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An accurate axial buckling analysis of piezoelectric functionally graded nanotube-reinforced composite
cylindrical shells under combined electro-thermo-mechanical loads is performed in the Hamiltonian sys-
tem. The Hamiltonian form of governing buckling equations is established based on the symplectic ge-
ometry and Reissner’s shell theory. Exact solutions are expressed in terms of symplectic eigenfunctions
which have five possible forms. A detailed parametric study is conducted to demonstrate the influences
of geometrical parameters, boundary conditions, reinforcement nanotubes and their distribution patterns
on the symplectic eigenfunctions. Furthermore, the effects of distribution patterns of nanotubes, electric
voltage and temperature rise on critical buckling stresses are investigated.

1. Introduction

In recent years, nanocomposite have received increasingly attention in both scientific and industrial com-
munities [Zeighampour and Tadi Beni 2014; Tadi Beni et al. 2015; 2016; Tadi Beni and Mehralian 2016;
Mehralian et al. 2016a; 2016b; 2017a; 2017b; Mehralian and Tadi Beni 2016; 2017a; 2017b; 2018; Jamal-
Omidi and ShayanMehr 2017; Kheibari and Beni 2017; Hajmohammad et al. 2018; Kamarian et al. 2018;
Rafiee et al. 2019]. Piezoelectric polymers, as a kind of piezoelectric composite, usually offer low density,
high toughness and high electromechanical effects, which cannot be realized with piezoelectric ceramics
or single crystals [Ueberschlag 2001]. Recently, in order to enhance the performance of such piezoelec-
tric polymers, boron nitride nanotubes (BNNTs) and carbon nanotubes (CNTs) with functionally graded
(FG) distribution in the matrix were introduced to reinforce the piezoelectric polymer [Ghorbanpour
Arani et al. 2016; Mohammadimehr et al. 2016]. The strength, electrical and thermal conductivity of
piezoelectric FG nanotube reinforced composites (NTRC) are greatly improved so that the proposed
composites become potential candidates for fabricating the key component of intelligent devices and
equipment, such as FG-NTRC hybrid laminated beams [Fan and Wang 2016], FG-NTRC beams with
piezoelectric layers [Rafiee et al. 2013; Yang et al. 2015; Wu et al. 2016] and FG-NTRC plates with
piezoelectric layers [Rafiee et al. 2014; Wu and Chang 2014; Mohammadimehr et al. 2016; Hajmoham-
mad et al. 2017; Keleshteri et al. 2017]. The cylindrical shells made of piezoelectric FG-NTRC are also
ones of the important fundamental components. Hence, the stability analysis of piezoelectric FG-NTRC
cylindrical shells under combined electro-thermo-mechanical loads is of great importance for the design
and evaluation of the fundamental structures.

Zhenhuan Zhou is the corresponding author.
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The nature for buckling of piezoelectric cylindrical shells has been well studied in the literature.
Mohammadimehr et al. [2014], Ganesan and Kadoli [2003], Sheng and Wang [2010] investigated the
buckling of piezoelectric FG cylindrical shells by using the finite element method. Mirzavand et al.
[2016], Fard and Bohlooly [2017], Sun et al. [2016; 2018] investigated the axial buckling, thermal
buckling and postbuckling of piezoelectric cylindrical shells by the Galerkin method. Dai and Zheng
[2011] analyzed the buckling and postbuckling of piezoelectric fiber reinforced composite cylindrical
shell by the Ritz energy method. Mehralian et al. [2016a] investigated the buckling of anisotropic piezo-
electric cylindrical shells by using the generalized differential quadrature (GDQ) method. Farajpour
et al. [2017] investigated the vibration, buckling and smart control of piezoelectric nanoshells by using
the GDQ method. Zhu et al. [2017] investigated the size-dependent effect on the torsional buckling of
FG cylindrical nanoshell covered with piezoelectric nanolayers by using the GDQ method. Mirzavand
et al. [2010; 2013], Dai et al. [2013] investigated the thermal buckling and postbuckling of piezoelectric
FG cylindrical shells by using the finite difference method. Shen [2001; 2002a; 2002b; 2005; 2009;
2010], Shen and Li [2002], Shen and Noda [2007], Shen and Xiang [2007] analyzed the buckling and
postbuckling of piezoelectric FG cylindrical shells by the singular perturbation method. Sahmani et al.
[2016] studies the nonlinear buckling and postbuckling of piezoelectric cylindrical nanoshells by using
the singular perturbation method. Mirzavand and Eslami [2007; 2011], Khoa et al. [2019] obtained exact
solutions for buckling and postbuckling of piezoelectric FG cylindrical shells.

In contrast, there are only a few studies on the stability behaviors of piezoelectric shells made of NTRC.
Ghorbanpour Arani et al. [2012a; 2012b; 2014] and MosallaieBarzoki et al. [2012; 2013] investigated
the axial buckling, torsional buckling and dynamic buckling of piezoelectric NTRC cylindrical shells
under electro-thermo-mechanical loads by using the energy method and harmonic differential quadra-
ture method. Salehi-Khojin and Jalili [2008] obtained exact solutions for buckling of simply supported
piezoelectric NTRC cylindrical shells under electro-thermo-mechanical loads. For the piezoelectric FG-
NTRC, most of the existing literature were concentrated on the buckling of beams or plates [Rafiee et al.
2013; 2014; Wu and Chang 2014; Yang et al. 2015; Fan and Wang 2016; Mohammadimehr et al. 2016;
Wu et al. 2016; Hajmohammad et al. 2017; Keleshteri et al. 2017]. The stability of piezoelectric FG-
NTRC cylindrical shells was rarely reported in the open literature. Ansari et al. [2016] investigated the
postbuckling of FG-NTRC cylindrical shells with piezoelectric layers under electro-thermo-mechanical
loads by using the Ritz energy approach. Ninh [2018] analyzed the thermal torsional postbuckling of FG-
NTRC cylindrical shells with sur-bonding piezoelectric layers by using the Galerkin method. SafarPour
et al. [2019] obtained critical external voltage of rotating piezoelectric FG-NTRC cylindrical shells by
using the GDQ method.

In view of the literature, it is found that the stability analysis of piezoelectric NTRC cylindrical shells
is very limited, especially for piezoelectric FG-NTRC cylindrical shells. Most of the work were per-
formed based on numerical methods, e.g., energy method [Ghorbanpour Arani et al. 2012a; 2012b;
Mosallaie Barzoki et al. 2012; Ansari et al. 2016; Ninh 2018], GDQ method [Mosallaie Barzoki et al.
2013; Ghorbanpour Arani et al. 2014; SafarPour et al. 2019]. Analytical solutions were only reported
by Salehi-Khojin and Jalili [2008], which was derived by the trial functions. Although the numerical
approach could directly aid the engineering design, the analysis of data may be very time-consuming. In
this case, analytical solutions could provide an efficient way to the rapid design and evaluation of such
cylindrical shells.
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Motivated by this, we employ a new Hamiltonian-based method [Wang and Qin 2007; Chen and Zhao
2009; Yao et al. 2009; Lim and Xu 2010; Sun et al. 2013; 2014a; 2014b; Li et al. 2015; Ni et al. 2017;
2018] to find exact solutions for buckling of piezoelectric FG-NTRC cylindrical shells under combined
electro-thermo-mechanical loads. By introducing a total unknown vector, the high-order governing differ-
ential equations for buckling of the shell is reduced into a set of low-order ordinary equations. Thus, the
buckling problem of the piezoelectric FG-NTRC shell is regarded as an eigenproblem in the symplectic
space so that the exact solutions can be directly represented by the symplectic eigenfunctions. Unlike
the single-formed solution obtained by the classical analytical treatments, the present solutions have
five possible forms which highly depend on the geometrical parameters, circumference wave numbers,
reinforcement nanotubes and their distribution patterns. Numerical examples are provided to reveal the
effects of key influencing factors on the expressions of symplectic eigenfunctions and critical buckling
stresses.

