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YAN HAO, HULIANG DAI, NI QIAO, KUN ZHOU AND LIN WANG

The present study focuses on investigating dynamics and stability of an axially moving beam subjected to
axial flows. The axially moving beam is simply-supported at both ends. The added mass of fluid attached
to the beam and the nonlinear additional deflection-dependent axial force are considered in deriving the
governing equation of motion. Firstly, the stability analysis is performed with consideration of the effects
of parameters such as axial flow velocity, the speed of axially moving beam and slenderness ratio of the
beam. It is indicated that the beam loses stability via buckling or flutter at a critical speed of moving
beam which is associated with variations of system parameters. Subsequently, the nonlinear dynamic
responses of the beam for increasing moving speed under different axial flow velocities are investigated
in detail. Results show that the beam can successively experience buckling and flutter behaviors. In
addition, effects of system parameters like mass ratio, slenderness ratio, and pretension on instability
mode, buckling displacement and flutter amplitude of the beam are explored to obtain their sensitivity
to dynamics of the moving beam. These findings provide an important guidance for designing axially
moving structures in engineering applications.

1. Introduction

Axially moving structures (e.g., axially moving beams [Ghayesh et al. 2013a], belts [Hedrih 2007],
strings [Chen et al. 2009], plates [Ghayesh et al. 2013b] can be applied in many engineering devices, such
as magnetic tapes, aerial cables, power transmission belts and band saw blades. Owing to the widespread
applications, the dynamics of elastic or viscoelastic beams axially moving at a certain speed have attracted
increasing attention in the past decades from both academic and engineering realms. Hitherto, a great
deal of research works on the dynamical behavior of axially moving material has been reported. One
can get a general understanding of this field in [Mote Jr. 1968; Wickert and Mote 1988; Chen 2005;
Marynowski and Kapitaniak 2014; Païdoussis and Li 1993].

Problems of interaction between axially moving structures and fluid have significant applications in
shipping and ocean engineering, underwater equipment and aeronautical industries. Acoustic streamers
used in ocean exploration [Telford et al. 1976], steel strip in continuous hot-dip galvanizing process [Li
et al. 2013; Wang et al. 2016] and the underwater towed slender structures [Brown 2006; Kyriakides
and Corona 2007] are typical examples. There are many fluid forces applied on structures and they
have a great effect on the dynamics and stability of the axially moving structure system. In recent
decades, many researches about axially moving structures like plates or beams under flow conditions
have been conducted. Frondelius et al. [2006] investigated the interaction of an axially moving band and
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surrounding fluid through boundary layer theory. Their results are significantly different from the earlier
work. The dynamic behavior of axially moving plates and membranes immersed in axially flowing ideal
fluid was investigated in [Banichuk et al. 2010; 2011]. Taleb and Misra [1981] investigated the dynamics
of an axially deploying beam submerged in dense fluid, and Gosselin et al. [2007] improved Taleb’s
work by taking the axial added mass coefficient into account. Inspired by their works, Yan et al. [2016]
investigated the dynamics of an extending beam attached to an axially moving base immersed in dense
fluid. They found that the increase of velocity of the moving base can stabilize the system. Huo and Wang
[2016] developed a theoretical model for an axially deploying/retracting cantilevered pipe conveying fluid
and carried out a linear analysis. Then, Yan et al. [2018] tackled the same problem as Huo and Wang
[2016]. They investigated the nonlinear dynamics of a sliding pipe conveying fluid. Wang and Ni [2008]
conducted a linear study on the vibration and stability of an axially moving beam immersed in fluid using
the differential quadrature method (DQM). The natural frequencies of the system were obtained for three
different boundary conditions, i.e., hinged-hinged, fixed-fixed and hybrid supports with torsion spring.
Afterwards, Ni et al. [2014] investigated the linear vibration and stability of a cantilevered beam attached
to an axially moving base which was immersed in fluid. In this work, a transformation between absolute
and moving coordinates was introduced to construct the theoretical model. In addition, a study on an
underwater slender beam with two axially moving supports has been done in [Li et al. 2015b]. By utilizing
the same modeling method as in their previous work, nonlinear governing equations are obtained and rich
dynamic behaviors are detected. Païdoussis [1968; 1970] conducted some experiments and constructed
linear theoretical model to study the dynamics and stability of towed cylinders. Qualitative agreement
between experiment and theory was reached. Moreover, Païdoussis et al. [2002], Lopes et al. [2002] and
Semler et al. [2002] conducted a fully nonlinear analytical investigation on the dynamics of a beam in
axial flow. De Langre et al. [2007] proposed a simple model for the dynamical behaviour of long flexible
cylinders in axial flow. Numerical results and experimental data show that flutter may exist for very long
cylinders. Kheiri et al. [2013a; 2013b] derived three-dimensional linear equations of motion with consid-
eration of cross-current effect to investigate the dynamics of long pipes towed underwater. Results show
that the pipe may lose stability by divergence and at higher flow velocities by flutter. It should be noted
that Kheiri et al. [2013c; 2015] developed a nonlinear model for a towed flexible slender cylinder via
Hamilton’s principle and conducted an experiment. The numerical results agree well with experimental
observations, which show that a sufficiently blunt tail end-piece has a significant stabilizing effect.

In addition, Wang and Zu [2017a] investigated the instability of a viscoelastic plate, which moves
longitudinally at variable velocity and is in contact with ideal liquid, by using multiple-scale method.
Considering a plate made of functionally graded materials, Wang and Zu [2017b] and Wang [2018]
investigated the multifield coupled dynamics of an axially moving system. Li et al. [2015a] studied the
internal resonance of an axially moving unidirectional plate which is partially immersed in fluid and
under foundation displacement excitation. More recently, Li et al. [2018] tackled a similar problem
as that in their previous work [Li et al. 2015a], while this latest work was mainly concerned with the
characteristics of combination resonances and its stability of this fluid-structure coupling system under
two frequency excitations.

However, the previous studies on axially moving structures in fluid did not consider the flow velocity
in the axial direction (i.e., the axial flow velocity equals to zero). Although some researches [Dowling
1988; Kim and Perkins 2002] mentioned the axial flow, the axial flow effect in their researches is actually
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Figure 1. Schematic of an axially moving beam in axial flow.

due to the underwater structures being towed or axially moving themselves. That’s to say, the external
axial flow velocity is indeed zero. And it is noted that an axially moving beam in external axial flow
with nonzero velocity is a common problem in ocean engineering and other applications. Hence, it is
significant to take the axial flow into account when investigating the dynamic behaviors of axially moving
structures. Motivated by this, the present study focuses on investigating the dynamics of axially moving
beams in axial flow with nonzero velocity.

In this paper, we consider an axially flexible beam moving at the speed of V with both ends supported.
The axially moving beam is simultaneously subjected to axial flow with velocity Vf , as shown in Figure 1.
A nonlinear governing equation of motion will be derived by using Newtonian method and discretized via
Galerkin’s technique. Based on Runge–Kutta numerical method, the dynamical behavior and vibration
responses of the beam are obtained.

