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AND RELEASED STRONGLY NONLINEAR SOLITARY WAVES

IN 1-D COMPOSITE GRANULAR CHAIN OF SPHERES

BIN WU, HEYING WANG, XIUCHENG LIU, MINGZHI LI, ZONGFA LIU AND CUNFU HE

After a chain composed of light particles is inserted into a one-dimensional heavy granular chain of
spheres, the formed composite chain can trap strongly nonlinear solitary waves (SNSWs) in a light
sectional chain. The light sectional chain can reduce the peak amplitude of pulse waves imposed on the
objects contacting with the end particle of the chain. However, the effects of the light sectional chain’s
properties on the propagation velocity and amplitude of both the trapped and output pulse waves are
unclear. In this study, finite element models with optimal parameters were established to investigate
the multireflection behaviors of the output pulse waves. Both the simulation and experimental results
demonstrated that the light sectional chain could act as a physical regulator to tune the properties of
the output pulse waves in the composite chain. When the material of the light particle was fixed, both
the propagation velocity and amplitude of the output pulse waves exhibited the exponentially downward
trend as the number of light particles increased. Compared to the light sectional chain of Brass, the PTFE
chain could cause more serious attenuation on the amplitude of the pulse waves and reduce the propaga-
tion velocity of the output pulse waves. Similar phenomena had been reported in simulation results only
at the nanoscale. Even at the macroscale, the investigated composite chain could quantitatively tune the
propagation characteristics of the trapped and output pulse waves by adjusting the material and number
of light particles.

1. Introduction

Strongly nonlinear solitary waves (SNSWs), which are derived from the nonlinearity of the Hertzian
contact interactions between spherical particles, in one-dimensional granular chains have been widely ex-
plored due to the unique properties [Nesterenko 1983; Daraio et al. 2006a; Potekin et al. 2013; Nesterenko
et al. 2005], such as independence of their width on amplitude and strong dependence of speed on
amplitude. Wave dynamics in one-dimensional granular chains have been extensively investigated in the
last twenty years to reveal the behavior of wave propagation in the granular chains and various potential
applications have been reported, such as the design of metamaterials and metadevices [Gantzounis et al.
2013; Kim et al. 2017; Xu and Nesterenko 2017; Raney et al. 2016], nondestructive material evaluations
[Rizzo et al. 2015], energy harvesting [Li and Rizzo 2015a; 2015b; Rizzo and Li 2017], and even medical
hyperthermia [Spadoni and Daraio 2010]. The effects of particle material properties and impact condition
on the formation and propagation velocity of SNSWs supported by 1-D chain of homogeneous elastic
spherical particles have been reported [Meidani et al. 2015; Ngo et al. 2011; 2013; Khatri et al. 2012].

Keywords: 1-D composite granular chain, strongly nonlinear solitary waves, propagation characteristics tuning, energy
trapping.
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To reveal the wave propagation behavior in granular chains subjected to external impact, Nguyen and
Brogliato [2014] and Brogliato [2016] published monographs to introduce and summarize the available
theoretical approaches and computation tools. Theoretical expression about the energetical coefficient
of restitution related with plastic (residual) indentation are first given in [Nguyen and Brogliato 2014].
Further study was reported by Zhao et al. [2008] to clarify the wave behavior in a column of beads
colliding against a wall through adjusting the energetical restitution coefficient of a bistiffness compliant
contact model. Falcon et al. [1998] found that spheres could be modelled as rigid bodies with localized
deformation based on the Hertz’ elasticity at the contact points. Kuninaka and Hayakawa [2009] par-
tially determined dissipation during binary collision of nanoparticles through molecular dynamics and
macroscopic collision model. Takato et al. [2018] obtained inelastic contact force between nanoparticles
based on Hertz contact mechanics by molecular dynamics model. Many finite element methods had been
developed to simulate the propagation properties of waves in one-dimensional particle chains [Musson
and Carlson 2014; 2016; Ngo et al. 2011; Kim et al. 2015] since the attenuation caused by the plastic
deformation generated between contacting particles could be calculated more accurately [Musson and
Carlson 2014; 2016].