This paper is organized as follows. Following this introduction, modeling of piezoelectric FG-NTRC
cylindrical shells under combined electro-thermo-mechanical loads is established. The basic equations
are presented in Section 3. The Hamiltonian form of governing buckling equations and exact solutions
are given in Sections 4 and 5, respectively. Numerical examples are provided in Section 6. Finally, the
conclusions are summarized in Section 7.

2. Modeling of piezoelectric NTRC cylindrical shells

Consider a piezoelectric FG-NTRC cylindrical shell with external electric voltage θ0, temperature field T (z)
and axial compression F in Figure 1 (left). The geometries are taken as length L , radius R and thickness h.
It is referred to a shell coordinate system (x, θ, z) where x , θ and z are in the axial, circumferential and
outward normal directions of the middle surface of shell. The displacements along x-, θ - and z- axes are
specified by u, v and w, respectively.

The NTRC is made from a mixture of NTs and an isotropic matrix. Four distribution patterns of the
NTs along the thickness direction are considered in the present study, as shown in Figure 1 (right). The
corresponding volume fractions of NTs are as follows [Ghorbanpour Arani et al. 2016; Mohammadimehr
et al. 2016]:

Uniformly distribution (UD): VN T = V ∗N T , (1a)

FG-X: VN T = 2(2|z|/h)V ∗N T , (1b)

FG-O: VN T = 2(2− 2|z|/h)V ∗N T , (1c)

FG-V: VN T = (1+ 2z/h)V ∗N T , (1d)

where V ∗N T is total volume fraction of the NTs and it ranges from 0 to 0.5.
It is considered that the constituents of NTRC are orthotropic and homogeneous along the principal

axis. The effective material properties of NTRC are evaluated by using the representative volume element
based on micromechanical models. The mechanical, electrical and thermal properties are expressed as
[Ghorbanpour Arani et al. 2016; Mosallaie Barzoki et al. 2012; Salehi-Khojin and Jalili 2008; Tan and
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Tong 2001a; 2001b]:

c11 =
cN T

11 cM
11

VN T cM
11+ VM cN T

11
, c12 = c11

(
VN T

cN T
12

cN T
11
+ VM

cM
12

cM
11

)
,

c22 = VN T cN T
22 + VM cM

22, c66 =
cN T

66 cM
66

VN T cM
66+ VM cN T

66
,

(2a)

e31 = c11

(
VN T

eN T
31

cN T
11
+ VM

eM
31

cM
11

)
, e32 = VN T eN T

32 + VM eM
32, (2b)

ε11 = VN T ε
N T
11 + VM ε

M
11, ε22 = VN T ε

N T
22 + VM ε

M
22, ε33 = VN T ε

N T
33 + VM ε

M
33, (2c)

β1 = VN Tβ
N T
1 + VM β

M
1 , β2 = VN Tβ

N T
2 + VM β

M
2 , (2d)

p3 = VN T pN T
3 + VM pM

3 , (2e)

where VM is the volume fractions of matrix which satisfies VN T + VM = 1; ci
11, ci

12, c22 and ci
66 are

elasticity constants; ei
31 and ei

32 are piezoelectric constants; εi
11, εi

22 and εi
33 are dielectric constants; β i

1
and β i

2 are thermal moduli; pi
3 is pyroelectric constant; “i = N T ” and “i = M” represent the NTs and

matrix, respectively.

Figure 1. A piezoelectric NTRC cylindrical shell. Left: geometry of a piezoelectric
NTRC cylindrical shell with thermal load, electric voltage and axial compression. Right:
four distribution patterns of NTs.
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3. Formulations of piezoelectric NTRC cylindrical shells

According to Reissner’s shell theory [Leissa 1993], the strain components on the middle surface of the
piezoelectric NTRC cylindrical shell are expressed as

εx =
∂u
∂x
−
∂2w

∂x2 z, (3a)

εθ =
1
R
∂v

∂θ
+
w

R
−

1
R2

(
∂2w

∂θ2 −
∂v

∂θ

)
z, (3b)

γxθ =
∂v

∂x
+

1
R
∂u
∂θ
−

1
R

(
2
∂2w

∂θ ∂x
−
∂v

∂x

)
z. (3c)

To simplify the manipulation, the electric potential which satisfies the Maxwell equation can be as-
sumed as a combination of cosine and linear variation, i.e., [Wang 2002; Pietrzakowski 2008; Lang and
Xuewu 2013; Ke et al. 2014; Mehralian et al. 2016a; Mehralian and Tadi Beni 2017b; 2018]

φ̃(x, θ, z)=− cos(βz)φ(x, θ)+
2zφ0

h
, (4)

where β = π/h; φ is electric potential induced by elastic deformation; φ0 is the applied uniform electric
voltage marked in Figure 1 (left).

The electric field E = {Ex , Eθ , Ez}
T are written as [Ke et al. 2014]

Ex =−
∂φ̃

∂x
= cos(βx)

∂φ

∂x
, (5a)

Eθ =−
1

R+ z
∂φ̃

∂θ
=

cos(βz)
R+ z

∂φ

∂θ
, (5b)

Ez =−
∂φ̃

∂z
=−β sin(βz) φ−

2φ0

h
. (5c)

The thermo-electro-mechanical constitutive equation for piezoelectric cylindrical shell under the plane
stress state is given by [Ke et al. 2014]


σx

σθ

σxθ

=
c11 c12 0

c12 c22 0
0 0 c66


εx

εθ

γxθ

−
0 0 e31

0 0 e32

0 0 0


Ex

Eθ
Ez

−

β1

β2

0

 T (z), (6a)


Dx

Dθ

Dz

=
 0 0 0

0 0 0
e31 e32 0


εx

εθ

γxθ

+
ε11 0 0

0 ε22 0
0 0 ε33


Ex

Eθ
Ez

+


0
0
p3

 T (z), (6b)

where σi j and Di are stress and electric displacement components, respectively.
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Integrating (6), the force, moment and generalized electric displacement resultants of the cylindrical
shell are obtained as

{Nx , Nθ , Nxθ }
T
=

∫ h/2

−h/2
{σx , σθ , σxθ }

T dz, (7a)

{Mx ,Mθ ,Mxθ }
T
=

∫ h/2

−h/2
{σx , σθ , σxθ }

T z dz, (7b)

{3x ,3θ ,3x}
T
=

∫ h/2

−h/2
−R

{
cos(βz)Dx ,

cos(βz)
R+ z

Dθ , β sin(βz)Dz

}T

dz. (7c)

The relations between the shear forces and moments can be expressed as

Qx =
∂Mx

∂x
+

1
R
∂Mxθ

∂θ
and Qθ =

∂Mxθ

∂x
+

1
R
∂Mθ

∂θ
. (8)

The prebuckling state can be considered as uniform deformation or axisymmetric deformation and
has a significant effect only for a particularly short and thick cylindrical shell [Yamaki 1984; Teng 1996;
Rotter 2014; Teng and Rotter 2014]. In the present study, since the displacement and angle of rotation are
very small, the prebuckling state is assumed as a uniform deformation. When the external loads increase
to a certain extent, another new equilibrium state will appear on the basis of the original equilibrium
state under external disturbance. The bifurcation buckling of the structure occurs at this time, and the
governing equation of linear buckling for the state of stability is established. The corresponding state
variables can be divided into

{u, v, w, φ} = {u0, v0, w0, φ0
}+ {u1, v1, w1, φ1

}, (9a)

{Ex , Eθ , Ez} =
{

E0
x , E0

θ , E0
z
}
+
{

E1
x , E1

θ , E1
z
}
, (9b)

