope and general level of the radial
stress in the shell decrease. For the outer cylinder, an opposite trend can be confirmed. It is also noticed
that at the shell-cylinder interface the radial stress is not differentiable, although the stress value remains
continuous. For all values of n, the maximum stress always appears on the outer surface of the cylinder
and is equal to the applied all-around tension, indicating that stress concentrations are not of a concern
for the radial stress component.

Figure 3 shows the variation of the normalized hoop stress for the same five cases that were studied
in Figure 2. It is seen that for the case of a completely homogeneous cylinder (n = 0), the stress
concentration factor reads oyp/p = 2.025. For n # 0 the hoop stress experiences a sharp discontinuity
across the shell-cylinder interface. The softer the inner shell is the larger the stress discontinuity becomes.
Moreover, the stress level becomes lower in the embedded shell but higher in the outer cylinder. In both
domains, the hoop stress component decays with the radial coordinate. Furthermore, it is interesting to
note the trade-off pattern between the stress levels at the rim of the inner shell and at the shell-cylinder
interface. With increasing n, the stress concentration factor at » = r, monotonically decreases. The
opposite is true for the stress concentration factor at the shell-cylinder interface. This behavior suggests
an optimized value of the relative stiffness parameter (n = 0.725, E®¥)/E© ~ 0.451) such that the
stress concentration factors at the shell surface and at the shell-cylinder interface become an equal value
(09/p = 1.446). The stress concentration level has reduced by 27.7% when compared with a completely
homogeneous thick-walled cylinder.

3.1.2. A graded thin shell perfectly bonded to a thick-walled cylinder. In this subsection, we aim to
analyze the stress distribution inside an FGM shell perfectly bonded to the inner surface of a thick-walled
cylinder. The combination is still subjected to an axisymmetric all-around tension at the outer surface of
the cylinder r = rp. The Young’s modulus of the FGM shell is allowed to vary along its radial dimension,
by following the power-law function (1). To investigate the variation of stresses, the four constants of
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m au/p z22/p Ci/p C/p

0.5 —-1.692 0.510 0.366 —2.417
0.85 —2.176 0.513 0.272 —-1.216
1.1 —=2.521 0.516 0.212 —0.819

2 =3.698 0.523 0.071 -0.233

Table 1. Numerical values of the four constants of integration in (16) that are used for
plotting Figures 4 and 5, left. The other parameters are set as v = 0.3, ro/r, = 3, and
rp/ra =9.

ol
=3

o
%

I
N

o
o

=]
'S
T

—_—m=0

o
W

- =m=0.5

----- m =0.85 ||

o
o

Normalized radial stress o, /p
[=]
O

—==m = 1.1

m=2

2 3 4 ; s 1 s 9
Figure 4. Variation of the normalized radial stress along the radial dimension for five

inhomogeneous shells.

integration in (16) must first be determined. Table 1 tabulates numerical values of these coefficients for
four representative inhomogeneity indices. Values of other parameters are already given at the beginning
of Section 3. It is also worth mentioning that, since the Young’s modulus remains continuous across the
shell-cylinder interface, its value does not enter into the determination of stress components.

Figure 4 shows the normalized radial stress along the thickness dimension of the structure for five
inhomogeneity indices. It is found that the radial stress level can be effectively reduced by the use of
an FGM shell. In particular, the radial stress at the graded shell-cylinder interface is significantly lower
than that of an integral cylinder of constant stiffness. The larger the inhomogeneity index is the more
effective the stress reduction becomes. Benefitting from the continuity of material properties across the
graded shell-cylinder interface (r = rp), no sharp corners in the radial stress curves were observed. For
all five cases, the maximum radial stress always appears at the outer surface of the cylinder and thus
implies the absence of concentration.

To validate the accuracy of the developed analytical solution, finite element modelings of the exactly
same model were also performed. Figure 5 shows the analytical solution and finite element results of the
hoop stress distribution for five values of the inhomogeneity index. It can be seen that these two inde-
pendent solutions agree with each other very well. In the finite element approach, the biggest challenge
involves the modeling of the inhomogeneous shell. In this work, we closely followed a discretization
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inhomogeneous shells. Left: analytical solution. Right: finite element modeling.

scheme recently proposed by Liu et al. [2018]. Readers who are interested in the numerical modeling of
inhomogeneous materials may refer to the article for more details.

