
Journal of

Mechanics of
Materials and Structures

ELASTIC WAVE PROPAGATION IN A PERIODIC COMPOSITE
PLATE STRUCTURE: BAND GAPS INCORPORATING MICROSTRUCTURE,

SURFACE ENERGY AND FOUNDATION EFFECTS

Gongye Zhang and Xin-Lin Gao

Volume 14, No. 2 March 2019

msp





JOURNAL OF MECHANICS OF MATERIALS AND STRUCTURES
Vol. 14, No. 2, 2019

dx.doi.org/10.2140/jomms.2019.14.219 msp

ELASTIC WAVE PROPAGATION IN A PERIODIC COMPOSITE
PLATE STRUCTURE: BAND GAPS INCORPORATING MICROSTRUCTURE,

SURFACE ENERGY AND FOUNDATION EFFECTS

GONGYE ZHANG AND XIN-LIN GAO

A new model for predicting band gaps for flexural elastic wave propagation in a periodic composite
plate structure is developed using a non-classical Kirchhoff plate model that is based on a modified
couple stress theory, a surface elasticity theory and a two-parameter Winkler–Pasternak elastic founda-
tion model. The formulation is based on the plane wave expansion method and Bloch’s theorem. The
current non-classical model simultaneously incorporates microstructure, surface energy and foundation
effects, unlike existing models. When the microstructure and surface energy effects are both suppressed,
the new model reduces to the classical elasticity-based model. The band gaps predicted by the newly
developed model vary with the microstructure-dependent length scale parameters, the surface elastic
constants, the elastic foundation moduli, the unit cell size, and the volume fraction. The numerical
results reveal that the first band gap including the foundation effect is always smaller than that without
considering the foundation effect, and the first foundation band gap size increases with the increase of the
elastic foundation moduli. Also, the first band gap predicted by the new non-classical model is always
larger than that predicted by the classical model, but the difference is diminishing as the plate thickness
increases. In addition, it is found that the sizes of the first band gap and the first foundation band gap
decrease with the increase of the unit cell length at different length scales. Furthermore, it is seen that
the volume fraction has a significant effect on the sizes of the first band gap and the first foundation band
gap, and band gaps can be tailored by adjusting the volume fraction as well as the constituent properties.

1. Introduction

Band gaps for elastic wave propagation in periodic composite beam and plate structures have received in-
creasing attention (e.g., Sigalas and Economou 1994; Liu and Hussein 2012; Xiao et al. 2012; Piccolroaz
and Movchan 2014; Zhang and Parnell 2017; Piccolroaz et al. 2017; Chen et al. 2017; Zhang et al. 2018a).
Such periodic composite structures can generate band gaps and are therefore good candidate materials
for filtering waves, isolating vibrations and harvesting energy. Bragg scattering and local resonance, two
leading causes for band gaps (e.g., Liu and Hussein 2012; Chen and Wang 2014; Madeo et al. 2016),
can both be present in such composite structures.

Thin beams and plates often exhibit size effects at the micron and nanometer scales. Microstructure-
and/or surface energy-dependent length scale effects have been computationally demonstrated through
atomistic simulations for amorphous silica and polymers [Maranganti and Sharma 2007], FCC metals in-
cluding Ni, Cu and Al [Shodja et al. 2012] and noncoherent metallic bicrystals [Mi et al. 2008]. Recently,
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it has been shown that such nonlocal effects can also be experimentally measured with high accuracy by
using the shifts of resonant frequencies of a micron- or nanometer-sized beam [Zhang and Zhao 2016].

Band gap generation is inherently related to material microstructures, and hence band gaps for elastic
wave propagation in micro- or nano-structured composite beams and plates are also size-dependent,
which cannot be described by applying wave equations based on classical elasticity. As a result, wave
equations derived through using non-classical elasticity theories containing material length scale param-
eters need to be employed in determining band gaps at the micron and nanometer scales.