{Dx , Dθ , Dz} =
{

D0
x , D0

θ , D0
z
}
+
{

D1
x , D1

θ , D1
z
}
, (9c)

{Nx , Nθ , Nxθ } =
{

N 0
x , N 0

θ , N 0
xθ
}
+
{

N 1
x , N 1

θ , N 1
xθ
}
, (9d)

{Mx ,Mθ ,Mxθ } =
{

M0
x ,M0

θ ,M0
xθ
}
+
{

M1
x ,M1

θ ,M1
xθ
}
, (9e)

{3x ,3θ ,3xθ } =
{
30

x ,3
0
θ ,3

0
xθ
}
+
{
31

x ,3
1
x ,3

1
xθ
}
, (9f)

{Qx , Qθ } =
{

Q0
x , Q0

θ

}
+
{

Q1
x , Q1

θ

}
, (9g)

where the superscripts “0” and “1” correspond to the prebuckling quantities and infinitesimal increments.
The corresponding resultant forces in prebuckling state can be obtained as N 0

x = N 0
e + N 0

t + N 0
m where

N 0
e =−2

∫ h/2
−h/2 e31φ0/h dz, N 0

t =
∫ h/2
−h/2 β1T (z) dz and N 0

m = F/2πR represent the internal forces caused
by external electric voltage, temperature rise and external axial compression, respectively.
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Substituting (3) and (6) into (7), internal forces and generalized electric displacements for the state of
stability can be simplified as

N 1
x = A11

∂u1

∂x
+

A12

R

(
∂v1

∂θ
+w1

)
− B11

∂2w1

∂x2 −
B12

R2

(
∂2w1

∂θ2 −
∂v1

∂θ

)
, (10a)

N 1
θ = A21

∂u1

∂x
+

A22

R

(
∂v1

∂θ
+w1

)
− B21

∂2w1

∂x2 −
B22

R2

(
∂2w1

∂θ2 −
∂v1

∂θ

)
, (10b)

N 1
xθ = A66

(
∂v1

∂x
+
∂u1

R∂θ

)
−

B66

R

(
2
∂2w1

∂x ∂θ
−
∂v1

∂x

)
, (10c)

M1
x = B11

∂u1

∂x
+

B12

R

(
∂v1

∂θ
+w1

)
− D11

∂2w1

∂x2 −
D12

R2

(
∂2w1

∂θ2 −
∂v1

∂θ

)
+ E31φ

1, (10d)

M1
θ = B21

∂u1

∂x
+

B22

R

(
∂v1

∂θ
+w1

)
− D21

∂2w1

∂x2 −
D22

R2

(
∂2w1

∂θ2 −
∂v1

∂θ

)
+ E32 φ

1, (10e)

M1
xθ = B66

(
∂v1

∂x
+
∂u1

R∂u

)
−

D66

R

(
2
∂2w1

∂x ∂θ
−
∂v1

∂x

)
, (10f)

31
x =−R X11

∂φ1

∂x
, (10g)

31
θ =−R X22

∂φ1

∂θ
, (10h)

31
z = RE31

∂2w1

∂x2 +
E32

R

(
∂2w1

∂θ2 −
∂v1

∂θ

)
+ R X33φ

1, (10i)

where

{Ai j , Bi j , Di j } =

∫ h/2

−h/2
ci j {1, z, z2

} dz (i, j = 1, 2, 6),

are components of the extensional, coupling and bending stiffness, A12 = A21, B12 = B21 and D12 = D21,

{E31, E32} =

∫ h/2

−h/2
{e31, e32}βz sin(βz) dz, X11 =

∫ h/2

−h/2
ε11 cos2(βz) dz,

X22 =

∫ h/2

−h/2
ε22

cos2(βz)
(R+ z)2

dz, X33 =

∫ h/2

−h/2
ε33β

2 sin2(βz) dz.

The governing equations for the state of stability can be obtained as [Ke et al. 2014]

∂N 1
x

∂x
+
∂N 1

xθ

R∂θ
= 0,

∂N 1
xθ

∂x
+
∂N 1

θ

R∂θ
+

Q1
θ

R
= 0, (11a)

∂Q1
x

∂x
+
∂Q1

θ

R∂θ
−

N 1
θ

R
− N 0

x
∂2w1

∂x2 = 0,
∂31

x

∂x
+
∂31

θ

∂θ
+31

z = 0. (11b)
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Two types of end conditions at x = 0 and L are considered here [Chen et al. 1996; Hussein and
Heyliger 1998; Saviz et al. 2007; Ke et al. 2014; Sun et al. 2016], i.e.,

Clamped (C): u1
= v1
= w1

=
∂w1

∂x
= φ1

= 0, (12a)

Simply supported (S):
∂u1

∂x
= v1
= w1

= M1
x = φ

1
= 0. (12b)

4. Governing equations in Hamiltonian system

To obtain the analytical solutions of (11), the Hamiltonian description is introduced here. Define q and p
as the original vector and its dual vector in the Hamiltonian system, respectively. The original vector is
assumed as a vector consisting of displacements, angle of rotation and electric potential, i.e.,

q = {q1, q2, q3, q4, q5}
T
= {u1, v1, w1, θ1

θ , φ
1
}

T, (13)

where φ1
θ is the angle of rotation,

θ1
θ =

v1

R
−

1
R
∂w1

∂θ
. (14)

The Lagrangian density function LC is introduced as [Ke et al. 2014]

LC =−
R
2

∫ h/2

−h/2

(
D1

x E1
x + D1

θ E1
θ + D1

z E1
z
)

dz

+
R
2

[
A11

(
∂u1

∂x

)2

+ A22

(
v̇1

R
+
w1

R

)2

+ 2A12
∂u1

∂x

(
v̇1

R
+
w1

R

)
+ A66

(
∂v1

∂x
+

u̇1

R

)2

− 2
B66

R

(
∂v1

∂x
+

u̇1

R

)(
2
∂ẇ1

∂x
−
∂v1

∂x

)
− 2B11

∂u1

∂x
∂2w1

∂x2

− 2B12

(
v̇1

R
+
w1

R

)
∂2w1

∂x2 + 2
B12

R
∂u1

∂x
θ̇1
θ + 2

B22

R

(
v̇1

R
+
w1

R

)
θ̇1
θ

+ D11

(
∂2w1

∂x2

)2

− 2
D12

R
∂2w1

∂x2 θ̇
1
θ +

D22

R

(
θ̇1
θ

)2
+

D66

R

(
2
∂ẇ1

∂x
−
∂v1

∂x

)2]
+

[
2B66

(
∂ u̇1

R∂x
+
∂2v1

∂x2

)
+

B22

R2

(
v̈1
+ v1
− Rθ1

θ

)
+ B12

∂ u̇1

R∂x

− D12
∂2ẇ1

R∂x2 +
D22

R2 θ̈
1
θ + 2D66

(
2
∂2θ1

θ

∂x2 −
∂2v1

R∂x2

)](
ẇ1
− v1
+ Rθ1

θ

)
, (15)

where (˙)= ∂( )/∂θ .
The corresponding dual vector p can be obtained by (15)

p=
δLC

δq̇
= {p1, p2, p3, p4, p5}

T
=
{

N 1
xθ , N 1

θ , V 1
θ ,M1

θ ,3
1
θ

}T
, (16)
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where equivalent shear forces V 1
θ can be expressed by

V 1
θ = Q1

θ +
∂M1

xθ

∂x
. (17)

From (14), we have
ẇ1
= v1
− Rθ1

θ . (18)

Substituting (18) into (10), we have

u̇1
=

(
B66

A66
− R

)
∂v1

∂x
− 2R

B66

A66

∂θ1
θ

∂x
+

R
A66

N 1
xθ , (19)

v̇1
= R

κ3

κ2

∂u1

∂x
+ R

κ5

κ2

∂2w1

∂x2 −w
1
+ R

D22

κ2
N 1
θ − R

B22

κ2
M1
θ + R

B22 E32

κ2
φ1, (20)

