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THERMAL STRESS AROUND AN ELLIPTIC HOLE
WEAKENED BY ELECTRIC CURRENT IN AN

INFINITE THERMOELECTRIC PLATE

KUN SONG, HAO-PENG SONG, PETER SCHIAVONE AND CUN-FA GAO

We propose effective strategies to manage thermal stress around an elliptic hole induced by electric
current and heat flux in a thermoelectric material. Our results indicate that the thermal stress can be
reduced dramatically, with little influence on conversion efficiency, by simply adjusting the value of
the electric current. In fact, we find that additional electric current in the vertical direction can totally
neutralize the thermal stress at a particular point, including the thermal stress singularity at a crack tip.

1. Introduction

Thermoelectric materials have the ability to convert heat directly into electric power and vice versa. Such
materials are particularly advantageous in that they are noiseless, have no mechanical moving parts, and
create no pollution. The use of thermoelectric materials has been pervasive in many different applications
[Zhao and Tan 2014; Riffat and Ma 2003; Tritt and Subramanian 2006] but their lower thermal-electric
conversion efficiency precludes their use as alternatives to traditional engines.

Much effort has been devoted to the optimization of the performance of thermoelectric materials;
for example, the incorporation of nanoinclusions [Kim et al. 2006; Pei et al. 2011] and the continual
development of manufacturing processes [Okamura et al. 2010; Kim and Chun 2007] as well as to the
optimization of thermoelectric devices [Xuan 2002; Göktun 36; Omer and Infield 1998]. A crucial part of
this ongoing progress is the simultaneous development of mathematical models and theoretical analyses
required to support and guide overall progress in this area. For example, Callen [1960] has proposed
the governing equations of a thermoelectric medium; Liu [2012] has developed a continuum theory for
thermoelectric bodies in the framework of continuum mechanics while adhering to the general principles
of thermodynamics; effective thermoelectric behavior of layered heterogeneous media has been studied
by Yang et al. [2012]; Song et al. [2017] have discussed the overall macroperformance of a multilay-
ered thermoelectric medium. These studies have led to dramatic improvements in the performance of
thermoelectric devices as well as rapid recent developments in both their design and application.

Reliability and lifespan are also important factors to be considered in thermoelectric devices since
most thermoelectric materials have relatively inferior mechanical properties. It has been shown that even
in the absence of mechanical restraints, temperature gradients in thermoelectric materials create complex
mechanical stress distributions, which are particularly severe in high performance media and difficult to
counteract via free deformation [Choi et al. 2011; Yu et al. 2012]. In contrast to classical materials,
simply connected thermoelectric media also suffer from the induction of thermal stresses, leading to,
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for example, a (thermal stress) singularity of order r−1/2 at the tip of an impermeable crack [Song et al.
2015]. Research into the suppression of thermal stress in thermoelectric systems, however, remains
relatively rare. This can be attributed to the complex nature of the mathematical models involved. It is
this particular area of endeavor that motivates our present study.

In this paper, we utilize complex variable methods to analyze the thermal stress in the vicinity of
an elliptic hole present in a thermoelectric plate. Our study allows us to propose different strategies for
dealing with induced thermal stress in thermoelectric materials. Firstly, our numerical analyses show that
a simple adjustment of electric current can dramatically suppress the thermal stress in a thermoelectric
medium while having little influence on the conversion efficiency. Secondly, additional electric current
in the vertical direction is shown to be effective in entirely neutralizing the thermal stress at a particular
point; for example, the thermal stress singularity at a crack tip can be eliminated by the introduction
of electric current in the vertical direction. Each of these findings are significant in that they provide
relatively simple yet effective ways of dealing with thermal stress in thermoelectric devices.

2. Governing equations

2.1. Electric fields. Consider a two-dimensional thermoelectric material occupying a Cartesian plane
described by a generic point (x, y). The coupled transport of electric current and heat flux means that
the temperature field and the electric potential in the material depend explicitly on position and are thus
here denoted by T (x, y) and φ(x, y), respectively. We assume further that all material parameters are
temperature independent so that, in particular, the electric conductivity σ and Seebeck coefficient S for
this thermoelectric material are taken to be uniform. The governing equation for the electric current
density J in the thermoelectric material can then be expressed as [Milton 2002]

−J = σ∇φ+ σ S∇T . (1)

Since the charge is restricted in a standalone system, the electric current is conserved. Consequently,

∇ · J = 0. (2)

Substituting (1) into (2), we have

∇
2(φ+ ST )= 0. (3)

The general solution of (3) is written in terms of the analytic function f (z) of the complex variable
z = x + iy as

