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YURI LAPUSTA, ALLA SHEVELEVA, FREDERIC CHAPELLE AND VOLODYMYR LOBODA

A mode III electrically conductive crack between two piezoelectric semi-infinite spaces under the action
of anti-plane mechanical loading and in-plane electrical field parallel to the crack faces is considered. All
electromechanical quantities are presented as piecewise analytic vector functions. The problem is solved
analytically, revealing an oscillating singularity at the crack tips in the stress and electric fields. To
eliminate the electric field singularity the dielectric breakdown (DB) model is applied. According to this
model, the electric field along some zone of the crack continuation is initially assumed to be equal to the
electric breakdown strength and the length of this zone remains still unknown. A nonhomogeneous com-
bined Dirichlet-Riemann boundary value problem for the crack with DB zone is formulated. An exact an-
alytical solution of this problem is presented and the DB zone length is found from the electric field finite-
ness at the end point of this zone. The simple transcendental equation with respect to DB zone length is
solved numerically and all required electromechanical quantities are found in closed analytical form. The
DB model for a crack in a homogeneous material is also considered and compared with known results.

1. Introduction

Ferroelectric ceramics are widely used in piezoelectric devices, such as sensors, resonators and actua-
tors, due to their distinctive piezoelectric propertyies. However, ferroelectric ceramics are brittle and
susceptible to cracking at all scales. Their premature failure can be caused by high mechanical stresses
or electrical fields. Therefore, it is very important to study the fracture behavior of piezoelectric ceramics
under the combined action of mechanical stresses and electrical fields.

Consideration of a crack within the framework of linear fracture mechanics initiates singularities
at the crack tips in stresses, deformations and, for piezoelectric materials, in electrical displacements
and electric fields. Different ways of removing the crack tip singularities for cracks in homogeneous
isotropic materials and modeling of fracture processes were initiated in [Leonov and Panasyuk 1959;
Dugdale 1960; Barenblatt 1962].

Important problems of statics and dynamics of structural interfaces, which can be used for an interface
crack investigation, were considered in [Bigoni and Movchan 2002; Bertoldi et al. 2007]. The mathemat-
ical modeling of the interface crack propagation was carried out in [Peride et al. 2009]. Mode III fracture
propagation in prestressed and prepolarized piezoelectric crystals was studied in [Craciun et al. 2004].
Different crack models for interface cracks in piezoelectric bimaterials and in dielectric/piezoelectric ones
were investigated in [Li and Chen 2008; Govorukha and Kamlah 2010; Sladek et al. 2012; Xu et al. 2015].

The way of eliminating the electrical displacement singularity for an electrically insulated crack in a
homogeneous piezoelectric material was suggested in [Gao and Barnett 1996], due to the development
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of a polarization saturation (PS) model. It was assumed, similarly to [Dugdale 1960], that the electrical
polarization reaches a saturation limit in a line segment in front of the crack. The length of this segment
was found from the condition of finiteness of electrical displacement at the end point of the segment.
The energy release rate (ERR) for this model was analyzed in [Gao et al. 1997]. A PS model for an
electrically permeable crack was studied in [Ru and Mao 1999]. The saturation condition effects on
the near-tip field and on the stress intensity factor, as well as the influence of the crack orientation
with respect to the electrical polarization direction was investigated in [Ru 1999; Wang 2000] for an
electrically impermeable crack. The electric saturation zone of circular and elliptical form in piezoelec-
tric and electrostrictive materials was investigated in [Jeong et al. 2004; Beom et al. 2006a; 2006b].
Different variants of saturation zone for cracks in an interlayer between piezoelectric materials were
studied in [Lapusta and Loboda 2009; Loboda et al. 2008; 2010]. A penny-shaped crack in an infinite
piezoelectric and thermo-piezo-elastic medium was analyzed with use of PS model in [Fan et al. 2012;
Li et al. 2017]. The electric-magnetic polarization saturation model is developed in [Zhao et al. 2015]
for the numerical analysis of a nonlinear interfacial crack in three-dimensional transversely isotropic
magneto-electro-elastic bimaterial.

The dielectric breakdown (DB) model was developed in [Zhang and Gao 2004], and used to study
the problem of an impermeable crack in a piezoelectric material in [Zhang 2004; Zhang et al. 2005].
According to this model the electric field is assumed to be constant and equal to the dielectric breakdown
strength in a strip ahead of the crack tip. For a conductive crack the DB model was developed in [Gao et al.
2006] and for a finite sized body it was applied in [Fan et al. 2009] using the boundary element method.
The DB model was generalized to the investigation of a conductive crack in an electrostrictive solid in
[Zhang and Gao 2012]. Electric and magnetic polarization saturation and breakdown models for penny
shaped-cracks in magnetoelectroelastic media were developed in [Zhao et al. 2013]. A semipermeable
penny-shaped crack in a piezoelectric media was studied in [Zhao et al. 2016] with use of the DB
model. A comparison between the PS and DB models for a penny-shaped cracks in three-dimensional
piezoelectric media was performed by [Fan et al. 2014].

