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The topological interface state governed by topological phononic crystals (PnC) can potentially host
one-way, backscattering free nontrivial edge modes, immune to defects and sharp edges. We study here
1D topological phononic crystals with interface modes/states generated by an exchange of wave mode
polarization and geometric phases, using the spectral element method with Timoshenko beam model for
flexural wave propagation. The constitutive relations for the longitudinal wave, and modeling and formu-
lation are derived for theoretical band structure and frequency response studies. The analysis is validated
by finite element numerical simulations. The geometric phases of the Bloch bands are determined by
numerical Zak phase analysis. As the geometric properties of the PnC vary, a band transition resulting
from an exchange in wave mode polarization is observed and the symmetry characteristics of the Bloch
bands are determined. The geometric phases provide useful information about the interface mode that
is generated when the mode transition frequency is common between the bandgaps of topological PnC.
We further conduct theoretical and numerical studies on the presence of interface state and excellent
agreement observed between both models is reported. The theoretical details of the topological PnC
with protected interface mode can be helpful for better understating of research in phononic crystals.

A list of symbols can be found on page 32.

1. Introduction

Recent advances in the study of the quantum Hall effect [Haldane 1988], valley Hall effect [Dong et al.
2017; Zhou et al. 2019a] and quantum spin Hall effect [Bernevig et al. 2006; Kane and Mele 2005] in
classical wave physics have paved the way for novel discoveries in the photonic and phononic research
community. Analogous to the quantum theory presented, physicists explored the realm of periodic struc-
tures in solids supported by theory [Kushwaha et al. 1993; Sigalas and Economou 1993], observation
[Martinez-Sala et al. 1995] and experimental work [Liu et al. 2000]; those authors investigated the prop-
agation of acoustic and elastic waves in a periodic array of scatterers that revealed frequency bandgap
characteristics where no wave propagation occurs. The discovery of topological insulators [Hasan and
Kane 2010; Huber 2016; Moore 2010], which exhibit topological properties with nontrivial geometric
phases in the electronic system and counterpart photonic [Khanikaev et al. 2013] and phononic crystals
(PnCs) in both acoustic [Xiao et al. 2015; Zhao et al. 2018] and elastic [Muhammad et al. 2019; Zhou et al.
2019b] media has opened up an active research area for the study of new physical phenomena related
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to topological phases. Topology as a tool has been recently explored in conventional band theories and
marvelous wave characteristics in hexagonal lattices [Chen et al. 2018b; Chen et al. 2018a; Jia et al.
2018; Khanikaev et al. 2015; Pal et al. 2018; Reda et al. 2016; Xia et al. 2018], beams [Kim et al. 2018;
Li et al. 2018; Muhammad et al. 2019; Zhou et al. 2019b] and plate structures [Brendel et al. 2018; Foehr
et al. 2018; Jin et al. 2018; Miniaci et al. 2018] have been reported.

Spatially, the topological properties illustrate the quantized behavior of the wavefunctions over an
associated band structure and they greatly influence the transportation behavior of phonons and pho-
tons. Furthermore, they also preserve certain symmetry against the local perturbation and the symmetric
properties are retained unless the perturbation is not strong enough to close the bandgap of topological
PnCs [Ma et al. 2019]. The topological characteristics is governed either by actively breaking time
reversal symmetry, mimicking the quantum Hall effect [Haldane 1988; Mei et al. 2016] or nucleation
and coupling of degenerate modes [Cha and Daraio 2018; Miniaci et al. 2018; Susstrunk and Huber
2015], and analogues to the quantum spin Hall effect. They are demonstrated through the Dirac cone
dispersion plot. The peculiar characteristics of the topologically distinct PnCs include the generation of
topologically protected interface mode (TPIM) at the junction of topologically protected unit cells. The
primary characteristics of TPIM include robustness and backscattering immune single way wave transport
without any loss of energy. Furthermore, TPIMs have a maximum amount of energy that concentrates
at the interface of topological PnCs with decaying energy fields away from it. Such TPIMs can also
control, divert, confine and enhance the propagation of elastic waves in solid structures [Miniaci et al.
2018; Muhammad et al. 2019; Xia et al. 2018; Zhang et al. 2019]. The recently proposed idea of repro-
grammable TPIMs in acoustic [Xia et al. 2018] and elastic media [Zhang et al. 2019; Zhou et al. 2019a;
Zhou et al. 2019c] is also intriguing. These modes also govern different characteristics with reference to
passband and bandgap frequencies as explained by [Muhammad et al. 2019]. Nonlinear nanobeam vibra-
tion with surface effects [Chen et al. 2019a], auxetic metamaterials [Andrade et al. 2018] and topological
optimization of spatially continuum structure [Czubacki et al. 2015] has also been reported.