Several non-classical/high-order elasticity theories have been applied to derive wave equations and
study band gaps. Liu et al. [2012] used wave equations based on the surface elasticity theory [Gurtin and
Murdoch 1975; 1978] to investigate surface energy effects on band gaps. Li et al. [2016] studied band
gaps by employing the wave equations built upon the simplified strain gradient elasticity theory (e.g.,
Gao and Park 2007). Madeo et al. [2016] applied the wave equations based on a relaxed micromorphic
elasticity theory to explore frequency band gaps in metamaterials. Bacigalupo and Gambarotta [2017]
utilized a micropolar continuum theory to study band gaps in periodic materials. Band gaps for flexural
elastic wave propagation in periodic composite beam structures were recently studied by Zhang et al.
[2018a] and Gao et al. [2018] by using non-classical Bernoulli–Euler and Timoshenko beam models
based on a modified couple stress theory [Yang et al. 2002; Park and Gao 2008] and a surface elasticity
theory [Gurtin and Murdoch 1975; 1978; Steigmann and Ogden 1997; 1999]. However, wave equations
for plates built upon such higher-order elasticity theories have not been utilized to determine band gaps
in periodic composite plate structures. This motivated the present study.

In the current paper, band gaps for flexural elastic wave propagation in a periodic composite plate
structure are studied by using a non-classical Kirchhoff plate model based on the modified couple stress
theory [Yang et al. 2002; Park and Gao 2008], the surface elasticity theory [Gurtin and Murdoch 1975;
1978] and a two-parameter Winkler–Pasternak elastic foundation model. In Section 2, the equations
of motion for a Kirchhoff plate incorporating the microstructure, surface energy and foundation effects
derived by Gao and Zhang [2016] are applied to the current periodic composite plate structure to study
wave propagation. The formulation is enabled by using the plane wave expansion method and Bloch’s
theorem. In Section 3, numerical results for the band gaps predicted by the current non-classical model
are presented and compared to those based on the classical elasticity-based model. A summary is pro-
vided in Section 4.

2. Formulation

Based on the modified couple stress theory [Yang et al. 2002; Park and Gao 2008], the surface elastic-
ity theory [Gurtin and Murdoch 1975; 1978; Steigmann and Ogden 1997; 1999] and a two-parameter
Winkler–Pasternak elastic foundation model (e.g., Yokoyama 1996), the equations of motion for a Kirch-
hoff plate were derived by Gao and Zhang [2016], which incorporate the microstructure, surface energy
and elastic foundation effects. When only the deflection is considered (i.e., w=w(x, y, t), u = 0, v= 0),
the equations of motion reduce to

−
[ 1

12(λ+ 2µ)h3
+µl2h+ 1

2(λ0+ 2µ0)h2](w,xxxx + 2w,xxyy +w,yyyy)

+ (2τ0+ kp)(w,xx +w,yy)− kww+ fz − cx,y + cy,x = m0ẅ−m2
∂2ẅ

∂x2 −m2
∂2ẅ

∂y2 , (1a)



ELASTIC WAVE PROPAGATION IN A PERIODIC COMPOSITE PLATE STRUCTURE 221

Figure 1. Left: plate configuration and coordinate system. Right: plate on a two-
parameter elastic foundation.

which can be rewritten as

−
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∂x2
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∂y2

)
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∂2

∂t2 (P1w)−
∂2

∂t2

(
P2
∂2w

∂x2

)
−
∂2

∂t2

(
P2
∂2w

∂y2

)
, (1b)

where w = w(x, y, t) is the displacement in the z-direction (or deflection) of point (x, y, 0) on the plate
mid-plane at time t (see Figure 1, left), and

D = 1
12(λ+ 2µ)h3

+µl2h+ 1
2(λ0+ 2µ0)h2, C = 1

12 h3λ−µl2h+ 1
2 h2(λ0+ τ0),

B = 1
3µh3

+ 4µl2h+ h2(2µ0− τ0), S = 2τ0, P1 = ρh, P2 =
1

12ρh3.
(2)

In (1a), (1b) and (2), λ and µ are the Lamé constants, l is a couple stress-related material length scale
parameter (e.g., Mindlin 1963; Park and Gao 2006), µ0, λ0 and τ0 are the surface elastic constants, ρ
is the density of the plate material, h is the uniform plate thickness, fz is the z-component of the body
force resultant (force per unit area) through the plate thickness acting on the plate mid-plane occupying
the area R, cx and cy are, respectively, the x- and y-components of the body couple resultant (moment
per unit area), kw is the Winkler foundation modulus, and kp is the Pasternak foundation modulus (e.g.,
Yokoyama 1996). The plate on the two-parameter elastic foundation is schematically shown in Figure 1
(right).