The composite granular chain with multisectional chains of spherical particles endows pulse waves
with certain propagation characteristics [Przedborski et al. 2015; Vergara 2005; Hong and Xu 2002] and
can act as a container to trap the energy of pulse waves in a particular section of chain [Nesterenko et al.
1995; Daraio et al. 2006b; Sen et al. 2008; Carretero-González et al. 2009]. In a composite granular
chain of spherical particles, which is divided into two heavy sections and one light section, the leakage
of trapped energy demonstrates a power-law behavior over time [Hong 2005; Wang et al. 2007; Xu and
Zheng 2017]. The power-law behavior of the trapped energy release is attributed to the back-and-forth
reflection of the sequence of pulse waves bouncing between the heavy-light and light-heavy interfaces.
The bouncing behavior of the output pulse waves predicted by the theoretical model [Xu and Zheng
2017; Khatri 2012] was not confirmed or discussed by experimental tools yet. In addition, no dissipation
on collisions is taken into account, so it is predicted that the output pulse waves move freely in the light
section of chain without energy dissipation. The prediction remains to be experimentally explored.

Daraio et al. [2006b] experimentally investigated the reflection and transmission behaviors of pulse
waves at the interface between steel particle and PTFE particle in composite granular chains. When
pulse waves passed through heavy steel particles and entered the light PTFE section of chain, pulse
waves decompose into a sequence of solitary waves with slower velocity and lower amplitude than that
of incident pulse waves. In the design of a fine granular protector, the amplitude of the final output
pulse waves of the composite granular chain is more concerned, but the energy dissipation and velocity
variation of pulse waves in the light chain are seldom considered [Daraio et al. 2006b]. The effect of the
number of particles in the light chain on the features of output pulse waves is still unknown.

The behavior of solitary waves propagating along the light section of chain in 1-D composite granular
chain constructed by inserting a series of short single-walled carbon nanotubes into C60 system was
simulated at the nanoscale [Xu and Zheng 2017]. A concept of energy tunnel was proposed based on
the truth that both the propagation velocity and the energy carried by the solitary waves continuously
decayed as the number of the carbon nanotubes increased. The interesting phenomenon of energy tunnel
arose from the increase in the internal energy in carbon nanotubes with the consumption of the energy
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of solitary waves passing through carbon nanotubes, but the phenomenon had not been verified at the
macroscale [Xu and Zheng 2017].

Therefore, in this study, it is hypothesized that the energy tunnel phenomenon occurs in 1-D composite
granular chain of particles at the macroscale. Both the finite element simulation and proof-of-concept
experiments were performed to investigate the propagation characteristics of the trapped and output pulse
waves in 1-D composite granular chain of particles. The simulation and experimental results confirmed
the hypothesis. During the propagation of output pulse waves in the light sectional chain, the propagation
velocity of pulse waves successively decreased due to the accumulation effect of the deformation energy
storage. As the number of light particles increased, both the propagation velocity and amplitude of the
output pulse waves in the end heavy chain demonstrated the exponentially downward trend.

This paper is organized as follows. In Section 2, based on Hertzian contact theory, the pulse waves in
1-D composite granular chain of spheres as well as the reflections of the output pulse waves are introduced.
In Section 3, finite element models are established and the parameters of the models are optimized.
The propagation characteristics of the trapped and output pulse waves is numerically investigated and
discussed. In Section 4, the experimental setup is presented and simulation results are compared with
experimental results. Finally, the conclusion is drawn in Section 5.

2. Fundamental theory

One-dimensional granular chain is a collection of macroscopic discrete particles whose dimensions are
comparable to those of the overall system and so large that the thermal motion of particles may be ignored
[Nesterenko 1983]. In a monatomic granular chain composed of N spherical particles shown in Figure 1
(top), the applied static force F0 results in a small deformation at the contact area of adjacent particles
and a relative displacement of δ0 between the centers of two adjacent particles is generated. Under the
action of an external impact Fd imposed along the particle alignment direction, the displacement of the
center of individual particle is un (n = 1, 2, . . . , N ). If the chain is uncompressed (F0 = 0) or weakly
precompressed (F0� Fd , resulting in |un+1− un|/δ0� 1), the formation of strongly nonlinear solitary
waves (SNSWs) in the chain is dominated by Hertzian contact law due to the balance of dispersion and
interparticle nonlinearity. The contact force F between two adjacent particles is expressed as [Hertz
1881; Nesterenko 2001]