The geometric phases of Bloch bands are determined by topological invariants such as Zak phase
[Delplace et al. 2011; Muhammad et al. 2019; Xiao et al. 2015; Zhou et al. 2019b] or Berry phase [Chen
et al. 2019b; Wang et al. 2015; Xiao et al. 2010] for 1D and 2D PnCs respectively. For the details of
theoretical and experimental observation of the Zak phase, one may refer to [Xiao et al. 2015]. The
Zak phase provides information about the symmetry characteristics of Bloch bands and help distinguish
the symmetric and unsymmetric edge modes of topological PnCs that further helps in the derivation of
TPIMs. A detailed analysis on the geometric phases is given in Section 4. As is today, the reported works
like one-way elastic edge state [Wang et al. 2015; Yu et al. 2018], topological valley transport [Huo et al.
2017; Zhang et al. 2013; Zhang et al. 2019], helical edge modes [Miniaci et al. 2018; Susstrunk and Huber
2015] and topological insulators [He et al. 2016; Huber 2016; Yu et al. 2018] etc are well recognized.
Although multiple studies have investigated topological properties in photonics, electromagnetic and
acoustic systems yet due to complex medium characteristics, the propagation of elastic waves in solids
is still an open challenge. Furthermore, as already explored for the other wave media, TPIM in an elastic
system may have more far-reaching applications in engineering vibration problems in civil, mechanical
and aerospace engineering.

The present study extends and generalizes the reported work of [Muhammad et al. 2019] with a more
generalize Timoshenko beam model to investigate the topological characteristics of 1D PnC beam. Using
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the spectral element method, the dispersion relation and frequency response spectra for the longitudinal
and bending elastic waves are established. In this study, a commercial finite element method (FEM)
simulation code COMSOL Multiphysics is applied to validate the theoretical research findings and both
theoretical and numerical results do show excellent agreement. A 1D PnC with varying cross-sectional
area is proposed and the geometric phases of the Bloch band is determined by analyzing the Zak phase.
The symmetry characteristics of the edge modes are determined and through the Dirac cone dispersion
analysis the band transition and exchange in wave mode polarization are studied. The Dirac cone for
the longitudinal wave is related to a symmetric band inversion as compared to bending waves where
unsymmetric band transition due to nonlinear wave dispersion behavior is observed [Muhammad et al.
2019]. Two topologically distinct PnCs with different edge modes symmetry characteristic induces an
interface mode provided that the mode transition frequency (band transition point) is present inside the
bandgap of topological PnCs. We also perform a study on the finite unit cell based frequency response to
reveal the existence of TPIM by both theoretical and numerical analyses. This theoretical and numerical
model may help phononic community to better understand the physical phenomenon. The robustness
with confinement of the wave energy at the interface of PnCs can be useful for solving vibration related
engineering problems.

The paper is organized as follow. The topological beam model is explained in Section 2. Section 3
develops the theoretical formulation for a finite and an infinite unit cell model. Numerical formulation
and Zak phase are explained in Section 4. The results are discussed in Section 5, and Section 6 presents
conclusions.

2. Problem definition and physical modeling

A thick beam model as illustrated in Figure 1 is considered here. The model consists of a piecewise
continuous periodic circular beam with two thinner sections sandwiching a thicker section. The lattice
length of the periodic structure is a and L4, Dy are length and diameter of the thicker beam while,
Lp, dp designate the length and diameter of the thinner beam. The material properties and geometric
parameters are as follows:

L=40mm; Dy=8mm; dp=4mm; density p= 2700kg/m3;
Young’s modulus £ =70 GPa; Posson’s ratio v = 0.33.

In general, for any elastic beam structure, longitudinal and bending waves coexist with distinct wave
dispersion characteristic. The propagation of longitudinal waves is linearly dispersive that is governed
by w? = k*E/p, however, flexural waves show nonlinear dispersion behavior. To ensure the decoupling
of longitudinal and flexural waves, the unit cell of the PnC is arranged symmetrically with respect to the
xy-plane. A topological shape parameter § = (L4 +2Lp)/L is introduced to characterize a topologically
distinct unit cell.