φ+ ST = Re[ f (z)]. (4)

Substituting (4) into (1), the components of the electric current density can be expressed as

Jx =−
1
2σ( f ′(z)+ f ′(z)), (5)

Jy =−
1
2σ i( f ′(z)− f ′(z)), (6)

so that

Jx − i Jy =−σ f ′(z). (7)
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2.2. Thermal fields. In a thermoelectric material, the heat flux Q is induced by the coupled electric
current and negative local temperature gradient and is written as [Callen 1960]

Q = T S J − κ∇T, (8)

where κ is the thermal conductivity. In contrast to heat conduction in traditional materials, the heat flux
in a thermoelectric material is not conserved as a result of Joule heating. Both the electric power and
heat flux constitute the total energy flux U such that [Yang et al. 2012]

U = Q+φ J = (φ+ ST )J − κ∇T . (9)

We restrict our system to be conserved, such that the energy flux is divergence-free,

∇ ·U = 0. (10)

Substituting (9) into (10), and noting (4), we have

∇
2T + σ

κ
f ′(z) f ′(z)= 0, (11)

where the overbar denotes the complex conjugate. Solving (11), the temperature field can be expressed
in the form

T =− σ
4κ

f (z) f (z)+ g(z)+ g(z)+ N , (12)

where g(z) is an arbitrary analytic function and N is an arbitrary real constant which denotes the uniform
temperature field. The electric potential can be derived by substituting (12) into (4) as

φ =
σ S
4κ

f (z) f (z)+ 1
2( f (z)+ f (z))− S(g(z)+ g(z))− SN . (13)

Finally, the thermal flux and energy flux can be deduced from (8) and (9) as

Qx − i Q y = σ f ′(z)
[

1
2 f (z)

(
σ S
2κ

f (z)+ 1
)
− S(2 Re[g(z)] + N )

]
− 2κg′(z), (14)

Ux − iUy =−
1
2σ f (z) f ′(z)− 2κg′(z). (15)

Since the temperature/electric potential and electric current/heat/energy flux have been expressed in
terms of the two analytic functions f (z) and g(z), the corresponding thermal-electric problems in a
two-dimensional thermoelectric system will be solved completely if the two analytic functions f and g
are identified.

2.3. Stress field. The corresponding Airy (thermal) stress function 8 should satisfy the following com-
patibility equation [Parkus 1968; Timoshenko and Goodier 1951]

∇
48+ Eα∇2T = 0, (16)

where α is the thermal expansion coefficient and E is Young’s modulus. The general solution of (16)
consists of the general solution of the biharmonic equation denoted here by 80 added to a particular
solution 8p of (16):

8=80+8p. (17)
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In fact [Muskhelishvili 1975],

80 =
1
2(z̄ ϕ(z)+ z ϕ(z)+ θ(z)+ θ(z)), (18)

where ϕ(z) and θ(z) are two analytic functions. Noting (12), the particular solution of (16) can be chosen
as

8p =
Eασ
16κ

h(z) h(z), (19)

where

h(z)=
∫

f (z) dz. (20)

Thus, the solution 8 can be expressed as

8= 1
2(z̄ ϕ(z)+ z ϕ(z)+ θ(z)+ θ(z))+ Eασ

16κ
h(z)h(z). (21)

We introduce the complex function ψ(z) as the derivative of θ(z) with respect to z, thus the stress
components can be deduced from (21) as

σ11+ σ22 = 4
∂28

∂z ∂ z̄
= 2(ϕ′(z)+ϕ′(z))+ Eασ

4κ
f (z) f (z), (22)

σ22− σ11+ 2iσ12 = 4
∂28

∂z2 = 2(z̄ ϕ′′(z)+ψ ′(z))+ Eασ
4κ

f ′(z) h(z). (23)

3. Solution for a thermoelectric plate weakened by an elliptic hole

3.1. Boundary conditions. We consider an infinite plane thermoelectric continuum containing an ellip-
tic hole as shown in Figure 1 (left). The major and minor semiaxes of the elliptic hole are denoted by
a and b, respectively. The infinite region outside the elliptic hole is referred to as the “matrix”, which
is subjected to prescribed remote electric current densities J∞x and J∞y as well as energy flux U∞x and
U∞y at the far field. We assume that the boundary of the hole is impervious to both electrons and heat.
Thus, the boundary conditions for the electric current and energy flux on the boundary of the hole can
be expressed as ∫ Q

P
Jr ds = 0, (24)∫ Q

P
Ur ds = 0, (25)

where Jr and Ur are the normal electric current density and energy flux, respectively, while P and Q
are arbitrary points on the boundary of the hole. Since there is no applied loading on the boundary, both
normal and shear stresses are zero, that is,

i
∫ Q

P
(X + iY ) ds = 0, (26)

where X and Y are the components of surface force on the boundary, respectively [Timoshenko and
Goodier 1951].
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Figure 1. Left: elliptic hole embedded in an infinite thermoelectric plate. Right: the
ω-plane after conformal mapping.

