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STRAIN GRADIENT FRACTURE OF A MODE III CRACK
IN AN ELASTIC LAYER ON A SUBSTRATE

JINE LI AND BAOLIN WANG

This paper studies the problem of a mode III crack in an elastic layer on a substrate under the framework
of strain gradient elasticity theory. The effects of volumetric and surface strain gradient parameters on
the crack tip asymptotic stress and crack shape are investigated. Due to strain gradient effect, the crack
opening, the magnitude of the stress ahead of the crack tip, and the stress intensity factor are significantly
higher than those in classical linear elastic fracture mechanics. More significantly, the direction of the
stress ahead of the crack tip with strain gradient is opposite to that in the classical linear elastic fracture
mechanics. The conventional linear elastic fracture mechanics results are recovered when the gradient
parameter reduces to zero. The influence of the substrate on the fracture mechanics parameters is very
significant when the strain gradient effect of the materials is considered.

1. Introduction

Continuum methods, being less computationally intensive, have been extensively used to investigate the
macro structural behavior on theoretical as well as the empirical grounds. Classical continuum elasticity
theories assume that the stresses in a material point depend only on the strain components at that point.
They do not account for the contributions of strain gradients therefore can not account for size effects of
materials, which are more evident when the dimensions of the structures are scaled down to the micro and
nano-domains. In that case, the material microstructural length scales become comparable to the length
scale of deformation field that tends to cause non-homogenous and scale/size dependent mechanical
behavior [Giannakopoulos and Stamoulis 2007].

Size dependent mechanical behavior in micro-scale elements have been observed extensively in exper-
iments [Fleck et al. 1994; Stolken 1997; Ma and Clarke 1995; McElhaney et al. 1998; Nix 1989; Poole
et al. 1996; Stelmashenko et al. 1993]. Size dependence of the stiffness of the material was also confirmed
by micro-cantilever experiments conducted by McFarland and Colton [2005]. It has been understood that
the non-classical continuum theories such as the higher-order gradient theories and couple stress theory
can interpret the scale-dependent behaviour of materials. Mindlin and Tiersten [1962], Toupin [1962],
and Koiter [1964] introduced the couple stress elasticity theory, incorporating two higher order material
constants to predict the size effects. The higher-order strain gradient theory was introduced by Mindlin
[1965] that includes the effect of the first and second derivatives of the strain tensor on the strain energy
density. Lam et al. [2003] introduced three higher-order material constants in the constitutive equations of
the modified strain gradient theory. In several modern theories, the response at a certain scale is influence
by a characteristic length at the lowest level [Benvenuti and Simone 2013]. This is very evident in the
case of lattice system potential energy that depends on the inter-atomic distance [Kiang et al. 1998]. In
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order to cater for the underlying microstructure into the continuum theory, higher order strain gradient
theories were presented by Mindlin and Eshel [1968].

On the other hand, strain gradient effects become important near a crack tip because of the strain
singularity, particularly when the size of fracture process zone is on the order of the intrinsic material
length. Over the years, a few studies related to a crack in an infinite medium were conducted based
on gradient elasticity theories. The pioneering works are gradient elasticity with mode III cracking
investigated by Vardoulakis et al. [1996], Exadaktylos et al. [1996], and subsequently by Exadaktylos
[1998] for the mode I fracture and Exadaktylos and Vardoulakis [2001] for the scale related fracture
in rock mechanics. In a series of excellent studies, Fannjiang et al. [2002], Paulino et al. [2003], and
Chan et al. [2008] applied gradient elasticity theory to mode III crack problems in functionally graded
materials for cracks perpendicular and parallel to the material gradation direction, respectively. Some
interesting information related to dislocation based-gradient elastic fracture mechanics for the anti-plane
crack problem is discussed by Mousavi and Aifantis [2005]. Karimipour and Fotuhi [2017] carried out a
comprehensive study for an anti-plane infinite plane with multiple cracks. In a series of studies, Wu and
his colleagues have explored the thermally induced fracture of interface crack in bi-material structures
[Wu et al. 2016a], crack tip field and crack extension in functionally graded materials [Shi et al. 2014],
and film/substrate structures with ferroelectric effect [Qiu et al. 2018; Wu et al. 2016b].