The spectral element method with Timoshenko beam model is applied here to derive the band struc-
ture and frequency response spectra for bending waves. A constitutive relation for dispersion spectra
of longitudinal wave is also derived (see Section 3.1). The symmetry properties of the edge modes
are determined by the Zak phase (see Section 4). The theoretical findings are validated by numerical
simulations of COMSOL Multiphysics.
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Interface

Figure 1. Top: geometry of the PnC beam units. Bottom: finite length PnC beam with
interface highlighted by red arrows.
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Figure 2. Comparison of the theoretical and numerical models for flexural wave propa-
gation with varying slenderness ratio L /D 4. Black dashed line for L /D4 = 5 represents
geometric parameter adopted in the present study.

3. Governing equations and solution methodology

3.1. Flexural waves. For flexural wave propagation in a beam with a considerable thickness-to-length
ratio (significantly shear deformable), the characteristic equation of motion can be expressed as follows
[Gao et al. 2018; Yu et al. 2006; Zhou et al. 2019b]:

EIZ 84w(x,t) Iz (1+ E ) 84w(x,t) 82w(x,t) + plz 84w(x,l‘) -0 (1)

pS  axt S «G) 9x2312 312 kGS a4 ’
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where EI,, G and « are flexural rigidity, shear modulus and shear correction factor for the beam, while
S, p are cross-sectional area, mass density and w(x, t) = W (x)e'*" is lateral displacement of the beam
with W (x) being mode shape function and w is angular frequency. For a circular or rectangular beam,
the following expressions apply:

3 3 5(1
uig (rectang.) E zluzh (rectang.) 6( _:; E) (rectang.)
IZ= D4 EIZ= ED4 K = 6(1+U)2 (2)
L (circular) T (circular) ——————~— (circular)
64 64 7+12v+4v2

For such a shear deformable beam, the Timoshenko beam model is applicable. The governing equation
for bending moment and shear force is, respectively,

oy dw
M=El,—, V=«kGS|——-v |, 3)
ox ox
where 1 is the angular rotation of circular beam that is related to w(x) by
EI 33 1 d
v = z w(x) Elia)2+KGS w(x). “)
kGS —pLw? 0x3 kGS — plw? kG x

For generality in formulation, the key quantities are made dimensionless by introducing the variables

w=uw/L, X=x/L, @=wl/ps/Es ¢=EL/(EgL),p=p/ps, )
S=S§/L* I.=1I/L* G=G/Eg, M=M/(EgL®), V =V/(EgL?),

where Ep and pp are Young’s modulus and density of beam B, respectively. By substituting (4) into (3),
the normalized constitutive relations are

v =Aw" +Bw, M=Cw'(x)+Dw(),, V=«GS(1—-Bw —Aw"). (6)

The normalized bending moment using (6) becomes
=2

W@ =" @) + 2 w. %
kG
In (6) and (7)) the derivatives are with respect to x and A, B, C, D are given by
1 = o =2
kGS —pl, o kGS —pl;w kG kG
Using these dimensionless quantities, (1) can be rewritten as
d*w ¢ - ;] 82 (= pl@

— — 41, ) po | —mw—pw[S——— Jw=0. 9
¢ai”[<:«6“>”“’]8ﬁw (502 ) ©

As in [Zhou et al. 2019b], the surface effect is neglected here. The harmonic solution to (9) is
W(x) = Arer. (10)
Substituting this relation into (9) yields

S1¢t+ 807+ 83 =0, (11)
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with ~
- - pl
Si=¢, S =—pa° <i_+lz>, 53:—,552(5—p—j52>. (12)
kG
Solving (11) in ¢ yields four solutions:

. ¢ \/—Sz+\/522—4S1S3 . \/—Sz—«/sg—4sls3

= 13
285 28 (13
Hence, the general solution of (11) can be expressed as
W(E) = A1eXT + Arel 0% 1 A3el 5T 4 Agel 1T (14)

where the A; (j =1, 2, 3, 4) are unknown coefficients to be determined by the boundary conditions.
We introduce a nodal displacement vector g = (qLT q£)T, which according to (6) can be written as
¢ = Pb. (15)
Superscript T in the equations above means transposition, g; = [w(0) ¥ (0)]7, gz = [tI)(L_)lp(L_)]T,
b= [A1 A2 A3 A4]T and

1 1 1 1
i X1 iXs i X3 iX4
P = ei{]lj el'{z[j ei{3i ei(4lj ’ (16)

X190 iXpei@L X530l X eltel
where X; = ¢;(B — Agjz) and L = Lg/2 or L 4. The nodal force vector f = [fLT fRT]T is written as
f = Rb, (17)
in which f, =[~M(0)— V(0)]" and fr = [M(L)V(L)]". Here R is

-7 -7 — 75 —7Z4
—iY, =Y, —iYs =Yy
Zleigll‘ deigzl‘ Z3€i§31‘ Z4€i§4L ’
iY1el9l jY,ell jYaelBL [y eitl