Note that in deriving the equations of motion leading to (1a), the modified couple stress theory [Yang
et al. 2002; Park and Gao 2008] is used for the bulk plate material, and the surface elasticity theory
[Gurtin and Murdoch 1975; 1978] is applied to the surface layers (with zero-thickness), which have
distinct properties and are perfectly bonded to the bulk plate. When both the microstructure and surface
energy effects are suppressed by setting l = cx = cy = 0 and λ0 = µ0 = τ0 = 0, equation (1a) reduces to
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Figure 2. Periodic two-phase composite plate structure with a through-thickness square
inclusion phase and a matrix phase: the composite plate structure (left) and the unit cell
(right).

the equation of motion for a Kirchhoff plate resting on the Winkler–Pasternak elastic foundation based
on classical elasticity.

Consider a periodic two-phase composite plate structure containing through-thickness square inclu-
sions (as Phase I ) embedded periodically in a host matrix (as Phase I I ), as shown in Figure 2. The
periodic composite structure is infinitely large in the xy-plane. The unit cell for this periodic composite
plate structure with a uniform thickness h is taken to be a square (with edge length a) containing a square
inclusion (with edge length d) at its center, as displayed in Figure 3. The corresponding irreducible first
Brillouin zone is also shown in Figure 3.

For the current periodic composite plate structure, the plane wave expansion method (e.g., Sigalas
1997) and Bloch’s theorem for periodic media (e.g., Kittel 1986) can be applied. Accordingly, the
deflection w can be expanded in a Fourier series as (e.g., Zhang et al. 2018b; Zhang and Gao 2018):

w(r, t)= ei k·r
( ∑

G′(m,n)

wG′(m,n) ei G′(m,n)·r
)

e−iωt , (3)

Figure 3. Left: unit cell of the periodic composite plate with a square inclusion (phase I ).
Right: the irreducible first Brillouin zone in the reciprocal lattice.
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where wG′(m,n) is the Fourier coefficient, r = (x, y) is the position vector, k = (kx , ky) is the Bloch wave
vector, G′(m,n) = (2πm/a, 2πn/a)= (G ′x ,G ′y) is the reciprocal lattice vector for a square lattice, ω is the
angular frequency, i is the imaginary unit satisfying i2

=−1, m and n are integers ranging from −∞ to
+∞, and a is the lattice constant that is equal to the unit cell edge length (see Figure 3).

In addition, based on the periodicity of the composite plate structure, D(r), C(r), B(r), S(r), P1(r),
P2(r), kw(r) and kp(r), which are material parameters involved in the wave equation in (1b), can each
be written as a Fourier series:

α(r)=
∑

G(M,N )

αG(M,N )
ei G(M,N )·r , (4)

where α denotes D, C , B, S, P1, P2, kw or kp, G(M,N ) = (2πM/a, 2πN/a)= (Gx ,Gy) is the reciprocal
lattice vector in which the integers M and N range from −∞ to +∞, and αG is the Fourier coefficient
satisfying

αG(M,N )
=

1
A

∫∫
�

α(r) e−i G(M,N )·rd r, (5)

where � is the square domain on the plate mid-plane in the unit cell, and A is the area of �. It can be
readily shown that for a two-phase composite, αG is given by

αG =

{
V (I )

f αI + (1− V (I )
f ) αII when G(M,N ) = 0,

(αI −αII )F(G(M,N )) when G(M,N ) 6= 0,
(6)

where αI and αII are respective property values for materials I and I I , V (I )
f is the volume fraction of the

inclusion phase (material I ) given by V (I )
f = A(I )/A (with A(I ) being the mid-plane area of material I

in the unit cell), and F(G(M,N )) is the shape function defined by

F(G(M,N ))=
1
A

∫∫
�1

e−i G(M,N )·rd r, (7)

where �I is the mid-plane domain occupied by material I in the unit cell.
For a square inclusion occupying the domain �I (see Figure 3, left), F(G(M,N )) is given by (e.g.,

Susa 2002):

F(G(M,N ))=



2d
a2Gx

sin Gx d
2

for Gx 6= 0, Gy = 0,

2d
a2Gy

sin
Gyd

2
for Gx = 0, Gy 6= 0,

4
a2Gx Gy

sin Gx d
2

sin
Gyd

2
for Gx 6= 0, Gy 6= 0,

(8)

where d and a are, respectively, the edge lengths of the square inclusion �I and unit cell � shown in
Figure 3 (left).