2. Theoretical modeling

2.1. Assumptions and kinetic description. The axially moving beam indicated in Figure 1 has length l,
diameter D, area moment of inertia I , and mass per unit length m. A complex elasticity modulus of
material is utilized, E0 I (1 + γ ∂/∂t), where γ is a coefficient of internal dissipation assumed to be
viscoelastic and of the Kelvin–Voigt type. The simply-supported beam is travelling at a speed of V .
It is subjected to a pretension T0 and an axial flow velocity Vf . The density of the fluid is ρ. In the
present study, we assume the fluid is incompressible and the mean flow velocity is constant. Although
the deflections of the beam may be large, the strains are small. Furthermore, the influences of pressure
drop, gravity, shear deformation and rotary inertia of the beam are ignored for a simplified analysis.

In this work, the longitudinal and transverse displacements of the beam element are denoted by u(x, t)
and w(x, t), respectively. Moreover, it should be noted that longitudinal displacements are one order of
magnitude smaller than the lateral ones, hence u(x, t) can be ignored in the Newtonian approach. Then,
the velocity and acceleration of the same element can be easily obtained [Ghayesh 2012; Yan et al. 2016]:

Vbx ≈ V, abx ≈ V̇ , Bby =
∂w

∂t
+ V

∂w

∂x
, aby ≈

(
∂

∂t
+ V

∂

∂x

)2

w, (1)

where the subscripts bx and by stand for components of the velocity or acceleration of the beam element
along the x- and y-direction, respectively. The over-dot denotes the derivative with respect to time.



40 YAN HAO, HULIANG DAI, NI QIAO, KUN ZHOU AND LIN WANG

2.2. Added mass and inviscid hydrodynamic forces. For this system, the lateral virtual mass per unit
length is considered and defined as mv = ρ(

1
4πD2). However, in the axial direction of the beam, ac-

cording to Païdoussis [2016] and Gosselin et al. [2007], the mass of the fluid attached to the beam is
smaller than that of the lateral-direction virtual mass. Therefore, an “axial added mass coefficient” β is
introduced to modify axial virtual mass as βmv, where β varies between 0 and 1.

In the lateral direction, the resultant relative velocity between beam and fluid flowing past it can be
expressed as [Lighthill 1960]

Vr =
∂w

∂t
+ (V + Vf )

∂w

∂x
. (2)

We suppose that this flow has momentum mvVr per unit length of beam [Païdoussis 1998], the rate of
change of this momentum per unit length is [∂/∂t + (V + Vf ) · ∂/∂x]mvVr and brings about an equal
and opposite lateral force on the beam [Lighthill 1960]. According to Gosselin et al. [2007], this lateral
inviscid hydrodynamic force can be rewritten as

FAL = mv

(
∂

∂t
+β(Vf + V )

∂

∂x

)2

w. (3)

According to Païdoussis [2016], the dynamics of cylinder in axial flow is principally controlled by the
inviscid force, which can be expressed as mv(∂/∂t +βVf · ∂/∂x)2w. Thus, it is supposed that the effect
of V is simply to change Vf to Vf + V , and its effect on the dynamics of axially moving beam in axial
flow can be expected to be quantitative rather than qualitative, as compared to a stationary cylinder in
axial flow.

Owing to the fact that the beam is axially moving with speed V and immersed in fluid, the momentum
per unit length of the fluid attached on the beam in the axial direction is βmvV . Hence the axial inviscid
hydrodynamic force FAD can be obtained as

FAD = βmv V̇ . (4)

2.3. Viscous forces. According to Taylor’s work [Taylor 1952], the viscous forces per unit length of the
beam along normal and longitudinal directions are

FN =
1
2
ρDU 2(CDp sin2 i +C f sin i

)
, (5)

FL =
1
2
ρDU 2C f cos i, (6)

where C f and CDp are frictional and form drag coefficients, and i is the angle of incidence of the beam.
After straightforward but tedious manipulations and a linearization procedure, one can get the viscous

forces in their simplest form as

FL =
1
2

mv

D
(Vf − V )2 c f sgn(Vf − V ), (7)

FN y =
1
2

mv

D

[
c f |Vf − V |

(
∂w

∂t
+ Vf

∂w

∂x

)
+ cd

(
∂w

∂t
+ V

∂w

∂x

)]
, (8)
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where FN x can be neglected for its high order, and sgn(Vf − V ) is a sign function, i.e., sgn(Vf − V )= 1
if Vf > V ; sgn(Vf −V )=−1 if Vf < V ; sgn(Vf −V )= 0 if Vf = V . Details for derivation of the above
expressions of (7) and (8) are given in Appendix A.

It is obvious that the dynamics of structures in axial flow also depends on the viscous forces. However,
viscous forces do not control the stability behaviour and just modify it [Païdoussis 2016]. One can find
that the expressions of viscous force shown above contain terms with Vf − V , which just shows that the
model of an axially moving beam in axial flow is quite different from that of a stationary cylinder in
axial flow, i.e., the case of V = 0.

2.4. Newtonian approach. An element δx of beam is chosen for modeling the dynamic equations, as
shown in Figure 2. Let the shear force, axial tension and bending moment be denoted as Q, T and M ,
respectively. The inertia forces along the x- and y-directions are denoted as FI x and FI y . Summing
forces in the x- and y-directions and the moment in the out-plane direction, yielding

FI x −
∂T
∂x
− FL − FN x + FAD = 0, (9)

FI y + FN y + FAL − FL
∂w

∂x
−
∂

∂x

(
Q+ T

∂w

∂x

)
= 0, (10)

Q =−E0 I
(

1+ γ
∂

∂t

)
∂3w

∂x3 , (11)

where FN x and FN y denote projections of normal viscous force on x- and y-directions, respectively.

Figure 2. An element δx of the beam with forces and moments acting on it.
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By substituting (3), (4), (7) and (8) into (9) to (11), and using the relationships FI x = mabx and
FI y = maby , the following equations can be obtained:

mV̇ +βmv V̇ −
1
2

c f
mv

D
(Vf − V )2 sgn(Vf − V )−

∂T
∂x
= 0, (12)

E0 I
(

1+ γ
∂

∂t

)
∂4w

∂x4 +m
(
∂

∂t
+ V

∂

∂x

)2

w+mv

(
∂

∂t
+β(Vf + V )

∂

∂x

)2

w

+
1
2

mv

D

[
c f |Vf − V |

(
Vf
∂w

∂x
+
∂w

∂t

)
+ cd

(
∂w

∂t
+ V

∂w

∂x

)]
−

1
2

c f
mv

D
(Vf − V )2

∂w

∂x
sgn(Vf − V )−

∂

∂x

(
T
∂w

∂x

)
= 0. (13)

By integrating (12) from x to l, and replacing the integration constant by the value of pretension T0

at the end of the beam [Wang and Ni 2008], the axial tension can be obtained as

T (x)=−
[
(m+βmv)V̇ −

1
2

c f
mv

D
(Vf − V )2 sgn(Vf − V )

]
(l − x)+ T0 . (14)

Substituting (12) and (14) into (13), the linear equation of motion can be obtained as

E0 I
(

1+ γ
∂

∂t

)
∂4w

∂x4

+

(
mvβ

2(Vf +V )2+mV 2
+

[
(m+βmv)V̇−

1
2

c f
mv

D
(Vf −V )2 sgn(Vf −V )

]
(l−x)−T0

)
∂2w

∂x2

+ 2
(
mvβVf + (m+βmv)V

) ∂2w

∂t ∂x
+

1
2

mv

D
(c f |Vf − V |Vf + cd V )

∂w

∂x

+βmv V̇f
∂w

∂x
+

1
2

mv

D
(c f |Vf − V | + cd)

∂w

∂t
+ (m+mv)

∂2w

∂t2 = 0. (15)

It is noted that this equation of motion can simplify into the governing equation for a cylindrical
structure in axial fluid derived by Païdoussis [1998] when V = 0; also, it becomes the equation of
motion for an axially moving beam if one removes the terms related to the fluid.