F(δ)=

{
Aδ3/2, δ > 0

0, δ < 0,
(1)

where δ represents the relative displacement of the centers of two adjacent particles. The contact stiff-
ness A during compression can be calculated as [Nesterenko 2001]

A =
4E1 E2(1/R1+ 1/R2)

−1/2

3[E2(1− ν2
1)+ E1(1− ν2

2)]
,

where R1 and R2 are the radii of the particles, and E1, E2, ν1, and ν2 are Young’s modulus and Poisson’s
ratio of the two particles’ material, respectively. The motion equation for each particle is

ün = A(δ0− un + un−1)
3/2
− A(δ0− un+1+ un)

3/2. (2)
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Figure 1. One-dimensional diagram of uniform granular chain (top) and composite
granular chain for supporting strongly nonlinear solitary waves (bottom).

In a 1-D chain composed of identical spherical particles, the propagation velocity of SNSWs Vs can
be expressed as a function of the ratio of static and the maximum dynamic force fr = Fm/F0, where Fm

includes static precompression force F0 [Nesterenko 2001]:

Vs = 0.9314
(

4E2 F0

a2ρ3(1− ν2)2

)1/6 1

( f 2/3
r − 1)

{ 4
15
[
3+ 2 f 5/3

r − 5 f 2/3
r
]}1/2

. (3)

When the chain is uncompressed, equation (3) can be simplified as

Vs = 0.6802
(

2E
aρ3/2(1− ν2)

)1/3

F1/6
d . (4)

The maximum contact force Fm among the particles during the propagation of solitary waves remains
constant in nondissipative systems [Nesterenko 2001]. In reality, energy dissipation is unavoidable. How-
ever, it is still difficult to accurately predict energy dissipation of SNSWs along its propagation due to
the factors of contact plasticity, inelastic restitution of the particles, reflection at interface, and friction
between the chain and its holder [Wang and Nesterenko 2015; Rosas and Lindenberg 2003; Rosas et al.
2008]. Therefore, in the subsequent finite element simulation, the propagation behavior of pulse waves in
1-D granular chain was only investigated for nondissipative systems. Energy attenuation of pulse waves
along its propagation in the composite chain was evaluated by experimental tools.
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In the case, the composite granular chain is composed of a total of 40 spherical particles which have
the identical diameter of 10 mm and can be divided into three sections. Seven steel particles are placed
in the first section of the chain (referred to heavy section) to generate a pulse close to steady strongly
nonlinear solitary wave when impact force applied on the first particle is of significantly short duration or
due to impact by striker with mass equal or less than mass of particles in the chain. The second section of
the chain includes a certain amount (varying in the range of 3–24) of particles of lower Young’s modulus
and density (referred as light section) compared to steel particles. The third section of the chain (heavy
section) is also composed of steel particles and its last particle directly contacts with a steel bar.

The propagation of the pulse waves along the composite granular chain is more complex than that in
a chain composed of identical particles. It is already known that the incident SNSWs from the heavy
sectional chain are transformed into an oscillatory pulse which on later stage is split into a sequence of
strongly nonlinear solitary waves [Nesterenko et al. 1995; Daraio et al. 2006b; Sen et al. 2008]. Energy
reflections do not occur unless pulse waves travel from the light section to the heavy section. As a
result, the sequence of pulse waves propagating along the light section bounce back and forth between
the light-heavy and heavy-light interfaces (Figure 1, bottom), as suggested by the reported interesting
energy trapping behavior [Wang et al. 2007]. Due to the energy trapping effect, the peak amplitude of
the output pulse waves transmitted into the third sectional chain is lower than that of the impact applied
on the first sectional chain. Therefore, the composite granular chain can work as a protector to mitigate
the strength of external impact applied on the steel bar.

For the composite granular chain shown in Figure 1 (bottom), the energy of pulse waves transmitted
into the third section of the chain can be tunable by employing particles of different materials. To improve
the performance of the protector, soft materials with a small Young’s modulus and density are generally
recommended for the light sectional chain. However, the effect of the length of the light section on the
quantity of energy transmitted into the third section of the chain has not been reported yet. In addition,
the reflection behavior of the trapped sequence of pulse waves at the light-heavy interface was also not
experimentally observed or discussed.

