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Computing path signature varieties in Macaulay?2

CARLOS AMENDOLA, ANGELO EL SALIBY, FELIX LOTTER AND ORIOL REIG FITE

ABSTRACT: The signature of a path is a noncommutative power series whose coefficients are given by
certain iterated integrals over the path coordinates. This series almost uniquely characterizes the path up
to translation and reparametrization. Taking only fixed degree parts of these series yields signature tensors.
We introduce the MACAULAY?2 package PathSignatures to simplify the study of these interesting
objects for piecewise polynomial paths. It allows for the creation and manipulation of parametrized
families of paths and provides methods for computing their signature tensors and their associated algebraic
varieties.

1. INTRODUCTION. Given a path X : [0, 1] — R¢ defined by d piecewise differentiable functions
X1,...,X4:10,1] > R, its signature is a linear form o (X) : T ((R?)V) = R on the tensor algebra of the
dual of R? (see [4, 2.2]), whose image on a decomposable tensor o] ® - - - ® o is the iterated integral

1 I 1%
aro s [ [ [Ny @)@ - di.
0o Jo 0

Here o; X denotes the precomposition of «; : RY — R with X. The signature can also canonically be
viewed as an element of
T(RY) == [ [
k=0
by defining the coordinate of ¢;, ® - - - ® ¢;, to be cr(X)(e;‘] R-® e;kk). Here, the e; and e denote the
standard basis and dual basis of R¢. The projection of o (X) to the component (R?)®* is called the k-th
signature tensor of X.

While path signatures have long had prominence in stochastic analysis [11], they have been more
recently approached from an algebraic statistics and nonlinear algebra perspective [12; 17]. A key point
is that one can define algebraic varieties from signature tensors [1; 6; 8] and study the way signatures are
transformed by polynomial maps [5]. As tensors, one can also naturally study questions such as their
rank [2; 9] and use this algebraic structure for path learning [13].

Even though computer systems like MACAULAY?2 [10] and BERTINT [3] have been used to study path
signatures [1], there is still no package providing the algebraic structures and methods relevant in this
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context. We present the package PathSignatures in MACAULAY2,! which aims to fill this gap and
demonstrate how it simplifies the study of signature tensors with several key examples.

2. PIECEWISE POLYNOMIAL PATHS. We focus on piecewise polynomial paths, that is, paths X : [0, 1] —
R? with the property that there are 0=1fy < - - - < t,,, = 1 such that the coordinate functions of the restrictions

X|(4.1,.,) are given by polynomials. Then up to reparametrization, X agrees with the path

fit+1
Xl U U Xty

where LI denotes concatenation of paths. It is not hard to show that in this case

o (X) =0 Xlitp,n) ® - @0 (Xlit, 1,101 2-1

in 7 (R?)). This is known as Chen’s relation [7, page 10]. Moreover, since the signature is invariant under
translation, it follows that we can compute the signature of the piecewise polynomial path X from an
m-tuple of polynomial paths [0, 1] — R starting at the origin, ordered as they appear in the concatenation.
The type Path records precisely this data. It includes as special cases the families of piecewise linear
paths and polynomial paths studied in [1].

A key feature of the package is that it also allows to consider parametrized families of piecewise
polynomial paths: the polynomial segments defining a path are allowed to have coefficients in any ring.
In the following example, we illustrate this for a linear path.

Example 2.1 (linear paths). Piecewise linear paths are a classical way to approximate general paths. A
linear path can be constructed with the method 1inPath by giving an increment:

il: loadPackage "PathSignatures";
i2: QQ[x_1, x_2]; -- The increments can be in any ring
i3: Z = linPath({2#*x_1,3%*x_2})
03 = Path in 2-dimensional space with 1 polynomial segment:
{{2x t, 3x t}}
1 2
o3 : Path

A piecewise linear path can be constructed by concatenation of linear paths (as described in Example 2.2),
or with the method pwLinPath by giving a matrix of increments:

i4 : M = id_(QQ"3);

i5 : X = pwLinPath(M)

05 = Path in 3-dimensional space with 3 polynomial segments:
{{t, o, o}, {0, t, 0}, {0, 0, t}}

o5 : Path

IThe package is now included in the current stable version (1.25.11) of Macaulay?2.
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Example 2.2. A general polynomial path can be created with the method polyPath, by giving a list
containing its coordinate functions. Concatenating them with the symbol **, one obtains piecewise
polynomial paths:

i6 : R = QQ[t];
i7 : Y = polyPath({t, t72, t73})
o7 = Path in 3-dimensional space with 1 polynomial segment:
2 3
{{t, t , t }}
o7 : Path
i8 1 X¥xY
08 = Path in 3-dimensional space with 4 polynomial segments:
2 3
{{t, 0, o}, {0, ¢, 0}, {0, O, t}, {¢t, t , t }}
o8 : Path

Note again that according to our encoding of paths, concatenation is only formal, and no reparametriza-
tion is attempted. The path signature is computed from the polynomial pieces through Chen’s identity (2-1).

