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USING CZM AND XFEM TO PREDICT THE DAMAGE TO
ALUMINUM NOTCHED PLATES REINFORCED WITH A COMPOSITE PATCH

MOHAMMED AMINE BELLALI, MOHAMED MOKHTARI, HABIB BENZAAMA,
FEKIRINI HAMIDA, BOUALEM SERIER AND KOUIDER MADANI

The competition between the propagation of cracks in the plate and the detachment of the patch has been
invested in this work. Our goal is to analyze the damage of a notched plate reinforced by a composite
patch using FEM. The effect of several parameters of the plate/cohesive/patch structure was evaluated.
These parameters concern: firstly, the composite patch such as its stacking sequence; secondly, for the
plate we consider the size and shape of the notch; finally, the cohesive area that is conditioned by its
resistance to the mechanism of damage. The effect and competition of these different parameters are
evaluated and presented by both load-displacement curves and curves that show the competition between
the detachment of the patch and the propagation of the crack in the plate. The calculations are performed
with the ABAQUS numerical code using CZM cohesive elements for patch detachment and the XFEM
technique for plate fracture. The results obtained illustrate the variation of the damage as a function of
these parameters acting simultaneously: the resistance of the interface and the patch under the effect of
the notch. Hence these levels of resistance condition the mechanism of damage between the propagation
of the crack in the plate and the detachment of the patch.

1. Introduction

In recent years polymeric matrix composite structures have been widely used in a number of sectors,
particularly for the advantageous weight/resistance ratio [Elhannani et al. 2016]. They can also be used
for repairing patch structures. On the other hand, the notched structures are widely presented in the
concepts from where the need for their reinforcement often by composite patches. These structures
are still subject to damage and their modes of rupture sometimes result in defects. Among them, the
patch/plate detachment mode is the most common and often occurs by a low adhesive strength between
patch/plate layers for many reasons.

Using the finite element method (FEM) by ABAQUS software, Ait Kaci et al. [2017] has investigated
the effects of composite patch repair of a cracked aluminum plate. This gives the advantage of meshing
the structure automatically after each step of the growth of the crack. Other researchers such as Mohamed
and Bouiadjra [2016] optimized the shape of the repair patch on a cracked plate.

A new technique known as Xtended finite element method (XFEM) has been implemented for numer-
ical modeling of crack propagation. This numerical approach was presented in [Benzaama et al. 2018].
A modified function is implemented to model the surface of the crack by adding additional degrees of
freedom to each node so-called “enriched elements”.

Mokhtari is the corresponding author.
Keywords: repair technique, CZM (cohesive zone model), XFEM (Xtended finite element method), adhesive type.
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Further improvements to XFEM have been presented in different applications with plastic/elastic
domains, fluid/solid phases, and static/dynamic loads. Most researchers have focused on interlaminar
cracking as in composite materials. The energy criteria are based on the mechanics of fracture, used to
predict the onset and growth of detachment. Among them, the virtual crack closure technique (VCCT)
and the cohesive zone method (CZM) are the two prediction methods based on the comparison of energy
between the strain energy release rate (G) and the energy release rate (GC). VCCT requires an initial
crack in the mesh prior to crack propagation analysis. Other work by Ezzine et al. [2018] includes
an experimental and numerical study using CZM and XFEM methods. Many studies are working on
the breaking behavior of the interface layers such as [Song et al. 2016] and [Ibrahim et al. 2016], the
CZM use as well by [Jiao et al. 2017] in the debonding between FRP and concrete the CZM show
some disadvantages such as the introduction of softening and instability of the numerical computation,
in particular during the propagation of cracks. But it remains the method most used by researchers since
it does not require an initial crack and has greater advantages for cracking in mixed mode.

In most studies of cracked and composite repaired structures, the phenomenon of debonding is no
longer considered as crack propagation when they should be modeled. The ABAQUS software is used to
better simulate the results of a structure reinforced by a composite patch. The damage analysis referred
to in this work is the introduction of the two damage criteria on the same structure. The use of close
break parameters clearly shows the creation of a complex damage mechanism. This makes it possible
to improve the adequacy between the elements (plate/interface/patch) constituting the structure. In this
article, we study these possibilities by evaluating the interaction between the crack propagated in the plate
and the detachment of the interfaces between materials having different elastic and breaking properties.

1.1. XFEM technique and input parameters. The XFEM method consists in a mesh of finite elements
which is independent of the discontinuity. This formulation takes off the need to define a new mesh
configuration (remeshing) for the simulation of crack propagation, by opposition to the classical FEM.
Therefore, the same mesh is used for all time steps during crack propagation. The XFEM is based on
the introduction of additional degrees of freedom which are established in the nodes of the elements that
are intersected by the crack geometry.

The XFEM uses the concept of partition of finite element unity and enrichment function. The enrich-
ment functions are expressed as [Moës et al. 1999]

UXFEM(X)=
∑
i∈0

Ni(X)ui +
∑
i∈J

Ni(X) H(X)ai +
∑
i∈K

Ni(X)
[ 4∑
α=1

Fα(X)biα
]
, (1)

where 0 is the set of all nodes in the mesh, Ni(X) is the nodal shape function and ui is the standard
degree of freedom (DOF) of node i (ui represents the physical nodal displacement for nonenriched
nodes only). The subsets J and K contain the nodes enriched with Heaviside function H(X) or crack-
tip function Fα(X), respectively, and (ai , biα) are the corresponding DOFs.

In (1) the first and second term on the righthand side is applicable to all nodes in the model; the third
term is valid for nodes whose shape function support is cut by the crack interior and the third term is
used only for nodes whose shape function support is cut by the crack tip [Qian and Jing 2012]. The
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Figure 1. Description of the E1, E J and EK sets of the displacement field approximation
enriched finite element.

Heaviside function H(X) is defined as

H(x)=

{
−1 if x > 0,

1 if x < 0.
(2)

The crack-tip function Fα(X) contains the enrichment functions (branch functions) used to increase the
accuracy of the numerical solution around crack tip and their formulation depends on the nature of the
problem to be solved. For LEFM problems, these functions are chosen based on the asymptotic behavior
of the displacement field at the crack tip [Belytschko and Black 1999]:

Fα(X)=
[√

r sin θ
2
,
√

r cos θ
2
,
√

r sin θ sin θ
2
,
√

r sin θ cos θ
2

]
, (3)

where (θ, r) denotes a polar coordinate system with its origin at the crack tip and when θ = 0 it is
tangent to the crack at the tip;

√
r sin(θ/2) takes into account the discontinuity across the crack face.

This function has a lot of applications including biomaterial and elastic-plastic power law hardening
material. The structure domain is created as a solid, the XFEM enrichment domain function with the
crack is the hole and input order as

*Enrichment, name = Crack-1, type = PROPAGATION CRACK, activate = ON.

The evaluated damage is maximal at crack opening and is calculated using

δn =

√(
〈δn〉

2+ δ2
s + δ

2
t
)
. (4)

The following analysis uses the elastic properties presented in Table 1. The maximum principal stress is
the value of the unnotched nominal strength measured as 456 MPa. The damage evaluation criterion is
the maximum traction displacement (maximum crack opening of aluminum measured as 0.14 mm).

yield stress (R0.2)= 310 MPa maximum stress (Rm)= 452 MPa
percentage elongation (A)= 2.4% E = 68.8 GPa, ν = 0.33

Table 1. Material mechanical properties of aluminum 2024-T3.
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1.2. Cohesive interfaces and input parameters. The damage evolution model is a linear tensile-separation
law as shown in Figure 2, defined by a surface of nodes in a mesh where no interaction has been introduced
between the surfaces. The cohesive law contains an undamaged initial regime of elastic behavior where
the surfaces are attached to each other. The damage path is entirely in the cohesive zone.

A damage initiation stress threshold is defined; it initiates a softening regime behavior where the
stiffness degradation increases as the surfaces move away from each other. Finally, both surfaces reach
a separation level so that the stiffness connecting them is zero and they are completely “detached” from
each other. For damage initiation, a quadratic traction criterion was used for a mixed mode defined in (5).

The cohesive interfaces were modeled using the traction-separation implementation in ABAQUS (see
Figure 3). The input of the stiffness parameters (Knn, Kss and Ktt) required by ABAQUS is the modulus
of the cohesive material divided by its thickness. The model requires knowledge of local forces (σu,i ,
i = I, II, III) and critical stress energy release rates (Gi , i = I, II, III).

When (2) is satisfied, the constraints are completely released. The evolution of cohesive damage is
based on energy defined by the Benzeggagh–Kenane criterion. The zones of the triangle correspond to
the critical breaking energy introduced such that GI = 0.3 N/m (normal structure, Mode I) and GII =

GIII = 0.6 N/m (shear structure, Mode II and Mode III) are used [Campilho et al. 2013; Mokhtari et al.
2017]. The debonding (opening and spreading) can only take place by the failure of these elements under

Figure 2. Linear softening law for mixed-mode cohesive damage models.

Figure 3. A traction-separation law for modeling the interface material degradation.
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load condition and failure criteria. The quadratic stress criterion can be written as(
σI

σu,I

)2

+

(
σII

σu,II

)2

+

(
σIII

σu,III

)2

=

{
1, if σ1 ≥ 0,

0, if σ1 ≤ 0.
(5)

where σi (i = I, II, III) represent the stresses at a given integration point of the interface finite element
in each mode. Mode I is the local opening mode and modes II, III the shear modes at the interface. The
crack propagation was simulated by the linear energetic criterion(

GI

GIC

)
+

(
GII

GIIC

)
+

(
GIII

GIIIC

)
= 1. (6)

1.3. Finite element modeling. A series of sensitivity analyzes was performed to evaluate the effect of
modeling parameters on the variation of numerical predictions. For reliable simulations, the geometry
of the numerical model has been realized in one part. Each criterion of damage is attached to its region.
The patch/plate interface is composed of cohesive elements in order to model the detachment. The
XFEM criterion is used for the plate to model crack initiation and propagation. In the sense of numerical
computation, the studied parameters are in close agreement with the computational convergence. On
the other hand, if the cohesive zone would introduce global softening to the simulation, it can lead to
underestimation of the maximum peel release force. To cope with this problem, a viscosity coefficient
of 10 · 105 was chosen with an adequate time increment for the stabilization of the cohesive damage cal-
culation. A fine mesh with identical elements was recommended according to the thickness (plate/patch)
and around the cohesion zone, in order to analyze the separation in mixed mode between the composite
and the plate. The use of the XFEM technique in the damage of the aluminum plate makes it possible
to have more precise and stable solutions than the results obtained by conventional finite elements. The
latter were rough or very oscillatory. Another advantage of the XFEM is that the finite element mesh in
this technique is generated independently of the location of the discontinuities.

2. Description of model geometry and material properties

Consider a thin 2024-T3 elastic aluminum plate having height H = 150 mm, width W = 50 mm, thickness
e= 2 mm. Notches of different shapes and sizes are taken for each plate. These plates are subjected to an
imposed displacement of 4 mm. The composite patch is bonded to the plate to strengthen and reduce the
tension of the damaged area through the adhesive. The dimensions of the patch composite are: length
Hr = 50 mm, width Wr = 50 mm and thickness er = 2 mm. The geometric model of finite elements is
represented in Figure 4.

Tensile tests performed on 2024-T3 aluminum plate have allowed us to have the characteristic curves
shown in Figure 5 (left) [Madani et al. 2010]. From this curve, we can determine the mechanical prop-
erties of the material (see Table 1).