θ̇1
θ =−R

κ4

κ2

∂u1

∂x
+ R

κ6

κ2

∂2w1

∂x2 − R
B22

κ2
N 1
θ + R

A22

κ2
M1
θ − R

A22 E32

κ2
φ1, (21)

φ̇1
=−

1
R X22

31
θ . (22)

Substituting (10), (18), (20) and (21) into (11), we have

Ṅ 1
xθ = R

(
κ10

D22κ2

∂2u1

∂x2 +
κ11

D22κ2

∂3w1

∂x3 +
κ3

κ2

∂N 1
θ

∂x
−
κ4

κ2

∂M1
θ

∂x
+ E32

κ4

κ2

∂φ1

∂x

)
. (23)

Substituting (10), (17) and (18) into (11), we have

Ṅ 1
θ =−

κ9

R
∂2v1

∂x2 + 2κ9
∂2θ1

θ

∂x2 +

(
B66

A66
− R

)
∂N 1

xθ

∂x
− V 1

θ . (24)

Substituting (10), (17), (18), (20) and (21) into (11), we have

V̇ 1
θ =−R

[
κ11

D22κ2

∂3u1

∂x3 +
κ12

D22κ2

∂4w1

∂x4 +
κ5

κ2

∂2 N 1
θ

∂x2 +
κ6

κ2

∂2 M1
θ

∂x2 +

(
E31−

κ6

κ2
E32

)
∂2φ1

∂x2

]
+ N 1

θ + RN 0
x
∂2w1

∂x2 . (25)

Substituting (10), (17), (18) and (19) into (8), we have

Ṁ1
θ = 2κ9

∂2v1

∂x2 − 4Rκ9
∂2θ1

θ

∂x2 − 2R
B66

A66

∂N 1
xθ

∂x
+ RV 1

θ . (26)

Substituting (10) into (11), we have

3̇1
θ =−R

[
E32

κ4

κ2

∂u1

∂x
+

(
E31−

κ6

κ2
E32

)
∂2w1

∂x2 +
E32 B22

κ2
N 1
θ −

E32 A22

κ2
M1
θ − X11

∂2φ1

∂x2

+

(
X33+

A22 E2
32

κ2

)
φ1
]
, (27)
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where κ1 = A11 D22 − B2
12, κ2 = A22 D22 − B2

22, κ3 = B22 B12 − A12 D22, κ4 = A22 B12 − A12 B22,
κ5 = B12 D22 − B22 D12, κ6 = A22 D12 − B22 B12, κ7 = B12 D12 − B11 D22, κ8 = D2

12 − D11 D22, κ9 =

(A66 D66− B2
66)/A66, κ10 = κ

2
3 − κ1κ2, κ11 = κ3κ5− κ7κ2 and κ12 = κ8κ2+ κ

2
5 .

In view of (18)–(27), the Hamiltonian governing equations can be represented in a matrix form of

ψ̇ = Hψ, (28)

where ψ = {qT, pT
}

T is a total unknown vector; H is the Hamiltonian operator matrix in Appendix A.
The associated end conditions (12) are rewritten in the Hamiltonian form:

C: q1 = q2 = q3 =
∂q3

∂x
= q5 = 0, (29a)

S:
∂q1

∂x
= q2 = q3 =

κ11

D22κ2

∂q1

∂x
+

κ12

D22κ2

∂2q3

∂x2 + E31 q5+
κ5

κ2
p2+

κ6

κ2
p4 = q5 = 0. (29b)

5. Symplectic eigenvalue problem and buckling equation

According to the Hamiltonian matrix, the method of separation of variables is available to solve the
governing equation (28) [Lim and Xu 2010]. Assuming that ψ(x, θ)= η(x)eµθ , the eigenvalue equation
for (28) has the form of

Hηn = µηn, (30)

where µ= ni (n = 0,±1,±2, . . .) and η(x) are the symplectic eigenvalues and eigenfunctions, respec-
tively. It is worthy of note that the eigenfunctions ηn can be divided into two groups: zero eigenfunc-
tions η0 with µ = 0 and nonzero eigenfunctions ηn with µ 6= 0. The physical interpretations of η0
and ηn are the axisymmetric and nonaxisymmetric buckling solutions of the piezoelectric cylindrical
shell, respectively. Thus, the zero eigenfunctions and nonzero eigenfunctions are solved separately.

5.1. Zero eigenfunction. Considering zero eigenfunctions, the eigenvalue equation has the form of
Hη(1)0 = 0. In this case, characteristic equation is

λ10
+ ξ

(0)
1 λ8
+ ξ

(0)
2 λ6
+ ξ

(0)
3 λ4
+ ξ

(0)
4 λ2
+ ξ

(0)
5 = 0, (31)

in which ξ 0
i (i = 1, 2, . . . , 5) are the functions of compressive buckling load N 0

x , which are elaborated
in Appendix B.

The root of (31) are λ1,2 =±iα1, λ3,4 =±iα2, λ5,6 =±α3, λ7 = λ8 = λ9 = λ10 = 0. Thus, the zero
eigenfunctions can be represented by

Case I (µ= 0):

η
(1)
0 = c1 cos(α1x)+ c2 sin(α1x)+ c3 cos(α2x)+ c4 sin(α2x)+ c5 eα3x

+ c6 e−α3x

+ c7+ c8x + c9x2
+ c10x3, (32)

where c j = {c1
j , c2

j , . . . , c10
j }

T ( j = 1, 2, . . . , 10) are undetermined coefficient vectors. The physical
interpretations of (32) are the axisymmetric buckling solutions of the piezoelectric cylindrical shell.
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5.2. Nonzero eigenfunction. Considering nonzero eigenfunctions, the characteristic equation obtained
from the eigenvalue equation (H −µI)ηn = 0 is written as

λ10
+ ξ1λ

8
+ ξ2λ

6
+ ξ3λ

4
+ ξ4λ

2
+ ξ5 = 0, (33)

where, ξi (i = 1, 2, . . . , 5) are the functions of compressive buckling load and are elaborated in Appen-
dix C. The symplectic eigenfunctions can be expressed by

ηn =

10∑
i=1

ci eλi x , (34)

where λi (i = 1, 2, . . . , 10) are the roots of (33); c j = {c1
j , c2

j , . . . , c10
j }

T ( j = 1, 2, . . . , 10) are undeter-
mined coefficient vectors. Here, it should be pointed out that there are only ten independent coefficients.
To simplify the manipulation, c1

= {c1
1, c1

2, . . . , c1
10} are chosen as the independent coefficients. Therefore,

ck
= {ck

1, ck
2, . . . , ck

10} (k = 2, 3, . . . , 10) can be represented by c1.
According to λ and µ, the expressions of eigenfunction (34) can be grouped into five categories:

Case II (µ=±i): λ1,2 =±iα1, λ3,4 =±iα2, λ5,6 =±iα3, λ7,8 =±α4, λ9,10 = 0,

η(2)n = c1 cos(α1x)+ c2 sin(α1x)+ c3 cos(α2x)+ c4 sin(α2x)+ c5 cos(α3x)+ c6 sin(α3x)
+ c7 eα4x

+ c8 e−α4x
+ c9+ c10x, (35)

Case III (µ=±i): λ1,2 =±iα1, λ3,4 =±α2, λ5,6 =±α3, λ7,8 =±α4, λ9,10 = 0,

η(3)n = c1 cos(α1x)+c2 sin(α1x)+c3 eα2x
+c4 e−α2x

+c5 eα3x
+c6 e−α3x

+c7 eα4x
+c8 e−α4x

+c9+c10 x, (36)