3. FREE ALGEBRAS OF WORDS, LYNDON WORDS AND SHUFFLES. Consider the d letters 1,...,d
and denote by R(1, ..., d) the free associative algebra over them. Then the algebra 7' ((R?)") may be
identified with R(1, ..., d) via the isomorphism induced by e} - i. A word is a concatenation of letters,

i.e., a product of letters in the free associative algebra.

The method wordAlgebra(d) creates the free associative algebra over the d letters Lty, ..., Ltq.
The resulting ring is of type NCPolynomialRing, which is provided by the MACAULAY?2 package
NCAlgebra. A linear combination of words is encoded by the type NCRingElement.

A useful notation for words, implemented in the method wordFormat, is the following: to each word
iy -1k we associate the array [i4, ..., ix] and then extend this convention by linearity to all elements
of R(1, ..., d) by considering formal linear combinations of such arrays. This notation can also be used
through the method Array_NCPolynomialRing to define words in an algebra:

i9 : A = wordAlgebra(2);
i10 : w = [1,2]_A
010 = Lt Lt
1 2
010 : A

Taking the path Z in Example 2.1, its signature o (Z) is represented by the method sig. For instance
it can be evaluated at a word:
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i1l : sig(Z,w)
oll = 3x x
12
o1l : QQlx ..x ]
1 2
Or we can extract its k-th level signature tensor:

i12 : sig(Z, 2) // wordFormat
9 2 2

ol2 = -x [2,2] +3xx [2, 1] +3x x [1, 2] + 2x [1, 1]
2 2 12 12 1

With the notation established above the last output corresponds to the tensor
9.2 2 2 2
5X) -Lto +3X1X2-LtQLt1+3X1xZ-Lt1L’C2+2X1 <Lty

We denote the usual product of R(1, ..., d), which is just concatenation on words, by . We write e for
the identity element of the multiplication, the empty word.

There is another algebra structure on R(1, ..., d), known as the shuffle product. It encodes a combina-
torial relation in the signatures values. Intuitively, the shuffle product of two words is the sum over all
words obtained by interleaving them, with multiplicity. More precisely, if w, w;, wp are words and a, b
are letters, it can be defined recursively as

elllw=wlle=w, (wjea)lld (wpeb)=(w;LL (wpeb))ea+ ((wjea)lllwy)eb.

Note that the shuffle product is commutative. For any path X, the signature o (X) : R(1,...,d) ;= R
is an algebra homomorphism; see [15].

Using PathSignatures, one can compute the shuffle product of two words with the method
NCRingElement ** NCRingElement.

Example 3.1. Let us check that o (X) is a shuffle algebra homomorphism in an example:

il: loadPackage "PathSignatures";
i2 : A = wordAlgebra(3);

i3 : R = QQ[t];

i4 : X = polyPath({t,t"2,t73});
i5 : a = [1,2]_A;

i6 : b = [2,3]_A;

i7 : ¢ = a **x b; ¢ // wordFormat

o8 =102, 3,1, 2] +[2,1, 3, 2] + [2, 1, 2, 3]
+ [1, 2, 3,21 +2[1, 2, 2, 3]

i9 : sig(X,a) * sig(X,b) == sig(X,c)

09 = true
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The shuffle product can also be defined as the symmetrization of the half-shuffle product, defined on
TZ!(RY), the space spanned by nonempty words, recursively as

Ww>i=wei, w>(vei):=(w>v+v>w)ei,

where w, v are words and i is a letter. A direct calculation shows that w L1 v = w > v+ v > w. The method
NCRingElement » NCRingElement computes the half-shuffle of two words.

The half-shuffie plays an important role in translating between properties of paths and properties of
signatures; see [14]. For example, it is used to describe the transformations of the signature corresponding
to polynomial transformations of paths, as we will explain in Section 5.