It is worth mentioning that all results obtained in the framework of the DB model are related to
cracks in homogeneous piezoelectric materials. To the authors’ knowledge, no analytical investigations
concerning this model have been presented for interface cracks in piezoelectric, piezoelectromagnetic or
electrostrictive solids. This can be explained by complexity of the mathematical problem arising in this
case. In the present paper the dielectric breakdown model is applied for the first time to the investiga-
tion of an interface crack in a piezoelectric bimaterial under anti-plane mechanical and inplane electric
loadings. The problem is reduced to the nonhomogeneous combined Dirichlet-Riemann boundary value
problem with a special right side. Although this problem appears mathematically more complicated than
the Riemann—Hilbert problem, an exact analytical solution is found for an arbitrary length of DB zone.
The actual length of this zone is obtained from the condition of electric field finiteness. All required
electromechanical quantities are presented in analytical form.

2. Basic equations and motivation for DB model formulation

For a piezoelectric material the relationship between the main electromechanical characteristics are de-
fined by the relations [Parton and Kudryavtsev 1988]
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Oij = Cijks€ks — €sijEs,  Di = e€jjs&ks +is Ey,

where o;;, ¢;; are the components of stress and strain tensor; D;, E; are the components of the electric
induction and the electric field, c¢;ji, es;; are elastic and piezoelectric constants and «;, are dielectric
constants.

The equilibrium equations in the absence of body forces and free charges are:

Uij,j :0, Di,i =0.
The expressions for the deformation and electric field have the form:
eij =5ij+uj), Ei=—¢;,
where u; are the components of the displacement vector and ¢ is the electric potential.
For the anti-plane mechanical loading and in-plane electric loading assuming the material is trans-
versely isotropic with the poling direction parallel to the x3-axis one has
ur=ur =0, wuz=uz(x1,x2), ¢=0¢x,x2).
Then the constitutive relations can be written in the form
03; U3,
=Ry 1, ey
!Di } i P.i }
. c e
Wherez=1,2andR=|:44 15:|.
els —aig

The functions u3 and ¢ satisfy the equations Auz =0, A¢ = 0; i.e., they are harmonic. Therefore, we
present them in the form

u= {’f;} =2Re ®(z) = ®(z) + ®(2), (2)

where ®(z) =[P (z), P2(z)]” isan arbitrary analytic vector function of the complex variable z = x| +ix;
and an upper bar means complex conjugation.
Introducing the vectors
o' =[us, D2]", P =l[on, —Eil, 3)

and substituting (2) in (1) we obtain
v =A®'(2) + AP (2), )
P=B%'(z)+ B (), Q)

1 o0 _ | Qu Qn _
A_[Qzl Q22:|’ B_|:0 1:|’ Q=iR.

Suppose further that the plane (xq, xp) is composed of two half-planes x; > 0 and x, < 0. The
presentation (4), (5) can be written for regions x; > 0 and x; < 0 in the form

where

p — A(m)<I>(m)(z) +A(M)<i>(m)(z)’ P — B(m)q,/(M)(Z) + E(M)(i)/(m)(z), (6)
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where m = 1 for the upper region and m = 2 for the lower one; A and B are the matrices A and
B for the regions 1 and 2, respectively; ®")(z) are arbitrary vector functions, analytic in the regions 1
and 2, respectively. Next we require that the equality P = P® holds true on the entire axis x;. Then
it follows from (6) that

BY®V(x; +i0)+BY®D (x; —i0) = BP®' P (x; —i0) + BP®' P (x; 4i0). (7)

Here F(x; £i0) designates the limit value of a function F(z) at x; — 0 from above or below of the
x1-axis, respectively. The equation (7) can be rewritten as

BV V(x; +i0) — BP®'?(x; +i0) = BY®"? (x; —i0) — BV ®'D (x| —i0).
The left and right sides of the last equation can be considered as the boundary values of the functions
BYo' V() - BP9 P(z) and BP®'P()- BV V(y), 8)

which are analytic in the upper and lower half-planes, respectively. But it means that there is a function
M (z), which is equal to the mentioned functions in each half-plane and is analytic in the entire plane.