(18)

where Y; =« GS (1 — B+ A;}) ¢j, Zj=D—C¢; with j =1,2,3, 4. Combining (16), (17) and (18),

we get
FaEES A -
I(?A,B) D;AL,B) D%AR,B) qI(QA,B) .
Superscript A, B denote the parameters calculated on the left and right sides of subbeams A and B.
Also, we have

D(A’B) D(A’B) 4
D(A,B) — LL LR — R(A,B) (P(A,B)) , (20)
D(A’B) D(A’B)
RL RR
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which is the dynamic stiffness matrix. The dispersion relation and band structure study involve an infinite
periodic unit cell structure. The equation of motion for each unit cell can be described by the dynamic

stiffness matrix as follows:
fE | Qrr Qrr q? 21
S f? Ori. ORr q 1/3
Furthermore,

P = [DIL?L - DIL?R(DIER + DLAL)_IDER] i (DllgR + DfL)_lDqung
fl? = _DfR (DllgR + DéL)_]DquLBL + [DléR - D?R (DllgR + DfL)_lDfR] ‘I/fe‘R’

where Q = |: gii gii ] is the dynamic stiffness matrix for each unit cell with

Q1. =UrL —ULg (Ugr + DEL)_I Uk,
Qrr=-Urgr (Ugr + DEL)_1 D?,, )
OrL = —DQL (URR + DEL)_I UrtL,
Qrk = Dfp— D, (Urr +Df,) " Dl
Ui =D}, — Dig (Dig + DfL)_l Dg;.
Urr = —Dix (Dgg + D?L)_1 Di. (23)
Urr = —Dp, (Dgg + DfL)_1 Dg;.
Urr = Dgg — D (DRg + D?L)_l Dip.

Using the expressions above and applying the continuity condition f If = — fLA, qg = q’L“ at the

interface between beams A and B, and further applying the Floquet—Bloch periodicity condition, the
physical parameters at both ends of the unit cell become

qr=c"qr. fi=—<"f, (24)
where k designates the dimensionless Bloch parameter. Combining (21) and (24) gives

[e** — Q7 Orre™ +€* Q2 Q1L — Q1 QrL]at, =0,

. . - (25)
*rqp +e* Qule [Qrr+ Qrrlar, + Q1 x Qreqr, =0.
By further modification, (25) can be reexpressed as follows [Zhou et al. 2019b]:
0 I qr _ ik ar —0
Q7 rQr. Qrp(Qrr— Qr1) | \e™qf ekqp 06

0 I qr ik ar _
~1 ~1 ik B € i s ] =0
_QLRQRL _QLR(QLL+QRR) e"qr eqy
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where I is the 2 x 2 identity matrix. This is the generalized eigenvalue problem for dispersion relation.
The solution of (26) yields four roots of e’* for a specific value of the normalized frequency @. If the
complex root is x +iy and the associated Bloch parameter k is p+iq, with x, y, p, g being real, according
to [Han et al. 2012; Muhammad et al. 2019] the expression x + iy can be written in the form of p and ¢
as

g =—In(x*+y%), 27
arctan(y/x) if x >0,
p = § m + arctan(y/x) if x<Oandy >0, (28)

—m +arctan(y/x) if x <Oand y <O.

Next, we consider the propagation of flexural waves in finite number of unit cells as shown in Figure 1.
An excitation force is applied at the left (right) end and the output response in the form of out-of-plane
displacement is received at the right (left) end. The wave motion in finite length PnC can be described
by expressing the global stiffness matrix as follows [Zhou et al. 2019b]:

Jiot = Qtot Grot- (29)

Here fior, ot and Q¢ are global force, displacement and stiffness matrix respectively. In the case of
an excitation signal induced at the left end of finite length PnCs and the out-of-plane displacement is
recorded at the right end, the force, displacement and stiffness vectors are

90 fo
Grot = q(51) N 0 . Jo= ( }())I ) . 4o = (%i ) s 4Ny = (%Z ) , (30)
qa) 0
o) i 0 0 0 0
0 20 + 26 @ 0 0
0 R R R
Owt=| 0 0 : : 0 0 |. @3
‘ (N 2)+ (N 1) (L]\I/e 1) 0
Qv Q1)+ Q) Q)
i 0 0 0 0 Q(N) Q(N)

The wave transmission ratio can be expressed as

FRF =20log 22, (32)
wy

where wg and w; are the out-of-plane displacement at the output and input end of the finite length PnCs.
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3.2. Longitudinal waves. Now we consider the propagation of longitudinal waves in an infinite PnC.
The longitudinal wave propagation can be expressed by [Muhammad et al. 2019]