When compared with the radial stress, the distribution pattern of the hoop stress becomes more com-
plicated. In the graded shell, three trends can be clearly observed. First, when m is small the hoop
stress decreases all the way through the thickness of the shell. Second, as the value of the inhomogeneity
index increases the hoop stress curve shows a parabolic behavior and a local minimum can be found
somewhere between the shell rim and the shell-cylinder interface. Third, when the inhomogeneity index
reaches a critical value (e.g., m = 1.1) the point of inflection of the hoop stress curve disappears and the
hoop stress monotonically increases all the way through the thickness of the shell.

Similar to the case of a homogeneous inner shell, the hoop stress at the shell surface r = r, decreases
with increasing inhomogeneity index. However, the opposite trend is found at the shell-cylinder interface.
On the other hand, the hoop stress within the outer cylinder decays all the way along the radial axis for
any inhomogeneity index. Soft shells result in higher hoop stresses in the cylinder. Unlike the case of a
homogeneous shell, the hoop stress across the shell-cylinder interface now becomes continuous but is still
not differentiable. The sharpness of the corner at r = ry behaves a positive function of the inhomogeneity
index. It is clear that the maximum hoop stress for the case of an inhomogeneous shell may occur either
at the shell rim or at the shell-cylinder interface, depending on the value of the inhomogeneity index. It
can be inferred that there must exist an optimized inhomogeneity index (m = 0.731) to make the hoop
stress equal (oy/p = 1.248) at the shell surface and at the shell-cylinder interface. It becomes obvious
that the use of a graded inner shell is more effective than a homogeneous one when the stress reduction
is of primary concern. In this case, the stress concentration factor has reduced by 38.4% when compared
with a completely homogeneous thick-walled cylinder.

3.2. An arbitrary biaxial traction load. We now consider a thick-walled cylinder reinforced by a graded
inner shell and subjected to a general biaxial traction load applied at the outer boundary of the cylin-
der. Since there are many possible combinations of the applied tractions p and g, we here introduce
another parameter y = ¢/p. In the numerical examples, several typical values of y are taken, e.g.,
y =1,0.5,0, —0.5, and —1. It is noted that when y = 1 the solution degenerates to the special case of
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21/p 22/p 23/p  zu/p Di/p D2/p  Di/p Dy/p
—0.272 1.320-100% —1.361 0.899 0.365 —0.189 —0.177 3.485.10~%

Table 2. Numerical values of the eight constants of integration in (25) that are used for
plotting the various figures in Section 3.2. The other parameters are set as m = 0.5,
v=0.3,ry/ro,=3,and rp/r, =9.
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Figure 6. Variation of the normalized hoop stress along x-axis (6 = 0) for five inhomo-

geneity indices. The traction ratio was fixed as a constant y = 0.5.

an axial symmetric traction load that was studied in the previous subsection. A uniaxial tension (o, = p)
is represented by y = 0 whereas the antisymmetric/pure shear load (o = p, o0y, = —p) is equivalent to
y = —1. Moreover, it is sufficient to consider the loading case of ¢ < p, since all solutions due to ¢ > p
can be obtained by a simple coordinate rotation of %n around the axis of symmetry.

In addition to Table 1, calculation of stresses due to an arbitrary biaxial load also requires the eight
constants of integration given by (25). For the representative inhomogeneity index m = 0.5, the numerical
values of these coefficients are tabulated in Table 2. Again, stresses are independent on the Young’s mod-
ulus £, benefitting from its continuity across the shell-cylinder interface. In the next two subsections,
we explore separately the effects of the inhomogeneity index m and the loading parameter y on the stress
reduction in the thick-walled cylinder.

3.2.1. Effect of the inhomogeneity index. In this subsection, we study the effect of the inhomogeneity
index m. Several specific values of the index were considered in the subsequent numerical calculations,
e.g.,m=0,0.5,0.85, 1.1, and 2. To exclude the undesired coupling effect of the traction ratio, it was
fixed as a constant, i.e., y = 0.5, in this subsection.

Figures 6 and 7 show the hoop stress distribution along x and y directions, respectively. Along the
radial direction 6 = 0, the behavior of the hoop stress has been significantly affected by the introduction
of the inhomogeneous shell. For all cases with m # 0, the hoop stress now increases within the inner
shell and then approximately stays constant in the cylinder. The location of the maximum hoop stress
has changed from close to the inner surface of the shell toward to the shell-cylinder interface. Moreover,
with increasing inhomogeneity the hoop stress value decreases at the inner surface of the shell. Slight
fluctuations in the hoop stress level were found at the shell-cylinder boundary, with the highest stress
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value given by the largest inhomogeneity m = 2. An intersection among the stress curves was found near
the shell-cylinder interface, approaching from the shell side.