Moreover, the axial tension caused by the bending deflection should be taken into account if the order
of amplitude of the transverse displacement is close to the order of the diameter of the beam [Li et al.
2015b]. Thus the additional nonlinear deflection-dependent axial force can be represented as

E0

(
1+ γ

∂

∂t

)
A
2l

(
∂w

∂x

)2

.

Then, an integral term

E0

(
1+ γ

∂

∂t

)
A
2l
∂2w

∂x2

∫ l

0

(
∂w

∂x

)2

dx,
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should be added into (15) and the nonlinear governing equation for the beam system can be obtained as

E0 I
(

1+ γ
∂

∂t

)
∂4w

∂x4

+

(
mvβ

2(Vf + V )2+mV 2
+

[
(m+βmv)V̇ −

1
2

c f
mv

D
(Vf − V )2 sgn(Vf − V )

]
(l − x)

− T0− E0

(
1+ γ

∂

∂t

)
A
2l

∫ l

0

(
∂w

∂x

)2

dx
)
∂2w

∂x2

+ 2
(
mvβVf + (m+βmv)V

) ∂2w

∂t ∂x
+

1
2

mv

D
(c f |Vf − V |Vf + cd V )

∂w

∂x

+βmv V̇f
∂w

∂x
+

1
2

mv

D
(c f |Vf − V | + cd)

∂w

∂t
+ (m+mv)

∂2w

∂t2 = 0. (16)

2.5. Nondimensionalization. After the following dimensionless variables and parameters:

η =
w

l
, ξ =

x
l
, τ =

(
E0 I

m+mv

)1/2 t
l2 = αt, v f =

(
mv

E0 I

)1/2

Vf l, v =

(
mv

E0 I

)1/2

V l,

ϕ =
mv

m+mv

, φ =
m
mv

, ε =
l
D
, cd =

cd

αl
, 0 =

T0l2

E0 I
, γ = αγ,

µ=
Al2

I
= 16

(
l
D

)2

= 16ε2,

(17)

are introduced in (16), the nonlinear equation of motion is obtained as

η′′′′+ γ η̇′′′′+

(
φv2
+β2(v f + v)

2
+

[
(φ+β)ϕ1/2 v̇−

1
2

c f ε(v f − v)
2 sgn(v f − v)

]
(1− ξ)

−0−
µ

2

∫ 1

0
η′2 dξ − γµ

∫ 1

0
η′η̇′ dξ

)
+ 2

(
(φ+β)v+βv f

)
ϕ1/2η̇′+

[
1
2
ε(c f |v f − v|v f + c̄dϕ

1/2v)+βϕ1/2v̇ f

]
η′

+
1
2
ε(ϕ1/2c f |v f −v|+ c̄dϕ)η̇+ η̈= 0, (18)

where the over-dot and the prime denote the derivative with respect to τ and ξ , respectively.

3. Solutions via Galerkin’s technique

The governing equation can be transformed into a set of ordinary equations (ODEs) via applying the
Galerkin procedure, such that

η(ξ, τ )=

N∑
j=1

φ j (ξ) q j (τ ), (19)

where N is the number of terms for Galerkin truncation. In this study, the eigenfunctions of a pinned-
pinned beam are elected to be the admissible functions, i.e., φ j (ξ)=

√
2 sin jπξ .
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Substituting the above expression into (18), multiplying by φi (ξ) and integrating from 0 to 1 leads to

Mq̈+Cq̇+ K q+ N(q)= 0, (20)

where M, C , K , N represent the structural mass matrix, damping matrix, stiffness matrix and nonlinear
vector, respectively. The elements of these matrices are

Mi j = ei j =

∫ 1

0
φi φ j dξ = δi j ,

Ci j =
1
2
ε(ϕ1/2c f |v f −v|+c̄dϕ) ei j+γ ai j+2

(
(φ+β)v+βv f

)
ϕ1/2 di j ,

Ki j = ai j+
(
φv2
+β2(v f +v)

2
+2−0

)
bi j−2ci j+

[
1
2
ε(c f |v f −v|v f +c̄d ϕ

1/2v)+βϕ1/2v̇ f

]
di j ,

N (q)=−
µ

2
αi jkl q j qk ql−γµαi jkl q j qk q̇l,

(21)

where δi j is Kronecker delta and 2= (φ+β)ϕ1/2v̇− 1
2 c f ε(v f − v)

2 sgn(v f − v).
Other coefficients in (21) are obtained as follows [Païdoussis 1998]:

ai j =

∫ 1

0
φ1 φ

′′′′

j dξ = ( jπ)4δi j , bi j =

∫ 1

0
φi φ

′′

j dξ =−( jπ)2δi j ,

ci j =

∫ 1

0
ξφi φ

′′

j dξ =

{
4i j3

( j2−i2)2
[1− (−1) j+1

] i 6= j,

−
1
2( jπ)2 i = j,

di j =

∫ 1

0
φi φ

′

j dξ =

{
2 j i

j2−i2 [(−1) j+1
− 1] i 6= j,

0 i = j,

αi jkl =

∫ 1

0
φi φ

′′

j

∫ 1

0
φ′k φ

′

l dξ dξ,

(22)

4. Convergence analysis

Firstly, the number of modes (i.e., N ) used in Galerkin technique should be determined to obtain con-
vergent results. It should be mentioned that the required number to get convergent results is different for
linear and nonlinear analyses. In the present study, N = 4 and N = 8 are chosen for linear and nonlinear
analyses, respectively. The details for convergence analysis can be found in Appendix B.

Following the parameter values chosen in [Wang and Ni 2008] and [Li et al. 2015b], here we give
ϕ = 0.5, β = 0.2, ε = 50, c̄d = 0.002, c f = 0.02, γ = 0.002, 0 = 1, v̇ = 0 for the present investigation.
For the sake of simplicity, it should be noted that the parameter γ is given without over-bar in the
following sections.

5. Linear dynamic analysis

In this section, numerical studies are performed to investigate the effects of moving speed, flow velocity
and some parameters on stabilities and critical moving speed of the beam. Evolutions of the natural
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frequency and damping of the beam system can be obtained through eigenvalue analysis and only the
lowest three modes are presented here.