The stress-strain relationship in the nonlinear part of the plasticity of aluminum as well as the co-
ordinates of the last point of the breakpoint curve were introduced in the ABAQUS code as damage
parameters to simulate an increased failure/damage level after the ultimate stress was reached. So the
model of plasticity extends beyond the ultimate stress.
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Figure 4. Geometric model of the bonded system.

Figure 5. Left: tensile stress-strain curve of aluminum plate. Right: the stacking se-
quence of composite used.

The interlaminar rupture of the composite patch was not considered in this analysis. This is to pro-
mote only the separation between the plates (composite/aluminum). The geometry of the composite is
presented in Figure 5 (right). The analysis was carried out for a composite laminates namely, carbon
epoxy. The properties of the composite used in this study are listed in Table 2.

Young’s modulus, E Poisson’s ratio, ν shear modulus, G

E1 = 109000 MPa ν12 = 0.342 G12 = 4315 MPa
E2 = 8819 MPa ν13 = 0.342 G13 = 4315 MPa
E3 = 8819 MPa ν23 = 0.380 G23 = 3200 MPa

Table 2. Mechanical properties of the laminates used [Mokhtari et al. 2017].
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laminate 1: (08)S laminate 4: (02/452/−452/902)S

laminate 2: (02/152/−152/902)S laminate 5: (02/602/−602/902)S

laminate 3: (02/302/−302/902)S laminate 6: (02/752/−752/902)S

Table 3. Different ply orientations used in analyses [Mokhtari et al. 2017].

Different ply orientations of the composite patch are considered in this study to investigate their effect
on the failure load. The value of orientation angle (θ) is taken from the longitudinal direction of the
structure (x-axis) and varied from 0◦ to 90◦ (Table 3). All layers have the same matrix (epoxy) and the
same fiber materials (carbon). The numbers 1, 2, . . . , 6 in Table 3 indicate the laminate types chosen in
the x-axis for different curves.

The adhesive used for bonding along this study is Araldite 420 which is used in aerospace industry
because of its important mechanical characteristics. Other qualities of adhesive have been used to see
their effects on the mechanism of damage. The different mechanical properties of the adhesives are given
in Table 4 and are taken directly from the literature. The mechanical properties of the various adhesives
as well as their fracture parameters (Table 4) are essential for modeling the cohesive zone.

No assembly has been done; the geometric model has been partitioned by an interface or the three
parts plate/cohesive/patch share the same nodes, so the same mesh architecture has been retained for each
model. The cohesive element was selected as an interface between the plate and the patch geometrically
with zero thickness, its thickness values are introduced into the rigidity of the interface (Figure 6).

To simulate patch detachment with crack propagation in the plate, the linear behavior of the composite
and nonlinear aluminum was presented using 13428 elements of C3D8R solid elements for aluminum
where XFEM model is implemented and 5554 for the patch. For each structure the number varies with the
shape of the notch. Figure 7 shows a detail of the mesh used for the three elements plate/cohesive/patch.

Araldite 420

Knn = 9.25 · 105 GN/m3 Kss = 11.85 · 105 GN/m3 Ktt = 11.85 · 105 GN/m3

%uI = 40 MPa τuII = 24.1 MPa τuIII = 24.1 MPa
GIC = 0.3 N/mm GIIC = 0.6 N/mm GIIIC = 0.6 N/mm

cohesive AV138

Knn = 2.45 · 105 GN/m3 Kss = 7.8 · 105 GN/m3 Ktt = 7.8 · 105 GN/m3

%uI = 39.45 MPa τuII = 30.2 MPa τuIII = 30.2 MPa
GIC = 0.2 N/mm GIIC = 0.38 N/mm GIIIC = 0.38 N/mm

cohesive 7752

Knn = 9.25 · 105 GN/m3 Kss = 9.5 · 105 GN/m3 Ktt = 9.5 · 105 GN/m3

%uI = 11.48 MPa τuII = 10.17 MPa τuIII = 10.17 MPa
GIC = 2.36 N/mm GIIC = 5.41 N/mm GIIIC = 5.41 N/mm

Table 4. Elastic, strength and fracture properties of different adhesives [Campilho et al. 2013].
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Figure 6. Separation presentation of a cohesive interface.

composite patch interface layer

aluminum plate repaired structure

Figure 7. Details of the mesh of each region.

No interaction was introduced between the surfaces. The adhesive was modeled as an interface (zero
thickness) with typical elements COH3D8 and a number that exceeds 2214 elements according to the
shape of the notch. It is thus necessary to introduce the break parameters (see Table 4).

The debonding was simulated in the finite element model by maintaining the same nodes on both
adjacent faces of the overlap area (aluminum/composite). It is necessary to have an appropriate number
of mesh elements in the overlapping region on which the damage properties are based. In other words,
when the number of nodes increases or decreases there will be no convergence or damage (detachment).

3. Analysis and results

Generally, in repaired structures, the distribution of stresses in the adhesive joint is heterogeneous. High-
est stress values are noted along the free edge in contact with the patch and around the damaged area,
that is, the notch present in the plate. The rest of the adhesive layer is practically inactive, with low
stress values. During the detachment, the adherents (patch/adhesive/plate) play a determining role in the
resistance values and the mechanism of the system to the damage. These values are the variables to be
evaluated in this study.

3.1. Effect of geometrical and dimensional notch of the plate on the damage behavior. The presence
of a notch in the reinforced plate makes it possible to locate the initiation of the crack and to observe at the
same time the effectiveness of the reinforcement patch. The propagation path is a difficult one because
it depends on various factors such as the elastic mismatch of the constituent materials and the properties
of the interfaces. The objective of this part of the study is to evaluate the effect of the dimensions of
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the notch (circular, when a = b = r , or elliptic, when a 6= b and one of these parameters at a time is
held constant while the other is varied) on the resistance of the repaired plate by the determination of the
load-displacement curves.

The evolution of the system to the expected damage presented by the load-displacement curves is a
function of the rigidity and the dimensions of the element that constitute the assembly (patch/adhesive/plate).
The different figures are accompanied by the result of the plate without reinforcement to better compare
it by that of the repaired case.

Figure 8 shows the response of the structure to the imposed load in the presence of a circular notch. The
effect of the dimension of the notch is seen to be directly proportional to the resistance of the structure;
if the dimension of the notch is minimal, the resistance of the structure is higher. However, the presence
of the patch increases the rigidity of the structure up to a high value of the imposed load, which causes
its detachment. The reinforcement capacity before peeling is the same for the different dimensions of the
notch. On the other hand, after detachment of the patch, an advantage in the resistance of the structure
depends on the notches of large dimensions.

For the effect of the elliptical notch when the dimension a is constant, it is noted in Figure 9 that
the notch dimensions do not take an important effect in the strength of the structure with or without
reinforcement because the damage is completely favored according to dimension a of the notch and
there is no effect of the dimension b. The reinforcement in this form of notch is more advantageous and
more resistant than that of the unreinforced plate. The effect of the elliptical notch when b is constant
shows that the dimensions take an important effect in the strength of the structure; when dimension a
increases, the resistance of the structure is lower because it is the zones which promote damage. On the
other hand, the reinforcement takes an important effect in the resistance before and after the debonding.
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Figure 8. Load-displacement curves for different dimensions (radius) of circular notch
(plate repaired with Araldite AV138).
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Figure 9. Load-displacement curves for different dimensions of elliptical notch (plate
repaired with Araldite AV138).

Figure 10 shows that the effectiveness of the patch in the resistance of the structure is much more
conditioned by the shape of the notch only by its size. The advantage of the reinforcement on the
strength of the structure is clearly established for the elliptical shape of the notch which has a high stress
concentration compared to the circular notch.
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Figure 10. Load-displacement curves for different dimensions of an elliptical notch
(plate repaired with Araldite AV138).
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If the notch has a significant dimension a, the section of the plate decreases and therefore a low
resistance of the plate occurs. However, if the dimension b of the notch increases, its effect is small on
the strength of the plate.

3.2. Effect of stacking sequence of the patch on the efficiency of reinforcement. The objective in this
part of the study is to analyze the effect of the stacking sequence on the composite/cohesive/aluminum
resistance capacity. Six laminate stacking sequences were selected [Campilho et al. 2013]. In assembled
systems, the stiffness of the composite materials that can absorb more load is explained by the orientation
of these fibers with respect to the loading axis (stacking sequence effect). This also explains why in some
cases separation occurs quickly (B. Varughese 1997). In the case of composite patch reinforcement, the
advantage of the stacking sequence will take place only according to the deformability of the plate.

In Figure 11, the stacking sequence effect on the effectiveness of reinforcing the patch on a plate
notched with a circular shape at r = 10 mm is presented. It uses about 2214 finite elements with a finer
mesh in the region where the crack must propagate. The simulation shows identical initial behavior for
all stacking sequences until maximum load is reached (Figure 11). Each layer of the composite patch
ensures a charge transfer according to the orientation of its fibers and provides the plate with a gain in
stiffness until the patch is detached. The system will continue to follow the same path for the different
stacking sequences.

It should be noted that as the strength of the adhesive increases, the magnitude of this resistance
varies with the variation of the stacking sequence; in other words, with the orientation of the fibers. The
combination of fracture energy is quite high and the stacking sequence for which the orientation of the
fibers is less than 45◦; a value more that 45◦ gives the system a considerable resistance capability.
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Figure 11. Failure load-displacement curves for different stacking sequences of carbon-
epoxy laminate.
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3.3. Effect of resistant parameter of the adhesive on the efficiency of reinforcement. In this part of
the study, it is not possible to condition the effect of the fracture parameters of the adhesive. These
parameters occur simultaneously by the nature of the adhesive itself. It should be noted of course that
the values in mode II are always higher than that in mode I because the adhesives work better in shear
than in tension. In most cases, damage to the plate will begin after detachment of the reinforcement patch.
The adhesive will continue to withstand efforts to transmit the load until it is able to resist. In addition
to other parameters such as Snn, Stt, Sss (normal and tangential strength) and Knn, Kss, Ktt (normal and
tangential stifness), the separation energy of the GI, GII and GIII adhesive plays the most important role
in the strength of the adhesive as shown in the Figure 12. The results show clearly the effectiveness of
this type of analysis using the cohesive zone model. It is important to take as reference the unrepaired
plate.

When loading the repaired structure by patch, the force-displacement curve goes through stages where
few phenomena are observed: propagation of the crack in the plate, resistance of the adhesive with respect
to the charge transfer by the patch and finally the detachment of the patch. The force-displacement curve
shown in figures 13 and 14 shows a nearly linear behavior until the maximum load is reached for each
repair case depending on the adhesive used. Then, the load capacity of the repaired structure increases
from about 15% to 45% of the peak load. The charge continues to increase until it reaches a second
point, about 10% to 20% of that of the last charge. The system maintains this level until a second fall,
followed by the last point which represents the fracture of the structure.

However, the damage to the structure repaired by adhesive 7752 (Figure 15) does not follow the same
path as the other two structures successively repaired by AV138 and Araldite 420. This difference comes
from the 7752 adhesive which is by its very nature is more ductile which and subsequently confers a
significant capacity of reinforcement to the structure.
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Figure 12. Failure load-displacement curves for different adhesives used.
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Figure 13. Force-displacement curve, the normalized crack length and debonding area
for the case with circular notch of r = a = b = 10 mm with cohesive Araldite 420;
(a) start of delaminating patch, (b) start of crack propagation in plate, (c) failure load,
(d) total damage of aluminum plate.

The result of the numerical modeling in terms of force-displacement curve shows a good agreement
of the detachment of the patch and the propagation of the crack according to the nature of the adhesive.