Assuming that M (z)|,— - — 0, on the basis of the Liouville theorem we find that each of the func-
tions (8) is equal to O for any z from the corresponding half-plane. Hence, we obtain

() =(B?)'BVY9'V(z) forx; >0, 9)
V() =BD) 'BP9'P(z) forx, <0. (10)
Further, we find the jump in the vector function
(v'(x1)) = vV (x1 +i0) — P (x1 —i0), (11)
when passing through the interface. From (6); we determine
v/(m)(z) — A(m)q,/(m)(z)+A(m)(i,/(m)(2)’

or
v () £i0) = AT @ (x) £i0) + A & (x) Fi0);

substituting in (11), one gets
W) =AVS DV (x; +i0) + AVS D (x; —i0) — AP DD (x; —i0) — AP PP (x; 4i0).
Finding further ® @ (x; —i0) = (B@)"'BMW@®'D (x; —i0) from (10) and substituting this expression
g g p
together with (9) in the latest formula at x, — +0, leads to
(W' (x1)) = DOV (x; +i0) + DOV (x; —i0),

=0 (2 . .
where D = AW — A(z)(B( ))_l B Introducing a new vector function

D<I>’(1)(z), X3 > 0,

el 12
D" (), x <0, 12)

W) = i

the last relation can be written as

(') =WFx1) = W (xp), (13)
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where superscript + and — mean the limit values of W(z) as z — x +i0 and z — x —i0, respectively.
From (6), we have

PV (x,00=BVY®YV(x; +i0) + BV (x; —i0). (14)
It follows from (12) that
®V(x; +i0) =D 'W(x; +i0), ®V(x; —i0)=—(DH W —i0);
substituting these relations into (14) leads to
PV (x1,0)=8SWH(x;) — SW™(x), (15)
where § = B D~!. Simple calculations show that
S=[ADBD)T - AD B~ (16)

The matrix S for the class of piezoelectric materials being considered has the structure
TR
s= (17)
§21 18522

where all the s;; are real.
Further transformation of (13) and (15), performed similarly to [Lapusta et al. 2017], leads to

o3, (x1, 0) —im E{Y (x1, 0) = t;[F (x1) + v, Fy (1)1, (18)
(Da(x1,0)) +is;(uz(x1,0)) = F;_(xl) — F; (x1), (19)
where
Fi(2) =Wa()+is;Wi(z) (j=1,2). (20)
and
511512 .
Sj=—mj, tj=s2—mjsy», m;=F|— yi=—(Gn+tmisn)/t; (j=1,2).

$21522

Let’s assume further that an electrically conductive interface crack arises in the section [c, a] of the
material interface. The half-spaces are subjected to uniformly distributed shear stress 0,3 and electric
field E7° at infinity, which do not depend on coordinate x3. The crack faces are free of loading. These
kinds of external fields produce the anti-plane state, therefore, only the cross-section orthogonal to x3
(Figure 1) can be considered.

The boundary conditions for the formulated problem for x, = 0 are

02(;)=02(§)=0, E;l)=E§2)20 forc <xy <a, 21
(023) =0, (D2)=0, (u3)=0, (E|)=0 forx;¢(c,a). (22)

Satisfying conditions (21) and (22) with the use of (18), (19) for j = 1 provide the continuity of the
function F(z) over the segments x| ¢ (c, a) of the material interface and also leads to

Fl"r(xl) +nF (x1))=0 forc<ux <a. (23)
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Figure 1. An electrically conducting crack between two piezoelectric materials.
Taking into account further that for x| ¢ (c, a) the relationships FlJr (x1) = F| (x1) = F1(x) are valid,
it follows from (18) that
(L4 vt Fi(x) =035 (x1,0) —im1 E{” (x1,0) s x; — o0.

Using that the function F(z) is analytic in the whole plane cut along (¢, @) and applying the conditions
at infinity, one gets from the last equation

Fi(2)|;00 =623 — i Ey, (24)

where 623 = 055 /r1, Ey =m EX®/r, ri = (1 +y)t.
The solution of (23) under the condition at infinity (24) was found with use of [Muskhelishvili 1977]
in the form

Fi(z) = (023 —iEl)Z_(a—i_C)/z_igl(Z_c)

25
V(z—=co)(z—a) )

Z—a

where ¢ = %IHVI, l=a-—c.
A similar analysis can be carried out for j =2 in (18), (19) and the function F,(z) can be obtained.
The stress and electric fields at the interface are obtained from (18), (25) as follows:

0'2(;)()('1’ O) — imlEfl)(.xl, O) = :E(UZO:? — lm]Eloo)

x1—(a+c)/2—isl <x1 —c
V@ —o(r —a)
where the upper sign corresponds to x| > a and the lower sign to x| < c.

