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3D PHASE-EVOLUTION-BASED THERMOMECHANICAL CONSTITUTIVE
MODEL OF SHAPE MEMORY POLYMER WITH FINITE ELEMENT

IMPLEMENTATION

YUNXIN LI, RUOXUAN LIU, ZISHUN LIU AND SOMSAK SWADDIWUDHIPONG

Shape memory polymers (SMPs) are a class of smart materials which can undergo transition between
two different states (temporary shape and permanent state) induced by external stimuli, such as tem-
perature, light etc. In order to study the deformation behavior of this fast-developing SMP structures,
the key points are formulating suitable theoretical constitutive models to correctly reflect the material
behavior and developing appropriate numerical simulation techniques to handle complex structures. In
this paper, we proposed a three-dimensional (3D) thermomechanical constitutive model of SMPs and
its implementation as a user material subroutine, UMAT, in a finite element package ABAQUS. The
shape memory effects of the SMPs under three different loading patterns are simulated by the proposed
approach and the acquired numerical results are compared with theoretical computational results and
available experimental data. They agree reasonably well. Two SMP structural examples are presented
to demonstrate the feasibility of the proposed approach. The exercises involve the analyses of (i) an
intelligent hexachiral deployable structure and (ii) a 3D self-folding structure achieved through a 2D
plate.

1. Introduction

Shape memory polymers (SMPs) are soft and intelligent materials that can recover their permanent
configuration from a temporary deformed shape upon the application of stimuli, such as, temperature,
water, light and electricity [Li et al. 2015; Zheng et al. 2018; Conti et al. 2007; Huang et al. 2005; Lendlein
et al. 2005; Qi and Dunn 2010]. SMPs have several advantages over the traditional shape memory
materials (e.g. shape memory alloys) as SMPs are biodegradable, biocompatible, light weight, low cost
and able to render large deformation [Baghani et al. 2012; Hager et al. 2015; Leng et al. 2009] and
hence SMPs have great potential applications in various fields, such as, aerospace structures [Behl et al.
2010; Hu et al. 2012], functional textiles [Castano and Flatau 2014; Hu and Chen 2010], biomedicine
[Lendlein et al. 2010; Yakacki and Gall 2009; Liu et al. 2019b], self-healing materials [Luo and Mather
2013; Shojaei and Li 2014; Shojaei et al. 2013] and pattern transformations [He et al. 2015; Liu et al.
2015].

The diverse applications and benefits of SMPs in various fields, especially those of critical importance,
have stimulated a great progress in theoretical [Pan et al. 2018], numerical [Pan et al. 2019; Li et al. 2018;
Eskandari et al. 2018; Valizadeh et al. 2018] and experimental studies [Liu et al. 2019a] of these materials
on their deformation mechanism. The experimental approach is essential but normally costly and time
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consuming. On the contrary, once the material parameters are evaluated from test data, the theoretical
and numerical studies provide comprehensive descriptions and predictions of the mechanical behavior
of SMPs with substantially less cost and time. The theory describing SMPs dated back more than two
decades ago [Huang et al. 2020]. Tobushi et al. [1997] recommended a viscoelastic modeling approach
for SMPs in 1997. They developed a one-dimensional rheological model that qualitatively describes the
shape memory process by introducing an irreversible slip element in traditional spring-damper system.
Based on the above approach, Lin and Chen [1999] proposed another viscoelastic model to predict the
shape memory effect and rate-dependent behavior of polyurethanes. Diani et al. [2006] explored a three-
dimensional (3D) viscoelastic constitutive model that was thermodynamically motivated. Though the
model is able to capture some key features of shape memory behavior, it is incapable of predicting the
details of response in thermodynamic cycle. To cater for the time-dependent and temperature-dependent
characteristics of the amorphous SMPs, Nguyen et al. [2008] developed a thermo-viscoelastic constitutive
model which considered structural and stress relaxation as the primary molecular mechanisms of the
shape memory effect and its time-dependency. Srivastava et al. [2010] established a thermo-mechanically
coupled large-deformation constitutive model and determined the model parameters using stress-strain
experimental data. The model is able to predict the shape memory behavior of the SMPs with satisfactory
results. Yu et al. [2014] introduced a 3D viscoelastic model which combined a spring element and
several Maxwell elements in parallel fashion to represent different active relaxation mechanisms in SMPs.
Based on multiplicative decompositions of the deformation gradient, Li et al. [2017a] proposed a novel
viscoelastic constitutive model for SMPs. To reduce the parameters of describing SMP constitutive model,
the fractional order models are proposed. Fang et al. [2018] developed a multi-branch thermoviscoelastic
model which was valid for multi-shape memory effect of SMP by introducing the shift factor. Pan and
Liu [2018] presented a new fractional viscoelastic constitutive model for SMPs to describe the phase
transition phenomenon of SMPs with various constitutive components defined around the glass transition
temperature. All these two models reduced considerably the number of material parameters required to
describe the phase transition phenomenon of SMPs. The phenomenological phase transition modeling
of SMPs was introduced in [Liu et al. 2006], which considered SMPs as a mixture of different phases
that are interchangeable depending on the heat stimulus. Based on that work, many comprehensive
phenomenological models of SMPs were formulated and presented in [Baghani et al. 2014; Chen and
Lagoudas 2008a; Chen and Lagoudas 2008b; Gilormini and Diani 2012; Gu et al. 2015; Li et al. 2017b;
Li and Liu 2018; Moon et al. 2015; Qi et al. 2008; Volk et al. 2010; Yang and Li 2015].

Numerical approach has also been applied to study the thermomechanical behavior of SMPs. Qi
et al. [2008] implemented a 3D model into ABAQUS user material subroutine (UMAT) for amorphous
SMPs. Reese et al. [2010] formulated a new model in a micromechanical as well as a macro-mechanical
format and implemented this model into software “FEAP” (a finite element analysis program originated
by researchers at the University of California, Berkeley). The generalized Maxwell model and WLF
equation which are available in ABAQUS were adopted by Diani et al. [2012] to model SMP materials.
Baghani et al. [2012] employed the finite element method (FEM) for SMPs to study 3D shape memory
beams and medical stents while Tian and Venkatesh [2013] implemented the FEM for indentation of
SMPs. The FEM was also adopted by Li et al. [2015] to conduct the thermomechanical behavior analysis
of polyurethane. Recently, Pieczyska et al. [2017] developed the FEM in AceGen/AceFEM environment
to simulate the cyclic tensile tests of SMPs.
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Figure 1. Schematic illustration of phase-evolution-based thermomechanical constitu-
tive model reflecting process of phase transition between yellow rubbery phase and
glassy phase in pewter.

In 2017, we introduced a phase-evolution-based thermomechanical constitutive model which can
capture the shape memory effect of amorphous SMPs [2017b]. However, the model is of just a one-
dimensional (1D) framework and hence is not able to trace and evaluate the deformation behavior of
complex SMP structures. The present article extends the 1D SMP constitutive model into a 3D platform
with an implementation as a UMAT subroutine in the finite element package ABAQUS. This enables
us to apply the proposed constitutive model to simulate the deformation behavior of any complex SMP
structures effectively and conveniently.

The paper is organized as follows. In Section 2, we re-introduce briefly a 1D phase-evolution-based
thermomechanical constitutive model for SMPs. The 1D constitutive model is extended to a 3D form
and then implemented in ABAQUS in Section 3. The detailed formulations and procedural consider-
ations associated with FEM are provided in this section. Section 4 involves the verifications of both
theoretical considerations and numerical implementation through the comparison of numerical solutions
with theoretical computational results and available experimental data. Reasonably good agreement is
observed. The proposed 3D constitutive model for SMPs with FEM implementation is applied to analyze
two complex SMP structures and the outcomes are reported in Section 5. Finally, the concluding remarks
are given in Section 6.

2. Constitutive model for SMPs

Prior to the presentation of a 3D phase-evolution-based thermomechanical constitutive model formulation
in Section 3, a 1D development that has been elaborated earlier by Li et al. [2017b] is briefly described
in this section.

2.1. General description of the constitutive model. In this approach, SMPs are considered as a mixture
of the yellow rubbery phase regions and the glassy phase regions in pewter color as shown in Figure 1.
The volume fraction of each of the former is 1γ j

r and the latter as 1γ j
g , where the total sum is unity, i.e.,

61γ
j

g +61γ
j

r = 1. The total strain of the adopted model including that of thermal effect is expressed
as

εtotal =61γ
j

r ε
j
rubbery+61γ

j
g ε

j
glassy+ εT (1)
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where εT is the thermal strain, ε j
rubbery and ε j

glassy are strains in any j-th rubbery and any j-th glassy phase
regions, respectively.

These two kinds of springs which represent two different phases (yellow for rubbery phase and pewter
for glassy phase) are interchangeable governed by the variation of temperature. As the temperature
decreases, certain rubbery phase regions will be transformed into those of the glassy phase where part of
their deformations are frozen. In the newly formed glassy phase regions, the frozen strain and residual
mechanical strain are denoted by εfrozen and εg-mechanics, respectively. Li et al. [2017b] defined the frozen
strain εfrozen as

εfrozen = εr -mechanics− f (T )εr -mechanics (2)

where εr -mechanics is the mechanical strain in the corresponding previous rubbery phase regions. f (T )
is the ratio of the mechanical strains corresponding to the two transformed phase regions, i.e., f (T )=
εg-mechanics/εr -mechanics. f (T ) is calibrated based on experimental data.

At the increase in temperature, the transition glassy phase regions are reverted back to those of the
rubbery phase while the frozen strain is released, leaving only the mechanical strain εr -mechanics in the
rubbery phase regions. The strains in the glassy phase regions comprise both the mechanical strain
εg-mechanics and the frozen strain εfrozen. Hence, the total strain in Eq. (1) at the latter stage can be written
as

εtotal =61γ
j

r ε
j
r -mechanics+61γ

j
g
(
ε

j
g-mechanics+ ε

j
frozen

)
+ εT (3)

The stress in each phase region is described by Hooke’s law as stipulated in Eqs. (4) and (5):

σ j
r = Erε

j
r -mechanics, (4)

σ j
g = Egε

j
g-mechanics, (5)

where Er and Eg are the Young’s moduli of the rubbery and glassy phase regions, respectively.
All spring elements shown in Figure 1 are in series and hence the stress in any phase region is the

same and equals the total stress, namely,

σtotal = σ
j

r = σ
j

g (6)

As the mechanical strain of any j-th rubbery phase region remains unchanged, we have ε j
r -mechanics =

εr -mechanics. This is similarly true for the mechanical strain of any j-th glassy phase region and hence we
also have ε j

g-mechanics = εg-mechanics. Substituting these 2 identities into Eq. (3), the total strain becomes

εtotal = (1− γ )εr -mechanics+ γ εg-mechanics+ ε f + εT (7)

In Eq. (7), γ =61γ j
g denotes the fraction of the glassy phase and hence the fraction of the rubbery

phase is 1− γ = 61γ j
r . The total frozen strain in SMPs is then represented by the expression, ε f =

61γ
j

g ε
j
frozen.

2.2. Governing equation of shape memory effect. An incremental approach is adopted to establish the
governing equations of SMP model covering the continuous phase transition processes. During the cool-
ing period, the temperature decreases from a high temperature Th to a low value of Tl . The temperature
interval of interest [Th , Tl] is divided into numerous small increments. For a generic advancement of
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temperature [T n−1
cool , T n

cool], the stress and strain are denoted by superscript n-1 at temperature T n−1
cool and

that of n at temperature T n
cool, respectively.

When temperature drops from T n−1
cool to T n

cool, certain portions of the rubbery phase regions of (1γ n)
are transformed into those of the glassy phase and parts of deformations (εn

frozen) are frozen. The total
frozen strain εn

f at T n
cool is

εn
f =

n∑
j=1

1γ j
g ε

j
frozen = ε

n−1
f +1γ

nεn
frozen (8)

where εn−1
f =

∑n−1
j=11γ

jε
j
frozen is the total frozen strain at temperature T n−1

cool .
Substituting Eq. (2) into Eq. (8) yields

εn
f = ε

n−1
f +1γ

n(1− f (T ))εn
r -mechanics . (9)

Here εn
f − ε

n−1
f =1εn

f is the small increment of total frozen strain. Inserting Eq. (4)–Eq. (7) into Eq. (9),
we obtain the expressions for σ n

total and 1εn
f at T n

cool as given by

σ n
total =

εn
total− ε

n
f − ε

n
T

γ n

Eg
+

1−γ n

Er

, (10)

1εn
f =1γ

n
[1− f (T )]

εn−1
total − ε

n−1
f − ε

n−1
T

Er

(
γ n−1

Eg
+

1−γ n−1

Er

) . (11)

Expressing Eq. (11) in differential form, the governing equations of shape memory effect can be
written collectively in general form as

σtotal =
εtotal− ε f − εT

γ

Eg
+

1−γ
Er

,

dε f

dT
=

dγ
dT
[1− f (T )]

εtotal− ε f − εT

Er

(
γ

Eg
+

1−γ
Er

) . (12)

2.3. Thermal deformation. The thermal strain εT is

εT =

∫ T

T0

αdT (13)

where α is the coefficient of thermal expansion (CTE) and T0 is the reference temperature.

3. Finite element approach

3.1. 3D form of constitutive model. To apply the proposed constitutive relationship into finite element
computation, the constitutive model of 1D form must be generalized into 3D form [Lucchesi et al. 2019].
Therefore, we extend the previous SMP constitutive model into a 3D form and implement the latter in a
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finite element package ABAQUS through its UMAT subroutine. For a 3D isotropic solid, the total strain
and the total stress can be rewritten as follows:

εtotal
i j = (1− γ )ε

r -mechanics
i j + γ ε

g-mechanics
i j + ε

f
i j + ε

T
i j i, j = x, y, z (14)

σ total
i j = σ

r
i j = σ

g
i j i, j = x, y, z (15)

The one-dimensional (1D) governing equation (Eq. (4)) of the rubbery phase element can be general-
ized into a 3D form as shown in Eq. (16) and Eq. (17).

σ r
xx = λrε

r -mechanics
V + 2µrε

r -mechanics
xx , etc. (16)

σ r
xy = 2µrε

r -mechanics
xy , etc. (17)

where εr -mechanics
V = εr -mechanics

xx +εr -mechanics
yy +εr -mechanics

zz , λr and µr are the Lame constants of the rubbery
phase element.

Similarly, the 3D form model of the glassy phase element is expressed as

σ g
xx = λgε

g-mechanics
V + 2µgε

g-mechanics
xx , etc. (18)

σ g
xy = 2µgε

g-mechanics
xy , etc. (19)

where εg-mechanics
V = ε

g-mechanics
xx +ε

g-mechanics
yy +ε

g-mechanics
zz , λg and µg are the Lame constants of the glassy

phase element.
The 3D form of the thermal strain in Eq. (13) is thus

εT
i j = δi j

∫ T

T0

α dT, i, j = x, y, z (20)

In view of Eq. (16) and Eq. (18), Eq. (15) becomes

λrε
r -mechanics
V + 2µrε

r -mechanics
xx = λgε

g-mechanics
V + 2µgε

g-mechanics
xx , etc. (21)

Eq. (14) provides the basis for the expressions of various principal components of the total strain and
volume deformation εtotal

V = εtotal
xx + ε

total
yy + ε

total
zz as given in Eq. (22) and Eq. (23).

εtotal
xx = (1− γ )ε

r -mechanics
xx + γ εg-mechanics

xx + ε f
xx + ε

T
xx , etc. (22)

εtotal
V = (1− γ )εr -mechanics

V + γ ε
g-mechanics
V + ε

f
V + ε

T
V . (23)

Inserting Eq. (22) and Eq. (23) into Eq. (21), we have

εg-mechanics
xx =

λr (ε
total
V −ε

f
V−ε

T
V )+2µr (ε

total
xx −ε

f
xx−ε

T
xx)−(γ λr+(1−γ )λg)ε

g-mechanics
V

2(γµr+(1−γ )µg)
, etc., (24)

ε
g-mechanics
V =

(3λr+2µr )(ε
total
V −ε

f
V−ε

T
V )

3(γ λr+(1−γ )λg)+2(γµr+(1−γ )µg)
. (25)

The shear components of total strain εg-mechanics can be derived from Eq. (14) to give
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εg-mechanics
xy =

(
εtotal

xy − ε
f
xy − ε

T
xy
)
µr

(1− γ )µg + γµr
, etc. (26)

Substituting Eq. (24) and Eq. (26) into Eq. (18) and Eq. (19) yields the following 3D form of governing
equations for the constitutive model.

σ total
xx =

(
εtotal

V − ε
f
V − ε

T
V
)
λ(T )+ 2µ(T )

(
εtotal

xx − ε
f
xx − ε

T
xx
)
, etc., (27)

σ total
xy = 2µ(T )

(
εtotal

xy − ε
f
xy − ε

T
xy
)
, etc. (28)

where

λ(T )=
µgλr

γµr + (1− γ )µg
+
γµrλg − γµgλr

γµr + (1− γ )µg
∗

(3λr + 2µr )

3(γ λr + (1− γ )λg)+ 2(γµr + (1− γ )µg)
,

µ(T )=
µgµr

γµr + (1− γ )µg
.

The constitutive relations in Eq. (27) and Eq. (28) can be collectively expressed as

σi j = λ(T )δi jε
el
kk + 2µ(T )εel

i j (29)

where εel
i j = ε

total
i j − ε

f
i j − ε

T
i j . Eq. (29) can be written in a Jaumann rate form as

σ̇ J
i j = λ(T )δi j ε̇

el
kk + 2µ(T )ε̇el

i j + λ̇(T )δi jε
el
kk + 2µ̇(T )εel

i j (30)

The Jaumann rate equation of Eq. (30) is integrated in a co-rotational framework to render

1σ J
i j = λ(T )δi j1ε

el
kk + 2µ(T )1εel

i j +1λ(T )δi jε
el
kk + 21µ(T )εel

i j (31)

Once the frozen strain ε f
i j is established, Eq. (31) provides us the basis for a 3D implementation of

finite element model via UMAT subroutine in ABAQUS.

3.2. 3D form of frozen strain. To calculate the frozen strain in Eq. (14), we have to recast the constitutive
equation of shape memory effect (Eq. 12) into a three-dimensional form as shown in Eq. (32).

σ total
i j = Ci j

(
εtotal

i j − ε
f

i j − ε
T
i j
)

dε f
i j

dT
=

dγ
dT
[1− f (T )]

(
C−1

r
)

i j Ci j
(
εtotal

i j − ε
f

i j − ε
T
i j
) (32)

where Ci j is the component of SMPs stiffness matrix C and
(
C−1

r
)

i j represents the component of inverse
stiffness matrix for any rubbery phase element. In view of Eq. (16), Eq. (17) and Eq. (29), the stiffness
matrix of the rubbery phase elements (which is labeled by r) and consequently that of shape memory
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material are expressed respectively as

Cr =



λr+2µr λr λr 0 0 0
λr λr+2µr λr 0 0 0
λr λr λr+2µr 0 0 0
0 0 0 µr 0 0
0 0 0 0 µr 0
0 0 0 0 0 µr


(33)

C=



λ+2µ λ λ 0 0 0
λ λ+2µ λ 0 0 0
λ λ λ+2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ


(34)

The incremental form of the frozen strain in Eq. (32) is thus{
1ε f -i j = (γi j − γi j ) ∗ (1− f ) ∗ (εpre-i j − ε f -i j − εT -i j ) ∗C RCi j

ε f -i j = ε f -i j +1ε f -i j
(35)

where C RCi j = (C−1
r )inCnj . Eq. (35) provides the iterative relations for the determination of the frozen

strain suitable for finite element implementation.

4. Verification of proposed numerical model

We have developed a numerical model describing the complex thermomechanical characteristics of SMPs
by implementing the above 3D constitutive relations as a UMAT subroutine in the finite element package
ABAQUS. The proposed model is verified through the comparisons of the numerical solutions acquired
in the present study with those obtained experimentally and via the analytical approach reported earlier
in [Liu et al. 2006; 2017b]. The material parameters adopted in the exercises as stipulated in Table 1

Tg 310 K
Th 338 K
Tl 298 K

γ 1− 1
1+0.000036(Th−T )4

Eg 8538.93 MPa
N 719.28 mol/m3

Er 3NkT MPa
α −2.066× 10−4

+ 1.52× 10−6T ) K−1

f
{

0 (T ≤ Tg)

(T − Tg)/Tg (T > Tg)

Table 1. Material parameters adopted from [Li et al. 2017b].
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(a) (b)

(c)

Figure 2. Comparison of FE solutions with theoretical computational results (using
“analytical” symbol in figures) and experimental results [Liu et al. 2006] of stress in
cooling process under various loading patterns: (a) εm = 9.1% (tension); (b) εm =−9.1%
(compression); (c) εm = 0 (zero-strain).

are the same as those employed in Table 2 of [Li et al. 2017b]. The shape memory effects of this SMP
material under various types of loading patterns namely those in (i) tension, (ii) compression and (iii)
zero-strain condition are considered in the study.

Typically, the shape memory cycle comprises four processes. They are: (1) loading at a high tem-
perature, (2) cooling under fixed strain constraint, (3) unloading at a low temperature and (4) reheating.
The stress-temperature response in the cooling process and strain-temperature response in the reheating
process are the key characteristics of the shape memory effect. Thus, we reproduce the thermomechanical
behavior of SMPs during both the cooling period in Figure 2 and the reheating process in Figure 3. To
demonstrate the stability of the proposed finite element approach, the numerical solutions are compared
with both theoretical computational results (directly from theoretical formulas) and available experi-
mental data. Figure 2 and Figure 3 show that the acquired numerical solutions match well with the
computational results and provide similar trends with those obtained experimentally as reported by in
[Liu et al. 2006].
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(a) (b)

(c)

Figure 3. Comparison of FE solutions with theoretical computational results (using
“analytical” symbol in figures) and experimental results [Liu et al. 2006] of strain in the
reheating process under various loading patterns: (a) εm = 9.1% (tension); (b) εm =

−9.1% (compression); (c) εm = 0 (zero-strain).

5. Deformation of complex structures

To further demonstrate the robustness of the present constitutive theory and its finite element implemen-
tation, the proposed numerical model is adopted to simulate the response of 2 complex SMP structures.
They are: (i) a deployable structure to be presented in Section 5.1 and (ii) a self-folding structure from
a 2D plate to a 3D structure to be elaborated in Section 5.2.

5.1. Deployable SMP structure. Intelligent deployable structure is a kind of mechanical components
that demonstrate significant expansion in area and/or volume influenced by a control signal. It has a
great potential for critical applications in various fields. A few examples include those employed as
deployable antennas in the area of space exploration and intravascular stents in biomedical applications.
With a unique combination of favorable properties (e.g., low density and low cost), SMPs are considered
as an ideal material for intelligent deployable structures. Rossiter et al. [2012] designed a SMP hexachiral
deployable structure which can be kept at a compact size without any restraint and later be expanded to
form a significantly larger structure after its shape recovery.
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We adopt the proposed finite element model to simulate the hexachiral deployable structure depicted
in Figure 4. The geometry of the structure is the same as the experimental sample used by Rossiter
et al. [2012]. Figure 4(a) illustrates the SMP hexachiral structure as a full-sized deployment structure
in its initial state. The SMP hexachiral structure is heated to a high temperature above Tg and then
compressed to a compact configuration as depicted in Figure 4(b). It is then cooled down to retain the
deformed compact shape. After removing the load constraint, an insignificant amount of elastic recovery
is observed as shown in Figure 4(c). Finally, the hexachiral structure is expanded to its original full-size

Figure 4. Finite element simulation of hexachiral deployable structure: (a) initial state;
(b) compressed state at high temperature; (c) unloaded state after cooling; (d) deployed
structure after shape recovery. Colors indicate radial displacements in a cylindrical
coordinate system.
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structure for deployment by reheating it to a high temperature as displayed in Figure 4(d). The present
simulated results as illustrated in Figure 4 are consistent with the experimental outcomes observed by
Rossiter et al. [2012]. This demonstrates the feasibility and stability of the proposed constitutive model
to simulate various processes of development of the SMP deployable structure.

5.2. Self-folding structure. Complex three-dimensional (3D) manufacturing processes are often required
in the industry. They are normally costly and time-consuming. Self-folding process provides a fast and
effective technique for manufacturing three-dimensional structures. Self-folding is a common structural
manufacturing method that can be observed in nature, e.g., those in organic molecules, insect wings,
human brain and leaves of plants. This has great application prospects in various fields, including space
exploration, logistics transportation and flexible electronic devices [Tolley et al. 2014]. The application
of SMPs in self-folding structures has recently attracted wide attention. In this section, we design a
self-folding structure using SMP materials and simulate the deformation processes of the self-folding
structure from its two-dimensional plate strip to a three-dimensional structure.

The initial configuration of the self-folding structure is a two-dimensional rectangular plate strip shown
in Figure 5. The plate thickness comprises two layers of the same shape memory polymer material. The
bottom layer in dark blue covers the whole board while the upper SMPs layer is divided into several
regions of blue portions connected intermittently by smaller yellow parts of self-folding hinge regions
which can later be heated locally.

Figure 6 illustrates the deformation processes transforming a two-dimensional pattern to a three-
dimensional configuration. First, we heat the original plate structure to a high temperature and apply a
compressive deformation along the length of the plate. While retaining the deformed shape, the tempera-
ture of the whole structure is reduced to ensure that the deformation is frozen to keep the structure in the
deformed configuration even after unloading. Finally, while keeping the temperature of the blue and dark
blue regions constant, the yellow self-folding hinge regions are heated locally to extend the latter regions
to their original shapes. As the deformation of the bottom plate restricts the expansion of the yellow

Figure 5. SMP self-folding structure: Plate thickness comprising two layers of blue and
dark blue of same SMP material while yellow region as self-folding part.
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Figure 6. Deformation processes of self-folding structure from 2D to 3D shapes. Arrow
1: plate compressed at high temperature, Arrow 2: plate cooled down and unloaded.
Arrow 3: yellow hinge region reheated to form 3D structure.

portions, the two-dimensional plate will fold into a three-dimensional pentagon as illustrated in Figure 6.
This simple example demonstrates the potential of SMPs for self-folding applications. Many complex
structures can be formed or constructed through the rational design and facilitated via the proposed
numerical simulation processes.

6. Concluding remarks

In this paper, we have developed a 3D phase-evolution-based thermomechanical constitutive model for
SMPs by extending our previous 1D formulation to enable the analysis of the deformation mechanism
at the structural level. The 3D model has been implemented into a finite element package ABAQUS via
subroutine UMAT. The proposed theoretical formulation and numerical implementation are validated by
the prediction of the shape memory behavior of SMPs under a variety of loading patterns in: (i) tension,
(ii) zero-strain and (iii) compression. By comparing results obtained from theoretical calculations, FEM
simulations and experiments under the 3 loading conditions, we are confident that the proposed 3D model
incorporating FE implementation be able to describe the deformation mechanism of SMP materials
reasonably well. FE model as UMAT in ABAQUS is shown to be effective and stable for the study on
the shape memory behavior of SMPs. The robustness of the proposed approach is demonstrated through
the analyses of 2 complex SMP structures presented in section 5. The tests of the designed hexachiral
SMP deployable structure at various stages of deformation mechanism are precisely captured by the
numerical solutions conducted in the present study. We also design a self-folding structure comprising a
plate with programmed loading and heating regions. The proposed FE solutions show that the designed
plate will be morphed into a 3D structure after completing the appropriate programmed processes. The
proposed approach accompanied by the finite element implementation will enable researchers to design
other functional structures as well as to study the intricate deformation behaviors of various sophisticated
SMP structures.
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SLIP DAMPING OF A PRESS-FIT JOINT UNDER NONUNIFORM
PRESSURE DISTRIBUTION ALONG THE INTERFACE

HUIFANG XIAO, YUNYUN SUN AND JINWU XU

The energy dissipation and the damping capacity of a press-fit joint under a vertical load are investigated
using the continuum elastic beam model. The clamping pressure is considered to be of power law with
distance along the contact interface and the corresponding relative displacements under vertical load are
derived. Expression of the minimum critical vertical load inducing relative slip along the contact inter-
face is determined. The hysteresis curves of the vertical forces as a function of the relative displacement
at the contact interface are obtained for different pressure distribution laws and the associated energy
dissipations are presented. The damping ratio of the assembled structure is further evaluated. It is shown
that peak values of damping ratio exist for different pressure distribution laws and the normal load at
which the peak damping ratio occurs is a function of the pressure distribution law. Three-dimensional
finite element analysis validation is performed, which shows good agreement with model predictions.

1. Introduction

Bolted joints are indispensable in build-up machine and mechanical devices with different structure
members assembled together, which provide coupling forces and moments between structures. The
local relative slip occurring along the frictional joint interface contribute significantly to the damping
mechanism of the structure and therefore plays an important role in the dynamic performance and fatigue
life of the system [Berger 2002; Ahmadian and Jalali 2007; Yokoyama et al. 2012; Hammami et al. 2016;
Choi et al. 2018].

Due to its significance, great effort has been expended on the relative microslip motion at the jointed
contact interface as well as the associated energy dissipation and damping capability. As for the modeling
of joint behavior, two kinds of models as discrete model and continuum model are developed to represent
the microslip motion along the frictional interface in the mechanical joints. The basic discrete model
of the frictional interface was developed in [Iwan 1966]. In the Iwan models, the microslip motions
are characterized using reduced-order distributed-parameter models. Based on the Iwan model, different
discrete models [Song et al. 2004; Segalman 2005; Miller and Quinn 2009; Li et al. 2017] were developed
to capture different contact behaviors at the joint interface. As for the continuum models of the microslip
motion in joints, the frictional interface is generally described using one-dimensional elastic beam with
or without a shear layer between the beam and the frictional ground [Menq et al. 1986; Csaba 1998;
Cigeroglu et al. 2006; Asadi et al. 2012].

The effects that related to the contact properties of the interacting surfaces will exhibit influence on
the relative motion as well as the energy dissipation and damping capacity of the jointed assembly. These
effects have also been studied widely by experiment methods or finite element (FE) simulations. Nanda

Keywords: press-fit joint, nonuniform pressure distribution, energy dissipation, damping ratio.
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[2006] experimentally studied the effect of interfacial pressure intensity, diameter of the connecting bolts,
number of layers, kinematic coefficient of friction as well as frequency and amplitude of excitation on the
damping capacity of layered and jointed structure. The results show that the interfacial pressure intensity
and number of layers play a major role on the damping capacity of the jointed structure. Daouk et al.
[2017] investigated the effect of shear loading level on the energy dissipation of bolted joint through
the model testing of a designed dynamic test rig based on a bolted structure. Stocchi et al. [2013]
established a single lap composite bolted joint with countersunk fasteners under static shear tensile load
and studied the influence of bolt clamping force, coefficient of friction and bolt-hole clearance on the
joint behavior. Chen and Deng [2005] studied the frictional damping at joint interfaces under uniform
pressure distribution using the finite element method. Thai and Uy [2015] developed a three-dimensional
finite element model to study the effects of column sections and different types of blind bolts on the five
motion stages of no slip, slip, full contact, damage and final failure of blind bolted endplate composite
joints. Abad et al. [2014] performed both experimental tests and finite element simulations on a bolted
lap joint to obtain the force-displacement relationship and to assess the effects of preload on the stick-
slip regime between the bolted plates. The parameters of the Valanis model, describing the frictional
behavior at the interface are also obtained using the calculated hysteresis cycles.

These previous studies were mostly restricted to the assumption of uniform pressure distribution at
the interface, which can be only achieved in condition that the space between consecutive connecting
bolts is about two times the diameter of the connecting bolts [Gould and Mikic 1972; Marshall et al.
2006]. The effect of nonuniform pressure distribution at the interface on the contact behavior has also
received attention. Cigeroglu et al. [2006] presented a one-dimensional beam model to analyze the stick-
slip transitions along the interface under convex and concave nonuniform pressure distributions. Xiao et
al. [2014] investigated the energy dissipation in a shear lap joint by considering the effect of interface
tangential contact stiffness and nonuniform pressure distribution at the interface. However, the models
and results are limited to shear lap joints subjected to tangential load along the interface, which is different
from the press-fit joints subjected to a vertical load.

The present work is the extension of the pervious study from shear lap joint to press-fit joint subjected
to nonuniform pressure distribution along the interface and a vertical load at the free end. The variation
of clamping pressure is assumed to be of exponent law with distance along the contact interface and the
corresponding relative displacements under vertical load are derived using the continuum elastic beam
model. The hysteresis curves of the vertical forces as a function of the relative displacement at the contact
interface are obtained for different pressure distribution laws and the associated energy dissipations are
presented. The damping ratio is further evaluated and compared with the finite element modeling results.

2. Description of the studied model

The schematic diagram of a press-fit joint under a vertical force at the free end is shown in Figure 1,
left. Two rectangular beams with identical dimensions and material properties are bolt jointed under the
clamping force Fn . The dimensions of the beams are length 2L , height h, width b and the diameter of the
bolt is 2R. The resulted pressure distribution along the interface is parabolic and the influence zone is a
circle with 3.5 times the diameter of the connecting bolt [Gould and Mikic 1972; Marshall et al. 2006],
i.e., L = 3.5R, as shown in Figure 1, right.
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Figure 1. Left: schematic diagram of a press-fit joint under a vertical force at the free
end. Right: pressure distribution along the interface.

Figure 2. Left: model for examining the relative slip motion at the joint interface and
the free-body diagram of the beams. Right: relative motion at the frictional interface
under the vertical load, with u the relative displacement at the joint interface.