Case IV (µ 6= ±i): λ1,2=±iα1, λ3,4=±iα2, λ5,6=±α3, λ7,8=±(α4+iα5), λ9,10=±(α4−iα5),

η(4)n = c1 cos(α1x)+ c2 sin(α1x)+ c3 cos(α2x)+ c4 sin(α2x)+ c5 eα3x
+ c7 eα4x cos(α5x)

+ c8 eα4x sin(α5x)+ c9 e−α4x cos(α5x)+ c10 e−α4x sin(α5x), (37)

Case V (µ 6= ±i): λ1,2 =±iα1, λ3,4 =±iα2, λ5,6 =±α3, λ7,8 =±α4, λ9,10 =±α5,

η(5)n = c1 cos(α1x)+ c2 sin(α1x)+ c3 cos(α2x)+ c4 sin(α2x)+ c5 eα3x
+ c6 e−α3x

+ c7 eα4x

+ c8 e−α4x
+ c9 eα5x

+ c10 e−α5x , (38)

Case VI (µ 6= ±i): λ1,2 =±iα1, λ3,4 =±iα2, λ5,6 =±iα3, λ7,8 =±iα4, λ9,10 =±α5,

η(6)n = c1 cos(α1x)+ c2 sin(α1x)+ c3 cos(α2x)+ c4 sin(α2x)+ c5 cos(α3x)+ c6 sin(α3x)
+ c7 cos(α4x)+ c8 sin(α4x)+ c9 eα5x

+ c10 e−α5x , (39)

where αi (i = 1, 2, . . . , 5) are determined by (33). These nonzero eigenfunctions η(i)n (i = 1, 2, . . . , 5)
represent the nonaxisymmetric buckling solutions of the piezoelectric FG-NTRC cylindrical shell.

Buckling equations and buckling mode shape functions can be determined by means of eigenfunc-
tions η and end conditions. Substituting (35)–(39) into (29), one has [ς ]10×10(c1)T = 0. For nontrivial
solutions, the determinant of the coefficient matrix of ς should vanish. Thus, the compressive buckling
loads Nmn = N 0

m are the roots of |ς | = 0. The buckling stresses is determined as σmn = Nmn/h, where
m and n are the axial wave numbers and circumference wave numbers, respectively. The smallest value
of σmn is the critical buckling stress σcr . The analytical buckling mode shape functions q1, q2 and q3 can
be obtained by substituting the eigenvalues into the corresponding eigenfunctions.
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6. Numerical examples and discussion

6.1. Validations. Since no available critical buckling load of piezoelectric FG-NTRC cylindrical shells is
reported in the open literature, a simply supported piezoelectric FG cylindrical shell made of BaTiO3/PZT-
5A or BaTiO3 /PZT-4 is considered to verify the accuracy of the proposed method. The material proper-
ties for PZT-5A, PZT-4 and BaTiO3 are taken as those in [Dong and Wang 2007; Sheng and Wang 2010].
The effective material properties P vary continuously in the thickness direction and can be expressed
as P(z) = (Po− Pi )(1/2+ z/h)k + Pi where k is the volume fraction exponent, Po and Pi denote the
property of the outer and inner surface of the shell, respectively. The nondimensional buckling load is
defined as Ncr/Nocr where

Nocr =
Eh2

R
√

3(1− ν2)
.

In the following numerical examples, a uniform temperature field is considered so that the temperature
through the shell thickness rises uniformly by a certain amount T (z)=1T . Variations of buckling loads
for m= n= 1 versus k are plotted in Figure 2 with L/R= 1, h/R= 0.01, N 0

m = 0.2Nocr , φ0= 200 V and
1T = 200 K. It can be seen that the trend of the present results are consistent with those reported by Sheng
and Wang [2010] with minor errors. The errors are mainly caused by the difference of shell theories.
The present results were obtained by Reissner’s shell theory while the reference data were obtained by
the first-order shear deformation theory. Furthermore, the relation between the buckling temperature rise
for m = n = 1 and the electric voltage are shown in Figure 3 with L/R = 1, h/R = 0.002, N 0

m = 0.5Nocr

and k = 1. The present method again produces good agreement with the treatment in reference [Sheng
and Wang 2010].
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Figure 2. Comparison of the dimensionless buckling loads for S-S piezoelectric FG
cylindrical shells with different volume fraction exponent k.
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Figure 3. Comparison of the buckling temperature rise for S-S piezoelectric FG cylin-
drical shells with different φ0.

For a further verification, the present results are compared with those obtained by high-order shear
deformation theory (HSDT). The critical buckling stresses of a clamped isotropic piezoelectric cylindrical
shell made of PZT-A or PZT-B without electric voltage and temperature rise are computed and tabulated
in Table 1. The material properties are selected as those in [Sun et al. 2016]. It is observed that the
present data obtained by Ressiner’s shell theory are in accordance with those of HSDT [Sun et al. 2016]
with a maximum error 2.86%. The errors are mainly caused by the difference of shell theories. The
critical buckling loads predicted by the HSDT are usually less than the Ressiner’s shell theory when the
shell is relatively thick.

h/R = 1/30 h/R = 1/35 h/R = 1/40 h/R = 1/45 h/R = 1/50

L/R = 1

Sun et al. (PZT-A) 1399.56 1199.57 1040.04 907.554 810.386
Present (PZT-A) 1433.91 1209.92 1043.43 913.969 808.000
Sun et al. (PZT-B) 1705.41 1447.32 1271.47 1120.34 997.118
Present (PZT-B) 1739.21 1481.68 1281.90 1110.33 991.122

L/R = 4

Sun et al. (PZT-A) 1281.11 1098.76 962.878 855.604 770.723
Present (PZT-A) 1317.75 1106.98 965.451 849.869 766.702
Sun et al. (PZT-B) 1565.56 1325.56 1159.39 1031.84 929.486
Present (PZT-B) 1607.89 1354.65 1153.65 1027.62 930.291

Table 1. Comparison of the critical buckling stresses (MPa) for a piezoelectric cylindri-
cal shell with different L/R and h/R.
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6.2. Discussion on symplectic eigenfunctions. In the existing literature, analytical analyses for buckling
of piezoelectric cylindrical shells were usually performed by the inverse or semiinverse methods under the
classical Lagrangian system. Analytical solutions were obtained by introducing some trial functions (e.g.,
trigonometric functions). Consequently, the obtained solutions highly depend on the expressions of the
predetermined functions. To overcome the above limitation of classical analytical treatments, the present
study proposed a rigorous method for buckling of piezoelectric FG-NTRC shells under the Hamiltonian
system. The obtained analytical solutions are directly expressed in terms of symplectic eigenfunctions
without any trial functions. It is interesting to find from Section 5 that there exist five cases of symplectic
eigenfunctions ((35)–(39)) for buckling of the shell, which implies the analytical solutions may have
five possible forms. To reveal the effects of key influencing parameters on the expressions of symplectic
eigenfunctions, a piezoelectric FG-NTRC cylindrical shell with R = 0.1 m, V ∗N T = 0.2, φ0 = 10000 V
and 1T = 10 K is considered in this section. The material properties of CNT, BNNT and polyvinylidene
fluoride (PVDF) are tabulated in Table 2 [Mosallaie Barzoki et al. 2012; Mohammadimehr et al. 2016].
The buckling stresses, cases of symplectic eigenfunctions and their characteristic roots for three end
conditions, various circumference wave number n, length L/R, thickness h/R, four distribution patterns
of NTs and two kinds of reinforcement nanofiller are tabulated in tables 3–7.