3. Numerical modeling

3.1. Descriptions of the FE model. To simulate the propagation of pulse waves in the composite granu-
lar chain, inspired by the report in [Musson and Carlson 2014], finite element models were developed in
COMSOL. The penalty function was employed to solve the contact problem among the particles in 1-D
granular chain of spherical particles. First, a 1-D chain composed of identical elastic spherical particles
was modeled to optimize the mesh size, penalty factor, and solver by comparing the simulated results
with that predicted with (4). Second, a 1-D composite granular chain shown in Figure 1 (bottom) was
modeled with the optimal numerical scheme to investigate the propagation characteristics of the trapped
and output pulses.

Two-dimensional axial symmetry operation was applied in the model shown in Figure 2 (top left) to
obtain a 1-D chain composed of fifteen stainless steel particles. The properties of the stainless steel are
listed in Table 1. To save computational resources, the diameter of the particles was selected as 4.76 mm,
which was smaller than that of the particles in the composite granular chain. The last particle at the
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bottom of the chain contacted with a stainless steel cylinder, whose diameter and height were about
20 mm and 10 mm, respectively.

Starting from the contact point between two adjacent particles, the arc with the length of π/18 is
defined as the contact boundary. A contact pair shown in Figure 2 (top right) consists of a source and
destination contact boundary. The contact force was transferred from the source contact boundary to the
destination contact boundary. The displacements of the centers of all the particles were fixed as zero in
r direction to limit the rotation and translation. The fixed constraint was applied to the bottom surface
of the cylinder and the remaining surfaces of the entire model had free boundaries.
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Figure 2. Finite element simulation model of 1-D granular chain. Top: geometrical
configuration of the entire model (left) and the contact pair (right). Bottom: meshing
results of the contact area between two adjacent particles (left) and between the last
particle of the chain and the bottom cylinder (right).

materials density (g/m3) Young’s modulus (GPa) Poisson’s ratio

stainless steel 7925 209 0.28
Brass 8398 103 0.34
PTFE 1870 1.46 0.46

Table 1. Properties of granular materials.
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The contact pair was discretized with free three-noded elements and then the particles were meshed
with free triangular nodes by the automatic generation algorithm. To achieve the more accurate solution,
the destination contact boundary employed the finer mesh than that of the source contact boundary
after repeated trials. The meshing operation of the cylinder was performed according to the procedures
recommended by the case of Cylinder Roller Contact in COMSOL. In the cylinder, the mesh size near
the contact area between the particle and the top surface of the cylinder was much smaller than that of
the region far away from the contact area.

The top stainless steel particle of the chain acted as a striker with an initial speed of 0.626 m/s and then
the propagation of SNSWs in the chain was simulated in the finite element models established above.
The mesh size and the penalty factor, which determined the performance of the penalty function on
solving the contact problem, were optimized with the single factor analysis method. The relative errors
between the simulated velocities of the SNSWs and the results predicted by the Hertzian contact theory
were used as a criterion for evaluating the effects of the mesh size and penalty factor on the computation
accuracy of the FE model.

3.2. Parameter optimization.

3.2.1. Mesh size. The penalty factor was fixed as a constant with a value of η = 1 and constant solver
was employed to give the solutions of the solitary wave propagation. The profile of the contact force at
the interaction zone between two adjacent particles was extracted from the simulation results when the
minimal mesh size (β) of the model was gradually reduced from 0.2 mm to 0.01 mm.

The contact force profiles corresponding to the contact pair of the 5th and 6th particles and the contact
pair of the tenth and eleventh particles are plotted in Figure 3. The time interval between the two peaks
of the contact force profiles is divided by the distance of five-time diameters of the particle to estimate
the propagation velocity (Vsw) of the solitary wave.
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Figure 3. Profiles of contact force obtained from the model with different mesh sizes.
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model no. mesh size (mm) contact force (N) velocity of SNSWs time consumption
value (m/s) error (%)

1 0.2–0.4 7.92 590 20.00 9 min 24 s
2 0.1–0.2 21.71 569 2.14 18 min 49 s
3 0.05–0.1 24.55 566 4.63 31 min 16 s
4 0.025–0.05 26.62 586 2.58 1 h 9 min
5 0.01–0.02 27.17 599 0.76 3 h 21 min 3 s

Table 2. Performances of the models with different mesh sizes.

