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The OrientedMatroids package for SageMath

ARAM DERMENJIAN, ELIZABETH FLIGHT AND TUDOR TANASA

ABSTRACT: We introduce the OrientedMatroids package for SageMath. It provides an interface for
constructing oriented matroids using one of various cryptomorphic definitions. It also provides methods for
transferring between the various definitions and implements some basic properties for oriented matroids.

1. INTRODUCTION. Matroids are a generalisation of linear independence and can be defined using
one of many cryptomorphic definitions, such as using graphs, rank functions, closure operators, etc.,
where two definitions are said to be cryptomorphic if they are equivalent, but not obviously equivalent.
The mathematical software system SageMath [5] already contains classes for constructing matroids
using any one of many cryptomorphic definitions. Oriented matroids are a generalisation of matroids
obtained by adding some orientation. They are combinatorial generalisations of directed graphs, (real)
hyperplane arrangements, (real) point configurations and more. Although SageMath contains methods
for constructing matroids, no such constructions exist for oriented matroids in SageMath. With recent
developments in matroid theory, it became worthwhile to create the OrientedMatroids package in
order to allow experimentation and working with oriented matroids from a programming point of view.

The OrientedMatroids package allows for constructing an oriented matroid using one of its crypto-
morphic definitions with a system in place to allow the easy addition of more definitions in the future. In
addition, the package allows the user to choose which cryptomorphic definition is being used, allowing
the user to change between different points of view when working with oriented matroids. Finally, the
package allows the output of basic properties and structures that a particular oriented matroid might
possess, contain or be related to.

Outline. In Section 2 we give the necessary background for oriented matroids. In Section 3 we discuss
the structure of the package itself and the methods that currently exist. Finally, we conclude in Section 4
by giving some examples of using the OrientedMatroids package to work with oriented matroids. The
package can be found on Github and will eventually be integrated into SageMath.
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2. BACKGROUND FOR ORIENTED MATROIDS. In this section we review some background for oriented
matroids. For a more thorough introduction to oriented matroids, the interested reader is directed to [1].

2.1. Cryptomorphic definitions. Recall that cryptomorphic definitions are two (or more) definitions that
are equivalent, but not obviously equivalent. In the OrientedMatroids package, the user is able to
construct oriented matroids using one of three cryptomorphic definitions which we will discuss in this
section. Before going through the definitions, we introduce the notions of signed subsets and signed
vectors as they will be the tools used to define oriented matroids.

Let E be some set. A signed set is a pair X = (X1, X7) € E x E such that X* N X~ = & and
XTUX™ = E. The elements of X are known as the positive elements of X and the elements of X~ are
called the negative elements of X. A signed subset is then a signed set (X, X7) such that XTUX~ C E.
For ease of notation we let X = X+ U X~ and call it the support of X. This allows for interpreting a
signed subset as a signed set X such that X € E. The set X’ = E \ X is known as the zero set of X.
By letting —X = (X, X), we obtain a signed set whose orientation is the reverse of X. For ease of
notation, for two signed subsets X and Y, we let X = Y mean that either X =Y or X =—Y. Fore € E
we let X () denote the sign of e in X, in other words, we let X (¢) =+ ife € X, X(e) = —ife€ X~
and X (e) =0 if e € X°.

By ordering £ we may encode signed subsets as signed vectors. For an ordering i; < ... < i, of E,
we let a signed vector X be a vector in {4+, 0, —}¥ where the j-th component is equal to X (i ;). By an
abuse of notation we let X represent both the signed subset and the signed vector. For a signed vector X,
let X, denote the e-th component, i.e., X, = X (e).

Example 1. Suppose that £ = {1,2,3,4,5,6,7}. Let X = {{2, 6,7}, {1, 5}} be a signed subset. The
positive elements of X are 2, 6, and 7 and the negative elements are 1 and 5. The signed vector
associated to X is the vector (—, 4,0, 0, —, 4+, +). The signed vector associated to —X is the vector
(+a T 07 O’ +’ s _)

Circuit oriented matroids. The first definition of an oriented matroid is a generalisation of directed graphs
and encodes the structure of a directed graph using the circuits. For a set of signed subsets C we let
—C={-X| XeC}.