Furthermore, investigations of cracking of a surface layer on a substrate of different materials have
its root application for ensuring the reliability of coating/substrate structures [Grosskreutz and Mcneilt
1969; Kim and Nairn 2000]. Fracture mechanics analysis of such problem has attracted interests from
numerous researchers including world-class scientist in the field (e.g., Hutchinson et al. 1987; Schulze
and Erdogan 1998). So far, fracture mechanics of strain gradient materials have been limited to an infinite
medium so that the only length parameter is the crack size. Strain gradient fracture of layered composite
materials, however, is very rare. Therefore, this paper investigates the problem of an anti-plane (mode III)
crack in an elastic layer on a substrate. The crack opening displacements, the stress at the crack tip front
and the stress intensity factors are shown graphically. Many observations different from those of the
conventional linear elastic fracture mechanics are observed.

2. Anti-plane deformation with strain gradient effects

This paper considers a cracked strain gradient layer on a substrate of different material as shown in
Figure 1. The crack has length 2a and is at the interface of two strain gradient layers of heights h1

and h2, respectively. We consider the anti-plane problem such that the only non-vanishing displacement
component is along the z axis and is denoted as w.

The constitutive equations and theoretical formulations for the anti-plane deformation of strain gradi-
ent materials are similar to those adopted by Vardoulakis et al. [1996] and Exadaktylos [1998]. There are
two material length parameters that are responsible for material volumetric and surface strain gradient
terms. These material constants are denoted as l and l ′, respectively. This theory has been successfully
employed to study the size effects in bending of micro-cantilever beams [Aifantis 2016], twisting of
micro-wires [Aifantis 2011], and fracture [Giannakopoulos and Stamoulis 2007]. According to gradient
elasticity theory, the stresses and double stresses derived from the constitutive equations of gradient
elasticity with surface energy are given by the following equations (see [Chan et al. 2008; Paulino et al.
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Figure 1. A crack in a strain gradient layer on a substrate: the strain gradient layer (1, 2)
and the substrate (3).

2003; Vardoulakis et al. 1996], for example):
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µxx = Gl2 ∂
2w

∂x2 , µxy = Gl2 ∂
2w

∂x ∂y
, (1b)
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[
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∂y2

]
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Here ∇2
= ∂2/∂x2

+ ∂2/∂y2, l and l2 are the volumetric and surface material characteristic lengths,
respectively, G is the shear modulus, τ is the stress tensor, and µ is the double stress tensor, l and l2

are characteristic material lengths related to volume and surface energy, respectively, restricted (in order
for the strain energy density to be positive definite) such that −1 < l ′/ l < 1 [Exadaktylos et al. 1996;
Vardoulakis et al. 1996]. This means that the surface length l ′ cannot exist alone (i.e. l ′ 6= 0 and l = 0 is
not acceptable). When the surface energy l ′ is omitted, the closed form solution for an infinite medium
with a crack has been obtained by Zhang et al. [1998].

The constitutive equations (1a) and (1b) show that the high order strains are considered however the
high order stresses are ignored. The equilibrium equation remains the same as the classical one and is
∂τx/∂x + ∂τy/∂y = 0. This can be expressed in terms of the displacement component w with the help
of (1a) as [

∂2w

∂x2 +
∂2w

∂y2

]
− l2

[
∂4w

∂x4 + 2
∂4w

∂x2∂y2 +
∂4wz

∂y4

]
= 0. (2)

The general solution of the fourth order differential Equation (2) may be represented as w(x, y) =
wc(x, y)+wg(x, y), where wc is the general solution of the harmonic equation ∂2w/∂x2

+∂2w/∂y2
= 0

and wg is a particular solution of (2). The application of Fourier transform gives the solution of harmonic
equation as

wc(x, y)= 1
2π

∫
∞

−∞

[A(s) e−|s|y +C(s) e|s|y] e−isx ds. (3a)
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A particular solution of (2) can be given as

wg(x, y)= 1
2π

∫
∞

−∞

[B(s) e−|s1|y + D(s) e|s1|y] e−isx ds, (3b)

where |s1| =
√

s2+ (1/ l2). Combining (3a) and (3b) gives the general solution of (2):

w(x, y)= 1
2π

∫
∞

−∞

[A(s) e−|s|y + B(s) e−|s1|y +C(s) e|s|y + D(s) e|s1|y] e−isx ds. (4)