Figure 2, left, shows the model for examining the relative slip motion at the interface. The left end of
the layered jointed beams is fixed. A vertical force F is applied at the right end of the beams. The friction
law at the joint interface is represented using the Coulomb model with a constant friction coefficient µ.
The relative slip motion at the frictional interface is induced by the vertical force F and is also influenced
by the pressure distribution characteristics, as shown in Figure 2, right.

It is assumed that the interfacial pressure along the interface is of exponent law function and can be
expressed as follows [Xiao et al. 2014]:

p(x)= p0

(
1− 1

2

( x
L

)α)
, (1)
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Figure 3. Pressure distributions along the interface for different laws with p0 = 1.

where p0 is the amplitude of pressure, α is the coefficient denoting different pressure laws, i.e., α ≥ 0.
Figure 3, shows the profiles of pressure distributions for different laws.

3. Relative slip responses

According to the free-body diagram in Figure 2, left, the governing equation for the layered beams in
bending can be expressed as

E I
d2w

dx2 −
F
2
(L − x)+µp(x)(L − x)b

h
2
= 0 (2)

and the boundary conditions can be found as

(dw/dx)x=0 = 0, w(0)= 0, (3)

where w(x) is the vertical deflection at point x , E is the Young’s modulus, I is the moment of inertia of
the beam. The solution for vertical deflection can be obtained as

w(x)=
(F −µp0bh)L3

Ebh3

[
3
( x

L

)2
−

( x
L

)3]
+

3µp0L3

Eh2(α+ 2)

[
1

α+ 1

( x
L

)α+2
−

1
α+ 3

( x
L

)α+3
]
. (4)

We introduce nondimensional parameters for position, normal load and vertical deflection:

x̄ =
x
L
, F =

F
µp0bh

, w =
w

µp0L3/Eh2 .

The nondimensional vertical deflection can be written as

w(x̄)= (F − 1)(3x̄2
− x̄3)+

3
α+ 2

[
1

α+ 1
x̄α+2
−

1
α+ 3

x̄α+3
]
. (5)

Figure 4 shows the nondimensional vertical deflection along the beam length for different pressure dis-
tribution laws with α = 0, 1

2 , 1, 2. The nondimensional normal load used in calculation is F = 3. It can
be seen that the vertical deflection increases along the beam length from w = 0 at the fixed end to the
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w

Figure 4. Nondimensional vertical deflection along the beam length for different pres-
sure distribution laws. The nondimensional normal load used in calculation is F = 3.

maximum at free end where the load is applied. The pressure distribution laws show significant effect
on the vertical deflection. The vertical deflection under a uniform pressure distribution with α = 0, is
smaller than that of the nonuniform pressure distributions at the same position. The nonuniform pressure
distribution α = 2 has the maximum value of deflection.

3.1. Relative slip displacement. The relative dynamic slip at the contact interface is given by [Masuko
et al. 1973]

u(x)= u2(x)− u1(x), (6)

where u1(x) and u2(x) are the displacements at position x on opposite sides of the interface. The
displacements are related to the in-plane bending stress and moment about the centroid of each half of
the beam as

u1(x)=
1
E

∫ x

0

µp(x)(L − x)
h

dx −
h
2

dw1

dx
,

u2(x)=
1
E

∫ x

0
−
µp(x)(L − x)

h
dx +

h
2

dw2

dx
.

(7)

Assuming the vertical deflection is continuous across the section, i.e., w1(x) = w2(x) = w(x), and
combining (1), (4), (6) and (7), the relative slip can be expressed as

u(x)=
(3F − 5µp0bh)L2

Ebh2

[
2
( x

L

)
−

( x
L

)2
]
−

5µp0L2

Eh

[
1

(α+ 2)

( x
L

)α+2
−

1
(α+ 1)

( x
L

)α+1
]
. (8)

Introducing the nondimensional parameter ū = u/[µp0L2/(Eh)], the nondimensional relative slip can
be written as

u′(x̄)= (3F − 5)(2x̄ − x̄2)− 5
[

1
α+ 2

x̄α+2
−

1
α+ 1

x̄α+1
]
. (9)
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ū

Figure 5. Nondimensional relative slip along the beam length for different pressure
distribution laws. The nondimensional normal load F = 3.

Figure 5 shows the nondimensional relative slip along the beam length for different pressure distribution
laws with α = 0, 1

2 , 1, 2. It can be seen that the relative slip also increases along the beam length from
w = 0 at the fixed end to the maximum at free end, similar as that for the vertical deflection. Effect
of pressure distribution laws on the relative slip is obvious. The relative slip under a uniform pressure
distribution with α = 0, is smaller than that of the nonuniform pressure distributions at the same position.
The relative slip increases with increasing pressure law value α.

3.2. Energy dissipation. The energy dissipation per cycle at the frictional interface is expressed as [Xiao
et al. 2014]

Ed = 4b
∫ L

0
µp(x)u(x) dx . (10)

Substituting the pressure distribution law (1) and the relative slip displacement expression (8) into (10),
the energy dissipation can be obtained as

Ed =
4µp0(3F − 5µp0bh)L2

Eh2 C1−
20(µp0L)2b

Eh
C2, (11)

where

C1 =
2
3
−

1
α+2

+
1

2(α+3)
, C2 =

1
(α+2)(α+3)

−
1

(α+1)(α+2)
−

1
2(α+2)(2α+3)

+
1

4(α+1)2
.

Introducing the nondimensional parameter E f =
Ed

(µp0L)2b/(Eh)
, we can express the nondimensional

energy dissipation per cycle as

E f = (12F − 20)C1− 20C2. (12)
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Figure 6. Nondimensional energy dissipation as a function of nondimensional normal
load for different pressure distribution laws. The symbols© is for the minimum force
values inducing relative slip.

It is noted that the energy dissipation has E f > 0 when relative slip occurs. Accordingly, the minimum
force to induce the relative slip at the contact interface is determined as

Fmin =
5
3

(
1+

C2

C1

)
. (13)

It can be seen that the minimum force to induce the relative slip is only a function of the pressure
distribution law.

Figure 6 shows the normalized energy dissipation per cycle, E f , versus the normal load F/(µp0bh)
for the four different pressure distribution laws. As can be seen, effect of pressure distribution law on
the energy dissipation is obvious and depends on the applied normal load. For small normal load, i.e.,
F/(µp0bh) < 3, the largest energy dissipation occurs at the uniform pressure distribution for the same
normal load; whilst the nonuniform pressure distribution α = 2 has the minimum value. However, as
the normal load increases, i.e., F/(µp0bh) > 3, the largest energy dissipation occurs with α = 2; whilst
the uniform pressure distribution has the minimum energy dissipation The increasing rate of energy
dissipation with normal load increases with pressure law value α, i.e., the slop of the curve increases for
the same normal load with increasing α value.

Figure 7 shows the variation of the minimum normal load inducing relative slip motion at the contact
interface with pressure distribution law. The minimum normal load exhibits a quick increase with pres-
sure distribution law for small value of α, i.e., α < 2. As the law value becomes larger, the minimum
normal load almost keeps the same value of Fmin = 1.65 and not varying with pressure distribution law
values.
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Figure 7. Variation of the minimum nondimensional normal load for relative slipping
occurring as a function of pressure distribution law.

3.3. Hysteresis curves. The vertical deflection at the right end of the beam where the load is applied,
W = w(1), can be obtained from (5) by setting x̄ = 1 as

W = w(1)= 2(F − 1)+ 3
(α+2)

( 1
α+1

−
1

α+3

)
. (14)

Equation (14) is the monotonic loading force-deflection relationship at the free end for the layered beams,
which illustrates a linear relationship between force and deflection with a constant stiffness value of 1

2 .
To determine the whole hysteresis loop under the cyclic vertical load, it is necessary to compute the
force-deflection relationship for the unloading and reloading process. It is noted that relative slip can
be only initiated when the applied load reaches the minimum load Fmin in (13). For load smaller than
Fmin , no relative slip occurs at the interface and the beams are in elastic deflection regime with the elastic
stiffness has the expression of

k1 =
Fmin

Wmin
=

Fmin

2(Fmin− 1)+ 3
(α+2)

( 1
α+1

−
1

α+3

) . (15)

Equation (15) shows that the stiffness, i.e., slope of the force-deflection relationship in elastic deflection
regime is dependent on the pressure distribution law. The unloading process follows the same elastic
deflection regime with stiffness k1. Accordingly, the force-deflection relationship in the unloading and
reloading process can be determined as

Fu = k1(Wu −W ∗)− F∗, (16)

Fr = k2(Wr +W ∗)− F∗, (17)

where Fu and Fr are the unloading and reloading force respectively, F∗ and W ∗ are the force and
displacement values at which the loading process reversed, k2 is the slope of the loading force-deflection
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Figure 8. Effect of pressure distribution laws on the hysteresis loop.

relationship, i.e., k2 =
1
2 , Wu and Wr are the unloading and reloading displacement, respectively. The

reloading displacement, Wr , is the negative of the unloading displacement with a negative argument

Wr =−Wu . (18)

It is clear from (15), (16) and (17) that the properties of the hysteresis loop are embedded in the first
loading curve and the minimum load initiating the relative slip

Figure 8 shows the hysteresis curves for different pressure distribution laws. In order to illustrate
the effect of pressure distribution laws, the load reversals are chosen to be identical as F∗ = 10. It can
be seen that the pressure distribution law significantly affects the area of the hysteresis cycle and the
corresponding value of energy dissipated. The slopes of the force-deflection relationship in the loading
and reloading process are constant with k2 =

1
2 and are identical for different pressure distribution laws.

Although the slope of the force-deflection relationship in the unloading process, i.e., k1 depends on the
pressure distribution law α, the variation of k1 with α is very slight, as shown in Figure 9. The slope
k1 can be also regarded as constant value. Consequently, the force-deflection curves in the unloading
process for different pressure distribution laws are also parallel with almost identical stiffness values.

3.4. Damping ratio. The damping capacity of the layered beam structure can be characterized using the
damping ratio

ζ =
δ√

(2π)2+ δ2
≈

δ

2π
, (19)

where δ is the logarithmic damping coefficient and is related to the energy dissipation from two consec-
utive cycles as follows:

δ =
1
2

ln
(

1+
Ed

Ene

)
, (20)
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Figure 9. Variation of the slope for force-deflection relationship in the unloading process.

where Ed is the energy loss per cycle, Ene is the maximum

Ene =
3
2

E I
L4 w

2(L), (21)

where I = 2bh3/3 is the moment of inertia of the clamped layered beam, w(L) is the vertical deflection
at the free end where the load is applied and can be obtained using (4). Accordingly, the strain energy
can be determined as

Ene =
4bL2

Eh

[
F −µp0bh

bh
+

3µp0

(α+ 1)(α+ 2)(α+ 3)

]2

. (22)

Combining (19), (20), (11) and (22), the damping ratio of the layered beams can be determined.
Figure 10 shows the relationship between damping ratio and nondimensional normal load F/(µp0bh)

for different pressure distribution laws with α = 0, 1
2 , 1, 2. Effect of pressure distribution law on the

energy dissipation is obvious and this effect is also depends on the applied normal load. For small normal
load, the value of damping ratio increases with applied normal load and the largest damping ratio occurs
for the uniform pressure distribution with α = 0, and the minimum damping ratio is obtained for the
pressure distribution with pressure distribution law α = 2. As the normal load increases, the value of
damping ratio decreases and the largest damping ratio occurs for the pressure distribution with pressure
distribution law α = 2, and the minimum damping ratio is obtained for uniform pressure distribution.
The peak values of damping ratio exist for different pressure distribution laws.

The normal load at which the peak damping ratio occurs can be determined by

dζ

d F
= 0. (23)
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Figure 10. Plots of the relationship between damping ratio and nondimensional normal
load for different pressure distribution laws. The symbol© denotes the minimum force
values inducing relative slip.

The corresponding normal load is determined as

F0 =
10C2

3C1
+

10
3
+C3− 1, (24)

where

C3 =
3

(α+ 1)(α+ 2)(α+ 3)
.

Figure 11 shows the dependence of the normal load at which the peak damping ratio occurring, F0, on
the pressure distribution law. It can be seen that the variation of normal load F0 with law α shows similar
behavior as that for the minimum normal load inducing relative slip motion, as shown in Figure 6. The
value of F0 exhibits a quick increase with pressure distribution law for small value of α, i.e., α < 2.
As the law value becomes larger, the peak damping ratio normal load almost keeps the same value of
F0 = 2.25 and not varying with pressure distribution laws.

4. Comparison with finite element modeling

In order to validate the developed model for slip damping calculation, the layered cantilever beam model
as shown in Figure 2, left, is further studied using 3D dynamic finite element analysis (FEA) to determine
the damping ratio at the interface. The calculated values of damping ratio using FEA are compared with
that using the developed model of (19)–(22) for four different pressure distribution laws of uniform
pressure distribution with α = 0 and nonuniform pressure distribution with α = 1

2 , 1, 2.
The half-power bandwidth method [Ewins 2000] is employed to determine the damping ratio of the

layered cantilever beam model for FEA results. In this method, the frequency response function (FRF) of
the system is obtained firstly. Figure 12 shows the schematic diagram of the frequency response function.
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Figure 11. Plot of the variation of the normal load at which the peak damping ratio
occurring with the pressure distribution law.

Figure 12. Half-power bandwidth method for estimation of the damping ratio.

The maximum displacement at resonance is Zmax and the corresponding resonant frequency is fn . The
half-power points are determined at which the amplitudes are Zmax

/√
2 and the corresponding frequen-

cies are f1 and f2, located on either side of the resonant frequency. The damping ratio is evaluated as

ζ =
f2− f1

2 fn
, (25)

where fn is the resonant frequency, f1 and f2 are the half-power points at which the amplitude is
Zmax

/√
2, Zmax is the amplitude at resonance.

In order to obtain the frequency response function (FRF) of the system, the layered cantilever beams
are excited at the free end with an impulse excitation. The impulse has the rectangular shape shown in
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Figure 13. Rectangular impulse force applied at the free end of the beams.

Figure 13 and is modeled as

F(t)= F, 0≤ t ≤ t0,(26)

F(t)= 0, t > t0,(27)
(28)

where F and t0 are the amplitude and duration of the impulse excitation.
The output vibration signals on the other side at the free end of the beam are collected. The fre-

quency response function (FRF) of the system can be calculated by dividing the acceleration responses
of the beam with respect to the impulse excitation in frequency domain. The damping ratio can be then
evaluated from the frequency spectrum.

Figure 14 shows the finite element mesh for the layered cantilever beam model. The dimensions of the
beams are 300 mm×50 mm×8 mm. The beams are discretized using element SOLID185. The contact
interaction at the frictional interface is modeled using surface-to-surface contact and calculated using
the penalty method [Zhong 1993]. The mesh convergence is obtained by iteratively increasing the mesh
density until the responses differed by less than 1% between iterations [Xiao et al. 2012]. The nodes at
the left hand side of the beams were constrained from moving in all directions. A rectangle pulse with
time duration of t0 = 1× 10−5s is applied on the upper surface of the assembly at the free end. The
responses at the bottom surface of the assembly at the free end are collected. Four different pressure
distributions with amplitude p0=1 MPa and law α = 0, 1

2 , 1 and 2 are applied on the upper surface of the
beam, respectively. The time step employed in the calculations is 1×10−5 s.

In order to examine the accuracy of the finite element model, the static analysis of the layered cantilever
beam model with a static vertical force at the free end is performed firstly. The amplitude of the vertical
force is F=160N. The vertical deflection and relative slip along the beam length for different pressure

Figure 14. Finite element mesh for the layered cantilever beam model.
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Figure 15. Comparison of vertical deflection and relative slip along the beam length
for different pressure distribution laws between theoretical predictions and FEA under
normal load F=160N.

distribution laws are calculated using the established FE model. The obtained FEA results are compared
with the theoretical model predictions, as shown in Figure 15. It can be seen that the FEA results agree
well with the theoretical predictions.

Figure 16 shows examples of the obtained frequency response function (FRF) for the first bending
mode of the system under different amplitudes of impulse excitation and different pressure distribution
laws. It can be seen that the natural frequency of the system at this mode is fn=373 Hz. The values of
damping ratio are calculated using (25) as ζ = 0.033, 0.026, 0.032, 0.024, respectively.

Figure 17 shows the comparison of damping ratio versus applied normal load between model predic-
tions and FEA results for different pressure distribution laws. It can be seen that that the model predictions
agree well with the FEA results, which validates the developed model and the obtained results.

5. Conclusions

In this work, the energy dissipation and the damping capacity of clamped and layered beams under
vertical load has been studied using continuum elastic beam model by considering the effect of nonuni-
form pressure distribution of exponent law. The relative dynamic slip along the contact interface and
the associated frictional energy dissipation has been presented. It has been shown that minimum critical
vertical loads exist to induce the relative slip along the contact interface. The hysteresis curves at the
contact interface have been presented and the damping ratio of the assembled structure has been evaluated.
It is shown that peak values of damping ratio exist for different pressure distribution laws and the normal
load at which the peak damping ratio occurs is a function of the pressure distribution law. Good agreement
between model predictions and three-dimensional finite element analysis validates the developed model
and the obtained results. The present study can help to estimate the damping capacity of the layered and
jointed structures in order to maximize it as the requirement in real applications. However, the present
work is limited to the clamped and layered structures with single interface. Actually, the multilayered
composite bolted joints are receiving widespread applications due to their excellent performance high
stiffness and strength. Further research is necessary to be conducted on the interfacial slip damping in
multilayered bolted structures.
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F = 75 N, α = 0 F = 200 N, α = 1
2

F = 150 N, α = 1 F = 330 N, α = 2

Figure 16. Frequency response function of the system for different amplitudes of im-
pulse excitation and different pressure distribution laws.
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BENDING OF NONCONFORMING THIN PLATES BASED ON
THE FIRST-ORDER MANIFOLD METHOD

XIN QU, FANGFANG DIAO, XINGQIAN XU AND WEI LI

As the convergence, good numerical accuracy and high computing efficiency of nonconforming elements
cannot be achieved simultaneously using the finite element method (FEM) or the current numerical man-
ifold method (NMM), the first-order NMM was developed to analyze the bending of thin plates. The
first-order Taylor expansion was selected to construct the local displacement function, which endowed
the generalized degrees of freedom with physical meanings and decreased the rank deficiency. Addition-
ally, the new relations between the global and local rotation functions in the first-order approximation
were derived by adopting two sets of rotation functions, {θxi , θyi } and {θ i

x , θ
i

y }. Regular meshes were
selected to improve the convergence performance. With the penalized formulation fitted to the NMM
for Kirchhoff’s thin plate problems, a unified scheme was proposed to deal with irregular and regular
boundaries of the domain. The typical examples indicated that the numerical solutions achieved using
the first-order NMM rapidly converged to the analytical solutions, and the accuracy of such numerical
solutions was vastly superior to that achieved using the FEM and the zero-order NMM.

1. Introduction

A thin plate is one of the most widely used essential structural components, and the numerical analysis of
such thin plate with the finite element method (FEM) has provided important guidance for applications
in structural engineering [Deng and Murakawa 2008; Kersemans et al. 2014; Miyazaki et al. 2016; Xing
and Liu 2009]. The bending of thin plates is associated with fourth-order differential equations, and the
classical thin plate theory based on the assumptions formalized by Kirchhoff demands both the transverse
displacement and normal rotation to be continuous, i.e., C1 continuous [Ciarlet 1978; Timoshenko and
Woinowsky-Krieger 1959]. This requirement makes it difficult to construct conforming elements. The
solution obtained with conforming elements will give bounds to the energy of the correct solution, but,
will yield inferior accuracy to that achieved with nonconforming elements on many occasions [Liu and
Trung 2010; Zienkiewicz and Taylor 2005]. Thus, such nonconforming elements are often recommended
for practical usage. Unfortunately, the convergence of these nonconforming elements significantly de-
pends on the mesh regularity [Ciarlet 1978; Lascaux and Lesaint 1975; Shi 1984]. Furthermore, regular
meshes cannot be available for FEM in some cases, particularly in a domain with irregular physical
boundaries. Although the mesh-dependence phenomenon of nonconforming elements can be overcome
using transformed elements [Shi 1990; Tang et al. 1981; Zhao 1988], the traditional method of construct-
ing displacement functions is not fitted to these transformed elements and good numerical performance
cannot be achieved with one element in any situation through numerical experience [Zheng et al. 2013].
Since two completely independent cover systems are used in the numerical manifold method (NMM),

Keywords: nonconforming element, convergence, numerical manifold method, first-order Taylor expansion.
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regular meshes can always be selected to improve the convergence performance [Shi 1991], which can
solve the abovementioned problems.

At present, some achievements have been made in the analysis of thin plate bending using the NMM.
For instance, Zhou and Deng [2008], Zheng et al. [2013] and Qu et al. [2016] solved the convergence
problem of nonconforming elements using variational principles, which demonstrated that the NMM
provided an alternative way to rescue nonconforming elements. Zhang et al. [2010], Luo et al. [2010]
and Wen and Luo [2012] proposed different methods to construct weighted functions, which successfully
increased the computational accuracy and convergence rate. These achievements obtained using the
NMM further developed the theory of thin plate bending problems. However, these studies still had
some issues to be resolved. For the first three studies, the accuracy was not satisfactory when dealing
with complex boundary conditions. For the other studies, considerable effort was required to construct
shape functions and the applicability was not widespread, reducing the efficiency. Thus, it is necessary
to establish a new method that takes into account the accuracy, efficiency, and convergence.

In this study, the first-order Taylor expansion was employed to construct the local displacement func-
tion, which endowed the generalized degrees of freedom with physical meanings [Qu and Zheng 2014]
and decreased the rank deficiency [Xu et al. 2014]. Obviously, the first-order approximation is the most
economical way to upgrade the order of the local deflection function. Additionally, the new relations
between the global and local rotation functions in the first-order approximation were derived by adopting
two sets of rotation functions, {θxi , θyi } and {θx

i , θy
i
}. Regular meshes were selected to improve the con-

vergence performance since two completely independent cover systems were used in the NMM. In this
way, the best interpolation accuracy, good convergence performance and high computational efficiency
can be achieved in the analysis of thin plate bending using the first-order NMM. Then, with the penalized
formulation fitted to the NMM for Kirchhoff’s thin plate problems, a unified scheme was proposed to deal
with irregular and regular boundaries of the domain, and the corresponding computational procedure is
introduced in this paper. Finally, three numerical examples were presented to verify the first-order NMM
by comparing with the results achieved using the FEM and the zero-order NMM.

2. First-order NMM

In general, the integration over the entire problem is divided into a summation of integrations over all
the elements, and the solution is constructed by an interpolation polynomial. However, the continuity
of the normal rotation on element surfaces in a nonconforming thin plate cannot be achieved. Thus, the
continuous requirements for the variation of the interpolation function cannot be satisfied in this case,
which leads to a linear δ-type singular distribution of some derivatives. Importantly, the legality of using
the Green theorem cannot be guaranteed, and the final numerical solutions may not always converge to
the analytical solutions. The “patch test” proposed in [Bazeley et al. 1965], is considered to be a standard
approach for testing the convergence of nonconforming elements. If an element can pass the “patch test”,
its convergence can be achieved [Bazeley et al. 1965]. The existing literature [Wang 2003; Xie 2009;
Zienkiewicz and Taylor 2005] and numerical experience have shown that the elements formed by regular
meshes, as proposed by the NMM, are able to pass the “patch test”. Therefore, in this paper, rectangular
meshes were selected to analyze thin plate bending problems.
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Figure 1. A manifold element and its “physical stars”.

A series of the identical rectangular meshes called the finite element meshes were employed as mathe-
matical meshes to cover the neutral surface of a thin plate. In the mathematical covers, one mathematical
patch corresponding to one node was the domain composed of rectangular elements connected to it
(customarily called a “mathematical star”). Taking Figure 1 as an example, mathematical star 1 is the
large rectangle 7-8-9-2-3-4-5-6 that contains four small rectangles 7-8-1-6, 8-9-2-1, 1-2-3-4 and 6-1-4-5;
mathematical star 2 is the large rectangle 8-9-10-11-12-3-4-1 that contains four small rectangles 8-9-2-1,
9-10-11-2, 2-11-12-3 and 1-2-3-4; mathematical star 3 is the large rectangle 1-2-11-12-13-14-15-4 that
contains four small rectangles 1-2-3-4, 2-11-12-3, 3-12-13-14 and 4-3-14-15; mathematical star 4 is the
large rectangle 6-1-2-3-14-15-16-5 that contains four small rectangles 6-1-4-5, 1-2-3-4 , 4-3-14-15 and
5-4-15-16.

By intersecting the neutral surface of the thin plate with all the mathematical stars, “physical stars”
can be achieved. All the physical stars constitute physical covers or physical meshes. The overlapping
domain of four physical stars forms a manifold element. In Figure 1, the mathematical meshes match
the problem domain, and thus, the mathematical stars are the physical stars. The overlapping domain of
the physical stars 1, 2, 3 and 4 is the rectangle 1-2-3-4, which is a manifold element.

By cohering four physical stars with their corresponding weighted (shape) functions, the global de-
flection function of a manifold element can be obtained as

w =

4∑
i=1

Ni δi , (i = 1, 2, 3, 4), (1)

where Ni is the weighted (shape) function of physical star i , and δi is the local displacement function of
physical star i .

2.1. First-order local displacement function. In general, there are two ways to upgrade the order of the
global displacement function, i.e., constructing a high-order shape function and adopting a high-order
local displacement function. However, equation (9) is difficult to satisfy, and thus, constructing the
high-order shape function is difficult in the bending of the nonconforming thin plate. Thus, constructing
the high-order local displacement function becomes the only reasonable way to upgrade the order of
the global displacement function. Lagrange and Hermite piecewise interpolation polynomials are often
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used to construct the local displacement functions. Since the derivatives of the deflection function at
nodes must be retained in the thin plate bending analysis, Hermite piecewise interpolation functions
were adopted in this study.

Once the high-order local displacement function is adopted, more generalized degrees of freedom
will be generated. However, the constraint equations do not increase correspondingly. Therefore, the
constraint strength of an element is decreased, which may make the element convergence worse. Fortu-
nately, this risk can be reduced to a minimum in the NMM, because the two completely independent cover
systems allow the best meshes to be selected as the mathematical meshes for interpolation to improve
the convergence performance, such as the rectangular meshes selected in the previous analysis.

In principle, it is available for each physical star to be assigned independently a local deflection func-
tion, wi (x, y), and a local rotation function about the x axis, θxi (x, y), and a local rotation function about
the y axis, θyi (x, y). The undetermined constants in these three functions are uniformly characterized as
the generalized degrees of freedom. When constants are chosen as the deflection and rotation functions,
it renders the so-called zero-order approximation. For the zero-order approximation, if mathematical
meshes match physical meshes, the results are almost the same as those achieved using the FEM. When
a linear polynomial is selected as the local deflection function and constants are employed as the local
rotation functions about the x and y axes, it is called the first-order approximation. Obviously, the first-
order approximation is the most economical way to upgrade the order of the local deflection function.
Thus, the first-order approximation was selected to construct a high-order local displacement function.

To endow the generalized degrees of freedom with physical meanings, the local deflection function
was constructed following a previously reported method [Qu and Zheng 2014; Xu et al. 2014]. The local
deflection function wi (x, y) was regarded as the first-order Taylor expansion of the global deflection
function w(x, y) at (xi , yi ), which can be written as

wi (x, y)= wi
+wi

x(x − xi )+w
i
y(y− yi ), (2)

wi
= w(xi , yi ), wi

x =
∂w(x, y)
∂x

∣∣∣∣
(xi ,yi )

, wi
y =

∂w(x, y)
∂y

∣∣∣∣
(xi ,yi )

. (3)

The physical relations between the global deflection and rotation functions can be expressed as

−θy =
∂w(x, y)
∂x

, θx =
∂w(x, y)
∂y

, (4)

where θx and θy denote the global rotation functions about the x and y axes, respectively.
Then, (2) can be also written as

wi (x, y)= wi
− θ i

y(x − xi )+ θ
i
x(y− yi ), (5)

where θ i
x and θ i

y , induced by the local deflection function wi (x, y) at (xi , yi ), are called the additional
rotation functions.
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Therefore, the local displacement function can be written as


wi (x, y)
θxi

θyi

=
1 0 0 −(x − xi ) y− yi

0 1 0 0 0
0 0 1 0 0



wi

θxi

θyi

θ i
y

θ i
x

 , (6)

where θxi and θyi denote the local rotation functions about the x and y axes, respectively.
From (6), the generalized degrees of freedom array of physical star i in the first-order approximation

can be written as

{δi } =


{wi }

θxi

θyi

=


wi

θxi

θyi

θ i
y

θ i
x


. (7)

Since every manifold element is formed by four overlapping physical stars, there are 20 degrees of
freedom in a manifold element. Substituting (7) into (1), the global deflection function of an element
can be given as

w =

4∑
i=1

Ni δi =

4∑
i=1

Niw
i
+ Nxi θxi + Nyi θyi + Ni θ

i
x(y− yi )− Ni θ

i
y(x − xi ), (8)

where Ni = [Ni , Nxi , Nyi ] must meet (9):

Ni (r j )= δi j ,
∂Ni (r j )

∂x
= 0,

∂Ni (r j )

∂y
= 0,

Nxi (r j )= 0,
∂Nxi (r j )

∂x
= 0,

∂Nxi (r j )

∂y
= δi j ,

Nyi (r j )= 0,
∂Nyi (r j )

∂x
=−δi j ,

∂Nyi (r j )

∂y
= 0.

(9)

Combining (4), (8) and (9), the partial derivatives of deflection function can be obtained:

(θx)i =
∂w

∂y

∣∣∣∣
i
=
∂Ni

∂y
wi +

∂Nxi

∂y
θxi +

∂Nyi

∂y
θyi + Ni θ

i
x = θxi + θ

i
x , (10)

(θy)i =−
∂w

∂x

∣∣∣∣
i
=−

∂Ni

∂x
wi −

∂Nxi

∂x
θxi −

∂Nyi

∂x
θyi + Ni θ

i
y = θyi + θ

i
y . (11)

According to (10) and (11), the global rotations (θx)i and (θy)i contained not only the local rotations θxi

and θyi , but also the additional rotations θ i
x and θ i

y . The reason for this was that the partial derivatives of
the first-order local deflection function were not equal to zero, and thus, additional terms appeared after
differentiating the global deflection function, which corresponded to the additional rotations θ i

x and θ i
y . In
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such a case, the relations between the global and local rotation functions in the zero-order approximation,
shown in (12), did not hold anymore:

(θx)i = θxi , (θy)i = θyi . (12)

2.2. Shape function. In this study, the center of a rectangle served as the origin in the local coordinate
system, and the ξ and η axes were parallel to the x and y axes, respectively, as shown in Figure 2. The
transformation relations of these two coordinate systems can be expressed as

x = x0+ aξ, y = y0+ bη, (13)

x0 =
1
2(x1+ x3)=

1
2(x2+ x4), y0 =

1
2(y1+ y3)=

1
2(y2+ y4),

a = 1
2(x3− x1)=

1
2(x4− x2), b = 1

2(y3− y1)=
1
2(y4− y2),

(14)

where (xi , yi ) (i = 1, 2, 3, 4) is the global coordinate of node i .
In the local coordinate system, the coordinate of node i is (ξi , ηi ) (i = 1, 2, 3, 4), and its value is ±1.

In this paper, the commonly used shape functions in the local coordinate ξ0η were adopted as

Ni =
(1+ ξ0)(1+ η0)(2+ ξ0+ η0− ξ

2
− η2)

8
,

Nxi =
−bηi (1+ ξ0)(1+ η0)(1− η2)

8
, (i = 1, 2, 3, 4),

Nyi =
aξi (1+ ξ0)(1+ η0)(1− ξ 2)

8
,

(15)

where ξ0 = ξξi and η0 = ηηi . An element with the abovementioned shape functions can be easily proven
to be a nonconforming element [Lascaux and Lesaint 1975; Reddy 2006].

x

y

4

1 2

3

x

h

(x1, y 1) (x2, y 2)

(x3, y 3)(x4, y 4)

o

Figure 2. Global and local coordinate systems.
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3. Element analyses

The total potential energy based on Kirchhoff’s thin plate theory [Timoshenko and Woinowsky-Krieger
1959] can be expressed as

5p =
1
2

∫∫
�

(κT Dκ − p̄w) dx dy−
∫

S3

q̄w d S+
∫

SM

Mn
∂w

∂n
d S, (16)

where � indicates the solution domain, κ is the generalized strain, p̄ is a distributed load, q̄ is a linearly
transverse load, Mn is a bending moment, and n is the exterior unit normal vector. A quantity under the
bar “–” indicates that it is known, and SM = S2 ∪ S3.

In general, the boundary of � can be divided into three disconnected parts, that is, ∂�= S1 ∪ S2 ∪ S3

[Timoshenko and Woinowsky-Krieger 1959]. S1 is clamped, if

on S1: w = w,
∂w

∂n
= ϕ̄n, (17)

where w is the deflection and ϕ̄n is the normal angle. S2 is simply supported, if

on S2: w = w, Mn = Mn, (18)

where Mn is the bending moment. S3 is free, if

on S3: Mn = Mn,
∂Mns

∂s
+ Qn = q̄, (19)

where Mns is the twisting moment, and Qn is the lateral shear force.
The local frame on the boundary is constituted by n and s and displayed in Figure 3. The exterior unit

normal vector n and the unit tangential vector s are defined as

n= (nx , ny)
T, s =−(ny, nx)

T. (20)

The transformations of the first-order derivatives can be written as
∂

∂n = nx
∂

∂x
+ ny

∂

∂y
,

∂

∂s =−ny
∂

∂x
+ nx

∂

∂y
. (21)

x

y
n s

n
s

Figure 3. Definition of local frame.
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The generalized strain κ can be expressed as

{κ} =


−∂2w/∂x2

−∂2w/∂y2

−2(∂2w/∂x ∂y)

 , (22)

D = D

1 µ 0
µ 1 0
0 0 1−µ

 , (23)

D =
Eh3

12(1−µ2)
, (24)

where D is the flexural rigidity of the plate, h is the thickness of a thin plate, E is the modulus of elasticity,
and µ is the Poisson’s ratio.