Definition 1. An oriented matroid M is a pair (E, C) where E is a set and C is a collection of signed
subsets of E such that the following hold:

(CH @ ¢cC,

(C2) c=-C,

(C3) forall X,Y €C,if X CY then X ==Y, and
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(C4) forall X,Y €C, X #—Y and e € XT NY ™ there exists Z € C such that
ZtC(XTUYt)\fe} and Z~ C (X" UY ")\ {e}
The set C is called the set of signed circuits of M.

Note that the four properties encode precisely the circuit structure of an arbitrary directed graph. The
first property (C1) states that the empty circuit is not included in our set of (signed) circuits. The second
property (C2) states that for every circuit X in C, the reverse of the circuit X is also a circuit and should
be included in our set C. The third property (C3) states that our circuits are simple (no circuit contains
some other circuit). The fourth property (C4) is normally known as the (weak) elimination axiom and
states that if we have two circuits X and Y with an edge e in common (but with opposite signs) then there
is another circuit Z which is a subset of the edges of X and Y which does not contain the edge e. These
properties can be verified in the following example.

Example 2. Let G be the directed graph:

Denoting by X the reversal of a directed edge, there are 14 (simple) cycles given by the following 7 cycles
and their reversals.

153 362 465 142 1562 3641 3542
These 14 cycles are precisely the 14 circuits which define the set of signed circuits of an oriented matroid
on the set of 6 edges.
To verify (C4), one can take the circuits X = 142 and ¥ = 326. Since the edge labelled 2 is negative

in X and positive in Y it satisfies the conditions of (C4), i.e., 2 € X~ UY™. Then taking Z* to be
(XTUYH\ {2} ={1,4,6}and Z~ tobe (X~ UY ™)\ {2} = {} gives us the circuit Z = 3641.

Vector Oriented Matroids. To define an oriented matroid through vectors, we must introduce the com-
position operation. We define composition using sign vectors. Given two signed vectors X and Y, the
composition X oY is given component-wise:

X, ifX,#0

Y. otherwise.

(XoY>e={
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A vector of an oriented matroid is some composition of circuits.

Definition 2. An oriented matroid M is a pair (E, V) where E is a set and V is a collection of signed
subsets of E such that the following hold:

V1) g eV,
V2) V=-V,
(V3) forall X,Y €V, then XoY €V,
(V4) forall X, Y €V,ec XTNY and f € X\Y)UX\X)UXTNYTHHUX " NY"), thereis Z €V
such that
Zt S (XTUYT)\fe}, Z7 (X" UY")\{e},and fe(ZtUZ)
The set V is called the set of vectors of M.
The equivalence of this definition with the circuit axiom definition is due to [2] and [4].

Example 3. Continuing with Example 2, taking the composition of all the circuits will give us the set of
vectors. As an example of a composition let us take the composition of 153 and 362. The sign vectors for
these two cycles are given by (4, 0, —, 0, +, 0) and (0, —, +, 0, 0, —) respectively. Then

(+7 05 ) O’ +’ 0) o (07 > +’ Oa 0» _) = (+7 T T 07 +7 _)7 and
(Oa ) +a 07 Oa _) o (+a 07 ) Oa +a 0) = (+7 ) +7 Oa +7 _)

giving us two different signed vectors. The associated signed subsets are given by 12356 and 12356.
Taking all such vectors using composition gives us the set of vectors of an oriented matroid (the same
oriented matroid found in Example 2).

Covector Oriented Matroids. Before we define a covector, we must first define what the dual of an
oriented matroid is. We say two signed subsets X and Y are orthogonal, denoted X 1 Y, if XNY =@ or
there exist e, f € XNY such that X(e)-Y(e) = —X(f) - Y(f). Let M = (E, C) be an oriented matroid
with circuits C. Then there is a unique set C* of signed subsets of E such that X L Y for all X € C and
Y € C*. Then C* are the circuits of another oriented matroid on E called the dual of M, denoted M*. The
circuits of M* are called the cocircuits of M. Similarly, the vectors of M™* are called the covectors of
M. As covectors are signed vectors themselves, this allows for another definition for oriented matroids.

Definition 3. An oriented matroid M is a pair (E, £) where E is a set and £ is a collection of signed
vectors of E, such that the following hold:

(CVD1) O, ..., 0 €L,
(CV2) L=-L,
(CV3) X,Y € Limplies XoY € L,



Dermenjian, Flight and Tanasa ~~~~ The OrientedMatroids package for SageMath 85

(CV4) if X, Y € Land e € S(X, Y) then there exists Z € L suchthat Z,=0and Zy = (XoY) s =(YoX)y
forall f ¢ S(X,Y),

where S(X,Y)={e€ E | X, =—Y. # 0} is known as the separation set of X and Y. The set L is called
the set of covectors of M.