The constants A(s), B(s), C(s), and D(s) are to be determined from the boundary conditions of the
problem. For the purpose of the following analysis, the shear stress τy(x, y) obtained from (1b) and (4)
is written as

τy(x, y)=−
G
2π

∫
∞

−∞

|s| [A(s) e−|s|y −C(s) e|s|y] e−isx ds, (5)

and the double stress µyy(x, y) obtained from (1c) and (4) is written as

µyy =
Gl ′

2π

∫
∞

−∞

[
|s|A(s) e−|s|y + |s1|B(s) e−|s1|y

−|s|C(s) e|s|y − |s1|D(s) e|s1|y

]
e−isx ds

+
Gl2

2π

∫
∞

−∞

[
A(s) e−|s|y s2

+ B(s) e−|s1|y s2
1

C(s) e|s|y s2
+ D(s) e|s1|y s2

1

]
e−isx ds. (6)

In the following analysis, we will use the subscripts 1, 2 and 3 to distinguish the regions 0≤ y ≤ h1,
−h2 ≤ y ≤ 0, and y ≤−h2, respectively (see Figure 1). The crack is at the y = 0 plane and the interface
of the structure is at the y =−h2 plane. The displacement, stress and double stress of the substrate layer
are, respectively

w3(x, y)= 1
2π

∫
∞

−∞

[C3(s) e|s|y + D3(s) e|s3|y] e−isx ds, (7)

τy(x, y)=
Gs

2π

∫
∞

−∞

|s|C3(s) e|s|ye−isx ds, (8)

and

µ3yy =
Gsl ′s
2π

∫
∞

−∞

[−|s|C3(s) e|s|y − |s3|D3(s) e|s3|y] e−isx ds

+
Gsl2

2π

∫
∞

−∞

[C3(s) e|s|ys2
+ D3(s) e|s3|ys2

3 ] e
−isx ds, (9)

where |s3| =

√
s2+ (1/ l2

3), and where l3 is the strain gradient parameter of the substrate layer.

3. The crack problem and its solution

The stress free conditions on the top surface requires that τ1y(x, h1) = 0 and µ1yy(x, h1) = 0. The
transmission conditions for ideal interface imply continuity of the stress, double stress, displacements and
rotations [Piccolroaz et al. 2012]. Thus τ1y(x, 0)= τ2y(x, 0), µ1yy(x, 0)= µ2yy(x, 0), ∂w1(x, 0)/∂y =
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∂w2(x, 0)/∂y, τ2y(x,−h2) = τ3y(x,−h2), µ2yy(x,−h2) = µ3yy(x,−h2), w2(x,−h2) = w3(x,−h2).
These represent the continuity conditions of the displacement and stress at the bonded region of the
interfaces. As usually in the fracture mechanics analysis, the crack surfaces are assumed to be subjected
to an applied anti-plane shear stress p(x) such that the following mixed boundary conditions on the y = 0
plane hold (these boundary conditions were obtained from the variational principle and have been used
by Paulino et al. [2003] and Chan et al. [2008])

τy(x, 0)=−p(x), |x |< a, (10a)

w1(x, 0)−w2(x, 0)= 0, |x | ≤ a. (10b)

In order to determine the full-field solution of the problem, we also introduce a discontinuity func-
tion g(x) along the cracked plane according to

g(x)=
∂[w1(x, 0)−w2(x, 0)]

∂x
. (11)

By this definition, the continuity condition for the displacement on the y = 0 plane requires that g(x)= 0
for |x | ≥ a and

∫ a
−a g(x) dx = 0, which is the single-value condition.