Pu 3 [ du

—=—\E—), 33

a2 dx ( 8x> (33)
where pand E are mass density and Young’s modulus. The displacement in the n-th unit cell can be
expressed written as

ufl(x’ t) — U,ES)eiwt — [A’(,ls)+eikx + A;S)—e—ikx] eia)l“ (34)

By considering continuity of displacement and stress at the interface of topologically distinct PnCs and
periodicity condition U,Ef ((x+h)= U,ES)(x)eikL, the unknown coefficients {Af,l)Jr, A,(,l)_, A,(ZZH, Aflz)_}
can be determined by

1 -1 1 —1
2 2 2 2
© Zy _ @ Zy 0 Zy © Zy ADY
CLy PB CLy PA CLy PB CLy PA A=
’(kL’va Ls) et K (kL+L_Z’B Lp) et AD+
2 2 . 2 . 2. AD-
w ZBei(kL—leB) _ w ZAelCZ)A La _ w ZBel(kL+fz)B LB) w ZAe—lEZ)A Ly n
| CLp PB CL, PA CLy PB CL, PA i

=0, (35

where Z = pcy is the impedance, k is the wavenumber and ¢, is the longitudinal wave velocity. Super-
script A, B designate quantities for corresponding beams. From (35) the constitutive equation for the
dispersion relation can be computed as

2wL L 1/8 S 2wL L
cos(kL) = cos bk cos oA _ —(—A + —B) sin el sin @ 4 (36)
crL cr 2\ Sp  Sa cL CL
Substituting L = L4 + 2L g leads to
_ oL Sy S 2oL oL
cos(kL) = cos(2=) —0.5 <_—A + 28 2) sin 2228 gin 224 37)
CL S Sa CL CL

which is the dispersion relation for longitudinal waves. For each w, the wavenumber k can be determined
accordingly.

The propagation of longitudinal waves in a finite length PnCs as shown in Figure 1(c-d) is further
considered. The wave motion for a finite PnC can be expressed by the global stiffness matrix as

Jiot = Dot Grot (38)

where Dy = K — M@? is the dynamic stiffness matrix with K and M being the global stiffness and
mass matrix, respectively. Besides, fiot and g are vectors of the global nodal force and displacement,
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respectively, given by

q0) Jfo
Grot = q(.l) N 0 o Jo= (IZ)I) qo) =, qw = o), (39)
qw) 0
[ DE DEF 0 0 e 0 0 ]
Dfy DEF+ DL DGR 0 : : 0
o DY DEFDY
Dy = 0 0 0 0 . (40)
: - D+ DGy DR, 0
: 0 Dy, D{i )+ Dy D
|0 0 0 0 0 D{; D{E |

The wave transmission ratio can be expressed as

FRF =20log 22, (41)
ur

where ug and u; are the displacements at the input and output ends.

4. Phononic crystal geometric phases

Pancharatnam [1956] introduced the idea of geometric phases while investigating light propagation
through a sequence of polarizers. The study was latter extended to quantum mechanics in [Berry 1984].
See [Ma et al. 2019] for a detailed review of geometric phase in acoustic and mechanical lattices. The
intersection of two bands at the Weyl point [ Young et al. 2012] in a 3D system results in the variation of
geometric phases. The Weyl point can be regarded as a source/drain of Berry flux, which is the surface
integral of Berry curvature enhanced topological charge. For a 2D system, the Chern number is used to
indicate the surface integral [Aidelsburger et al. 2014]. For a 1D model, the Zak phase is an integration of
Berry connection [Ma et al. 2019]. Multiple studies have explained this characterization through the Su—
Schrieffer—Heeger (SSH) model for acoustic and electronic system [Chiang et al. 1977; Li et al. 2018].
There are multiple studies [Chiang et al. 1977; Mei et al. 2016; Su et al. 1979] on the energy bandgap
by electrons staggered hopping at the joint of unit cell. For a 1D system, the closing and reopening of
bandgap depend upon the strength of intercell and intracell hopping. The topological nontrivial phase is
induced when intercell hopping is stronger than intracell hopping. Stronger intracell hopping results in
trivial topological phases. The interface mode is induced for lattices with nontrivial topological phases.