The equivalence of this definition with the circuit axioms comes from the fact that these axioms are
(essentially) the same axioms as the vector definition axioms. The main difference is the final axiom
which has been replaced by an equivalent axiom (shown to be equivalent by [3] and [4]).

Example 4. The dual of the oriented matroid in Example 2 is the oriented matroid associated to the dual
(di)graph of G. To obtain the dual digraph G* of G, we first draw both G and the dual graph G* of G in
the plane. We then direct each edge of G* so that there is a counter-clockwise turn of the corresponding
arc in G. The dual digraph is the digraph given in red:

2.2. Properties and associated objects. In the OrientedMatroids package, we introduce a number of
different properties and associated objects to oriented matroids. We define these properties and associated
objects next.

In this section, let M be an oriented matroid on a set E using any of the (equivalent) definitions. We
start by some definitions on E itself.

Definitions 1. The set E is known as the ground set of M. An element e € E is known as a loop if for
all signed vector (or signed subset) X in the oriented matroid one has X, = 0 (X (e) = 0). Two elements
e and f in E are parallel to one another if for all signed vector (or signed subset) X in the oriented
matroid, then X, =+X (X (e) = £X(f)).

As with many mathematical objects, it is useful to use one oriented matroid to obtain another. Two
well-known oriented matroids obtained from a given oriented matroid are the deletion and restriction of
an oriented matroid. We describe these two methods next.

Definitions 2. The deletion of an oriented matroid is the oriented matroid whose signed subsets/vectors
are restricted to the set £\ A for some subset A C E. The set A is known as the change set in our methods.
The restriction (more commonly known as a contraction) of an oriented matroid is the oriented matroid
whose signed subsets/vectors are restricted to the set £ \ A for some subset A C E with the additional
requirement that only signed subsets/vectors whose zero set is a subset of A are included.
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Oriented matroids have certain partial orders associated with them which allow us to better understand
their structures. For an oriented matroid M = (E, V) defined using the covector axioms, the face poset
of M is the partial order on the set of covectors V ordered component-wise by 0 < + and 0 < —. The
all-zero vector is the bottom element and the join of two elements X and Y isequalto X oY =Y o X if
the separation set of X and Y is empty. If we adjoin a top element then the face poset is known as the
face lattice. The maximal elements of a face poset are known as fopes. There is an additional partial
order one may place on the topes called the tope poset which fixes some tope B and lets 7 < T’ if and
only if S(B, T) C S(B, T') (this poset was first described in [4]).

We end this section by defining some properties which an oriented matroid might possess.

Definitions 3. The rank of an oriented matroid is the rank of its underlying matroid. If an oriented
matroid does not contain any loops or (distinct) parallel elements, then we say it is simple. An oriented
matroid is said to be acyclic if none of its circuits are an all positive (all elements are positive and none
are negative) or if, equivalently, there exists a positive tope. A tope T is called simplicial if the interval
[0, T'] in the face poset is isomorphic to a Boolean lattice. If every tope is simplicial then we call the
oriented matroid simplicial.

3. THE ORIENTEDMATROIDS PACKAGE. The OrientedMatroids package allows us to instantiate
oriented matroids and retrieve various properties. The package is designed in such a way to allow the
implementation of additional definitions in the future. We break the package down into the essential
components and talk about each class individually.

3.1. The AbstractOrientedMatroid class and children. The AbstractOrientedMatroid class is
the abstract class that all other types of oriented matroids are based on. Any new type of oriented matroid
coming from a cryptomorphic definition will extend this class so that all functionality of oriented matroids
are present

When extending the AbstractOrientedMatroid class, there is only one required method that must
be present. This method is the is_valid(self) method and returns a boolean whether or not the given
data satisfies the properties of that particular oriented matroid definition. There are currently four classes
which extend the AbstractOrientedMatroid class. These are:

(1) CircuitOrientedMatroid class, which uses the circuit definition of oriented matroids,
(2) VectorOrientedMatroid class, which uses the vector definition of oriented matroids,
(3) CovectorOrientedMatroid class, which uses the covector definition of oriented matroids, and

(4) RealHyperplaneArrangementOrientedMatroid class, which extends the CovectorOriented
Matroid class for faster computation in the case of hyperplane arrangements.