Using (3) and (4) in (1b) (with fz = cx = cy = 0) yields

(M)G(M,N )−G′(m,n) wG′(m,n) = ω
2(R)G(M,N )−G′(m,n) wG′(m,n), (9)
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where

(M)G(M,N )−G′(m,n) = DG−G′(kx +Gx)
2(kx +G ′x)

2
+CG−G′(kx +Gx)

2(ky +G ′y)
2

+ DG−G′(ky +Gy)
2(ky +G ′y)

2
+CG−G′(ky +Gy)

2(kx +G ′x)
2

+ BG−G′(kx +Gx)(ky +Gy)(kx +G ′x)(ky +G ′y)

+ SG−G′(kx +Gx)(kx +G ′x)+ SG−G′(ky +Gy)(ky +G ′y)

+ (kw)G−G′ + (kp)G−G′(kx +G ′x)
2
+ (kp)G−G′(ky +G ′y)

2, (10)

(R)G(M,N )−G′(m,n) = (P1)G−G′ + (P2)G−G′ (kx +G ′x)
2
+ (P2)G−G′ (ky +G ′y)

2, (11)

wG′(m,n) =
1
A

∫∫
�

we−i(G′(m,n)+k)·rd r, (12)

in which

αG−G′ =
1
A

∫∫
�

αe−i(G(M,N )−G′(m,n))·rd r, (13)

where αG−G′ represents DG−G′ , CG−G′ , BG−G′ , SG−G′ , (P1)G−G′ , (P2)G−G′ , (kw)G−G′ or (kp)G−G′ .
Note that in reaching (9), use has been made of Laurent’s rule for finding the Fourier coefficients of a
product of two periodic functions (e.g., Li 1996; Cao et al. 2004).

When each of the integers m, n, M , and N in the Fourier series expansions for w and α (representing
D, C , B, S, P1, P2, kw or kp) given in (3) and (4) is set to range from −L to L , equation (9) leads to
(2L + 1)2 equations, which can be written as

[(M)G−G′]{wG′} = ω
2
[(R)G−G′]{wG′}, (14)

where
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are two (2L+1)2× (2L+1)2 matrices, and
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is a (2L+1)2× 1 matrix.
For the linear system of equations in (14) to have a nontrivial solution of wG′(m,n) 6= 0, the determinant

of the coefficient matrix must vanish, which gives

|[T ] −ω2
[I]| = 0, (18)

as the characteristic equation of the eigenvalue problem defined in (14), where

[T ] = [(R)G−G′]
−1
[(M)G−G′], (19)

and I is the (2L + 1)2× (2L + 1)2 identity matrix. Equation (18) is a polynomial equation of degree
(2L+1)2 for ω2. The roots of (18) gives the eigen-frequencies ω for a specified wave vector k= (kx , ky)

in the first Brillouin zone (see Figure 3). The ranges of ω over which no real-valued wave vector k exists
are known as band gaps. It is seen from (19), (18), (16), (15), (13), (11), (10), (8), (6) and (2) that the
value of ω depends on the material constants λ, µ, l, λ0, µ0, τ0 and ρ, the foundation moduli kw and kp,
and the geometrical parameters a, d and h.

The classical elasticity-based band gaps for flexural elastic wave propagation in the periodic composite
plate structure resting on the Winkler–Pasternak elastic foundation can be obtained as a special case by
setting l = 0 and λ0 = µ0 = τ0 = 0 in (19).