Example 3.2. Let us play with shuffles and half-shuffles of two words:

i10 : R = wordAlgebra(3);

i1l w = [1]_R;

i12 : v = [1,2,3]_R;

113 : s = w **x v; --shuffle product of w, v
i14 : s // wordFormat

ol4 = [1, 2, 3, 11 + [1, 2, 1, 3] +2 [1, 1, 2, 3]
i15 : (v >> w) // wordFormat

ol5 = [1,2,3,1]

i16 @ (w>> v) + (v >>w) == w %% v

016 = true

i17 @ (w >> (v >> 8)) == ((w ** v) >> s)

017 = true

The last two lines verify an instance of the Zinbiel identity of the nonassociative half-shuffle algebra [5,
Theorem 5].

Since the algebra R(1, ..., d)| | is commutative, it can be represented as a quotient of an (infinitely
generated) polynomial ring. In fact, it turns out that it is a free commutative algebra over a suitable set of
generators; one such choice are Lyndon words.

A word [ on the alphabet {1, ..., d} is a Lyndon word if it is strictly smaller, in lexicographic order,
than all of its rotations (or, equivalently, if it is smaller than all of its proper right subwords). The method
lyndonWords computes all Lyndon words of at most a given length on a given number of letters:

i18 : lyndonWords(3,2)
o18 = {[1]1, [, 21, [1, 31, [2], [2, 3], [3]}
018 : List

Given an element of R(1,...,d) |, the method 1yndonShuffle computes its representation as a
shuffle polynomial in Lyndon words. This is encoded as a hashTable mapping monomials (also given
as a hashTable) to their coefficients.
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Example 3.3. We compute the representation of 321 in R(1, 2, 3) in terms of Lyndon words:

i19 : A = wordAlgebra(3);

i20 : w = [3,2,1]_A;

i21 : lyndonShuffle w

021 = HashTable{HashTable{[1, 2, 3] => 1} => 1}
HashTable{[1, 2] => 1} => -1

[3] => 1
HashTable{[1] => 1 } => -1

[2, 3] => 1
HashTable{[1] => 1} => 1

[2] => 1

[3] => 1

021 : HashTable

That is,
321 =123—12 1113 —1 1123+ 1 L2 L13.

4. UNIVERSAL VARIETIES. To any Lyndon word /[ we can associate an iterated Lie bracketing b(l) €
R(1,...,d), defined iteratively as follows. For a letter i € {1, ..., d} we simply define

b(i):=1.
For a Lyndon word / of length greater than 1 we define

b(l) :=[b(l), b(l2)],

where [1, [, are nonempty words such that their concatenation /,/; is [, and /5 is the longest Lyndon word
appearing as a proper right factor of /.

One can show that the bracketings b(/) of Lyndon words / of length at most k form a basis for the
Lie algebra Lie* (R?) (see [16, Theorems 4.9 and 5.1]), justifying the name 1ieBasis for the method
computing the bracketing of a Lyndon word.

The corresponding Lie group exp(Lie* (R)) is an affine variety, and the Chen—Chow theorem states
that its projection to the level k£ component describes the set of all possible k-th level signature tensors
of smooth paths X : [0, 1] — R¢; see [7, Theorem 7.28]. Inspired by this fact, the complexification and
projectivization of this projection onto level k is known as the universal variety Uy i [1, Section 4].

Example 4.1. Let d = 2 and k = 3. The following code computes the parametrization p; o exp :
Liek (RY) — Uy i of the universal variety, where p; denotes the projection to the level kK component. First,
we compute a basis of the Lie algebra as described above:
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il : loadPackage "PathSignatures";
i2 : words = tolist apply((3:1)..(3:2), i-> new Array from i);
i3 : lwords = lyndonWords(2,3)
o3 = {[1], (1, 1, 2], [1, 2], [1, 2, 2], [2]}
o3 : List
i4 : Q = QQ new Array from (apply(lwords,i->y_i) |
{Degrees => apply(lwords, i->length(i))});
i5 : A2 = wordAlgebra(2, CoefficientRing => Q);
i6 : lbasis = apply(lwords, i-> lieBasis(i,A2));

The variables in Q will represent the coordinates of an element of Lie* (R?) with respect to this basis; in
other words, we write an arbitrary element of Lie* (R?) as

i7 : 1T = sum(0..length(lbasis)-1, i-> Q_i * lbasis_i);
Its image under py o exp is computed by the method tensorExp:
i8 : gT = tensorExp(1T,3);

This is a noncommutative polynomial with coefficients in Q, or equivalently a tensor whose entries are
polynomials in Q. We obtain the ring map corresponding to this polynomial parametrization as follows:

i9 : m = tensorParametrization(gT);
09 : RingMap Q <-- QQ[...]