0.0 0.5 1.0 1.5 2.0 2.5
0

2

4

6

8

10

12

14

16

18

20

22

24

 Load-displacement curve   Delamination propagation   crack propagation
Displacement [mm]

Lo
ad

 [K
N

]

0.0

0.2

0.4

0.6

0.8

1.0

(d)

(c)
(b)

(a) (c)

(a)
(d)

oo o

o

(b)

N
or

m
al

iz
ed

 c
ra

ck
 a

nd
 d

el
am

in
at

io
n 

L
oa

d
[k

N
]

Figure 14. Force-displacement curve, the normalized crack length and debonding area
for the case with circular notch of r = a = b = 10 mm with cohesive AV138; (a) start of
delaminating patch, (b) start of crack propagation in Aluminium plate, (c) total damage
of aluminum plate, (d) failure load.
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Figure 15. Force-displacement curve, the normalized crack length and debonding area
for the case with circular notch of r = a = b = 10 mm with cohesive 7752; (a) start of
delaminating patch, (b) start of crack propagation in aluminum plate, (c) failure load,
(d) total damage of aluminum plate.

The first instantaneous decrease in load capacity is followed by the detachment of the composite patch
(position (a)) and then the crack propagates once the load is reached at position (b) (figures 13 and 14).
This behavior is observed for the case of structure repaired by bonding the patch by adhesives AV138
and Araldite 420.

The von Mises stress level presented in figures 16, 17 and 18 shows some events developed during the
loading for different imposed displacements. For adhesive 7752 which exhibits more resistance to the

U = 0.5 mm U = 0.55 mm U = 0.6 mm U = 0.65 mm

Figure 16. Von Mises stresses in the adhesive Araldite 420 and the composite patch for
different imposed displacements U .
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U = 0.3 mm U = 0.4 mm U = 0.51 mm U = 0.55 mm

Figure 17. Maximal von Mises stresses in the adhesive AV138 and the composite patch
for different imposed displacements U .

other two adhesives, crack propagation and patch detachment occur late. The crack propagates around
an imposed displacement of 1.5 mm is followed by the detachment of the patch around an imposed
displacement of 1.75 mm (Figure 18), which results in the good resistance of the adhesive to transfer the
load from the damaged area to the composite patch and thus a good resistance of the repaired structure.
However, in the case of repair of the structure by the two other adhesives, the propagation of the crack
and the detachment of the patch occur at low values of the displacement imposed which confers a bad
resistance to the structure.

U = 1 mm U = 1.5 mm U = 2 mm U = 2.5 mm

Figure 18. Maximal von Mises stresses in the adhesive 7752 and the composite patch
for different imposed displacements U .
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4. Conclusion

The present work demonstrated the effectiveness of a 3D modeling of the rupture behavior of a composite
repaired structure by simultaneous analysis of crack propagation and patch detachment by two combined
modeling techniques, cohesive zone model (CZM) and the XFEM technique. The competition between
these two phenomena of damage (detachment of the patch and propagation of the crack) analyzed in a
single numerical model advantageously makes it possible to evaluate these two parameters independently.
The numerical results obtained in this study make it possible to deduce the following conclusions:

• The predictive capabilities of the modeling used on which we base ourselves allowed us to evalu-
ate and compare different parameters conditioning damage to complex structures (reinforced by a
composite patch).

• The structure accumulates two damages one after the other, thanks to the separation-traction law
put in place.

• The strength of the patch depends on the size and shape of the notch.

• Stacking is one of the parameters that affects the reinforcement capacity: the least rigid in the sense
of the load absorbs more load by its deformation.

• The strength of the adhesive used plays a decisive role in the reinforcement or repair capacity.

• The competition between the propagation of the crack in the plate and the detachment of the patch
and conditioned by the strength of the adhesive and the dimensions of the reinforced structure, it
could well be that it is a stronger adhesive.

• In all cases, plate damage analysis occurs at the notch around which the structure is weakened, but
in most cases the detachment will remain at the edge of the patch.

In light of the above arguments, this work has provided appropriate modeling for more problems, based
on predictions of cracks and detachments in repaired structures, and may also be of interest for further
investigation.
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A SIMPLIFIED STRAIN GRADIENT KIRCHHOFF ROD MODEL
AND ITS APPLICATIONS ON MICROSPRINGS AND MICROCOLUMNS

JUN HONG, GONGYE ZHANG, XIAO WANG AND CHANGWEN MI

The equilibrium equations and boundary conditions of elastic Kirchhoff rods are presented within the
theoretical framework of the simplified strain gradient theory. The newly developed Cosserat rod model
contains only one intrinsic material length squared parameter to account for the effects of microstructures.
Applications of the theory are also presented in this paper. Examples include the equilibrium analysis of
a microspring and the buckling behavior of a microcolumn. The first application focuses on estimating
the restoring force of a microspring that is deformed from an originally straight rod with uniform cross-
sectional area. Semianalytical results show that the restoring force of the microspring predicted by the new
strain gradient rod model is always larger than that of its classical counterpart. The restoring force is found
to increase with both the intrinsic material length squared parameter and the rod radius. For the stability
analysis of a microcolumn, an analytical expression is derived for the critical buckling load. It is found that
the critical force predicted by the developed nonclassical Kirchhoff rod model depends linearly on the intrin-
sic material length squared parameter, quantitatively indicating the significance of strain gradient effects.

1. Introduction

In microelectromechanical and nanoelectromechanical systems, thin elastic rods are widely used. Exam-
ples include micro and nanosprings, medical robots and DNA mechanics [Westcott et al. 1995; McIlroy
et al. 2001; Seto et al. 2001; Eslami-Mossallam and Ejtehadi 2009; Burgner-Kahrs et al. 2015; Liangruksa
et al. 2017]. Since the characteristic length of these structures is at the micro or even nanoscale, the effects
of microstructures on the mechanical behavior of thin rods become increasingly important. For these
cases, the classical Kirchhoff rod theory becomes inadequate due to its absence of any intrinsic material
parameters. To address this issue, new models need to be developed so that microstructure-dependent
material parameters can be taken into account.

In the last four decades, several higher-order elasticity theories have been applied in order to develop
nonclassical rod models. Lembo rederived the equilibrium equations of a Kirchhoff rod by employing the
nonlocal continuum theory suggested by Eringen [Lembo 2016; Eringen 1983]. The nonlocal integral
elasticity theory has been employed by Zhu and Li [2017] in order to analyze the longitudinal and
torsional vibrations of size-dependent rods. By the use of Cosserat theory [Lakes 2018], Liu and Wang
[2009] developed the equations of motion for a very thin rod. The motion of the rod is formulated
in terms of a reference (Cosserat) curve and three orthonormal vectors. Based on a potential energy
method, Steigmann [2012] proposed a new theory on fiber-reinforced composites subjected to stretching,
bending and twisting. By incorporating the effects of surface tension and surface elasticity [Gurtin and

Gongye Zhang and Changwen Mi are the corresponding authors.
Keywords: simplified strain gradient theory, Kirchhoff rod, microstructural effect, microspring, microcolumn.
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Murdoch 1975; Gurtin and Murdoch 1978], Wang et al. [2010] developed a nonclassical rod model and
investigated the surface effects of nanosized springs. Employing a microelasticity theory characterized
by two additional constitutive parameters, Lazopoulos and Lazopoulos [2010] analyzed the bending and
buckling of a thin strain gradient elastic beam.

The simplified strain gradient elasticity theory (SSGET) was developed by Altan and Aifantis [1997].
This theory is also known as the dipolar gradient elasticity theory [Gourgiotis and Georgiadis 2009].
The SSGET model was simplified from the original strain gradient elasticity theory that contains a total
number of sixteen intrinsic material parameters [Mindlin 1964]. It can also be reduced from the second
form of Mindlin’s strain gradient elasticity theory, in which still five additional material parameters
are required [Mindlin and Eshel 1968; Polizzotto 2003]. These strain gradient models are relatively
more difficult to be applied in engineering practice because of their large number of material parameters
[Mindlin and Eshel 1968; Lam et al. 2003; Ansari et al. 2014; Lurie and Solyaev 2018]. In contrast, only a
single material parameter is contained in the SSGET version. For this reason, the SSGET framework has
been applied to successfully solve many fundamental mechanical problems such as beams [Lazopoulos
2003; Ansari et al. 2012; Chen et al. 2019], plates [Lazopoulos 2004; Papargyri-Beskou and Beskos
2008], shells [Papargyri-Beskou and Beskos 2009; Gao et al. 2009], inclusions [Gao and Ma 2009;
2010] and many other microstructured solids [Gourgiotis and Georgiadis 2009; Georgiadis et al. 2004;
Polizzotto 2012].

Couple stress theory has also played a role in rod mechanics. Zhang [2010] proposed a nonclassical
Kirchhoff rod model using the classical couple stress theory. Recently, Zhang and Gao [2019] developed
a nonclassical Kirchhoff rod model based on a modified couple stress theory [Yang et al. 2002; Park
and Gao 2008; Ansari et al. 2015]. Both the governing equations and boundary conditions were derived.
Moreover, only one material length scale parameter was used to describe the effects of couple stress.
However, although the modified couple stress theory can be reduced from some alternative forms of
Mindlin’s strain gradient elasticity theory [Mindlin and Eshel 1968; Polizzotto 2017; Norouzzadeh et al.
2018a; 2018b], the couple stress and the simplified strain gradient theories were in nature proposed for
describing the rotational and the first-order strain gradient effects, respectively. As a result, there is still a
call upon a rod model within the context of the SSGET, such that the effects of strain gradient in Kirchhoff
rods can be better evaluated. The present work aims to fill this gap by developing a microstructure-
dependent SSGET model for Kirchhoff rods.

In this paper, a nonclassical Kirchhoff rod model is developed based on the SSGET model and the
principle of minimum total potential energy, featuring only one additional material constant to account
for the strain gradient effects. Based on the authors’ knowledge, within the context of SSGET theory, no
model that is able to simultaneously accounting for stretching, twisting, and bending deformations has
been proposed for an elastic Kirchhoff rod.