The FEM requires all of the nodes to be on the domain boundaries to impose the essential boundary
conditions. This creates difficulties when dealing with complex boundaries, because considerable effort
is required to solve the mismatch between the meshes and domain boundaries. Fortunately, by using
the Lagrange multiplier method and penalty method, the essential boundary conditions can be weakly
imposed in the NMM. In this paper, the essential boundary conditions were imposed by using the penalty
method. The penalized formulation fitted to the total potential energy can be expressed as

5∗p =5p +

∫
Sw

1
2

kw(w−w)2 d S+
∫

S1

1
2

kM

(
∂w

∂n
− ϕ̄n

)2

d S, (25)

where Sw = S1 ∪ S2 is the essential boundary; kw and kM are the penalty parameters, and the suggested
values are 103 E–105 E .

4. Discretization scheme

According to the principle of minimum potential energy, letting δ5∗p(w) = 0, the true deflection was
obtained. The discretized algebraic equations can be written as

Kδ = f , (26)

where K is the global stiffness matrix, and f is the equivalent nodal force vector. Matrix K is obtained
by assembling the stiffness matrix K e from all of the elements and displacement boundary segments.
Vector f is obtained by assembling the vector f e.

The nodal moment M can be derived as

M = Dκ, (27)
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where the generalized strain κ can be written as

κ = Bδe
=
[
B1 B2 B3 B4

] [
δT

1 δT
2 δT

3 δT
4
]T
,

B =
[
B1 B2 B3 B4

]
, δe

=
[
δT

1 δT
2 δT

3 δT
4
]T
,

(28)

Bi =−

 ∂2 Ni/∂x2

∂2 Ni/∂y2

2(∂2 Ni/∂x ∂y)

=−


1
a2 (∂

2 Ni/∂ξ
2)

1
b2 (∂

2 Ni/∂η
2)

2
ab (∂

2 Ni/∂ξ∂η)

=− 1
ab

 b
a (∂

2 Ni/∂ξ
2)

a
b (∂

2 Ni/∂η
2)

2(∂2 Ni/∂ξ∂η)

 . (29)

From (16), (25) and (26), the element stiffness matrix K e is composed of the system stiffness matrix k,
the matrices due to constrained deflection kw, and normal rotation kθ , as

K e
= k+ kw + kθ , (30)

where the system stiffness matrix k can be divided into submatrices as

k =


k11 k12 k13 k14

k21 k22 k23 k24

k31 k32 k33 k34

k41 k42 k43 k44

 , (31)

ki j =

∫
�e

BT
i DB j dx dy. (32)

kw and kθ can be expressed as

kw =
∫

Sw
kw NT N d S, kθ =

∫
S1

kM
∂NT

∂n
∂N
∂n d S. (33)

The equivalent load vector can be expressed as

f e
= Qe

+

∫
Sw
w kw NT d S+

∫
Sw
ϕ̄n kM

∂NT

∂n
d S, (34)

Qe
=
[

QT
1 QT

2 QT
3 QT

4

]T
. (35)

Suppose that a thin plate is subjected to a bending moment M , transverse line load q̄, and uniformly
distributed load of intensity p̄, and thus, the equivalent nodal forces can be written as

Qi =


Fzi

Mθxi

Mθyi

=
∫∫

�e

NT
i p̄ dx dy+

∫
S3

NT
i q̄ ds−

∫
SM

∂NT
i

∂n
M ds, (i = 1, 2, 3, 4). (36)

5. Numerical examples

5.1. Rectangular plate with four edges simply supported subjected to distributed and concentrated
loads. A rectangular plate with four edges simply supported is shown in Figure 4. A distributed load of
intensity q and a concentrated load p were exerted on the plate.
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Figure 4. A rectangular plate with four edges simply supported.

The analytical solutions of the deflection in a simply supported plate subjected to a distributed load
of intensity q [Reddy 2006] can be expressed as

w =
16q
π6 D

∞∑
m=1,3,5,...

∞∑
n=1,3,5,...

sin mπ(x+a/2)
a sin nπ(y+b/2)

a

mn(m2/a2+ n2/b2)2
, (37)

where a = 1 is the plate width, b = 1 is the plate length, q = 1, and D = 1.
The analytical solutions of the deflection in a simply supported plate subjected to a concentrated load p

[Reddy 2006] can be expressed as

w =
4p

π4abD

∞∑
m=1,3,5,...

∞∑
n=1,3,5,...

(−1)(m+n)/2−1 sin mπ(x+a/2)
a sin nπ(y+b/2)

a

(m2/a2+ n2/b2)2
, (38)

where p = 1.
The deflection error is defined as

werr =
|w−w|

w
× 100%, (39)

where w and w are the analytical and numerical solutions of the deflection, respectively. The meshes
with 4× 4, 8× 8, 16× 16, 32× 32, 64× 64 elements are displayed in Figure 5.

Figure 5. Calculational meshes with different elements of a simply supported rectangu-
lar plate; from left to right: 4× 4, 8× 8, 16× 16, 32× 32, 64× 64.
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Figures 6 and 7 show the deflection errors of a simply supported rectangular plate subjected to the dis-
tributed load and the concentrated load with the mesh with 64× 64 elements achieved with the first-order
NMM, respectively. The maximum deflection error of a simply supported rectangular plate subjected to
the distributed load with the mesh with 64× 64 elements, occurred at the four corners of the rectangular
plate, was 0.046762%. The maximum deflection error subjected to the concentrated load, occurred at
the center of the rectangular plate, was 0.050923%.

Figures 8 and 9 show the central deflections of a simply supported rectangular plate subjected to the
distributed load and the concentrated load achieved with the FEM, the first-order NMM and the analytical
method, respectively, and these results are listed in Table 1.

The results achieved with the first-order NMM compared well with the analytical solutions and were
slightly better than those achieved with the FEM.
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Figure 6. Deflection errors of a simply supported rectangular plate under distribute load
using the first-order NMM with the mesh with 64× 64 elements.

 

 

5.0923e−05

1.0185e−04

1.5277e−04

2.0369e−04

2.5462e−04

3.0554e−04

3.5646e−04

4.0738e−04

4.5831e−04

5.0923e−04

Figure 7. Deflection errors of a simply supported rectangular plate under concentrated
load using the first-order NMM with the mesh with 64× 64 elements.
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Figure 8. Central deflection comparisons of a simply supported rectangular plate under
distributed load using the FEM, the first-order NMM and the analytical method.

1664 256 1024
1.15

1.16

1.17

1.18

1.19

1.2

1.21

1.22

1.23

1.24

The number of elements

C
en

tr
al

 d
ef

le
ct

io
n

/c
m

 

 

FEM

The first−order NMM

Analytical solution

1664 256 1024

1

2

3

4

5

6

The number of elements

E
rr

o
rs

 o
f 

ce
n

tr
al

 d
ef

le
ct

io
n

/%

 

 

FEM

The first−order NMM

1664 256 1024
1.15

1.16

1.17

1.18

1.19

1.2

1.21

1.22

1.23

1.24

The number of elements

C
en

tr
al

 d
ef

le
ct

io
n

/c
m

 

 

FEM

The first−order NMM

Analytical solution

1664 256 1024

1

2

3

4

5

6

The number of elements

E
rr

o
rs

 o
f 

ce
n

tr
al

 d
ef

le
ct

io
n

/%

 

 

FEM

The first−order NMM

Figure 9. Central deflection comparisons of a simply supported rectangular plate under
concentrated load using the FEM, the first-order NMM and the analytical method.

distributed load (10−3 m) concentrated load (10−2 m)
mesh size FEM first-order NMM FEM first-order NMM

4× 4 4.3304(6.61%) 4.2681(5.07%) 1.2331(6.30%) 1.2144(4.69%)
8× 8 4.1293(1.66%) 4.1138(1.28%) 1.1829(1.97%) 1.1771(1.47%)

16× 16 4.0791(0.42%) 4.0752(0.32%) 1.1669(0.59%) 1.1652(0.45%)
32× 32 4.0665(0.11%) 4.0656(0.09%) 1.1627(0.23%) 1.1616(0.14%)
64× 64 4.0634(0.03%) 4.0632(0.03%) 1.1607(0.06%) 1.1605(0.04%)

analytical solution 4.0620 1.1600

Table 1. Central deflections of a simply supported rectangular plate under distributed
and concentrated loads using the FEM, the first-order NMM and the analytical method.
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5.2. Clamped and simply supported circular plates subjected to distributed load. Clamped and simply
supported circular plates subjected to a distributed load of intensity q are shown in Figure 10.

The analytical solution of the deflection in a clamped circular plate subjected to a distributed load of
intensity q [Reddy 2006] can be expressed as

w =
q(x2
+ y2
− r2)

64D
, (40)

where D = 1, q = 1, and r = 1.
The analytical solution of the deflection in a simply supported circular plate subjected to a distributed

load of intensity q [Reddy 2006] can be expressed as

w =
q

64D

[
(x2
+ y2
− r2)2+

4r2(x2
+ y2
− r2)

1+µ

]
, (41)

where µ = 0.3. The meshes used for the zero-order NMM and the first-order NMM are shown in
Figure 11, and the meshes used for various FEM are shown in Figure 12.

To illustrate the efficiency of the first-order NMM developed in this study, the shell63-type element in
ANSYS 10.0 developed by ANSYS Inc. (Pittsburgh, PA, USA), was selected to analyze this plate. The
shell63-type element is a plate element with six parameters, the displacements in the directions of the
x , y and z axes and the rotations about these three axes. Because the distributed load was perpendicular
to the neutral surface, the displacements in the directions of the x and y axes and the rotation about the
z axis were considered to be equal to zero. Thus, the shell63-type element can simulate the bending
problems of thin plates.

Figure 10. Circular plates: simply supported boundary (left) and clamped boundary (right).

Figure 11. Calculational meshes with different element sizes of circular plates divided
for the zero-order NMM and the first-order NMM; from left to right: 0.5×0.5, 0.3×0.3,
0.25× 0.25, 0.2× 0.2, 0.15× 0.15.
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Figure 12. Calculational meshes with different elements of circular plates divided for
various FEM; from left to right: 48, 108, 192, 432, 768.

Figures 13 and 14 show the deflections of clamped and simply supported circular plates subjected
to a distributed load of intensity q achieved with the first-order NMM and the analytical method. The
central deflections achieved with the zero-order NMM, the first-order NMM and the analytical method
are listed in Table 2. The central deflections achieved with the shell63-type element in ANSYS 10.0,
RPAQ [Cen et al. 2006; Long et al. 2005], TACQ [Cen and Long 1999] and the analytical method are
listed in Table 3. In the first column of tables 2 and 3, the length represents the largest element diagonal.
Figures 15 and 16 show the central deflections and their errors calculated with different methods.

The results achieved with the first-order NMM compared well with the analytical solutions and were
much better than those calculated with the shell63-type element in ANSYS 10.0, RPAQ, TACQ and
the zero-order NMM. The convergence processes of the central deflections of a clamped circular plate
and a simply supported plate subjected to distributed load calculated with the zero-order NMM and the
first-order NMM were oscillatory, and the trends of the deflection errors achieved with the two methods
were similar.
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Figure 13. Deflection comparisons of a clamped circular plate under distributed load
using the first-order NMM with 0.15× 0.15 mesh and the analytical method.
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Figure 14. Deflection comparisons of a simply supported circular plate under dis-
tributed load using the first-order NMM with 0.15×0.15 mesh and the analytical method.

length (10−1 m)/ simply supported boundary (10−2 m) clamped boundary (10−2 m)
(element number) zero-order NMM first-order NMM zero-order NMM first-order NMM

7.0711/(16) 6.5251(2.43%) 6.5034(2.09%) 1.6466(5.38%) 1.5997(2.38%)
4.2426/(52) 6.3512(0.3%) 6.3561(0.22%) 1.5717(0.59%) 1.5463(1.04%)
3.5355/(60) 6.3569(0.21%) 6.3813(0.17%) 1.5629(0.03%) 1.5586(0.25%)
2.8284/(88) 6.3813(0.17%) 6.3747(0.07%) 1.5553(0.46%) 1.5629(0.03%)
2.1213/(164) 6.3535(0.26%) 6.3741(0.06%) 1.5628(0.02%) 1.5622(0.02%)

analytical solution 6.3702 1.5625

Table 2. Central deflections of simply supported and clamped circular plates under dis-
tributed load using the zero-order NMM, the first-order NMM and the analytical method.

length (10−1 m)/ simply supported boundary (10−2 m) clamped boundary (10−2 m)
(element number) FEM RPAQ TACQ FEM RPAQ TACQ

7.368/(48) 6.2753(1.49%) 6.541(2.68%) – 1.5819(1.24%) 1.264(19.1%) –
4.3051/(108) 6.3285(0.65%) 6.414(0.69%) 6.4088(0.61%) 1.5715(0.58%) 1.484(5.02%) 1.4790(5.34%)
2.3301/(192) 6.3469(0.37%) 6.381(0.17%) 6.3807(0.16%) 1.5672(0.3%) 1.543(1.25%) 1.5422(1.30%)
1.5696/(432) 6.3599(0.16%) – – 1.5644(0.12%) – –
1.1814/(768) 6.3644(0.09%) – – 1.5635(0.06%) – –

analytical solution 6.3702 1.5625

Table 3. Central deflections of simply supported and clamped circular plates under dis-
tributed load using the FEM, RPAQ [Cen et al. 2006], TACQ [Cen and Long 1999] and
the analytical method.
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Figure 15. Central deflections and error comparisons of a clamped circular plate under
distributed load using the different methods.
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Figure 16. Central deflections and error comparisons of a simply supported circular
plate under distributed load using different methods.

5.3. Simply supported annular plate subjected to transverse line load. An annular plate depicted in
Figure 17 (left) with the inner edge subjected to a transverse line load p was studied here, with its outer
edge simply supported and its inner edge free. The analytical solution of the deflection for this numerical
example [Reddy 2006] can be expressed as

w=
pba2

8D

[(
1−

x2
+ y2

a2

)(
3+µ
1+µ

−2κ
)
+

2(x2
+ y2)

a2 ln

√
x2+ y2

a2 +4κ
(

1+µ
1−µ

)
ln

√
x2+ y2

a2

]
, (42)
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where κ = β2/(1− β2) lnβ, β = b/a, p = 0.01, µ = 0.3, with a = 5 and b = 1 as the outer and
inner radii of the annular plate, respectively. The mesh used for the zero-order NMM and the first-order
NMM is shown in Figure 17 (middle), and the mesh with 3200 elements used for the FEM is shown in
Figure 17 (right).

Figure 18 displays the deflections and deflection errors of a simply supported annular plate with the
inner edge subjected to transverse line load achieved with the first-order NMM. The maximum deflection
error that occurred at the inner edge was 3.8637%. Figure 19 shows the numerical solutions of the
deflection on the line y = 0 and the corresponding analytical solutions achieved with the first-order
NMM, the zero-order NMM, the FEM and the analytical method. The deflections achieved with the
first-order NMM compared well with the analytical solutions and were much better than those achieved
with the zero-order NMM and the FEM.

Compared with the above methods discussed in the examples, the results calculated with the first-order
NMM introduced in this study were more accurate than those achieved with the other methods, since the
first-order NMM incorporated both the regular meshes and the first-order displacement function in the
bending analysis of nonconforming thin plates. Additionally, the validity of the first-order NMM was
verified by comparing the results of the above three examples.

Figure 17. An annular plate: simply supported boundary (left); 0.2× 0.2 mesh divided
for the first-order NMM and the zero-order NMM (middle); the mesh with 3200 elements
divided for the FEM (right).
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Figure 18. Results of a simply supported annular plate subjected to transverse line load
using the first-order NMM with 0.2× 0.2 mesh: deflections (left) and deflection errors
(right).
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Figure 19. Deflection comparisons of a simply supported annular plate subjected to
transverse line load using the different methods.

6. Conclusions

The major advantage of the NMM over the FEM is that it adopts two completely independent covers,
which allows the best meshes to be selected as the mathematical cover for interpolation to improve
the convergence performance. Another feature is the flexibility in constructing the local displacement
function. Using these properties, the first-order NMM was developed to solve the convergence issues
of nonconforming elements and improve the accuracy and efficiency. Compared with other methods
of upgrading the order of the approximation function, the first-order Taylor expansion endows the gen-
eralized degrees of freedom with physical meanings and decreases the rank deficiency. Additionally,
the first-order approximation is the most economical way to upgrade the order of the local deflection
function. Importantly, the new relations between the global and local rotation functions in the first-
order approximation were derived by adopting two sets of rotation functions, {θxi , θyi } and {θx

i , θy
i
}.

The discussed examples showed that the numerical solutions achieved with the first-order NMM rapidly
converged to the analytical solutions and their accuracy was vastly superior to that achieved with the
FEM and the zero-order NMM, which verified the first-order NMM.
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DEFORMATION OF HETEROGENEOUS MICROSTRETCH ELASTIC BARS

DORIN IEŞAN

The material points of microstretch continua undergo a uniform microdilatation and a rigid microrotation.
This paper is concerned with the deformation of a bar composed by two different microstretch elastic
materials. The intended applications of the solution are to bone implants and various compound cylinders.
The bar is reinforced by a longitudinal rod and is subjected to extension, bending, torsion and flexure.
First, the problem of bending and extension is investigated. The solution involves the solving of three
plane strain problems. Then, we study the problem of torsion and flexure. The results are used to
investigate the extension of a right circular cylinder reinforced by a circular rod.

1. Introduction

A microstretch continuum is a material with microstructure in which the microelements can stretch
and contract independently of their translations and rotations. The theory of microstretch continua was
introduced in [Eringen 1999] as a generalization of the Cosserat theory. When the microdilatation is zero,
the microstretch continuum reduces to the Cosserat model. The applications of the theory of microstretch
continua are to composite materials, porous solids, bones and various materials with inner structure.
The Cosserat elastic solid was used as model for carbon nanotubes and composite materials [Lakes
2001; Chandraseker et al. 2009; Ha et al. 2016] and for bones [Lakes 1982; Fatemi et al. 2002]. Lakes
[1982] presented some experimental observations on the mechanical behavior of bones and remarked
that “Human bone, a natural fibrous composite, displays size effects in torsion and bending which are
consistent with Cosserat elasticity rather than classical elasticity”. The cancellous bone is considered as
a porous body [Kohles and Roberts 2002] so the linear theory of microstretch elastic solids is adequate
to describe the mechanical behavior of bones. Various papers have been devoted to the study of bone
implants and anisotropic cylinders [Hanumantharaju and Shivanand 2009; Thielen et al. 2009; Taliercio
and Veber 2016]. The bone and the implant form a body which can be modeled as a continuum composed
of different materials.

We study the deformation of a heterogeneous bar which is made of two materials, welded together
along the surface of separation. The deformation of homogeneous microstretch elastic cylinders has been
investigated in [Ieşan and Nappa 1995; Ieşan 2008; 2019a; 2019b]. We assume that the bar is composed
of two homogenous and isotropic microstretch elastic materials and is subjected to extension, bending,
torsion and flexure.

The paper is structured as follows. First, we present the basic equations of isotropic microstretch
elastic solids and formulate the problem of a reinforced rod. Then, we define the plane strain problem
associated to a heterogeneous body. In the following section we present the solution of the problem
of extension and bending. It is shown that this problem reduces to the study of some two-dimensional

Keywords: microstretch elastic materials, heterogeneous bars, flexure of reinforced cylinders.
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problems in which the external data depend only on the constitutive coefficients. Then, we study the
problem of torsion and flexure. The flexure of the cylinder produces a torsion of the bar about its axis.
Finally, we use the method to investigate the extension of a circular cylinder reinforced by a circular rod.

2. Preliminaries

We present the basic equations of the microstretch elastic solids and the formulation of the problem.
We consider a continuum which in undeformed state occupies the regular domain B of Euclidean three-
dimensional space and is bounded by the surface ∂B. Throughout this paper a fixed system of rectangular
cartesian axes Oxk , (k = 1, 2, 3), is used. We shall employ standard indicial notations: Greek subscripts
take on the values 1 and 2 whereas Latin subscripts (unless otherwise specified) are understood to range
over (1, 2, 3), and summation over repeated subscripts is implied. We denote by n j the components of
the outward unit normal of ∂B and introduce the notation f,k = ∂ f/∂xk . We study the deformation of
isotropic solids in the linear theory of microstretch elastic continua. Let uk be the displacement vector, let
ϕk be the microrotation vector, and let ψ be the microstretch function. We denote by εi jk the alternating
symbol. The strain measures are defined by

ei j = u j,i + εj ik ϕk, κi j = ϕ j,i , γi = ψ,i . (2-1)

Let ti j be the stress tensor, mi j be the couple stress tensor, σi be the microstretch stress vector, and ζ be
the microstress function. The constitutive equations are

ti j = λerr δi j + (µ+ κ) ei j +µej i + λ0ψδi j , mi j = ακrr δi j +βκj i + γ κi j + b0 εk jiγk,

σi = a0γi + b0 εirs κsr , ζ = λ0 err + λ1ψ,
(2-2)

where λ, µ, κ , λ0, λ1, α, β, γ, b0 and a0 are constitutive coefficients. In the linear elasticity the Cosserat
model is characterized by the coefficients λ, µ, κ , α, β, γ . The tractions acting at a regular point of ∂B
are defined by

ti = tj i n j , mi = m j i n j , σ = σi ni . (2-3)

In the absence of body loads, the equilibrium equations are

tj i, j = 0, m j i, j + εirs trs = 0, σj, j − ζ = 0. (2-4)

In what follows we assume that the domain B is a right cylinder of length h with the cross-section 6
and the lateral boundary 5. The rectangular coordinate frame is chosen such that the x3-axis is parallel
to the generator of B. We denote by 61 and 62 the terminal cross-sections and assume that these are
located at x3 = 0 and x3 = h, respectively. Let L be the boundary of 61. We assume that the cylinder is
free of lateral loading. We have

tαi nα = 0, mαi nα = 0, σα nα = 0 on 5. (2-5)

We assume that the load of the cylinder is distributed over its ends in a way which fulfills the equilibrium
conditions of the body. We use Saint-Venant’s formulation in which the pointwise assignment of the
terminal tractions is replaced by prescribing the corresponding resultant force and resultant moment.
Let the loading applied on 61 be equivalent to the resultant force R = (R1, R2, R3) and the resultant
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moment M = (M1,M2,M3). The cross-section 62 is subjected to tractions that satisfy the conditions of
the equilibrium of the cylinder. The conditions on the end 61 can be expressed as∫

61

t3i da =−Ri ,

∫
61

(xα t33− ε3αβ m3β) da = εαβ3 Mβ,

∫
61

(ε3αβ xα t3β +m33) da =−M3. (2-6)

The formulation of Saint-Venant leads to the four basic problems of extension (Rα = 0, Mj = 0), bending
(Rj = 0, M3 = 0), torsion (Rj = 0, Mα = 0) and flexure (R3 = 0, Mj = 0).

Let 0 be a closed curve contained in 61, which is the boundary of a regular domain �2 contained
in 61. We suppose that 0 and L have no common points and denote by �1 the domain bounded by 0
and L . Let Bρ be the cylinder:

Bρ = {(x1, x2, x3) : (x1, x2) ∈�ρ, 0< x3 < h}, ρ = 1, 2.

We suppose that Bρ is occupied by an elastic material with the constitutive coefficients λ(ρ), µ(ρ), κ(ρ),
λ
(ρ)

0 , λ(ρ)1 , α(ρ), β(ρ), γ (ρ), b(ρ)0 and a(ρ)0 . We assume that the elastic potential corresponding to the
material that occupies the cylinder Bρ is a positive definite quadratic form in the independent constitutive
variables.

Let S be the surface of separation of the two materials. We assume that the cylinder B is composed of
two different materials which are welded together along S (Figure 1) and that there is no separation of
material along S in the course of deformation. The functions u j , ϕ j , ψ , tj , m j and σ must be continuous
in passing from one medium to another, so that we have

[u j ]1 = [u j ]2, [ϕ j ]1 = [ϕ j ]2, [ψ]1 = [ψ]2,

[tα j ]1 n0
α = [tα j ]2 n0

α, [mα j ]1 n0
α = [mα j ]2 n0

α, [σα]1 n0
α = [σα]2 n0

α on S,
(2-7)

where (n0
1, n0

2, 0) are the components of the unit normal to S, and the expressions in brackets are calcu-
lated for the domains B1 and B2, respectively.

Saint-Venant’s problem consists in the determination of the functions u j , ϕ j and ψ which satisfy
the equations (2-1), (2-2) and (2-4) on B1 and B2, the conditions (2-5) on the lateral surface, the condi-
tions (2-6) on 61 and the conditions (2-7) on S. The constants Rj and Mj , and the constitutive coefficients
are prescribed. In what follows we use the method established in [Ieşan 1976a; 1976b; 1976c] to study the
deformation of inhomogeneous cylinders. This method has been extended to study generalized models
in [Lyons et al. 2002; Ieşan and Scalia 2009; Ieşan 2008; Bîrsan and Altenbach 2011; Bîrsan et al. 2012].

S1

S2

Figure 1. A heterogeneous rod.
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3. Plane strain

We introduce the plane strain problem associated to a cylinder composed by two materials. We assume
now that the cylinder is subjected to a body force f (ρ)j , a body couple g(ρ)j , and to the microstretch body
force l(ρ), on Bρ, (ρ = 1, 2). Moreover, we suppose that the lateral surface of the cylinder is subjected
to surface tractions t̃j , to surface moments m̃ j and to microstretch traction σ̃ . We assume that all external
data are independent of the axial coordinate and that f (ρ)3 = 0, g(ρ)α = 0, t̃3 = 0, m̃α = 0.

We say that the cylinder B is in a state of plane strain, parallel to the x1Ox2-plane if the functions u j ,
ϕ j and ψ have the properties

uα = uα(x1, x2), u3 = 0, ϕα = 0, ϕ3 = ϕ3(x1, x2), ψ = ψ(x1, x2) on B. (3-1)

It follows from (2-1), (2-2) and (3-1) that ei j , κi j , γi , ti j , mi j , σi and ζ are all independent of the axial
coordinate. The nonzero strain measures are

eαβ = uβ,α + εβα3 ϕ3, κα3 = ϕ3,α, γα = ψ,α. (3-2)

The constitutive equations (2-2) imply that, in the case of plane strain, the nonzero components of the
stress tensor, couple stress tensor and microstretch stress vector are tjβ , mα3, m3α and σα. Further,

taβ = λ(ρ)eνν δαβ + (µ(ρ)+ κ(ρ)) eαβ +µ(ρ)eβα + λ
(ρ)

0 ψ δαβ,

mα3 = γ
(ρ)κα3+ b(ρ)0 ε3αβψ,β, σα = a(ρ)0 γα + b(ρ)0 ε3βα κβ3, ζ = λ

(ρ)

0 eνν + λ
(ρ)

1 ψ.
(3-3)

The equations of equilibrium in the case of plane strain can be expressed as

tβα,β + f (ρ)α = 0, mα3,α + ε3αβ tαβ + g(ρ)3 = 0, σα,α − ζ + l(ρ) = 0 on �ρ . (3-4)

The conditions (2-7) reduce to

[uα]1 = [uα]2, [ϕ3]1 = [ϕ3]2, [ψ]1 = [ψ]2,

[tβα]1 n0
β = [tβα]2 n0

β, [mα3]1 n0
α = [mα3]2 n0

α, [σα]1 n0
α = [σα]2 n0

α on 0.
(3-5)

The conditions on the boundary 5 become

[tβα]1 nβ = t̃α, [mα3]1 nα = m̃3, [σα]1 nα = σ̃ on L . (3-6)

The plane strain problem consists in finding the functions uα, ϕ3 and ψ which satisfy the equations
(3-2)–(3-4) on �ρ , the conditions (3-5) on 0 and the conditions (3-6) on L . The functions f (ρ)α , g(ρ)3 , l(ρ),
t̃α , m̃3 and σ̃ are given C∞-fields. The necessary and sufficient conditons for the existence of a solution
to the plane strain problem are [Fichera 1973]∫

L
t̃α ds+

2∑
ρ=1

∫
�ρ

f (ρ)i da = 0,
∫

L
(ε3αβ xα t̃β + m̃3) ds+

2∑
ρ=1

∫
�ρ

(ε3αβ xα f (ρ)β + g(ρ)3 ) da = 0. (3-7)

If the conditions (3-5) are replaced by

[uα]1 = [uα]2, [ϕ3]1 = [ϕ3]2, [ψ]1 = [ψ]2,

[tβα]1 n0
β = [tβα]2 n0

β + pα, [mα3]1 n0
α = [mα3]2 n0

α + q, [σα]1 n0
α = [σα]2 n0

α + s,
(3-8)
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where pα , q and s are prescribed functions, then the necessary and sufficient conditions for the existence
of the solution are ∫

L
t̃α ds+

2∑
ρ=1

∫
�ρ

f (ρ)α ds+
∫
0

pα ds = 0,

∫
L
(ε3αβ xα t̃β + m̃3) ds+

2∑
ρ=1

∫
�ρ

(ε3αβ xα f (ρ)β + g(ρ)3 ) da+
∫
0

(ε3αβ xα pβ + q) ds = 0.

(3-9)

If m̃3 = 0 and g(ρ)3 = 0, then the conditions (3-9) reduce to those used in classical elasticity to study
the deformation of heterogeneous cylinders [Muskhelishvili 1953]. By using (3-2) and (3-3) we can
express the equilibrium equations (3-4) in terms of functions uα, ϕ3 and ψ . We obtain the equations of
equilibrium:

(µ(ρ)+ κ(ρ))1uα + (λ(ρ)+µ(ρ)) uν,να + κ(ρ)ε3αβ ϕ3,β + λ
(ρ)

0 ψ,α + f (ρ)α = 0,

γ (ρ)1ϕ3+ κ
(ρ)ε3αβ uβ,α − 2κ(ρ)ϕ3+ g(ρ)3 = 0, a(ρ)0 1ψ − λ

(ρ)

0 uν,ν − λ
(ρ)

1 ψ + l(ρ) = 0
(3-10)

on �ρ , (ρ = 1, 2), where 1 is the Laplacian.

4. Extension and bending of heterogeneous cylinders

We assume that the loading applied on the end located at x3 = 0 is statically equivalent to the force
(0, 0, R3) and the moment (M1,M2, 0). The conditions on 61 become∫

61

t3α da = 0, (4-1)∫
61

t33 da =−R3, (4-2)∫
61

(xα t33− ε3αβ m3β) da = εαβ3 Mβ, (4-3)∫
61

(ε3αβ xα t3β +m33) da = 0. (4-4)

The problem of extension and bending consists in finding the functions u j , ϕ j and ψ which satisfy the
equations (2-1), (2-2) and (2-4) on Bρ , the conditions (2-5) on 5, the conditions (2-7) on S, and the
conditions (4-1)–(4-4) for x3 = 0. Following [Ieşan 2019b] we try to solve this problem assuming that

uα =−
1
2

cα x2
3 +

3∑
k=1

ck u(k)α , u3 = (c1x1+ c2x2+ c3)x3,

ϕα = ε3αβ cβ x3, ϕ3 =

3∑
k=1

ck ϕ
(k)
3 , ψ =

3∑
k=1

ckψ
(k),

(4-5)
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where u(k)α , ϕ(k)3 and ψ (k) are unknown functions which are independent of x3, and ck are unknown
constants. In what follows we shall prove that the functions u(k)α , ϕ(k)3 and ψ (k) satisfy a plane strain
problem P (k), (k = 1, 2, 3), associated to the composed cylinder B.

Let us denote by e(k)αβ , κ(k)α3 and γ (k) the strain measures (3-2) associated to the functions u(k)α , ϕ(k)3
and ψ (k), (k = 1, 2, 3). Thus, we have

e(k)αβ = u(k)β,α + εβα3 ϕ
(k)
3 , κ

(k)
α3 = ϕ

(k)
3,α, γ (k)α = ψ

(k)
,α . (4-6)

We introduce the notations

t (k)aβ = λ
(ρ)e(k)νν δαβ + (µ

(ρ)
+ κ(ρ)) e(k)αβ +µ

(ρ)e(k)βα + λ
(ρ)

0 ψ δαβ,

m(k)
α3 = γ

(ρ)κ
(k)
α3 + b(ρ)0 ε3αβ γ

(k)
β , σ (k)α = a(ρ)0 γ (k)α + b(ρ)0 ε3βα κβ3, ζ (k) = λ

(ρ)

0 e(k)νν + λ
(ρ)

1 ψ (k),

t (k)33 = λ
(ρ)e(k)νν + λ

(ρ)

0 ψ (k), m(k)
3α = β

(ρ)κ
(k)
α3 + b(ρ)0 ε3αν γ

(k)
ν on �ρ .