As there are multiple cryptomorphic definitions, the AbstractOrientedMatroid class has a method
convert_to(self, new_type=None) which allows you to convert from one type to another type. This
has the effect of changing the elements () method (see Section 3.1) to the new defining type. An example
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usage of this is the following where we first define an oriented matroid using the vector axioms and then
convert to the same oriented matroid using circuit axioms:

sage: M = OrientedMatroid([[1],[-1],[0]], key=’vector’)
sage: M.convert_to(’circuit’)

Circuit oriented matroid of rank O

In this case, before converting, the method M.elements () would return the vectors of the oriented
matroid, but after converting M. elements () would return the circuits of the oriented matroid.
In addition to the above, our class has the following additional methods.

Element methods. The following methods are present in regard to getting the elements of an oriented
matroid:

» groundset (self) — Return the ground set E that the oriented matroid is defined over.
e elements(self) — Return the (defining) elements of the oriented matroid.

» an_element (self) — Return an arbitrary element of the oriented matroid.

e circuits(self) — Return the circuits of the oriented matroid.

e cocircuits(self) — Return the cocircuits of the oriented matroid.

e vectors(self) — Return the vectors of the oriented matroid.

e covectors(self) — Return the covectors of the oriented matroid.

» loops(self) — Return the elements which are loops of the oriented matroid.

e are_parallel(self, e, f) —Return whether or not the two elements are parallel in the oriented
matroid.

In the above, by defining element we mean the collection used to define the oriented matroid. For example,
if the oriented matroid M was constructed using the circuit axioms, then M. elements () would return the
set of circuits.

Associated object methods. The following methods are present in regard to objects associated to an
oriented matroid:

e deletion(self, change_set) — Return the deletion of an oriented matroid based on a change
set.

e dual (self) — Return the dual of the oriented matroid.

» face_poset(self, facade=False) — Return the face poset of an oriented matroid.

e face_lattice(self, facade=False) — Return the face lattice of an oriented matroid.
e matroid(self) — Return the underlying matroid of the oriented matroid.

e restriction(self, change_set) — Return the restriction of an oriented matroid based on a
change set.
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» topes(self) — Return the topes of the oriented matroid.
» tope_poset(self, base_tope, facade=False) — Return the tope poset based off a particular

base_tope.

Property methods. The following methods are present in regards to properties an oriented matroid might
have:

e rank(self) — Return the rank of an oriented matroid.
e is_acyclic(self) — Return whether or not the oriented matroid is acyclic.
e is_simple(self) — Return whether or not the oriented matroid is simple.

e is_simplicial(self) — Return whether or not the oriented matroid is simplicial.

3.2. Speed and efficiency of package. The OrientedMatroids package has a lot of room for improve-
ment, in particular in the construction and verification of whether an object is an oriented matroid or not;
i.e., the is_valid methods. Testing various examples on computers, the OrientedMatroids package
can handle oriented matroids of rank up to 8 within a reasonable amount of time. For example, the
following piece of code on the first author’s personal computer took roughly 49 seconds using an Intel
19-13900HX processor on Windows 11 (using Windows Subsystem for Linux and SageMath 10.6):

sage: G = Graph({1:[2,4],2:[3,4,5],3:[4,6,8]1,4:[7],5:[8]1})
sage: A = hyperplane_arrangements.graphical(G)
sage: M = OrientedMatroid(A); M

Hyperplane arrangement oriented matroid of rank 7

In this instance, the conversion from a digraph to circuits takes roughly O (n log(n)) time and the time
complexity for the is_valid method is roughly O (n*). A future goal is to improve efficiency and speed
to allow for the handling of oriented matroids of rank greater than 8.

4. EXAMPLES.

4.1. Instantiation and use. As with matroids in SageMath, the OrientedMatroids package uses a
helper function to instantiate an oriented matroid based off input data. To instantiate an oriented matroid
we have the following function:

def OrientedMatroid(data=None, groundset=None, key=None, **kwds):
The input is defined as follows:

e data — The data will be used to define the oriented matroid itself. It can either be a list/tuple of
SignedSubsetElement objects from this package or tuples with positive, negative and zero sets. Al-
ternatively, it can be a hyperplane arrangement, point configuration or digraph object from SageMath.