From Table 3, it is clear that the end conditions do not affect the case of symplectic eigenfunctions
regardless of circumference wave number n. It is also noted that the circumference wave number n has a
significant influence on the case of symplectic eigenfunctions when n is small. However, the symplectic
eigenfunctions always belong to Case V when n is large enough. Tables 4 and 5 present the buckling
stresses, cases of symplectic eigenfunctions and their characteristic roots for various L/R and h/R. It
is observed that the case of symplectic eigenfunctions have relations with the length and thickness of
the shell when n is small. To further illustrate this, the variations of buckling stresses versus L/R and
h/R with different n are plotted in figures 4 and 5. The influence of the reinforcement nanotubes (NT)
and their distribution patterns on the case of symplectic eigenfunctions are investigated in tables 6 and 7,
respectively. It is found that the piezoelectric FG-NTRC cylindrical shell with different reinforcement
NTs and distribution patterns of NTs may produce different cases of symplecitc eigenfunctions when n
is small.

Property CNT BNNT PVDF

c11 (GPa) 5824.9 2035 238.24
c22 (GPa) 7303.7 2035 23.6
c12 (GPa) 1019.37 692 3.98
c66 (GPa) 1944.5 672 6.43
e31 (C/m2) 0 0.95 −0.135
e32 (C/m2) 0 −0.45 −0.145
ε11 = ε22 = ε33 (10−9 C/Vm) 0 0.17708 11.068
β1 (106 NK−1 m−2) 25.413 2.857 17.198
β2 (106 NK−1 m−2) 41.272 2.051 1.958

Table 2. Material properties of BNNT, CNT and PVDF.
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n Eigensolution Characteristic roots σmn (MPa)

C-C

0 Case I 31.8519i 25.6692i 347.781 0 0 3513.36
1 Case II 28.4520i 22.2538i 0.135052i 347.783 0 3096.72
2 Case VI 12.3684i 5.79333i 3.23354i 0.193372i 347.787 1843.09
5 Case V 9.83078i 4.04971i 0.852275 66.0224 347.817 391.08

10 Case V 16.2447i 10.2467i 1.65614 134.083 347.925 746.39

C-S

0 Case I 30.1889i 27.0832i 347.781 0 0 3450.14
1 Case II 26.8361i 23.7118i 0.133366i 347.783 0 3047.35
2 Case VI 11.0384i 8.09206i 2.58624i 0.193946i 347.787 1836.50
5 Case V 8.01563i 4.96564i 0.852544 66.0167 347.817 339.36

10 Case V 14.5183i 11.4651i 1.65615 134.083 347.925 687.53

S-S

0 Case I 28.9171i 28.2743i 347.781 0 0 3429.71
1 Case II 25.3615i 25.1327i 0.132797i 347.783 0 3030.60
2 Case VI 9.90976i 9.42478i 2.47125i 0.194116i 347.787 1834.56
5 Case V 6.33423i 6.28319i 0.852649 66.0145 347.817 319.43

10 Case V 13.2460i 12.5664i 1.65615 134.083 347.925 667.97

Table 3. Buckling stresses, cases of symplectic eigenfunctions and characteristic roots
for a piezoelectric FG-NTRC cylindrical shell reinforced by CNTs with different end
conditions (FG-O, m = 1, L/R = 1, h/R = 0.01).

From tables 4–7, it is worth to note that the influences of geometrical parameters, reinforcement NTs
and their distribution patterns on the case of symplectic eigenfunctions only occur under the conditions of
a small circumference wave number n. In other words, analytical solutions for buckling of the piezoelec-
tric FG-NTRC cylindrical shell have a unique expression consisting of Case V symplectic eigenfunctions
when n is large enough. The observations explain the reasons for the use of single-formed trial functions
in the classical analytical method. In the buckling analysis of cylindrical shells, the circumference wave
number n for the critical buckling stress usually decreases with the increase of L/R [Yamaki 1984]. The
length of shells in most of theoretical studies usually selected less than 10 (e.g., [Mirzavand and Eslami
2007; Mirzavand and Eslami 2011; Salehi-Khojin and Jalili 2008]) so that n for the critical buckling
stress is larger than 5. Thus, the analytical solutions only have a unique form (a series of Case V
symplectic eigenfunctions) and the trial functions could produce accurate results. However, the specific
trial functions will lead to errors when the circumference wave number n for the critical buckling stress
is small (e.g., a very long shell).

At last, to get a better understanding of the buckling of piezoelectric FG-NTRC cylindrical shells,
the corresponding buckling modes for C-C end condition in Table 3 are presented in Figure 6. The
superscript and subscript of η are the case of symplectic eigenfunctions and the circumference wave
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Figure 4. Variations of buckling stresses for a C-C piezoelectric FG-NTRC cylindrical
shell reinforced by CNTs versus L/R with different n (FG-O, m = 1, h/R = 0.01).

number n. The color of the buckling modes is obtained by the “jet” type of the “colormap” function in
Matlab. Different colors represent the displacement along the z-axes (i.e., w) of the cylindrical shell.
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Figure 5. Variations of buckling stresses for a C-C piezoelectric FG-NTRC cylindrical
shell reinforced by CNTs versus h/R with different n (FG-O, m = 1, L/R = 1).
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n Eigensolution Characteristic roots σmn (MPa)

L/R = 0.2

0 Case I 47.6496i 17.1589i 347.781 0 0 5485.46
1 Case II 37.9546i 15.2396i 0.165142i 347.783 0 3910.95
2 Case V 34.4650i 0.134607i 0.501912 19.2416 347.787 3215.40
3 Case V 32.2400i 0.400829i 0.561991 37.0153 347.794 2670.11

L/R = 0.5

0 Case I 35.1184i 23.2816i 347.781 0 0 3738.83
1 Case II 31.5626i 19.6989i 0.141165i 347.783 0 3272.59
2 Case V 16.5167i 0.188339i 2.18946 6.57829 347.787 1904.45
3 Case V 12.9775i 0.894441i 0.655560 35.3272 347.794 1014.58

L/R = 0.8

0 Case I 32.6248i 25.0611i 347.781 0 0 3555.36
1 Case II 29.1444i 21.6580i 0.136094i 347.783 0 3127.07
2 Case IV 12.8346i 0.193061i 347.787 0.752660± 4.18510i 1846.69
3 Case V 8.44500i 1.31099i 0.693229 35.0258 347.794 848.51

L/R = 1

0 Case I 31.8519i 25.6692i 347.781 0 0 3513.36
1 Case II 28.4520i 22.2538i 0.135052i 347.783 0 3096.72
2 Case VI 12.3684i 5.79333i 3.23354i 0.193372i 347.787 1843.09
3 Case V 7.25032i 1.50749i 0.703436 34.9646 347.794 817.80

Table 4. Buckling stresses, cases of symplectic eigenfunctions and characteristic roots
for a C-C piezoelectric FG-NTRC cylindrical shell reinforced by CNTs with different
L/R (FG-O, m = 1, h/R = 0.01).

η
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0 (n = 0) η
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1 (n = 1) η

(6)
2 (n = 2) η

(5)
5 (n = 5) η

(5)
10 (n = 10)

Figure 6. Buckling mode shapes for C-C piezoelectric FG-NTRC cylindrical shells with
different n (m = 1, L/R = 1, h/R = 0.01).

6.3. Effects of the distribution patterns of NTs, electric voltage and temperature rise. To study the
effects of the distribution patterns of NTs, electric voltage and temperature rise on the critical buckling
stresses, a C-C piezoelectric NTRC cylindrical shell with R = 0.1 m, L/R = 1 and h/R = 0.01 is
considered here. Variations of critical buckling stresses versus the volume fraction VN T for different
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reinforcement NTs and distribution patterns of NTs are plotted in Figure 7 with φ0 = 10000 V and
1T = 10 K. It is apparent that the critical buckling stress monotonically increases with the increasing
V ∗N T regardless of the reinforcement NTs and their distribution patterns; the critical buckling stresses
for the shell reinforced by CNTs are always larger than those reinforced by BNNTs. In addition, it
is also worth to note that the FG distributions produce larger critical buckling stresses than the UD
when V ∗N T is larger than a certain value. The observation implies the FG distributions of reinforcement
NTs could improve the antibuckling performance of the piezoelectric FG-NTRC cylindrical shell. The
corresponding critical buckling mode shapes for V ∗N T = 0.4 in Figure 7 are presented in Figure 8. It is
clear that the critical buckling mode shapes for different reinforcement NTs and distribution patterns of
NTs may have different n.