(4-7)

In view of (2-1), (4-5)–(4-7), the constitutive equations (2-2) imply

tαβ = λ(k)(c1x1+ c2x2+ c3) δαβ +

3∑
k=1

ck t (k)αβ , tα3 = t3α = 0,

t33 = (λ
(ρ)
+ 2µ(ρ)+ κ(ρ))(c1x1+ c2x2+ c3)+

3∑
k=1

ck t (k)33 ,

mα3 = m33 = 0, mα3 = β
(ρ)ε3αβ cβ +

3∑
k=1

ck m(k)
α3 , m3α = γ

(ρ)ε3αν cν +
3∑

k=1

ck m(k)
3α ,

σα =−b(ρ)0 cα +
3∑

k=1

ck σ
(k)
α , σ3 = 0, ζ = λ

(ρ)

0 (c1x1+ c2x2+ c3)+

3∑
k=1

ck ζ
(k) on Bρ .

(4-8)

Let us substitute (4-8) into the equations of equilibrium (2-4). We require that the resulting equations
be satisfied for any constant ck . Thus, we find that the functions t (k)αβ , m(k)

α3 , σ (k)α and ζ (k), (k = 1, 2, 3),
satisfy

t (ν)βα,β + λ
(ρ)δαν = 0, t (3)βα,β = 0, m(k)

βα,β + ε3ρν t (k)ρν = 0,

σ (ν)α,α − ζ
(ν)
− λ

(ρ)

0 xν = 0, σ (3)α,α − ζ
(3)
− λ

(ρ)

0 = 0, ν = 1, 2 on �ρ .
(4-9)

The equilibrium equations are satisfied if (4-9) holds. It follows from (2-5) and (4-8) that the conditions
on the lateral surface are satisfied for any constants c1, c2 and c3 if we have

[t (k)βα ]1 nβ = t̃ (k)α , [m(k)
α3 ]1 nα = m̃(k)

3 , [σ (k)α ]1 nα = σ̃ (k) on L , (4-10)

where we have used the notations

t̃ (α)β =−λ
(1)xα nβ, t̃ (3)β =−λ

(1)nβ, m̃(α)
3 = β

(1)ε3αν nν, m̃(3)
3 = 0, σ̃ (α) = b(1)0 nα, σ̃ (3) = 0. (4-11)
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Similarly, we conclude the conditions (2-7) on the surface S are satisfied if the unknown functions satisfy

[u(k)α ]1 = [u
(k)
α ]2, [ϕ

(k)
3 ]1 = [ϕ

(k)
3 ]2, [ψ

(k)
]1 = [ψ

(k)
]2, [t

(k)
βα ]1 n0

β = [t
(k)
βα ]2 n p + p(k)α ,

[m(k)
α3 ] n

0
α = [m

(k)
α3 ]2 n0

α + q(k), [σ (k)α ]1 n0
α = [σ

(k)
α ]2 n0

α + s(k) on 0.
(4-12)

Here, p(k)α , q(k) and s(k) are defined by

p(β)α = (λ
(2)
− λ(1)) xβ n0

α, p(3)α = (λ
(2)
− λ(1)) n0

α,

q(η) = (β(1)−β(2)) ε3ηα n0
α, q(3) = 0, s(β) = (b(1)0 − b(2)0 ) n0

β, s(3) = 0.
(4-13)

Thus, the functions u(k)α , ϕ(k)3 and ψ (k) are the solutions of the plane strain problems P (k) which are
characterized by the geometrical equations (4-6), the constitutive equations (4-7) and the equilibrium
equations (4-9) on �ρ , and the boundary conditions (4-10) and (4-11). The functions t (k)33 and m(k)

3α can
be found after the determination of u(k)α , ϕ(k)3 and ψ (k) from the problems P (k), (k = 1, 2, 3). It is easy
to see that the necessary and sufficient conditions (3-9) for the existence of the solution are satisfied for
each problem P (k), (k = 1, 2, 3). We note that the external loading in the problems P (k) depend only
the constitutive coefficients and the cross-section of the cylinder.

Let us prove that the constants c1, c2 and c3 can be determined from the conditions on the ends. First,
we note that the conditions (4-1) and (4-4) are satisfied on the basis of equations (4-8).

The conditions (4-2) and (4-3) reduce to the following system for the constants c1, c2 and c3:

Aα j cj = ε3αβ Mβ, A3 j cj =−R3. (4-14)

Here, we have used the notations

Aαβ =
2∑
ρ=1

∫
�ρ

{(λ(ρ)+ 2µ(ρ)+ κ(ρ)) xα xβ + xα t (β)33 + ε3να m(β)

3ν + γ
(ρ) δαβ} da,

Aα3 =

2∑
ρ=1

∫
�ρ

{(λ(ρ)+ 2µ(ρ)+ κ(ρ)) xα + xα t (3)33 + ε3να m(3)
3ν } da,

A3α =

2∑
ρ=1

∫
�ρ

[(λ(ρ)+ 2µ(ρ)+ κ(ρ)) xα + t (α)33 ] da,

A33 =

2∑
ρ=1

∫
�ρ

(λ(ρ)+ 2µ(ρ)+ κ(ρ)+ t (3)33 ) da.

(4-15)

The constants Ai j can be found if we know the functions u(k)α , ϕ(k)3 and ψ (k), (k = 1, 2, 3). By using
the methods of the classical elasticity [Muskhelishvili 1953; Ieşan 2008] we can prove that the positive
definiteness of the elastic potential and the reciprocal theorem imply

det(Ai j ) > 0, Ai j = A j i . (4-16)

The constants cj are determined by the system (4-14). Thus, the solution of the problem is given by (4-5).
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5. Torsion and flexure

The problem of torsion and flexure consists in finding the displacement vector, the microrotation vector
and the microstretch function, which satisfy the equations (2-1), (2-2) and (2-4), the conditions (2-5) on
the lateral surface, the conditions (2-7) on the surface separation, and the conditions (2-6) on 61, when
R3 = 0 and Mα = 0. We seek the solution of the problem in the form

uα =−
1
6

aα x3
3 + x3

3∑
k=1

ak u(k)α + dx3 εβα3 xβ, u3 =
1
2
(a1x1+ a2x2+ a3) x2

3 + F3,

ϕα =
1
2

x2
3 ε3αβ aβ + Fβ, ϕ3 = dx3+ x3

3∑
k=1

ak ϕ
(k)
3 , ψ = x3

3∑
k=1

akψ
(k),

(5-1)

where ak and d are unknown constants, u(k)α , ϕ(k)3 and ψ (k) are the solution to the problem P (k), and F j

are unknown functions of x1 and x2. We denote by ω = (F1, F2, F3) the ordered triplet of functions F1,
F2 and F3, and introduce the notations

T (ρ)

α3 ω = (µ
(ρ)
+ κ(ρ))F3,α + κ

(ρ)εαβ3 Fβ, T (ρ)

3α ω = µ
(ρ)F3,α + κ

(ρ)ε3βα Fβ,

M (ρ)
αβ ω = α

(ρ)Fη,η δαβ +β(ρ)Fα,β + γ (ρ)Fβ,α, N (ρ)
α ω = nβ M (ρ)

βα ω, N (ρ)

3 ω = nα T (ρ)

α3 ω.
(5-2)

and
L(ρ)ν ω = α(ρ)Fη,ην +β(ρ)Fλ,νλ+ γ (ρ)Fν,λλ+ ενη3 κ

(ρ)F3,η− 2κ(ρ)Fν,

L(ρ)3 ω = (µ(ρ)+ κ(ρ))F3,αα + εαβ3 κ
(ρ)Fβ,α on �ρ .

(5-3)

From (2-1), (5-1) and the constitutive equations we obtain

tαβ = λ(ρ)(a1x1+ a2x2+ a3) x3 δαβ + x3

3∑
k=1

ak t (k)αβ ,

t33 = (λ
(ρ)
+ 2µ(ρ)+ κ(ρ))(a1x1+ a2x2+ a3) x3+ x3

3∑
k=1

ak(λ
(ρ)e(ρ)νν + λ

(ρ)

0 ψ (k)),

tα3 = T (ρ)

α3 ω+ dµ(ρ)ε3βα xβ +µ(ρ)
3∑

k=1

ak u(k)α ,

t3α = T (ρ)

3α ω+ dε3βα(µ
(ρ)
+ κ(ρ)) xβ + (µ(ρ)+ κ(ρ))

3∑
k=1

ak u(k)α , (5-4a)

mνη = M (ρ)
νη ω+α

(ρ)dδνη+
3∑

k=1

ak(α
(ρ)δνη ϕ

(k)
3 + ε3ην b(ρ)0 ψ (k)),

m33 = (α
(ρ)
+β(ρ)+ γ (ρ))

(
d +

3∑
k=1

akϕ
(k)
3

)
+α(ρ)Fη,η,

mα3 =

(
β(ρ)εαν3 aν +

3∑
k=1

ak m(k)
α3

)
x3, m3α =

(
γ (ρ)εαβ3 aβ +

3∑
k=1

ak m(k)
3α

)
x3,
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σα =

( 3∑
k=1

akσ
(ρ)
α − b(ρ)0 aα

)
x3, σ3 = b(ρ)0 ε3αβFα,β + a(ρ)0

3∑
k=1

akψ
(k),

(5-4b)

ζ =

(
λ
(ρ)

0 (a1x1+ a2x2+ a3)+

3∑
k=1

ak ζ
(k)
)

x3 on Bρ .

By using (4-9), (5-3), (5-4a) and (5-4b) we see that the equilibrium equations (2-4) reduce to

L(ρ)j ω = S(ρ)j on �ρ, (5-5)

where

S(ρ)ν = dκ(ρ)xν + γ (ρ) ε3βν aβ −
3∑

k=1

ak[m
(k)
3ν +α

(ρ)ϕ
(k)
3,ν − ενβ3 κ

(ρ)u(k)β ],

S(ρ)3 =−(λ
(ρ)
+ 2µ(ρ)+ κ(ρ))(a1x1+ a2x2+ a3)−

3∑
k=1

ak[(λ
(ρ)
+µ(ρ)) e(k)αα + λ

(ρ)

0 ψ (k)].

(5-6)

In view of (4-10), (4-11), (5-2), (5-4a) and (5-4b), the boundary conditions (2-5) can be written as

N (1)
j ω = h j on L , (5-7)

where

hα =−α(1)dnα − nν
3∑

k=1

ak(α
(1)δνα ϕ

(k)
3 + ε3αν b(1)0 ψ (k)),

h3 = dµ(1)ε3αβ xβ nα − nαµ(1)
3∑

k=1

ak u(k)α .

(5-8)

The conditions on the surface of separation S reduce to

[Fj ]1 = [Fj ]2, (N (1)
j ω)(n0)= (N (2)

j ω)(n0)+ εj on 0. (5-9)

Here, (N (ρ)
j ω)(n0) denotes the operator N (ρ)

j ω for nα = n0
α and εj are defined by

εν = (α
(2)
−α(1)) n0

ν, ε3 = (µ
(1)
−µ(2))

(
dε3αβ xβ −

3∑
k=1

ak u(k)α

)
n0
α. (5-10)

It is known [Fichera 1973] that the necessary and sufficient condition for the existence of a solution to
the problem (5-5), (5-7) and (5-9) is∫

L
h3 ds+

∫
0

ε3 ds =
2∑
ρ=1

∫
�ρ

S(ρ)3 da. (5-11)

In view of (5-6), (5-8) and (5-10), the condition (5-11) reduces to

A3 j aj = 0, (5-12)
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where A3 j are defined in (4-15). By using the equations of equilibrium (2-4) we get

t3α = tα3+ ε3βα m jβ, j = tα3+ xα tk3,k + ε3βα m jβ, j = (xα tν3+ ε3βα mνβ),ν + xα t33,3+ ε3βα m3β,3.

Thus, in view of (2-5) and (2-7), we obtain∫
61

t3α da =
∫
61

(xα t33,3+ ε3βα m3β,3) da. (5-13)

With the help of (5-4a), (5-13) and (4-15), the first two conditions from (2-6) become

Aα j aj =−Rα. (5-14)

On the basis of (4-16), the equations (5-12) and (5-14) determine the constants ak . Let us determine now
the constant d. We introduce the notation V = (G1,G2,G3), where G j satisfy the following boundary
value problem

L(ρ)α V = κ(ρ)xα, L(ρ)3 V = 0 on �ρ, [V j ]1 = [V j ]2, (N (1)
α V )(n0)= (N (2)

α V )(n0),

(N (1)
3 V )(n0)= (N (2)

3 V )(n0)+ (µ(1)−µ(2)) ε3αβ xβ n0
α, on 0,

N (1)
ν V =−α(1)nν, N (1)

3 V = µ(1)ε3αβ xβ nα on L .

(5-15)

If we define the functions F0
j by

F0
j = F j − dG j , (5-16)

and denote ω0
= (F 0

1 , F0
2 , F0

3 ), then ω0 satisfies

L(ρ)j ω0
= γ (ρ) ε3βν aβ −

3∑
k=1

ak[m
(k)
3ν +α

(ρ)ϕ
(k)
3,ν − ενβ3 κ

(ρ)u(k)β ], L(ρ)3 ω0
= S(ρ)3 on �ρ, (5-17)

and the conditions

[F0
j ]1 = [F

0
j ]2, (N (1)

ν ω0)(n0)= (N (2)
ν ω0)(n0)+ εv,

(N (1)
3 ω0)(n0)= (N (2)

3 ω0)(n0)− (µ(1)−µ(2)) n0
α

3∑
k=1

ak u(k)α on 0,

N (1)
α ω0

=−nν
3∑

k=1

ak(α
(1)δνα ϕ

(k)
3 + ε3αν b(1)0 ψ (k)), N (1)

3 ω0
=−µ(1)nα

3∑
k=1

ak u(k)α on L .

(5-18)

Clearly, the conditions for the existence of the functions G j and F0
j are satisfied. The functions t3α

and m33 can be expressed as

t3α = T (ρ)

3α ω
0
+ d [T (ρ)

3α V + ε3βα(µ
(ρ)
+ κ(ρ)) xβ] + (µ(ρ)+ κ(ρ))

3∑
k=1

ak u(k)α ,

m33 = (α
(ρ)
+β(ρ)+ γ (ρ))

3∑
k=1

akϕ
(k)
3 +α

(ρ)F0
η,η+ d(α(ρ)+β(ρ)+ γ (ρ)+α(ρ)Gη,η).

(5-19)
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In view of (5-19), the last condition from (2-6) determines the constant d ,

d =−D−1(M3+M∗3 ), (5-20)
where

D =
2∑
ρ=1

∫
�ρ

[ε3αβ xαT (ρ)

3β V + (µ(ρ)+ κ(ρ))xν xν + a(ρ)+β(ρ)+ γ (ρ)+α(ρ)Gν,ν] da,

M∗3 =
2∑
ρ=1

∫
�ρ

{ε3αβ xα T (ρ)

3β +α
(ρ)F0

ν,ν +

3∑
k=1

ak[(α
(ρ)
+β(ρ)+ γ (ρ))v

(k)
3 ]

+ ε3αβ xα(µ(ρ)+ κ(ρ))u
(k)
β }da.

(5-21)

As in classical elasticity we can show that the torsional rigidity D is different from zero. The other
conditions from (2-6) are satisfied on the basis of relations (5-4a). Thus, the solution of the problem is
given by (5-1).

In the case of flexure we have M3 = 0, but the constant d could be different from zero. In general,
the flexure of the bar is accompanied by torsion. The torsion problem is characterized by Rj = 0 and
Mα = 0. In this case, from (5-12) and (5-14) we find that the constants ak are equal to zero. It follows
that the torsion does not produce a microdilatation. The solution of the flexure problem shows that the
microrotation vector and the microstretch function are, in general, different from zero.

6. Extension of a cylinder reinforced by a longitudinal rod

This section is concerned with the problem of extension of a circular cylinder composed by two different
microstretch elastic materials. In this case in the conditions (2-6) we have Rα = 0 and Mj = 0. We
assume that the domains �1 and �2 are defined by �1 = {(x1, x2, x3) : r2

2 < x2
1 + x2

2 < r2
1 , x3 = 0}

and �2 = {(x1, x2, x3) : 0 ≤ x2
1 + x2

2 < r2
2 , x3 = 0}, where r1 and r2 are the radiuses of the concentric

circles L and 0, respectively. To investigate this problem we use the solution (4-5). First, we have to
study the plane strain problems P (k), and then to calculate the constants cj . We seek the solution of the
problem P (3) in the form

u(3)α =U,α, ϕ(3) = 0, ψ (3) =8, (6-1)

where U and 8 are unknown functions which depend only on the variable r = (x2
1 + x2

2)
1/2. Clearly,

u(3)α,α =1U = 1
r (rU ′)′, e(3)αβ =U,αβ = δαβ r−1U ′− xα xβ r−3U ′+ xα xβ r−2U ′′, (6-2)

where U ′ = dU/dr . From (4-7) and (6-1) we find that

t (3)αβ = λ
(ρ)δαβ1U + (2µ(ρ)+ κ(ρ))U,αβ + λ

(ρ)

0 8δαβ,

m(3)
α3 = 0, σ (3)α = a(ρ)0 8,α, ζ (3) = λ

(ρ)

0 1U + λ(ρ)1 8 on �ρ .
(6-3)

In view of (3-10), the equilibrium equations (4-9) reduce to

1U + e(ρ)8= A(ρ)1 , 18− τ 2
(ρ)8=

λ
(ρ)

0

a(ρ)0

(1+ A(ρ)1 ) on �ρ, (6-4)
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where A(1)1 and A(2)1 are arbitrary constants and

e(ρ) = λ
(ρ)

0 /(λ(ρ)+ 2µ(ρ)+ κ(ρ)), τ 2
(ρ) =

λ
(ρ)

1

a(ρ)0

−
λ
(ρ)

0

a(ρ)0

e(ρ). (6-5)

The positive definiteness of elastic potential imply that τ 2
(ρ) > 0. From the equations (6-4) we find

U ′ =−η(ρ)8′0+χ(ρ)r + ξ(ρ) A(ρ)1 r + A(ρ)2 r−1,

8=80− 2d(ρ)(1+ A(ρ)1 ),

80 = C (ρ)

1 I0(τ(ρ)r)+C (ρ)

2 K0(τ(ρ)r) on �ρ,

(6-6)

where A(ρ)2 , C (ρ)

1 and C (ρ)

2 are arbitrary constants, In and Kn are modified Bessel functions of order n,
and we have used the notations

η(ρ) = e(ρ)/τ 2
(ρ), χ(ρ) = e(ρ)d(ρ), d(ρ) = λ

(ρ)

0 (2τ 2
(ρ)a

(ρ)

0 )−1, ξ(ρ) = λ
(ρ)

1 (d(ρ)/λ
(ρ)

0 ). (6-7)

Since U ′ and 8 must be bounded for r = 0, we conclude that

A(2)2 = 0, C (2)
2 = 0. (6-8)

With the help of (6-1) and (6-6) we obtain

u(3)α = xα(−η(ρ)8′0r−1
+χ(ρ)+ ξ(ρ)A

(ρ)

1 + A(ρ)2 r−2) on �ρ,

t (3)αβ nα = nβ{(2µ(1)+κ(1))η(ρ)8′0r−1
− (2µ(1)+κ(1))χ(ρ)+ k(ρ)A

(1)
1 − (2µ

(1)
+κ(1)) r−2 A(1)2 },

σ (3)α nα = a(1)0 8′0 on L ,

(6-9)

where
k(ρ) = d(ρ)[λ

(ρ)

1 (2λ(ρ)+ 2µ(ρ)+ κ(ρ))− 2(λ(ρ)0 )2]/λ
(ρ)

0 . (6-10)

If we impose the conditions (4-10) and (4-12) corresponding to the problem P (3), then we obtain a linear
system of equations for the constants A(ρ)1 , C (ρ)

1 , (ρ= 1, 2), A(1)2 and C (1)
2 . Thus, the condition σ (3)α nα = 0

on L reduces to
C (1)

2 = ν1C (2)
1 , (6-11)

where
ν1 = I1(τ(1)r1)/K1(τ(1)r1). (6-12)

From (6-6) and (6-11) we get

80 = C (1)
1 Q(r), 8′0 = C (1)

1 τ(1)3(r) on �1,

80 = C (2)
1 I0(τ(2)r), 8′0 = C (2)

1 τ(2) I1(τ(2)r) on �2,
(6-13)

where
Q(r)= I0(τ(1)r)+ ν1K0(τ(1)r), 3(r)= I1(τ(1)r)− ν1K1(τ(1)r). (6-14)

The condition imposed to the function σ (3) on 0 leads to

C (2)
1 = ν2 C (1)

1 , (6-15)
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where

ν2 = a(1)0 τ(1)3(r2)[a
(2)
0 τ(2) I1(τ(2) r2)]

−1. (6-16)

Let us introduce the notations

A(1)1 = X1, A(1)2 = X2, A(2)1 = X3, C (1)
1 = X4. (6-17)

The remaining conditions from (4-10) and (4-12) reduce to the following system for the constants A(1)α ,
A(2)1 and C (1)

1 ,
4∑

s=1

ars Xs = br , r = 1, 2, 3, 4, (6-18)

where

a11 =−2d(1), a12 = 0, a13 = 2d(2), a14 = Q(r2)− ν2 I0(τ(2)r2),

a21 = ξ(1), a22 = r−1
2 , a23 =−ξ(2),

a24 = η(2) τ(2)ν2 r−1
2 I1(τ(2)r2)− η(1)τ(1)r−1

2 3(r2),

a31 = k(1), a32 =−(2µ(1)+ κ(1))r−2
2 , a33 =−k(2),

a34 = (2µ(1)+ κ(1)) η(1) τ(1)r−1
2 3(r2)− (2µ(2)+ κ(2)) η(2)ν2 r−1

2 τ(2) I1(τ(2)r2),

a41 = k(1), a42 =−(2µ(1)+ κ(1)) r−2
1 , a43 = 0,

a44 = (2µ(1)+ κ(1)) η(2) τ(1)r−1
1 3(r1),

b1 = 2(d(1)− d(2)), b2 = χ(2)−χ(1),

b3 = (2µ(1)+ κ(1))χ(1)− (2µ(2)+ κ(2))χ(2)+ λ(2)− λ(1),

b4 = (2µ(1)+ κ(1))χ(1)− λ(1).

(6-19)

We assume that the constitutive coefficients are independent. From (6-18) we can determine the constants
A(1)α , A(2)1 and C (1)

1 . The constants C (1)
2 and C (2)

1 can be calculated by (6-11) and (6-15). Thus, from
(6-1), (6-6), (6-9) and (6-13) we find that the solution of the problem P (3) is given by

u(3)α = xα{−η(1)C
(1)
1 τ(1)r−13(r)+χ(1)+ ξ(1)A

(1)
1 + A(1)2 r−2

} on �1,

u(3)α = xα{−η(2) τ(2)C
(2)
1 r−1 I1(τ(2)r)+χ(2)+ ξ(2)A

(2)
1 } on �2,

ψ (3) = {C (1)
1 Q(r)− 2d(1)(1+ A(1)1 )} on �1,

ψ (3) = {C (2)
1 I0(τ(2)r)− 2d(2)(1+ A(2)1 )} on �2, ϕ(3) = 0.

(6-20)

From (4-7) and (6-2) we find

t (3)33 = λ
(ρ)r−1(r ′U ′)′+ λ(ρ)0 [80− 2d(ρ)(1+ A(ρ)1 )] on �ρ . (6-21)

In view of (6-6), (6-13), (6-21) and (4-15), we obtain

Aα3 = 0, A33 = H, (6-22)
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where
H = π(λ(2)+ 2µ(2)+ κ(2)) r2

2 +π(λ
(2)
+ 2µ(1)+ κ(1))(r2

1 − r2
2 )

+ 2π(h11 A(1)1 + h12 A(2)1 + h13 C (1)
1 + h14 C (2)

1 + h0),

h11 = (r2
1 − r2

2 )(λ
(1)
− d(1)λ

(1)
0 ), h12 = r2

2 (λ
(2)
− d(2)λ

(2)
0 ),

h13 = G(r1)−G(r2), h14 = r2(λ
(2)
0 τ−1

(2) − λ
(2)e(2)) I1(τ(2)r2),

h0 = (r2
1 − r2

2 )(λ
(1)χ(1)− d(1)λ

(1)
0 )− d(2)λ

(2)
0 r2

2 + λ
(2)r2

2 χ(2),

G(r)= r{λ(1)0 τ−1
(1) [I1(τ(1)r)− ν1K1(τ(1)r)] − λ(2) e(1)3(r)}.

(6-23)

With the help of (4-16) and (6-22) we obtain A3α = 0. In the case of extension we have Mj = 0, so that
the system (4-14) has the solution

c1 = 0, c2 = 0, c3 =−R3/H. (6-24)

Thus, the solution of the extension problem can be expressed as

uα = c3 u(3)α , u3 = c3 x3, ϕ j = 0, ψ = c3ψ
(3),

where u(3)α and ψ (3) are given by (6-20).

7. Conclusions

The paper is concerned with the deformation of a bar composed by two different microstretch elastic
materials welded together along the surface of separation. The results established in this paper can be
summarized as follows:

(a) We study the deformation of a heterogeneous bar which is subjected to extension, bending, torsion
and flexure.

(b) We show that the solution of the problem of extension and bending can be reduced to the study of
some two-dimensional problems.

(c) We establish the solution of the problem of torsion and flexure by a transversal force.

(d) We use the method to investigate the extension of a circular cylinder reinforced by a longitudinal
rod.
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COMPARISON OF SERIES AND FINITE DIFFERENCE SOLUTIONS
TO REMOTE TENSILE LOADINGS OF A PLATE HAVING

A LINEAR SLOT WITH ROUNDED ENDS

DAVID J. UNGER

Plane stress linear elastic solutions are obtained for a straight slot with rounded ends subject to remotely
applied tensile tractions. The series solutions are obtained using a Kolosov–Muskhhelishvili complex
variable approach together with an expansion technique developed extensively by G. N. Savin. The finite
difference solutions employ an orthogonal curvilinear coordinate system and simulate loads applied at
infinity using finite boundaries that are large in comparison to the slot length. The slot shape is similar
to the geometry found in the D. Riabouchinsky free streamline problem for fluid flow around two flat
plates. Both uniaxial loadings normal to the slot and uniform biaxial loadings are examined.

1. Introduction

The problems addressed in this paper are similar to mode I crack problems [Unger 2011] found in
linear elastic fracture mechanics. Unlike crack problems, the conformal mapping of a slot onto a unit
circle to facilitate solution involves the use of a transcendental function. However, the most powerful
analytical solution technique known for solving plane linear elastic problems limits the mapping function
to be at most a rational function of the mapping variable in order to guarantee solution [Muskhelishvili
1977]. The traditional way to avoid this problem is to use a power series expansion of an algebraic or
transcendental function in terms of the transformation variable of the mapping function [Savin 1961].
This is the technique employed here.

Once a proper conformal mapping function is identified, a numerical finite difference scheme can also
be formulated using the orthogonal curvilinear coordinates defined by the conformal mapping or one
that is closely related to it. However, use of a series expansion as a solution technique often generates
oscillatory behavior in the solution even after many terms of the expansion are retained including those
utilizing modern optimization techniques of the genetic-algorithm variety [Vigdergauz 2006]. This can
make the determination of the largest principal stress problematic and consequently the stress concen-
tration factor. The use of a finite difference solution scheme for comparison helps verify the maximum
value of the principal stress as numerical solutions of this type are not prone to oscillations.

A summary of classical stress concentration factors for holes of various types in plates for linear elastic
behavior may be found in the most currently revised edition of Peterson’s handbook [Pilkey et al. 2020].
A large compilation of stress concentration factor literature for analyses conducted after 1974 appears in
[Hardy and Malik 1992]. Another relatively recent reference on stress concentration factors is [Savruk
and Kazberuk 2017].

Keywords: stress concentration factor, Riabouchinsky free streamline problem.
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One motivation for this analysis is that fracture mechanics specimens require a straight slot of finite
width be cut into a plate before a fatigue crack can be generated at the tip of the slot. The knowledge of
the stress concentration factor due to the slot itself helps quantify the overall state of stress into which
the crack propagates [Collins 1993; Rice 1988].

Typically, linear elastic solutions of slots of finite widths are often approximated by use of elongated
elliptical hole or parabolic notch analyses [Tada et al. 2000; Creager and Paris 1967]. Nevertheless, there
can be large discrepancies between the predictions of linear elastic solutions for elongated ellipses and
notches and those of finite-width slots. This can be readily discerned for a mode III slot problem of this
shape [Unger 2012a; 2012b], which has a closed-form solution, and those of an ellipse [Neuber 2001]
with a similar aspect ratio of semimajor to semiminor axes.

2. Series solution of the slot problem

The mapping function of a plane exterior to a slot geometry of the type shown in Figure 1 onto the
interior of a unit circle is [Unger 2016; 2018]

z = ω(ζ )=
a
2

{
−(1− k1)

1+ ζ 2

2ζ
+ sgn(Re ζ )[k1K (m)− E(m)]

+ i(1+ k1)

[
E
(

sin−1 i
k2

1− ζ 2

2ζ
, k2

2

)
−
(1− k1)

2

(1+ k1)2
F
(

sin−1 i
k2

1− ζ 2

2ζ
, k2

2

)]}
, (1)

where the various parameters of the elliptic integrals [Abramowitz and Stegun 1964] of (1) are defined
by

m = 1−m1, k1 =
√

m1, k2 =
2
√

k1

1+ k1
, 0≤ m1 ≤ 1 (2)

and a is a scaling parameter with units of length.
The aspect ratio AR of total slot length to the total slot width is [Unger 2016]

AR =
1−
√

m1(K (m)+ 1)+ E(m)
2[E(m1)− (1−

√
m1)K (m1)]

. (3)

-0.5 0.5
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0.2

m1= 0.05
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m1= 0.0005

x/a

y/a

Figure 1. Variation of slot aspect ratio and shape with elliptic integral parameter.
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The curved tip at the right-hand side of the slot has the following parametric relationship [Unger 2019]
with θ in Cartesian coordinates z = x + iy:

xtip =
a
2
[(1− k1) cos θ − k1K (m)+ E(m)], −π

2
≤ θ ≤

π

2
,

ytip =
a
2
(1+ k1)

[
E
(

sin−1
(

sin θ
k2

)
, k2

2

)
−
(1− k1)

2

(1+ k1)2
F
(

sin−1
(

sin θ
k2

)
, k2

2

)]
, for − π

2
≤ θ ≤

π

2
,

(4)
where θ is the angle of the polar representation of the transform variable ζ

ζ = ρ exp(iθ), 0≤ ρ ≤ 1, −π ≤ θ ≤ π, (5)

and where ρ is the radius.
This shape was first obtained in connection with the solution of the free streamlines of an ideal fluid

flowing past two side-by-side flat plates [Riabouchinsky 1921]. An analogy with the antiplane slot
problem was investigated in detail in [Unger 2018; 2019]. Note that the slot tip will actually change
shape slightly with m1 in Figure 1, but it does so almost imperceptibly for small changes in this parameter.
As m1→ 0, the slot tip shape approaches asymptotically that of a cycloid [Unger 2018]. This particular
shape was chosen for the slot as it provides a single analytical expression for a smooth transition from
its flat surfaces to its rounded ends. This is an important attribute when solving the problem analytically.
In contrast, the ovaloid, which is a slot shape composed of flat surfaces connected by semicircular ends,
requires two different meshes composed individually of Cartesian and polar coordinates for solution
[Bowie and Freese 1978].

Let us perform a series expansion of z(ζ ) of (1) about the point ζ equals zero retaining only the first
three terms of the series

z(ζ )=−
a

2ζ
+

a(3m1/2
1 − 1)ζ

2(m1/2
1 + 1)

+
2am1/2

1 (m1/2
1 − 1)2ζ 3

3(m1/2
1 + 1)3

+ · · · . (6)

Note that if one wishes to expand this series beyond the three terms shown, using the symbolic software
Mathematica, it may be easier to first differentiate z(ζ ) of (1) with respect to ζ and then expand the
derivative. This would be followed by integrating the resulting series of the derivative with respect to ζ
to obtain the series expansion of z(ζ ).

