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THE GENERAL FORM OF THE RELAXATION OF A PURELY
INTERFACIAL ENERGY FOR STRUCTURED DEFORMATIONS

MIROSLAV SILHAVY

This paper deals with the relaxation of energies of media with structured de-
formations introduced by Del Piero and Owen (1993; 1995). Structured defor-
mations provide a multiscale geometry that captures the contributions at the
macrolevel of both smooth and nonsmooth geometrical changes (disarrange-
ments) at submacroscopic levels. The paper examines the special case of Choksi
and Fonseca’s (1997) energetics of structured deformations in which the unre-
laxed energy does not contain the bulk contribution. Thus, the energy is purely
interfacial but of a general form. New formulas for the relaxed bulk and inter-
facial energies are proved. The bulk relaxed energy is shown to coincide with
the subadditive envelope of the unrelaxed interfacial energy while the relaxed
interfacial energy is the restriction of the envelope to rank-1 tensors. Moreover,
it is shown that the minimizing sequence required to define the bulk energy in
the relaxation scheme of Choksi and Fonseca (1997) can be realized in the more
restrictive class required in the relaxation scheme of Bafa, Matias and Santos
(2012), thus establishing the equality of relaxed energies of the two approaches
for general purely interfacial energies. The relaxations of the specific interfacial
energies of Owen and Paroni (2015) and Barroso, Matias, Morandotti and Owen
(2017) are simple consequences of our general results.

1. Introduction

This paper deals with the relaxation of nonclassical continua modeled as media
with structured deformations introduced by Del Piero and Owen [1993; 1995]." In
their original setting, a structured deformation is a triplet (X, g, G) of objects of the
following nature. The set L C R3, the crack site, is a subset of vanishing Lebesgue
measure of the reference region €2, the map g : Q \ K — R3, the deformation
map, is piecewise continuously differentiable and injective, and G is a piecewise
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continuous map from 2\ K to the set of invertible second-order tensors describing
deformation without disarrangements.

Within this context, simple deformations are triples (IC, g, Vg) where g is a
piecewise smooth injective map with jump discontinuities describing partial or full
separation of pieces of the body. In view of this, in the general case of a structured
deformation (IC, g, G), the tensor

H=Vg—-aG,

the deformation due to disarrangements, measures the departure of (K, g, G) from
the simple deformation (K, g, Vg).

Choksi and Fonseca [1997] introduced into the theory of structured deforma-
tions energy considerations and the ideas of relaxation. For further studies in
one- and multidimensional settings, see [Del Piero 2001; 2004]. It is well-known
that the existing techniques of relaxation of the calculus of variations and con-
tinuum mechanics are unable to cope with injectivity requirements. Accordingly,
Choksi and Fonseca neglect the injectivity requirement; in addition, they assume
weaker regularity. In their interpretation, structured deformations are pairs (g, G)
where g : Q — R" is a special R"-valued map of bounded variation from the
space SBV(Q2) and G : Q2 — Lin is an integrable Lin-valued map from the space
E'(Q, Lin).? Thus,

SD(R) := SBV(2) x £1(€, Lin)

is the set of all structured deformations. Structured deformations of the form (g, Vg)
with g € SBV(2) are called simple deformations in this paper.
The relaxation starts from the energy

E@= [ W9+ [ yileh v aa M
Q J(8)

of a simple deformation g € SBV(£2). Here V and A are the Lebesgue measure

and the (n — 1)-dimensional Hausdorff measure in R" and Vg is the absolutely

continuous part of the derivative (= gradient) Dg of g, while the singular part

Dg:=[gll®vgAL J(g)

is a tensor-valued singular measure describing the discontinuities of g; that part is
formed from the jump set J(g) C 2 of g, the jump [[g]] of g on J(g) and the normal
v, to J(g). The reader is referred to (24), below, for a detailed description of these
objects. The material is characterized by the bulk energy density W : Lin — R and