Apart from the SSH model, the similar concept can be applied in PnCs. The hopping strength can be
controlled by adjusting the cross-sectional area of the unit cell. Variation in the cross-section of the unit
cell lattice reveals band closing and reopening with an exchange of geometric phases determined by the
Zak phase. The geometric phases of the bulk band are determined by integrating the Berry connection
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over the Brillouin zone [Ma et al. 2019]. Due to inversion symmetry of the unit cell, the Zak phase has
a quantized value of 0 or 7. For a bulk band with Gzak 0, the symmetry at the center and edge of the
Brillouin zone remains unchanged however for a bulk band with anak = m, the symmetry of the edge
mode at the center and edge of the Brillouin zone varies and it results in an antisymmetric edge mode.

As reported in [Li et al. 2018; Xiao et al. 2015; Zhao et al. 2018] for acoustic media and in [Muhammad
et al. 2019; Yin et al. 2018; Zhou et al. 2019b] for elastic media, geometric phases provide important
information about the symmetry characteristic of the edge states. The transition in the symmetry type
of band edge for a topological PnCs results in the generation of an interface mode. If two PnCs with
different topological properties (symmetric and antisymmetric edge states) are combined and the mode
transition frequency is common between their bandgaps, an interface mode with robust energy field at
the boundary of PnCs are induced. Thus, the knowledge of geometric phases is important for achieving
a TPIM. Although the Zak phase has been extensively studied in the acoustic system in theory and
experiment [Xiao et al. 2015], in this study the method reported by [Xiao et al. 2015] is adopted to
numerically determine the Zak phase of the Bloch bands in elastic media.

The geometric phase of the n-th Bloch band in a 1D system can be expressed as

w/a
g7k — f / |:i / i 20 ——dx&! k(x)aénk(x):| dk, (42)

where &, ¢ (x) is the Bloch eigenstate function of the periodic structure for a specific wavenumber k and
1/ (2,oc2) is the factor for weight function of elastic medium. The Bloch eigenstate function in the n-th
Bloch band is given by [Xiao et al. 2015]

Up i (x) or Wy i (x) = &, (x)e*™. (43)

Here U, x(x) and W, ;(x) denote the longitudinal and flexural modes, respectively. COMSOL Multi-
physics is used to discretize (43) and determine the Zak phase [Xiao et al. 2015], using

g7k = Ilen |:ﬁmt 2pc S dx&, 1, ()38, k,+1(x)i| (44)

cell

5. Result analysis and discussion

5.1. Flexural waves. To verify the validity and accuracy of this theoretical model, a COMSOL based
numerical simulation study is conducted for the finite (frequency response) and infinite (band structure)
models. For flexural waves, TB1 (§ = —0.9), TB2 (§ = —0.71) and TB3 (§ = —0.38) are considered
with band structure shown in Figure 3. For the first three Bloch bands, the geometric phases for the
lower and higher edges of the second bandgap is determined. The geometric phase of the second Bloch
band for TB1 is symmetric while for TB3 it is antisymmetric with respect to the central cross-sectional
plane. The band inversion for TB2 is shown in Figure 3(b). The center and edge vibration modes of
the Brillouin zone are shown at the inset of Figure 3. For TB1 since the center (yellow) and edge (red)
vibration mode of Brillouin zone is symmetric with respect to the central cross-sectional plane, the Zak
phase is 0 while for TB3 it is opposite.
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[=o=COMSOL Theoretical model] i [=o— COMSOLIIfTheoretlcal model . [=9—COMSOLJ

Theoretical model
— T

0
kal2rx

Figure 3. Flexural waves band structure with geometric phases of the band edge-state
for (a) TB1, (b) TB2, and (c) TB3. An exchange in wave mode polarization with band
inversion and accidental degeneracy can be observe for TB2. Mode shapes correspond-
ing to center and edges of the Brillouin zone are shown at the inset of figures where
symmetric and unsymmetric edge states can be distinguished. Solid black and dotted
violet colors correspond to theoretical and numerical results, respectively.

—— — .
R COMSOL Theoretical model
g IBL _TBZ  TB3 TB4 —__TBS TB6  TB7

Figure 4. Dirac cone for flexural waves with bounding eigenfrequencies calculated for
varying & with band transition and accidental degeneracy point. Solid (theoretical) and
dotted (numerical) red and violet colors correspond to antisymmetric and symmetric
edge states, respectively. At the mode transition frequency, an exchange in wave mode
polarization can be observed through the mode shapes.