The symbol σ is traditionally used to represent ζ on the surface of the unit circle where ρ of (5) equals
one:

σ = exp(iθ). (7)

Similarly, z(ζ ) on the unit circle γ is traditionally represented by the symbol ω(σ) such that (6) becomes

ω(σ)=−
a

2σ
+

a(3m1/2
1 − 1)σ

2(m1/2
1 + 1)

+
2am1/2

1 (m1/2
1 − 1)2σ 3

3(m1/2
1 + 1)3

+ · · · . (8)

Now one of the complex functions that is used in a Muskhelishvili solution scheme is a function desig-
nated as ϕ(ζ ). Following the series expansion technique developed in [Savin 1961], one decomposes the
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function ϕ(ζ ) for a remote tensile traction T∞ applied along a single axis by

ϕ(ζ )= T∞ z(ζ )/4+ϕ0(ζ ), (9)

where the following integral equation must be solved:

ϕ0(ζ )+
1

2π i

∫
γ

ω(σ)

ω′(σ )
ϕ′0(σ )

dσ
σ − ζ

=
1

2π i

∫
γ

( f 0
1 + i f 0

2 )
dσ
σ − ζ

. (10)

The bar above a variable in (10) represents the complex conjugate of a related function without the bar.
Part of the integrand on the right-hand side of (10) is given by

f 0
1 + i f 0

2 =−
T∞
2
[ω(σ)− exp(2iα)ω(σ)], (11)

where α represents an angle in the direction of the applied traction at infinity T∞. Now the complex
conjugate of z(ζ ) is given by

z̄(ζ̄ )=−
a

2ζ̄
+

a(3m1/2
1 − 1)ζ̄

2(m1/2
1 + 1)

+
2am1/2

1 (m1/2
1 − 1)2 ζ̄ 3

3(m1/2
1 + 1)3

+ · · · , (12)

where
ζ̄ = ρ exp(−iθ), 0≤ ρ ≤ 1, −π ≤ θ ≤ π. (13)

Consequently, from (12) one infers on the slot boundary

ω(σ)=−
a
2
σ +

a(3m1/2
1 − 1)

2(m1/2
1 + 1)σ

+
2am1/2

1 (m1/2
1 − 1)2

3(m1/2
1 + 1)3σ 3

+ · · · (14)

as σ̄ = 1/σ . Taking the first derivative of (12) with respect to ζ̄ produces

z̄′(ζ̄ )=
a

2ζ̄ 2
+

a(3m1/2
1 − 1)

2(m1/2
1 + 1)

+
2am1/2

1 (m1/2
1 − 1)2 ζ̄ 2

(m1/2
1 + 1)3

+ · · · . (15)

Because σ̄ = 1/σ , z̄′(ζ̄ ) may be rewritten on the unit circle γ as

ω′(σ )=
a
2
σ 2
+

a(3m1/2
1 − 1)

2(1+m1/2
1 )
+

2am1/2
1 (m1/2

1 − 1)2

(1+m1/2
1 )3σ 2

+ · · · . (16)

Let us now expand the function ϕ0 of (9) in a power series in ζ of the form

ϕ0(ζ )= (b1+ ic1)ζ + (b3+ ic3)ζ
3
+ · · · , (17)

where the various coefficients of the ζ expansion (b1, c1, b3, c3) are assumed to be real variables. On the
unit circle γ , ϕ0(ζ ) becomes

ϕ0(σ )= (b1+ ic1)σ + (b3+ ic3)σ
3
+ · · · . (18)

Similarly, the complex conjugate of (17) is

ϕ̄0(ζ̄ )= (b1− ic1)ζ̄ + (b3− ic3)ζ̄
3
+ · · · , (19)
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with its first derivative being

ϕ̄′0(ζ̄ )= (b1− ic1)+ 3(b3− ic3)ζ̄
2
+ · · · . (20)

On the unit circle boundary γ , ϕ̄′0(ζ̄ ) becomes

ϕ′0(σ )= (b1− ic1)+
3(b3− ic3)

σ 2 + · · · . (21)

The integrals of (10) can be evaluated using residue theory as all of the singularities that appear in the
integrand are either simple or multiple poles.

The evaluation [Churchill 1960; Spiegel 1964] of an arbitrary integral in the complex plane having a
single singularity at z = z0 is ∫

γ

f (z) dz = 2π ia−1, (22)

where a−1 is the residue at z = z0. If multiple singularities arise within the unit circle γ , then the
residue a−1 in (22) is simply replaced by the sum of the residues. It is assumed that the integral in (22)
has no branch points. The residue a−1 can be determined for a simple pole by the following limit

a−1 = lim
z→z0

(z− z0) f (z). (23)

If a higher order pole exists at z = z0, then the following alternative to (23) can be used

a−1 = lim
z→z0

1
(n− 1)!

dn−1

dzn−1 [(z− z0)
n f (z)], n ≥ 2, (24)

where n is the order of the pole.
The residues of the integral on the left-hand side of (10) are evaluated at σ = 0 and σ = ζ , as

singularities exist there. In addition, residues are determined at the four roots of the following quartic
equation in σ :

σ 4
+
−1+ 3m1/2

1

1+m1/2
1

σ 2
+

4m1/2
1 (−1+m1/2

1 )2

(1+m1/2
1 )3

= 0, (25)

which are explicitly

σ −→±
1
√

2

√√√√√−3+
4

1+m1/2
1

±

√
1− 7m1/2

1 (3− 5m1/2
1 +m1)

(1+m1/2
1 )3/2

. (26)

The algebraic equation (25) is used to locate the roots of ω′(σ )= 0, which introduce singularities in the
integrand, and consequently require evaluation using residue theory. All four of the roots (26) fall within
the complex unit circle γ for 0≤ m1 ≤ 1, which is a necessary condition from residue theory for their
inclusion in the evaluation.

The result of the evaluation of this integral by residue theory is

1
2π i

∫
γ

ω(σ)

ω′(σ )
ϕ′0(σ )

dσ
σ − ζ

=
4(b1− ic1)m

1/2
1 (−1+m1/2

1 )2ζ

3(1+m1/2
1 )3

. (27)



366 DAVID J. UNGER

The subroutine for symbolic residue evaluation in Mathematica was used for determining the integral (27)
in this example. Note that when numerical iteration is used for determining roots instead of an analytical
expression, relationships (23) and (24) may have to be employed to determine the residues.

Similarly, the integral on the right-hand side of (10) requires residue evaluation at σ = 0 and σ = ζ
producing the result

1
2π i

∫
γ

( f 0
1 + i f 0

2 )
dσ
σ − ζ

=−
T∞aζ [−3+ 3e2ia(1+m1/2

1 )3+m1/2
1 [3+ 15m1/2

1 + 9m1+ 4(−1+m1/2
1 )2ζ 2

]]

12(1+m1/2
1 )3

. (28)

By substituting (17), (27), and (28) into (10), one finds a relationship for determining the coefficients of
the expansion of ϕ0(ζ )

aT∞ζ
[
−3+ 3e2iα(1+m1/2

1 )3+m1/2
1 [3+ 15m1/2

1 + 9m1+ 4(m1/2
1 − 1)2ζ 2

]
]

+ 12(1+m1/2
1 )3[(b1+ ic1)ζ + (b3+ ic3)ζ

3
] + 16(b1− ic1)m

1/2
1 (m1/2

1 − 1)2ζ = 0. (29)

By setting the real and imaginary parts of the coefficients on ζ and ζ 3 individually equal to zero in (29),
one determines the coefficients of the series as

b1 = 3aT∞(1+m1/2
1 )2

[
1− 3m1/2

1 − (1+m1/2
1 ) cos 2α

4(3+ 13m1/2
1 +m1+ 7m3/2

1 )

]
, (30)

c1 =
3aT∞(1+m1/2

1 )3 sin 2α

4(−3− 5m1/2
1 − 17m1+m3/2

1 )
, (31)

b3 =−
aT∞(−1+m1/2

1 )2 m1/2
1

3(1+m1/2
1 )3

, c3 = 0. (32)

Now, a relationship established in [Muskhelishvili 1977] is

σρ + σθ = 4 Re
[
ϕ′(ζ )

z′(ζ )

]
, (33)

where σρ and σθ are normal stresses in the ρ and θ directions. On the slot boundary, which is traction
free, σρ is zero so that (33) becomes [Savin 1961]

σθ (σ )= 4 Re
[
ϕ′(σ )

ω′(σ )

]
. (34)

From (34) the stress concentration factor may be determined as the maximum principal stress will always
be located on the surface of the slot.

This analysis is provided here only to demonstrate the basic technique used to generate the curves
shown in Figures 2 and 3, whose analyses contain many more terms of ζ than the series (6). The
series (6) was truncated after only three terms, as even a single additional term in the form of a fifth
power of ζ would greatly increase the length of the solution presented for an arbitrary value of m1.
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Figure 2. Stress distribution along slot surface under uniaxial loading for various slot
aspect ratios (3).

All of the curves shown in Figures 2 and 3 were generated with expansions containing odd powers
of ζ up to the twenty-third power using specific values of m1. Two exceptions are also shown for the
case m1 = 0.02, where ζ was expanded only up to the twenty-first power.

The extreme length of these solutions preclude their being published in their entirety. Also note that
finding roots of σ where singularities occur in the integrands often require numerical iteration for specific
rather than arbitrary values of m1. This was avoidable in the simple case of (25) because an analytical
solution for the roots is possible (26) for arbitrary m1. One must find all of the roots within the integrand
of the integrals in (10) provided that the roots fall within the unit circle γ . This is necessary in order to
evaluate the integrals in (10) using residue theory.

It is the curves showing oscillatory behavior in Figures 2 and 3 that were generated with this series ex-
pansion technique. The curves of Figure 2 were produced by taking α = π/2, in (11), which corresponds
to the direction of the remote tensile load T∞ in the y-direction. The curves in Figure 3 were produced
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Figure 3. Stress distribution along slot surface under biaxial loading for various slot
aspect ratios (3).

by superposing a solution with α = π/2 to one with α = 0 to simulate a uniform biaxial loading T∞ of
the plate at infinity.

The remaining curves of Figures 2 and 3 showing numerical data points joined by continuous curves
were obtained from finite differences solutions, whose details are discussed in the following section.

3. Finite difference solutions of the slot problem

The isotropic plane stress linear elastic slot solution is determined in this section by finding an appropriate
Airy stress function numerically. An Airy function φ = φ(x, y) must solve the following fourth order
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partial differential equation, which is referred to as the biharmonic equation [Malvern 1969]

∇
4φ =∇4φ(x, y)=

∂4φ(x, y)
∂x4 + 2

∂4φ(x, y)
∂x2 ∂y2 +

∂4φ(x, y)
∂y4 = 0. (35)

Equation (35) is valid provided that no body forces are present. The properties of the operator ∇4 in (35)
allow the biharmonic equation to be decomposed as

∇
4φ = 0H⇒∇2(∇2φ)= 0H⇒∇2ψ = 0 for ψ =∇2φ, (36)

where the Laplacian operator ∇2 is defined in Cartesian coordinates (x, y) by

∇
2( )=

∂2( )

∂x2 +
∂2( )

∂y2 . (37)
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Figure 6. Curvilinear orthogonal coordinate system (u, v) of the slot problem.

The function ψ in (36) is referred to as a harmonic function indicating that it solves Laplace’s equation

∇
2ψ = 0. (38)

By (36) the Airy function may also be thought of as solving Poisson’s equation

∇
2φ = ψ. (39)

Hence, a solution of the biharmonic equation may be decomposed into solving two second order partial
differential equations simultaneously, (38) and (39), as noted previously in [Greenspan 1974].

The use of an orthogonal curvilinear system that naturally accommodates the slot geometry will greatly
simplify the application of boundary conditions to the governing equation. A coordinate system closely
related to (1) will be used here. Let us introduce the following substitution for ζ in (1):

ζ =− exp(−w), where w = u+ iv, 0≤ u ≤∞, −π ≤ v ≤ π. (40)

A schematic drawing of this coordinate system (u, v) is shown in Figure 6 for the first quadrant of the
xy plane. As m1→ 0, the coordinates u and v of (40) approach standard elliptical coordinates, where
u is a family of confocal ellipses and v is a family of orthogonal hyperbolas. For a general value of m1,
the slot boundary is located at u = 0. On the slot boundary, the coordinate ρ = 1 so that v = π − θ , as
can be inferred from (5) and (40).
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In the coordinate system defined by w, Poisson’s equation (39) may be written as

∂2φ

∂u2 +
∂2φ

∂v2 = h2(u, v) ψ(u, v), (41)

where the metric coefficient h(u, v) in (41) can be determined using one of the following relationships:

h(u, v)=

√
dz
dw

dz̄
dw̄
=

√
Re2(dz/dw)+ Im2(dz/dw)=

∣∣∣∣ dz
dw

∣∣∣∣. (42)

Laplace’s equation (38) becomes in the new curvilinear system

∂2ψ

∂u2 +
∂2ψ

∂v2 = 0. (43)

A nine-point finite difference scheme for Poisson’s equation in [Rosser 1975], which also agrees with
one in [Collatz 1960], is chosen for solution of (41) for interior nodes (i, j):

φi, j =
1

20(φi−1, j+1+φi+1, j+1+φi−1, j−1+φi+1, j−1)+
1
5(φi, j+1+φi−1, j +φi+1, j +φi, j−1)

−
12

300
(82h2

i, jψi, j + h2
i−1, j+1ψi−1, j+1+ h2

i, j+1ψi, j+1+ h2
i+1, j+1ψi+1, j+1+ h2

i−1, jψi−1, j

+ h2
i+1, jψi+1, j + h2

i−1, j−1ψi−1, j−1+ h2
i, j−1ψi, j−1+ h2

i+1, j−1ψi+1, j−1), (44)

where 1 is the incremental change between adjacent nodes in the square mesh shown in Figure 4. The
indices of the mesh range from i = 1 to 181 and j = 1 to 91.

Similarly, an equivalent formulation for the discretization of Laplace’s equation (43) for interior nodes:

ψi, j =
1
5(ψi, j+1+ψi−1, j +ψi+1, j +ψi, j−1)+

1
20(ψi−1, j+1+ψi+1, j+1+ψi−1, j−1+ψi+1, j−1). (45)

Now the boundary condition for ψ along slot OC of Figure 6 must be derived. As the slot is traction free,
the following relationships may be imposed [Malvern 1969] to satisfy this boundary condition:

φ(0, v)=
∂φ

∂u

∣∣∣∣
u=0
= 0. (46)

As φ is constant along the slot by (46), the following relationships for partial derivatives of φ with respect
to v and a reduction of Poisson’s equation to an ordinary differential equation along the slot are deduced:

∂φ

∂v

∣∣∣∣
u=0
= 0−→

∂2φ

∂v2

∣∣∣∣
u=0
= 0−→

d2φ(0, v)
du2 = h2(0, v) ψ(0, v). (47)

Sixth order, forward, finite difference representations [Miller 1975] of partial derivatives of φ along the
slot boundary (i = 1) follow

∂φ

∂u

∣∣∣∣
1, j
= 0= 1

601
(−147φ1, j+360φ2, j−450φ3, j+400φ4, j−225φ5, j+72φ6, j−10φ7, j ),

∂2φ

∂u2

∣∣∣∣
1, j
=

1
18012 (812φ1, j−3132φ2, j+5265φ3, j−5080φ4, j+2970φ5, j−972φ6, j+137φ7, j ).

(48)
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In addition, from (46), one infers along the slot that

φ(0, v)= φ1, j = 0 for j = 1 to 91. (49)

From the ordinary differential equation in (47), combined with relationships (48) and (49), the discretized
value of ψ along the slot boundary is

ψ1, j =
10φ2, j − 5φ3, j + 2.2222φ4, j − 0.625φ5, j + 0.08φ6, j

h2
i, j1

2
, j 6= 1 or 91. (50)

Note that φ7, j was chosen for elimination between equations (48) in the derivation of (50).
Equations (49) and (50) constitute the boundary conditions on φ and ψ respectively along slot OC of

Figure 6 with the exception of the endpoints for ψ .
Other boundary conditions that must be satisfied along sides OA and BC of Figure 6 are due to

symmetry

OA and BC:
∂φ

∂v
= 0,

∂ψ

∂v
= 0. (51)

The condition on φ defined by (51) was satisfied by employing simple forward and backward second
order finite difference equations

OA: φi,1 = (4φi,2−φi,3)/3, i 6= 1 or 181,

BC: φi,91 = (4φi,90−φi,89)/3, i 6= 1 or 181.
(52)

The second boundary condition of (51) on ψ was combined with second order finite difference represen-
tations for Laplace’s equation (43) in order to obtain the following relationships that are appropriate for
homogeneous Neumann boundary conditions [Li and Lam 1964]

OA: ψi,1 = (ψi−1,1+ψi+1,1+ 2ψi,2)/4, i 6= 1 or 181,

BC: ψi,91 = (ψi−1,91+ψi+1,91+ 2ψi,90)/4, i 6= 1 or 181.
(53)

Along the exterior boundary AB, which represents infinity, two different types of loadings were con-
sidered. The first was for a uniaxial loading T∞ in the direction of the y-axis (Figure 1). The second was
for a uniform biaxial loading in the x and y directions. In the specific cases, the following relationships
were used:

uniaxial loading on AB:
{
φ181, j = (T∞/2)x2

181, j

ψ181, j = T∞,
j = 1 to 91,

biaxial loading on AB:
{
φ181, j = (T∞/2)(x2

181, j + y2
181, j )

ψ181, j = 2T∞,
j = 1 to 91.

(54)

At the ends of the slot, points O and C respectively, second order finite difference representations of
Laplace’s equation were combined with second order finite difference equations of the second boundary
condition of (51) to obtain

ψ1,1 = ψ3,1+ 2ψ1,2− 2ψ2,1, ψ1,91 = ψ3,91+ 2ψ1,90− 2ψ2,91. (55)
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Figure 7. Airy stress function φ for biaxial loading.

A Jacobi iteration scheme [Akai 1994] was chosen to solve the governing equations for φ and ψ ,
(41) and (43) respectively, subject to boundary conditions (49), (50), (52)–(55). The value of the grid
increment 1 used in the finite difference analysis was π/180. The value of u varied from 0 to π in
the analysis, while the coordinate v varied from 0 to π/2. For u = π , there is approximately a one
degree variation in the angle v between adjacent nodes in the physical plane. Representative plots of
the solutions for ψ and φ for the biaxial loading case with m1 = 0.01 are shown in Figures 5 and 7,
respectively.

Note that

ψ = σx + σy = σu + σv, (56)

where σx , σy , σu , and σv are normal stresses in their respective directions, which are designated by
subscripts. On the slot boundary, σu is zero so that σv = ψ by (56).

The MATLAB software was used for the numerical analysis. Subroutines for the evaluations of elliptic
integrals for complex arguments were written by Igor Moiseev and downloaded from the MATHWORKS
file exchange.

The convergence of the numerical scheme for the stress concentration factor for the uniaxial case of
loading for a value of m1 = 0.01, representing an infinite boundary, is shown in Figure 8 as the outer
radius of the boundary R is increased. The value of R was calculated at the coordinate v = 0. It was
determined numerically that little variance occurred in Kt beyond the value u = π as indicated in the
figure. This value of R is also small enough to maintain numerical stability of the iterative process
as φ grows concurrently large. The mesh size itself was chosen to be fine enough to provide accurate
numerical results while at the same time minimizing computation time for convergence of the iterative
solution.
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Figure 8. Convergence of numerical solution for stress concentration factor as a func-
tion of outer boundary radius.

4. Comparison of solutions

The numerical data points for various values of m1 are shown in Figure 2 for a uniaxial tensile loading of
the slot and in Figure 3 for a biaxial tensile loading of the slot. When the maximum principal stresses are
plotted for the numerical data, fairly smooth curves connecting the data points are observed (Figure 9).
In contrast, a plot of the maximum principal stresses for the series solutions would exhibit significant
amounts of scatter in the data due to the oscillatory behavior of the solutions. On the other hand, there
is still a discernable qualitative agreement between the series and the finite difference solutions plotted
in Figures 2 and 3 along the slot surfaces. This fact lends additional support to the assumption that the
boundaries representing infinity in the finite difference solutions are sufficiently distant from the origin
that any additional length added to the existing boundary will have a negligible effect on the maximum
principal stress.

An exact stress concentration factor Kt exists for the antiplane or mode III slot problem of this shape
[Unger 2012a; 2012b; 2016; 2018; 2019]:

antiplane shear loading: Kt = τmax/τ∞ = 1/m1/4
1 , (57)
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Figure 9. Stress concentration factor versus elliptic integral parameter.
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where τmax is the largest equivalent shear stress and τ∞ is the applied shear traction at infinity. Being a
power law relationship, it appears as a straight line when plotted on the log-log scale of Figure 9. (Other
authors who have found asymptotic solutions to semiinfinite slot problems with a cycloidal tip for a
mode III loading are cited and discussed in [Unger 2012a; 2012b; 2018]).

A numerical fit to the data points for the uniaxial tensile loading case plotted in Figure 9 using the
Mathematica software has the power law relationship

uniaxial tensile loading: Kt = σ
max
v /T∞ = 1.52/m0.264

1 , (58)

where σmax
v is the maximum value of the normal stress σv in the v-direction. This value also corresponds

to the maximum principal value of stress. The relationship (58) is plotted as a straight line through the
uniaxial tensile data points in Figure 9. Combining (58) with (3) will allow a relationship between aspect
ratio and the stress concentration factor to be generated. This simple power law relationship breaks down
for values of m1 greater than about 0.05. A plot of stress concentration factor versus slot aspect ratio is
provided in Figure 10, which contains points having corresponding values of m1 larger than 0.05. The
value of slot aspect ratio corresponding to m1 = 0.05 is approximately 1.88.

For the biaxial tensile loading, a transition occurs around m1 = 0.00316 for the location of the
maximum principal stress on the curved portion of the slot. For m1 ≤ 0.00316, the largest principal
stress occurs at the slot tip. For m1 > 0.00316, the largest principal stress lies somewhere between the
slot tip and the point where the flat surfaces begin. Figure 3 illustrates this behavior. The location of the
coordinate v on the slot (u = 0) where the flat surfaces meet the rounded portions is

v = cos−1 1−m1/2
1

1+m1/2
1

. (59)

A comparison is now made between the results obtained here for the case of the uniaxial tensile
loaded slot of the type shown in Figure 1 to the work in [Bowie and Freese 1978] for a uniaxial tensile
loaded ovaloid. Recall that the ovaloid is linear slot cut into a plate having semicircular ends. Thus
the geometry of the ovaloid is very similar to the slot geometry addressed in this paper. It should also
provide a qualitative check on the accuracy of the analysis presented here.

uniaxial tensile
loading of slot
(Figure 1)

uniaxial tensile loading of ovaloid
[Bowie and Freese 1978]

AR

Kt

12

10

8

6

4

2

5 10 15 20 25

 

antiplane shear loading of slot (Figure 1), exact solution 

antiplane shear loading of ovaloid
[Savruk et al. 2013]

circular hole limits for ovaloid

Figure 10. Comparison of stress concentration factor versus aspect ratio for two elon-
gated holes.
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The present author [Unger 2016] generated a continuous and smooth curve fit to the data points
generated in [Bowie and Freese 1978] of the form

Kt = 0.850+ 2.13
√

AR. (60)

Note that this expression becomes invalid for values of stress concentration factor lower than a value of
three as the ovaloid degenerates to a circular hole at that particular value.

A similar fit to the data points shown in Figure 9 for the uniaxial tensile loading of the slot together
with a few additional data points covering the low aspect ratio region is

Kt = 0.324+ 2.11
√

0.0783+ AR. (61)

Unlike the ovaloid expression (60), the relationship (61) is valid down to an aspect ratio of zero where
the shape of the slot degenerates to a vertical line that is parallel to the direction of load.

By comparing the two curves representing (60) and (61) in Figure 10, one can infer that the slot shape
of Figure 1 produces lower stress concentration factors Kt than the ovaloid for identical aspect ratios of
the slot. This might be attributed to the fact that the ovaloid has a smaller radius of curvature at the slot
tip than does those of Figure 1 for the same aspect ratio [Unger 2016]. The radius of curvature ρt for the
slot tip corresponding to relationship (4) is given by

ρt = 2a
m1/2

1

1−m1/2
1

. (62)

The radius of curvature at the tip of the ovaloid is naturally determined as half the width of the slot
because its ends are semicircular in shape.

Similarly, a curve fit to numerical data points generated for the antiplane shear loading of the ovaloid
was provided in [Savruk et al. 2013; Savruk and Kazberuk 2017] as

Kt = 1.3442
√

AR +
1

1+ 0.5249
√

AR
. (63)

In Figure 10, this relationship is compared to the exact solution for the slot of Figure 1. The exact formula
is obtained by combining (3) with (57).

One notes from Figure 10 that for both uniaxial tensile loading and antiplane shear loading of the slot
of Figure 1 have lower stress concentration factors than those of the ovaloid for identical aspect ratios.

5. Conclusions

The finite difference solutions for the slot problem addressed in this article produce more reliable values
of stress concentration factor than do the series solutions.

While the slot shape addressed in this paper produces lower stress concentration factors than does the
ovaloid for identical hole aspect ratios, the close proximity of the two curves for each individual case
in Figure 10 suggests that the additional complication of milling the slot tip of the specified shape (4)
is unjustified in most cases. For the antiplane slot problem, relationship (57) remains the only exact
solution of its kind for comparison.
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In closing, the material contained within this article may help experimentalists in the field of fracture
mechanics to better determine the state of stress into which a crack propagates in a specimen.
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FACTORS THAT INFLUENCE THE LATERAL CONTACT FORCES
IN BUCKLING-RESTRAINED BRACES:

ANALYTICAL ESTIMATES

FRANCESCO GENNA

Dedicated to the memory of Laura Da Lisca

An analytical technique for the calculation of the lateral contact forces in buckling-restrained braces
(BRBs), proposed by Dehghani and Tremblay (2017), is critically revised and improved. The resulting
algorithm is implemented and adopted with the only aim of highlighting what factors are important in
the calculation of the lateral thrust in BRBs. Many of these factors seem to have a marginal importance
in comparison with the buckled shape of the core, the core steel constitutive law, and the stiffness of
the retention profiles. Possible conclusions deriving from this analysis are (i) only the calculation of
analytical upper and lower limits for the lateral thrust in BRBs may have a sense, but these limits are
always much distant from each other, and (ii) it is worthless trying to adopt over-detailed calculation
techniques for this important quantity.

1. Introduction

Buckling-restrained braces (BRBs), designed to dissipate energy also in compression through the limi-
tation of the elastic-plastic buckling amplitude of a steel core, are increasingly adopted in engineering
practice. Their design is based on commonly accepted procedures, aimed at preventing their global
buckling, failures due to plastic collapse/fatigue, and failures of the end connection (or other) details.
There is not space here for a review of this topic and of the abundant literature concerning it. Useful
information could be obtained, for example, from [Takeuchi and Wada 2017].

In spite of this situation, a main engineering quantity, in BRBs, still seems to remain very difficult to
be accurately calculated. This quantity is the lateral contact force, or thrust, generated by the buckled
core when reaching contact against the external retention profiles. These forces, at each contact point,
have both a normal and a tangential component. The retention profiles should be designed on the basis
of the values of these contact forces. If the normal contact forces become too high, there is the risk, for
example in the case of bolted all-steel BRBs, of an explosive failure of the bolts.

Yet the determination of the lateral contact forces in any BRB is very problematic, which makes
problematic also the correct design of the retention profiles. Strangely, there seems to be very little
published work on the experimental side of this specific aspect. Almost the totality of the attention has
been devoted to the BRB hysteretic (axial) behavior only. Besides the references quoted in the sequel of
this work, to this author’s knowledge only [Dehghani and Tremblay 2018] provides some information of
the experimental type about the lateral thrust in BRBs; [Dehghani and Tremblay 2017; Jiang et al. 2015]
also devote some attention to this aspect, but through numerical analyses only.

Keywords: buckling-restrained braces, contact forces, analytical methods.
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In this work the term “total lateral thrust”, denoted by the symbol QTOT , indicates the sum of all the
contact normal forces at one side of the BRB core. The value of QTOT depends on many factors, some of
which are difficult to properly take into account. The main one is the shape and the number of the core
buckled waves. It was shown in [Genna and Bregoli 2014] that, given a value of the axial shortening of
the BRB core beyond its first buckling limit, both the number of buckled waves and the wave shape are
not uniquely defined, but that several buckled configurations exist, all equally possible. Finite element
(FEM) analyses [Genna 2019] have shown that the computed value of the total lateral thrust is extremely
sensitive to any modeling detail. Different FEM models may produce, for the same BRB problem, values
of QTOT differing from each other by a factor of almost 3. In [Genna 2020], it was shown experimentally
that the measured values of QTOT , in 11 nominally identical BRB samples, varied in a range one order
of magnitude wider than the range of the experimentally measured axial forces. The minimum value
measured of QTOT was one half of the maximum one.

Even having full control over all the other important factors — which is not the case anyway — the
multiplicity of possible buckled configurations alone makes it impossible to predict with an acceptable
engineering accuracy the value of the total lateral thrust in BRBs. The configuration “chosen” by a
buckled BRB core, especially after a sequence of tensile-compressive loading cycles, depends essentially
on the existing imperfections. No engineer has enough control over the imperfections to enable a sensible
choice between multiple solutions associated with quite different values of structural forces.

This complication appears to be inherent in any BRB design type. In fact, every BRB, by its very
nature, comprises a yielding segment which undergoes a multiwave plastic buckling under shortening.
This phenomenon is the essence of any BRB properly functioning; there is no way to avoid it, or stay clear
from it, as happens for example when dealing with ordinary compressed structural elements. In these,
it is normal practice to stay well below the theoretical buckling limit so as to reduce to a minimum the
sensitivity of the response to the imperfections. But in an element designed to work exploiting buckling
this sensitivity always exists, and dominates the response, at least in some of its aspects. The axial force
in BRBs, for example, is not sensitive to the imperfections, precisely because the buckled amplitude is
limited; but the lateral thrust QTOT definitely is, as clearly shown in [Genna 2019; 2020].

Workarounds to this unfortunate situation seem to be of two types. A first one is to resort to exten-
sive preliminary experimental verifications of each new BRB design, so as to have significant statistics,
covering a large enough variety of imperfections, providing an engineering sufficient guarantee of the
structural safety. This obviously is a very expensive procedure, and not ordinary engineering practice.

Another possibility could be to compute a theoretical range of values for the total lateral thrust, and
selecting some value high enough to allow a safe design procedure. To this purpose, analytical tools
could be adopted.

Several attempts have been made to produce analytical techniques for the calculation of the lateral
thrust in BRBs. Many of these techniques, however, appear to be based on wrong assumptions, among
which the main one is of adopting Euler’s relationship between the compressive axial load and the buckled
wavelength. It was proved first in [Genna and Gelfi 2012], and later in [Genna and Bregoli 2014], that,
owing to the existence of contact, this is not the case, by a large amount.

One of the most refined analytical techniques is proposed in [Dehghani and Tremblay 2017], where
many aspects of the problem are taken into account. This technique appears correct in its main essence,
but seems to give even too much attention to details which may be of little or no importance with respect
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to the tremendous uncertainty introduced by the selection of the shape and number of buckled waves. In
the present work the technique of Dehghani and Tremblay [2017] is taken as a starting point. An attempt
is made at improving some aspects and possibly rectifying some imprecisions. Several engineering and
modeling factors are taken explicitly into account, and can be controlled.

This analytical tool is adopted here with the only aim of understanding which are the important fac-
tors for the calculation of the total lateral thrust, and which are inessential. No comparison with “real”
results, either experimental or FEM, is made. If interested, the reader may find some experimental and/or
numerical results, to be compared with the analytical ones of Section 4 later on, in [Bregoli et al. 2016;
Genna 2019; Metelli et al. 2016; Dehghani and Tremblay 2018; 2017].

The results illustrated here may help in allowing one to eventually produce the simplest possible
analytical tool yet able to provide an acceptable range of values (a single “exact” one does not exist, as
explained here above) for the lateral thrust in a given BRB. It will remain a (difficult anyway) decision of
engineers how to select, in the computed range, the most appropriate lateral thrust value, to be adopted
for the correct design of the retention profiles.

2. Considered BRB model and general assumptions

Reference is made to the BRB model shown in Figure 1. The top image shows a dissipative core, of
length L , with a rectangular cross-section of height t and width b, placed between two restraining profiles
whose global elastic stiffness, including possible connection elements such as bolts, is denoted by KTOT

(dimension of force/displacement) at each side of the core. At the top and the bottom of the core a free
gap exists of width equal to g/2. It is assumed, with no loss of generality, that the core is connected
to the restraining profiles at the center point, where therefore no relative slip can occur. This point is
indicated as FP (fixed point). The core is assumed to be made of an elastic-plastic hardening material,
and the restraining profiles are assumed to behave elastically.

The image below shows a sketch of the BRB buckled configuration under an adequate axial shortening,
associated to horizontal compressive forces HEND at the core ends. From here on, reference will be
made to horizontal and vertical force components always assuming that the axis of the undeformed core
is horizontal. At each contact point, between core and restraining profiles, both normal and tangential
forces develop. The tangential forces, due to friction, cause a jump in the horizontal internal force at
each contact point, thus causing several jumps of the horizontal forces in each half-wave. This, in turn,
produces an increase in the normal contact forces moving away from the FP; this is the reason for the
sketched increase of the retention profiles opening in the central image of Figure 1.

It has to be remarked that the reality might be different, in dependence on the local stiffness details
of the restraining profiles (for example, connection bolts). These can cause smaller openings at the core
ends rather than at its mid-zone. In the present work, however, no local stiffness detail of the restraining
profiles will be taken into consideration.

In the configuration shown in Figure 1, the relative slip between core and retention profiles occurs
from the ends of the core towards the FP; therefore, all the tangential contact forces are directed to the
left in the left part of the core, and to the right in the right part.

The bottom images in Figure 1 depict a single buckled wave and illustrate the adopted mechanical
scheme. In this, at each contact zone the local stiffness provided by the retention profiles is approximated
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Figure 1. Top: BRB scheme. Center: BRB buckled shape under axial shortening. Bot-
tom: detail of a core buckled wave, taken from the left side of the BRB, where the
relative slip between core and restraining profiles occurs towards the left.

by two linear elastic springs. The core buckled half-wave length is denoted by l0 with reference to the
undeformed configuration, and by l∗0 on the deformed configuration (more details about this later on).
The symbol γ , in the right bottom image, defines the central portion of a buckled half-wave which joins
two contact points at the opposite sides of the core, so that the length of this portion, denoted by lB , is
equal to

lB = 2γ l0. (1)

The other symbols adopted in the right bottom image refer to the horizontal internal forces Hi , existing
in the various portions of the core, and to the contact forces. The normal contact forces at each contact
point are denoted by Qi . A Coulomb friction model is assumed, governed by a friction coefficient µ,
which provides a maximum possible value, for the tangential forces, equal to µQi at each contact point.
The total lateral thrust QTOT is the sum of all the normal contact forces Qi at one side of the core:

QTOT =

C∑
i=1

Qi (2)
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Figure 2. Possible buckled shapes of BRB cores, according to [Genna and Bregoli
2014]. The indicated values of parameters ξ and γ are valid only for sufficiently stiff
restraining profiles.

where C denotes the total number of contact points at each side of the core. This is the main quantity of
interest in the present work.