We can then compute the prime ideal of the universal variety U4 3 by solving the corresponding impliciti-
zation problem:

i1l0 : I = ker m;
010 : Ideal of QQ[...]

i1l : dim I
oll =5
112 : degree I
0l2 = 4
i13 : betti mingens I
01
013 = total: 1 6
0: 1
1: . 6

Thus, U 3 has affine dimension 5, degree 4 and is generated by 6 quadrics. This is consistent with [1,
Table 2].
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5. PATH SIGNATURES UNDER LINEAR AND POLYNOMIAL TRANSFORMATIONS. From the definition
of the signature it is immediate that it is equivariant under linear transformations in the following sense:
if X : [0, 1] = R? is a path and A is an e x d matrix, then

c(AoX)=0(X)oT(AT),

where T(A ") is the map induced by A" on the tensor algebra. In other words, by denoting the diagonal
action of the matrix AT onwe R(1,...,e) by AT .w, we have

(0(AoX),w) = (o(X), AT w). (5-1)

Note that on the left-hand side we use the pairing (R(1, ..., e))" x (R(1, ..., e)) while on the right-hand
side we use the pairing (R(1,...,d))" x (R(1, ..., d)).

Example 5.1. Consider the following polynomial path:

i1 : loadPackage "PathSignatures";
i2 : R = QQ[t];
i3 : Z = polyPath({t+2*t"~2+3%t™3, 4%t +5*t~2+6%t~3})
03 = Path in 2-dimensional space with 1 polynomial segment:
3 2 3 2
{{3t + 2t ++t, 6t + 5t + 4t}}
o3 : Path

Then Z can be obtained as the image of the path Y of Example 2.2 through the linear transformation
A : R? — R? determined by the matrix:

i4 : A = matrix({{1,2,3},{4,5,6}})
od =123 |
| 4 56 |

2 3
o4 : Matrix ZZ <-- ZZ

Through the method Matrix * NCRingElement we can compute the diagonal action of a matrix on a
tensor. As an example we verify the formula above:

i5 : Y = polyPath({t, t72, t73});
i6 : T = wordAlgebra(2);
i7 : sig(Z, Lt_1*Lt_2)
427
o7 = -—-
10
o7 : QQ

i8 : sig(Y, (transpose A)*( Lt_1*Lt_2))
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427
08 = ——-
10
o8 : QQ

We will generalize this example in Section 6.

In [5], the equivariance relation was generalized to polynomial transformations. Let X be a path in R¢
with X (0) = 0 and let p : RY - R™ be a polynomial map such that p(0) = 0. Then there is an algebra
homomorphism

M, : (T(R™), W) — (T (R?), L)

such that, for every word w € T (R"), we have
(o(poX),w)=(o(X), Mp(w)). (5-2)
Moreover, consider the algebra homomorphism
¢a:Rlxi, x2, ... xg] = (TRY, L),
X — 1,
Xjp v X > i LW L Ay

Then the restriction of M, to T=1(R?) is the unique half-shuffle homomorphism such that

M,(i) =@a(pi), VYiefl,...,d}.
See [5] for more on these homomorphisms and for the relevant proofs.

Example 5.2. Let us test the adjoint relation of (5-2). The method ad jointWord computes the evaluation
of the corresponding map M ,:

i9 : 8 = QQlx,yl;

i10 : p = {x72,y73,x-y};
i1l : R = QQ[tl;
i12 : X = polyPath({t,t"2});

i13 : PP = apply(p, q —-> sub(q, {x=>t, y=>t"2}));
i14 : Y = polyPath(PP);

i15 : wA3 = wordAlgebra(3);

i16 : sig(Y,Lt_1)==sig(X, adjointWord(Lt_1, wA3,p))
016 = true

6. CORE SIGNATURE TENSORS AND PATH SIGNATURE VARIETIES. Given a path X in R” and an
d x m matrix A, recall from (5-1) that we have 0 ® (4 0 X) = A.c ¥ (X) for every k > 0, where A acts
diagonally in the canonical way on o® (X). In other words, the signature map is equivariant under linear
transformations.
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This leads us to consider the following setting: we have a set S of paths in RY, and assume that there
exists a path D : [0, 1] — R™ such that

S={AoD|A:R" — R’ linear)}.

Then, to determine the signature of any path in S, we only need to compute the signature of D and use
the equivariance relation. We call the signature of D at level k the k-th core tensor of the family S.