3. Numerical results

To demonstrate the new model formulated in Section 2, sample cases are quantitatively studied here. In
obtaining the numerical results presented in this section, Material I is chosen to be iron, whose properties
are as follows (e.g., Gurtin and Murdoch 1978): for the bulk, Young’s modulus E (I ) = 177.33 GPa,
Poisson’s ratio ν(I ) = 0.27, l(I ) = 6.76µm, ρ = 7 g/cm3; for the surface layer, µ(I )0 = 2.5 N/m, λ(I )0 =

−8 N/m, τ (I )0 = 1.7 N/m. The value of l(I ) above is determined from l = bh/
√

3(1− ν) (e.g., Lam
et al. 2003; Park and Gao 2006) with ν(I ) = 0.27 and b(I )h = 10µm (e.g., Wang 2010). Material I I is
taken to be epoxy with the following properties [Chen and Wang 2014]: E (II )

= 3.3 GPa, ν(II )
= 0.33,

l(II )
= 16.93µm, ρ(II )

= 1.18 g/cm3 for the bulk, and µ(II )
0 = 0.12406 N/m, λ(II )

0 = 0.16376 N/m, τ (II )
0 =

0.045 N/m for the surface layer. The value of l(II ) given here is also calculated from l = bh/
√

3(1− ν)
but with ν(II )

= 0.33 and b(II )
h = 24µm (e.g., Lam et al. 2003). The values of the surface elastic constants

µ
(II )
0 and λ(II )

0 listed above are estimated using µ(II )
0 = µ(II )hS and λ(II )

0 = 2λ(II )µ(II )hS/(λ(II )
+µ(II ))

[Sharma and Ganti 2004], where hS is the thickness of transition zone between the surface and bulk
material and is taken to be 1 angstrom (e.g., Miller and Shenoy 2000), and λ(II ) and µ(II ) are the Lamé
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constants of the bulk epoxy given by λ(II )
= E (II )ν(II )/[(1+ν(II ))(1−2ν(II ))], µ(II )

= E (II )/[2(1+ν(II ))].
In addition, τ (II )

0 is the surface tension for epoxy having a value of 45 mN/m (e.g., George 1993; Lewin
et al. 2005). The foundation moduli kw and kp are non-dimensionalized to obtain Kw ≡ kw a4/D(I )

C ,
Kp ≡ kp a2/D(I )

C , with D(I )
C = E (I )h3/{12[1− (ν(I ))2]} being the plate flexural rigidity of material I .

Moreover, the edge length of the square inclusion is taken to be d = 0.4a (i.e., V I
f = d2/a2

= 0.16) in
all the calculations for simplicity. In Figures 4–7, the blue dot lines represent the wave frequency curves
obtained from solving (18). It has been found that a convergent solution is attained in each case with
L = 7.

In the numerical results provided below, the first band gap in each case is defined to be that between
the fourth and fifth frequency curves, which is first observed for the periodic composite plate structure
without the elastic foundation (see Figure 4, left). This corresponds to the lowest range of ω that prohibits
flexural wave propagation in the periodic composite plate structure without the foundation. In addition,
the first band gap for the composite plate structure with the elastic foundation, called the first foundation
band gap, is identified and discussed.

3.1. Effects of the elastic foundation. Figure 4 (left column, top) illustrates the first band gap frequency
range for the periodic composite plate structure (with a = 1 mm and h = 15µm) predicted by the current
non-classical model without including the foundation effect (i.e., Kw = 0, Kp = 0), which is 175.42 kHz–
190.50 kHz (marked in orange) for the wave frequency f = ω/(2π). Figure 4 (left column, middle and
bottom) displays the first band gap and the first foundation band gap frequency ranges predicted by the
new non-classical model with the foundation treated as a Winkler one (i.e., setting kp = 0): 177.33 kHz–
192.17 kHz and 0 kHz–20.66 kHz for the case with Kw = 10 and Kp = 0; and 193.67 kHz–206.85 kHz
and 0 kHz–62.97 kHz for the case with Kw = 100 and Kp = 0. Figure 4 (right column) shows the
first band gap and the first foundation band gap for the composite plate structure predicted by the current
non-classical model incorporating the Winkler–Pasternak foundation effect: 186.82 kHz–199.32 kHz and
0 kHz–20.69 kHz for the case with Kw = 10 and Kp = 1; 202.33 kHz–213.52 kHz and 0 kHz–63.18 kHz
for the case with Kw = 100 and Kp = 1. For the case with Kw = 100 and Kp = 10, the first foundation
band gap frequency range is 0 kHz–64.17 kHz, but no first band gap exists between the fourth and fifth
frequency curves. However, a band gap is found between the first and second frequency curves, which
is marked in green in Figure 4 (right column, bottom). This is called the second foundation band gap,
which also exists in the cases with Kw = 100 and Kp = 1 and Kw = 100 and Kp = 0, as illustrated in
Figure 4. Figure 4 shows the second foundation band gap frequency ranges predicted by the current non-
classical model: 71.07 kHz–85.92 kHz for the case with Kw = 100 and Kp = 0; 74.68 kHz–89.57 kHz
for the case with Kw = 100 and Kp = 1; and 100.54 kHz–117.30 kHz for the case with Kw = 100 and
Kp = 10. From these frequency ranges, the band gaps can be readily determined, which are listed in
Table 1.

