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EXTENDED HIGHER-ORDER SANDWICH PANEL THEORY FOR
PLATES WITH ARBITRARY ASPECT RATIOS

FAISAL SIDDIQUI AND GEORGE A. KARDOMATEAS

A new extended higher-order sandwich panel theory (EHSAPT) for orthotropic elastic sandwich plates
is formulated. This new theory extends the one-dimensional extended higher-order sandwich panel beam
theory to two dimensions and applies it to plate structures. In this theory, the compressibility of the soft
core in the transverse direction is taken into consideration. The in-plane displacements are third-order
and the transverse displacement is second-order in the transverse coordinate respectively. This arrange-
ment allows the theory to take the axial, shear and transverse normal stresses in the core in considera-
tion. In order to derive the governing equations and associated boundary conditions, eleven generalized
coordinates are considered. Each face sheet has three generalized coordinates (two in-plane and one
transverse displacement respectively) and the core has five generalized coordinates which include three
displacements and two independent rotations. The governing equations and boundary conditions are
derived using a variational approach such that all core/face sheet displacement compatibility conditions
are satisfied.

1. Introduction

Typical sandwich panels consist of two metallic or composite thin face sheets separated by a honeycomb
or foam core. This configuration gives the sandwich panel high stiffness and strength, and enables
excellent energy absorption capabilities with little resultant weight penalty. This makes the sandwich
structure a preferred material of choice in a lot of applications including aerospace, naval, wind turbines
and civil industries. Many of the currently used methods of analysis on sandwich structures assume a
noncompressible core and are categorized as the classical and the first-order shear models when shear
effects are taken into consideration [Plantema 1966; Allen 1969]. The assumptions on these theories
are only adequate if the core is made of a high-strength and stiff material; but in many cases when the
core is a more compliant and softer material, the predictions from these theories become more and more
inaccurate especially under quasistatic loading [Phan et al. 2012]. Experimental results have also shown
that the core can undergo significant transverse deformation under a sudden impulsive load [Gardner
et al. 2012; Jackson and Shukla 2011; Nemat-Nasser et al. 2007; Tekalur et al. 2009; Wang et al. 2009].
This implies that in order to get accurate results the transverse deformation and shear stresses in the core
must be taken into consideration.

Keeping in view the importance of accurate prediction of failure modes, some of the recent compu-
tational models have considered transverse compressibility in the core. Frostig et al. [1992] proposed a
theory for sandwich panels in which the resulting shear strain in the core is constant and the resulting
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transverse normal strain in the core is linear in z; however, this model was only formulated for a one-
dimensional beam (HSAPT). Hohe et al. [2006] developed a model for sandwich plates in which the
transverse normal strain is constant along the transverse coordinate z, and the shearing strains are first-
order in z. Also, Li and Kardomateas [2008] explored a higher-order theory for plates in which the
transverse normal strain in the core is of third-order in z, and the shear strains in the core are of fourth-
order in z.

The accuracy of any of these models can be readily assessed because an elasticity solution already
exists. Pagano [1970] presented a three-dimensional elasticity solution for laminated rectangular plates
for the following cases:

(1) Orthotropic material: the cubic characteristic equation has a negative discriminant and results in
real and unequal roots.

(2) Isotropic material: the cubic characteristic equation has a zero discriminant and results in real and
equal roots.

Kardomateas [2008] then presented the solution for the case of positive discriminant, in which two of
the roots are complex conjugates. This is actually a case frequently encountered in sandwich construction
in which the orthotropic core is stiffer in the transverse direction than the in-plane directions.

In this paper we present an advanced new extended higher-order sandwich panel theory (EHSAPT),
which is a two-dimensional extension of the EHSAPT beam model presented in [Phan et al. 2012]. In
that reference the authors extended the HSAPT given in [Frostig et al. 1992] for beams, to allow for the
transverse shear distribution in the core to acquire the proper distribution as the core stiffness increases
as a result of nonnegligible in-plane stresses. The current paper extends the concept of Phan et al. [2012]
and applies it to two-dimensional plate structures. The theory assumes a transverse displacement in the
core that varies as a second-order equation in z, and in-plane displacements that are of third-order in z.
The novelty of this approach is that it allows for five generalized coordinates in the core (the in-plane
and transverse displacements and two independent rotations).

The theory is formulated for a sandwich panel with a symmetric layout. The major assumptions of
the theory are as follows:

(1) The face sheets satisfy the Kirchhoff assumptions, and their thicknesses are small compared with the
overall thickness of the sandwich section; they undergo large displacements with moderate rotations.