Before analyzing the results, three kinds of critical moving speed are defined:

vBi : the bifurcation critical moving speed at i th mode, at which the frequency of beam is decreased
to zero.

vDi : the divergence critical moving speed at i th mode, at which buckling behavior of the beam
occurs.

vFi : the flutter critical moving speed at ith mode, at which flutter vibrations of the beam take place.

5.1. Effects of the flow velocity on stability of the beam system. Figure 3 shows the evolution of di-
mensionless damping (Im(ω)) and frequency (Re(ω)) varying with the moving speed of beam when the
external flow velocity is v f = 5. Inspecting Figure 3 (left), one can find that bifurcation and divergence
(static buckling) behaviors of the beam in the first mode occur at vB1 = 3.04 and vD1 = 3.05, respectively.
This indicates that the beam loses stability by buckling at the first mode when the moving speed is 3.05.
Increasing the moving speed further, the beam loses stability by flutter at vF1 = 5.96 in the first mode
and keeps this state of instability as v increases further. As to the second mode, the bifurcation behavior
occurs at vB2 = 8.71 and the divergence occurs at vD2 = 8.86 where static buckling of the beam takes
place. As the moving speed is increased to vF2 = 11.73, flutter of the beam occurs. In the third mode
of the beam, it always maintains stability over the moving speed range. The corresponding frequency
varying with the moving speed is displayed in Figure 3 (right), showing the bifurcation points at which
the frequency is deceased to zero in the first and second mode of the beam.

In order to further understand variations of the critical moving speed of the beam with the external
flow velocity (v f ), we plot in Figure 4 the variation for divergence and flutter critical moving speeds in
the first and second modes. The flow velocity is in the range of 0≤ v f ≤ 15. Different kinds of critical
moving speeds, namely, vD1, vF1, vD2 and vF2, are shown. It is found that the critical moving speed (vD1

and vF1) in the first mode is slightly increased first and then decreased, and finally it is slightly increased
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Figure 3. Evolutions of the damping (Im(ω)) and frequency (Re(ω)) of the beam with
increasing the moving speed when v f = 5.
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Figure 4. Stability diagram in the flow velocity-moving speed plane.

with the increase of flow velocity; while in the second mode, it changes a little with increasing the flow
velocity. What is more, we offer the instability boundary varying with the flow velocity in Figure 4,
which shows the instability characteristics of the beam.

In the considered flow velocity region from 0 to 15, when the moving speed is below the boundary
of vD1, the beam is stable. When the moving speed is beyond the boundary of vD1, the beam displays
several kinds of unstable modes. The instabilities involved can be divided into four regions which are
described as follows:

Subregion A: in this region, between the two red lines, the beam loses stability by divergence, devel-
oping the static buckling in the first mode.

Subregion B: in this region, above the black dashed line, the beam loses stability by flutter in the first
mode.

Subregion C: in this region, between the two blue dotted lines, the beam loses stability by divergence,
developing static buckling in the second mode.

Subregion D: in this region, above the upper blue dotted line, the beam loses stability by flutter in the
second mode.

5.2. Effects of other parameters on the first critical moving speed. In this subsection, the effects of
parameters like the axial added mass coefficient β, slenderness ratio ε, mass ratio ϕ and pretension 0 on
the critical moving speed are investigated. It should be pointed out that the instability of moving beam
first occurs in the first mode via buckling, thus, vD1 is the critical moving speed vcr when performing
parametric analysis.

Four 3D plots are presented in Figure 5 to show the influences of β, ε, ϕ and 0 on the critical
moving speed vcr. Inspecting Figure 5 (top left), we can see that large flow velocity and small β gives
a high critical moving speed of the beam. Specifically, the critical moving speed vcr is reduced as β
is increased, and the rate of reduction in the critical speed is faster as the flow velocity increased. By
looking at Figure 5 (top right), one can find that the corner in the high values of ε and flow velocity region
is high up, while the corner in the region of high flow velocity and low ε drops down. This indicates that
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Figure 5. Critical moving speed vcr as a function of the axial added mass coefficient β
(top left); slenderness ratio ε (top right); mass ratio ϕ (bottom left); pretension 0 (bottom
right) when varying the flow velocity (v f ) .

when the flow velocity (v f ) is high enough, a small slenderness ratio (ε) results in a low critical moving
speed, while large slenderness ratio produces a high critical moving speed of the beam. The results in
Figure 5 (bottom left and bottom right) respectively show that vcr is increased for higher values of ϕ
and 0, while increasing the flow velocity gives a small increase in vcr. In addition, the Kelvin–Voigt
damping coefficient γ has no influence on the critical moving speed vcr.

6. Nonlinear dynamic analysis

According to the linear analysis, it is noted that the beam can experience buckling and flutter with
increasing moving speed. And parameters such as the axial added mass coefficient, slenderness ratio,
mass ratio and pretension have a significant effect on the critical moving speed. However, linear analysis
can only predict the dynamic behavior of the beam system, but cannot forecast its vibration response.
So, nonlinear analysis is necessary to obtain the nonlinear vibration response of the beam.

6.1. General vibration response of the beam. Firstly, we focus on predicting vibration response of the
beam with increasing moving speed for different values of the flow velocity. The Galerkin truncation
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number is N = 8 to obtain convergent results (see Appendix B). The vibration response of the beam
gained through nonlinear analysis is summarized via bifurcation diagrams where the vibration amplitude
of the midpoint of the beam is recorded as a function of the moving speed v.

In the case of v f = 1, the bifurcation diagram is shown in Figure 6 (top left). One can see that the
beam system remains stable until v= 3.0 and the static buckling starts to occur at v= 3.1, as predicted by
linear analysis. However, as the moving speed is increased to v = 10.5, the static buckling is transformed
to flutter. At that time, the beam undergoes periodic or nonperiodic motions. Then the flutter instability
ceases and the beam system is returned to static buckling at v = 14.3. The corresponding buckling and
flutter responses can be found in the regions shown in the figure.

As the flow velocity is increased to v f = 2, the bifurcation diagram is plotted in Figure 6 (top right).
It is noted that the beam is stable for v ≤ 3.0. However, with further increment of moving speed,
static buckling instability occurs at v = 3.1, which is in conformity with linear theory. Then, the static
buckling and flutter instability occur sequentially: static buckling instability for 3.1 ≤ v ≤ 10.6 and
flutter instability for 10.7 ≤ v ≤ 14.5. When the flow velocity is equal to 3, we can find that buckling
of the beam also occurs when the moving speed is between 3.1 and 10.6 and flutter occurs between 10.7
and 15.1. In summary, by inspecting Figure 6, we note that the buckling region of moving speed changes
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Figure 6. Bifurcation diagrams for the vibration amplitude of the beam when v f = 1
(top left), v f = 2 (top right), v f = 3 (bottom left) and v f = 4 (bottom right).
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little while the flutter region of moving speed is a little increased when the flow velocity is increased
from 1 to 4. In addition, for higher moving speeds, after the flutter region, it is noted that the responses
are complex including flutter and buckling responses; also the flutter becomes clearer with the increase
of flow velocity.