2For brevity of notation, we omit the target spaces and write SBV(Q2) = SBV(2, R") and
p! (2,Lin)=L 1 (€2, Lin). See Section 3 for more notation and detailed definitions.
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by the interfacial (or cohesion) energy ¥ : D, — R, where we denote
D,=R"x S

The approximation theorem of Del Piero and Owen [1993, Theorem 5.8] says
that every structured deformation is a well-defined limit of simple deformations. In
the framework of Choksi and Fonseca [1997] (see also [gilhavy 2015]), this means
that corresponding to each structured deformation (g, G) € SD(2) there exists a
sequence (gx, Vgr) € SD(R2) (i.e., with g in SBV(£2)) such that

g —g ink'(Q,RY,
Vg —~*G in M(L, Lin), 2
sup{|Vgklpi @ gry ik =1,...} <o0.
The relaxed energy of a structured deformation (g, G) € SD(S2) is defined by

I(g,G)= inf{likm inf E(gr) : gx € SBV(Q2) satisfies (2)}. 3)
—00

Thus, a sequence approaching the above infimum realizes the most economical
way to build up the deformation (g, G) using approximations in SBV. The relax-
ation theorem of Choksi and Fonseca [1997, Theorems 2.6 and 2.17, Remark 3.3]
says that, under some assumptions on W and i (a particular case of which are
Assumptions 2.1, below), the relaxed energy admits the integral representation

1(g, G)Z/ H(Vg,G)dV+/ h(ligll, vg)dA 4
Q J(g)
where H and h are some functions determined explicitly in the cited theorems
(Theorem 2.2 presents formulas for H and & for a particular case).
This paper deals with the relaxation of energy functions E for which the bulk
contribution vanishes, i.e., with energy functions of the form

E(g) = Vgl vg) dA &)
J(g)

for each g € SBV(L2). The main result, Theorem 2.3, below, gives explicit descrip-
tions of the functions H and & from (4) and applies them to give simplified proofs
of two particular cases Examples 2.5 and 2.6 given previously in [Owen and Paroni
2015; Barroso et al. 2017].

2. The main result and examples

We make the following standing hypotheses about .

2.1. Assumptions. (i) The function ¢ : D, — R is continuous.
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(i) We have Y (—a, —b) = ¥ (a, b) and
0<v(a,b) <Cia (6)

for every (a, b) € D,, and some C; > 0.

(iii)) The function (-, v) is subadditive and positively homogeneous for each
eSS

To ease the statements of the results, we extend any function ¢ : D, — [0, c0) to an
identically denoted function ¢ : R" x R" — [0, co) by homogeneity with respect
to the second variable, i.e., by assuming that the extended function satisfies

¢(a,tb) =1¢(a, b) (N

for any # > 0 and (a, b) € R" x R". This convention applies in particular to the
functions ¥ and A.

We need some notation to formulate the main results. Let Q = —%, %)”, and
for every M € Lin, let wy; : dQ — R”" be given by

wy(x) =Mx forevery x € dQ. (8)

Furthermore, if (a, b) € D,, let Q; be any cube with unit edge, center at 0 € R"
and two faces normal to b, and let z, 5 : Q) — R" be the map defined by

Zap(x) = 1a(sgn(x-b)+1), x€ Q. )

Finally, if u € SBV(£2), let us put

Y (D) := v ([ull, v,) dA. (10)
J(u)

The following statement is a particular case W = 0 of the relaxation theorem of
Choksi and Fonseca [1997, Theorems 2.6 and 2.17, Remark 3.3].

2.2. Theorem. The effective energies H and h are given by
H(A, B) = inf{lIJ(DSu) :ueSBV(Q), u=waonoQ, / Vudy = B} (11D
o

foreach A, B € Lin and
h(a,b) = inf{¥(D°u) : u € SBV(Qp), u =24 0n3Qp, Vu=00n Qp} (12)
for each (a, b) € D,,.