Our goal is to determine the temperature and thermal stress distributions around the hole. To this end,
consider the conformal mapping

z = ω(w)= R(w+m/w), (27)

where R = 1
2(a+ b), m = (a− b)/(a+ b), which maps the interior of the elliptic hole in the z-plane into

the unit circle in the ω-plane where w = u+ iv, as illustrated in Figure 1 (right).

3.2. Electric and thermal fields. Given the prescribed remote electric current density, the complex func-
tion f (z) in the matrix can be expressed as

f (z)= A′1z+ f0(z), (28)

where f0(z) is an analytic function, and the coefficient A′1 can be determined by the value of the remote
electric current density. The complex function f (w) obtained from (28) via (27) can now be represented
in the form

f (w)= A1w+

∞∑
k=0

A−k w
−k, (29)

where A1 =−R(J∞x − i J∞y )/σ . Substituting (7) into the boundary condition (24), we have∫
Jr ds =

∫
Jx dy− Jy dx = 1

2σ i( f (w)− f (w))= 0. (30)

Solving (30) using (29) yields
f (w)= A1w+ A−1/w, (31)

where A−1 = A1. Similarly, g(z) can be written as

g(z)= B ′2z2
+ B ′1z+ g0(z), (32)

and the complex function g(w) in the ω-plane can be represented by

g(w)= B2w
2
+ B1w+

∞∑
k=0

B−k w
−k, (33)
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where B1 = −R(U∞x − iU∞y )/2κ , B2 = −σ A2
1/8κ according to the energy flux prescribed at infinity.

Noting (15), the boundary condition (25) can be rewritten as∫
Ur ds =

∫
Ux dy−Uy dx = 1

8σ i( f (w)2− f (w)2)+ iκ(g(w)− g(w))= 0. (34)

Comparing coefficients of like powers of wk , g(w) can be determined from (34) as

g[w] = B2w
2
+ B1w+

B−1

w
+

B−2

w2 , (35)

where B−1 = B1, B−2 = B2. This set of equations solves completely the thermal-electric problems of
an infinite thermoelectric continuum containing an elliptic hole leading to the complete determination of
the field distributions in closed-form. In particular, the temperature and electric potential are determined
as

T =− σ
4κ
|A1w+ A−1/w|

2
+ 2 Re

[
B2w

2
+ B1w+

B−1

w
+

B−2

w2

]
+ N , (36)

φ = Re[A1w+ A−1/w] +
σ S
4κ
|A1w+ A−1/w|

2
− 2S Re

[
B2w

2
+ B1w+

B−1

w
+

B−2

w2

]
− SN , (37)

and the electric current density, thermal flux and energy flux are given by

Jx − i Jy =−
σ(A1w

2
− A−1)

R(w2−m)
, (38)

Qx−i Q y =
σ(A1w

2
−A−1)

2R(w2−m)

×

{(
σ S
2κ

∣∣∣∣A1w+
A−1

w

∣∣∣∣2+A1w̄+
A−1

w̄

)
−4S Re

[
B2w

2
+B1w+

B−1

w
+

B−2

w2

]
−2SN

}
−

2κ(2B2w
4
+B1w

3
−B−1w−2B−2)

Rw(w2−m)
, (39)

Ux − iUy =−
σ(A1w

2
− A−1)(A1w

2
+ A−1)

2Rw(w2−m)
−

2κ(2B2w
4
+ B1w

3
− B−1w− 2B−2)

Rw(w2−m)
. (40)

3.3. Stress distributions. It is assumed that the matrix is not constrained at infinity and can therefore
expand freely there. Integrating f (z) in (31), h(z) is found from (20) to be

h(z)= R
[

1
2 A1w

2
+

m A−1

2w2 + (A−1−m A1) lnw
]
. (41)

Noting the multivalued term appearing in h(z), the functions ϕ(z) and ψ(z) in (22) and (23) can be
expressed in the form

ϕ(z)= ϕ(w)= η1 lnw+ϕ0(w), (42)

ψ(z)= ψ(w)= η2 lnw+ψ0(w). (43)
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According to (21), the boundary condition in (26) can be rewritten as

i
∫ Q

P
(X + iY ) ds = ϕ(z)+ z ϕ′(z)+ψ(z)+ Eασ

8κ
h(z) f (z)= 0. (44)