The electric induction and the derivative of the displacement jumps are found from the formula (19)
in the form

i€
> for x; >a, (26)

X1 —a

(D1, 0)Hisy (i (11, 0)) =_(0'23i+m1E1 ) (x1—(a+c)/2—iel) (x1 —c

) forc<x; <a. (27)
vt V(x1—c)(a—xy)

a—xi
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Integrating the last relation, we obtain

> } forc <xy <a, (28)

(Da(x1,0)) +isy (uz(x1, 0)) =V(x —C)(a—xl){623i+m1El (Xl —c

APVAS!

a—Xi

where (D3 (x1,0)) = [ (Da(x1, 0))dx1.
It should be noted that for the case of a homogeneous material formulas (26) and (28) take the form

(1 . 0 o o X1 —(a+c)/2 {x1 > a (4 sign),
,0) — E ,0)==+ — E for ] 29
0,3 (x1,0) —im E; 7 (x1, 0) (003 —im E} )J(xl—c)(xl—a) x1 < ¢ (= sign). (29)
(52(x1,0))+is1(u3(x1,0))ztl_l(oz";i—i-mlEfo)\/(xl —c)a—x1) forc<x; <a. (30)

It is clearly seen from the formulas (29), (30) that mechanical and electrical components are indepen-
dent for a homogeneous material, therefore, electrical characteristics at the whole interface are completely
defined by external electric loading while mechanical — by mechanical one. Another situation takes place
when considering the case of a bimaterial treated here. In this case mechanical and electrical components
are coupled (see Equations (26)—(30)) and their mutual influence is demonstrated in Figures 2-5.

The calculations were performed for a bimaterial with the following characteristics:

) =353GPa, V=170 C/m?, o\)=151x10" C/(Vm),
¢ =425GPa, e?=-048C/m?, P = 0.0757 x 107°C/(Vm),

and different values of mechanical and electric loadings.

The calculated tangential crack openings (sliding) (u3(x1, 0)) for ¢ = —10mm, b = 10mm, 0,3 =
10 MPa, and different values of E{are presented in Figure 2 for the right vicinity of the left crack tip and
for the left vicinity of the right tip. It is seen that for E>° = 0 the crack opening has the same behavior,
but with different values of sliding, at the left and right crack tips. However an increase of E{° leads to
increasing the crack opening at the left crack tip and decreasing it at the right one.

(1, (5,0)) 10° () T (1 (5.0)) 10° ()

11,

I

11

8 +
6 +
4+
I
0 } I
0,
2
4

0p95 0.0096 0.0097 0.009 10099 0/01

x,(m) A

-0,01 -0,0099 -0.0098 -0,0097 -0,0096 -0.0095

x (m)

Figure 2. Dependence of the crack sliding (u3(xy, 0)) at the left and right crack tips,
respectively, on E{° for o535 = 10MPa. Curves 1, II and /Il correspond to E° =0,
300kV/m and 600kV /m, respectively.
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Figure 3. Variation of the electric field E fl) (x1, 0) along the left crack continuation
(left) and the right crack continuation for o7y = 10 MPa and different values of E{°.

The variation in electric field E il)(xl, 0) along the crack continuations for the same materials, crack
length and loadings are given in Figure 3. These figures suggest that an increase in E7° causes an increase
in the intensity of the electric field at the right crack tip and a decrease in its absolute value at the left
crack tip. Changing the E7° sign leads to the same phenomenon, but with permutation of the crack tips.
Thus, in contrast to the case of a crack in a homogeneous material, the electrical fields at the right and
left crack tips of an interface crack become substantially different for nonzero external electric fields.

In some cases it is necessary to know the behavior of electromechanical quantities outside of the
material interface. To define this behavior we obtain from (6), and (12)

P =2Re{K"™ W(z)}, (31)

where KV = BOD~!, K® = —B® D!,
Considering j =1 and j =2 in (20) and solving the system obtained with respect to W{(z) and W»(z)

one gets

_Fi@-F@ _ k@) -siF()
Wi(z) = W’ Wa(z) = P (32)

Formulas (31) and (32) define the shear stress and the electric field component at any point of the bima-
terial domain via the functions Fj(z) and F,(z) obtained above.

Figure 4 demonstrates the result of use of the formulas (31) and (32) for determination and presentation
of electromechanical characteristics outside of the material interface. Namely, the shear stress distribution
at the right crack tip in the upper part of the medium is shown in this figure. The curves with markers
represent the level lines of the shear stress 0*3(;) (x1, 0), which demonstrate its variation in the vicinity of
the right crack tip. Similar fields can be drawn with use of (31) and (32) for other electromechanical
components at any subdomain of the medium.