Substituting (4) into (11) and with Fourier inversion, a relationship between A(s), B(s), C(s), and
D(s) can be obtained:

[A1(s)+ B1(s)+C1(s)+ D1(s)] − [A2(s)+ B2(s)+C2(s)+ D2(s)] =
i

2s

∫ a

−a
g(r) eisr dr. (12)

As a result, Ai (s), Bi (s), Ci (s) and Di (s) (i = 1, 2, 3) can be expressed in terms of the single unknown
function g(x). Suppose the expressions for A1(s) and C1(s) are, respectively,

A1(s)= A(s) i
2s

∫ a

−a
g(r) eisr dr, (13a)

and

C1(s)= C(s) i
2s

∫ a

−a
g(r) eisr dr. (13b)

Then the shear stress on the cracked obtained with the submission of (13a) and (13b) into (5) is

τy(x, 0)= G1

∫ a

−a
R(x, r) g(r) dr, (14)

where the integral kernel R(x, r) is

R(x, r)= lim
y→+0

i
2π

∫
∞

−∞

1
2
|s|
s
(−A(s) e−|s|y +C(s) e|s|y) eis(r−x) ds, (15)

or

R(x, r)= lim
y→+0

1
2π

∫
∞

0
(A(s) e−|s|y −C(s) e|s|y) sin[s(r − x)] ds. (16)

In order to identify the asymptotic behaviour of A(s)− C(s) for s at infinity, one can consider a
crack of length 2a at the infinite medium of the same material of the layer. This is, one considers h
to be equal to infinity. After examining, it is found that for large values of s, C(s), and D(s) become
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vanishing and A(s) approaches to 1+ l2s2. This function is denoted as 30(s) in the following analysis.
The asymptotic analysis allowing splitting of the integral kernel R(x, r) into two parts so that the stress
of (14) can be re-written as

τy(x, 0)= G
∫ a

−a
�(x, r) g(r) dr +G

∫ a

−a
R∞(x, r) g(r) dr, (17)

where the regular kernel is

�(x, r)= 1
2π

∫
∞

0

(
A(s)−C(s)−30(s)

)
sin[s(r − x)] ds, (18)

and the singular kernel is

R∞(x, r)=
1

2π

∫
∞

0
[1+ l2s2

] sin[s(r − x)] ds. (19)

The regular kernel, Equation (18) can be evaluated by standard numerical integral technique. The singular
kernel, Equation (19) can be evaluated by hypersingular integral equation technique of Paulino et al.
[2003] and Chan et al. [2008]. As a result of such procedure, we get

τy(x, 0)=−
Gl2

π

∫ a

−a

g(r)
(r − x)3

dr +
G
2π

∫ a

−a

g(r)
r − x

dr +G
∫ a

−a
�(x, r) g(r) dr. (20)

Equation (20) provides the expression for τy(x, 0) outside as well as inside the crack. In the case of
inside the crack, the crack face stress boundary condition gives

−
(l/a)2

π

∫ 1

−1

g(r)
(r̄ − x̄)3

dr̄ + 1
2π

∫ a

−a

g(r)
r̄ − x̄

dr̄ + a
∫ 1

−1
�(x, r) g(r) dr̄ =−

P
G
. (21)

Here and in the following, the notations x̄ = x/a and r̄ = r/a will be used. Equation (21) is a hypersingular
integral equation. According to Paulino et al. [2003] and Chan et al. [2008], the solution of g(r) can be
expressed in the following form:

g(r̄)=
∞∑

m=1

CmUm(r̄)
√

1− r̄2, (22)

in which Um is the Chebyshev polynomial of the second kind Um(x̄)= sin[(m+ 1) arcos(x̄)]/
√

1− x̄2,
and Cm are unknowns to be evaluated. It is observed that the single-value condition of g(x) is identically
satisfied by (22). After substituting (22), truncated with the first M terms, into (21), and following the
same procedure of Paulino et al. [2003] and Chan et al. [2008], and through expansions and integrals of
Chebyshev polynomials given in Appendix, it can be seen that

−
(l/a)2

4(1− x̄2)

∞∑
m=1

Cm[m(m+ 1)Um+1(x̄)− (m2
+ 3m+ 2)Um−1(x̄)]