Furthermore, the bounding eigenfrequencies for the second and third Bloch bands corresponding to
varying & at the center of the Brillouin zone (k = 0) are determined. The symmetric (purple) and antisym-
metric (red) edge modes are highlighted with band inversion. An exchange in wave mode polarization
is observed at TB2, the details are available in [Muhammad et al. 2019; Yin et al. 2018]. For § > —0.9,
the difference in frequency for the lower edge of the second bandgap can be observed due to model
dissimilarity between the spectral element method and FEM.
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Figure 5. A finite unit cell based frequency response study with five unit cells of TB1
connecting five unit cells of TB3 with interface mode. An excitation force is applied at
the left (right) end and displacement is recorded at the right (left) end. The existence
of interface mode can be seen from the von Mises stress plot shown at the bottom. The
interface mode frequency (black arrow) is identical to the mode transition frequency in
Figure 4.

We consider ten unit cells of TB1-TB3 to analyze the presence and significance of TPIM. An excitation
signal is applied at the left (right) end of the finite length model and out-of-plane displacement is recorded
at the right (left) end. Since the mode transition frequency is common between the bandgaps of TB1-TB3
(Figure 4), an interface mode is generated as shown in Figure 5. The simple and von Mises stress figure
of finite length PnCs with interface mode are shown for reference. From the von Mises stress figure,
localization and confinement of wave energy at the interface of TB1-TB3 can be observed. The interface
mode corresponds to mode transition frequency where an exchange in wave mode polarization occurs
(see Figure 4), thus the accuracy of the finite unit cell model developed in this study is validated.

Furthermore, we also consider ten unit cells of TB1-TB3, TB1-TB4 and TB5-TB7 separately to further
corroborate the claim for TPIM generation. As shown in Figure 6, for TB1-TB4 and TB5-TB7, no
interface mode is obtained because the mode transition frequency is not common between the bandgaps
of topologically distinct PnCs. Thus, it validates the statement that an interface state is induced when
PnCs are topologically distinct and mode transition frequency is common between the bandgaps.

5.2. Longitudinal waves. In this section, we consider longitudinal wave propagation in topologically
distinct PnCs shown in Figure 1. The response of the band inversion for TL2 (§ = 0), band structures
for TL1 (6 = —1/3) and TL3 (6 = 1/3) is presented in Figure 7. The geometric phases of the Block
bands at the lower and upper edge of the bandgap are highlighted. For TL1 the edge state at the center
and edges of the Brillouin zone is symmetric with respect to the center cross-sectional plane 92zak =0
while for TL3 it is antisymmetric Gzzak = where the bandgap closing and reopening can be observed
for TL2. This conclusion is further confirmed by the vibration modes shown at the inset of the figures.
The symmetry characteristics of the bounding edge states are determined by scanning the geometric
parameter § at the center of the Brillouin zone (k = 0) as shown in Figure 8. Through the theoretical and
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Figure 6. A finite unit cell based frequency response study. (a) Five unit cells of TB1
are connected with five cells of TB3 and the interface mode is shown with red arrow. (b)
Similarly, five unit cells of TB1 are connected with five unit cells of TB4. (c) Five unit
cells of TBS5 are connected with five unit cells of TB7. For (b,c) no interface mode is
observed as the mode transition frequency is not common between the bandgaps.
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Figure 7. Longitudinal waves band structure of topologically distinct PnCs with (a)
TL1 (b) TL2 (c) TL3 with geometric phases determined by the Zak phase analysis. An
exchange in wave mode polarization with band inversion and accidental degeneracy can
be observed for TL2. Mode shapes corresponding to center and edges of the Brillouin
zone are shown at the inset of figures where symmetric and unsymmetric edge-mode
states can be distinguished. Solid black and dotted violet colors correspond to theoretical
and numerical solutions, respectively.
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Figure 8. Longitudinal waves Dirac cone plot with bounding eigenfrequencies deter-
mined for varying § with band transition and accidental degeneracy point. Solid (theo-
retical) and dotted (numerical) red and violet colors correspond to unsymmetric and sym-
metric edge-mode states, respectively. At the mode transition frequency, an exchange in
wave mode polarization can be observed through the mode shapes shown.

numerical approaches developed here, the symmetric (purple) and antisymmetric (red) edge modes are
successfully distinguished. For varying §, the transition in the geometric phases and band inversion can
be observed at TL2 where an exchange in the wave mode polarization occurs. Because longitudinal wave
propagation is linearly dispersive in nature [Muhammad et al. 2019; Yin et al. 2018], thus comparing
to flexural waves, a combination of any § smaller or greater than O can induce an interface state, see
Figure 10 for more details.

The result of an infinite unit cell model is validated by considering five unit cells of TL1 and TL3
connected together. A harmonic excitation force is applied at the left (right) end of the finite length
PnCs and the displacement as output is recorded at the right (left) end. As shown in the Dirac cone plot
(see Figure 8), the mode transition frequency is common between the bandgaps of TL1-TL3, thus the
interface state exists. The frequency response study validates and reveals the existence of an interface
mode as shown in Figure 9. The mode transition frequency reported in the Dirac cone plot is identical
to the interface state frequency obtained from the theoretical and numerical models.