3. Formulation of the problem and dielectric breakdown model consideration
for an interface crack

By separating the real and imaginary parts of (26) one can see that the mechanical stress and the electric
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Figure 4. Variation of the shear stress 023(x1, x2) distribution at the vicinity 0.004 m <
x1 <0.02m, 0 < xy <0.015m of the right crack tip.

field are singular at the crack tips. Moreover this singularity is oscillating. Square root singularity
takes place at the crack tip also in a case of a homogeneous material. To remove the oscillation and
to eliminate completely the singularity in the electric field the dielectric breakdown model (DB model)
is applied. This model was suggested in papers by [Zhang and Gao 2004] for a conducting crack in a
homogeneous piezoelectric material. In the present paper the generalization of this model to the interface
crack is suggested. As follows from Figures 2 and 3, the DB zone lengths should be different at the left
and right tips of an interface crack. Moreover, it will be shown later that these zones for an interface
crack are either both very short (for E{° = 0) or one zone is substantially shorter than another one,
therefore, their mutual influence can be neglected. Taking into account this circumstance we’ll consider
for simplicity only one zone paying the main attention to the longer one and assuming that it occurs at the
right crack tip (Figure 5). If the longer zone occurs at another crack tip then this zone can be considered
by simple transformation of half-spaces.

1 il e, ) E =E,
5555
| c a b X
2 2 2
C4(4)= e](S)’ al(])

Figure 5. An electrically conducting interface crack with dielectric breakdown zone at
the right crack tip.
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Thus the boundary conditions for the considered model can be written as

02(;) = 02(5) =0, Eil) = Efz) =0forc<x <a, (33)
EW=E® =E,, (o2)=0, (u})=0, fora<x; <b, (34)
(023) =0, (D2)=0, (u3)=0,(E)=0forx; ¢ (c,b), (35)

where Ej is the dielectric breakdown strength, defined as a critical electric field at which partial
discharge starts to occur around the crack tip [Gao et al. 2006].

Satisfying the interface conditions (33) with use of (18) one gets the equation (23), and the first and
third conditions (34) together with (19) lead to

Im[F}" (x1) + 91 Fy (xD] = —m1 Ep /11,
Im[F," (x1) — F; (x1)]=0fora < x; <b. (36)

Satisfaction of the boundary conditions (35) provides the analyticity of the function F;(z) outside of
the interval (c, b). The relations (36) lead to the equation

Im F(x;) = E* fora < x; <b, (37)

where E* = —m | Ep/ry.

Equations (23) and (37) present the nonhomogeneous combined Dirichlet—-Riemann boundary value
problem. The conditions at infinity (24) remain valid for this problem also. Following the paper by
[Nakhmein and Nuller 1986] the general solution of the homogeneous problem corresponding to (23), (37)
can be presented in the form

Fip(2) = P(2)X1(2) + Q(2) X2(2), (38)

where
P(z)=Ciz+C2, Q(z)=Diz+ D>.

The functions

X1(z)=ie* D/ /(z—c)(z—b), Xo(z) ="/ (z—c)(z—a), (39)

are the canonical solutions of the homogeneous problem corresponding to (23), (37),
Vb —a)z—c)
Vo —-a)z—a)+/la—c)z=b)’

i =+/—1and Cy, Cy, D;, D, are arbitrary real coefficients.
A particular solution of the nonhomogeneous problem (23), (37) we’ll find in the form

x(z) =2¢ln

Z=x1+1x2,

Fip(z) = ®(2)X1(2), (40)

where ®(z) is assumed to be analytic in the whole complex plane with a cut [a, b] along the x;-axis. It is
obvious that F,(z) satisfies (23). Substituting (40) into (37) and taking into account that Im X f(x]) =0
on (a, b) one gets the following equation

Im ®*(x)) = ¥ E(x)) fora < x| < b, (41)
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where ¥ (x1) = E*/ X1(x1).
A solution of the Dirichlet problem (41) has the following form [Gakhov 1966, formula (46.25)]:

b -+ — + .
):Y(z)/ (/ANOE S (t)dt—l— / Yy -y (t)
Yt (@ —2) 2 t—z

where Y (z) = /(z—a)(z—b) and 0 < arg(z —a) <2x, 0 < arg(z — b) <27.

Taking into account that

YO+ Y () = —2E"/(t — c)(b— 1) sinh xo(),

v (t) =y (1) =2E*\/(t —c)(b — 1) cosh xo (1),

L [a=ob—x)
Xo(x1) = 2¢etan —(b oG —a)

and that Y (¢) = —i/(t —a)(b —t) on (a, b), the formula (42) takes the form

(42)

*

E
Q(2) = 7[—iY(Z)L1(Z) + L2(2)], (43)

where

- b
h@= f\/ZSIHhXO(t) dt, Lz(z)=/ (t—c)(b—t)%xzmd

r—z

The general solution of the problem (23), (37) is the sum of the solutions (38), (40). Arbitrary constants
Cy, C3, Dy, D; can be found from the condition at infinity (24) together with condition of the displace-
ment uniqueness and the absence of an electric charge in the crack region [Knysh et al. 2012], which
due to (8) can be written in the form

b
f (FF(e) = F(x))dx =

1

Taking into account that for the validity of last equation the coefficient before z 7" in the expansion of