From Figure 4 and Table 1, it is observed that the first band gap size decreases with the increase of
either Kw or Kp. However, the first foundation band gap size increases with these two foundation moduli.
Additionally, Figure 4 shows that the presence of either the Winkler–Pasternak foundation or the Winkler
foundation reduces the first band gap size, and the effect of the former is more significant than that of
the latter.
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Kw = 0, Kp = 0 Kw = 10, Kp = 1

Kw = 10, Kp = 0 Kw = 100, Kp = 1

Kw = 100, Kp = 0 Kw = 100, Kp = 10

Figure 4. Band gaps for the periodic composite plate structure predicted by the current
model. The Bloch wave vector k = (kx , ky) at 0, X and M is, respectively, (0, 0),
(π/a, 0) and (π/a, π/a) (see Figure 3, right).

3.2. Effects of the microstructure and surface energy. Figure 5 displays the band gaps for the peri-
odic composite plate structure predicted by the current model with a = 1 mm, Kw = 10, and Kp = 1.
Figure 5 (left column) shows the first band gap frequency ranges (in orange) and the first foundation band
gap frequency ranges (in grey) predicted by the current non-classical model for different values of the
plate thickness: 186.82 kHz–199.32 kHz and 0 kHz–20.69 kHz for h = 15µm; 322.81 kHz–355.31 kHz
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Figure 5. Band gaps for the periodic composite plate structure (with a= 1 mm, Kw = 10
and Kp = 1) predicted by the current model (left column) and the classical model (right
column). The Bloch wave vector k = (kx , ky) at 0, X and M is, respectively, (0, 0),
(π/a, 0), and (π/a, π/a) (see Figure 3, right).
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Foundation moduli First band gap (kHz) First foundation Second foundation
Kw Kp band gap (kHz) band gap (kHz)

0 0 15.08 NA NA
10 0 14.84 20.66 NA
10 1 12.50 20.69 NA

100 0 13.18 62.97 14.85
100 1 11.19 63.18 14.89
100 10 NA 64.17 16.76

Table 1. Band gaps for the periodic composite plate structure with different values of
the foundation moduli Kw and Kp predicted by the current model (with a = 1 mm,
h = 15µm).

h (µm) Band gap (kHz) Band gap (kHz) Relative difference (%)
Current model Classical model

15 12.50 10.22 22.31
40 32.50 27.22 19.40
80 56.98 54.20 5.13
120 82.58 80.70 2.33

Table 2. First band gaps for the periodic composite plate structure with different values
of the plate thickness h.

and 0 kHz–55 kHz for h = 40µm; 581.07 kHz–638.05 kHz and 0 kHz–109.86 kHz for h = 80µm; and
841.20 kHz–923.78 kHz and 0 kHz–164.73 kHz for h = 120µm.

Figure 5 (right column) illustrates the first band gap frequency ranges (in orange) and the first founda-
tion band gap frequency ranges (in grey) predicted by the classical elasticity-based model for different
values of the plate thickness: 106.28 kHz–116.50 kHz and 0 kHz–20.59 kHz for h = 15µm; 282.65 kHz–
309.87 kHz and 0 kHz–54.9 kHz for h = 40µm; 560.00 kHz–614.20 kHz and 0 kHz–109.8 kHz for
h = 80µm; and 827.20 kHz–907.90 kHz and 0 kHz–164.68 kHz for h = 120µm. These frequency
ranges give the two types of band gaps shown in Tables 2 and 3, respectively. In each case listed in
Tables 2 and 3, the band gap value based on the classical model is used as the base value to compute the
relative difference.