The critical buckling stresses for different applied electric voltages and temperature rises are tabulated
in tables 8 and 9, respectively. The computation parameters are taken as R= 0.1 m, L/R= 1, h/R= 0.01,
N ∗N T = 0.2, 1T = 10 K for Table 8 and φ0 = 10000 V for Table 9. It is observed that, for a specific

n Eigensolution Characteristic roots σmn (MPa)

h/R = 0.005

0 Case I 47.1921i 34.6504i 695.562 0 0 1707.06
1 Case II 41.3313i 35.1534i 0.0853643i 695.563 0 1539.29
2 Case VI 36.5806i 24.0368i 0.483566i 0.105374i 695.565 1270.04
3 Case V 14.5791i 0.436957i 3.41190 12.3680 695.569 735.64

h/R = 0.01

0 Case I 31.8519i 25.6692i 347.781 0 0 3513.36
1 Case II 28.4520i 22.2538i 0.135052i 347.783 0 3096.72
2 Case VI 12.3684i 5.79333i 3.23354i 0.193372i 347.787 1843.09
3 Case V 7.25032i 1.50749i 0.703436 34.9646 347.794 817.80

h/R = 0.02

0 Case I 23.4341i 17.4449i 173.891 0 0 7363.67
1 Case II 18.1864i 12.1161i 0.258297i 173.893 0 5633.51
2 Case V 6.57791i 0.506629i 0.600103 22.4029 173.902 2135.58
3 Case V 7.07369i 1.83233i 0.531687 39.0081 173.916 1179.39

h/R = 0.05

0 Case I 16.1556i 10.1217i 69.5562 0 0 19912.16
1 Case III 7.76176i 0.451008 8.29977 69.5634 0 9295.67
2 Case V 6.41198i 0.751327i 0.355160 26.1836 69.5850 4087.02
3 Case V 7.03125i 1.90352i 0.501247 40.0669 69.6209 3708.66

Table 5. Buckling stresses, cases of symplectic eigenfunctions and characteristic roots
for a C-C piezoelectric FG-NTRC cylindrical shell reinforced by CNTs with different
h/R (FG-O, m = 1, L/R = 1).
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n Eigensolution Characteristic roots σmn (MPa)

CNT

0 Case I 30.1287i 24.0535i 283.790 0 0 3996.50
1 Case II 26.4194i 20.4406i 0.147932i 283.791 0 3461.30
2 Case V 8.56357i 0.527150i 2.01878 7.46659 283.797 1882.29
3 Case V 8.25457i 2.48970i 0.548627 36.2180 283.805 898.03

BNNT

0 Case I 23.0869i 17.0869i 284.368 0 0 2246.17
1 Case II 21.2855i 16.0233i 0.0974117i 284.370 0 1930.55
2 Case VI 16.8124i 10.5598i 0.533340i 0.211343i 284.375 1496.09
3 Case V 7.78340i 1.46291i 0.812484 12.9785 284.384 839.19

Table 6. Buckling stresses, cases of symplectic eigenfunctions and characteristic roots
for a C-C piezoelectric FG-NTRC cylindrical shell with different reinforcement nan-
otubes (FG-X, m = 1, L/R = 1, h/R = 0.01).

reinforcement NT and distribution pattern, the critical buckling stress show a decreasing trend with the
increase of electric voltage or temperature rise. Furthermore, it is also noted from the tabular data that the
piezoelectric FG-NTRC cylindrical shell is insensitive to the electric voltage. For example, a 50× 104 V
electric voltage only leads to a 2.29% decrease of the critical buckling stress for the shell reinforced by
CNT with FG-X distribution. In contrast, the piezoelectric NTRC cylindrical shell is very sensitive to
the temperature rise. The critical buckling stresses significantly decreased by the temperature rise.
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Figure 7. Critical buckling stresses (MPa) for C-C piezoelectric NTRC cylindrical
shells with different V ∗N T .
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n Eigensolution Characteristic roots σmn (MPa)

UD

0 Case I 31.1433i 24.9141i 314.160 0 0 3718.79
1 Case II 27.4362i 21.4132i 0.142458i 314.162 0 3239.61
2 Case IV 9.43700i 0.334121i 314.167 3.37294± 2.77948i 1823.08
3 Case V 7.86433i 2.20178i 0.577299 36.1523 314.175 837.58

FG-X

0 Case I 30.1287i 24.0535i 283.790 0 0 3996.50
1 Case II 26.4194i 20.4406i 0.147932i 283.791 0 3461.30
2 Case V 8.56357i 0.527150i 2.01878 7.46659 283.797 1882.29
3 Case V 8.25457i 2.48970i 0.548627 36.2180 283.805 898.30

FG-O

0 Case I 31.8519i 25.6692i 347.781 0 0 3513.36
1 Case II 28.4520i 22.2538i 0.135052i 347.783 0 3096.72
2 Case VI 12.3684i 5.79333i 3.23354i 0.193372i 347.787 1843.09
3 Case V 7.25032i 1.50749i 0.703436 34.9646 347.794 817.80

FG-V

0 Case I 31.0240i 24.8178i 314.160 0 0 3780.42
1 Case II 27.3637i 21.3602i 0.142141i 314.162 0 3300.07
2 Case IV 9.36739i 0.232799i 314.167 3.17671± 3.49833i 1876.80
3 Case V 7.36768i 1.73605i 0.639055 35.7441 314.175 856.94

Table 7. Buckling stresses, cases of symplectic eigenfunctions and characteristic roots
for a C-C piezoelectric FG-NTRC cylindrical shell reinforced by CNTs with different
distribution patterns (m = 1, L/R = 1, h/R = 0.01).

7. Conclusion

The electro-thermo-mechanical buckling of a piezoelectric FG-NTRC cylindrical shell is investigated
under the framework of Hamiltonian system. Exact solutions for buckling of piezoelectric FG-NTRC
cylindrical shells are obtained and expressed in a series of symplectic eigenfunctions. Highly accurate
buckling loads and analytical buckling shape functions are achieved simultaneously. The major conclu-
sions are summarized as follows:

(1) Exact solutions for buckling of piezoelectric FG-NTRC cylindrical shells have five possible forms,
which highly depend on the geometrical parameters (L/R and h/R), circumference wave numbers,
reinforcement nanotubes and their distribution patterns.

(2) The influences of geometrical parameters (L/R and h/R), reinforcement NTs and their distribu-
tion patterns on expressions of symplectic eigenfunctions only occur when the circumference wave
number n is small. Otherwise, the symplectic eigenfunctions only have a unique form (Case V).
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Distribution φ0 (104 V)

−50 −25 0 25 50

CNT

UD 488.913 482.232 475.550 468.868 462.187
FG-X 595.554 588.879 582.204 575.529 568.854
FG-O 389.925 383.250 376.575 369.900 363.225
FG-V 473.930 467.255 460.580 453.905 447.230

BNNT

UD 383.596 378.388 373.181 367.974 362.766
FG-X 463.227 458.158 453.088 448.018 442.949
FG-O 311.640 306.571 301.501 296.431 291.362
FG-V 350.880 345.811 340.741 335.671 330.602

Table 8. Critical buckling stresses (MPa) for a C-C piezoelectric NTRC cylindrical shell
with different electric voltage φ0.