F1(z) at infinity should be equal to zero [Herrmann and Loboda 2003] and also
. 2 . c+b B
X1(@)eoo =iz 2 (Z +ifi+ T) +o(z ),

Xo(@Dlomso = 226 (z L+ i) +o@ ),

D(2)|;500 = —iR+o0(™h, / smh xo(t) dt,

one gets the following expressions for the unknown coefficients

Ci=—023 sin,B—El cos B, Dj=0ay3c0sp —E, sin 3,

c+b c+a
Cr=— > Ci—pBiD1, Dy=pCi—

D — R,
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where

1—+/1—-2 b—a
ﬁzelnm,ﬁlzgv((l—C)(b—C), )\.:b_c (44)

From the exact analytical solution thus obtained,
Fi(z) = (P(2) + ®(2)) X1(2) + Q(2) X2(2), (45)
all required quantities at the material interface can be found. A similar analysis can be carried out for

Jj =2in (18), (19), leading to the function F;(z).

4. Stress intensity factor and DB zone length

According to equation (18) stress and electric field on the right hand side from DB zone can be presented
in the form

o) @1, 0) —im EVV (x1, 0) = 11 Fi (x1) = rif{(P(x) + @(x1) X1 (x1) + Q(x) Xa(x1)}.  (46)

For an arbitrary position of the point b (defining the DB zone length) right hand side of (46) is singular for
x1 = b+ 0 and besides P (b) + ®(b) is real and X (x1)|x,—p+0 = i/+/(b — c)(x; — b) is pure imaginary.
Therefore, for any b the shear stress aéé)(xl, 0) is finite for x; — b + 0 whilst E fl)(xl, 0) is singular. To
remove this singularity the equation

P(b) + () =0

should be satisfied. After some transformation this equation can be written in the form

m1E{° cos B+ og5 sin B +2ev/1— A(oy5 cos f —m E{° sin )

2miEp /b t—c
_ h xo(t)dt =0. (47
2 —0) adb_twsxd) (47)

The obtained equation should be solved with respect to A and then the point b can be found from the last
of (44). As a rule (47) can be solved numerically and the largest root of this equation from the interval
(0, 1), which we denote g, can be found.

In the particular case of homogeneous piezoelectric material one has ¢ =0, xo(f) =0, 8 =0, and

equation (47) reduces to the form
2 bl — E®
/ J Car="1
ab—c) J, Vb—t E,

After some transformations this can be written as

2Fac+D), EF
242+, _EC

- (48)

For a small A this equation has the following asymptotic solution

wE° 2
rn=(Z5- ) (49)
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For the case of two symmetrical DB zones (—b, —a) and (a, b) at both crack tips in a homogeneous
piezoelectric material the analysis similar to [Gao et al. 2006] leads to the following equation
a TE

— = oS .
b 2E

Note that the asymptotic solution of this equation for small E{°/E;, completely coincides with the solu-
tion (49).
The shear stress at (a, b) according to (18), (34) can be found in the form

(50)

o) (x1,0) = 1l F;F (1) + i Fy (x1)] + imy Ep.

Substituting the formula (45), taking into account that according to [Herrmann and Loboda 2003]

+ Fetr0x1) N etx0Gx)
X7 (x) = , o X5 ()= for x; € (a, b)
! Ve —ob—x) ? V@ —o@ —a)

and applying Plemeli’s formulas [Muskhelishvili 1977] we arrive at the expression

eXox1) _ ,, p=X0(x1) eXoxn) 4 e~ Xo(x1)
7001, 0) = P(xy) n +0(x) "
(x1 —c)(b—x1) Vxi—ox —a)
E* X —a exo(xl) _ e—Xo(Xl)
" _{_ [y e OOV IL () + L L2<x1>}, (51)
T x| —c¢ V(x1—c)b—xp)

where the integrals L;(x;) and L;(x;) should be considered in sense of principal value on Cauchy
[Muskhelishvili 1977].
Consider next the stress intensity factor (SIF) of the shear stress at the point a

Ky= lim 0\/2n(x1 —a) o3 (x1, 0). (52)

x1—>a-+

Taking into account that L (x1) has a square root singularity for x; — a+0 and L, (x;) has the logarithmic
singularity at this point we arrive to the following formula

K3 =211/ 2701 \/%(a_)c’

which after some transformations takes the form

_22‘1«/27‘[)/1 b—c
K3 = N |: 5 vl—k(28C1+vl—)»D1)—R:|. (53)

In the particular case of homogeneous piezoelectric material formula (53) reduces to