It is observed from Figure 5 and Table 2 that the first band gap size predicted by the current non-
classical model is always larger than that predicted by the classical model. However, the difference
between the two band gap sizes diminishes with the increase of the plate thickness h. When h = 15µm,
the band gap predicted by the current model is 1.22 times as large as that predicted by the classical model
(with a relative difference of 22.31%). When h = 120µm, the former is only 1.02 times of the latter,
giving a relative difference of 2.33%. This shows that the effects of microstructure and surface energy
on the first band gap are significant only for very thin plates.

Figure 5 and Table 3 reveal that the first foundation band gap predicted by the current non-classical
model is always larger than that predicted by the classical model. However, the relative difference



230 GONGYE ZHANG AND XIN-LIN GAO

h (µm) Band gap (kHz) Band gap (kHz) Relative difference (%)
Current model Classical model

15 20.69 20.59 0.49
40 55.00 54.90 0.18
80 109.86 109.80 0.05

120 164.73 164.68 0.03

Table 3. First foundation band gaps for the periodic composite plate structure with dif-
ferent values of the plate thickness h.

a = 20h a = 40h

a = 100h a = 200h

Figure 6. Band gaps for the periodic composite plate structure (with h = 15µm, Kw =

10 and Kp = 1) predicted by the current model. The Bloch wave vector k = (kx , ky) at
0, X and M is, respectively, (0, 0), (π/a, 0), and (π/a, π/a) (see Figure 3, right).

decreases with the increase of the plate thickness h. In addition, this difference is negligibly small
compared to the difference between the two first band gap values. This indicates that the effects of
microstructure and surface energy on the first foundation band gap are insignificant even for very thin
plates.

3.3. Effect of the unit cell length. Figure 6 illustrates the first band gap frequency ranges (in orange)
and the first foundation band gap frequency ranges (in grey) for the periodic composite plate structure
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a First band gap (kHz) First foundation band gap (kHz)

20h 138.7 229.89
40h 34.74 57.48

100h 5.56 9.20
200h 1.38 2.30

Table 4. Band gaps for the periodic composite plate structure with different values of
the unit cell length a predicted by the current model (with h = 15µm, Kw = 10, and
Kp = 1).

a First band gap (Hz) First foundation band gap (Hz)

20h 1700 3431
40h 425.8 857.9

100h 68.15 137.26
200h 17.03 34.32

Table 5. Band gaps for the periodic composite plate structure with different values of
the unit cell length a predicted by the current model (with h = 1 mm, Kw = 10, and
Kp = 1).

predicted by the current model for different values of the unit cell length a. The plate thickness is
h = 15µm, and the elastic foundation moduli are Kw = 10 and Kp = 1 in all cases.

The first band gap frequency range and the first foundation band gap frequency range are, respectively,
2065.9 kHz–2204.6 kHz and 0 kHz–229.89 kHz for the case with a = 20h shown in Figure 6 (left column,
top); 518.45 kHz–553.19 kHz and 0 kHz–57.48 kHz for the case with a = 40h displayed in Figure 6
(right column, top); 83.07 kHz–88.63 kHz and 0 kHz–9.20 kHz for the case with a = 100h depicted in
Figure 6 (left column, bottom); and 20.80 kHz–22.18 kHz and 0 kHz–2.30 kHz for the case with a = 200h
illustrated in Figure 6 (right column, bottom). From these frequency ranges, the band gaps can be readily
obtained, which are given in Table 4.

From Figure 6 and Table 4, it is observed that the frequency for producing the first band gap gets lower
when the unit cell length a becomes larger and the sizes of the first band gap and the first foundation
band gap decrease as a increases. The effect of the unit cell length is further illustrated in Figure 7.

Figure 7 shows the first band gap frequency ranges (in orange) predicted by the current model for
the composite plate structure with h = 1 mm, Kw = 10, Kp = 1 and different values of the unit cell
length: 17639 Hz–19339 Hz for a = 20h, 4426.1 Hz–4851.9 Hz for a = 40h, 708.93 Hz–777.08 Hz for
a = 100h, and 177.27 Hz–194.30 Hz for a = 200h. Also, Figure 7 displays the first foundation band
gap frequency ranges for different values of the unit cell length: 0 kHz–3431 MHz, 0 kHz–857.9 MHz,
0 kHz–137.26 MHz and 0 kHz–34.32 MHz for the cases with a = 20h, 40h, 100h, and 200h, respectively.
From these frequency ranges, the band gaps are computed and given in Table 5.