The main difficulty, in this problem, is the determination of the buckled half-wave length l0 associated
to a given value of the horizontal load in the core. This issue was first tackled in [Genna and Bregoli
2014], where a much simplified situation was studied, but it was nevertheless found that at least 6 possible
buckled configurations can exist under the same horizontal load. For each of these configurations a
specific corresponding value of the horizontal force could be obtained. A convenient way for expressing
this relationship is the following one, for the moment ((11) will be adopted later on for the elastic-plastic
case) associated to a purely elastic buckling of the BRB core:

l0 = ξπ

√
E I
H

(3)

where E is the Young modulus of the material, I is the weak-axis moment of inertia of the core cross-
section (here I = bt3/12), H is the horizontal internal force associated to the buckled half-wavelength,
and ξ is a parameter that depends on the shape of the buckled wave. Equation (3), for ξ = 1, provides
the familiar Euler buckling load. Owing to the existence of the restraining profiles, for this problem the
value of ξ can take values much higher than ξ = 1. To each possible value of ξ , a unique value of γ
of (1) is associated.

Figure 2 illustrates the 6 possible buckled configurations, for one buckled wave, individuated in [Genna
and Bregoli 2014], together with the corresponding values for the parameters ξ and γ . In this figure, for
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simplicity, it is assumed that two adjacent half-waves have the same length l∗0 in the deformed con-
figuration. This happens only if the contact between core and restraining profiles is frictionless. The
indicated numerical values for the parameter ξ are rigorously valid only for the limiting case of rigid
restraining profiles. Nevertheless, the normal stiffness of the restraining profiles is high enough to allow
the formation of these buckled configuration for the indicated values of ξ . The difference between the
top two cases is associated to their development under an increasing core shortening: for ξ = 1.4303 a
point contact remains, and for ξ = 2 a flat line contact starts developing.

From the theoretical viewpoint no situation, among the 6 illustrated in Figure 2, is to be preferred. This
leaves open the choice of a wide range of values for ξ (even wider if the restrainers have an insufficient
stiffness). Notice that, given a value of l0, for ξ = 2 the corresponding horizontal force is 4 times larger
than Euler’s one, according to (3), and for ξ = 4 it is 16 times larger than Euler’s load. Therefore, the
definition of parameter ξ is a crucial point in this calculation.

In setting up the equations for computing the Qi values, and their resultant QTOT , the following main
assumptions will be made.

(a) The studied BRB model is supposed, for simplicity, to be subjected to tensile and compressive cycles
of the same amplitude, defined by the peak value of the average strain ε0:

ε0 =
umax

L
, (4)

u denoting the horizontal displacement of the core ends, and umax its peak value. A generalization to
unsymmetric cycles is easy to consider.

(b) The bending moment at the contact points is always considered equal to zero. This allows one to
greatly simplify the problem, and is in fact a crucial assumption, taken also in [Dehghani and Tremblay
2017], to obtain a technique which solves the problem one half-wave at a time. In reality, if a line contact
develops the bending moment is rigorously equal to zero in all the contact zones; but if a point contact
develops this may not be the case.

(c) The fixed point FP, assumed to be at the mid-point of the core as in Figure 1, is supposed to be
in contact with one restraining profile, and the buckled configuration is assumed to be symmetric with
respect to the FP. This assumption is somewhat limiting, since it is known, from both experiments and
numerical simulations, that the buckled configuration, even considering it made by identical half-waves,
can be associated to a rigid rotation of the core, so that the contact points, at the two core ends, can be
at the opposite sides of the core, with an odd total number of half-waves [Bregoli et al. 2016].

(d) The adopted stress-strain equation for the steel core is the uniaxial one of Ramberg and Osgood
[1943]:

σ =
Eε

1+α(|σ |/σ0)n−1 (5)

where σ0 is the yield stress, and α and n are material parameters.

(e) The local tangential contact forces due to the friction, at each contact point, will usually be considered
equal to their maximum value, i.e., µQi if Qi is the value of the local normal contact force at that point.
This assumption is correct if a continuous slip occurs between core and restraining profiles after contact
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is reached. Nevertheless, preliminary experimental results shown in [Genna 2020] indicate that this may
not always be the case. A part of the results shown in Section 4 will explore the importance of this aspect.

(f) In order to adapt (3) to the elastic-plastic case, an approach similar to the one taken in [Bregoli et al.
2016], accounting also for later observations [Dehghani and Tremblay 2017; Genna 2020], is followed.

In the first place, to account for the assumed cyclic loading type, the value of the horizontal load
in (3) is redefined following what was proposed in [Bregoli et al. 2016] but accounting for a nonlinear
stress-strain constitutive law:

Hcic = σcic A, σcic = σ(εcic), εcic =

(
2ε−

σ0

E

)
(6)

where ε indicates the actual value of the average core strain in the considered configuration and in the
considered point. This replaces (9) of [Dehghani and Tremblay 2017].

Next, in (3) the Young modulus E should be replaced by a different modulus, that takes into account
the reduced stiffness existing in the plastic range. In [Genna and Gelfi 2012], use of Shanley’s theory was
made, replacing the value of E with the value of a tangent modulus Et . Dehghani and Tremblay [2017]
have adopted an “effective modulus”, intermediate between the elastic and the tangent one (their (1)).
They proposed an empirical nonlinear model both for the stress-strain equation and for their “effective
modulus”. In the present work a third approach is followed, based on recent results to be found in [Genna
2020], both experimental and numerical. According to these results, for this BRB problem the formation
of a new buckled wave occurs with plastic loading in the compressed portion of the core cross-section,
and elastic unloading in the portion elongated due to the bending. This suggests the adoption of the
reduced modulus ER of the von Kármán theory of elastic-plastic buckling (see for example [Bažant and
Cedolin 1991]). Accordingly, in the present work the adopted material modulus for the expression of the
buckled half-wave length will be

ER =

[
1
2

(
1
√

E
+

1
√

Et

)]−2

(7)

valid for a rectangular cross-section [Bažant and Cedolin 1991], and where Et is the local tangent mod-
ulus provided by (5) at a strain equal to εcic of (6), i.e.,

Et = E
[
αn
(
σcic

σ0

)n−1

+ 1
]−1

. (8)

Finally, it may be of importance to replace the standard value of the moment of inertia I of (3) with one
corrected to take into account the effect of both the elastic Poisson effect and the plastic incompressibility
(here we introduce another difference with respect to [Dehghani and Tremblay 2017]). For a given
average compressive axial strain ε, at some point along the core axis, these effects produce a transversal
strain εt , here associated to widening of both the core sides, equal to

|εt | =
1
2ε+

σ

E

(
ν− 1

2

)
, (9)

ν being the elastic Poisson coefficient. As a consequence, the modified cross-section moment of inertia
is given by

I ∗ = 1
12 bt3(1+ cν |εt |)

4. (10)
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The coefficient cν , to be set equal to 0 or 1, is inserted to enable the evaluation of the importance of this
effect.

In conclusion, the expression adopted to relate the value of the horizontal force to the buckled half-
wave length is

l0 = ξπ

√
ER I ∗

Hcic
. (11)

(g) A constant value for the parameter ξ in (11), chosen among the 6 possible of Figure 2, is considered
along all the buckled core, implying that all the buckled half-waves have the same shape. In reality this
is not guaranteed to happen: waves of different shapes, along one BRB core, are often observed in both
experimental and numerical results. This phenomenon is a further big complication, due to the sensitivity
to imperfections, and very difficult, if not impossible, to be properly taken into account in a theory.

Moreover, and unlike what was done previously for example in [Bregoli et al. 2016], the value for ξ
has been considered as a datum, one of the 6 values of Figure 2. In [Bregoli et al. 2016], the periodicity of
the buckled shape was assumed for simplicity, and also only an integer number of equal half-waves was
always considered, assuming that both the extreme points of the core were at contact with the restraining
profiles. To account for this situation, in [Bregoli et al. 2016], the final value of ξ had to be adjusted,
starting anyway from one of those indicated in Figure 2, so as to produce a value of l0 associated to an
integer number of half-waves. If ξ is considered as unknown, however, the adopted solution technique to
compute QTOT would become much more complicated, requiring the solution of the problem for the full
BRB core instead of solving one half-wave at a time. Therefore, and considering also that the value of
l0 in reality changes at each half-wave because of friction, it was decided here to keep the chosen value
of ξ fixed for all the half-waves except the last (core ends) one, as explained in the next section.

(h) No account is taken of a possible strong-axis buckling of the core or of other out-of-plane effects.
Strong-axis buckling may happen in reality (limited anyway by the restraining profiles, and with just one
wave), but it does not seem to influence the main weak-axis behavior [Genna 2019].

(i) No account is taken of the important dependence of the lateral thrust on the number of loading cycles,
even when they are of the same amplitude. As shown experimentally [Metelli et al. 2016], at each new
cycle of the same amplitude, at least for the first cycles, the lateral thrust increases significantly, up to
100%, owing to a progressive “flattening” of the core portions in contact with the restraining profiles.
Accounting for this phenomenon analytically seems for the moment out of the question. It must be noted
that this phenomenon can be found numerically using a standard hardening model with no dependence
on the cycle number. Therefore, the adoption of a stress-strain equation including a dependence on the
cycle number, as done in [Dehghani and Tremblay 2017], is not crucial to obtain this effect. This is
a further reason to choose the simple Ramberg–Osgood constitutive model of (5), which requires the
definition of just 3 plastic material parameters.

Further specific details on the modeling technique are given in the next section.

3. Solution technique

The main purpose of the model described in the previous section is the calculation of the lateral thrust QTOT

associated to a given set of data, including a prescribed end displacement maximum amplitude umax. The
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approach followed is based on the one described in [Dehghani and Tremblay 2017]. The calculation pro-
ceeds one half-wave at a time, accounting for the variation of both the internal forces and the associated
half-wave lengths due to the friction. Beside what already illustrated in the previous section, however,
other modifications have been introduced, as explained next.

3.1. Governing equations. Figure 3 sketches the considered geometry of the buckled core and the as-
sociated evolution of the internal forces. V is the vertical internal force, i.e., the shear force in the flat
core portions. V is considered positive if it gives a positive contribution to the lateral thrust. H is the
horizontal internal force, i.e., the axial force in the flat core portions, considered positive if compressive;
and M is the bending moment. In the core portion of Figure 3, the motion occurs towards the right, and
the contact tangential forces are all directed towards the left; this is the reason for the increase of the
internal forces proceeding from the FP towards the left.

In Figure 3, as well as in all the analytical calculations, a symmetric line contact configuration has
been assumed as the basic buckled configuration. This is convenient because it allows one to treat the
local contact forces as split into two concentrated parts, located at the two extreme points of the flat
contacting portions of the core. This is reflected in the assumed plot of the internal vertical forces V of
the figure. In this way, unlike the case of single point contact configurations, the equilibrium equations
for a single half-wave involve only quantities defined on that half-wave.
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Since the results of Section 4 will consider also values of ξ related to point contact configurations, for
these cases it will be assumed that the single contact point configuration is the limiting case, with zero
length, of a line contact configuration, so that the equilibrium equations, as described next, remain still
valid.

Figure 4 shows all the forces — external and internal — considered on a single generic half-wave. The
top image refers to the undeformed — horizontal — shape, where l0, given by (11), is the half-wave
length, and lA, lB , and lC denote the three portions of the half-wave. lB is the length of the central part,
inclined in the deformed configuration, defined by the parameter γ as in (1).

The lengths of the 2 lateral flat portions are assumed, with no loss of accuracy even for the cases in
which they are not, to be equal:

lA = lC =
1
2(l0− lB)=

1− 2γ
2

l0 (12)

(see (1)). These quantities will be adopted for all the calculations involving the kinematics of this problem,
which is treated in a second-order theory, i.e., as infinitesimal. Equilibrium is instead defined on the
deformed configuration, shown in the bottom part of Figure 4.
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The half-wave axis line has undergone a bending limited by the restraining springs. The vertical
distance between the core axes at the top and the bottom points of the central part, denoted as 1i in
Figure 4, can be expressed as

1i = g+ cspr
2Qi

ki
− cν tεt B . (13)

Here, g is the initial total gap between core and restraining profiles; the second addend derives from
the elastic opening of the restraining profiles; the last term accounts for both the Poisson and the plastic
incompressibility effects, as was done in (10). In this term, the lateral strain εt B is the one existing in
the inclined portion of the core, given by (9). The local spring stiffness ki is determined as

ki =
KTOTl0

L
(14)

(recall that two springs are introduced at each contact line, as in Figure 1, each of stiffness ki ). The
coefficients cspr and cν , in (13), enable the evaluation of the importance of the associated terms. If
cspr = 0 the restraining profiles are treated as rigid. If cν = 0 the Poisson + plastic incompressibility
effects are neglected.

The horizontal shortening δui of the considered half-wave is the sum of two terms, an axial one,
associated to the average strains, and a bending one, denoted by u B , as

δui = (εAlA+ εBlB + εC lC)+ cubu B, (15)

in which a coefficient cub has been inserted to enable the evaluation of the importance of the bending
contribution to the axial shortening.

In all the equations adopted in this work, compression and shortening are always considered positive.
The value for the contribution u B , denoting by v(x) the bending deflection function in the central

portion of the half-wave (see Figure 4), can be evaluated, in a second-order theory, by the standard
expression

u B =
1
2

∫ γ l0

−γ l0

v′2(x) dx . (16)

The function v(x) can be approximated as

v(x)=
1i

2
sin

2πx
4γ l0

. (17)

Inserting (17) into (16) one obtains

u B =
π212

i

32γ l0
, (18)

different from (8) of [Dehghani and Tremblay 2017].
Equilibrium is governed by the following equations:

VB = Qi , (19)

vertical translation of the top small portion of core subjected to the local contact forces;

HB = HA+µQi , (20)
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horizontal translation of the top small portion of core subjected to the local contact forces;

HC = HB +µQi = HA+ 2µQi , (21)

horizontal translation of the bottom small portion of core subjected to the local contact forces; and

HB1i = VBl∗B = Qi l∗B, (22)

rotation of the inclined segment of core. In this equation use was made of the deformed length l∗B , which
can be obtained, on the basis of Figure 4, as

l∗B = lB − cl∗(lBεB + u B). (23)

Once again, a coefficient cl∗ was inserted to enable the evaluation of the importance of the difference
between lB and l∗B in these calculations.

These equations are different from the simpler ones adopted in [Dehghani and Tremblay 2017]. There,
in fact, the horizontal forces have been considered constant in the whole half-wave, ignoring the jumps
due to the tangential frictional forces between the flat and the inclined portions of the half-wave.

Finally, the relationships between stresses and forces are

HA = σA A∗A, HB = σB A∗B, HB,cic = σB,cic A∗B, HC = σC A∗C . (24)

Here, the starred quantities, for the cross-section areas An , account for the core lateral expansion due to
the combined Poisson and plastic incompressibility effects, and are computed as

A∗n = An(1+ cν |εn,t |)
2 (25)

where the lateral strains εn,t are defined as in (9), and where the coefficient cν has the same purpose as
in (10) and (13).

In these equations, all the stresses are related to the corresponding strains via (5).

3.2. Solution procedure for the case with µ > 0. The above equations are used to compute all the Qi

values, half-wave by half-wave, and to obtain the total lateral thrust QTOT through (2). As done in
[Dehghani and Tremblay 2017], the local contact forces Qi are computed one half-wave at a time, starting
from the first one, at the fixed point FP. Owing to the assumed symmetry of the problem with respect
to the FP, only one half of the core is considered, for example the left one, of length L/2. The results
computed for this left half will be multiplied by 2 to obtain the lateral thrust QTOT for the full BRB.

The loading, for the problem, is the average global strain ε0 of (4). A fixed value for the coefficient ξ ,
among those shown in Figure 2, must be selected.

First half-wave. For the first half-wave, the input term is the average strain εA in the top flat portion
of Figure 4, uniquely related in a yet unknown way to ε0. This is given a tentative value ε1,A, and an
external iterative loop will be employed to calculate its correct value. In the calculations presented here,
this initial value has always been ε1,A = ε0/2.

Given a numerical value for ε1,A, the equations presented above allow one to compute all the unknowns
in terms of the stress σB only. The constitutive law (5) gives the stress σA. A tentative value for σB is then
chosen, and a Newton–Raphson procedure will iterate on it, at each half-wave, to compute its correct
value.
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Given a tentative value for σB , the associated average strain εB is given by the inverse of (5). Next, (6)
gives εB,cic, from which, using (6), (7), (10), and (11), one determines the value of l0,1 for this half-wave.
Equation (20) gives Qi :

Qi =
σB A∗B − σA A∗A

µ
(26)

which holds only if µ > 0. The frictionless case, much easier, will be summarized in the next subsection.
Equation (21) allows one to compute numerically, via the Newton–Raphson technique, the values

of both σC and εC . Next, the values of 1i (13), l∗B (23), and u B (18) can all be determined from the
quantities already computed.

At this point, only the rotation equilibrium equation (22) remains to be satisfied, in the unknown value
of σB . As said, a Newton–Raphson iterative procedure is adopted to compute the correct value of σB . In
this procedure, the derivative of (22) with respect to σB has to be computed numerically.

Once convergence is reached for σB , the values of all the other quantities are also determined, and
one can compute the shortening δu1 of the first half-wave from (15). The length of the first half-wave is
obviously l0,1.

Generic half-wave. If l0,1 is smaller than L/2 (otherwise the problem is ill-posed), the next half-wave
is taken into account. The following calculations are repeated as many times as necessary, as explained
later on.

The input is now the stress σA, equal, for equilibrium, to the stress σC of the previous half-wave. This
is easy to understand, if one considers the next half-wave as the specular, horizontally to the left, of the
previous one as shown in Figure 4 (and so on for the subsequent half-waves).

The governing equations are then exploited as before, adopting a new tentative value for σB and then
iterating on it to satisfy (22), to obtain its correct value. At the end of the calculation, a test on the total
length of the solved half-waves must be performed. Call this length Lcomp, with

Lcomp =
∑

k

l0,k, (27)

k running from 1 to the number of the current half-wave. If Lcomp ≤ L/2 then the current half-wave is a
“normal” half-wave. Otherwise this half-wave can not be of the computed length l0, but must be shorter:
therefore this is the last half-wave, to be treated in a different way.

If the current half-wave is not the last one, at this point the accumulated horizontal displacement over
all the solved half-waves is computed, by adding the contribution of the current half-wave. One moves
then on to the next generic half-wave.

If Lcomp > L/2, one ignores the calculations done for this half-wave and goes to the last half-wave.

Last half-wave. We now denote by l0,theor the last half-wave length computed in the previous step, a
length which, added to all the previous ones, exceeds the total core length available. The actual length
of the last half-wave, according to the check illustrated here above, can be anything from infinitesimal
to infinitesimally smaller than l0,theor. There is no clear rule to treat this case, and a somewhat arbitrary
procedure was followed. We observe that nothing is said, about this point, in [Dehghani and Tremblay
2017].
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In the first place, the length of the last half-wave is known from (27), and given by

l0,last = Lcomp−
L
2

(28)

(recall that here Lcomp > L/2). It is then assumed that two possible situations may exist.
If l0,last is smaller than the sum of lA and lB associated to l0,theor, i.e.,

l0,last <
( 1

2 + γ
)
l0,theor, (29)

one considers the last wave as a “short” one, flat, with no further contribution to the total thrust QTOT .
Only the total length is updated, and the total shortening, by adding a final value for δui which ignores
the bending contribution.

If, on the contrary,
l0,last ≥

(1
2 + γ

)
l0,theor, (30)

then this wave is treated as a “long” one, with contact points at both the upper and the lower sides of the
core, and with known half-wave length (28). The new associated value of ξ is computed from (11) used
in an inverse way. This half-wave gives therefore a full contribution to the total thrust, that can now be
computed as for any other intermediate wave.

At the end of the solution of this last half-wave, by construction the total accumulated length is equal
to L/2, and the total horizontal displacement δu is computed by adding the contribution of the last
half-wave.

External loop over ε1,A. Recall now that all this procedure starts from a tentative value for the strain ε1,A

in the very first segment of the core, at the FP. In general, therefore, even though all the equilibrium
equations are satisfied, the computed value of δu will be different from the given value umax/2 (recall
that the presented calculation holds for one half of the core), associated to the given average strain ε0.
An external iterative loop is therefore implemented which, after each set of calculations, updates the
tentative value for ε1,A in the first half-wave by means of the equation

εnew
1,A = ε

old
1,A

umax

2δu
. (31)

One then restarts from the first half-wave, and proceeds until convergence on εA of the first wave is
reached, so as to have the correct shortening value at the ends of the core. Unfortunately, there is no
guarantee to always obtain this convergence for all the possible choices of ξ . In some cases, especially
for the smaller values (ξ = 1.4303 and ξ = 2), no solution to the problem could be found. It is not easy
to tell if this happens because these values for ξ are physically meaningless, for the given set of data, or
because the implemented method introduces unrealistic contributions for some values of ξ .

Attention should be paid, in the said calculations, to all the cases in which γ = 0.5, because these
cases, as obvious from Figure 4, correspond to the absence of the flat segments A and C in all the buckled
half-waves. The necessary changes in all the equations, however, are trivial.

3.3. Solution procedure for the case with µ= 0. In the frictionless case (26) is no longer valid, obvi-
ously. On the other hand, since the average stress and strain are constant all along the BRB core, the
situation is much simpler, because now all the half-waves are equal, and have the same value of Qi ,
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except the last one. Therefore, given a tentative value for ε1,A in the first core segment at the FP, the
only unknown to be computed is the normal contact force Qi , and (22) is adopted for this calculation.
Once again, a Newton–Raphson loop is implemented for solving (22) given a tentative value for Qi .
Once a converged value of Qi is computed, the corresponding value of l0 allows one to determine the
number of “standard” half-waves (with length l0) associated to it. From this, one obtains the length of
the last half-wave (shorter than l0), the sum of the normal contact forces, and the accumulated shortening.
The last half-wave is treated as in the case with friction, only computing, if necessary, the last contact
force Qi instead of σB from (22).

When all the half-waves have been solved, the same iterative procedure on ε1,A is adopted to obtain
convergence also on the given shortening value umax.

4. Total lateral thrust: computed results

The technique illustrated in the previous section was implemented in a Fortran code which requires a
fraction of a second to run for a single BRB problem. Reference is first made to the following set of
data parameters, which describe one of the reduced-scale, all-steel, bolted BRBs studied in [Metelli et al.
2016]:
• L = 560 mm, ε0 = 0.02, umax = 11.2 mm;

• b = 50 mm, t = 5 mm;

• g = 1 mm;

• KTOT = 416372 N/mm;

• E = 150000 MPa, ν = 0.33, σ0 = 230 MPa, n = 13, α = 0.01;

• µ= 0.15.

This BRB is expected to furnish a severe test to the adopted algorithm, because of the high gap to section
height ratio, close to the limit of its possible practical applicability. This high ratio is associated to a
“large” buckled amplitude and to other possible difficulties, both theoretical and practical, as suggested,
for example, in [Takeuchi and Wada 2017]. At the same time, however, this BRB is expected to provide
a clearer evidence of the difficulties that accompany the calculation of the total lateral thrust QTOT .

Note that, in this work, no attention is given to the issue of producing engineering interesting results
for any BRB type. The only aim is to highlight the really important factors which contribute to the
determination of the total lateral thrust.

The first result, shown in Figure 5, is the dependence of QTOT on the choice of the wavelength param-
eter ξ , setting equal to 1 all the ci coefficients of the previous sections. This dependence appears to be
the most important among all the considered factors. If one changes the value of ξ , in fact, the computed
value of QTOT can change by a factor of about 2, and the total number of buckled waves (for the full
core) N is predicted in a range between N = 6 and N = 10.

Figure 6 summarizes the importance of the other factors on the computed value of QTOT . This figure,
as well as all the following ones except when explicitly indicated, shows results all obtained with ξ = 3,
as suggested in previous work [Bregoli et al. 2016].

In Figure 6, the vertical axis shows the value of QTOT normalized with respect to the “best” one, which
considers all the contributions to the adopted equations (leftmost bar, marked by “All”, and central bar
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Figure 5. Reduced-scale BRB example. Variation of the total lateral thrust QTOT with
the choice of parameter ξ of (11). N denotes the predicted total number of buckled
waves in the BRB. The result for ξ = 1.4303 is missing because of lack of convergence.

Figure 6. Reduced-scale BRB. Variation of QTOT associated to different adopted as-
sumptions. Results computed adopting ξ = 3. Symbols as explained in the text.

in Figure 5). The second bar, with the cl∗ = 0 label, refers to calculations done neglecting the effect of
writing (22) on the deformed configuration for the horizontal length (see (23)). The third bar shows the
result which ignores the Poisson and plastic incompressibility effects, i.e., sets cν = 0 in (10), (13), and
(25). The fourth bar refers to the case of a rigid containment, i.e., cspr = 0 in (13). The fifth bar refers to
the case in which the bending contribution to the horizontal shortening is neglected in the calculations,
by setting cub = 0 in (15) and (23).
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The last two bars refer to the frictionless case: the one marked by cµ = 0 ignores only the friction,
keeping in all the other contributions; the last one, marked by “None”, sets all the ci parameters and µ
equal to zero.

Now the differences among the computed values of QTOT appear less important than in the previous
figure. Only the assumption of a rigid containment causes a drop of about 20% in the value of QTOT

(fourth and last bar); otherwise the differences are minimal.
The next figures show in more detail the influence of several parameters on 6 output variables for this

problem. The output variables are, from left to right and from top to bottom:

• the total thrust QTOT normalized with respect to the nominal first yield force σ0 A;

• the horizontal force in the core at the FP, HFP, also normalized with respect to the first yield force
(this ratio depends essentially on the hardening properties of the material);

• the ratio between the horizontal force at the ends of the core, HEND, and the horizontal force at the
FP (the higher this ratio the higher is the contribution of the frictional tangential contact forces);

• the ratio between the average strain at the FP and the given average strain ε0 of (4);

• the ratio between the average strain at the ends of the core, εEND, and the average strain at the FP
(this is also related to the amount of frictional forces existing between core and restraining profiles);

• the ratio between the total bending contribution to the core shortening,
∑

u B , and the total shorten-
ing umax itself.

Figure 7 shows the influence of the tangential frictional contact forces, which enter the calculations
only in (20) and (21). Varying the value of the friction coefficient µ, as done in Figure 7, is the same
as considering µ fixed at some value and examining the effect of introducing tangential contact forces
smaller than their theoretical maximum, equal to µQi at each contact point. Tangential forces smaller
than µQi may occur if no relative slip occurs between core and restraining profiles.

Figure 7 shows that, for this BRB, and for ξ = 3, the effect of increased frictional forces (top left
image, solid line) is to reduce QTOT . In this case, the assumption of a maximum value for the tangential
contact forces would be unsafe, even though the variation in QTOT is not very high. Nevertheless, this
effect can be different. For example, selecting ξ = 4 in this calculation, an increasing curve for QTOT is
produced (dashed line in the top left image). In this case, the assumption of the maximum value for the
contact tangential forces would be to the safe side.

It is difficult to understand from the equations the general trend for this, since in (18) to (25) several
terms contain the contact force Qi , with conflicting effects. The global change in the value of QTOT , due
to a change of the tangential frictional contact forces, however, is here at most of the order of 10%.

Note, however, that larger changes in the value of QTOT could be predicted if, upon a change of µ, a
change would occur in the predicted number of buckled waves, N . With ξ = 3 or ξ = 4, the number N
remains the same for all the considered values of µ (N = 7 for ξ = 3, and N = 6 for ξ = 4). But if
one adopts ξ = 2.529, in this calculation, one obtains N = 9 for small values of µ, and N = 8 for large
values of µ. The corresponding values of QTOT , much larger than with ξ = 3 or ξ = 4 because of the
larger value of N , have then a maximum change, with µ, of about 35%. The bottom image of Figure 7,
solid line, shown this case. Moreover, with ξ = 2.529, the trend for QTOT is first increasing and then
decreasing, passing through a discontinuity (just suggested by the numerical results, which do not find
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Figure 7. Reduced-scale BRB. Dependence of various mechanical quantities on the
friction coefficient µ, with ξ = 3 (solid lines) and ξ = 4 (dashed lines). The bottom
image plots QTOT computed adopting ξ = 2.529 (solid lines) and ξ = 2 (dashed lines).
Other symbols are explained in the text.

convergence around the discontinuity zone) when N changes. The dashed line in the bottom image of
Figure 7 refers to the case with ξ = 2, which, despite a large range of values of µ with no convergence,
shows more clearly the tendency of QTOT to jump across some value of µ.

From this image already (but later images will show this more clearly), it appears that the value of QTOT

has a discontinuous dependence on some parameters. This is important to keep in mind, because it is a
clear symptom of the difficulty in accurately predicting, by any method, the value of QTOT .
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Figure 8. Reduced-scale BRB. Dependence of various mechanical quantities on the
restrainer global elastic stiffness KTOT . Results computed adopting ξ = 3. Other symbols
as explained in the text.

The right bottom image in Figure 7 shows that the contribution obtained by accounting for the bending
deflection u B of (18) is negligible (order of few percents), although for ξ = 3 is larger than for ξ = 4,
and with an opposite trend for increasing µ. This seems reasonable considering that ξ = 4 is associated
to a shorter inclined portion of the buckled half-waves than ξ = 3.

The other images in Figure 7 indicate that some of the plotted variables are sensitive to the value of µ.
Nevertheless, with the exception of HEND, whose value changes by about 15% in the considered range
of values for µ, these variables have little engineering importance.

Figure 8 shows the effect of the global elastic stiffness KTOT of the restraining profiles on the same
output quantities. If KTOT becomes small, all the plotted quantities tend to grow (positively or negatively)
rapidly. In the frictionless, linear elastic case, Genna and Bregoli [2014] have shown analytically this
jump of the total thrust, which can pass through vertical asymptotes (typical of linear elasticity only), for
decreasing values of KTOT . If KTOT is too small, moreover, all the values for the ξ coefficients should be
reconsidered, since they might be much higher than those adopted here, as shown in [Genna and Bregoli
2014].

Figure 9 refers to the value of the Young modulus E . This influences the reduced modulus ER which
governs the half-wave length through (11), and its effect, on QTOT , is not negligible at all, while all the
other plots do not show anything new. Figure 10 illustrates the effect of varying the yield stress σ0, a
parameter of obvious importance. Once again, a change in σ0 produces a significant change in QTOT .
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Figure 9. Reduced-scale BRB. Dependence of various mechanical quantities on the
core Young modulus E . Results computed adopting ξ = 3. Other symbols as explained
in the text.

Figure 11 refers to the exponent n of the Ramberg–Osgood equation adopted for the steel constitutive
law (5). In this equation, n= 1 corresponds to a linear elastic material, and increasing values of n produce
a nonlinear hardening that, for n→∞, tends to perfect plasticity at σ = σ0. Changing the value of n
produces a very large change in QTOT , with significant discontinuities. These are due to a change in the
predicted number of buckled waves associated to the same final core shortening. In all the previous plots
(Figures 7 to 10), for ξ = 3, the number N of buckled waves was always N = 7; here, N goes from
N = 4 for small values of n to N = 8 for large values of n. Correspondingly, QTOT changes much.

An increase of the exponent n produces also very large values for εEND, since the material stiffness
tends then to vanish. Large values of n make the material approach perfect plasticity; this is confirmed
also by HFP→ σ0 A in the top right image. In any case, however, the

∑
u B quantity remains negligible.

In general, it can be observed that the definition of the stress-strain law in its entirety plays a very
important role in this calculation.

The next two figures are equivalent to Figures 5 and 6, but refer to a different BRB setup, taken from
[Dehghani and Tremblay 2017]. Here the design parameters are the following:

• L = 3000 mm, ε0 = 0.03, umax = 90 mm;

• b = 150 mm, t = 19.05 mm;

• g = 0.9 mm;
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Figure 10. Reduced-scale BRB. Dependence of various mechanical quantities on the
core first yield stress σ0. Results computed adopting ξ = 3. Other symbols as explained
in the text.

• KTOT = 2400000 N/mm;

• E = 150000 MPa, ν = 0.33, σ0 = 330 MPa, n = 13, α = 0.01;

• µ= 0.15.

This is a full-scale, all-steel BRB, with a much longer dissipative core length L , a much bigger cross-
section of the core, a much higher restrainer stiffness, but a smaller total gap g than the one considered in
the first example. The smallness of this gap is expected to reduce much, in proportion, both the amplitude
of the buckled bending deflections and the total lateral thrust. This choice may be closer to those adopted
in engineering practice; it has a possible drawback in the possibility that the lateral expansion of the core,
under compression, might cause the core itself to get stuck against the retention profiles. A check for this
occurrence has been coded into the implemented software, but in all the examples tested, for “reasonable”
values of ε0, no such problem ever occurred.

Figure 12 shows the dependence of QTOT on the choice of ξ . As in Figure 5, this variation can be of
the order of 100%, and the change of the wave number N is also very significant.