Ks = /wag,

which completely coincides with the associated result of [Gao et al. 2006].
The derivative of the crack faces displacement jump at the interval (c, a) (crack sliding) can be found
with use of (8) in the form

(y(x1,0)) = sy Im[F}F(x1) — F{ (x1)].
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107 °E> [V/m] 0 1 2 3 4 5
X0 2.492 x 107% | 7.285 x 1073 | 0.02571 | 0.05521 | 0.0947 | 0.1429
10-°K;5 [Pa/m>/?] 1.514 0.3850 —0.3448 | —0.8656 | —1.2375 | —1.4879

Table 1. DB-zone length and SIF K3 for 055 = 10 MPa and different positive values of E°

107 °ES° [V/m] —0.1 —0.2 —1 —2
0 1.078 x 10~* [ 3.522x 107 1.055x 1072 [ 2.419x 10~
10~° K5 [Pa/m>/?] 1.6739 1.852 4.061 7.531

Table 2. DB-zone length and SIF K3 for 075 = 10 MPa and different negative values of E7°.

Substituting expression (31) one gets

Wy, 0)) = y1i+1 Im{[P(x1)+q>(X1)_i Q(x1) j|eXP[iX*(X1)]} for ¢ < %1 < a (54)
where
V(b —a)(x1 —c)
* =2¢el
e = S a— + V@ -G =
and the crack sliding can be found as
<u3(X1,O)>=f (us(t, 0))dt. (55)

5. Numerical results and discussion

We performed calculations for a bimaterial composed of PZT-4 (upper material) and BaTiOs (lower one)
having the following characteristics:

) =256GPa, e{V=127C/m?, o) =6.460C(Vm)~!,
¢ =43.0GPa, e?=11.6C/m?, P =11.20C(Vm)~,
with E, = 107 % [Fan et al. 2009], ¢ = —10mm, » = 10 mm and different values of mechanical and

electric loadings.

In Table 1 the DB zone lengths and the SIF K3 are presented for 0,3 = 10 MPa and different positive
values of E{°. It can be seen from the results that increasing of E{° leads to the increase of 1o and
decrease of K3 with resulting in its change of sign even. The reason for the change will be clear from the
following graphs. Similar results, but for negative values of E{° are presented in Table 2. It follows from
this table that increasing of | E{°| initiates the cardinal decreasing of the DB zone length to negligibly
small values.

Results similar to Table 1, but for smaller values of o7y, are presented in Table 3. It is seen by
comparison of these Tables that increase of 053 leads to an increase of A and K3. However with increase
of E{° the difference in A for these two Tables almost disappear.
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107°E [V/m] 0 1 2 3 4 5
X0 8.036 x 107> | 6.537 x 107> | 0.0247 | 0.05412 | 0.09363 | 0.14188
10-°K;5 [Pa/m>/?] 0.7264 —0.4672 —1.211 | —1.738 | =2.113 | —2.3659

Table 3. DB-zone length and SIF K3 for 075 = 5 MPa and different positive values of E7°.

10°°E® [V/m] |1 2 3 4 5
Ao 6.144 x 10~* | 0.02428 | 0.05660 | 0.09295 | 0.1410
A 6.156 x 10~ | 0.02447 | 0.05449 | 0.09549 | 0.1464

Table 4. DB-zone lengths in case of homogenous material BaTiO3 for 0,5 = 10 MPa
and different values of E°.

The results for the DB zone lengths in case of homogenous material BaTiO; for o35 = 10 MPa and
different values of E{° are given in Table 4. Value A in this case is the root of (48) corresponding to one
DB zone and X is the root of (50) obtained for two symmetrical DB-zones at both crack tips. The SIF
K3 for all values of E{° is equal to 1.772 x 10% Pa/m>/2. Tt is clear that for relatively small magnitudes
of E{° the difference between Ao and s negligibly small, but it grows moderately as E7° increases.

The calculated tangential crack opening (sliding) (u3(x1, 0)) for ¢ = —10mm, b = 10mm, o053 =
10 MPa is presented in Figure 6 for different values of E{°. Lines I, I and III correspond to E7° =0,
2 x 10°V/m and 4 x 10° V/m, respectively. It is clearly seen from these results that the crack sliding is
almost symmetrical for E7° = 0, but increasing of E7° leads to the distortion of the curve and a change of
the sign of (u3(x1, 0)) in a region in the vicinity of the right crack tip (these explain the negative values
of SIF in Table 1). However, the appearance of the negative (u3(x1, 0)) does not mean the crack faces
interpenetration like in plane case and is quite admissible from physical point of view. It is worth to be
mentioning also that the negative electric field will lead to mirror mapping of the obtained graphs with
respect to the ordinate axis.