From Figure 7 and Table 5, it is observed that both the frequency for producing the first band gap
and the sizes of the first band gap and the first foundation band gap in the current cases with h = 1 mm
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a = 20h a = 40h

a = 100h a = 200h

Figure 7. Band gaps for the periodic composite plate structure (with h= 1 mm, Kw = 10
and Kp = 1) predicted by the current model. The Bloch wave vector k = (kx , ky) at 0,
X and M is, respectively, (0, 0), (π/a, 0), and (π/a, π/a) (see Figure 3, right).

decrease as the unit cell length a increases, which is the same trend as that seen from Figure 6 for the
cases with h = 15µm, a much smaller plate thickness. This shows that the effect of the unit cell length
on band gaps exists at different length scales.

3.4. Effects of the volume fraction. The variations of the first band gap and the first foundation band
gap with the volume fraction of material I (the inclusion phase) predicted by the current non-classical
model are displayed in Figures 8 and 9, respectively. For comparison purposes, the variations predicted
by the classical model are also shown in Figures 8 and 9. The numerical values for wave frequency
plotted in Figures 8 and 9 are obtained from solving (18), with the convergent solution attained when
L = 7 in each case. The properties adopted here for materials I and I I are the same as those used to
generate the numerical results displayed in Figures 4–7. In addition, a = 1 mm, h = 15µm, Kw = 10
and Kp = 1 are employed in the calculations here.

From Figure 8, it is observed that the first band gap predicted by the current model starts at V (I )
f = 9.5%

and increases to its maximum of 13.82 kHz at V (I )
f = 20%, after which it decreases with V (I )

f until its
disappearance at V (I )

f = 30%. Also, the first band gap predicted by the classical model increases from
zero to its maximum value 13.31 kHz as V (I )

f goes from 9% to 21%, then it decreases with V (I )
f until

vanishing at V (I )
f = 30%.
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Figure 8. First band gap changing with V (I )
f predicted by the current and classical mod-

els for the periodic composite plate structure (with a = 1 mm, h = 15µm, Kw = 10 and
Kp = 1).

Figure 9. First foundation band gap changing with V (I )
f predicted by the current and

classical models for the periodic composite plate structure (with a = 1 mm, h = 15µm,
Kw = 10, and Kp = 1).

From Figure 9, it is seen that the first foundation band gap predicted by the current non-classical
model or the classical elasticity-based model gradually decreases with the increase of V (I )

f from 0%
to 100%. Also, it is observed that the first foundation band gap values predicted by the current non-
classical model and those predicted by the classical model are very close, thereby indicating that the
effects of microstructure and surface energy on the first foundation band gap are not significant. This
agrees with what is observed from Figure 5 and Table 3.

From Figures 8 and 9, it is clear that the volume fraction does have a significant effect on the first
band gap and the first foundation band gap for the periodic composite plate structure according to both
the current non-classical and the classical models. This shows that large band gaps can be generated by
adjusting the volume fraction of the inclusion phase.
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4. Summary

A new model is provided for determining elastic wave band gaps in a periodic composite plate struc-
ture. It is based on a non-classical Kirchhoff plate model, the plane wave expansion method and the
Bloch theorem. The current non-classical model recovers the classical model as a special case after
neglecting the microstructure and surface energy effects. The new model simultaneously incorporates
the microstructure, surface energy and elastic foundation effects for the first time. In addition, the band
gaps predicted by the current model vary with the unit cell size and volume fraction of the inclusion
phase.

Numerical results show that the first band gap predicted by the current model including the foundation
effect is smaller than that without considering this effect, and the first foundation band gap increases with
the elastic foundation moduli. In addition, the first band gap predicted by the new non-classical model is
seen to be always larger than that based on the classical model, with the difference being significant for
very thin plates. It is also observed that the first band gap frequency and the sizes of the first band gap
and the first foundation band gap decrease with the increase of the unit cell length. Finally, it is found
that the volume fraction has a significant effect on the band gap size, indicating that large band gaps can
be achieved by tailoring the volume fraction.
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