There are two instances of this situation that arise typically. The first is to take S as the set of piecewise
linear paths made of m linear steps. We define the canonical axis path in R™ to be the path from
©,...,0) to (1,...,1) given by m linear steps in the unit directions ey, ..., e,, in this order. The
method CAxisTensor computes the k-th level signature of the canonical axis path in dimension .

The second important case of core tensors is obtained by considering the canonical monomial path
in R”, defined as the path from (0,...,0) to (1,...,1) given by t > (¢, t2,...,t™). The method
CMonTensor computes the k-th level signature of the canonical monomial path in dimension m.

In [1], the authors explore algebraic varieties corresponding to signature tensors of piecewise linear
and polynomial paths. To that end, remark that every piecewise linear path in R? with m pieces and every
polynomial path of degree m in R can be represented by a real d x m matrix, denoted by X = (x;. )
More precisely, if X; denotes the i-th column of X, a piecewise linear path can be parametrized by

L
fs X1+ 4 Xi + (mi—i + DX, ifze[’—,i], fori=1,...,m.
m m

On the other hand, each coordinate function X;(¢) of a polynomial path can be written as
Xi() =xiat + -+ xpmt".

In both cases, each coordinate o;, ._;, of the tensor o®(X)is a homogeneous polynomial of degree k in
the dm unknowns x;;. Thus, we can consider them as the homogeneous coordinates of the projective
space P"~! and we have that 0 ®) defines a rational map of degree k:

o® . pdm=1__, [p,dk—1.

We define the polynomial signature variety Py i n, and the piecewise linear signature variety Lg j ,, as
the Zariski closure of the image of the corresponding rational maps.

Equivalently, P; x.» and L4 ., can be described as the Zariski closure of congruence orbits of the
canonical axis path and the canonical monomial path.

In this package we provide the necessary tools to create these maps, from which one may compute the
dimension, degree and generators of the signature varieties for different values of d, k, m.

Example 6.1. Let us compute the prime ideal of the piecewise linear signature variety £33 2:

il : loadPackage "PathSignatures";
i2 : d=3; k=3; m=2;
i3 : R =QQla_(1,1)..a_(d,m)];
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i4 : Ma = transpose genericMatrix(R,m,d);
3 2
04 : Matrix R <-- R
i5 : A2 = wordAlgebra(m, CoefficientRing => R);
i6 : CAx = CAxisTensor(k, A2)
1 31 21 2 1 3
o6 = -Lt +-Lt Lt +-Lt Lt +-Lt
6 2 2 1 2 2 1 26 1
i7 : DAx = Ma * CAx;
i8 : parAx = tensorParametrization(DAx);
08 : RingMap R <-- QQ[...]
i9 : I = ker parAx;

i10 : dim I
010 = 6
i11 : degree I
oll = 90
112 : betti mingens I
0o 1
012 = total: 1 163
0: 1 1
1: . 162

012 : BettiTally

These results are consistent with the tenth row of [1, Table 3], namely that £33, is 5-dimensional
(projectively), has degree 90 and its ambient (projective) dimension is 33 — 2 = 25 (one dimension is lost
because there is one linear generator). The rest of the generators consist of 162 quadrics.

When symbolic computations are too costly, we can turn to techniques from numerical alge-
braic geometry. The parametrization map created via PathSignatures can easily be used as
input in the MACAULAY2 package NumericalImplicitization, in particular in the methods
numericalImageDim and numericallImageDegree.

Example 6.2. We compute numerically the dimension and degree of the polynomial signature variety
P2.4.3 and the piecewise linear signature variety £, 4.3 using numerical methods:

il3 : d=2; k=4; m=3,;

i14 : R = CCla_(1,1)..a_(d,m)]; --for numerical computations

i15 : Ma = transpose genericMatrix(R,m,d);

3 2
015 : Matrix R <-- R
i16 : A2 = wordAlgebra(m, CoefficientRing => R);
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i17 : CMon = CMonTensor(k, A2);

i18 : DMon Ma * CMon;

i19 : parMon = tensorParametrization(DMon, CoefficientRing => CC);
019 : RingMap R <-- CC [...]

i20 : needsPackage "Numericallmplicitization";

i21 : numericalIlmageDim(parMon,ideal O_R)
021 = 6

Taking the same steps, which we omit, for the piecewise linear signature variety we also obtain:

i26 : numericallmageDegree(parAx,ideal O_R,Verbose=>false)
026 = 64

These results agree with the fifth row of [1, Table 3]: the projective dimension of P, 4.3 and £; 43 1S 5
and their degrees are 192 and 64, respectively.
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