−
1
2

∞∑
m=1

Cm Tm+1(x̄)+ a
∞∑

m=1

Cm Vm(x̄)=−
p
G
, (23)
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where Tm is the Chebyshev polynomial of the first kind Tm(x̄)= cos[m arcos(x̄)], and Vm is

Vm(x̄)=
∫ 1

−1
�(x, r)Um(r̄)

√
1− r̄2 dr̄ . (24)

For the case of infinite layer thickness, the regular integral kernel �(x, r) vanishes and (23) becomes

−
(l/a)2

4(1− x̄2)

∞∑
m=1

Cm[m(m+1)Um+1(x̄)− (2m2
+3m+2)Um−1(x̄)]−

1
2

∞∑
m=1

Cm Tm+1(x̄)=−
p
G
. (25)

The simplest method for solving the functional (23) is using an appropriate collocation in x . After
evaluating Cm from (23), the displacement field can be calculated from (4) since A(s), B(s), C(s),
and D(s) have been expressed in terms of g(x). The associated stress can be obtained from the consti-
tutive equations of (1a)–(1c). Thus, the full field solution is obtained.

Of particular interest are the crack opening displacement and the crack tip stress state. The displace-
ment jump across the crack can be evaluated from 1w(x, 0)=

∫ x
−a g(r) dr . With the substitution of (27),

we get

1w(x, 0)= a
M∑

m=1

Cm

(
sin[(m+ 2) arcos(x/a)]

2(m+ 2)
−

sin[m arcos(x/a)]
2m

)
, |x |< a. (26)

Due to symmetry, the displacement on the upper surface of the crack w(x, 0) is half of 1w(x, 0). The
maximum cack face displacement appears at x = 0 on the upper surface of the crack and is

w(0, 0)=
1w(0, 0)

2
=−a

M∑
m=1

Cm
sin(m π/2)

4

(
1

m+ 2
+

1
m

)
.

For gradient elasticity theory, τy have a strong singularity, which can not be described by conventional
linear elasticity fracture mechanics. Note that the expression for τy(x, 0) is valid for |x |< a as well as
|x |> a. Equation (20) provides the expression for τy(x, 0) outside as well as inside the crack. With the
substitution of the density function (22) and again through expansions of Chebyshev polynomials [Chan
et al. 2003], the stress near the crack tip is found to be (neglect the secondary terms)

τy(x, 0)=−
G
2

∞∑
m=1

Cm

(
x̄ −
|x |
x

√
x̄2− 1

)m+1

+
G(l/a)2

2

∞∑
m=1

Cm(m+ 1)
(

x̄ −
|x |
x

√
x̄2− 1

)m−1

×

[
m
(

1−
|x̄ |

√
x̄2− 1

)2

+
x̄ − |x |x

√
x̄2− 1

(
√

x̄2− 1)3

]
. (27)

The highest singularity is (x̄ − 1)3/2. This is totally different from the conventional linear elasticity
fracture mechanics result, which gives (x̄ − 1)1/2 singularity.

The above formulation is general enough for consideration of a crack at any position in the film with or
without substrate. For example, if we let Gs = 0, the problem will become a crack in a single layer. On the
other hand, if we let Gs =∞, the problem will correspond to a crack in a film on a rigid substrate. It can
be seen that the value of l ′ does not appear in (21). Thus, the solution of the discontinuity function g(x)
has no dependence on the material gradient parameter l ′ which is related to the surface energy. One can
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also see that the shear stress τy on the cracked plane also does not depend on l ′. However, it is expected
that the other stress components such as τx should have a dependence on l ′. The stress component τy

away from the cracked plane should also have relationship with l ′. Karimipour and Fotuhi [2017] have
also observed that the effect of the volumetric characteristic length l on the solution is more significant
than that of the surface characteristic length l ′ and suggested that it is quite adequate if only the effect
of l is studied.

4. Results and discussion

All results are given for the z direction displacement on the upper surface of the crack and the stress
ahead of the crack tip on the cracked plane for a constant surface shear load τy(x, 0)=−p0 on the crack
faces. It is noticed from the calculations that the value of M required for a convergent result depends on
the relative value of strain gradient l to the crack length parameter a. All calculations confirm that the
results converge as the number of allocation points (the value of M) increase.