Along the other radial direction 6 = %Tl’, the distribution of the hoop stress shows quite similar be-
havior as that of the case due to an all-around boundary traction (Figure 7). In the inhomogeneous shell,
the hoop stress decreases when the shell inhomogeneity is small. In particular, for the special case of
zero inhomogeneity (m = 0), the stress concentration factor is the highest (op/p = 2.556). For large
inhomogeneity indices, e.g., m > 1.1, the trend has been reversed. Roughly in the interval 0.85 <m < 1.1,
the hoop stress curve behaves as a parabola with positive curvature and the maximum value of the hoop
stress could occur on either boundary of the shell, or on both. In contrast, the hoop stresses in the outer
cylinder monotonically decay for all values of the inhomogeneity index.

Referring to both Figure 6 and Figure 7, it can be concluded that the maximum hoop stress exists on
either the inner surface of the shell or the shell-cylinder interface. Therefore, there must exist a critical
inhomogeneity index, /i, which makes the hoop stress equal at » = r, and r = ry. A numerical search is
performed for such an optimized inhomogeneity level. A close examination of Figures 6 and 7 reveals
that the optimum inhomogeneity index must lie within the interval (0.85, 1.1). The search can start
from either the lower or the upper bound. For the given inhomogeneity index, the stress concentration
factor at the inner surface of the shell is compared with that at the shell-cylinder interface. If the two
factors are found to be unequal, the inhomogeneity index is updated by an increment of 0.001. The stress
concentration factors are subsequently recalculated. The search stops until the difference between the
two factors is less than a predefined degree of accuracy, e.g., 0.001. The final result was found to be
m ~0.961. It is clear that when m < m, the maximum hoop stress occurs on the inner surface of the shell,
the same situation as that of a completely homogeneous thick-walled cylinder. On the other hand, when
m > m the most severe stress concentration shifts to the shell-cylinder interface. The concentration factor
of the hoop stress component reaches its minimum value (oy/p = 1.327) when m = m. This represents
a reduction of 48.1% in the stress concentration factor when compared with a completely homogeneous
cylinder under the exact same loading condition.
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Figure 9. Variation of the normalized hoop stress along the shell-cylinder interface (r =
ro) for five inhomogeneity indices. The traction ratio was fixed as a constant y = 0.5.

Since the stress concentration always occurs on the inner surface for a cylinder subjected to far-field
boundary loading, it is enlightening to examine the hoop stress distribution along r = r,, as shown in
Figure 8. It is seen that no matter how the inhomogeneity index changes, the hoop stress curve follows
a complete period of sine-wave within 6 € [0, 7]. The minimum and the maximum hoop stresses are
found at 6 =0 and 6 = %n, respectively. The general level of the hoop stress decreases with increasing
inhomogeneity index.

Figure 9 shows the shear stress distribution along the shell-cylinder interface (r = rg). It is seen that
the effect of the inhomogeneity index m is quite marginal. In the interval 6 € [0, 7], all shear stress curves
follow a complete sine-wave. The extremes of the shear stress appear at 6 = }Tn and %n. It is therefore
instructive to examine the shear stress distribution along either of these two directions. Figure 10 shows
the variation of the shear stress component through the wall thickness of the structure along 6 = }Ln.
It is found that along this dimension all shear stresses are negative. A point of inflection exists for
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for five inhomogeneity indices. The traction ratio was fixed as a constant y = 0.5.

all inhomogeneity indices, with the exact location clearly depending on the value of m. With increasing
inhomogeneity index, the location of the shear stress extreme shifts from inside the inner shell to the outer
cylinder. More importantly, the magnitude of the shear stress extreme decreases with the inhomogeneity
index when m is small and subsequently increases when it becomes large. This observation implies
that there exists an optimal inhomogeneity index 7 at which the magnitude of the shear stress extreme
assumes its lowest value. Numerical search suggests that the optimal inhomogeneity index is m ~ 0.504,
occurring at r & 2.767r,. In this case, the corresponding concentration factor of the shear stress is the
lowest (o,9/p = 0.318).

3.2.2. Effect of the traction ratio. To investigate the effect of the traction ratio y = g/ p, in this subsection
we fix the inhomogeneity index as a constant, i.e., m = 0.5. As expected, for all loading cases (|y| < 1)
no stress concentrations were found for the radial stress component. The absolute value of the maximum
radial stress is never greater than p. It is therefore only necessary to examine the hoop and shear stresses.