(2) The core is compressible in the transverse and axial directions (transverse displacement is second-
order in z and in-plane displacements are third-order in z); it has in-plane, transverse and shear
rigidities; and it undergoes large displacements.

(3) The bonding between the face sheets and core is assumed to be perfect.

2. Derivation of EHSAPT theory

We consider a sandwich plate with two identical face sheets of thickness f and a core of thickness 2c.
The cartesian coordinate system is placed in the middle plane of the sandwich plate as shown in Figure 1.

The corresponding displacements are denoted by (u, v, w). Subscript ¢, b and c refer to the top face
sheet, bottom face sheet and core. Subscript O refers to the middle surface of the respective phase. The
total thickness of the plate is given by h = 2 f + 2c.
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TOP FACE SHEET

CORE

Figure 1. Geometric configuration of the plate.

2A. Displacements and strains. It is highlighted that the following functions depend on x, y, z and ¢
and this functional dependence will not be explicitly written in the equations that follow in favor of

conserving writing space:

uhe = ut ey z,0),  uG = ul G,y 0, Y=y, 0, U =uS(x, y, 1),

us=u5(x,y,1),
Ut’b"‘:'l)t’b’c(x, Yy, Zat)? vé’b9C:U6’b’C(x,y,t)’ ¢6:¢6(x’ y’t)’ U;IUE(x,y,t),
vy =v5(x, y, 1),

b b,c
wt’ 7C=wt’ ’L(-x7 y7z,t)s wi=wi(x’ yyt)s w§=w§(X,y,t)

2A.1. Displacements of the face sheets. The face sheets are assumed to satisfy the Kirchhoff-Love as-
sumptions and their thickness is assumed to be small as compared to the overall thickness of the plate.
The displacements are represented as

u' =up—'w', (2-1a)

vl =vy -, (2-1b)

w[ = wt‘ (2—10)
Similarly, for the bottom face sheet,

u’ =uf—¢"wh, (2-2a)

v’ =] —¢Pw?, (2-2b)

w? =w?, (2-2¢)

where ¢ =z F (c+ f0/2).
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The nonlinear strain-displacement relations are

m b
xx €0, + CKy
t,b] _ tb | _ — -
[e ] =€y | = [eo] +¢ [K] =| €, +¢ky |, (2-3a)
_y;&b_ Yo,y + Cny
- 1,2
€0, Uuo,x + W
1
[eo]l = | €0, | = vo.y + 3w, (2-3b)
L0y, Uo,y+vox+W W,y
Moreover, [«] is the curvature matrix and can be given as
Kx —W xx
[Kl=|ky [=] —w,y |- (2-3¢)
Kxy —2wyy

2A.2. Displacements for the higher-order core. First-order approximation of the classical sandwich
panel theory neglects the transverse deformation of the core and leads to erroneous results in many
practical cases. However, in many instances it becomes essential to capture the core compressibility
effects and thus we use a higher-order definition of the in-plane and transverse deformation of the core
in terms of the transverse coordinate:

U’ = uf+ Yz +us +usz, (2-4a)
V¢ = v — Pz + v5z% + 05, (2-4b)
w’ = wi + wiz + wsz> (2-4¢)

In these equations ug, v and wy are the in-plane and transverse displacements and ¢g and ¥/ are the
rotations about the x-axis and y-axis, respectively. Also, u$, u§, v5, v5, w{ and wj are the in-plane and
transverse unknown functions to be determined by enforcing displacement compatability conditions at
the core/face sheets interface. We therefore enforce compatability at z = £c and after some algebraic
calculations, the following core displacement field is obtained:

23
u =uf+ 9§ — F[2u8 —2uf+4cys — fPul — flw',]

Z2

— E[—Zug —2uf+duf+ fPw’ — flw',], (2-52)
3
Z
V¢ =) — 295 — m[Zvé’ — 20— 4egf — fPwh, — flw')]

2
- 4%[—2113 —2uh +4v§ + Pl — ], (2-5b)
w' =ws — i[—wb —w' 4 2ws] — i[wb —w'] (2-5¢)
T 92 0T 2 ’

It is highlighted that in developing their higher-order theories, Li and Kardomateas [2008] and Phan
et al. [2012] assumed that the core undergoes large rotation with a small displacement and therefore
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neglected the in-plane strains. However, the current theory does not make any such assumptions and we
consider all six strains in the core. This leads to the following six strain-displacement relations for the
core:

3

b4
E;x = ug,x +Z¢’6,x 403 [ZMO X 2”6,)( +4Cv/(§,x o fbwbvxx B ftwt’XX]
2
Z
— @[—ng +4uf = 2ufh  + fPw’ e — ' s L (2-62)
Z3 t t, ..t
C C
€y =0,y — 290, — 10 [2vO v 20, — 4c¢0 v fowt - flw vl
2l 2ug  +4v5, —2vp 4 fPw’ = fw 0 (2-6b)
éc __i[z c__ b __ t]_i[ b __ t] (2_60)
z= "2 wy—w’ —w e w’ —w
C_M(,‘ _|_ w_c‘ +UC _ d)c _ 3[2 _2 +4 _ t, .t ]
Yy = 0,y z 0,y 0,x — 290 x MO Y uOy CWO Y f w Xy —fw Xy
23
1 3[2v0 . —2v0x —degg — fPw? xy— flw' 4]
22
1 2[ 2ub g —2up  + + frwb oy — flw' 4]
22
= =20 G = 20 Py = f ) (260)
22 z
y;z = Wé + w(c)’x — 2—6‘2[211)6’)( — wh’x — wl"x] _ 2_C[w’7’x — wt’x]
3Z2 b t c b, b t.t
- 2ic2[_2”8 +duf = 2ug + fPu’  — frw' (] (2-6e)
2 b b
Vye = —®5 +wj,, — @[2w8’y—w o w’,y]—z[w y—w ]
372
b b b
- E[ZUO — 20y —4deps — fPw” = flw' ]

Z
— 53l 20§ +4v5 — 205 + fPw , — flw' (1. (2-6)

2A.3. Constitutive relations. We assume that the face sheets are composite laminates and the core is
fully orthotropic. The stress-strain relations for the top and bottom sheets read as

t,b t,b t,b
o C C C €x
b | — t, b t.b _
o)} Cly Cy C2 || ebd | (2-72)
t,b t, b t,b
Txy C C C Yy

where C;; (i, j =1, 2, 6) are the plane stress reduced stiffness coefficients. The core is considered to be
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fully orthotropic:

Ox _Cfl €L, €3 0 0 0 €
oy C, C5, C5; 0 0 O €5y
ot | _|chchcn 0 0 0 |l 270)
Ty, 0 0 0 c¢Ccy, O O Yyz
Ty, 0 0 0 0 C55 O Yiz
ltd LO 0 0 0 0 C&l Ly

Since the face sheets are laminated composite plates with the face sheets composed of multiple laminas,
each fiber angle of an individual lamina can be chosen independently. The following constitutive relations
are defined:

1 1 cosf®  cos49]
1 1 —cosf cos4d
1 —1 0 —cos48
x@ =109 1 0 —cos46 |- (2-8)
0 0 %sin20 sin4d
[0 0 1sin20 —sin46_

Similarly, the following four material invariants are defined:

_Ei+Ex+2vpkE, _Ei+Ey—2vpEs + G

(03] (6%) ,
40!0 86{0 2

o _E]-E2 o _E1+E2—2V12E2_@

T 2ay T 8a0 2

where g = 1 — vip E»/E|. Next, we define an array of the lamina stiffness coefficients such that
C ={Ci1, Cxn, C12, Ces, Ci6, Ca6}" . (2-9)
We then define an array of the material invariants as
o= {ug, ar, a3, a4}T. (2-10)

Therefore
[CO)]=[x(O)a}. (2-11)

Hence depending upon the angle of individual laminas, the material coefficients for the face sheets are
defined. Next, the stress and moment resultants for the facesheets are defined as

b t,b! t,b?
Nxx NX}C N.X'X

b ! 2 L2 b! s b?
[N""I=| NP | = | NiP I+ | N | = f [o"" 1dz + / [0""1dz.  (2-12)
wiel Lol L]
y Ny N
XYy Xy
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Similarly
t,b t,b! 1,
Mxx Mxx M)mC C-‘rfr'b/2 1 C-‘rft’h s
(M) = | My | = | M |+ | M | = / [o""1¢"" dz + / o"1e dz (2-13)
b c c+f10)2
My, M)’C'ybI M;’;’z
For the core the following resultants are defined:
Nyx Oy
Nyy Oy
NC Cc O.C
[N°] = % =/ % 1dz, for the core. (2-14a)
N¢ — | o€
Xy xy
05 Oy
| 05 ] Loy |
Similarly, the following resultants are also defined for the core:
M, o, e - -
c c XX XX
M}’y U)’y R¢ o¢ Pe< of
M¢ c| g »y c | %y xx c | “xx
“l = / Tlzdz | RG | = / of, |Zdz, | Pg | = / of, | dz. (2-14b)
M)fy —C O’xcy —C —C )
RC O..C PC O_(,
M¢ oy ¥z ¥z xy xy
yz ¥z R¢ o€
c C =Xz -~ xz-
_MXZ_ _UXZ_
Also
h/2 .
I; :f p(z)dz (i=0,1,2,3,...,6). (2-15)
—h/2