Similarly to Figure 6, an analysis by varying the geometric parameter array of unit cells to validate the
existence of interface mode is attempted. For longitudinal wave, as demonstrated in Figure 8, any two
geometric configurations with a mode transition frequency common between the bandgaps of topological
distinct PnCs, can induce an interface state. In Figure 10, it shows the generation of an interface mode
resulting from ten unit cells of TL1-TL3 and TL4-TL5. The interface mode is highlighted with black
arrow. Both theoretical and numerical findings further validate the conclusion for TPIM.

The spatial distribution of the displacement field at the interface mode frequency for longitudinal
and bending elastic waves is shown in Figure 11. At the boundary of topological PnCs (x = 0), the
displacement is maximum and away from it, the wave energy decays. A similar conclusion can be
observed from the von Mises stress plot shown in Figure 5 and Figure 9.
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Figure 9. A finite unit cell based frequency response study with five unit cells of TL1
connecting five cells of TL3 with interface mode. An excitation force is applied at the
left (right) end and displacement is recorded at the right (left) end. The existence of an
interface mode can be seen from the von Mises stress plot shown at the bottom. The
frequency of the interface mode is identical to the mode transition frequency in Figure 8.
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Figure 10. A finite unit cell based frequency response study. (a) Five unit cells of TL1
is connected with five unit cells of TL3. (b) Five unit cell of TL4 is connected to five
unit cells of TL5. The interface state at mode transition frequency is shown with a black
arrow.

6. Conclusions

In summary, a theoretical study with numerical simulation on the topological characteristics of the 1D
PnC for longitudinal and bending elastic waves is presented. The interface modes are reported by spectral
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Figure 11. Spatial distribution of displacement field across the length of finite length
PnC at the interface mode frequency for (a) longitudinal and (b) bending elastic waves.

element based theoretical and FEM based numerical techniques. The flexural wave dispersion relation
is derived by using the Timoshenko beam model with the spectral element method. We also derived
the constitutive relation for the longitudinal waves band structure with frequency response analyses.
The geometric phases of the Block bands are determined by the Zak phase analysis. The symmetry
characteristics of the edge modes are identified and the band inversion along with an exchange in wave
mode polarization caused by topology is investigated. The Dirac cone plot for the flexural waves show
distinct behavior due to nonlinear dispersive nature as compared to the longitudinal wave counterpart.
The geometric phases provide useful information not only about the symmetry properties of the edge
modes but also the presence of topologically protected interface modes. With the mode transition fre-
quency being common between the bandgaps of topologically distinct PnCs, an interface mode with
robust energy field at the interface with decaying energy field away from it can be observed. The robust
nature, immune to backscattering and sharp edges properties of the interface mode, makes it a potential
tool for solving vibration related engineering problem.

The conclusions here may contribute in the better understanding of topological phenomena of 1D PnCs.
The results have been validated by comparing the theoretical and numerical solutions with excellent
agreement achieved.
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List of symbols
a lattice constant S,S,S4, Sp cross-section area
A=Ay unknown constar}ts S1, S, S5 unknown coefficients
B unknov'vn coefficient vector . W, i in-plane displacement
A, B,C, D coefficients for angular deflection, U longitudinal wave field
shear force and bending moments V"’]‘% shear force
cr longitudinal wave velocity L .
D dynamic stiffness matrix w, W out-of-plane displacement
X . W, flexural wave field
dp diameter of thinner beam mk .
. . X, X local coordinate
Dy diameter of thicker B 7 impedance
i
E young’s modulus P .
f nodal force vector 0 symmetric edge mode
GG shear modulus ) geometric parameter
T o g unknown roots
I, 1 moment of inertia
IZ ¢ identity matrix gZak Zak phase of nth Bloch band
o i iota
El, flexural rigidity .
K ' wavenumber K shear correction factor
) ) v oisson ratio
K stiffness matrix £ gloch civenfunction
. igenfuncti
L,Ly, Lg total length of beam with nk t' sent q q
designated length for beam A-B T an 1symmetr1c cdge mode
L/Dy slenderness ratio P, ,’IO B density )
M, M bending moment 2ict summa.tlon o
M [mass matrix o} normalized flexure rigidity
Py input excitation force v . angular‘ rotation
q nodal displacement vector W, ® normalized angular frequency
0 dynamic stiffness matrix R first, second and third
for each unit cell differentiation with respect to x
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