In order to examine the influence of crack location, we consider a film on a subscrate of the same
material. This structure configuration can also be understood as a semi-infinite medium containing a
crack at any location. Therefore, the effect of h2 is dropped out from the result. Some numerical results
of crack surface displacement profiles for various values of h1 are shown in Figure 2 for l = 0.2a. The
crack is considerably softened as it approaches the surface of the film. This fact can also be seen from
Figure 3 which shows the influence of crack location on the stress ahead of the crack tip. As expected,
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Figure 2. Crack surface displacement profiles for a film on the substrate of the same
material with choice of l = 0.2a.
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Figure 3. Normalized stress τy(x, 0)/p0 near the right crack tip for a film on the sub-
strate of the same material with with choice of l = 0.2a.

the stress is significantly enhanced when h1 is smaller. Results for the value of h1 larger than 1.5a are
almost identical to those for a crack in an infinite medium. Basically, the effect of strain gradient on the
crack in the finite layer is more significant than in the infinite layer. Generally, finite layer border tends
to enhance the stress level near the crack tip.

Some numerical results for a crack at h1 = 0.2a in a film on a substrate of the same material is plotted
in Figure 4 to show the effect of the gradient parameter l. It can be seen that the displacement decreases
considerably with the gradient parameter. Therefore, in comparison to the classical elasticity fracture
mechanics, strain gradient effect will considerably stiffens the crack. As observed, when the gradient
parameter become very small (in current case, l/a ≤ 0.005), the result is almost identical to the that
obtained from the conventional linear elastic fracture mechanics analysis.

In order to further explore the strain gradient effect, it is necessary to know the stress near the crack
tips and to evaluate the influence of the gradient parameter l. Therefore, in Figure 5, the normalized
stresses near the right crack tip for a crack at h1 = 0.2a in a film on the substrate of the same material are
plotted for different values of l. The stresses at the left crack tip are same but with an opposite sign. It
is obvious from Figure 5 that the magnitudes of the stress increase as l/a increases and vice versa. This
suggests that the stresses in strain gradient fracture are significantly larger than those in the classical
field. This trend observation is the same as that made by Zhang et al. [1998] based on the closed-
form analysis of an infinite medium with an anti-plane crack. Another fact observed from Figure 5
is that for sufficiently small gradient parameter, the strain gradient solution can be reduced to that of
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Figure 4. Crack (upper) surface displacement profiles for a crack at h1 = 0.2a, in a film
on the substrate of the same material for different values of l.
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Figure 5. Normalized stress τy(x, 0)/p0 near the right crack tip for a crack at h1= 0.2a,
in a film on the substrate of the same material for different values of l.
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Figure 6. Crack surface displacement profiles in a film on a substrate of different stiff-
ness and gradient parameter for h1 = h2 = 0.2a and l = 0.2a.

the conventional linear elastic fracture mechanics solution. However, the natures of the strain gradient
solution and the conventional linear elastic fracture mechanics solution are totally different: the gradient
solutions are always negative and with a higher magnitude of the stress level but the conventional linear
elastic fracture mechanics solution is always positive and with a lower magnitude of the stress level.

Figure 6 displays variation of the crack surface displacement with the stiffness of the substrate for
a crack at the center of the film with h1 = h2 = 0.2a and for l = 0.2a. As expected, the structure
becomes stiffer and the crack surface displacement reduces when the shear modulus of the substrate
layer increases. The zero substrate stiffness is related to a single layer with a crack. On the other hand,
the infinite layer thickness corresponds to a single layer on a rigid substrate. From Figure 6 we can
observe the influence of the gradient parameter of the substrate on the crack displacement. Generally,
the gradient of the substrate reduces the crack face displacement. However, this effect is very small.
Figure 7 shows variations of the stress at the right crack tip for h1 = h2 = 0.2a, l = 0.2a and ls = 2l.
Apparently, the substrate provides a constraint to the film so that the crack tip stresses are reduced. The
higher the value of the shear modulus of the substrate, the lower the crack tip stress. Since the influence
of the gradient parameter of the substrate can not be observed when it is plotted in the figure, the results
for other values of the substrate gradient parameters are not given in Figure 7.