The following theorem, the main result of this paper, shows that the functions H
and & admit a much more explicit description in terms of a single function ®.
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2.3. Theorem. The functions H and h in Theorem 2.2 are given by
H(A, B)=®(A—-B), (13a)
h(a,b) =P(a@®b) (13b)

forevery A, B € Lin and (a, b) € D,, where ® is a subadditive and positively ho-
mogeneous function on Lin defined by each of the following equivalent Assertions
(1)—(iv); moreover, for dyadic arguments, we have an additional Assertion (V).

(1) D is the biggest subadditive function on Lin satisfying
Pa®b) <y(a,b) forevery(a,b)e Dy; (14)
ie.,
(M) = sup{© (M) : © is subadditive on Lin
and ®(a ® b) < ¥ (a, b) for every (a, b) € Dn}. (15)

(1) For every M € Lin,3

d)(M):inf{Z V(ai, bi):(ai,bj)eD,, i=1,...,m, Za,-@b,-:M}. (16)
i=1

i=1
(iii) For every M € Lin,
®(M) =inf{W (D) : u € SBV(Q), u=wy on dQ, Vu =0o0n Q}. (17)

(iv) For every M € Lin,
d(M) = inf{II/(Dsu) :ueSBV(Q), u=wy ondQ, / Vudy = 0}. (18)
0

(v) For arguments of the form a @ b, where (a, b) € D,,,
®(a ®@D) =inf{¥(D*u) : u € SBV(Qp), u =24 0on dQp, Vu=0o0n Qp}. (19)
The proof of Theorem 2.3 is given in Sections 5 and 6, below.

2.4. Remarks. (a) Since the pointwise supremum of any family of subadditive
functions is subadditive (e.g., [Hille and Phillips 1957, Theorem 7.2.2]), (15)
really defines a subadditive function.

(b) Among the above characterizations of ®, the closely related novel forms (i)
and (i) must be considered as the most important. The main advantage of (i)
and (ii) is that they establish connections to the wealth of results of the convex-
ity theory. These will be employed to analyze the examples to be formulated
below.

3 Throughout the paper, the letter m denotes any positive integer.



196 MIROSLAV SILHAVY

(c) In one dimension, one can orient the normals to jumps to be always the vector
+1 (rather than —1) and hence the dependence of ¥ on the second variable
can be suppressed: ¥ = ¥ (a), a € R. Assumption 2.1(iii) then says that i is
subadditive and positively homogeneous. Thus, the subadditive envelope &
of v is i itself, and all mentions of a subadditive envelope can be avoided.
This is not the case if Assumption 2.1(iii) is relaxed. Indeed, working in one
dimension, Del Piero [2001; 2004] calculated the relaxation of the energy (1)
with the interfacial energy i of a general form, avoiding Assumption 2.1(iii).
His main result contains the subadditive envelope of i also. In light of the
above discussion, this envelope plays a different but related role. The relax-
ation of a purely interfacial energy of a more general form than that postulated
in Assumptions 2.1 in arbitrary dimension will be treated in a future paper.

(d) The expressions in (iii)—(v) already occurred previously, albeit without noting
that they are mutually equivalent and equivalent to (i) and (ii), except for
some particular cases to be mentioned below. The formula for H in (13a)
with & defined in (iv) and the formula for / in (13b) with ® defined in (v)
are direct consequences of Choksi and Fonseca’s expressions in (11) and (12).
The formula for H with ® given by (iii) crops up in the relaxation schemes
by Baia, Matias and Santos [Baia et al. 2012, (3.2)] and by Barroso, Matias,
Morandotti and Owen [Barroso et al. 2017, Theorem 3.2]. The relaxation
schemes in the last two papers require among other things higher regularity
of structured deformations and are not strictly comparable with that of Choksi
and Fonseca described above.