2B. Governing differential equations. The governing differential equations and associated boundary
conditions can be derived using the Hamilton’s principle. The sandwich panel is subjected to a transverse
load g(x, y, t) on the top and bottom face sheets. Let the strain energy be denoted by U, the kinetic energy
by K and the external work by W. The variational principle states that

ST —(U—-W)]=0, (2-16)

in which the first variation of the energy functionals can be written as

t pb pa c+f!
8U=//f [/ ol 8 4ol .8 +1i 8yl )dz
oJoJo LJe
c

+ | (of8€5, + oy,8€), + ol 8el + 1 Syy, + T 8y, + fycchyy"z) dz
—C
—C
- / (00.0€l +0),8eb, + 1087, dz] dxdy, (2-17)
—c—fb
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t pb pa c+f! c
ST:/// U p’(»'t’cw’+iﬁavf+wf8wt>dz+/ € (081 + 08¢ 4+ 1w 81) dz
0J0 JO c ’

—C

—C
+ / ol (P8P + vP 80P + w”awb)} dz, (2-18)
—c—fb

and the work done by external forces is

t prb pa
SW:///q’(x,y,t)Sw’—{—qb(x,y,t)(wadxdydt, (2-19)
0Jo Jo

where p is the mass density and dot above the variables represents differentiation with respect to time;
g'(x,y,z) and ¢°(x, v, z) are the distributed transverse load on top and bottom face sheets, respectively;
sw' and w” represents the virtual transverse displacements of top and bottom face sheets, respectively.
Equating time derivatives equal to zero would recover the governing differential equations and associated
boundary conditions for a static case.

2B.1. Equations of motion. The governing equations and associated boundary conditions can be ob-
tained by substituting the strain-displacement relations ((2-3) and (2-6)) and stress-strain relations (2-7)
in the first variations of the energy functionals. We make use of the stress and moment resultants defined
by using (2-12), (2-13) and (2-14), respectively. We then employ Green’s theorem to relieve the primary
variables of derivatives. This results in eleven governing equations: three for each face sheet and five for
the core. Also, boundary conditions are acquired as a result of the process:

Sug: darMy, —6asRS, — N?, +203P), —2wR{, —NJ, +2a3Pf,
— 20 RS, + Buiig — 2paiify + 4PBsiif + 2Bsvrs — Baii’ + 2 f B3, =0, (2-20a)

b ‘ - b - - b -
51}0 : 4062M;Z — 603 R;z — Nyyd + 203 P)fy.y — ZO(QR;yVy — ny:.x + 203 P;y.x
— ZO‘ZR;y,x + B1 i}g + Zﬂzﬁg + 4/33i)'6 — 2,35(]56 — ,341'1')’17}, + 2ft,33 wty =0, (2-20b)

Sw’: daaMS, — i NG + (a1 +2f ) (MS, + M;. ) - ZMJI‘?M' B M’}:x*”
s (Pl Py H 2P ) = PR, R, RS )

— RS, (20 +3 fPaz) + Boit — B — B’ + Baiif, + 1))
+ FBalii, + 15 ) +2.0 Balii, + ) + £ Bs(i5, — 5

+ P F B (i + 00 ,) = Bo (i, 4+ 107, ) = ¢"[x, y, 1], (2-20¢)

Sup: 4o M, +6a3RS, — Nfcy”v — 203 chy,y — 2052R;y__v — Nfcx’x —2u3 PXCXJ

— 203 RS, 4 4Baiif) + 2&3iify + £ + 28595 — 2 B3’ + £, =0, (2-20d)

51)6 : 40[2M§,Z + 6a3 R¢ — N;y.y — 203 P;y.y — 20{2R;y.y — N;y.x —2a3 chyj

yz

— 202 RS, | +4Bai] + 26,05 + £17) — 28565 — 2f7 B3’ + &4, =0, (2-20e)
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4oy M{, + o NS, — (a1 + 2 an) (M;'Z‘y - My, ) - 2M;M - M,
+ flas(Py,  +Po 2P )+ flea(Ry, +2RS, 4R,
— RS, Qo +3a3 1) — Beii” + &7t + Eeii' + £ f' B3 (60, + 0",
—2f'Ba(iig, +0,) — fEii, + 55, ) — &liig, + 1)
= f1&5(85, +V5,) — Eo (i, +57) =q'lx, ¥, 11, (2-200