This paper is structured as follows. Section 2 presents the SSGET-based theoretical formulation for
Kirchhoff rods under the influence of microstructural effects. Both the nonclassical equilibrium equations
and boundary conditions are analytically derived. They reduce to the classical Kirchhoff rod model when
microstructure-dependent effects are ignored. To illustrate the applications of the proposed SSGET rod
model, in Section 3, two examples are provided. The first of which calculates the restoring force in a he-
lical microspring that is deformed from an originally straight rod with uniform cross-section. The second
example performs a buckling analysis for a microcolumn. Finally, in Section 4, conclusions are drawn.
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2. Theoretical framework

Within the context of the simplified strain gradient elasticity theory [Altan and Aifantis 1997; Gao and
Park 2007], the constitutive relations can be written as

σi j = τi j −µi jk,k = (1− c∇2)τi j , (1a)

τi j =
E

1+v

(
εi j +

v

1−2v
εkk δi j

)
= τ j i , (1b)

µi jk = cτi j,k = µ j ik, (1c)

where σi j , τi j , and µi jk are, respectively, the components of total stress, Cauchy stress, and double stress.
The symbol δi j is the Kronecker delta, c is the simplified strain gradient coefficient having the dimension
of length squared, E is Young’s modulus, v is Poisson’s ratio, and ∇2 denotes the Laplacian operator.
It is noted that Equations (1a)–(1c) serve as the constitutive relations for a Kirchhoff rod (Figure 1),
featuring one additional constitutive coefficient accounting for strain gradient effects. The components
of the infinitesimal strain tensor εi j can be shown to be [Zhang and Gao 2019; Dill 1992]

ε11 =−vε+ v(κ2− κ
0
2 )X − v(κ1− κ

0
1 )Y, (2a)

ε12 = 0, (2b)

ε22 =−vε+ v(κ2− κ
0
2 )X − v(κ1− κ

0
1 )Y, (2c)

ε13 =
1
2

[
∂x01

∂S
− κ0

3 x02+ κ
0
2 x03− θ2− (κ3− κ

0
3 )Y + (κ3− κ

0
3 )
∂ϕ

∂X

]
, (2d)

ε23 =
1
2

[
∂x02

∂S
+ κ0

3 x01− κ
0
1 x03+ θ1+ (κ3− κ

0
3 )X + (κ3− κ

0
3 )
∂ϕ

∂Y

]
, (2e)

ε33 =
∂x03

∂S
− κ0

2 x01+ κ
0
1 x02− (κ2− κ

0
2 )X + (κ1− κ

0
1 )Y, (2f)

where (X, Y, S) are the material coordinates forming a curvilinear coordinate system X i (Xα, S) origi-
nated at point P , i.e., X1= X , X2= Y and X3= S, as shown in Figure 1. It should be noted that, although
the strain components given in (2a)–(2f) are only applicable to rods subjected to infinitesimal strains.
Nonetheless, finite rotations are allowed, as discussed in more details in [Dill 1992]. The components of
the extra displacement x0 are given by

x0(S, t)= r(S, t)− R(S). (3)

In addition, θ1 and θ2 are components of the small rotation vector θ , κ0
i are components of the curvature

at the material point, and κi represent the components of curvature in the deformed rod. These two
curvatures can respectively be defined by [Dill 1992; Coleman et al. 1993]

∂di

∂S
= κ0
× di , (4a)

∂ei

∂S
= κ × ei , (4b)
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Fig. 1. Geometry of a Krichhoff rod: the reference and the deformed configurations. 
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where G is the shear modulus of elasticity, i.e., / 2(1 )G E v= + . Substituting equations (7a-d) 

into (1) then gives the components of the total stress tensor 
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= = 0.=

              (8a-d) 

Figure 1. Geometry of a Krichhoff rod: the deformed and the reference configurations.

where ε = ∂x03/∂S− κ0
2 x01+ κ

0
1 x02 represents the extension of the centroidal axis along the S direction

[Zhang and Gao 2019]. The warping function ϕ(X, Y ) describes the torsion of the rod and depends on
the cross-sectional shape.

Note that here and throughout this paper, the summation convention and the standard index notation
are assumed. Unless otherwise indicated, the Greek indices run from 1 to 2 and the Latin ones range
from 1 to 3.

From (1b) and (2a)–(2f), the components of Cauchy stress tensor in the Kirchhoff rod can be derived:

τ13 = G
[
∂x01

∂S
− κ0

3 x02+ κ
0
2 x03− θ2− (κ3− κ

0
3 )Y + (κ3− κ

0
3 )
∂ϕ

∂X

]
, (5a)

τ23 = G
[
∂x02

∂S
+ κ0

3 x01− κ
0
1 x03+ θ1+ (κ3− κ

0
3 )X + (κ3− κ

0
3 )
∂ϕ

∂Y

]
, (5b)

τ33 = E
[
∂x03

∂S
− κ0

2 x01+ κ
0
1 x02− (κ2− κ

0
2 )X + (κ1− κ

0
1 )Y

]
, (5c)

τ11 = τ22 = τ12 = 0, (5d)

where G is the shear modulus of elasticity, i.e., G = E/2(1+ v). Substituting (5a)–(5d) into (1a) then
gives the components of the total stress tensor

σ13 = (1− c∇2)G
[
∂x01

∂S
− κ0

3 x02+ κ
0
2 x03− θ2− (κ3− κ

0
3 )Y + (κ3− κ

0
3 )
∂ϕ

∂X

]
, (6a)

σ23 = (1− c∇2)G
[
∂x02

∂S
+ κ0

3 x01− κ
0
1 x03+ θ1+ (κ3− κ

0
3 )X + (κ3− κ

0
3 )
∂ϕ

∂Y

]
, (6b)

σ33 = (1− c∇2)E
[
∂x03

∂S
− κ0

2 x01+ κ
0
1 x02− (κ2− κ

0
2 )X + (κ1− κ

0
1 )Y

]
, (6c)

σ11 = σ22 = σ12 = 0. (6d)

Recall that, in a multiparameter strain gradient theory, the total strain energy stored in a continuum is
composed of both the work done by Cauchy stress against strain and the one done by the double stress
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with respect to strain gradient [Mindlin and Eshel 1968; Gao and Park 2007; Papargyri-Beskou et al.
2003]

U =
1
2

∫
�

(τi j εi j +µi jk εi j,k) dV . (7)

Within the context of SSGET theory, the first variation of this strain energy function can be evaluated
by the use of (1a), (1b), (1c), (2a)–(2f), (5a)–(5d), (6a)–(6d) and the divergence theorem

δU =
∫
�

σi j δεi j dV +
∫

A
cτi j,k nk δεi j dA

=

∫
�

(σ33 δε33+ 2σ13 δε13+ 2σ23 δε23) dV

+

∫
A
(cτ33,k nk δε33+ 2cτ13,k nk δε13+ 2cτ23,k nk δε23) dA, (8)

where A is the area of both end surfaces of the rod. It should be noted that the boundary surface ∂�
should include both the end and the lateral surfaces of the rod. However, in the surface integral, there is
no contribution from the lateral surface because it is free of any traction, i.e.,

τ11 = τ22 = τ12 = 0.

Such an assumption is the same as the one used for solving the torsion and bending deformation of
prismatic bars only subjected to end loads in classical theory of elasticity. As a result, we only need to
consider the surface integral on end cross-sections S = L and S = 0. Moreover, the volume integral is
formulated in terms of the total stresses (1a). From the first integrand of the volume integral, it there can
be concluded that both the longitudinal and the transverse strain gradients of the bending stress/strain
are included in the formulation. In addition, the second and the third integrands of the volume integral
demonstrate that the shear strain gradient effects are also taken into account. The latter terms are not
needed in higher-order elasticity theory of beams under pure bending.

In terms of (4a)–(4b) and noting θ = θi di , a relation bridging the rotational and the curvature vector
can be derived:

θ ′ · di = κ · ei − κ0
· di ≡ κi − κ

0
i , (9)

whose components are given by

θ ′1− κ
0
3θ2+ κ

0
2θ3 = κ1− κ

0
1 , (10a)

θ ′2+ κ
0
3θ1− κ

0
1θ3 = κ2− κ

0
2 , (10b)

θ ′3− κ
0
2θ1+ κ

0
1θ2 = κ3− κ

0
3 . (10c)

For brevity, the development of (9) and (10a)–(10c) are detailed in the Appendix. In (10a)–(10c) and
throughout the paper, the prime denotes the spatial derivative with respect to the centerline coordinate S,
e.g., θ ′1 = ∂θ1/∂S.
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Substituting (2d)–(2f) and (10a)–(10c) into the first integral in (8) results in∫
�

(σ33 δε33+ 2σ13 δε13+ 2σ23 δε23)dV

=−

∫ L

0

[(
F ′1− κ

0
3 F2+ κ

0
2 F3

)
δx01+

(
F ′2+ κ

0
3 F1− κ

0
1 F3

)
δx02+

(
F ′3+ κ

0
2 F1+ κ

0
1 F2

)
δx03

+
(
M ′1− κ

0
3 M2+ κ

0
2 M3− F2+ κ

0
2Φ1+ κ

0
2Φ2

)
δθ1

+
(
M ′2+ κ

0
3 M1− κ

0
1 M3+ F1− κ

0
1Φ1− κ

0
1Φ2

)
δθ2

+
(
M ′3− κ

0
2 M1+ κ

0
1 M2+Φ

′

1+Φ
′

2
)
δθ3
]
ds

+
[(

F1δx01+ F2δx02+ F3δx03
)]∣∣s=L

s=0 + [M1δθ1+M2δθ2+ (M3+Φ1+Φ2)δθ3]
∣∣s=L
s=0 , (11)

where L is the total length of the rod and

F1 ≡

∫
A
σ31 dA, F2 ≡

∫
A
σ32 dA, F3 ≡

∫
A
σ33 dA, (12)

M1 ≡

∫
A

Yσ33 dA, M2 ≡

∫
A
−Xσ33 dA, M3 ≡

∫
A
(Xσ32− Yσ31)dA, (13)

Φ1 ≡

∫
A
σ13

∂ϕ

∂X
dA, Φ2 ≡

∫
A
σ23

∂ϕ

∂Y
dA. (14)

They stand for the resultant forces and moments, obtained by integrating the total stresses over the cross-
sectional area. With the help of (2d)–(2f), (10a)–(10c) and the relations [Zhang and Gao 2019]

∂x01

∂S
− κ0

3 x02+ κ
0
2 x03 = θ2,

∂x02

∂S
+ κ0

3 x01− κ
0
1 x03 =−θ1,

∂x03

∂S
− κ0

2 x01+ κ
0
1 x02 = ε, (15)

the first variation of the second integral in (8) can also be determined:[∫
∂�

(cτ33,k δε33+ 2cτ13,k δε13+ 2cτ23,k δε23)dA
]L

0

=
[(
κ0

3 MG
2 − κ

0
2 MG

3 − κ
0
2Φ

G
1 − κ

0
2Φ

G
2
)
δθ1+

(
−κ0

3 MG
1 + κ

0
1 MG

3 + κ
0
1Φ

G
1 + κ

0
1Φ

G
2
)
δθ2

+
(
κ0

2 MG
1 − κ

0
1 MG

2
)
δθ3
]∣∣s=L

s=0 +
[
MG

1 δθ
′

1+MG
2 δθ

′

2+
(
MG

3 +Φ
G
1 +Φ

G
2
)
δθ ′3
]∣∣s=L

s=0 , (16)

where

MG
1 ≡

∫
A

Y cτ33,k dA, MG
2 ≡

∫
A
−Xcτ33,k dA, MG

3 ≡

∫
A
(Xcτ32,k − Y cτ31,k) dA, (17)

ΦG
1 ≡

∫
A

cτ13,k
∂ϕ

∂X
dA, ΦG

2 ≡

∫
A

cτ23,k
∂ϕ

∂Y
dA. (18)

Within the context of the SSGET theory [Papargyri-Beskou et al. 2003], the virtual work done by the
external forces acting on the rod can be written as

δW =
∫ L

0
( f · δx0+ c · δθ)dS+ (F · δx0+M · δθ +MG

· δθ ′)
∣∣L
0 , (19)
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where f and c are the body force and body couple per unit length. The variables F, M and MG are,
respectively, the external force, bending moments and double bending moments applied at the ends of
the rod.