As indicated in (4), for the granular chain of a given material, the velocity of the SNSWs is proportional
to the value of F1/6

m . When the minimal mesh size of 0.2 mm was selected in the model, the obtained
maximum contact force was significantly lower than that of other cases and a relative error between the
simulated value of Vsw and the theoretical velocity of SNSWs was 20.00%. When the minimal mesh size
decreased from 0.2 mm to 0.1 mm, the maximum contact force in the simulation substantially increased
from 7.92 N to 21.71 N and the obtained relative error of the velocity was decreased to 2.14%. However,
the profile of the contact force was not smooth especially in the initial stage of the contact, indicating
that the model could not achieve the high-precision simulation of the propagation of SNSWs.

Therefore, the model utilizing the smaller mesh size was further investigated. When the minimal mesh
size was alternatively selected as 0.05 mm, 0.025 mm, and 0.01 mm, the calculation error of velocity
and simulation time are summarized in Table 2. The FE models are solved by the COMSOL software
which is run in a computer with two processors of Intel Xeon X5650 (RAM: 64 GB, main frequency:
2.66 GHz). In the simulation cases, the minimal calculation error of 0.67% could be realized after the
longest simulation time with the smallest mesh size of 0.01 mm (Case 5). To balance the calculation
error and simulation time, the minimal mesh size was selected as 0.025 mm in the subsequent simulation
even though the calculation error was slightly higher than that in Case 5. The total number of degree of
freedom in the selected model solution is 115634.

3.2.2. Penalty factor and solver. For the purpose of solving some optimization problems, an additional
function (penalty function) should be added to the original objective function in order to obtain an aug-
mented objective function [Greenberg and Pierskalla 1970]. The penalty function is generally used to
transform the constrained optimization problem into an unconstrained optimization problem [Bellmore
et al. 1970; Hinch and Saint-Jean 1999]. The penalty factor η is an important parameter of the penalty
function.

The similar simulation procedure as previously discussed is used to investigate the effect of penalty
factor η in the penalty function on the calculation error of velocity. When the value of η gradually
increases from 1.1 to 1.5 with a step of 0.1, the high-quality contact force profiles can be obtained
with the Constant solver. The simulated values of Fm and velocities are listed in Table 3. The relative
error of velocity continuously decreases from 2.47% to 1.57% as the penalty factor increases from 1.1
to 1.4. As for the case of η = 1.5, the simulation results show that the maximum contact force further
increases compared to the case of η = 1.4, thus leading to an increase in propagation velocity according
to (4). Surprisingly, the velocity estimated from the simulation results is about 590 m/s (Table 3), which
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penalty factor, η contact force, F (N) velocity of solitary wave, Vsw

values (m/s) errors (%)

1.1 26.71 587 2.47
1.2 26.77 590 2.01
1.3 26.81 592 1.70
1.4 26.86 592 1.57

1.5 (constant solver) 27.36 590 2.36
1.5 (automatic solver) 27.22 595 0.40

Table 3. Results obtained from the model with different penalty factors and solvers.
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Figure 4. Gap between two adjacent particles obtained from the model with constant
solver (left) and automatic solver (right).

is slower than that obtained in the case of η = 1.4. As shown in Figure 4, the value of the gap at the
contact point between the 5th and 6th particles remains to be negative due to the compression before
the time of 0.6 ms. Then it has the positive sign, indicating that the separation phenomenon of particles
occurs during the propagation of SNSWs. The similar behavior can also be observed from the results
extracted at the 10th contact pair. The separation phenomenon of the particles may induce the second
impact among the particles [Wang and Nesterenko 2015; Rosas et al. 2008].

To solve the problem of the Constant solver, the Automatic solver was adopted to provide more con-
vincing results (Figure 4, right). Although slight separation could be concluded from the profile of gap
versus time, the velocity calculation error significantly decreased to 0.4% (Table 3).

With the optimal parameters of mesh size (β = 0.025 mm) and penalty factor (η= 1.5), the solutions of
the model provided by Automatic solver were used to explore the relationship between the contact force
and the relative displacement between the centers of the 5th and 6th particles. The results in Figure 5
demonstrated that the dependency of the dynamic contact force on the relative displacement yielded a
power function with an exponent of 1.554, which was close to the value of 1.5 suggested by the Hertzian
contact law [Hertz 1881]. The results in Figure 5 and Table 3 proved that the finite element model with
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optimal parameters and solver could be applied to accurately simulate the propagation of SNSWs in 1-D
granular chain of spheres.