Figure 13 illustrates the dependence of QTOT on several other parameters, as described for Figure 6.
Here the strong dependence on cν stands out, while all the other factors seem to follow the same tendency
as for the reduced-scale BRB of Figure 6. If one sets cν = 0 in the adopted equations, thus ignoring the
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Figure 11. Reduced-scale BRB. Dependence of various mechanical quantities on the
Ramberg–Osgood exponent n (5). Results computed adopting ξ = 3. Other symbols
as explained in the text. The jumps are due to a predicted change in the number N of
buckled waves.

contribution of both the Poisson effect and the plastic incompressibility, one obtains a QTOT value higher
by 60% than the “best” one, of the leftmost bar. This effect is due in part to the higher value of the
prescribed average strain, here equal to ε0 = 0.03 instead of ε0 = 0.02 of the previous case. If one sets
ε0 = 0.02 for this full-scale BRB, one obtains a ratio, between QTOT with cν = 0 and QTOT with cν = 1,
equal to 1.22, smaller than the 1.6 shown in Figure 13, yet nonnegligible. The much smaller gap to core
thickness ratio, in this last BRB, and the much longer buckled wavelength, might also play a role.

The main reason for this difference, however, is once again that, setting cν = 0 for this BRB, the
number N of predicted buckled waves increases by one with respect to the case with cν = 1. In the case
of the reduced-scale BRB of Figure 6, the number N remained the same with cν = 1 or cν = 0, and the
corresponding value of QTOT did not change much.

Figure 14 illustrates the dependence of the normalized value of QTOT on the same parameters consid-
ered in Figures 7 to 12. In addition, the dependence of QTOT on µ is plotted for several values of ξ in
the bottom right image. The sensitivity to µ is now much lower — almost absent, in fact — than for the
reduced-scale BRB, and of a different type, since QTOT has a maximum for some value of µ. A clear
jump of QTOT across some value of E appears in the left center image, and the same sequence of jumps
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Figure 12. Full-scale BRB example. Variation of the total lateral thrust QTOT with the
choice of parameter ξ of (11). N denotes the predicted total number of buckled waves
in the BRB. The result for ξ = 1.4303 is missing because of lack of convergence.

Figure 13. Full-scale BRB. Variation of QTOT associated to different adopted assump-
tions. Results computed adopting ξ = 3. Symbols as explained in the text.

of Figure 11 is shown in relation to changing n. The relative smallness of the gap g makes almost absent
the contribution of

∑
u B to the core shortening (not shown in this figure).

This full-scale BRB, with a proportionally much smaller gap than the reduced-scale one, is “easier” to
be solved by means of the adopted scheme, since a failure of convergence did seldom occur. Nevertheless,
the strong uncertainties related to the calculation of QTOT remain unaltered.
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Figure 14. Full-scale BRB. Variation of QTOT associated to the variation of several
analysis parameters. Results obtained with ξ = 3 except in the bottom right image.
Symbols as explained in the text.

5. Conclusions

The analytical technique illustrated in this work has been developed firstly as an improvement (and a
clarification/correction) of a similar one proposed in [Dehghani and Tremblay 2017], secondly as a tool
to understand what factors do matter in the calculation of the total lateral thrust QTOT in BRBs.

The calculations illustrated in this work allow one to conclude what follows, with reference to the
calculation of QTOT .

• The main factor, in this problem, is the number N of waves developed by the BRB buckled core,
associated to the value of the parameter ξ of (11). It was shown that a change of ξ produces the
largest changes in the lateral thrust QTOT . Unfortunately, there is no theoretical basis allowing an
engineer to select the “correct” value for ξ , among the various equally possible.

• A correct estimate of the stiffness of the restraining profiles is crucial as well. Quite possibly (this
was not investigated, here), also the local details of such stiffness may have a high importance.

• A good set of material data for the stress-strain law is also important, including details about the
hardening properties under cyclic loading.
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• The effect of the tangential frictional contact forces does not seem to be as important as the previous
factors. At the light of the uncertainties introduced by the difficulty in selecting ξ , KTOT , and
the material parameters, it seems that one may ignore, or treat in the simplest possible way, the
contribution due to the friction.

• The lateral expansion of the core can be important, but also this effect appears of a smaller order of
magnitude, compared with the first ones.

• Details such as the distinction between lB and l∗B in (22), and others discussed above, do not seem
to matter, and the simplest calculations could be adopted without a significant loss of accuracy.

It should be kept in mind that QTOT depends on almost every parameter in a discontinuous way. There-
fore, even its limiting — lower and upper — values may be very wrong, if the set of calculation details,
including all the data, happens to be defined in the proximity of a jump in the value of QTOT .

Another very important effect has been ignored in these calculations, as well as in all the ones proposed
in the literature. This is the progressive strong increase of QTOT with the number of loading cycles, even
of the same peak amplitude. It is obvious that a correct analytical tool should somehow incorporate also
this effect; to the best of this author’s knowledge, unfortunately, there is no available theory about this
aspect, which might deserve future attention.

When dealing with BRBs, in conclusion, one should always be aware of the uncertainty associated
to the calculation of the buckled wavelength, of the discontinuous dependence of QTOT on the model
details, and of the current lack of knowledge about the dependence of QTOT on the number of loading
cycles.

If one is ready to accept these limitations, it seems that a reasonable compromise, for the calculation
of QTOT , might consist in (i) the adoption of a global method, without proceeding one half-wave at a
time; (ii) accounting for friction in some simple approximate way, as was done for example in [Bregoli
et al. 2016]; (iii) limiting oneself to computing extreme — minimum and maximum — values for QTOT .
Accepting such a procedure, one should then check the lack of discontinuities in the proximity of these
extremes for QTOT (a tedious procedure, obviously), and finally somehow select a statistically significant
value to be adopted for the proper design of the BRB restraining profiles and details.

In this author’s opinion, in view of much accumulated evidence, BRBs are structural elements whose
design has not yet reached a sufficiently acceptable basis. Until, and if ever, a complete understanding of
the difficult phenomena involved will be acquired, much attention should be paid in the practical usage
of BRBs.
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IMPLEMENTATION OF HERMITE–RITZ METHOD AND NAVIER’S TECHNIQUE
FOR VIBRATION OF FUNCTIONALLY GRADED POROUS NANOBEAM

EMBEDDED IN WINKLER–PASTERNAK ELASTIC FOUNDATION USING
BI-HELMHOLTZ NONLOCAL ELASTICITY

SUBRAT KUMAR JENA, SNEHASHISH CHAKRAVERTY,
MOHAMMAD MALIKAN AND HAMID MOHAMMAD-SEDIGHI

The vibration characteristics of functionally graded porous nanobeam embedded in an elastic substrate
of Winkler–Pasternak type are investigated. Classical beam theory or Euler–Bernoulli beam theory has
been incorporated to address the displacement of the FG nanobeam. bi-Helmholtz type of nonlocal
elasticity is being used to capture the small scale effect of the FG nanobeam. Further, the nanobeam is
assumed to have porosity, distributed evenly along the thickness throughout the cross-section. Young’s
modulus and mass density of the nanobeam are considered to vary along the thickness from ceramic
to metal constituents in accordance with power-law exponent model. A numerically efficient method,
namely the Hermite–Ritz method, is incorporated to compute the natural frequencies of hinged-hinged,
clamped-hinged, and clamped-clamped boundary conditions. A closed-form solution is also obtained
for hinged-hinged (HH) boundary condition by employing Navier’s technique. The advantages of using
Hermite polynomials as shape functions are orthogonality, a large domain that makes the method more
computationally efficient and avoids ill-conditioning for higher values of polynomials. Additionally, the
present results are validated with other existing results in special cases demonstrating excellent agree-
ment. A comprehensive study has been carried out to justify the effectiveness or convergence of the
present model or method. Likewise, impacts of various scaling parameters such as Helmholtz and bi-
Helmholtz types of nonlocal elasticity, porosity volume fraction index, power-law exponent, and elastic
foundation on frequency parameters have been investigated.

1. Introduction

Functionally graded materials (FGMs) are inhomogeneous materials consisting of two or more different
materials, and the composition or volume of constituents varies continuously along one or more specific
dimensions. As a result, their properties and structure will change steadily along the same dimension.
This idea was first used by Japanese researchers [Koizumi 1994]. The gradual and continuous changes in
these materials have made them very important and useful properties for application in various industries.

The introduction of FGMs to nano-micro technology has led to the development of devices and tools
with better properties and capabilities, such as nano-micro-electro-mechanical systems (NEMS/MEMS),
thin shape memory alloys, and atomic light microscopy. Nanotechnology is the study of microscopic
objects about 1 to 100 nanometers in size and their applicability in various fields of science, such as

Keywords: FG nanobeam, Hermite–Ritz method, bi-Helmholtz function, porosity, Winkler–Pasternak elastic foundation,
vibration.
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chemistry, biology, physics, materials science, and engineering. Recently, due to the special mechanical
properties of nanostructures, the application of these structures has been developed in engineering, and
researchers have been designing high-performance tools such as nanosensors, nano actuators, nanogen-
erators, etc. to solve new problems. Nanoscale tools are designed using the properties of nanotubes,
nanobeams, nano-membranes, and nanosheets, so the discussion of modeling and analysis of nanobeams
has attracted the attention of researchers.

Many experiments and computer simulations (molecular simulation) proved that a nanostructure me-
chanically has different response while it is analyzed in nanoscale size compared with a macroscale
investigation. They showed that size is a crucial factor on nanoscale. Among all tools which aid us to
predict mechanical response of these materials, the non-classical continuum elasticity approaches are cost
and time-effective methods. Accordingly, it has been observed that classical continuum theories do not
provide the right answer in predicting the behavior of these small scale structures. In fact, classical con-
tinuum theory is unable to account for size effects. The most popular non-classical continuum mechanic
theories are: strain gradient theory [Mindlin 1965], nonlocal elasticity theory [Eringen 2002; Jena et al.
2019b; Jena et al. 2020a; Jena et al. 2020b], stress-driven nonlocal elasticity theory [Barretta et al. 2018;
Sedighi and Malikan 2020], nonlocal strain gradient theory [Lim et al. 2015; Jena et al. 2019a; Malikan
et al. 2020], modified coupled stress theory [Malikan 2017], surface elasticity theory [Ansari et al. 2013],
and bi-Helmholtz nonlocal elasticity theory [Lazar et al. 2006; Koutsoumaris and Eptaimeros 2018].
These aforesaid theories, each in turn has small scale parameters. The small scale parameter makes
difference between macro scale and nanoscale. Many research approved that these scale parameters
are not material constant and vary with variation in natural features and physical characteristics of the
nanomaterial. As an example, boundary and edge conditions affect fundamentally the values of small
scale parameter. Moreover, as the nano materials except for being size-dependent, are also temperature-
dependent, the thermal environment can significantly affect the value of small scale parameter. Thus, a
nanostructure in various boundary conditions and different external temperature requires different values
for the small scale parameter to give exact results. That is why all the researchers presented amplitude
for numerical values of small scale parameters. There are also further examples for factors that affect the
amount of a small scale parameter, such as crack specifications in cracked nanomaterials, arrangement
of atoms in atomic lattice into some special nanomaterials like graphene and nanotubes with changeable
arrangement (chirality effect), etc.

The mechanical behavior of FG nanomaterials with different geometries and various loading and
boundary conditions has been extensively investigated by researchers in the current decade. Beams are
of great importance due to their wide use in engineering. To date, numerous articles have been written
on the study of the dynamics of FGM nanobeams. [Eltaher et al. 2012] based on the finite element
method (FEM) analyzed natural frequencies of a nanoscale FGM beam by considering nonlocal contin-
uum mechanics. The beam was modeled according to the Euler–Bernoulli beam theory (EBT) approach.
The numerical outputs were calculated for a variety of boundary conditions. [Sharabiania and Yazdi
2013] depicted a nonlinear frequency analysis on FGM nanosize beams in the framework of EBT while
the size dependency was investigated on the basis of surface effects. The results were shown for some
different edge conditions. [Esmaeili and Beni 2019] investigated buckling and vibration characteristics of
flexoelectric smart nanobeam composed of functionally graded materials. [Nazemnezhad and Hosseini-
Hashemi 2014] studied nonlocal effects within the framework of nonlinear analysis of vibrations for
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FGM nanoscale beams. The immovable ends, such as fixed and pinned conditions were assumed when
EBT was employed to give the constitutive equations of frequency. [Hosseini-Hashemi et al. 2014] con-
sidered analytically effects of surface and stress nonlocality for pivot-pivot EBT-FGM nanobeam models.
[Ansari et al. 2015] examined the excited frequencies nonlinearly for an FGM nanobeam in the body of
an exact solution. The influences of the environment, such as temperature differential, were measured
as well. The nanosize into the EBT model was investigated utilizing surface elasticity theory, and the
Galerkin technique helped to solve the attained equations. [Zeighampour and Beni 2015] developed FGM
nanobeams by considering the variation of diameter in the length direction. The strain gradient theory,
EBT, and Visco-Pasternak foundation model were combined, which led to the governing equations. The
obtained equations were discretized using differential quadrature method (DQM) for pined-pined and
clamped-clamped supported and then were solved by eigenvalue solver. Their best results proved the
considerable effect of diameter variation on the dynamics behavior of FGM nanobeams. [Ebrahimi and
Salari 2015] studied the nonlocal effect on the FGM nanobeams by considering EBT beam model with
the presence and absence of the influences of the thermal environment utilizing analytical method based
on the Navier method.

[Simsek 2016] discussed the free vibration of an FGM nanoscale beam based on the nonlinear strains
and derived mathematical relation by presenting a new Hamiltonian in combining with EBT and nonlocal
strain gradient elasticity. [Shafiei et al. 2016] modeled a non-uniform FGM beam taking nanosize effects
based on the nonlocal theory of elasticity. The natural frequencies were captured for the beam with the
contribution of nonlinear terms. The procedure for solving of the harvested equations was generalized
differential quadrature (GDQ) method and Homotopy perturbation method for fixed-fixed, pinned-pinned,
and fixed-pinned boundary conditions. [Hosseini and Rahmani 2016] combined thermos-elastic relations
to study vibrations of an FGM nanoscale beam when the beam is geometrically curved. The nonlocal
elasticity provides the size-dependent behavior, and the numerical results were obtained by analytical
solutions. [Khorshidi and Shariati 2016] investigated the vibration characteristics of the sigmoid-type of
FGM nanobeams by using the modified couple stress theory. A variety of beam hypotheses such as EBT,
first-order shear deformation theory (FSDT) and some higher-order shear deformation theory (HSDT)
were investigated with the help of GDQ. [Vosoughi 2016] applied nonlinearity to study free vibration
of a FGM nanosize beam embedded on a nonlinear elastic medium. The use of FSDT and nonlocal
elasticity addressed the desired equations that were discretized by DQM. [Hamed et al. 2016] compared
sigmoid with a nonlinear symmetric power varied along the thickness of EB-FGM nonlocal beams in a
vibration study. [Saffari et al. 2017] inspected the stability of an FGM nonlocal FSDT beam by taking
surface effects in a dynamical situation. Thermal effects and foundation influences were implemented
as well. [Arefi and Zenkour 2017] explored the nonlocal vibration of a Timoshenko FGM nanobeam by
taking the Visco-Pasternak matrix into account.

[Vu-Bac et al. 2016] carried out sensitivity analysis for quantifying the influence of uncertain in-
put parameters by using probability density function on uncertain model outputs. The dynamics of
three-dimensional inhomogeneities of FGM nanoscale beams was investigated by [Hadi et al. 2018].
[Jouneghani et al. 2018] modeled porosity into the material gradation of FGM nanobeams and examined
the structural behavior of the system subjected to variation of environmental parameters such as temper-
ature and humidity. [Mirjavadi et al. 2018] focused on the nonlinear behavior of FGM nanosize beams
considering porosities with respect to the EBT and second stress gradient of Eringen. Different end
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conditions were taken into consideration by the assistance of GDQM and an iterative technique. [Simsek
2019] performed different closed-form approaches to study a variety of analyses on the FGM nanobeams,
namely forced and free vibrations, static bending, and buckling. The nonlocal strain gradient theory was
implemented to capture the size dependency influence. Various loading cases were demonstrated in the
dynamic analysis of the graded EBT model.

[Aria and Friswell 2019] indicated a finite element analysis in the form of nonlocality to consider free
vibration and stability of FGM nanobeams. [Uzun and Yaylı 2019] investigated the free vibration of func-
tionally graded nanobeam for hinged-hinged and clamped-clamped boundary conditions with the help
of the finite element model. The nonlocal effect of FG nanobeam was handled by the Eringen’s nonlocal
theory. [Karami and Janghorban 2019] showed a new shaped function into the higher-order shear defor-
mation theory to study analytically natural frequencies of a FGM nonlocal isotropic/anisotropic beam.
Thickness stretching influence was also evaluated by the shape function. The nonlocal strain gradient
model determined the nanoscale behavior. [Khaniki 2019] studied vibrations of FGM nanoscale beams
based on the two phases nonlocal-local models, and then functionality gradation was derived along length.
GDQ helped to obtain numerical results. [Chen et al. 2020] studied thermal buckling behavior of Euler–
Bernoulli beam made up of FG material. The transformed-section method was used to investigate the
buckling characteristics analytically. [Uzun and Yaylı 2020] in a pioneering work studied free vibration
of functionally graded nanobeam for Simply Supported boundary condition using Euler–Bernoulli beam
theory and Eringen’s nonlocal elasticity by utilizing FEM.

Previous studies, as mentioned above illustrate the fact that the studies involving non-classical theories
have rarely used the bi-Helmholtz nonlocal elasticity theory; and have never used the advanced yet simple
Hermite–Ritz method for this purpose. In this study, the Euler–Bernoulli theory is applied to find the
numerical response of free vibration of FG nanobeams. The numerical solution of the free vibration
is obtained, and the response of the rectangular nanobeam is calculated for the bi-Helmholtz nonlocal
parameter by employing the Hermite–Ritz method for HH, CH, and CC boundary conditions while
closed-form solution is obtained for HH boundary condition by utilizing the Navier’s technique. The
beam is also embedded on the Winkler–Pasternak elastic bed. Due to the importance of porosity in the
structure of functionally graded materials, this argument is included in the present analysis as well. The
results of the theory presented are compared with those reported by previous researchers, and a good
agreement is observed between the results. A parametric analysis is also carried out to investigate the
effect of various scaling parameters such as Helmholtz and bi-Helmholtz types of nonlocal elasticity,
porosity volume fraction index, power-law exponent, and elastic foundation on the frequency response
of the FG nanobeam.

2. Reviews of Helmholtz and bi-Helmholtz types of nonlocal operators

The bi- Helmholtz type nonlocal modulus, which is the Green’s function of bi Helmholtz operator may
be stated as [Lazar et al. 2006; Koutsoumaris and Eptaimeros 2018]

AbH (∣∣x − x ′
∣∣)= 1

2
1

ξ 2
1 − ξ

2
2

{
ξ1e

−|x−x ′|
ξ1 − ξ2e

−|x−x ′|
ξ2

}
(1)
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The corresponding bi-Helmholtz operator may be expressed as [Eringen 2002; Lazar et al. 2006; Kout-
soumaris and Eptaimeros 2018]
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=
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1
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dx2
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2
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2
2 and the constants ξ1 and ξ2 are demonstrated as [Eringen 2002;

Lazar et al. 2006; Koutsoumaris and Eptaimeros 2018]
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Here the discriminant

(
1− 4γ

4

ε4

)
≥ 0, i.e., ε ≥

√
2γ . Considering ε =

√
2γ , we will have ξ1 = ξ2,

where ξ1, ξ2 ∈ R and the parameter γ triumphs over ε. For any other case, i.e., ε >
√

2γ , the effect of
ε prevails over γ . From [Lazar et al. 2006], [Koutsoumaris and Eptaimeros 2018], it is evident that that
`bH operator matched the Born Karman’s model at the end of the Brillouin zone, when ξ1 = ξ2. Now,
the nonlocal modulus is given in (1) maybe stated as [Lazar et al. 2006; Koutsoumaris and Eptaimeros
2018]

AbH (∣∣x − x ′
∣∣, γ )= 1
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Substituting ε =
√

2γ or e0a =
√

2γ , Equation (4) can be expressed as [Lazar et al. 2006; Koutsoumaris
and Eptaimeros 2018]
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Thus, the bi-Helmholtz operator in differential form may be given as [Lazar et al. 2006; Koutsoumaris
and Eptaimeros 2018]

`bH
= 1− (e0a)2

d2

dx2 +
(e0a)4

4
d4

dx4 (6)

Assuming ξ1 = e0a and ξ2 = 0 in (1), the Helmholtz-type nonlocal modulus is given as [Eringen 2002;
Koutsoumaris and Eptaimeros 2018]

AH (∣∣x − x ′
∣∣, e0a

)
=

1
2(e0a)

e
−|x−x ′|

e0a , (7)

and the corresponding Helmholtz operator in differential form is given as [Eringen 2002]

`H
= 1− (e0a)2

d2

dx2 . (8)
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winkler layer

shear layer

fixed rigid surface

z
L

h

x

FGM beam

Figure 1a. Schematic diagram of rectangular FG nanobeam embedded in the Winkler–
Pasternak elastic foundation.

fully ceramic porosity

fully metal

Figure 1b. Graphical representation of the rectangular cross-section of the FG
nanobeam with evenly distributed porosity.

3. Mathematical formulation of the proposed model

In this study, a functionally graded porous nanobeam with length (L), breadth (b), thickness (h), and
porosity volume fraction ϑ , (ϑ < 1) is taken into consideration, as depicted in Figure 1a. The material
composition at the top surface (z = h/2) is assumed to be ceramic-rich while the bottom surface (z =
−h/2) is considered to be metal-rich, and the gradation along thickness from the ceramic-rich surface to
metal-rich surface is governed by power-law variation model. The porosity in the nanobeam is assumed
as evenly distributed throughout the metal and ceramic constituents, as illustrated in Figure 1b.
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Thus, according to the modified rule of the mixture [Wattanasakulpong and Ungbhakorn 2014; Shah-
savari et al. 2018]

P = PU VU + PL VL −
ϑ

2
(PU + PL) (9)

Here P denotes the material property FG nanobeam. PU , VU is the material property and volume fraction
for the ceramic constituent, whereas PL , VL symbolize the material property and volume fraction of the
metal constituent.

As per the power law variation model, the volume fractions of the ceramic and metal components are
expressed as [Wattanasakulpong and Ungbhakorn 2014; Shahsavari et al. 2018]

VU =

(
z
h
+

1
2

)k

(10)

VL = 1−
(

z
h
+

1
2

)k

(11)

Where k is the non-negative parameter, namely power-law exponent, that regulates the distribution of
material along the thickness of the nanobeam and z denotes the distance from the mid-plane of the FG
nanobeam. Using (9), (10) and (11), the material properties of the FG nanobeam with porosity may be
given as [Wattanasakulpong and Ungbhakorn 2014; Shahsavari et al. 2018]

P = (PU − PL)

(
z
h
+

1
2

)k

+ PL −
ϑ

2
(PU + PL) (12)

The Young’s modulus E(z), and material density ρ(z) of the FG nanobeam can be demonstrated graph-
ically in Figs. (2–3) and mathematically as [Wattanasakulpong and Ungbhakorn 2014; Shahsavari et al.
2018]

E(z)= (EU − EL)

(
z
h
+

1
2

)k

+ EL −
ϑ

2
(EU + EL) (13a)

ρ(z)= (ρU − ρL)

(
z
h
+

1
2

)k

+ ρL −
ϑ

2
(ρU + ρL) (13b)

According to the classical beam theory or Euler–Bernoulli beam theory, the displacement field can be
given as [Reddy 2007]

u1(x, z, t)= u (x, t)− z
(
∂w

∂x

)
(14a)

u2(x, z, t)= 0 (14b)

u3(x, z, t)= w(x, t) (14c)

Where u(x, t), and w(x, t) represent the axial and transverse displacements on the mid-plane of the FG
nanobeam, respectively.

The strain-displacement relation of the FG nanobeam is stated as

εxx =
∂u1(x, z, t)

∂x
=
∂u (x, t)
∂x

− z
∂2w(x, t)
∂x2 (15)
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Figure 2. Power-law variation of Young’s modulus for FG nanabeam composed of
alpha-beta titanium alloy (Ti-6AL-4V) and zirconia (ZrO2).
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The stress component of the FG nanobeam as generalized Hooke’s law may be given as [Pradhan and
Chakraverty 2014]

σxx = Q11εxx =

(
E(z)

1− υ2

)
εxx (16)

3.1. Energy form of equation for Hermite–Ritz method. The strain energy (S) of the FG nanobeam is
stated as

S =
1
2
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Where the stress resultants (N ,M)=
∫

A(σxx , zσxx)d A.
Now, the variation in strain energy (δS) can be given as
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The kinetic energy (T ) of the FG nanobeam can be stated as
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In which (I0, I1, I2)=
∫

A ρ(z)(1, z, z2)d A are the mass moment of inertias.
The variation in kinetic energy (δT ) can be obtained from (19) as
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The work done (W ) by the Winkler–Pasternak elastic foundation can be expressed as [Uzun and Yaylı
2020]

W =−
1
2

∫ L

0

[
kww2

+ kg

(
∂w

∂x

)2
]

dx, (21)

where kw and kg are Winkler and Pasternak elastic constants, respectively.
The variation in external work done (δW ) can be derived from (21) as

δW =−
∫ L

0

[
kww+ kg

(
∂2w

∂x2

)]
δwdx (22)

Using (18), (20) and (22) in the extended Hamilton’s principle
∫ T

0 (T−S+W )dt = 0 and collecting the co-
efficient of δu and δw, the governing equations of motion in terms of stress resultants and displacements
can be obtained as

∂N
∂x
= I0

(
∂2u
∂t2

)
− I1

(
∂3w

∂x∂t2

)
(23a)

∂2 M
∂x2 = I0

(
∂2w

∂t2

)
+ I1

(
∂3u
∂x∂t2

)
− I2

(
∂4w

∂x2∂t2

)
+ kww− kg

(
∂2w

∂x2

)
(23b)

Multiplying (16) by d A and z d A and integrating over the area of cross-section of the FG nanobeam, the
local stress resultants can be written as

N = A11

(
∂u
∂x

)
− B11

(
∂2w

∂x2

)
, M = B11

(
∂u
∂x

)
− D11

(
∂2w

∂x2

)
, (24)

where (A11, B11, D11)=
∫

A Q11(1, z, z2)d A, are the stiffness coefficients of FG nanobeam.
Applying bi-Helmholtz operator to (24) and using (23), the nonlocal stress resultant resultants of the

FG nanobeam can be obtained as

N = A11

(
∂u
∂x

)
− B11

(
∂2w

∂x2

)
+ (e0a)2


{

I0

(
∂3u
∂x∂t2

)
− I1

(
∂4w

∂x2∂t2

)}
−
(e0a)2

4{
I0

(
∂5u
∂x3∂t2

)
− I1

(
∂6w

∂x4∂t2

)}
 (25a)

M = B11

(
∂u
∂x

)
− D11

(
∂2w

∂x2

)
+ (e0a)2




I0

(
∂2w
∂t2

)
+ I1

(
∂3u
∂x∂t2

)
− I2

(
∂4w
∂x2∂t2

)
+kww− kg

(
∂2w
∂x2

)


−
(e0a)2

4


I0

(
∂4w

∂x2∂t2

)
+ I1

(
∂5u
∂x3∂t2

)
−

I2

(
∂6w

∂x4∂t2

)
+ kw

(
∂2w

∂x2

)
− kg

(
∂4w

∂x4

)



(25b)
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Substituting (25) in (17), the strain energy, kinetic energy, and work done by elastic foundation for the
FG nanobeam can be depicted as

T =
1
2

∫ L

0

[
I0

((
∂u
∂t

)2

+

(
∂w

∂t

)2
)
− 2I1

(
∂u
∂t

)(
∂2wb

∂x∂t

)
+ I2

(
∂2w

∂x∂t

)2]
dx (26)

W =−
1
2

∫ L

0

[
kww2

+ kg

(
∂w

∂x

)2
]

dx (27)

S =
1
2

∫ L

0



A11

(
∂u
∂x

)2

− 2B11

(
∂u
∂x

)(
∂2w

∂x2

)
+ D11

(
∂2w

∂x2

)2

+

(e0a)2
(
∂u
∂x

){
I0

(
∂3u
∂x∂t2

)
− I1

(
∂4w

∂x2∂t2

)}
−
(e0a)4

4

(
∂u
∂x

){
I0

(
∂5u
∂x3∂t2

)
− I1

(
∂6w

∂x4∂t2

)}
+ (e0a)2

(
∂2w

∂x2

)
{

I0

(
∂2w

∂t2

)
+ I1

(
∂3u
∂x∂t2

)
− I2

(
∂4w

∂x2∂t2

)
+ kww− kg

(
∂2w

∂x2

)}

−
(e0a)4

4

(
∂2w

∂x2

)
I0

(
∂4w

∂x2∂t2

)
+ I1

(
∂5u
∂x3∂t2

)
− I2

(
∂6w

∂x4∂t2

)
+ kw

(
∂2w

∂x2

)
− kg

(
∂4w

∂x4

)




dx (28)

Assuming the motion of the FG nanobeam as sinusoidal i.e., plugging u(x, t) = U (x) cos(ωt) and
w(x, t) = W (x) cos(ωt), the maximum strain energy (Smax), kinetic energy (Tmax), and work done by
elastic foundation (Wmax) for the FG nanobeam can be obtained as

Smax =
1
2

∫ L

0



A11

(
dU
dx

)2

− 2B11

(
dU
dx

)(
d2W
dx2

)
+ D11

(
d2W
dx2

)2

− (ω)2(e0a)2 I0

(
dU
dx

)2

+ 2(ω)2(e0a)2 I1

(
dU
dx

)(
d2W
dx2

)
+ (ω)2

(e0a)4

4
I0

(
dU
dx

)(
d3W
dx3

)
+ (ω)2

(e0a)4

4
I1

(
dU
dx

)(
d4W
dx4

)
+ (ω)2(e0a)2 I0(W )

(
d2W
dx2

)
− (ω)2(e0a)2 I2(

d2W
dx2

)2

− (e0a)2kw(W )

(
d2W
dx2

)
+ (e0a)2kg

(
d2W
dx2

)2

− (ω)2
(e0a)4

4
I0(

d2W
dx2

)2

− (ω)2
(e0a)4

4
I1

(
d2W
dx2

)(
d3U
dx3

)
+ (ω)2

(e0a)4

4
I2

(
d2W
dx2

)(
d4W
dx4

)
−
(e0a)4

4
kg

(
d2W
dx2

)(
d4W
dx4

)
+
(e0a)4

4
kw

(
d2W
dx2

)2



dx

(29)

Tmax =
ω2

2

∫ L

0

[
I0(U 2

+W 2)− 2I1(U )
(

dW
dx

)
+ I2

(
dW
dx

)2]
dx (30)
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Wmax =−
1
2

∫ L

0

[
kwW 2

+ kg

(
dW
dx

)2]
dx (31)

Substituting (29)–(31) into the Lagrangian energy function 5= Smax−Wmax− Tmax and setting 5= 0,
one may get

∫ L

0


A11

(
dU
dx

)2

− 2B11

(
d2W
dx2

)(
dU
dx

)
+ D11

(
d2W
dx2

)2

− (e0a)2kw(W )

(
d2W
dx2

)
+ (e0a)2

kg

(
d2W
dx2

)2

+
(e0a)4

4
kw

(
d2W
dx2

)2

−
(e0a)4

4
kg

(
d2W
dx2

)(
d4W
dx4

)
+ kwW 2

+ kg

(
dW
dx

)2

 dx

= ω2
∫ L

0



I0(U 2
+W 2)− 2I1(U )

(
dW
dx

)
+ I2

(
dW
dx

)2

+ (e0a)2 I0

(
dU
dx

)2

− (e0a)2 I1(
dU
dx

)(
d2W
dx2

)
−
(e0a)4

4
I0

(
d3U
dx3

)(
dU
dx

)
+
(e0a)4

4
I1

(
dU
dx

)(
d4W
dx4

)
− (e0a)2

I0(W )

(
d2W
dx2

)
− (e0a)2 I1

(
d2W
dx2

)(
dU
dx

)
+ (e0a)2 I2

(
d2W
dx2

)2

+
(e0a)4

4
I0

(
d2W
dx2

)2

+
(e0a)4

4
I1

(
d2W
dx2

)(
d3U
dx3

)
−
(e0a)4

4
I2

(
d2W
dx2

)(
d4W
dx4

)


dx

(32)

Where;

A11 =
bh

1− υ2

[
(EU − EL)

k+ 1
+ EL −

(
ϑ

2

)
(EU + EL)

]
B11 =

bh2k
1− υ2

[
(EU − EL)

2(k+ 1)(k+ 2)

]
D11 =

bh3

1− υ2

[
(EU − EL)(k2

+ k+ 2)
4(k+ 1)(k+ 2)(k+ 3)

+
EL

12
−

(
ϑ

24

)
(EU + EL)

]
I0 = bh

[
(ρU − ρL)

k+ 1
+ ρL −

(
ϑ

2

)
(ρU + ρL)

]
I1 = bh2k

[
(ρU − ρL)

2(k+ 1)(k+ 2)

]
I2 = bh3

[
(ρU − ρL)(k2

+ k+ 2)
4(k+ 1)(k+ 2)(k+ 3)

+
ρL

12
−

(
ϑ

24

)
(ρU + ρL)

]

Equation (32) is the Lagrangian energy function of FG porous nanobeam with bi-Helmholtz type of
nonlocal elasticity. The Lagrangian energy function for the Helmholtz type of nonlocal elasticity can be
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obtained from (32) as

∫ L

0


A11

(
dU
dx

)2

− 2B11

(
d2W
dx2

)(
dU
dx

)
+ D11

(
d2W
dx2

)2

− (e0a)2kw

(W )

(
d2W
dx2

)
+ (e0a)2kg

(
d2W
dx2

)2

+ kwW 2
+ kg

(
dW
dx

)2

 dx

= ω2
∫ L

0


I0(U 2

+W 2)− 2I1(U )
(

dW
dx

)
+ I2

(
dW
dx

)2

+ (e0a)2 I0

(
dU
dx

)2

− (e0a)2 I1

(
dU
dx

)
(

d2W
dx2

)
− (e0a)2 I0(W )

(
d2W
dx2

)
− (e0a)2 I1

(
d2W
dx2

)(
dU
dx

)
+ (e0a)2 I2

(
d2W
dx2

)2

 dx

(33)

3.2. Equation of motion for Navier’s technique. Substituting (25) into (23), the governing equations
of motion in terms of displacement can be obtained as

A11

(
∂2u
∂x2

)
− B11

(
∂3w

∂x3

)
= I0

(
∂2u
∂t2

)
− I1

(
∂3w

∂x∂t2

)
− (e0a)2{

I0

(
∂4u
∂x2∂t2

)
− I1

(
∂5w

∂x3∂t2

)}
+
(e0a)4

4

{
I0

(
∂6u
∂x4∂t2

)
− I1

(
∂7w

∂x5∂t2

)} (34a)

B11

(
∂3u
∂x3

)
− D11

(
∂4w

∂x4

)
= I0

(
∂2w

∂t2

)
+ I1

(
∂3u
∂x∂t2

)
− I2

(
∂4w

∂x2∂t2

)
+ kww− kg

(
∂2w

∂x2

)
−

(e0a)2


I0

(
∂4w

∂x2∂t2

)
+ I1

(
∂5u
∂x3∂t2

)
− I2(

∂6w

∂x4∂t2

)
+ kw

(
∂2w

∂x2

)
− kg

(
∂4w

∂x4

)
+

(e0a)4

4


I0

(
∂6w

∂x4∂t2

)
+ I1

(
∂7u
∂x5∂t2

)
− I2(

∂8w

∂x6∂t2

)
+ kw

(
∂4w

∂x4

)
− kg

(
∂6w

∂x6

)


(34b)

The governing equations of motion for the Helmholtz type of nonlocal elasticity can be obtained from
(34) as

A11

(
∂2u
∂x2

)
− B11

(
∂3w

∂x3

)
= I0

(
∂2u
∂t2

)
− I1

(
∂3w

∂x∂t2

)
− (e0a)2

{
I0

(
∂4u
∂x2∂t2

)
− I1

(
∂5w

∂x3∂t2

)}
(35a)

B11

(
∂3u
∂x3

)
− D11

(
∂4w

∂x4

)
= I0

(
∂2w

∂t2

)
+ I1

(
∂3u
∂x∂t2

)
− I2

(
∂4w

∂x2∂t2

)
+ kww− kg

(
∂2w

∂x2

)
− (e0a)2

{
I0

(
∂4w

∂x2∂t2

)
+ I1

(
∂5u
∂x3∂t2

)
− I2

(
∂6w

∂x4∂t2

)
+ kw

(
∂2w

∂x2

)
− kg

(
∂4w

∂x4

)}
(35b)

4. Solution procedures

In the upcoming subsections, the Hermite–Ritz method and Navier’s technique have been described to
solve the governing equations of motion for the proposed model.
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4.1. Application of Hermite–Ritz method. Hermite polynomials [Ş. S. Bayın 2018] (H(n, x)) are set
of orthogonal polynomials with respect to the weight function e−x2

defined over the domain (−∞,∞),
i.e., ∫

∞

−∞

e−x2
H(m, x)H(n, x)dx =

{√
π2nn!, n = m

0, n 6= m
(36)

First five terms of Hermite polynomials with recurrence relations can be expressed as [Ş. S. Bayın 2018]

H(0, x)= 1

H(1, x)= 2x

H(2, x)= 4x2
− 2

H(3, x)= 8x3
− 12x

H(4, x)= 16x4
− 48x2

+ 12

H(n, x)= 2x H(n− 1, x)− 2(n− 1)H(n− 2, x) and H ′(n, x)= 2nH(n− 1, x) (37)

In this investigation, Hermite polynomials are taken as shape functions, i.e., both the axial and transverse
displacements of the FG nanobeam are expressed in terms of Hermite polynomials. The main reasons
behind choosing the Hermite polynomials as shape functions are;

• Hermite polynomials are the orthogonal polynomials which reduce the computation time.