Because the stresses are singular at the crack tips, it is necessary to study the intensity of the stress
concentration near the crack front. For this, it is important to recognize that the stress at the crack tip
has (x2

− a)−3/2 singularity when x→ a+ or x→−a−. Paulino et al. [2003] defined the generalized
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Figure 7. Normalized stress τy(x, 0)/p0 near the right crack tip in a in a film on a
substrate of different stiffness for h1 = h2 = 0.2a, l = 0.2a, and ls = 2l.

stress intensity factor KIII according to

l KIII(a)= lim
x→a+

2
√

2π(x − a) (x − a) τy(x, 0), (28a)

l KIII(−a)= lim
x→−a−

2
√

2π(x + a) (x + a) τy(x, 0), (28b)

and obtained the expressions as follows:

KIII(a)=
√
πa 1

2
l
a

G
∞∑

m=1

(m+ 1)Am, (29a)

KIII(−a)=
√
πa 1

2
l
a

G
∞∑

m=1

(−1)m(m+ 1)Am . (29b)

The results of generalized stress intensity factor at the right crack tip, normalized with K0 = p0
√
πa, as

functions of gradient parameters are plotted in Figure 8 for various values of the substrate stiffness. The
gradient parameters for the strain gradient layer and the substrate layer are same. It is observed that the
magnitude of the normalized stress intensity factor reduces with the stiffness of the substrate material.
Also observed is that the magnitude of the normalized stress intensity factor decreases with the gradient
parameter. The same tendency has been observed by Paulino et al. [2003] and Karimipour and Fotuhi
[2017].



STRAIN GRADIENT FRACTURE OF A MODE III CRACK IN AN ELASTIC LAYER ON A SUBSTRATE 567

 

  

 

 

 

 

 

 

 

 

 

 

 

Gs/G =100 

Normalized gradient parameter, l/a 

N
o

rm
al

iz
ed

 s
tr

es
s 

in
te

n
si

ty
 f

ac
to

r,
 K

II
I/

K
0
 

Gs/G t 1000 

Gs/G =2 

Gs/G =1 

Gs/G =0.5 

Gs/G =0.125 

Gs/G =0 

Figure 8. Normalized generalized stress intensity factor at the right crack tip for h1 =

h2 = 0.2a and ls = l where K0 = p0
√
πa. Duo to symmetry, KIII at the left crack tip is

opposite to these at the right crack tip.

5. Conclusion

A crack in a strain gradient layer on a substrate under anti-plane deformation has been studied. Both
volumetric and surface strain gradient material constants are taken into consideration. The crack is
parallel to the layer surface but is at any location in the strain gradient layer. The problem is governed
by the solution of a hypersingular integral equation. It is found that when the gradient parameters are
very small, results from the current strain gradient analysis reduce to the corresponding solutions of
conventional linear fracture mechanics. Influences of strain gradient parameters, layer thickness and
substrate stiffness have been conducted and are found to be very different from those of the conventional
linear elastic fracture mechanics solutions.
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Appendix

The following formulas [Paulino et al. 2003; Chan et al. 2008] have been used in deriving the hypersin-
gular integral equations:

1
π

∫ 1

−1

Um(r)
√

1− r2

(r − x)
dr =

{
−Tm+1(x), m ≥ 0, |x |< 1

−[x − |x |x
√

x2− 1]m+1, m ≥ 0, |x |> 1

}
, (A1)

1
π

∫ 1

−1

Um(r)
√

1− r2

(r − x)3
dr

=

{ 1
[4(1−x2)]

[(m2
+m)Um+1(x)− (m2

+ 3m+ 2)Um−1(x)], m ≥ 1, |x |< 1

−
1
2(m+ 1)[x − |x |x

√
x2− 1]m−1

[
m
(
1− |x |

√
x2−1

)2
+
[x− |x |x

√
x2−1]

(x2−1)3/2

]
, m ≥ 0, |x |> 1

}
. (A2)
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