3.3. Propagation behaviors of pulse waves in composite chain. The finite element model together with
its optimal parameters (mesh size, penalty factor, and solver) obtained in Section 3.2 was used to inves-
tigate the propagation of SNSWs in a 1-D composite granular chain of spheres (Figure 1, bottom). In
the simulation model, the material of the spherical particles in the light sectional chain was alternatively
selected as Brass and PTFE, whose properties are listed in Table 1.

The initial speed of the striker particle was fixed at 0.626 m/s in all the simulation models. Due to the
energy trapping effect governed by the light-heavy and heavy-light interfaces, the propagation behaviors
of pulse waves in the light chain was complicated. So far, the multiple reflection behavior of the pulse
waves in the light chain was seldom explored with simulation tools. Here, as an example, the simulation
results obtained from the model with N2 = 6 particles in the light section were extracted to observe the
reflection behavior of output pulse waves in the composite chain. The profile of contact force versus
time shown in Figure 6 was extracted from the contact pair formed with the third and fourth particles in
the light section.

In the model with light sectional chain of Brass, one round of back and forth reflections can be
identified in the profile shown in Figure 6 (left). The pulse waves reflected from the light-heavy inter-
face are in the form of a single impulse, which is referred to back reflection wave (BRW). When the
BRW returns to the heavy-light interface, partial energy of BRW will be reflected again to generate
the forth reflection wave (FRW). When the original incident pulse wave passes through the heavy-light
interface, as suggested in the previous study [Hong and Xu 2002], partial energy of the pulse waves
is stored in the particles in the form of compressive deformation. The BRW imposes propulsive force
onto the contact area at the heavy-light interface and consequently deformation recovery happens, thus
leading to additional impact on the light section and generating a delayed forth reflection wave (DFRW)
(Figure 6, left).
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Figure 6. Profiles of contact force extracted at the analyzed contact pair in the model
of composite chain with the light sectional chain of Brass (left) and PTFE (right).

Similar reflection behavior of pulse waves at the first round of back and forth reflections can be
observed in the case with the light chain of PTFE. As sketched in Figure 6 (right), two reflected wave
packets are respectively generated by the mechanism of interface reflection and the deformation recovery
and can be identified during the process of the first forth reflection of pulse waves. The contact stiffness
between PTFE particle and steel particle was much lower than that between Brass particle and steel
particle. As emphasized in the previous report [Daraio et al. 2006b], for the fixed incident pulse waves,
the amount of energy reflected at the contact pair with low contact stiffness was higher than that in the
case of high contact stiffness. Accordingly, in the case with the light chain of PTFE, the ratio of energy
of BRW to the output pulses transmitted through the light-heavy interface was much higher than that in
the case with the light chain of Brass. In other words, a larger amount of energy of pulse waves was
trapped inside the light chain of PTFE compared to that in the light chain of Brass.

In the third section of the composite chain, the propagation velocity of pulse waves was determined
by the peak contact force at the contact pair [Rosas and Lindenberg 2003]. In the composite chain with
the light chain of PTFE, the amount of energy (or peak contact force) transmitted into the third section
chain was much smaller than that in the case with light chain of Brass. Thus, the output pulses of the
composite chain propagated more slowly in the case with the light chain of PTFE than that in the case
of Brass chain. The propagation time of the pulse waves reflected from the bottom cylinder was around
1.85 ms, which was longer than the propagation time of 1.25 ms estimated from Figure 6 (left). The
delay of pulse waves reflected from the bottom cylinder allowed the longer time window to observe the
reflection behavior of pulse waves in the light section and the second back reflection wave could also be
captured (Figure 6, right).

To carefully investigate the energy transmission efficiency (λ) of pulse waves at the light-heavy inter-
face, the profiles of contact force were extracted at the second contact pair in the third sectional chain.
With the increase in the number of light particles, the results of the contact force profiles for the cases
with the light chains of Brass and PTFE are plotted in Figure 7 (left and right, respectively). The amount
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Figure 7. Effects of the number of light particles on the transmitted pulse waves in the
model of composite chain with the light section of Brass (left) and PTFE (right).

of the energy of incident pulse waves was fixed due to the constant impact condition imposed on the
composite chain. Hence, the effect of the length of light section on the energy transmission efficiency λ
could be evaluated by verifying the results in Figure 7.