According to the principle of minimum total potential energy [Reddy 2002], the first variation of the
total potential energy vanishes under equilibrium state, i.e.,

δ5= δU − δW = 0. (20)

With the help of the fundamental lemma of calculus of variations, the substitution of (8), (11), (16)
and (19) into (20) yields the equilibrium equations

F ′1− κ
0
3 F2+ κ

0
2 F3+ f1 = 0, (21a)

F ′2+ κ
0
3 F1− κ

0
1 F3+ f2 = 0, (21b)

F ′3− κ
0
2 F1+ κ

0
1 F2+ f3 = 0, (21c)

M ′1− κ
0
3 M2+ κ

0
2 M3− F2+ κ

0
2Φ1+ κ

0
2Φ2+ c1 = 0, (21d)

M ′2+ κ
0
3 M1− κ

0
1 M3+ F1− κ

0
1Φ1− κ

0
1Φ2+ c2 = 0, (21e)

M ′3− κ
0
2 M1+ κ

0
1 M2+Φ

′

1+Φ
′

2+ c3 = 0, (21f)

and the boundary conditions

F1 = F1, or x01 = x̄01, (22a)

F2 = F2, or x02 = x̄02, (22b)

F3 = F3, or x03 = x̄03, (22c)

M1+ κ
0
3 MG

2 − κ
0
2 MG

3 − κ
0
28

G
1 − κ

0
28

G
2 = M1, or θ1 = θ̄1, (22d)

M2− κ
0
3 MG

1 + κ
0
1 MG

3 + κ
0
18

G
1 + κ

0
18

G
2 = M2, or θ2 = θ̄2, (22e)

M3+ κ
0
2 MG

1 − κ
0
1 MG

2 +81+82 = M3, or θ3 = θ̄3, (22f)

MG
1 = MG

1 , or θ ′1 = θ̄
′

1, (22g)

MG
2 = MG

2 , or θ ′2 = θ̄
′

2, (22h)

MG
3 +8

G
1 +8

G
2 = MG

3 , or θ ′3 = θ̄
′

3. (22i)

Note that, in (22a)–(22i), those variables with an overbar stand for prescribed values. It is noted that, by
setting the initial curvatures to zero, the equilibrium equations (21a)–(21f) and the boundary conditions
(22a)–(22i) reduce to the governing equations of straight rods. The equilibrium equations (21a)–(21f)
and boundary conditions (22a)–(22i) can also be rewritten in a coordinate-invariant form, i.e.,

F′+ f = 0, M ′+Φ ′+ d3× F+ c= 0, (23)

and

F = F1d1+ F2d2+ F3d3, f = f1d1+ f2d2+ f3d3, c f = c2d1− c1d2,

M = M1d1+M2d2+M3d3, Φ = (Φ1+Φ2)d3, c= c1d1+ c2d2+ 2c3d3.
(24)
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It should be pointed out that this newly developed model, as an extension of the classical Kirchhoff rod
theory based on the simplified strain gradient theory, has the same limitations as those of the classical
Kirchhoff rod model.

For rods with a circular cross-section, the warping function vanishes, i.e., ϕ(X, Y )= 0. As a result,
the equilibrium equations (21a)–(21f) simplify to

F ′1− κ3 F2+ κ2 F3+ f1 = 0, (25a)

F ′2+ κ3 F1− κ1 F3+ f2 = 0, (25b)

F ′3− κ2 F1+ κ1 F2+ f3 = 0, (25c)

M ′1− κ3 M2+ κ2 M3− F2+ c1 = 0, (25d)

M ′2+ κ3 M1− κ1 M3+ F1+ c2 = 0, (25e)

M ′3− κ2 M1+ κ1 M2+ c3 = 0. (25f)

When the microstructure-dependent effects are absent, i.e., c = 0, equations (1c) and (1a) reduce to
µi jk = 0 and σi j = τi j , respectively. Similarly, equations (12) and (13) represent the resultant forces
and moments of Cauchy stress alone. Equations (25a)–(25f) therefore degenerate to the equilibrium
conditions of a classical Kirchhoff rod [Dill 1992; Love 1944].

3. Applications

3.1. Equilibrium analysis of a microspring. Figure 2 shows a helical spring of radius r made of a
uniform circular rod of radius rrod. We consider that body forces and moments are absent, i.e., f1 = f2 =

f3 = 0 and c1 = c2 = c3 = 0, and that the centerline of the undeformed rod is a straight line (κ0
i = 0).

Based on the Euler angles in the deformed configuration (β ′1, β
′

2, β
′

3) [Coleman et al. 1993; Love 1944]
the components of the curvature vector κ are given by

κ1 =−β
′

1 sinβ2 cosβ3+β
′

2 sinβ3, κ2 = β
′

1 sinβ2 sinβ3+β
′

2 cosβ3, κ3 = β
′

3+β
′

1 cosβ2, (26)

where β1, β2 and β3 are three Euler angles associated with the base vectors ei (Figure 2).
For the rod bent into a spring (Figure 2), one specific solution can be obtained by assuming β2 =

π/2−α and β ′1 and β ′3 as constants [Love 1944]. For a given spring, the angle α between the centerline
of the rod and the spring cross-section is also assumed a constant. With these assumptions, (26) simplifies
to

κ1 =−β
′

1 cosα cosβ3, (27a)

κ2 = β
′

1 cosα sinβ3, (27b)

κ3 = β
′

3+β
′

1 sinα. (27c)

From equations (6a)–(6d) and (13), the resultant moments acting on the rod cross-section can be
expressed in terms of the three curvatures κ1, κ2 and κ3:

M1 = (1− c∇2)E Iκ1, M2 = (1− c∇2)E Iκ2, M3 = (1− c∇2)G Jκ3, (28)

where
I =

∫
A

X2 dA =
∫

A
Y 2 dA, J =

∫
A
(X2
+ Y 2)dA, (29)
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Fig. 2 shows a helical spring of radius r made of a uniform circular rod of radius rrod. We 

consider that body forces and moments are absent, i.e. 1 2 3 0f f f= = =  and 1 2 3 0c c c= = = ，and 

that the centerline of the undeformed rod is a straight line ( 0 0iκ = ). Based on the Euler angles in 

the deformed configuration ( 1 2 3, ,β β β′ ′ ′),46, 49 the components of the curvature vector κ  are given 

by 

            

 

κ1 = − ′β1 sinβ2 cosβ3 + ′β2 sinβ3,

κ 2 = ′β1 sinβ2 sinβ3 + ′β2 cosβ3,

κ 3 = ′β3 + ′β1 cosβ2 ,

                                   (28a-c) 

where β1, β2 and β3 are three Euler angles associated with the base vectors ei (Fig. 2). 

 

Fig. 2. A microspring of radius r made by a uniform circular rod of radius rrod. 

For the rod bent into a spring (Fig. 2), one specific solution can be obtained by assuming 

2 / 2β π α= −  and  ′β1  and  ′β3  as constants.49 For a given spring, the angle α between the 

Figure 2. A microspring of radius r made by a uniform circular rod of radius rrod.

are, respectively, the second moment of area and the polar moment of inertial of the circular cross-section.
Substituting equations (28) into (25a)–(25f) yields

∂

∂S
[(1− c∇2)E Iκ1] − κ3[(1− c∇2)E Iκ2] + κ2[(1− c∇2)G Jκ3] − F2 = 0, (30a)

∂

∂S
[(1− c∇2)E Iκ2] + κ3[(1− c∇2)E Iκ1] − κ1[(1− c∇2)G Jκ3] + F1 = 0, (30b)

∂

∂S
[(1− c∇2)G Jκ3] = 0. (30c)

From (27c), it is seen that the third component κ3 of the curvature vector is a constant. Equation (30c)
can therefore be automatically satisfied.

From static equilibrium, the resultant forces of stresses integrated over a rod cross-section must balance
the restoring force R acting along the symmetry axis of the helix microspring [Love 1944]. Projections
of the static equilibrium equation along the three local coordinate axes in the deformed configuration
lead to

F1 =−R cosβ3 cosα, (31a)

F2 = R sinβ3 cosα, (31b)

F3 = R sinα. (31c)

It can be readily shown that equations (27a)–(27c) and (31a)–(31c) satisfy the nonclassical equilibrium
equations (25a)–(25f). Substituting (27a)–(27c) into (30a) and (30b) results in

F1 =−[(1+ l2)E Iβ ′3− (β
′

3+β
′

1 sinα)(1+ l2)E I +G J (1+ l2)(β ′3+β
′

1 sinα)]β ′1 cosα cosβ3, (32a)

F2 = [(1+ l2)E Iβ ′3− (β
′

3+β
′

1 sinα)(1+ l2)E I + (β ′3+β
′

1 sinα)(1+ l2)G J ]β ′1 cosα sinβ3, (32b)
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where l2
= cβ ′23 , with c being the simplified strain gradient coefficient. Note that, for the present problem,

α, β ′1 and β ′3 are all constants for the entire helical rod (0 ≤ S ≤ L). With κ0
i = 0, 81 = 82 = 0 and

8G
1 = 8

G
2 = 0, these constants can ensure that all the resultants given by (12), (13) and (17) satisfy

the boundary conditions (22a)–(22i). Equations (27a)–(27c) therefore represent an exact solution of the
helical rod problem based on the developed nonclassical Kirchhoff rod model.

Comparing (32a) and (32b) with (31a) and (31b), it then follows that

R = [(β ′3+β
′

1 sinα)G J −β ′1 sinαE I ](1+ l2)β ′1. (33)

It is worth noting that the third component κ3 of the curvature vector is composed of two parts as in
(27c): the internal twist β ′3 and the tortuosity 1/6 = β ′1 sinα. In terms of the radius r of the microspring,
the measure of tortuosity is found to be [Love 1944]

1
6
= sinα cosα

r
= β ′1 sinα. (34)

The restoring force R can then be calculated as

R =
[
β ′3G J + (G J − E I )sinα cosα

r

]
(1+ l2)

cosα
r

. (35)

When the microstructure-dependent effects are absent by setting c = 0, the material length squared
constant also becomes zero (l2

= 0). As a result, equation (35) reduces to

RC = G J
(
β ′3+

sinα cosα
r

)
cosα

r
− E I

sinα cos2 α

r2 . (36)

Equation (36) is identical to the classical restoring force exerted by a Kirchhoff rod bent into a helical
spring [Love 1944]. Equations (35) and (36) clearly show that the incorporation of the microstructural
effects will always lead to the increase of the restoring force R.

Figure 3 shows the variation of the restoring force R predicted by the proposed SSGET rod model

 15 

                                  
  
RC = GJ ( ′β3 +

sinα cos α
r

)
cos α

r
− EI sinα cos2α

r 2 .                        (38) 

Equation (38) is identical to the classical restoring force exerted by a Kirchhoff rod bent into a 

helical spring49. Equations (37) and (38) clearly show that the incorporation of the 

microstructural effects will always lead to the increase of the restoring force R. 

Fig. 3 shows the variation of the restoring force R predicted by the proposed SSGET rod 

model as a function of the rod radius (rrod) and the strength of microstructural effects (c/r2). For 

comparison purpose, the classical solution (c/r2 = 0) is also plotted in the figure. The isotropic 

material properties used in the calculations are assumed to be E = 135 GPa and v = 0.3.43 The 

constant angle α is taken as −30° and the dimensionless constant  ′β3  is set to be 100. The radius 

of the microspring r is taken to be 5 mm. 

 

Fig. 3. Variation of the microspring restoring force R as a function of the rod radius (rrod) and the 
dimensionless strength of the microstructural effects (c/r2). 

From Fig. 3, it is clearly seen that the restoring force R predicted by both the proposed 

SSGET rod model and its classical counterpart increases with the rod radius. This behavior 

follows the general trend and is physically natural. It is interesting to note that the restoring force 

Figure 3. Variation of the microspring restoring force R as a function of the rod radius
(rrod) and the dimensionless strength of the microstructural effects (c/r2).
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R predicted by the proposed SSGET rod model is always larger than that of the classical solution. 

This means that the classical solution underestimates the restoring force of a microspring. The 

incorporation of the microstructure-dependent effects helps stiffen the microspring. In addition, 

the difference between the predicted nonclassical restoring force and its classical counterpart 

increases with the simplified strain gradient coefficient. 

To further illustrate the microstructure-dependent effects with the proposed SSGET rod 

model, the variation of the spring restoring force R as a function of the angle α is shown in Fig. 4. 