It is interesting to investigate how the dynamic responses of the beam vary with moving speed when
the axial flow velocity is large enough (e.g., when v f is beyond 7), as plotted in Figure 7. It is indicated
that when flow velocity is increased to 7, the buckling moving speed is increased to 3.3, and the flutter
responses occur at 11.7 till 14. Increasing the moving speed further, beyond 14, the beam then returns to
buckling response. As the flow velocity is further increased to 8 and 9, we note that the critical moving
speed is slightly increased to 3.4 and 3.5, and the buckling region is widened to 3.4–12.5 and 3.5–13.3,
respectively. However, the flutter region is respectively decreased to 12.6–14.1 and 13.4–14.2. This
indicates that increasing the flow velocity can eliminate the flutter response of the beam. Interestingly, as
the flow velocity is increased to 11, the beam experiences totally a buckling response over the considered
moving speed region.

It is concluded from figures 6 and 7 that the beam can undergo buckling and flutter motions with
increasing moving speed v for different values of the axial flow velocity. However, when the flow
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Figure 7. Bifurcation diagrams for the vibration amplitude of the beam when v f = 7
(top left), v f = 8 (top right), v f = 9 (bottom left) and v f = 11 (bottom right).
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velocity is low (e.g., v f is below 4), it has little effect on the buckling region but can increase the flutter
region with the increase of flow velocity. In the case of large flow velocity (e.g., v f beyond 7), the
buckling region can be increased while the flutter region is decreased with increasing flow velocity.

6.2. Parametric analysis on buckling and flutter responses. In this subsection, the effects of several key
parameters on the buckling and flutter responses of the beam system are examined and results are shown
in figures 8–10. Figure 8 (top left) shows the bifurcation diagram of the beam for different values of the
axial added mass coefficient β. It is seen that with increasing β the divergence point decreases, which
agrees with the conclusion obtained by linear analysis. Also at a fixed moving speed, the amplitude of
buckling is increased with larger values of axial added mass coefficient. Figure 8 (top right, bottom left
and bottom right) show the bifurcation diagrams of the beam system for different values of the slenderness
ratio ε , the mass ratio ϕ and the dimensionless pretension 0, respectively. All these three figures show
that, the larger the values of these three parameters are, the smaller the amplitudes of buckling become.
As predicted by linear analysis, one can find that the critical moving speed at which divergence occurs
increases with the increase of ε, ϕ, 0, respectively.
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Figure 8. Bifurcation diagrams of the beam varying with β (top left); ε (top right); ϕ
(bottom left); 0 (bottom right).
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For fixed values of axial flow velocity and moving speed, Figure 9 shows the bifurcation diagrams of
the beam as these key parameters are varied, for v f = 5 and v = 11. We note the beam can experience
buckling and flutter responses with increasing the axial added mass coefficient β and the slenderness
ratio ε, as indicated in Figure 9 (top row). For example, when β is below 0.18, the beam is subjected to
buckling. For β beyond 0.18, flutter responses of the beam occurs, but the vibration amplitude changes
little. The instability type is transferred from buckling to flutter at ε = 45. The corresponding amplitudes
are decreased with the increase of ε. It is noted from Figure 9 (bottom left) that the mass ratio ϕ has a
great impact on the vibration amplitude of the moving beam, resulting in a clear reduction of amplitude
with increasing the mass ratio. As to the effect of the pretension 0, we note that the beam undergoes
flutter over the considered region and the vibration amplitude is a little decreased with the increase of 0.

The Kelvin–Voigt damping γ has no influence on the critical moving speed, as mentioned in the
previous section. Here we study whether it has an effect on the vibration amplitude of the beam, as
plotted in Figure 10. Indeed, γ has no effect on the buckling amplitude, as seen in Figure 10 (left). This
can be expected from the equation of motion, showing that γ is always associated with time-dependent
terms. By looking at Figure 10 (right), one can find that the beam system jumps from periodic responses