For both cases of the composite chain, the peak contact force of the transmitted (or output) pulses
demonstrated the exponentially decreasing trend with the increase in the value of N2. During the prop-
agation of the pulse waves in the first chain, the total energy desity of the pulse waves (including the
elastic energy and kinematic energy) retains as constant (see Figure 8). This confirmed that the energy
dissipation caused by material attenuation and friction is not considered in the simulation model.

However, the total energy of the pulse waves in the light section chain demonstrates successive at-
tenuation as the propagation of the pulse waves (see Figure 8). The maximum compressive stress in
the contact area of Brass sphere is changed from 1200 MPa to 1110 MPa, and for the PTFE sphere is
changed from 35 MPa to 20 MPa. The Young’s modulus of the light spheres is much lower than that of
the steel spheres used in the first chain. As a result, the maximum compressive stress in the contact area
of two light spheres may exceed the yield strength of the material of Brass and PTFE. Therefore, plastic
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Figure 9. Schematic diagram (left) and photo of the experimental setup (right).

deformation occurs at the contact area of two light spheres and part of the pulse waves’ energy is stored
in the form of plastic deformation. The decay of the output energy of pulses was attributed to plastic
deformation when pulse waves passed through the light section [Musson and Carlson 2014; 2016].

The profile of the contact force extracted from the case of PTFE showed two peaks. We believed
that the collision between the incident pulse waves and the BRW induced secondary collisions at the
light-heavy interface. The time interval between the two collisions was short and the output pulses were
overlapped to exhibit the double-peak character. The double-peak character in the waveform of transmit-
ted pulse waves was confirmed by subsequent experimental results. The decay of energy transmission
efficiency is quantitatively analyzed in Section 4.

4. Experimental verification and discussion

Experimental observation of the propagation behavior of pulse waves was conducted in a one-dimensional
composite granular chain composed of 40 spherical particles (see in Figure 9). The diameter of all the
particles was identical to that used in the simulation model. The configuration of the composite chain
was also identical to that illustrated in Figure 1 (bottom). Two sensing particles were respectively used
to replace the sixth particle in the first sectional chain and the second particle in the third sectional chain
to sense the propagation of pulse waves. Each sensing particle was made by cutting a steel particle into
halves and embedding a PZT wafer between the two halves [Daraio et al. 2006a; 2006b]. The sandwich
structure of the sensing particle was boned with epoxy and the voltage signals output by the PZT wafer
was acquired by a Tektronix 4490b digital oscilloscope with a sampling frequency of 10 MHz.

The well-arranged composite chain was placed in a plastic holder with an inclination angle of 3◦

in order to achieve the intact contact between every two adjacent particles [Leonard et al. 2014]. A
solenoid valve was used to hold and release the steel striker particle with a diameter of 10 mm. The
distance between the center of striker and the center of the first particle in the chain was adjusted to
be around 20 mm and the estimated speed of the impact imposed on the composite chain was about
0.626 m/s.

The light chain was alternatively fulfilled with the particles of Brass and PTFE. Figure 10 shows the
signal of pulse waves measured by the two sensing particles in the experimental tests. As predicted with
the simulation results in Figure 7, in the two cases, the peak voltage induced by the propagation of pulse
waves demonstrated the exponential attenuation behavior with the increase in the propagation distance.
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Figure 10. Effects of the number of light particles on the transmitted pulse waves in the
experiment of composite chain with the light section of Brass (left) and PTFE (right).

The ratio of the peak amplitude of incident pulse waves to the peak amplitude of output pulses was treated
as the energy transmission efficiency (λ). In addition, the time interval (1t) between the peak voltages
of the incident and transmitted pulse waves were estimated. The propagation distance (L) was divided
by the time interval (1t) to estimate the propagation velocity (Vsw) of the pulse waves. The estimated
results of λ and Vsw are plotted in Figure 11.