In this case, the rod radius is fixed as a constant, i.e. rrod = 100 µm. For comparison purpose, the 

restoring force R calculated from the classical model is also presented in the figure. Other 

material properties and parameters assume the same values as those employed for Fig. 3. The 

restoring force R is calculated for all possible values of the angle α, i.e. (−π/2, 0). It is seen that 

the restoring force varies parabolically with the angle α. For all simplified strain gradient 

coefficients, the maximum restoring force occurs approximately at α = 40°. As expected, the 

restoring force also increases with the simplified strain gradient coefficient c/r2. 

 

Fig. 4. Variation of the microspring restoring force R as a function of the angle α and the 
dimensionless strength of the microstructural effects (c/r2). 

3.2 Buckling analysis of a microcolumn 

Figure 4. Variation of the microspring restoring force R as a function of the angle α
and the dimensionless strength of the microstructural effects (c/r2).

as a function of the rod radius (rrod) and the strength of microstructural effects (c/r2). For comparison
purpose, the classical solution (c/r2

= 0) is also plotted in the figure. The isotropic material properties
used in the calculations are assumed to be E = 135 GPa and v = 0.3 [Gao and Park 2007]. The constant
angle α is taken as −30◦ and the dimensionless constant β ′3 is set to be 100. The radius of the microspring
r is taken to be 5 mm.

From Figure 3, it is clearly seen that the restoring force R predicted by both the proposed SSGET rod
model and its classical counterpart increases with the rod radius. This behavior follows the general trend
and is physically natural. It is interesting to note that the restoring force R predicted by the proposed SS-
GET rod model is always larger than that of the classical solution. This means that the classical solution
underestimates the restoring force of a microspring. The incorporation of the microstructure-dependent
effects helps stiffen the microspring. In addition, the difference between the predicted nonclassical
restoring force and its classical counterpart increases with the simplified strain gradient coefficient.

To further illustrate the microstructure-dependent effects with the proposed SSGET rod model, the
variation of the spring restoring force R as a function of the angle α is shown in Figure 4. In this
case, the rod radius is fixed as a constant, i.e., rrod = 100µm. For comparison purpose, the restoring
force R calculated from the classical model is also presented in the figure. Other material properties and
parameters assume the same values as those employed for Figure 3. The restoring force R is calculated for
all possible values of the angle α, i.e., (−π/2, 0). It is seen that the restoring force varies parabolically
with the angle α. For all simplified strain gradient coefficients, the maximum restoring force occurs
approximately at α = −40◦. As expected, the restoring force also increases with the simplified strain
gradient coefficient c/r2.

3.2. Buckling analysis of a microcolumn. Let us consider a simply supported microcolumn with uni-
form circular cross-section. The centerline of the undeformed column is a straight line with zero initial
curvatures κ0

i = 0, as shown in Figure 5. The microcolumn is pinned at the base (S= 0) and subjected to a



214 JUN HONG, GONGYE ZHANG, XIAO WANG AND CHANGWEN MI

 17 

In this subsection, let us consider a simply supported microcolumn with uniform circular 

cross-section. The centerline of the undeformed column is a straight line with zero initial 

curvatures 0 0iκ = , as shown in Fig. 5. The microcolumn is pinned at the base (S = 0) and 
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Let u and v be the transverse displacements along the x- and y- directions. The rotation 

around the centerline of the microcolumn is denoted by γ. Note that u, v and γ are all measured 
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components of the curvature vector κ  becomes49 
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∂ ∂ ∂
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From equations (8a-d), (15a-c) and (39a-c), the resultant moments of the stresses can be 

expressed in terms of u, v and β as 

Figure 5. A simply supported microcolumn subjected to an axial compressive force.

compressive axial force F at another pinned end (S = L). For small compressive forces, the microcolumn
is simply under axial contraction. However, with increased F , buckling occurs in the form of a sudden
transverse deflection.

Let u and v be the transverse displacements along the x- and y-directions. The rotation around the
centerline of the microcolumn is denoted by γ . Note that u, v and γ are all measured with reference
to the unbuckled state, i.e., u = x01, v = x02 and γ = θ3. Under this condition, the components of the
curvature vector κ becomes [Love 1944]

κ1 =−
∂2v

∂S2 , κ2 =
∂2u
∂S2 , κ3 =

∂γ

∂S
. (37)

From (6a)–(6d), (13) and (37), the resultant moments of the stresses can be expressed in terms of u, v
and β as

M1 = E I
(
−
∂2v

∂S2 + c
∂4v

∂S4

)
, M2 = E I

(
∂2u
∂S2 − c

∂4u
∂S4

)
, M3 = G J

(
∂γ

∂S
− c

∂3γ

∂S3

)
. (38)

In the absence of body forces and body moments, i.e., f1 = f2 = f3 = 0 and c1 = c2 = c3 = 0,
substituting (37) and (38) back into (25d)–(25f) yields

F1 =−E I
(
∂3u
∂S3 − c

∂5u
∂S5

)
− E I

(
−
∂2v

∂S2

∂γ

∂S
+ c

∂4v

∂S4

∂γ

∂S

)
−G J

(
∂γ

∂S
∂2v

∂S2 − c
∂3γ

∂S3

∂2v

∂S2

)
, (39a)

F2 = E I
(
−
∂3v

∂S3 + c
∂5v

∂S5

)
− E I

(
∂2u
∂S2

∂γ

∂S
− c

∂4u
∂S4

∂γ

∂S

)
+G J

(
∂γ

∂S
∂2u
∂S2 − c

∂3γ

∂S3

∂2u
∂S2

)
, (39b)

G J
(
∂2γ

∂S2 − c
∂4γ

∂S4

)
−
∂2u
∂S2 E I

(
c
∂4v

∂S4

)
+
∂2v

∂S2 E I
(

c
∂4u
∂S4

)
= 0. (39c)
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With the help of (15), (22a)–(22i), (38) and in view of the zero initial curvatures κ0
i = 0, the boundary

conditions for the simply supported microcolumn with a circular cross section can be identified, i.e.,

u|S=0 = 0,
∂2u
∂S2

∣∣∣∣
S=0
= 0,

∂4u
∂S4

∣∣∣∣
S=0
= 0, (40a)

v|S=0 = 0,
∂2v

∂S2

∣∣∣∣
S=0
= 0,

∂4v

∂S4

∣∣∣∣
S=0
= 0, (40b)

F3|S=0 =−F, (40c)

∂γ

∂S

∣∣∣∣
S=0
= 0,

(
∂γ

∂S
− c

∂3γ

∂S3

)∣∣∣∣
S=0
= 0, (40d)

at the lower end (S = 0), and

u|S=L = 0,
∂2u
∂S2

∣∣∣∣
S=L
= 0,

∂4u
∂S4

∣∣∣∣
S=L
= 0, (41a)

v|S=L = 0,
∂2v

∂S2

∣∣∣∣
S=L
= 0,

∂4v

∂S4

∣∣∣∣
S=L
= 0, (41b)

F3|S=L =−F, (41c)

∂γ

∂S

∣∣∣∣
S=L
= 0,

(
∂γ

∂S
− c

∂3γ

∂S3

)∣∣∣∣
S=L
= 0, (41d)

at the upper end (S = L).
It is noted that the transverse displacements u and v satisfy the same type of governing equations,

due to the axial symmetry property of the circular microcolumn. Given the boundary conditions (40d)
and (41d), the solution to (39c) is found to be

γ = 0, (42)

for the entire microcolumn. From this and the equation κ3 =
∂γ

∂S
in (37), it then follows that

κ3 = 0. (43)

Substituting (42) into (39a) and (39b) yields

F1 =−E I
(
∂3u
∂S3 − c

∂5u
∂S5

)
, F2 = E I

(
−
∂3v

∂S3 + c
∂5v

∂S5

)
. (44)

With the help of (40c) and (41c), equation (25c) leads to

F3 =−F. (45)

Plugging (45) and (44) into (25a) and (25b) results in

E I
(
∂4u
∂S4 − c

∂6u
∂S6

)
+ F

∂2u
∂S2 = 0, E I

(
∂4v

∂S4 − c
∂6v

∂S6

)
+ F

∂2v

∂S2 = 0. (46)
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From (46), it can be clearly seen that the transverse displacements u and v satisfy the same sixth-order
ordinary differential equation, as expected. Equations (46) can then be combined to a single equation

∂6u
∂S6 − a1

∂4u
∂S4 − a2

∂2u
∂S2 = 0, (47)

where the constant coefficients are defined by

a1 =
1
c
, a2 =

F
E I c

. (48)

The characteristic equation of (47) can be easily found:

λ6
− a1λ

4
− a2λ

2
= 0. (49)

Its six roots are given by

λ1,2,3,4 =±

√
a1±
√

a2
1 + 4a2

2
, λ5,6 = 0. (50)

At this point, the general solution to the transverse deflections u(S) and v(S) becomes straightforward:

u(S)= C1 cosh(η1S)+C2 sinh(η1S)+C3 cos(η2S)+C4 sin(η2S)+C5S+C6, (51)

where

η2
1 =

√

a2
1 + 4a2+ a1

2
, η2

2 =

√

a2
1 + 4a2− a1

2
. (52)

Substituting (51) back into (40a) and (41a) leads to

C1+C3+C6 = 0, (53a)

η2
1C1− η

2
2C3 = 0, (53b)

η4
1C1− η

4
2C3 = 0, (53c)

cosh(η1L)C1+ sinh(η1L)C2+ cos(η2L)C3+ sin(η2L)C4+ LC5+C6 = 0, (53d)

η2
1 cosh(η1L)C1+ η

2
1 sinh(η1L)C2− η

2
2 cos(η2L)C3− η

2
2 sin(η2L)C4 = 0, (53e)

η4
1 cosh(η1L)C1+ η

4
1 sinh(η1L)C2+ η

4
2 cos(η2L)C3+ η

4
2 sin(η2L)C4 = 0. (53f)

Nontrivial solutions of (53a)–(53f) require that∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 1 0 0 1
η2

1 0 –η2
2 0 0 0

η4
1 0 η4

2 0 0 0
cosh(η1L) sinh(η1L) cos(η2L) sin(η2L) L 1
η2

1 cosh(η1L) η2
1 sinh(η1L) –η2

2 cos(η2L) –η2
2 sin(η2L) 0 0

η4
1 cosh(η1L) η4

1 sinh(η1L) η4
2 cos(η2L) η4

2 sin(η2L) 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
= Lη4

1η
4
2(η

2
1+η

2
2)

2 sinh(η1L) sin(η2L)= 0.