WR�IOXWWHU�DW� 45H  ��7KH�FRUUHVSRQGLQJ�DPSOLWXGHV�DUH�GHFUHDVHG�ZLWK�WKH�LQFUHDVH�RI�

H ��,W�LV�QRWHG�IURP�)LJ����F��WKDW�WKH�PDVV�UDWLR� M � KDV�D�JUHDW�LPSDFW�RQ�WKH�YLEUDWLRQ�

DPSOLWXGH� RI� WKH� PRYLQJ� EHDP�� UHVXOWLQJ� LQ� D� FOHDU� UHGXFWLRQ� RI� DPSOLWXGH� ZLWK�

LQFUHDVLQJ�WKH�PDVV�UDWLR��$V�WR�WKH�HIIHFW�RI�WKH�SUHWHQVLRQ� * ��ZH�QRWH�WKDW�WKH�EHDP�

XQGHUJRHV� IOXWWHU� RYHU� WKH� FRQVLGHUHG� UHJLRQ� DQG� WKH� YLEUDWLRQ� DPSOLWXGH� LV� D� OLWWOH�

GHFUHDVHG�ZLWK�WKH�LQFUHDVH�RI� * ��  

.HOYLQ-9RLJW� GDPSLQJ� J � KDV� QR� LQIOXHQFH� RQ� WKH� FULWLFDO� PRYLQJ� VSHHG�� DV�

PHQWLRQHG� LQ� WKH� SUHYLRXV� VHFWLRQ�� +HUH� ZH� VWXG\� ZKHWKHU� LW� KDV� DQ� HIIHFW� RQ� WKH�

YLEUDWLRQ�DPSOLWXGH�RI�WKH�EHDP��DV�SORWWHG�LQ�)LJ������,QGHHG�� J � KDV�QR�HIIHFW�RQ�WKH�

EXFNOLQJ�DPSOLWXGH��DV�VHHQ�LQ�)LJ�����D���7KLV�FDQ�EH�H[SHFWHG� IURP�WKH�HTXDWLRQ�RI�

PRWLRQ��VKRZLQJ�WKDW� J � LV�DOZD\V�DVVRFLDWHG�ZLWK�WLPH-GHSHQGHQW�WHUPV��%\�ORRNLQJ�

DW� )LJ�� ���E��� RQH� FDQ� ILQG� WKDW� WKH� EHDP� V\VWHP� MXPSV� IURP� SHULRGLF� UHVSRQVHV� WR�

EXFNOLQJ� ZKHQ� J � LV� LQFUHDVHG� WR� �������� 0RUHRYHU�� WKH� IOXWWHU� DPSOLWXGH� LV�

GHFUHDVHG� DV� J � LQFUHDVHV�� ZKLOH� WKH� EXFNOLQJ� DPSOLWXGH� UHPDLQV� XQFKDQJHG� ZLWK�

LQFUHDVLQJ� J ��7KH�SHUIRUPHG�SDUDPHWULF�DQDO\VLV�RIIHUV�D�VLJQLILFDQW� LQVLJKW� LQWR�WKH�

VHQVLWLYLW\� RI� WKH� G\QDPLF� UHVSRQVHV� RI� WKH� D[LDOO\� PRYLQJ� EHDP� V\VWHP� RQ� WKH�

SDUDPHWHUV�FRQVLGHUHG� 

 
0 0.05 0.1 0.15 0.2 0.25 0.3

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

E

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄaÅ
20 40 60 80 100

-0.1

-0.05

0

0.05

0.1

0.15

0.2

H

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄbÅ

WR�IOXWWHU�DW� 45H  ��7KH�FRUUHVSRQGLQJ�DPSOLWXGHV�DUH�GHFUHDVHG�ZLWK�WKH�LQFUHDVH�RI�

H ��,W�LV�QRWHG�IURP�)LJ����F��WKDW�WKH�PDVV�UDWLR� M � KDV�D�JUHDW�LPSDFW�RQ�WKH�YLEUDWLRQ�

DPSOLWXGH� RI� WKH� PRYLQJ� EHDP�� UHVXOWLQJ� LQ� D� FOHDU� UHGXFWLRQ� RI� DPSOLWXGH� ZLWK�

LQFUHDVLQJ�WKH�PDVV�UDWLR��$V�WR�WKH�HIIHFW�RI�WKH�SUHWHQVLRQ� * ��ZH�QRWH�WKDW�WKH�EHDP�

XQGHUJRHV� IOXWWHU� RYHU� WKH� FRQVLGHUHG� UHJLRQ� DQG� WKH� YLEUDWLRQ� DPSOLWXGH� LV� D� OLWWOH�

GHFUHDVHG�ZLWK�WKH�LQFUHDVH�RI� * ��  

.HOYLQ-9RLJW� GDPSLQJ� J � KDV� QR� LQIOXHQFH� RQ� WKH� FULWLFDO� PRYLQJ� VSHHG�� DV�

PHQWLRQHG� LQ� WKH� SUHYLRXV� VHFWLRQ�� +HUH� ZH� VWXG\� ZKHWKHU� LW� KDV� DQ� HIIHFW� RQ� WKH�

YLEUDWLRQ�DPSOLWXGH�RI�WKH�EHDP��DV�SORWWHG�LQ�)LJ������,QGHHG�� J � KDV�QR�HIIHFW�RQ�WKH�

EXFNOLQJ�DPSOLWXGH��DV�VHHQ�LQ�)LJ�����D���7KLV�FDQ�EH�H[SHFWHG� IURP�WKH�HTXDWLRQ�RI�

PRWLRQ��VKRZLQJ�WKDW� J � LV�DOZD\V�DVVRFLDWHG�ZLWK�WLPH-GHSHQGHQW�WHUPV��%\�ORRNLQJ�

DW� )LJ�� ���E��� RQH� FDQ� ILQG� WKDW� WKH� EHDP� V\VWHP� MXPSV� IURP� SHULRGLF� UHVSRQVHV� WR�

EXFNOLQJ� ZKHQ� J � LV� LQFUHDVHG� WR� �������� 0RUHRYHU�� WKH� IOXWWHU� DPSOLWXGH� LV�

GHFUHDVHG� DV� J � LQFUHDVHV�� ZKLOH� WKH� EXFNOLQJ� DPSOLWXGH� UHPDLQV� XQFKDQJHG� ZLWK�

LQFUHDVLQJ� J ��7KH�SHUIRUPHG�SDUDPHWULF�DQDO\VLV�RIIHUV�D�VLJQLILFDQW� LQVLJKW� LQWR�WKH�

VHQVLWLYLW\� RI� WKH� G\QDPLF� UHVSRQVHV� RI� WKH� D[LDOO\� PRYLQJ� EHDP� V\VWHP� RQ� WKH�

SDUDPHWHUV�FRQVLGHUHG� 

 
0 0.05 0.1 0.15 0.2 0.25 0.3

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

E

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄaÅ
20 40 60 80 100

-0.1

-0.05

0

0.05

0.1

0.15

0.2

H

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄbÅ

0 0.2 0.4 0.6 0.8 1
-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄcÅ M
 

)LJ����%LIXUFDWLRQ�GLDJUDPV�RI�WKH�EHDP�YDU\LQJ�ZLWK��D�� E ���E�� H ���F�� M ���G�� * � ZKHQ�

5
f

v  � DQG� 11 v � WKURXJKRXW� 

 

)LJ�����%LIXUFDWLRQ�GLDJUDPV�RI�WKH�EHDP��D��IRU�GLIIHUHQW�YDOXHV�RI� J � ZKHQ� 5
f

v  DQG�ZLWK�

LQFUHDVLQJ� J � ZKHQ� 5
f

v  � DQG� 11 v � WKURXJKRXW� 

���&RQFOXVLRQV 

,Q�WKLV�ZRUN��D�QRQOLQHDU�G\QDPLF�PRGHO� IRU�DQ�D[LDOO\�PRYLQJ�EHDP�VXEMHFWHG�WR�

H[WHUQDO�D[LDO�IORZ�ZDV�HVWDEOLVKHG��7KH�QRQOLQHDU�YLEUDWLRQV�DQG�VWDELOLW\�DQDO\VLV�RI�

WKH� PRYLQJ� EHDP� ZHUH� LQYHVWLJDWHG� LQ� GHWDLO�� FRQVLGHULQJ� WKH� HIIHFWV� RI� V\VWHP�

SDUDPHWHUV� VXFK� DV� WKH� IORZ� YHORFLW\�� D[LDO� DGGHG� PDVV� FRHIILFLHQW�� PDVV� UDWLR��

VOHQGHUQHVV� UDWLR�� SUHWHQVLRQ� DQG� WKH� .HOYLQ-9RLJW� GDPSLQJ�� 5HVXOWV� VKRZ� WKDW� WKH�

FULWLFDO�PRYLQJ� VSHHG�ZKHUH� WKH� LQVWDELOLW\� RI� EHDP�RFFXUV� LV� REYLRXVO\� DIIHFWHG� E\�

WKH� V\VWHP� SDUDPHWHUV� IRU� GLIIHUHQW� YDOXHV� RI� IORZ� YHORFLW\�� 7KH� YLEUDWLRQ�

2 4 6 8 10
-0.03

-0.02

-0.01

0

0.01

0.02

0.03

*

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄdÅ

2 3 4 5 6
-5

0

5

10

15

20
x 10

-3

 

 

B
u

ck
li

n
g

 a
m

p
li

tu
d

e

Moving speed (v)

J=0.002

J=0.005

J=0.008

J=0.01

v
f
=5

ÄaÅ
0 0.002 0.004 0.006 0.008 0.01

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

J

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄbÅ

0 0.2 0.4 0.6 0.8 1
-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄcÅ M
 

)LJ����%LIXUFDWLRQ�GLDJUDPV�RI�WKH�EHDP�YDU\LQJ�ZLWK��D�� E ���E�� H ���F�� M ���G�� * � ZKHQ�

5
f

v  � DQG� 11 v � WKURXJKRXW� 

 