The hoop stress distribution along the radial dimension 6 = 0 is shown in Figure 11. It is seen that
for positive y, the hoop stress varies smoothly through the thickness of the structure. For negative y,
the hoop stress depends more sensitively on the radial coordinate. Very high compressive values are
found near the inner surface of the graded shell whereas the stress curve varies quite smoothly in the
outer cylinder. As y switches from positive to negative, the hoop stress also switches from tension
to compression. Again, excellent agreements have been achieved between the results predicted by the
analytical approach and the finite element approach.

On the other hand, the distribution of the hoop stress along the radial direction 6 = %n behaves quite
differently, as shown by both the analytical (Figure 12, left) and the finite element (Figure 12, right)
solutions. In this direction, the hoop stress remains positive irrespective of the sign of the traction ratio y.
It is obvious that the hoop stress continuously decays in both domains, with a blunt corner found across
the shell-cylinder interface. The level of oy in the inner shell is inversely proportional to y. Although
an opposite trend shows in the outer cylinder, the stress levels due to all loading conditions are actually
quite close to o, = p. From Figure 12 it is clear that high stress concentrations appear near the inner
surface of the embedded shell and the concentration factor increases with decreasing traction ratio y .



TUNING STRESS CONCENTRATIONS THROUGH EMBEDDED FUNCTIONALLY GRADED SHELLS 327

2 T 2
\\_
) L S qL
) N
S S N N S e i
8 """" 2 --------
LT 1] =
2 5 2
S RS Lttt S T memememem T
= P = P
Kl Rl
gzl =
g / —y=1 g ! y=-1
’Zs Al - y=05 || ’g ) ———y =05
- ceeay =0 - vy =0
———y=-0.5 - =y =05
3‘ L L L L L L ’y:\_ 3 L L L L L \_/y :\
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
r/Tq r/Tq

Figure 11. Variation of the normalized hoop stress along the x direction (¢ = 0) for
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Informed by Figures 11 and 12, high stress values are always found at the surface of the inner shell.
As a result, in Figure 13, we present the distribution of the hoop stress along the inner surface of the
shell r = r,. Due to symmetry, only a half interval of the surface was taken into account. In general,
for 0 € [0, 7], the hoop stress varies by following a sine pattern for each traction ratio y. It is found
that stress extremes always appear along the x or y direction. For all traction ratios considered in the
numerical study (Jy| < 1), the maximum compressive and tensile hoop stresses happen along the x
and y direction, respectively. Among them, the antisymmetric traction load results in the highest stress
concentration factor (op/p = 3), the same value as that of a voided homogeneous plate subjected to a
uniaxial tensile load. Nonetheless, it should be recalled that such a stress distribution is obtained by
fixing the inhomogeneity index of the inner shell as a constant (m = 0.5).
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Enlightened by the stress distribution in an axially loaded structural member, the maximum shear
stress should occur along the radial direction 6 = %71, as shown in Figure 14. The magnitude of the
shear stress increases with decreasing y, as the boundary loading shifts from an all-around tension to an
antisymmetric load. For the case of y = —1, slight stress concentration in the shear stress component
was found near the shell-cylinder interface. Along the radial direction, the absolute value of the shear
stress rapidly increases in the inner half of the shell and remains nearly constant in the outer half. No
significant variations of the shear stress occur in the cylinder.

Figure 15 shows the distribution of the shear stress component along the shell-cylinder interface
(r = rg). As can be expected, the maximum values are found along directions that are }T” from the
two loading axes (6 = 0, %n). The shear stress extremes behave a negative function of the traction

ratio y, with the maximum values occurring in the case of the antisymmetric load.
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4. Conclusions

In this work, we solved the stress distribution and stress concentration in a homogeneous thick-walled
cylinder, reinforced by either a radially graded or a homogeneous inner shell. An arbitrary biaxial traction
load applied at the outer boundary of the cylinder was taken into consideration. Closed-form analytical
solutions were obtained with the method of Airy stress function. On the basis of the analytical solutions
and extensive numerical experiments, a few summaries and conclusions can be made as follows:

» We show that the stress concentration that is commonly encountered in thick-walled cylinders can
be significantly mitigated by introducing a graded inner shell with a proper distribution in elastic
modulus.

With reference to the elastic stiffness of a thick-walled cylinder, a graded soft shell tends to decrease
the conventional stress concentration occurring at the inner boundary of the structure. Nonetheless,
stresses at the interface separating the shell and the cylinder increase inevitably due to the softening
of the inner layer of the hollow structure.