CNT, UD (n = 5) CNT, FG-X (n = 5) CNT, FG-O (n = 6) CNT, FG-V (n = 6)

BNNT, UD (n = 6) BNNT, FG-X (n = 5) BNNT, FG-O (n = 7) BNNT, FG-V (n = 6)

Figure 8. Critical buckling mode shapes for C-C piezoelectric NTRC cylindrical shells
with different reinforcement NTs and distribution patterns (L/R = 1, h/R = 0.01).

(3) The FG distribution of NTs could increase the carrying capacity of piezoelectric FG-NTRC cylin-
drical shells compared to uniform piezoelectric NTRC cylindrical shells. The FG-X shell produces
the highest critical buckling stress.

(4) The applied electric voltages and temperature rises could affect the carrying capacity of piezoelectric
FG-NTRC cylindrical shells. The critical buckling stresses are sensitive to the temperature rise but
insensitive to the electric voltage.
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Distribution 1T

0 5 10 15 20

CNT

UD 663.957 569.620 475.283 380.946 286.609
FG-X 770.611 676.274 581.937 487.600 393.263
FG-O 564.982 470.645 376.308 281.971 187.634
FG-V 648.987 554.650 460.313 365.976 271.639

BNNT

UD 516.471 444.722 372.973 301.224 229.475
FG-X 596.383 524.634 452.885 381.136 309.387
FG-O 444.796 373.047 301.298 229.549 157.800
FG-V 484.036 412.287 340.538 268.789 197.040

Table 9. Critical buckling stresses (MPa) for a C-C piezoelectric NTRC cylindrical shell
with different temperature rise 1T .
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−D12− D66+ (D12+ 2D66) n2

− N 0
x R2] n2 R3 X33

+ A11 A22
[
D66(1− 2n2)2+ 2D12(−1+ n2)n2

− N 0
x n2 R2]R4 X33

+ 2B3
12 n2(−1+ n2)R3(n2 X22+ X33)

+ B2
12 n2 R2[

−
(
D66 n2

+ 4B66 R− 8B66 n2 R+ 2A12 R2

− 2A12 n2 R2
− N 0

x R2)(n2 X22+ X33)− A22(−1+ n2)2 X11
]

+ 2B12 B2
66 n2(−1+ 4n2)R3(n2 X22+ X33)

+ 2B12 B66 n2 R
[
−B12 n2(−1+ n2)X11+ A22(−1+ 3n2

− 2n4)R X11+ E31 E32 n2 R

+
(
D12 n2 R− A12 R3

+ 4A12 n2 R3
+ N 0

x R3)(n2 X22+ X33)
]

+ 2A11 B12 n2 R2[E31 E32(1− n2)R+ B22(1− n2)2 X11

+ R
(
D12+ D66− (D12+ 2D66) n2

+ N 0
x R2)(n2 X22+ X33)

]
+ 2A11 B12 n2 R3(1− n2)[E2

32+ (D22+ B22 R)(n2 X22+ X33)]

+ 2B11 B12 n2 R3(1− n2)[(B22+ A22 R)(n2 X22+ X33)]

+ A66 D22 n4
[D66 n2 X11− 2B12(−1+ n2)R X11]

+ A66 D22 n4 R2
[−2A12(−1+ n2)X11+ E2

31− N 0
x X11

+ (D11+ 2B11 R+ A11 R2)(n2 X22+ X33)]

− 2A66 D12 n4 R
[
E31 E32 R+ (1− n2)(B22+ A22 R)X11

+ D66 n2 R− A12 R3 X22+ 2n2 R2(B12+ A12 R)X22
]
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− 2A66 D12 n2 R2
[D66 n2

− A12 R2
+ 2n2 R(B12+ A12 R)]X33− A66 D2

12 n4 R2(n2 X22+ X33)

+ A66 D66 n2 R
[
−2E31 E32 n2 R+ 2B22 n2(−1+ 2n2)X11+ A22(1− 2n2)2 R X11

− R2(−2B12+ 8B12 n2
− 4A12 R+ 8A12 n2 R+ N 0

x R)(n2 X22+ X33)
]

+ A66 D11n4 R2
[E2

32+ R(2B22+ A22 R)(n2 X22+ X33)]

+ A66 n2 R3[
−4B2

12 n2 R X22+ 2B11n2(E2
32+ A22 R2 X22

)]
+ A66 n2 R4[2A12 E31 E32+ A22 E2

31n2
− 4A12 E31 E32 n2

+ A11 E2
32 n2
− A22 n2 N 0

x X11

+
(
−A2

12+ A11 A12+ 2A12 n2 N 0
x
)
R2 X22

]
+ 2A66 B12 n2 R3[

−A22 X11+ n2(
−2E31 E32+ A22 X11− 2A12 R2 X22+ N 0

x R2 X22
)]

+ A66 R4[
−4B2

12 n2
+ 2n2(A22 B11− 2A12 B12+ B12 N 0

x
)
R

+
(
−A2

12+ A11 A12+ 2A12 n2 N 0
x
)
R2]X33

+ 2A66 B22 n2 R3[A12 X11+ E2
31n2
−
(

A12+ N 0
x
)
n2 X11

+ n2 R(B11+ B11n2
+ A11 R)X22+ R(B11+ B11n2

+ A11 R)X33
]}
, (C.3)

ξ4 =
1(

B2
11− A11 D11

)
R6(D66+ 2B66 R+ A66 R2)X11

×
{

B2
66 E2

32 n6
+ B2

66 n2(n2 X22+ X33)[D22 n4
+ (−1+ 2n2)(−A22 R2

+ 2B22 n2 R+ 2A22 n2 R2)]

− 2B66(−1+ n2)n2 R[A12 E2
32 n2
− B12(−A22 R+ B22 n2

+ 2A22 n2 R)(n2 X22+ X33)

+ A12(−B22 R+ D22 n2
+ 2B22 n2 R)(n2 X22+ X33)]

+ A66 n4[
−2A12 E2

32 R2
+ 2A12 E2

32 n2 R2
+ E2

32 N 0
x R2
+ B2

22 X11− 2B2
22 n2 X11+ B2

22 n4 X11

− A22(−1+ n2)(2E31 E32 R2
− D22+ D22 n2 X11)

+ D22 n2(
−2A12+ 2A12 n2

+ N 0
x
)
R2 X22

+ A22 n2 R2(2D12− 2D12 n2
+ N 0

x R2)X22

+ 2B12(−1+ n2)R
(
E2

32+ D22 n2 X22− A22 R2 X22
)]

+ 2A66 B12 n2 R(−1+ n2)(D12 n2
− A22 R2)X33

+ A66 n4 R2[D22
(
−2A12+ 2A12 n2

+ N 0
x
)
+ A22

(
2D12− 2D12 n2

+ N 0
x R2)]X33

− 2A66 B22 E31 E32 n4(−1+ n2)R

− 2A66 B22 n2 R
[
A12 R2

+ D12(−1+ n2)n2
−
(

A12+ N 0
x
)
n2 R2](n2 X22+ X33)

− A66 D66 n2[D22 n4
+ (−1+ 2n2)R(−A22 R+ 2B22 n2

+ 2A22 n2 R)
]
(n2 X22+ X33)

− A66 D66 E2
32 n6

+ (−1+ n2)2 n2 R2[A22 B2
12(n

2 X22+ X33)− 2A12 B12 B22(n2 X22+ X33)
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+ A2
12
(
E2

32+ D22 n2 X22+ D22 X33
)
+ A11 B2

22(n
2 X22+ X33)

− A11 A22
(
E2

32+ D22 n2 X22+ D22 X33
)]}
, (C.4)

ξ5 =
1(

B2
11− A11 D11

)
R6(D66+ 2B66 R+ A66 R2)X11

×{A66 n4(1− n2)2[−B2
22(n

2 X22+ X33)+ A22 E2
32+ A22 D22(n2 X22+ X33)]}. (C.5)
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