(54)

The smallest root of (54) is
η2L = π. (55)
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From (48), (52) and (55), the critical value for the compressive force F can further be determined as

Fcr =
E Iπ2

L2

(
1+ c

π2

L2

)
. (56)

Equation (56) shows that the critical buckling load Fcr is clearly dependent on the simplified strain
gradient coefficient. This equation is also the same as that of a simply supported Bernoulli–Euler beam
based on the SSGET model [Papargyri-Beskou et al. 2003]. In the absence of microstructure-dependent
effects, i.e., c = 0, equations (46) can be further reduced to

E I
∂4u
∂S4 + F

∂2u
∂S2 = 0, E I

∂4v

∂S4 + F
∂2v

∂S2 = 0. (57)

For such a degenerated case, closed-form analytical solutions to both transverse deflections are obvious:

u(S)= D1 cos
(√

F
E I

S
)
+ D2 sin

(√
E

E I
S
)
+ D3S+ D4. (58)

Substituting (58) into (40a) and (41a) results in

D1 = D3 = D4 = 0, D2 sin
(√

F
E I

L
)
= 0. (59)

The smallest root of this last equation is found to be√
FC

cr

E I
L = π. (60)

The critical buckling load FC
cr can therefore be expressed as

FC
cr =

E Iπ2

L2 . (61)

It is noted that (61) can also be reduced from (56) by setting the strain gradient parameter c to zero.
Normalizing (56) with respect to (61) leads to

Fcr

FC
cr
= 1+ c

π2

L2 . (62)

From this ratio, it is apparent that the critical buckling force increases with increased strain gradient
coefficient c and decreased column length L . For positive c, this ratio is always greater than unity,
indicating the stiffening nature of the strain gradient effects. Figure 6 shows the variation of this ratio as
a function of the microcolumn length. The simplified strain gradient parameter is fixed as c = 100µm2.
It can be observed from Figure 6 that, for short microcolumns, the critical buckling force predicted by
the proposed model is significantly larger than its classical counterpart. Only for long columns, this ratio
converges to unity.
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Fig. 6. Variation of the dimensionless critical force resulting from the simplified strain 
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Within the context of modified couple stress theory,38 the critical buckling load for a simply 

supported microcolumn as shown in Fig. 5 can be expressed by 

  
Fcr

M = EIπ 2

L2 1+
(1+ 2v)2 lm

2

2(1+ v)rrod
2

⎡

⎣
⎢

⎤

⎦
⎥ ,                                              (65) 

where ml  represents a material length scale parameter measuring the couple stress effect.50  

For comparison purpose, let us now consider the ratio between Eq. (65) and its classical 

counterpart 

2 2
cr

2
cr rod

(1 2 )1 .
2(1 )

M
m

C

F v l
F v r

+= +
+

                                                (66) 

From the above equation, it is clear that the critical buckling load due to the modified couple 

stress theory is always greater than its classical value for any nonzero ml . This observation again 

demonstrates stiffening effects of the modified couple stress model, as illustrated in Fig. 7. The 

two parameters involved in (66) are fixed as v = 0 and l = 10 µm. 

Figure 6. Variation of the dimensionless critical force resulting from the simplified
strain gradient model as a function of column length.

Within the context of modified couple stress theory [Zhang and Gao 2019], the critical buckling load
for a simply supported microcolumn as shown in Figure 5 can be expressed by

F M
cr =

E Iπ2

L2

[
1+

(1+ 2v)2l2
m

2(1+ v)r2
rod

]
, (63)

where lm represents a material length scale parameter measuring the couple stress effect [Mindlin 1963].
For comparison purpose, let us now consider the ratio between (63) and its classical counterpart

F M
cr

FC
cr
= 1+

(1+ 2v)2l2
m

2(1+ v)r2
rod
, (64)

From the above equation, it is clear that the critical buckling load due to the modified couple stress
theory is always greater than its classical value for any nonzero lm . This observation again demonstrates
stiffening effects of the modified couple stress model, as illustrated in Figure 7. The two parameters
involved in (64) are fixed as v = 0 and l = 10µm.

Based on above discussions, it is clear that both the simplified strain gradient model and the modified
couple stress theory are helpful to elevate the critical buckling force of a simply supported microcolumn.
The effects of both theories can be very significant for small sized columns. However, some differences
do exist. While the SSGET critical force is directly dependent on the column length L , the prediction
resulting from the modified couple stress theory is up to the column radius rrod. Depending on the
specific higher-order theory that is incorporated in the buckling analysis of a microcolumn, one geometric
parameter may become more important than another.

The analysis conducted in the present subsection is valid for a simply supported microcolumn. For
other boundary conditions, the corresponding critical buckling forces can be derived by following the
same procedure.
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The analysis conducted in the present subsection is valid for a simply supported 

microcolumn. For other boundary conditions, the corresponding critical buckling forces can be 
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Within the context of the simplified strain gradient elasticity theory, a nonclassical Kirchhoff 

rod model has been presented. A single intrinsic material length squared parameter was 

Figure 7. Variation of the dimensionless critical force resulting from the modified cou-
ple stress theory as a function of column radius.

4. Conclusions

Within the context of the simplified strain gradient elasticity theory, a nonclassical Kirchhoff rod model
has been presented. A single intrinsic material length squared parameter was introduced in the model
in order to account for the effects of microstructures. The longitudinal, transverse and shear strain
gradient effects were all taken into account through a standard variational approach. To illustrate the
proposed nonclassical rod model, two boundary value problems dealing with the static equilibrium of
a microspring and the buckling behavior of a microcolumn were analytically solved. Some important
features are concluded as follows.

(1) Both the equilibrium equations and the complete set of boundary conditions are analytically deter-
mined for this new nonclassical rod model which incorporates the microstructure effect.

(2) For the microspring that was deformed from an originally straight uniform rod, the restoring force
has been underestimated by the classical Kirchhoff rod theory. In the presence of microstructural
effects, the restoring force is found to monotonically increase with both the rod radius and the
strength of the simplified strain gradient coefficient.

(3) For a simply supported microcolumn, its critical buckling force was analytically solved by directly
applying the governing equations and boundary conditions of the presented model. Both the analyti-
cal solution and numerical results show that the critical buckling load resulting from the nonclassical
rod model is appreciably larger than its classical counterpart. The stiffening size effects are also
found to be consistent with those due to the modified couple stress theory.

Despite its advantages, it is worth noting that this newly developed model possesses the same limita-
tions as those of the classical Kirchhoff rod model.
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Appendix

Here, the relation between the small rotation vector and curvatures given in (9) is derived. The orthonor-
mal base vectors di (S) and ei (S) are related by [Zhang and Gao 2019]

ei (S)= Q(S) di (S), (A.1)

where Q = ei ⊗ di is a rotation tensor possessing the properties Q−1
= QT and det Q = 1. From

Figure 1, the rotation tensor Q(S) can be approximated by [Bǐrsan and Altenbach 2011]

Q(S)= I +Θ(S), (A.2)

where I is the second-order identity tensor, and Θ(S) is a skew tensor that is related to its axial vec-
tor θ(S) (a small rotation) through

Θdi = θ × di . (A.3)

From (4a) and (A.3), it follows that

θ ′ · di =
1
2(di ×Θdi )

′
· di =

1
2{−[(κ

0
× di ) · θ ]di + di × (Θdi )

′
} · di , (A.4)

The combination of (4b), (A.1), (A.2) and (A.3) yields

κ ·ei =
1
2(ei×e′i )·ei =

1
2 [Qdi×(Qdi )

′
]· Qdi

=
1
2 [di×d ′i+di×(Θdi )

′
+(Θdi )×d ′i+(θ ·di )d ′i−(θ ·d

′

i )·di ]·di+O(o2). (A.5)

From (4a) one has
κ0
· di =

1
2(di × d ′i ) · di . (A.6)

It follows from (A.5) and (A.6) that

κ · ei − κ0
· di =

1
2 [di × (Θdi )

′
+ (Θdi )× d ′i + (θ · di )d ′i − (θ · d

′

i ) · di ] · di

=
1
2 [di × (Θdi )

′
+ (θ · di )(κ

0
× di )] · di . (A.7)

The further use of (A.4) and (A.7) leads to (9)

θ ′ · di − (κ · ei − κ0
· di )=

1
2{−[(κ

0
× di ) · θ ]di − (θ · di )(κ

0
× di )} · di = 0. (A.8)
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[Bǐrsan and Altenbach 2011] M. Bǐrsan and H. Altenbach, “On the theory of porous elastic rods”, Int. J. Solids Struct. 48:6
(2011), 910–924.

[Burgner-Kahrs et al. 2015] J. Burgner-Kahrs, D. C. Rucker, and H. Choset, “Continuum robots for medical applications: a
survey”, IEEE Trans. Robot. 31:6 (2015), 1261–1280.

[Chen et al. 2019] W. Chen, L. Wang, and H.-L. Dai, “Nonlinear free vibration of nanobeams based on nonlocal strain gradient
theory with the consideration of thickness-dependent size effect”, J. Mech. Mater. Struct. 14:1 (2019), 119–137.

[Coleman et al. 1993] B. D. Coleman, E. H. Dill, M. Lembo, Z. Lu, and I. Tobias, “On the dynamics of rods in the theory of
Kirchhoff and Clebsch”, Arch. Ration. Mech. Anal. 121 (1993), 339–359.

[Dill 1992] E. H. Dill, “Kirchhoff’s theory of rods”, Arch. Hist. Exact Sci. 44:1 (1992), 1–23.

[Eringen 1983] A. C. Eringen, “On differential equations of nonlocal elasticity and solutions of screw dislocation and surface
waves”, J. Appl. Phys. 54:9 (1983), 4703–4710.

[Eslami-Mossallam and Ejtehadi 2009] B. Eslami-Mossallam and M. R. Ejtehadi, “Asymmetric elastic rod model for DNA”,
Phys. Rev. E 80:1 (2009), 011919.

[Gao and Ma 2009] X.-L. Gao and H. M. Ma, “Green’s function and Eshelby’s tensor based on a simplified strain gradient
elasticity theory”, Acta Mech. 207 (2009), 163–181.

[Gao and Ma 2010] X.-L. Gao and H. M. Ma, “Strain gradient solution for Eshelby’s ellipsoidal inclusion problem”, Proc. R.
Soc. Lond. A 466:2120 (2010), 2425–2446.

[Gao and Park 2007] X.-L. Gao and S. K. Park, “Variational formulation of a simplified strain gradient elasticity theory and its
application to a pressurized thick-walled cylinder problem”, Int. J. Solids Struct. 44:22-23 (2007), 7486–7499.

[Gao et al. 2009] X.-L. Gao, S. K. Park, and H. M. Ma, “Analytical solution for a pressurized thick-walled spherical shell based
on a simplified strain gradient elasticity theory”, Math. Mech. Solids 14:8 (2009), 747–758.

[Georgiadis et al. 2004] H. G. Georgiadis, I. Vardoulakis, and E. G. Velgaki, “Dispersive Rayleigh-wave propagation in mi-
crostructured solids characterized by dipolar gradient elasticity”, J. Elasticity 74 (2004), 17–45.

[Gourgiotis and Georgiadis 2009] P. A. Gourgiotis and H. G. Georgiadis, “Plane-strain crack problems in microstructured
solids governed by dipolar gradient elasticity”, J. Mech. Phys. Solids 57:11 (2009), 1898–1920.

[Gurtin and Murdoch 1975] M. E. Gurtin and A. I. Murdoch, “A continuum theory of elastic material surfaces”, Arch. Ration.
Mech. Anal. 57 (1975), 291–323.

[Gurtin and Murdoch 1978] M. E. Gurtin and A. I. Murdoch, “Surface stress in solids”, Int. J. Solids Struct. 14:6 (1978),
431–440.

[Lakes 2018] R. S. Lakes, “Stability of Cosserat solids: size effects, ellipticity and waves”, J. Mech. Mater. Struct. 13:1 (2018),
83–91.

[Lam et al. 2003] D. C. C. Lam, F. Yang, A. C. M. Chong, J. Wang, and P. Tong, “Experiments and theory in strain gradient
elasticity”, J. Mech. Phys. Solids 51:8 (2003), 1477–1508.

[Lazopoulos 2003] K. A. Lazopoulos, “Post-buckling problems for long elastic beams”, Acta Mech. 164 (2003), 189–198.

[Lazopoulos 2004] K. A. Lazopoulos, “On the gradient strain elasticity theory of plates”, Eur. J. Mech. A Solids 23:5 (2004),
843–852.

[Lazopoulos and Lazopoulos 2010] K. A. Lazopoulos and A. K. Lazopoulos, “Bending and buckling of thin strain gradient
elastic beams”, Eur. J. Mech. A Solids 29:5 (2010), 837–843.

[Lembo 2016] M. Lembo, “On nonlinear deformations of nonlocal elastic rods”, Int. J. Solids Struct. 90 (2016), 215–227.