)LJ�����%LIXUFDWLRQ�GLDJUDPV�RI�WKH�EHDP��D��IRU�GLIIHUHQW�YDOXHV�RI� J � ZKHQ� 5
f

v  DQG�ZLWK�

LQFUHDVLQJ� J � ZKHQ� 5
f

v  � DQG� 11 v � WKURXJKRXW� 

���&RQFOXVLRQV 

,Q�WKLV�ZRUN��D�QRQOLQHDU�G\QDPLF�PRGHO� IRU�DQ�D[LDOO\�PRYLQJ�EHDP�VXEMHFWHG�WR�

H[WHUQDO�D[LDO�IORZ�ZDV�HVWDEOLVKHG��7KH�QRQOLQHDU�YLEUDWLRQV�DQG�VWDELOLW\�DQDO\VLV�RI�

WKH� PRYLQJ� EHDP� ZHUH� LQYHVWLJDWHG� LQ� GHWDLO�� FRQVLGHULQJ� WKH� HIIHFWV� RI� V\VWHP�

SDUDPHWHUV� VXFK� DV� WKH� IORZ� YHORFLW\�� D[LDO� DGGHG� PDVV� FRHIILFLHQW�� PDVV� UDWLR��

VOHQGHUQHVV� UDWLR�� SUHWHQVLRQ� DQG� WKH� .HOYLQ-9RLJW� GDPSLQJ�� 5HVXOWV� VKRZ� WKDW� WKH�

FULWLFDO�PRYLQJ� VSHHG�ZKHUH� WKH� LQVWDELOLW\� RI� EHDP�RFFXUV� LV� REYLRXVO\� DIIHFWHG� E\�

WKH� V\VWHP� SDUDPHWHUV� IRU� GLIIHUHQW� YDOXHV� RI� IORZ� YHORFLW\�� 7KH� YLEUDWLRQ�

2 4 6 8 10
-0.03

-0.02

-0.01

0

0.01

0.02

0.03

*

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄdÅ

2 3 4 5 6
-5

0

5

10

15

20
x 10

-3

 

 

B
u

ck
li

n
g

 a
m

p
li

tu
d

e

Moving speed (v)

J=0.002

J=0.005

J=0.008

J=0.01

v
f
=5

ÄaÅ
0 0.002 0.004 0.006 0.008 0.01

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

J

V
ib

ra
ti

o
n

 a
m

p
li

tu
d

e

v
f
=5  v=11

ÄbÅ

Figure 9. Bifurcation diagrams of the beam varying with β (top left); ε (top right); ϕ
(bottom left); 0 (bottom right) when v f = 5 and v = 11 throughout.
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Figure 10. Bifurcation diagrams of the beam for different values of γ when v f = 5 (left)
and with increasing γ when v f = 5 and v = 11 throughout (right).

to buckling when γ is increased to 0.0022. Moreover, the flutter amplitude is decreased as γ increases,
while the buckling amplitude remains unchanged with increasing γ . The performed parametric analysis
offers a significant insight into the sensitivity of the dynamic responses of the axially moving beam
system on the parameters considered.

7. Conclusions

In this work, a nonlinear dynamic model for an axially moving beam subjected to external axial flow
was established. The nonlinear vibrations and stability analysis of the moving beam were investigated in
detail, considering the effects of system parameters such as the flow velocity, axial added mass coefficient,
mass ratio, slenderness ratio, pretension and the Kelvin–Voigt damping. Results show that the critical
moving speed where the instability of beam occurs is obviously affected by the system parameters for
different values of flow velocity. The vibration characteristics of the moving beam can also be signifi-
cantly affected by variation of the system parameters, showing a transition behavior between buckling
and flutter responses. Some important conclusions can be drawn out as follows:

(1) It is noted that parameters such as axial added mass coefficient and slenderness ratio have great
effects on the critical moving speed of beam, and their influences vary with flow velocity. However,
increasing the mass ratio and pretension leads to an increase of the critical moving speed, which
can be slightly affected by the flow velocity.

(2) When the flow velocity is low, it has little impact on the buckling region of moving speed, while the
flutter region can be widened for increasing flow velocity. When the flow velocity is large enough,
the flutter region of moving speed is gradually decreased and the beam may only undergo buckling
over the moving speed with increasing flow velocity.

(3) The vibration responses of the beam are sensitive to the axial added mass coefficient, slenderness
ratio, mass ratio and pretension. However, Kelvin–Voigt damping has no influence on the buckling
response of the beam.
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Appendix A. The derivation of the general expressions for the viscous forces

In this section, the general expressions for the FN and FL are derived in detail. Owing to the axial external
flow is in x-direction, the free-stream velocity and the beam velocity can be expressed as [Kheiri et al.
2013a]

EV f,∞ = Vf i, (A.1)

EVb = Vbx i + Vby j = (v̇+ V + V u′) i + (ẇ+ Vw′) j , (A.2)

where Vbx and Vby are components of EVb along the x- and y-directions, and the over-dot and the prime
denote the derivative with respect to time and x . And w, ẇ, w′ ∼ O(ε) and u, u̇, u′ ∼ O(ε2).

The relative velocity between the free-stream and the beam can be easily obtained as

EV f/b = (Vf − Vbx) i − Vby i . (A.3)

Therefore, the magnitude of the relative fluid-beam velocity can be written as

| EV f/b| = Vf

[(
1−

Vbx

Vf

)2

+

(
Vby

Vf

)2]1/2

. (A.4)

From Figure 11, the relative fluid-beam velocity EV f/b can be decomposed into an axial component EVa

and a normal component EVc; i is the angle of incidence angle; θ is the angle between the longitudinal
axis of the beam with the x-axis. The axial and normal components of EV f/b may be expressed as

EVa = | EVa|
(
(1+ u′) i +w′ j

)
, (A.5)

EVc = | EVc|(a i + b j), (A.6)

where the vectors given in bars are unit tangential vectors, hence (1+ u′)2+w′2 = 1 and a2
+ b2
= 1.

By using (A.3), (A.5) and (A.6), one obtains

| EVa|(1+ u′)+ | EVc|a = Vf − Vbx , | EVa|w
′
+ | EVc|b =−Vby . (A.7)

Adding the squares of the equations in (A.7) and using the relationship | EV f/b|
2
= | EVa|

2
+ | EVc|

2, the
magnitude of axial flow velocity can be obtained as

| EVa| = (1+ u′)(Vf − Vbx)−w
′Vby . (A.8)

According to Figure 11, one can write

|cos i | =
| EVa|

| EV f/b|
, |sin i | =

| EVc|

| EV f/b|
. (A.9)

From (A.4), (A.8) and (A.9)1, using (1+ u′) = 1− 1
2w
′2
+ O(ε4) and after neglecting the high-order

terms, one can get

|cos i | = 1−
1
2

(
w′+

ẇ+ Vw′

Vf − Vbx

)2

+ O(ε4). (A.10)
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Figure 11. The beam element subjected to viscous forces.