Experimental results were compared with simulation results based on the results shown in Figure 11.
For the composite chain with the light section of Brass, the measured propagation velocity of pulse waves
exponentially decayed from the initial value of 469 m/s (N2 = 3) to around 424 m/s (N2 = 24). The
measured value of Vsw was lower than the predicted value and the error might come from the mismatch
of material properties between the true particle and the particle in the simulation model. Among the
investigated cases, the maximum relative error between the simulated propagation velocity and measured
propagation velocity was about 4.2%. In the case with the light chain of PTFE, the curve fitted to the
predicted data was close to that fitted to the measured data (Figure 11, right). In the initial stage (N2 = 1),
the prediction error of propagation velocity was about 17.1%. When the value of N2 was larger than 3,
the prediction error dramatically decreased below 2.3%, indicating that the previously established finite
element models possessed the good prediction performance in the propagation velocity of the pulse waves
in the investigated composite chain.

In the studied two cases of the composite chain, both the measured and predicted results of energy
transmission efficiency showed the exponential decay trend. Hence, the light sectional chain had the
effects of velocity reduction and amplitude attenuation on the input pulse waves transmitted from the
first sectional chain. The propagation velocity and the amplitude of the output pulses were determined
by both the material properties and the number of light particles in the simulation results. Erenow, the
phenomenon similar to that demonstrated in Figure 11, was only reported at the nanoscale in simulation
studies. The results in Figure 11 indicated that even at the macroscale the investigated composite chain
was able to quantitatively tune the amplitude and propagation velocity of pulse waves by adjusting the
number of particles in the light sectional chain.
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Figure 11. Amplitude and velocity obtained by the experiment and simulation for the
particles with the low elastic modulus: Brass particles (left) and PTFE particles (right).

At the initial stage (N2 = 3), the prediction error of the value of λ was as small as 0.53% for the
case with the light chain of Brass and a prediction error was 1.3% for the case with the light chain of
PTFE. When the number of Brass (or PTFE) particles was larger than 6, the difference between the
measured energy transmission efficiency and the predicted energy transmission efficiency increased with
the increase in the propagation distance. In the experiment, along with the propagation of pulse waves in
the light chain, the inevitable friction between the particles and the plastic holder caused additional energy
dissipation to pulse waves. The longer propagation distance corresponded to the more dissipated energy.
The accumulation effect of the energy dissipation led to the continuously increasing error between the
measured and predicted values of λ.

The light sectional chain can act as a physical regulator to control the properties of the output pulse
waves. When the number of light particles was fixed, compared to the light Brass chain, the light PTFE
chain caused the more serious attenuation on the amplitude of the pulse waves and more significantly
decreased the propagation velocity of the output pulse waves. When the material of the light particle was
selected, the dependency of both the propagation velocity and the amplitude of the output pulse waves
on the number of light particle could be predicted with the proposed finite element simulation model.
However, the predicted values of Vsw and λ were larger than corresponding actual results because the
mechanical frictions in the system of composite chain were not considered in the simulation model.

5. Conclusion

The propagation characteristics of the trapped and output strongly nonlinear solitary waves in 1-D com-
posite granular chain of spherical particles were explored in this study. Finite element simulation was
performed with optimal mesh size, penalty factor, and solver and the obtained results confirmed that
the energy tunnel behavior, which had been reported at the nanoscale [Xu and Zheng 2017], was also
applicable to the composite chain at the macroscale. More precisely, the propagation velocity and the
amplitude of the finally output pulse waves in the composite chain could be tuned by adjusting the
material and the number of light particles.
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Though the energy dissipation caused by viscoplastic deformation of particles or friction was not con-
sidered in the simulation model, the total energy of the pulse waves in the light section chain successively
decays as the propagation of the pulse waves. This is because plastic deformation occurs at the contact
area of two light spheres and part of the pulse waves’ energy is stored in the form of plastic deformation.
As a result, the propagation velocity and the amplitude of the output pulse waves could be exponentially
reduced by increasing the number of light particles.

Verification experiments were performed to confirm the conclusions obtained from simulations. How-
ever, in the experiments unavoidable energy dissipation of SNSWs along its propagation occurs due to
viscoplastic deformation of particles and friction. Thus the finite element simulation results has a sys-
temic overestimation in predicting the propagation velocity and the amplitude of the output pulse waves.
However, the established finite element simulation model could be used to investigate the multireflection
behavior of the output pulse waves and reveal the effects of the configuration and material of the light
sectional chain on the properties of the output pulse waves.
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