[Liangruksa et al. 2017] M. Liangruksa, T. Laomettachit, and S. Wongwises, “Theoretical study of DNA’s deformation and
instability subjected to mechanical stress”, Int. J. Mech. Sci. 130 (2017), 324–330.

http://dx.doi.org/10.1016/j.physe.2014.04.004
http://dx.doi.org/10.1016/j.physe.2014.04.004
http://dx.doi.org/10.1007/s10404-015-1577-1
http://dx.doi.org/10.1007/s10404-015-1577-1
http://dx.doi.org/10.1016/j.ijsolstr.2010.11.022
http://dx.doi.org/10.1109/TRO.2015.2489500
http://dx.doi.org/10.1109/TRO.2015.2489500
http://dx.doi.org/10.2140/jomms.2019.14.119
http://dx.doi.org/10.2140/jomms.2019.14.119
http://dx.doi.org/10.1007/BF00375625
http://dx.doi.org/10.1007/BF00375625
http://dx.doi.org/10.1007/BF00379680
http://dx.doi.org/10.1063/1.332803
http://dx.doi.org/10.1063/1.332803
http://dx.doi.org/10.1103/PhysRevE.80.011919
http://dx.doi.org/10.1007/s00707-008-0109-4
http://dx.doi.org/10.1007/s00707-008-0109-4
http://dx.doi.org/10.1098/rspa.2009.0631
http://dx.doi.org/10.1016/j.ijsolstr.2007.04.022
http://dx.doi.org/10.1016/j.ijsolstr.2007.04.022
http://dx.doi.org/10.1177/1081286508097638
http://dx.doi.org/10.1177/1081286508097638
http://dx.doi.org/10.1023/B:ELAS.0000026094.95688.c5
http://dx.doi.org/10.1023/B:ELAS.0000026094.95688.c5
https://www.sciencedirect.com/science/article/pii/S0022509609001112
https://www.sciencedirect.com/science/article/pii/S0022509609001112
http://dx.doi.org/10.1007/BF00261375
http://dx.doi.org/10.1016/0020-7683(78)90008-2
http://dx.doi.org/10.2140/jomms.2018.13.83
http://dx.doi.org/10.1016/S0022-5096(03)00053-X
http://dx.doi.org/10.1016/S0022-5096(03)00053-X
http://dx.doi.org/10.1007/s00707-003-0023-8
http://dx.doi.org/10.1016/j.euromechsol.2004.04.005
http://dx.doi.org/10.1016/j.euromechsol.2010.04.001
http://dx.doi.org/10.1016/j.euromechsol.2010.04.001
http://dx.doi.org/10.1016/j.ijsolstr.2016.02.034
http://dx.doi.org/10.1016/j.ijmecsci.2017.06.017
http://dx.doi.org/10.1016/j.ijmecsci.2017.06.017


222 JUN HONG, GONGYE ZHANG, XIAO WANG AND CHANGWEN MI

[Liu and Wang 2009] D. S. Liu and C. H.-T. Wang, “Variational principle for a special Cosserat rod”, Appl. Math. Mech. 30
(2009), 1169–1176.

[Love 1944] A. E. H. Love, A treatise on the mathematical theory of elasticity, Dover Publications, New York, 1944.

[Lurie and Solyaev 2018] S. Lurie and Y. Solyaev, “Revisiting bending theories of elastic gradient beams”, Int. J. Eng. Sci. 126
(2018), 1–21.

[McIlroy et al. 2001] D. N. McIlroy, D. Zhang, Y. Kranov, and M. G. Norton, “Nanosprings”, Appl. Phys. Lett. 79:10 (2001),
1540–1542.

[Mindlin 1963] R. D. Mindlin, “Influence of couple-stresses on stress concentrations”, Exp. Mech. 3 (1963), 1–7.

[Mindlin 1964] R. D. Mindlin, “Micro-structure in linear elasticity”, Arch. Ration. Mech. Anal. 16 (1964), 51–78.

[Mindlin and Eshel 1968] R. D. Mindlin and N. N. Eshel, “On first strain-gradient theories in linear elasticity”, Int. J. Solids
Struct. 4:1 (1968), 109–124.

[Norouzzadeh et al. 2018a] A. Norouzzadeh, R. Ansari, and H. Rouhi, “Isogeometric vibration analysis of small-scale Timo-
shenko beams based on the most comprehensive size-dependent theory”, Sci. Iran. 25:3 (2018), 1864–1878.

[Norouzzadeh et al. 2018b] A. Norouzzadeh, R. Ansari, and H. Rouhi, “Nonlinear wave propagation analysis in Timoshenko
nano-beams considering nonlocal and strain gradient effects”, Meccanica 53 (2018), 3415–3435.

[Papargyri-Beskou and Beskos 2008] S. Papargyri-Beskou and D. E. Beskos, “Static, stability and dynamic analysis of gradient
elastic flexural Kirchhoff plates”, Arch. Appl. Mech. 78 (2008), 625–635.

[Papargyri-Beskou and Beskos 2009] S. Papargyri-Beskou and D. E. Beskos, “Stability analysis of gradient elastic circular
cylindrical thin shells”, Int. J. Eng. Sci. 47:11-12 (2009), 1379–1385.

[Papargyri-Beskou et al. 2003] S. Papargyri-Beskou, K. G. Tsepoura, D. Polyzos, and D. E. Beskos, “Bending and stability
analysis of gradient elastic beams”, Int. J. Solids Struct. 40:2 (2003), 385–400.

[Park and Gao 2008] S. K. Park and X.-L. Gao, “Variational formulation of a modified couple stress theory and its application
to a simple shear problem”, Z. Angew. Math. Phys. 59 (2008), 904–917.

[Polizzotto 2003] C. Polizzotto, “Gradient elasticity and nonstandard boundary conditions”, Int. J. Solids Struct. 40:26 (2003),
7399–7423.

[Polizzotto 2012] C. Polizzotto, “A gradient elasticity theory for second-grade materials and higher order inertia”, Int. J. Solids
Struct. 49:15-16 (2012), 2121–2137.

[Polizzotto 2017] C. Polizzotto, “A hierarchy of simplified constitutive models within isotropic strain gradient elasticity”, Eur.
J. Mech. A Solids 61 (2017), 92–109.

[Reddy 2002] J. N. Reddy, Energy principles and variational methods in applied mechanics, 2nd ed., John Wiley & Sons,
Hoboken, New Jersey, 2002.

[Seto et al. 2001] M. W. Seto, B. Dick, and M. J. Brett, “Microsprings and microcantilevers: studies of mechanical response”,
J. Micromech. Microeng. 11:5 (2001), 582–588.

[Steigmann 2012] D. J. Steigmann, “Theory of elastic solids reinforced with fibers resistant to extension, flexure and twist”,
Int. J. Non-Linear Mech. 47:7 (2012), 734–742.

[Wang et al. 2010] J.-S. Wang, Y.-H. Cui, X.-Q. Feng, G.-F. Wang, and Q.-H. Qin, “Surface effects on the elasticity of
nanosprings”, Europhys. Lett. 92:1 (2010), 16002.

[Westcott et al. 1995] T. P. Westcott, I. Tobias, and W. K. Olson, “Elasticity theory and numerical analysis of DNA supercoiling:
an application to DNA looping”, J. Phys. Chem. 99:51 (1995), 17926–17935.

[Yang et al. 2002] F. Yang, A. C. M. Chong, D. C. C. Lam, and P. Tong, “Couple stress based strain gradient theory for
elasticity”, Int. J. Solids Struct. 39:10 (2002), 2731–2743.

[Zhang 2010] R. J. Zhang, “Size effects in Kirchhoff flexible rods”, Phys. Rev. E 81 (2010), 056601.

[Zhang and Gao 2019] G. Y. Zhang and X.-L. Gao, “A non-classical Kirchhoff rod model based on the modified couple stress
theory”, Acta Mech. 230 (2019), 243–264.

[Zhu and Li 2017] X. Zhu and L. Li, “Longitudinal and torsional vibrations of size-dependent rods via nonlocal integral
elasticity”, Int. J. Mech. Sci. 133 (2017), 639–650.

http://dx.doi.org/10.1007/s10483-009-0911-y
http://dx.doi.org/10.1016/j.ijengsci.2018.01.002
http://dx.doi.org/10.1063/1.1400079
http://dx.doi.org/10.1007/BF02327219
http://dx.doi.org/10.1007/BF00248490
http://dx.doi.org/10.1016/0020-7683(68)90036-X
http://scientiairanica.sharif.edu/article_20429.html
http://scientiairanica.sharif.edu/article_20429.html
http://dx.doi.org/10.1007/s11012-018-0887-2
http://dx.doi.org/10.1007/s11012-018-0887-2
http://dx.doi.org/10.1007/s00419-007-0166-5
http://dx.doi.org/10.1007/s00419-007-0166-5
http://dx.doi.org/10.1016/j.ijengsci.2009.09.009
http://dx.doi.org/10.1016/j.ijengsci.2009.09.009
http://dx.doi.org/10.1016/S0020-7683(02)00522-X
http://dx.doi.org/10.1016/S0020-7683(02)00522-X
http://dx.doi.org/10.1007/s00033-006-6073-8
http://dx.doi.org/10.1007/s00033-006-6073-8
http://dx.doi.org/10.1016/j.ijsolstr.2003.06.001
http://dx.doi.org/10.1016/j.ijsolstr.2012.04.019
http://dx.doi.org/10.1016/j.euromechsol.2016.09.006
http://dx.doi.org/10.1088/0960-1317/11/5/322
http://dx.doi.org/10.1016/j.ijnonlinmec.2012.04.007
http://dx.doi.org/10.1209/0295-5075/92/16002
http://dx.doi.org/10.1209/0295-5075/92/16002
http://dx.doi.org/10.1021/j100051a018
http://dx.doi.org/10.1021/j100051a018
http://dx.doi.org/10.1016/S0020-7683(02)00152-X
http://dx.doi.org/10.1016/S0020-7683(02)00152-X
http://dx.doi.org/10.1103/PhysRevE.81.056601
http://dx.doi.org/10.1007/s00707-018-2279-z
http://dx.doi.org/10.1007/s00707-018-2279-z
http://dx.doi.org/10.1016/j.ijmecsci.2017.09.030
http://dx.doi.org/10.1016/j.ijmecsci.2017.09.030


A SIMPLIFIED STRAIN GRADIENT KIRCHHOFF ROD MODEL AND ITS APPLICATIONS 223

Received 16 Jul 2019. Revised 6 Jan 2020. Accepted 13 Jan 2020.

JUN HONG: junhong@seu.edu.cn
Jiangsu Key Laboratory of Engineering Mechanics, School of Civil Engineering, Southeast University, 2 Sipailou Street,
Nanjing, 210096, China

GONGYE ZHANG: gyzhang@seu.edu.cn
Jiangsu Key Laboratory of Engineering Mechanics, School of Civil Engineering, Southeast University, 2 Sipailou Street,
Nanjing, 210096, China

XIAO WANG: xiao.wang@seu.edu.cn
Jiangsu Key Laboratory of Engineering Mechanics, School of Civil Engineering, Southeast University, 2 Sipailou Street,
Nanjing, 210096, China

CHANGWEN MI: mi@seu.edu.cn
Jiangsu Key Laboratory of Engineering Mechanics, School of Civil Engineering, Southeast University, 2 Sipailou Street,
Nanjing, 210096, China

mathematical sciences publishers msp

mailto:junhong@seu.edu.cn
mailto:gyzhang@seu.edu.cn
mailto:xiao.wang@seu.edu.cn
mailto:mi@seu.edu.cn
http://msp.org