• Unlike other orthogonal polynomials such as Chebyshev polynomials, Legendre polynomials, etc.,
the domain is (−∞,∞) that offers flexibility in the limit of the Lagrangian energy function.

• It helps to restrict ill-conditioning of the matrix for higher values of polynomials.

The axial displacement U (X), and transverse displacement W (X) can be now expressed as [Pradhan and
Chakraverty 2014]

U (X)= Xη(R− X)κ
n∑

i=1

ci H(i − 1, X) (38a)

W (X)= Xη(R− X)κ
n∑

i=1

di H(i − 1, X) (38b)

Here ci ’s, and di ’s are unknown coefficients, H(n, X) is the nth term of Hermite polynomial which is
used shape function, Xη(R − X)κ is the admissible functions with exponents η, and κ . For different
boundary conditions η, and κ possess different values, as follows:

B.C. η κ

H-H 1 1
C-H 2 1
C-C 2 2

Substituting (38) into the Lagrangian energy function of bi-Helmholtz and Helmholtz types of nonlocal
elasticity, i.e., (32) and (33) and minimizing �2 with respect to the unknown coefficients ci ’s, and di ’s,
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i = 1, 2, 3 . . . n, give rise to the generalized eigenvalue problem as

[K]{X} =�2
[M]{X} (39)

where {X} = [c1, c2, c3, . . . cn, d1, d2, d3, . . . dn]
T , [K] represents the stiffness matrix, and [M] denotes

the mass matrix.

4.2. Application of Navier’s technique. As per the Navier’s technique the axial displacement u(x, t)
and transverse the displacement w(x, t) can be expanded in terms of sine and cosine series as [Bekhadda
et al. 2019];

u(x, t)=
∞∑

m=1

um cos
(

mπ
L

x
)

eiωt (40a)

w(x, t)=
∞∑

m=1

wm sin
(

mπ
L

x
)

eiωt (40b)

where um and wm are arbitrary parameters and ω is the natural frequency of vibration. Plugging (40) into
the (34), and (35), generalized Eigenvalue problem for free vibration of FG nanobeam for bi- Helmholtz
and Helmholtz types nonlocal elasticity, respectively, will be obtained as

[KbH
]{X} = ω2

[MbH
]{X} (41a)

[KH
]{X} = ω2

[MH
]{X} (41b)

Here [K bH
] =

[
k11 k12

k21 k22

]
, [MbH

] =

[
m11 m12

m21 m22

]
, [K H

] =

[
k̄11 k̄12

k̄21 k̄22

]
, [MH

] =

[
m̄11 m̄12

m̄21 m̄22

]
and

{X} = [um wm]
T , where

k11 =−A11

(
mπ
L

)2

, k12 = k21 = B11

(
mπ
L

)3

,

k22 =−D11

(
mπ
L

)4

− (kw)− (kg)

(
mπ
L

)2

− (e0a)2(kw)
(

mπ
L

)2

− (e0a)2(kg)

(
mπ
L

)4

−
(e0a)4

4
(kw)

(
mπ
L

)4

−
(e0a)4

4
(kg)

(
mπ
L

)6

,

m11 =−I0− (e0a)2(I0)

(
mπ
L

)2

−
(e0a)4

4
(I0)

(
mπ
L

)4

,

m12 = m21 = I1

(
mπ
L

)
+ (e0a)2(I1)

(
mπ
L

)3

+
(e0a)4

4
(I1)

(
mπ
L

)5

,

m22 =−I0− I2

(
mπ
L

)2

− I0(e0a)2
(

mπ
L

)2

− I2(e0a)2(
mπ
L

)4

− I0
(e0a)4

4

(
mπ
L

)4

− I2
(e0a)4

4

(
mπ
L

)6

,
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k̄11 =−A11

(
mπ
L

)2

, k̄12 = k̄21 = B11

(
mπ
L

)3

,

k̄22 =−D11

(
mπ
L

)4

− (kw)− (kg)

(
mπ
L

)2

− (e0a)2(kw)
(

mπ
L

)2

− (e0a)2(kg)

(
mπ
L

)4

,

m̄11 =−I0− (e0a)2(I0)

(
mπ
L

)2

, m̄12 = m̄21 = I1

(
mπ
L

)
+ (e0a)2(I1)

(
mπ
L

)3

,

m̄22 =−I0− I2

(
mπ
L

)2

− I0(e0a)2
(

mπ
L

)2

− I2(e0a)2
(

mπ
L

)4

.

By solving the eigenvalue problem mentioned in (41), the natural frequencies for the proposed model
will be obtained for hinged-hinged (HH) boundary condition.

5. Numerical results and discussions

In this investigation, the FG nanobeam is considered to be composed of metal constituents as alpha-
beta titanium alloy or titanium (Ti-6AL-4V) and ceramic constituent as zirconia or zirconium dioxide
(ZrO2). The geometrical properties or dimension of the specimen is taken from [Uzun and Yaylı 2020]
as width (b) = 400 nm, thickness (h) = 100 nm, and length (L) = 8000 nm, whereas the mechanical
properties [Uzun and Yaylı 2020] are given as; zirconia or zirconium dioxide (ZrO2): EU = 151 G Pa,
ρU = 3000 K g.m−3, and υU = 0.3 titanium (Ti-6AL-4V): EL = 105.7 G Pa, ρL = 4429 K g.m−3, and
υL = 0.298.

The Young’s modulus and mass density are assumed to vary through the thickness in accordance with
the power-law exponent model. At the same time, for the sake of convenience, the Poisson’s ratio is
taken constant throughout the thickness of the FG nanobeam, which is υ = 0.3.

5.1. Validation. In this subsection, the validation of the present model has been conducted with other
existing results in special cases. In this regard, the first three natural frequencies of the functionally graded
nanobeam of HH boundary condition has been compared with [Uzun and Yaylı 2020], by neglecting
the porosity and assuming Helmholtz nonlocal operator. The numerical results are computed for HH
boundary condition by using both the Navier’s technique (NT) and the Hermite–Ritz method (H-RM),

which is demonstrated in Table 1. Likewise, the fundamental frequency parameter
(
λ= ωL2

h

√
ρL
EL

)
for

HH boundary condition has been compared with [Pradhan and Chakraverty 2014; Aydogdu and Taskin
2007] by neglecting the porosity, nonlocal effect, and elastic foundation. Here the material is considered
as Alumina (Al2O3), and Aluminum (Al), and the gradation is taken along Young’s modulus only with
EL = 70 GPa, EU = 380 GPa and υ = 0.3. The tabular result is depicted in Table 2, with various power-
law exponent and aspect ratio. From these results, it is evident that the present model is accurate and
copes well with the existing results in special cases.

5.2. Convergence. Through this subsection, the convergence of the present model has been carried out
for first four natural frequencies of FG nanobeam by considering the power-law exponent (k)= 1, porosity
volume fraction (ϑ) = 0.1, non-dimensional nonlocal parameter α = e0/L) = 0.1, non-dimensional
Winkler elastic constant Kw = kwL4/(EL I )= 40, and non-dimensional Pasternak elastic constant Kg =
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(α) k ω1 ω2 ω3

[A] Present
(NT)

Present
(H-RM)

[A] Present
(NT)

Present
(H-RM)

[A] Present
(NT)

Present
(H-RM)

0 0 10.2084 10.3295 10.3294 26.4247 27.1637 27.1640 51.9523 53.8340 54.5844
2 8.6973 8.7744 8.7835 21.7885 22.2755 22.2756 42.0585 43.3202 43.9188
4 8.4672 8.5437 8.5497 21.1040 21.5893 21.5894 40.6136 41.8749 42.4450
6 8.3682 8.4449 8.4488 20.7909 21.2794 21.2795 39.9342 41.2065 41.7618
8 8.3116 8.3883 8.3910 20.6024 21.0920 21.0921 39.5165 40.7935 41.3395

0.2 0 9.8519 9.9418 9.9418 21.2306 21.5871 21.5873 33.1951 33.8385 34.2605
2 8.4376 8.4945 8.5012 17.9078 18.1366 18.1367 27.8374 28.2510 28.6052
4 8.2208 8.2772 8.2816 17.4076 17.6348 17.6350 27.0354 27.4468 27.7885
6 8.1285 8.1851 8.1880 17.1877 17.4160 17.4162 26.6971 27.0928 27.4283
8 8.0763 8.1329 8.1349 17.0597 17.2882 172884 26.4697 26.8839 27.2159

0.4 0 9.4203 9.4710 9.4709 18.6882 18.8290 18.8292 28.0525 28.2723 28.6346
2 8.1250 8.1568 8.1605 16.0475 16.1355 16.1357 24.0603 24.1955 24.5070
4 7.9245 7.9559 7.9584 15.6414 15.7285 15.7287 23.4472 23.5814 23.8843
6 7.8405 7.8721 7.8737 15.4695 15.5570 15.5572 23.1871 23.3220 23.6210
8 7.7938 7.8253 7.8264 15.3729 15.4603 15.4605 23.0405 23.1754 23.4721

Table 1. Comparison of natural frequencies (in MHz) obtained by present study with
[Uzun and Yaylı 2020], in special cases. [A] = [Uzun and Yaylı 2020].

(L
/

h) k 0 0.1 1 2 10
5 [C] 6.847 6.499 4.821 4.251 3.737

[B] 6.847 6.512 5.176 4.752 3.959
Present 6.8470 6.5120 5.1764 4.7518 3.9597

20 [C] 6.951 6.599 4.907 4.334 3.804
[B] 6.951 6.612 5.256 4.826 4.021

Present 6.9516 6.6115 5.2562 4.8258 4.0208

Table 2. Comparison of frequency parameters obtained by present study with [Pradhan
and Chakraverty 2014], [Aydogdu and Taskin 2007], in special cases. [B] = [Pradhan
and Chakraverty 2014]; [C] = [Aydogdu and Taskin 2007].

kg L2/(EL I ) = 40. Variations of the first four natural frequencies have studied with no. of terms of
the Hermite polynomial for HH, CH, and CC boundary conditions, which are depicted in Fig. 4, Fig. 5,
and Fig. 6, respectively. Natural frequencies have also been computed from the closed-form solution by
using Navier’s technique (NT) for HH boundary condition and compared with the results of the Hermite–
Ritz method (HRM) showing good agreement as illustrated in Figure 4. From these graphical results,
it is quite evident that the first four natural frequencies of all the boundary conditions are attaining the
convergence on or after no. of terms (n)= 6. Also, it may be observed that the CC boundary condition
is approaching convergence faster than HH and CH boundary conditions.

5.3. Effect of bi-Helmholtz nonlocal elasticity. In this subsection, the influence of the bi-Helmholtz op-
erator has been studied on natural frequencies of HH, CH, and CC boundary conditions as compared with
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Figure 5. Variation of first four natural frequencies (ω) with no. of terms (n) for CH
boundary condition.

the Helmholtz operator. For the computational purpose, power-law exponent (k)= 1, porosity volume
fraction (ϑ)= 0.1, non-dimensional Winkler elastic constant (Kw)= 40, and non-dimensional Winkler
elastic constant (Kg) = 40 are taken into consideration. The graphical results in Figure 7 represent
the variation of first four natural frequencies with respect to the nonlocal parameters (α) for Helmholtz
and bi-Helmholtz operators, respectively, for HH boundary condition, and these results are computed by
employing Navier’s technique. Likewise, Figure 8 and Figure 9 illustrate the graphical results for CH
and CC boundary conditions, respectively, which are computed using the Hermite–Ritz method. Here,
the nonlocal parameters are assumed to vary from 0 to 0.5 with an increment of 0.1. From these graphical
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Figure 7. Variation of first four natural frequencies (ω) with nonlocal parameter (α) for
HH boundary condition. Left: Helmholtz operator. Right: bi-Helmholtz operator.

results, it may clear that the natural frequencies for all modes and all boundary conditions are decreasing
with increase in nonlocal parameters except for the first and second modes of CH and CC boundary
conditions with respect to bi-Helmholtz operator. Also, this decrease is very significant in the case of
higher modes.

5.4. Effect of porosity or porosity volume fraction index. This subsection is dedicated to investigat-
ing the effect of porosity or porosity volume fraction index (ϑ) on natural frequencies of FG porous
nanobeam. Here the porosity volume fraction (ϑ) is varied from 0 to 0.5 with an increase of 0.1, and
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Figure 8. Variation of first four natural frequencies (ω) with nonlocal parameter (α) for
CH boundary condition. Left: Helmholtz operator. Right: bi-Helmholtz operator.
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Figure 9. Variation of first four natural frequencies (ω) with nonlocal parameter (α) for
CC boundary condition. Left: Helmholtz operator. Right: bi-Helmholtz operator.

other scaling parameters are taken as; power-law exponent (k)= 1, non-dimensional nonlocal parameter
(α)= 0.1 non-dimensional Winkler elastic foundation (Kw)= 40, and non-dimensional Pasternak elastic
foundation (Kg)= 40. In this regard, graphical and tabular results are given in Table 3 and Figs. 10–12.
Natural frequencies of the FG nanobeam increase with the rise in porosity index, which is applicable for
all modes, all boundary conditions, and in the case of both the bi-Helmholtz and Helmholtz operators.
This is because although with more value of porosity parameter the stiffness of beam becomes lesser and
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(a) hinged-hinged (HH) boundary condition

Porosity ϑ ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
0 8.9954 8.9933 21.2976 21.1592 36.5307 35.4690 52.9015 49.3444

0.1 9.3787 9.3766 21.8957 21.7614 37.2957 36.2590 53.8264 50.3436
0.2 9.8364 9.8345 22.6194 22.4899 38.2265 37.2193 54.9544 51.5600
0.3 10.3948 10.3930 23.5144 23.3904 39.3847 38.4129 56.3614 53.0744
0.4 11.0950 11.0933 24.6526 24.5353 40.8676 39.9393 58.1674 55.0143
0.5 12.0053 12.0038 26.1546 26.0456 42.8384 41.9655 60.5741 57.5937

(b) clamped-hinged (CH) boundary condition

Porosity ϑ ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
0 10.9378 10.8823 24.9546 24.5642 41.3135 39.8005 61.1409 54.8442

0.1 11.3221 11.2586 25.5648 25.1599 42.1072 40.6310 62.1339 55.8055
0.2 11.7839 11.7097 26.3055 25.8800 43.0744 41.6392 63.3464 56.9640
0.3 12.3509 12.2622 27.2248 26.7690 44.2801 42.8905 64.8610 58.3899
0.4 13.0667 12.9572 28.3985 27.8965 45.8267 44.4877 66.8086 60.1930
0.5 14.0039 13.8634 29.9541 29.3777 47.8868 46.6030 69.4088 62.5552

(c) clamped-clamped (CC) boundary condition

Porosity ϑ ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
0 13.4994 13.2904 29.1138 27.7048 46.4458 44.1091 64.3550 57.9714

0.1 13.8795 13.6388 29.7438 28.1601 47.2742 44.9480 65.3712 58.8354
0.2 14.3390 14.0564 30.5101 28.6844 48.2846 45.9578 66.6120 59.7990
0.3 14.9070 14.5671 31.4636 29.2890 49.5452 47.1975 68.1620 60.8655
0.4 15.6290 15.2076 32.6841 29.9802 51.1640 48.7578 70.1544 62.0347
0.5 16.5814 16.0379 34.3065 30.7424 53.3224 50.7858 72.8136 63.3195

Table 3. Natural frequencies (MHz) for Helmholtz operator (Ho) and bi-Helmholtz op-
erators (B-Ho) with respect to porosity volume fraction index.

also its cross-sectional moment of inertia reduces, the reduction rate of inertia is more than that of the
stiffness in the beam. It should be noted that other types of porosity may have opposite result. Also, it
may be noted that the increase in natural frequencies is more significant in higher modes. The results
obtained by both the bi-Helmholtz and Helmholtz operators are almost equal in lower modes where it
can be clearly distinguished for higher modes, Helmholtz operator possesses more natural frequencies
than bi-Helmholtz, and this trend is valid in all the boundary conditions.

5.5. Effect of Power-law exponent. In this subsection, the influence of the power-law exponent (k) has
been studied on the natural frequencies of FG nanobeam. The power-law exponent (k) is taken as 0,
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Figure 10. Variation of first four natural frequencies (ω) with porosity volume fraction
index (ϑ) for HH boundary condition.
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Figure 11. Variation of first four natural frequencies (ω) with porosity volume fraction
index (ϑ) for CH boundary condition.

0.2, 0.5, 1, 2, 3, 5, with porosity volume fraction (ϑ) = 0.1, non-dimensional parameter (α) = 0.1,
non-dimensional Winkler elastic constant (Kw)= 40, and non-dimensional Pasternak elastic constant
(Kg) = 40. Table 4(a–c) and Figs. (13–15) represent the tabular and graphical results for HH, CH,
and CC edges with respect to both the bi-Helmholtz and Helmholtz operators. All the computations
for HH edge are carried out by using Navier’s technique, while the Hermite–Ritz method is used for
other boundary conditions. These results clearly reveals that the natural frequencies of all modes and
all boundary conditions decrease with an increase in the power-law exponent (k), that means when the
beam is purely ceramic i.e., at k = 0 possesses the highest natural frequencies and when the beam is
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HH edge.

purely metal i.e., at k =∞ retains the lowest natural frequencies. This reduction is due to the fact that as
we go on increasing the power-law exponent (k), the beam becomes more flexible, retaining less natural
frequencies. This reduction is more remarkable with higher modes and at k < 2.

5.6. Effect of elastic foundation. This subsection is devoted to analyzing the effect of elastic foundation,
i.e., non-dimensional Winkler (Kw), and Pasternak (Kg) elastic parameters on natural frequencies of
the FG nanobeam. In this regard, a comprehensive study has been undertaken by varying the elastic
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(a) hinged-hinged (HH) boundary condition

k ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
0 10.7925 10.7898 25.8422 25.6668 44.5660 43.2276 64.7052 60.2300

0.2 10.2533 10.2509 24.3164 24.1573 41.7427 40.5234 60.4730 56.3892
0.5 9.7849 9.7827 23.0058 22.8605 39.3257 38.2072 56.8548 53.1023
1 9.3787 9.3766 21.8957 21.7614 37.2957 36.2590 53.8264 50.3436
2 9.0255 9.0236 20.9608 20.8352 35.6073 34.6351 51.3214 48.0518
3 8.8637 8.8619 20.5373 20.4155 34.8459 33.9022 50.1941 47.0188
5 8.7060 8.7042 20.1140 19.9962 34.0766 33.1631 49.0495 45.9742

(b) clamped-hinged (CH) boundary condition

k ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
0 13.1944 13.1310 30.3566 29.8811 50.4572 48.5432 74.8310 67.0271

0.2 12.4736 12.4098 28.4981 28.0498 47.2095 45.4679 69.8833 62.6547
0.5 11.8530 11.7892 26.9066 26.4819 44.4338 42.8388 65.6618 58.9263
1 11.3221 11.2586 25.5648 25.1599 42.1072 40.6310 62.1339 55.8055
2 10.8668 10.8035 24.4403 24.0509 40.1747 38.7905 59.2147 53.2083
3 10.6584 10.5948 23.9305 23.5472 39.3021 37.9573 57.8970 52.0277
5 10.4516 10.3871 23.4172 23.0390 38.4169 37.1130 56.5535 50.8202

(c) clamped-clamped (CC) boundary condition

k ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
0 16.3750 16.1390 35.4890 33.8613 56.7848 53.8613 78.8026 70.9212

0.2 15.4095 15.1707 33.2565 31.6420 53.0834 50.3948 73.5705 66.2187
0.5 14.5811 14.3408 31.3478 29.7477 49.9212 47.4324 69.1034 62.2012
1 13.8795 13.6388 29.7438 28.1601 47.2742 44.9480 65.3712 58.8354
2 13.2872 13.0467 28.4052 26.8338 45.0807 42.8800 62.2886 56.0261
3 13.0181 12.7767 27.7990 26.2265 44.0912 41.9427 60.9000 54.7382
5 12.7484 12.5044 27.1856 25.5997 43.0856 40.9884 59.4853 53.4032

Table 4. Natural frequencies (MHz) for Helmholtz operator and bi-Helmholtz operator
with respect to power-law index.

parameters, and the results are noted in tabular form, which can be seen in Table 5. The tabular results are
incorporated for HH, CH, and CC boundary conditions with power-law exponent (k)= 1, porosity volume
fraction (ϑ)= 0.1, and nonlocal parameter (α)= 0.1. Different combinations for elastic foundations are
considered, and results are noted for the first four natural frequencies by considering both bi-Helmholtz
and Helmholtz operators. From these results, it’s quite clear that the natural frequencies increase with the
increase in elastic constants except the second mode of CC edge, where some irregularities occur with
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Figure 14. Variation of first four natural frequencies (ω) with power-law index (k) for
CH edge.
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Figure 15. Variation of first four natural frequencies (ω) with power-law index (k) for
CC edge.

few combinations for elastic foundations, and these growths are more remarkable with higher modes. The
increase in natural frequencies can be explained by the fact that the higher values of elastic parameters
make the beam stiffer resulting higher value of natural frequencies.
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(a) hinged-hinged (HH) boundary condition

(Kw, Kg) ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
(0, 0) 4.1382 4.1336 14.6881 14.4871 28.3939 27.0178 43.1712 38.7421
(50, 0) 5.0270 5.0232 14.9627 14.7655 28.5369 27.1680 43.2652 38.8469

(100, 0) 5.7807 5.7774 15.2324 15.0387 28.6791 27.3173 43.3591 38.9514
(200, 0) 7.0504 7.0477 15.7579 15.5708 28.9614 27.6136 43.5462 39.1595
(500, 0) 9.9290 9.9270 17.2385 17.0676 29.7924 28.4839 44.1027 39.7774
(700, 0) 11.4529 11.4512 18.1587 17.9965 30.3338 29.0497 44.4698 40.1841

(1000, 0) 13.4180 13.4166 19.4575 19.3063 31.1281 29.8782 45.0149 40.7865
(0, 50) 9.8753 9.8734 23.1776 23.0508 39.1027 38.1152 56.1029 52.7706

(0, 100) 13.3386 13.3372 29.3030 29.2027 47.4534 46.6430 66.5682 63.7849
(0, 200) 18.4042 18.4032 38.7503 38.6746 60.8065 60.1762 83.6594 81.4622
(0, 500) 28.6548 28.6542 58.5692 58.5191 89.6340 89.2076 121.2501 119.7446
(0, 700) 33.8037 33.8031 68.6746 68.6319 104.5250 104.1596 140.8428 139.5489

(0, 1000) 40.3122 40.3118 81.5166 81.4807 123.5406 123.2316 165.9499 164.8531
(50, 50) 10.2795 10.2776 23.3526 23.2267 39.2066 38.2218 56.1753 52.8475

(100, 100) 13.9360 13.9346 29.5795 29.4803 47.6246 46.8171 66.6902 63.9123
(200, 200) 19.2691 19.2681 39.1683 39.0934 61.0736 60.4461 83.8535 81.6615
(500, 500) 30.0426 30.0420 59.2603 59.2108 90.0868 89.6626 121.5849 120.0836
(700, 700) 35.4504 35.4499 69.4996 69.4574 105.0685 104.7050 141.2463 139.9561
(103, 103) 42.2847 42.2842 82.5095 82.4740 124.1976 123.8902 166.4391 165.3455

(b) clamped-hinged (CH) boundary condition

(Kw, Kg) ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
(0, 0) 6.4253 6.4083 18.3745 17.9859 32.9521 30.8534 50.7756 43.9596
(50, 0) 7.0307 7.0151 18.5947 18.2108 33.0753 30.9850 50.8555 44.0520

(100, 0) 7.5879 7.5734 18.8124 18.4330 33.1981 31.1160 50.9354 44.1441
(200, 0) 8.5946 8.5819 19.2403 18.8696 33.4423 31.3764 51.0946 44.3278
(500, 0) 11.0789 11.0690 20.4705 20.1224 34.1643 32.1448 51.5695 44.8743
(700, 0) 12.4629 12.4541 21.2511 20.9160 34.6373 32.6470 51.8837 45.2350

(1000, 0) 14.2898 14.2821 22.3709 22.0528 35.3349 33.3862 52.3514 45.7707
(0, 50) 11.8992 11.8106 26.9144 26.4604 44.0082 42.5950 64.5997 58.1044

(0, 100) 15.5169 15.2826 33.3305 32.5184 52.8007 51.4876 75.9482 68.0455
(0, 200) 20.9356 20.3471 43.4007 41.5228 67.0109 65.4434 94.6476 80.4808
(0, 500) 32.0856 30.2815 64.8135 58.3572 97.9710 93.0027 136.1183 96.3964
(0, 700) 37.7273 35.0532 75.7982 65.7464 114.0332 101.8837 157.8232 111.2155

(0, 1000) 44.8781 40.8570 89.7895 74.2754 134.5788 114.0412 185.6826 130.8656
(50, 50) 12.2367 12.1506 27.0652 26.6138 44.1006 42.6904 64.6625 58.1743

(100, 100) 16.0332 15.8066 33.5739 32.7678 52.9545 51.6454 76.0551 68.1649
(200, 200) 21.6999 21.1326 43.7743 41.9131 67.2533 65.6915 94.8191 80.6828
(500, 500) 33.3308 31.5980 65.4386 59.0508 98.3853 93.4393 136.4165 96.8176
(700, 700) 39.2096 36.6439 76.5464 66.6078 114.5315 102.4415 158.1832 111.7264
(103, 103) 46.6579 42.8044 90.6917 75.3639 135.1820 114.7528 186.1197 131.4858
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(c) clamped-clamped (CC) boundary condition

(Kw, Kg) ω1 ω2 ω3 ω4

Ho B-Ho Ho B-Ho Ho B-Ho Ho B-Ho
(0, 0) 9.2819 9.2306 22.4127 21.7182 37.7523 34.6837 53.7256 45.8169

(50, 0) 9.7108 9.6618 22.5936 21.9048 37.8598 34.8008 53.8012 45.9054
(100, 0) 10.1215 10.0745 22.7731 22.0898 37.9671 34.9174 53.8766 45.9938
(200, 0) 10.8966 10.8529 23.1278 22.4553 38.1807 35.1496 54.0272 46.1700
(500, 0) 12.9463 12.9096 24.1607 23.5178 38.8145 35.8369 54.4764 46.6946
(700, 0) 14.1488 14.1152 24.8254 24.2002 39.2314 36.2880 54.7738 47.0411

(1000, 0) 15.7816 15.7515 25.7904 25.1892 39.8485 36.9542 55.2170 47.5562
(0, 50) 14.5242 14.1896 31.1770 29.0606 49.2867 46.9236 67.9123 60.6592
(0, 100) 18.2933 17.4110 37.9571 31.6656 58.5964 55.4373 79.6126 65.9577
(0, 200) 24.1051 21.9815 48.7571 27.9550 73.7730 67.9235 98.9483 74.2611
(0, 500) 36.3111 30.8467 72.0062 93.8346 107.0957 100.0219 141.9482 134.5057
(0, 700) 42.5415 35.2581 84.0015 107.3578 124.4489 114.8826 164.4844 155.6561

(0, 1000) 50.4634 40.8676 99.3133 124.8369 146.6785 134.3457 193.4267 182.9408
(50, 50) 14.8019 14.4738 31.3073 29.2003 49.3692 47.0102 67.9720 60.7262

(100, 100) 18.7332 17.8728 38.1710 31.9218 58.7350 55.5839 79.7146 66.0810
(200, 200) 24.7717 22.7106 49.0899 28.5321 73.9932 68.1627 99.1123 74.4800
(500, 500) 37.4159 32.1400 72.5693 94.2673 107.4748 100.4278 142.2341 134.8075
(700, 700) 43.8613 36.8399 84.6772 107.8871 124.9056 115.3773 164.8298 156.0211
(103, 103) 52.0525 42.8145 100.1296 125.4871 147.2320 134.9499 193.8462 183.3844

Table 5. Natural frequencies (MHz) for Helmholtz operator and bi-Helmholtz operator
with respect to elastic foundation.

6. Concluding remarks

In this investigation, a computationally efficient method, namely the Hermite–Ritz method has been
employed to compute the frequency response of the proposed model. bi-Helmholtz type of nonlocal
operator has been incorporated to seizure the effect small scale effect. HH, CH, and CC boundary
conditions are considered in this investigation, and closed-form solution is also obtained for HH boundary
condition by utilizing Navier’s technique. Validation and convergence of the proposed model/and method
have been conducted successfully. Conclusions obtained from the parametric study are summarized as
follow;

• The natural frequencies are decreasing with the increase in the nonlocal parameters except for the
first and second modes of CH and CC boundary conditions concerning bi-Helmholtz operator. Also,
this decrease is very significant in the case of higher modes.

• Natural frequencies of the FG nanobeam increase with the rise in porosity volume fraction index
and the increase in natural frequencies is more substantial in higher modes.
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• The results obtained by both the bi-Helmholtz and Helmholtz operators are almost equal in lower
modes. But, in higher modes, the Helmholtz operator possesses more natural frequencies than
bi-Helmholtz operator.

• The natural frequencies reduce with the increase in the power-law exponent (k), which means at
k = 0 the beam possesses the highest natural frequencies and at k =∞ the beam retains the lowest
natural frequencies.

• The natural frequencies increase with the increase in elastic parameters except for the second mode
of CC edge, where some irregularities occur with few combinations for elastic foundations, and
these growths are more remarkable with higher modes.
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