Substituting (31), (41), (42), and (43) into (44), the unknown functions ϕ(w) and ψ(w) are found to be

ϕ[w] = −
Eασ Rm A1

16κ

(
A1

w
+

A1

w3

)
, (45)

ψ[w] =
Eασ R

8κ
(A1−m A1)

(
A1w+

A1

w

)
lnw−

Eασ R A1

16κ

(
A1

w
+

A1

w3

)
−

Eασm R A1(1+mw2)

16κ(w2−m)

(
A1

w
+

3A1

w3

)
. (46)

The stress distributions in (22) and (23) can now be determined completely:

σ11+ σ22 =
Eασm

4κ
Re
[

A1(A1w
2
+ 3A1)

w2(w2−m)

]
+

Eασ
4κ

(
A1w+

A1

w

)(
A1w̄+

A1

w̄

)
, (47)

σ22−σ11+2iσ12

=
Eασm A1

w2−m

[
A1w

4
+6A1w

2
−3m A1

4κw(w2−m)2

(
w̄+

m
w̄

)
+

A1w
2
+3A1

8κw2

]
+

Eασm A1

8κ
A1(mw6

+m2w4
+3w4

−mw2)+3A1(3mw4
−m2w2

+5w2
−3m)

w2(w2−m)3

+
Eασ
4κ

A1w
2
− A1

(w2−m)

[
1
2 A1w̄

2
+

m A1

2w̄2 +(A1−m A1) ln w̄
]

+
Eασ(A1−m A1)[A1w

2
+ A1+(A1w

2
− A1) lnw]

4κ(w2−m)
. (48)

Noting the expression for A1, we see that the thermal stress is completely dependent on the applied
electric current in the x and y directions, which makes it possible to suppress the thermal stress by
simply adjusting the applied electric current itself.

4. Methods for suppressing thermal stress

4.1. Suppressing thermal stress by adjusting the electric current. In a thermoelectric material, the con-
version efficiency H is the main parameter of interest. When the electric current and heat flux flow
through a thermoelectric medium, the conversion efficiency can be calculated from the measured physi-
cal quantities. Here we select a finite square region of side L containing an elliptic hole (see Figure 2).
Without loss of generality, we apply the electric current and energy flux in the y-direction, the conversion
efficiency can then be derived as [Harman and Honig 1967]

H =

∫
t φ2 Jy2 dx −

∫
s φ1 Jy1 dx∫

s Uy1 dx
, (49)
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Figure 2. Finite thermoelectric model subjected electric current and energy flux in y-direction.

where s and t denote the entire surface corresponding to y = − 1
2 L and y = 1

2 L , respectively, while
the subscripts 1 and 2 denote the corresponding quantities on s and t , respectively. The conversion
efficiency can be optimized with respect to electric current density for given temperatures. For example,
if the temperatures on s and t are T1 and T2, respectively, the optimal electric current density for this
system is [Yang et al. 2013]

Jopt =

√
2κ σ S(T1− T2)[√

2κ +
√

2κσ S2(T1+ T2)
]
L
. (50)

In other words, the highest conversion efficiency requires the accompaniment of optimal electric current
density Jopt.

On the other hand, the components of thermal stress in polar coordinates are given by the coordinate
transformation formulas [Muskhelishvili 1975]:

σρρ + σθθ = σ11+ σ22, (51)

σθθ − σρρ + 2iσρθ =
w2ω′(w)

ρ2 ω′(w)
(σ22− σ11+ 2iσ12), (52)

where σρρ , σθθ , and σρθ are the corresponding normal and shear components in polar coordinates. Since
both σρρ and σρθ are zero on the boundary of the elliptic hole, we focus only on the component σθθ ,
which can be derived from (51) and (52) as

σθθ =
1
2

[
σ11+ σ22+

w2ω′(w)

ρ2 ω′(w)
(σ22− σ11+ 2iσ12)

]
. (53)

The expanded form of (53) shows that σθθ is a monotonically increasing quadratic function of electric
current density. Consequently, both the conversion efficiency and thermal stress depend on the electric
current which is therefore confined to a particular range in order to achieve higher conversion efficiency
and lower thermal stress.
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sample σ (Sm−1) ε (VK−1) κ (Wm−1K−1) E (GPa) α (K−1) µ

Bi2Te3 100000 0.00022 1.1 63.00 1.3× 10−5 0.23

Table 1. Material parameters of thermoelectric sample [Wu et al. 2014].