» groundset — The ground set E that the oriented matroid will be based off of. If this is not provided,
the package attempts to figure out the groundset based off the data provided.
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» key — The key is the type of oriented matroid your data is. This can be either covector, vector,
or circuit. If nothing is passed in, then the package will attempt to figure out the key based off
the data.

The following code is a use case for using the package on various objects.

Digraphs: The example in Example 2 can be encoded in the following way:

sage: d = {’v1’:{°v2°:1,°v3°:2,°v4’:3},°v2’:{’v3’:4,’v4’:5},°v3’:{’v4’:6}}
OrientedMatroid(DiGraph(d) ,key="circuit"); M

sage: M
Circuit oriented matroid of rank 3
sage: len(M.circuits())

14

Hyperplane arrangements:

hyperplane_arrangements.braid(3)
OrientedMatroid(A); M

sage: A

sage: M
Hyperplane arrangement oriented matroid of rank 2
sage: M.groundset()

(Hyperplane 0*t0 + t1 - t2 + O,

Hyperplane tO - t1 + O0*xt2 + O,

Hyperplane t0 + O*tl - t2 + 0)

sage: AbstractOrientedMatroid.options.display=’vector’

sage: M.elements()

[(0,0,0),
(0,1,1),
(0,-1,-1),
(1,0,1),
(1,1,1),
(1,-1,0),
(1,-1,1),
(1,-1,-1),
(-1,0,-1),
(-1,1,0),
(-1,1,1),
(-1,1,-1),
(-1,-1,-1)]

sage: M.is_acyclic()

True
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Point configurations:

sage: PC = [[1,0,0],[0,1,0],[0,0,1],([1/2,1/2,0],([0,1/2,1/2],([1/3,1/3,1/3]]
sage: M = OrientedMatroid(PointConfiguration(PC)); M

Circuit oriented matroid of rank 3

sage: M.matroid()

Matroid of rank 3 on 6 elements with 16 bases

Non-example: If the user attempts to construct an oriented matroid that is invalid, the package will
automatically mention that an error occurred, and in particular which error. In terms of the covector
axioms (see Definition 3), the following gives (non-)examples for three of the axioms.

sage: CV2 = [ [0,0],[1,1]]
sage: OrientedMatroid(CV2, key=’covector’)

Traceback (most recent call last):

ValueError: Every element needs an opposite

sage: CV3 = [[1,1],[-1,-11,[0,1],([1,0],[-1,0],[0,-1]1]
sage: OrientedMatroid(CV3, key=’covector’)

Traceback (most recent call last):
ValueError: Composition must be in vectors

sage: Cv4 = [ [0,0],[1,1],[-1,-1],[1,-1],[-1,1]]
sage: M = OrientedMatroid(CV4, key=’covector’); M
Traceback (most recent call last):

ValueError: weak elimination failed

4.2. Testing of conjectures. The OrientedMatroids package can also handle testing more complex
examples and can help with trying to find counterexamples/examples of conjectures. An example of a
conjecture that the OrientedMatroids package can currently help with is the search for counterexamples
in the following conjecture by Las Vergnas. We first define the tope graph before stating the conjecture.
The tope graph T of an oriented matroid is a graph whose vertices are the topes and an edge between
two topes if they cover the same element in the face poset. Alternatively, one can think of the tope graph
as the underlying graph of the Hasse diagram of the tope poset. It is known that for an oriented matroid
of rank r, then a tope T is simplicial if and only if 7" has exactly r neighbours in the tope graph 7.

Conjecture 4.1. Every (simple) oriented matroid of rank r contains a simplicial tope.
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The following code shows that the conjecture is true for oriented matroids coming from graphical
arrangements where the graph has 5 nodes. Note that it requires the nauty package to be installed into
Sage.

sage: n = 5
sage: for G in graphs.nauty_geng(’-c ’ + str(n)):

sage: A = hyperplane_arrangements.graphical (G)

sage: M = OrientedMatroid(A)

sage: if not any([i.is_simplicial() for i in M.topes()]):
sage: print ("Found graph without simplicial region")

sage: print("Done")

Done

Depending on the ability of the computer used, one can construct oriented matroids to test whether
Las Vergnas’ conjecture is true for more complicated oriented matroids; something that would currently
be done by hand.

SUPPLEMENT. The online supplement contains the distribution directory for OrientedMatroid, version
0.2.
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