The behavior of the electric field in the DB zone and along its right continuation are presented in
Figure 7 for the same crack geometry, mechanical loading and different E{°. Here ET° =2 x 10°V/m
(line 1), 4 x 10° V/m (IT) and 5 x 10° V/m (II). As it can be seen the DB-model eliminated the singulari-
ties of electric field at the right crack tip. Thus this model gives the possibility to get an electromechanical
field at the point b free from singularities and to transform the oscillating singularity of the shear stress
into conventional square root singularity at the point a. It is very important because it provides a possi-
bility for the SIF to be used in a conventional way.

For an additional verification of the obtained analytical solution the independent methods based on fi-
nite element package has been used. The finite sized body composed of two piezoelectric parallelepipeds
—30mm <x; <30mm, 0 <x, <20mm, 0 <x3 <180 mm and —30 mm < x; <30mm, —20mm < x; <0,
0 < x3 < 180 mm with the same piezoelectric material parameters as presented at the beginning of this Sec-
tion has been considered. An electrically conducting crack in the interface region —10 mm < x; < 10 mm,
x3 =0, 0 < x3 <180 mm is situated. The lower boundary x, = —20 mm was fixed while to the upper
one x, = 20 mm the uniformly distributed shear stress 0'3(;)()6 1,20) = 10 MPa was applied. Assuming
the external electric field E£1 = 0 the DB zone in this case is defined by the second column of Table 1.
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111 9 <ul(xl,0)>o106 (m)

0,01 -0.005 40 0005, (m) 0.01

Figure 6. Tangential crack sliding (u3(x1, 0)) for 055 = 10 MPa and different values of ET°.
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Figure 7. The electric field in DB zone and at it continuation for o7y = 10 MPa and
different values of E{°.

The finite element ABAQUS code was used for the solution of this problem. The mesh refinement at
the crack tips was done. As a result of this solution the maximum value of the crack sliding at the point
x1 = x2 = 0, x3 = 90 mm turned out to be 6.771 x 1073 mm. Analytical analysis performed for the
same geometrical and mechanical parameters gave the result 6.260 x 10~3 mm for the crack sliding at
the same point. Taking into account that we compared the results for finite size domain (with a crack 3
times shorter than the width of the compound) and for an infinite domain, the obtained error in 7.54%
can be considered as quite satisfactory. Therefore, the presented numerical analysis confirms the validity
of the analytical approach developed in this paper.
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6. Conclusions

The mode III interface crack problem for a transversely isotropic dissimilar piezoelectric bimaterial media
under the action of anti-plane mechanical loading and in-plane electrical field parallel to the crack faces
is considered.

To eliminate the electric field singularity, which occurs at the crack tips, the dielectric breakdown
model is applied. According to this model the electric field along some zone of the crack continuation is
assumed to be equal to the electric breakdown strength Ej, and the length of this zone remain unknown
for a time being. A nonhomogeneous combined Dirichlet—Riemann boundary value problem (23), (37)
is formulated. This problem is much more complicated than the problem (23) nevertheless an exact
analytical solution (45) of this problem is presented. The transcendental equation for the determination
of the DB zone length is obtained from the condition of the electric field finiteness at the boundary point
of this zone. Analytical formulas for the shear stress in DB zone, the stress intensity factor at the crack
tip and for the crack sliding are obtained.

The variation of the DB zone length, crack sliding and the SIF with respect to external electric field is il-
lustrated in tables and figures. In particular it is shown that the electric field essentially influences all elec-
trical and also mechanical characteristics of the model. Namele, the increase of the electric field changes
the sign of the displacement jump in some part of the crack region (see line /1] of Figure 5). It is seen from
the last lines of Tables 1 and 3 that this increase cardinally vary the value of the SIF changing it sign even.

The particular case of identical physical properties of upper and lower domains is considered. This case
is equivalent to the case of a crack in a homogeneous piezoelectric medium. Equation (47), determining
the DB zone length, and the formula (53) for the SIF finding reduce to very simple equations which
solutions are in good agreement with the associated results obtained for the crack with two DB zones by
another method.

It’s worth to be mentioning that the dissimilarity of the bulk properties essentially effects the elec-
tromechanical quantities of the considered problem. In particular, the SIF K3 does not depend on the
applied electric field for a homogeneous case whilst it changes its value quite substantially with respect
to this field for a dissimilar piezoelectric material. Besides, as it is seen from Figure 6, the crack opening
transforms its symmetrical form due to electric field for a dissimilar material what is not observed for a
homogeneous one.

Comparison of the obtained analytical solution with the associated results obtained by finite element
method has been performed and good agreement has been found.

The importance of the obtained solution is justified by the possibility of using the obtained results
in electronic engineering for decreasing of the threat of failure of electronic devices produced from
dissimilar piezoelectric materials and having internal electrodes, which can lead to the appearance of
conducting interface cracks.
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