BuaM{, + Ni, —4arR;, +Ni, —4mRS, —2paiig — Ajii§ — 2paii,
— Moi§ + B fPUl — Baf'', =0, (2-20g)

By My, + Ny, —d4arR;, + N, —4aRS, —2piig — Al — 221
+ Ao + Ba fUi?, — B3 i, =0, (2-20h)

B8aa M7, + Q;y - 4052R;Z,y + ch_x - 4a2R;Z’X + B’ — A — &0 =0, (2-201)

— Q5+ 12R;, — M, +M;, —4arPf, —dar Pl — 28508 — AL
+ 2Es1) + Mg+ £ B0, + flEsI, =0, (2-20))

Q5 —12R, — M, —M{, +4ar Py, +d4arPf, +2Bsiig+ Aaiif
+2Esiify + Aavi — [ s, + f1Esi, =0,  (2-20K)

where o) = 1/2¢, ap = 1/4c2, o3 = 1/4c3, and

Bi

4018 + I — 21 + I IS —AIS — IS + IS IS —I¢
- acs G 4t AT e
8cTIL +4cS fOIL +8cSI) + 2 fPIS — 2¢fP IS + I AL — I —cIS+ I
Pa= 8co P 4¢3 '
4 1Y + IS — 2c IS + I Al =S —cIl§+ I AL —If
po = i = 2 C s

16¢Y I+ 16¢7 fPIL +4cS FO7 1L 4326710 4 16¢ fP 1P 4+ 16018 + 2 P15 — 20 OIS + PRI

9

16¢6 ’
AH§ =205+ I A =207 I5 + IS A5 =207+ IS
1= 7} s Ao = 7} NAVES 7 ,
C C C
£ = 4c01f = IS +2cIS + IE £ = AL+ I — I —clf

4c0 4c0 '
8IS+ ACO fIG — 8P I{ + ¢ f1 I+ 2cf I + [ I
N 8¢

&4

’
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AL+ AL — IS — I 4 IS+ Iy 4 2cI5 + I IS+ AL — I — I

55 - 4C6 ’ 56 = 4C6 ’ 57 - 2C4 ’
6 16815 4 16¢7 115 +4c0 f12 15 — 32671 —16¢0 T} + 16512 + ¢ f12 15 +2¢ f12 1S + f12IE
B 16¢° '

The associated boundary conditions at x =0, a read as

uh=a’, ~or NP, ,=NP —203P° +2mRC,

u§=1i‘, or N¢,=NS —4aRS,

uh=id', or NI ,=N'_+203P° +2R",

vg=1", or NJ.=N. —203P{ +2w:RS,,

vg=1° or N§,=N{ —4mR;,

vy=1", or Nj,. =N +2a3P{ +2mRS,,

wh =it or O, =—o1ME. — 20y fPME, + 20, RS, + 33 fPRE. — Bl — i

— 285 fliig — Bsvis + My, — fPosPy, +arfURS,
+ My, —asfPPL e fORS, + ot + £ f1 Byt
w? =1]1f’y, or M~xyb=—Mfy—|—oc3bexcy—a2be§y,

c ~ ¢ 3 ¢ c c
wy=w", or Q@ =0 —4mR_,

~ C ~ C
Vo=v5, or My =M, —4mP,
c__ rc r ¢ _ c c
q’)o =¢,, or My, = —Mxy—|—4012ny,

w' =a', or 0, = QI MS, +2as f'ME, + 200 RS, + 3a3 f1 RS, + 2 f Bsiify + £ &5
+ Eaiig + EsY5 + My, — flaaPy, — flaaRy,
+ M, — [Pl = flaaRS, — 7 f B, + &t
t

~t ;! t t pc t pc
w ,y:w’y, or Mxy :_Mxy+a3f ny—i-Olzf ny,
where the tilde accent denotes the known external boundary values. Similar equations can be written for
y=20,b.

3. Conclusion

In this paper, a new higher order sandwich panel plate theory (EHSAPT) is presented. This is a two
dimensional extension of the one dimensional theory presented in [Phan et al. 2012]. In this derivation
both the core compressibility effects and the core shear stresses are considered, the theory also allows
for nonzero axial stresses in the core. In order to capture all these effects, eleven generalized coordinates
are defined with five generalized coordinates for the core and three each for the two face sheets. The
equations are derived using a variational approach and associated boundary conditions are presented.
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