4.2. Suppressing thermal stress through vertical electric current. Back to the infinite thermoelectric
plate: although the thermal stress can be mitigated by adjusting the electric current, it has a fairly limited
role. In order to avoid the influence of electric current on the conversion efficiency, the vertical electric
current can be applied to suppress thermal stress around an elliptic hole. For example, consider the case
when σθθ has the value

σθθ =−
Eαm R2 J∞2

y

2σκ(1−m)
, (54)

at the point z = a when the material is loaded with a remote electric current in the y-direction. With the
additional electric current in the x-direction, σθθ can be shown to be

σθθ =
EαR2(2J∞2

x −m J∞2
y )

2σκ(1−m)
. (55)

It can be seen that σθθ can be suppressed or totally eliminated by additional electric current at the point
z = a. More importantly, if the elliptic hole degenerates into a crack, the thermal stress will have a
singularity at the crack tip which gives rise to the stress intensity factor corresponding to σθθ :

Kθθ = lim
z→α

√
2π(z− a) σθθ =

Eα
√
πa5

32σκ
(2J∞2

x − J∞2
y ). (56)

The thermal stress singularity at the crack tip can be eliminated when subjected to the electric current
density J∞x = J∞y /

√
2.

5. Results and discussion

Numerical analyses have been undertaken to further illustrate the effects of electric current on thermal
stresses with the material parameters of the corresponding samples listed in Table 1. We first consider
the model described in Figure 2. The length of the semimajor axis of the elliptic hole is 0.01 m, while
the length and width of the selected sample region are relatively much larger than the size of the elliptic
hole. The temperatures on s and t are T1 = 800 K and T2 = 300 K, respectively. Thus, the optimal electric
current density can be approximately determined as Jopt = 1.93× 105 A/m2, as the elliptic hole has little
influence on the conversion optimization efficiency of this system due to its relatively small size.

Under these conditions, the stress component σθθ on the boundary of the elliptic hole is shown in
Figure 3 for the difference b, where θ is the angle measured up from the x-axis. It can be seen that the
maximum value of positive stress decreases while the maximum negative stress increases as b decreases.
Additionally, the stress distribution on the boundary is symmetric around the origin, thereby reducing
the amount of computation required in what follows.

Due to the symmetry of the stress field on the boundary, we select two points, z = a and z = ib, as sam-
ples to analyze the influence of the electric current on the conversion efficiency and corresponding stress
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Figure 4. Conversion efficiency versus electric current density: σθθ at the point z = a
(left) and σθθ at the point z = ib (right).

distributions. As we can see from Figure 4, the optimal electric current leads to maximum conversion
efficiency but also corresponds to higher stresses. Fortunately, the change in the stress distributions is
sharper than the conversion efficiency around the optimal electric current. For example, if we decrease the
electric current density from Jopt to 105 A/m2, the conversion efficiency will decrease by 14.5%, while all
of the stress distributions at the two selected points will decrease by 73.2%. The huge difference between
conversion efficiency and thermal stress makes it possible to minimize thermal stress by adjusting the
electric current.

Apart from adjusting the electric current in the y-direction, the additional electric current in the x-
direction also has the potential to suppress thermal stress. In fact, it has the added advantage of having
no effect on the conversion efficiency in the vertical direction and totally neutralizing the thermal stress
at a particular point. From Figure 5 we see that the stresses at the point z = a decrease with the increase
of J∞x for different values of the semiminor axis of the elliptic hole while maintaining the semimajor
axis at a = 0.01 m and, in fact, both can be entirely neutralized by electric current.

As noted in Section 4.2, crack tips correspond to singular points of thermal stress in a thermoelectric
material but the singularity can be eliminated by additional electric current in the vertical direction. In
order to further investigate this phenomenon, we analyze the stress σθθ on the upper boundary of the
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elliptic hole for the case b � a (see Figure 6). The results show that the values of σθθ tend towards
negative infinity at the points z = a and z = −a while J∞x = 0, and σθθ is totally neutralized by the
additional electric current density J∞x = J∞y /

√
2 despite the fact that it also leads to a considerable

positive stress.

6. Conclusions

In contrast to traditional heat conduction in common materials, the coupled transport of heat flux and
electric current allows for the existence of thermal stress in a simply connected thermoelectric medium
which then affects the reliability of thermoelectric devices. Consequently, it becomes important to de-
velop methods for the suppression of thermal stresses in thermoelectric media. In this paper, we have
addressed this question in the case of a thermoelectric plate weakened by an elliptic hole. The results
show that the thermal stress on the boundary of an elliptic hole can be suppressed by both adjusting the
value of the electric current and adding additional vertical electric current. Each method is effective in
improving reliability and prolonging the life of thermoelectric devices.
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