An optimal inhomogeneity index in the power-law gradation can be found for which the stress
concentrations at the inner boundary of the structure and at the shell-cylinder interface are well
balanced.

In addition to the inhomogeneity index of the embedded shell, we also investigated the effect of
the biaxial traction ratio. For all loading cases, no significant concentrations in the radial and shear
stress components are found. The hoop stress concentration is therefore of the primary concern.
In analogy to the classical solution of a thick-walled cylinder, the concentration factor in the hoop
stress component increases with growing difference (including sign) between the boundary loads
along perpendicular directions. In this sense, an all-around uniform load is most desired.

Despite the completeness of this work in the context of an idealized plane elasticity problem, future

work in this line of research could entail more practical engineering conditions:
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(1) the incorporation of more realistic bonding conditions across the embedded shell-cylinder interface,
(2) grading functions different than the power-law, and

(3) three-dimensional structures.

Appendix: Expressions for the various parameters defined in (25)

The parameters A;;, n;;, iij, and v;; are elements of four 4 x 4 matrices:

(4(1 +v)BMa +2(1 +v) (e — )Mz —2(1 +v) (o + B) Moy
+ M4 (2(1+v) (@ — B) + (2 —m + B)Mp + (=2 +m + o) M»3)
+ Mi3(—2(1 4+ v) (@ — B) + (=2 +m+ )My + (2 —m — a) Mas)
+ M (=41 +v)B+Q2—m— )Mz + (—24m — ﬂ)Mz4)),

1
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+ Mi2((6 = m -+ B)Mar =23 +v)(e = B) + (m — 6 — ) Mzs) ),

A Bs(ro)

(4(1 +v)aMaz —2(1+v) (@ + B) My —2(1 +v) (o — B)Mx
+ Mi3(4(1+v)a + (6 +m +a) Moy + (@ — 6 — m)M»)
+ M ((6+m— B)My —2(1 4 v)(a + B) — (6 +m +a)M)3)
+ Mi2((B =6 = m)May = 2(1 4+ V) (@ = ) + 6+ m — ) M),

A B> (ro)

(80!M23 — 4o+ B)M2y — 4v(a — B) M2
+ Mi3(4(v — Da+ Q+m+a)Ma; + (@ —2 —m)Mp)
+ My (20 —v) (@ +B) + 2 +m— B)Mp — 2+ m+a)Ma3)
+ Mi2(20 =)@ = ) + (B =2 = m)Mai + 2 +m —a)Mxs)),

A Bs(ro)

nij = rirg(aishjo — A j3hiz) + 2r8(/\izkj4 — jahia) +rE(hizhja — Aj3hia),

ij =rg(hiakji — A jakin) +rp(highj1 — Ajakin),

Yij = ro(iokji — Ajakin) + 2rprg (hiak jo — Aok ja) + ryrg B(hitkja — Aiakj1) + Aiokj3 — Aishj2)

where

+2r8rd Mizhj1 — Airhj3) + b (Miak 3 — A jaki3),

Mﬂ+ﬂl—Mm—aQ—aDv_m—a—6

My =
2(m +«a) m+«
m?>+2(0+a)ym+aR+a)y m+a—6
M, = - ,
2(m — ) m—ao
Iy M +2(=fm =R =)y m—p—6
B 2(m + B) m+p
W P20+ Bm+ R+ m+ -6
a 2(m — p) m—p

My = g (m*(4v —28) + m(B* — o + 288 — 4BV — 24v — 88)

— B — 6% + 6% +a?B + 64 — 1920 — 192),
My = ge (m*(4v —28) + m(a® — B> — 280 — dorv — 241 — 88)

+ o’ — 60 + 6% — Ba — 64 — 1921 — 192),
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Moz = ge (m*(4v —28) — m(a® — B> + 288 — 4Bv + 24v + 88)

+ B’ —6B% +6a* —a’B — 648 — 1920 — 192),
Moy = ge (m*(4v —28) — m(B* — o> — 28 + dorv + 240 + 88)

+ o’ + 60 — 687 — Ba — 64 + 192 + 192),

and

A =M (=28Mxp — (a — B)M23 + (o + B)M2s) + M12(2BM21 — (o + B) M3 + (o — B) M2y4)
+Mi3((o — B)M31 + (@ + B)May — 2aMa4) + Mg (—(a + B)M2y — (a0 — B) Moy + 200 M>3).

The parameters &;, a;, and ¢; are elements of three four-component vectors

§i={a —a B —BI,

ai ={A1(ra) Az(ra) Bi(ra) Ba(ra)},

Ol A e e §
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