According to Taylor’s work, FN and FL can be expressed by (5) and (6). It is worth to point that
the U in (5) and (6) is the axial external flow velocity in the stationary beam case. For this particular
case (i.e., with the beam axially moving in axial external flow), one should consider the effect both of
the axial external flow and the axial moving speed of the beam itself, hence U can be considered as the
relative velocity between fluid and beam, i.e., EV f/b. Then the viscous forces can be rewritten as

FL =
1
2
ρD( EV f/b)

2 C f cos i, FN =
1
2
ρD( EV f/b)

2 (C f sin i +CDp sin2 i). (A.11)

Substituting (A.10) into (A.11)1, one can obtain

FL =
1
2
ρD( EV f/b)

2C f

[
1−

1
2

(
w′+

ẇ+ Vw′

Vf − Vbx

)2]
. (A.12)

In order to derive the expression for normal viscous force conveniently, FN is decomposed into two
parts: the friction drag term FN , f and the form drag term FN , f d which can be expressed as

FN , f =
1
2
ρD( EV f/b)

2 C f |sin i |, FN , f d =
1
2
ρD( EV f/b)

2 CDp sin2 i. (A.13)

The y-component and x-component of FN , f become

(FN , f )y = FN , f

(
EVc

| EVc|
· j
)
, (FN , f )x = FN , f

(
EVc

| EVc|
· i
)
. (A.14)

From (A.4), (A.7)2, (A.8), (A.9)2, (A.13)1, (A.14)1 and after many tedious manipulations, we can obtain

(FN , f )=−
1
2
ρD( EV f/b)

2C f

[
w′+

ẇ+ Vw′

Vf − Vbx
−w′2

(
ẇ+ Vw′

Vf − Vbx

)
−

1
2
w′
(
ẇ+ Vw′

Vf − Vbx

)2

−
1
2
w′3−

1
2

(
ẇ+ Vw′

Vf − Vbx

)3]
. (A.15)

The minus sign in (A.15) arises because the force was considered to be generally in the positive direction.
The minus sign can be removed if FN is considered with the sign convention shown in Figure 11.
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In the same spirit as (A.15) for (FN , f )y , from (A.4), (A.7)1, (A.8), (A.9)2, (A.13)1, (A.14)2, (FN , f )x

can be expressed as

(FN , f )x =
1
2
ρD( EV f/b)

2C f

[
w′2+

w′(ẇ+ Vw′)
Vf − Vbx

]
. (A.16)

From (A.10), one can obtain

sin2 i = 1− cos2 i ≈
(
w′+

ẇ+ Vw′

Vf − Vbx

)2

. (A.17)

Substituting (A.17) into (A.13)2, FN , f d can be expressed as

FN , f d =
1
2
ρD( EV f/b)

2CDp

(
w′+

ẇ+ Vw′

Vf − Vbx

)2

. (A.18)

The y-component and x-component of FN , f d can be easily obtained:

(FN , f d)y = FN , f d cos θ ≈
1
2
ρD( EV f/b)

2CDp

(
w′+

ẇ+ Vw′

Vf − Vbx

)2

, (A.19)

(FN , f d)x = FN , f d sin θ ≈
1
2
ρD( EV f/b)

2CDpw
′

(
w′+

ẇ+ Vw′

Vf − Vbx

)2

. (A.20)

Then, the expressions for the y-component and x-component of FN , denoted by FN y and FN x , respec-
tively, can be expressed as

FN y =
1
2
ρD( EV f/b)

2

×

{
C f

[
w′+

ẇ+ Vw′

Vf − Vbx
−w′2

(
ẇ+ Vw′

Vf − Vbx

)
−

1
2
w′
(
ẇ+ Vw′

Vf − Vbx

)2

−
1
2
w′3−

1
2

(
ẇ+ Vw′

Vf − Vbx

)3]
+CDp

(
w′+

ẇ+ Vw′

Vf − Vbx

)}
, (A.21)

FN x =
1
2
ρD( EV f/b)

2
[

C f

(
w′2+

w′(ẇ+ Vw′)
Vf − Vbx

)
+CDpw

′

(
w′+

ẇ+ Vw′

Vf − Vbx

)2]
. (A.22)

The component of EV f/b along y-axis is small compared with the component along x-axis and the axial
displacement of beam u(x, t) is of order O(ε2), hence we can write EV 2

f/b= (Vf −Vbx)
2
+V 2

by≈ (Vf −Vbx)
2

and Vbx ≈ V . Recalling Vby = ẇ+ Vw′ and according to Gosselin et al. [2007], the Vby max is given by
the relationship V 3

by
∼= V 2

by Vby max(8/3π). Substituting these relationships into (A.12), (A.21) and (A.22),
and after some linearization procedures, one obtains

FL =
1
2

mv

D
(Vf − V )2c f , FN y =

1
2

mv

D
c f (Vf − V )(ẇ+ Vfw

′)+
1
2

mv

D
cd(ẇ+ Vw′), (A.23)

where c f = (4/π)C f , cd = (4/π)(8Vby max/3π)CDp and mv =
1
2ρD2π . Furthermore, FN x ∼ O(ε2) can

be neglected.
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Figure 12. The beam element subjected to viscous forces when Vf < Vbx .

Considering the condition of Vf < Vbx , which is shown in Figure 12, the directions of FL and FN turn
opposite. Recalling (A.15), the minus sign can be kept under this situation. Hence, the general linearized
expressions for the viscous forces can be obtained:

FL =
1
2

mv

D
(Vf −V )2 c f sgn(Vf −V ), FN y =

1
2

mv

D

(
c f |Vf −V |(ẇ+Vfw

′)+ cd(ẇ+Vw′)
)
, (A.24)

where sgn(Vf − V ) is a sgn function, i.e., sgn(Vf − V ) = 1 if Vf > V ; sgn(Vf − V ) = −1 if Vf < V ;
sgn(Vf − V )= 0 if Vf = V .

Appendix B. The determination of Galerkin truncation number N

In linear analysis, the critical speeds vcr for different flow velocities are checked in the convergence tests
to be discussed. Figure 13 shows the critical values of the moving speed vcr as a function of the axial flow
velocity, and the four curves represent results which are obtained with N = 3, 4, 5 and 6, respectively.
One can find that these four curves are highly coincident with each other. Thus, N = 4 is an optimal
choice from the point of a view of reliability and computational efficiency.
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Figure 13. Critical speed vcr as function of the flow velocity for different Galerkin
truncation numbers N .



DYNAMICS AND STABILITY ANALYSIS OF AN AXIALLY MOVING BEAM IN AXIAL FLOW 57

Furthermore, the Galerkin truncation number N for obtaining reliable nonlinear dynamic responses
can be determined by inspecting Figure 14. In the case of v f = 0, we choose N = 4, 6 and 8 in the
numerical calculations (see Figure 14, left column). In the case of v f = 5, we choose N = 6, 8 and 10
(see Figure 14, right column). As can be observed, N = 8 can be chosen to ensure the reliability of
results in the nonlinear analysis.
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Figure 14. Bifurcation diagrams for the cases v f = 0 (left column) and v f = 5 (right
column) by using different Galerkin truncation numbers N .
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