(e) The infimum (iii) could be, in principle, bigger than (iv). Nevertheless, the in-
fima are generally the same. This has been established previously in [Barroso
et al. 2017] for the special choices of i described in the following examples,
which motivated the present study.

2.5. Example [Owen and Paroni 2015, Theorem 4, particular case L =1]. If
V. |(a,b)=la-b| and Yi(a,b)={a b} (20)

for every (a, b) € D,, where {-}, and {-}_ denote the positive and negative parts
of a real number, then
O (M) = |tr M|, (21a)
DL (M) ={tr M}y (21b)
for every M € Lin. The effective energies H,.|, Hy, h|.| and h are determined
through ®,.| and & by (13).

As shown in [Owen and Paroni 2015], {tr M} is a volume density of disar-
rangements due to submacroscopic separations, {tr M}_ is a volume density of
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disarrangements due to submacroscopic switches and interpenetrations, and |tr M |
is a volume density of all three of these nontangential disarrangements: separations,
switches and interpenetrations. The evaluation in [Owen and Paroni 2015] of H
(equivalently, of @) for (21) is rather complicated; a recent paper by Barroso, Ma-
tias, Morandotti and Owen [Barroso et al. 2017] presents some simplification and
the realization of the minimizing sequence in the narrower class (iv) in Theorem 2.3
mentioned earlier. Our version of the derivation, which includes the minimizing
sequence from (iv) via Theorem 2.3 also, is given in Section 7.

2.6. Example [Barroso et al. 2017, (5.3)]. If

V(a,b)=la- p| (22)
for (a, b) € D,, where p € R" is a fixed vector, then

d(M)=|M"p| (23)

for any M € Lin.

3. Notation and functions of bounded variation

We denote by Z the set of integers, by N the set of positive integers, by §"~! the
unit sphere in R” and by Lin the set of all linear transformations from R" into
itself, often identified with the set of n x n matrices with real elements. We use the
symbols “-” and “| - |” to denote the scalar product and the euclidean norm on R"
and on Lin. The latter are defined by A - B :=tr(ABT) and |A| = v/A - A where
AT € Lin is the transpose of A and tr denotes the trace.

A real-valued function f defined on a vector space X is said to be subadditive
if f(x+y) < f(x)+ f(y) for every x, y € X and positively homogeneous if
f(x)=tf(x) forevery t >0 and x € X.

If © is an open subset of R”, we denote by L' (2, Lin) the space of Lin-valued
integrable maps on 2. We denote by M (€2, Lin) the set of all (finite) Lin-valued
measures on Q. If u € M(€2, Lin), we denote by u L B the restriction of u to a
Borel set BC Q. If G, G, e L' (Q, Lin), k=1,2, ..., we say that G converges
to G in the sense of measures, and write

Gy —~*G in M(L,Lin),

if fQ Gy-HdV — fQ G - H dV for every continuous map H : R" — Lin which
vanishes outside 2.

We state some basic definitions and properties of the space BV(2) =BV (2, R")
of maps of bounded variation and of the space SBV(2) = SBV (L2, R"), special
maps of bounded variation. For more details, see [Ambrosio et al. 2000; Evans
and Gariepy 1992; Ziemer 1989; Federer 1969].
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We define the set BV () as the set of all u € L' () = L' (2, R") such that there
exists a measure Du € M(£2, Lin) satisfying

/u-dideVz—/ T - dDu
Q Q

for each infinitely differentiable map 7 : R" — R"*" which vanishes outside some
compact subset of Q2. Here div T is an R"-valued map on €2 given by (divT); =
Z;f:l T;;, j, where the comma followed by an index j denotes the partial derivative
with respect to j-th variable. The measure Du is uniquely determined and called
the weak (or generalized) derivative of u. We shall need the following form of the
Gauss—Green theorem for BV: if Q is a domain with lipschitzian boundary and
u € BV(R2), then there exists an A integrable map u?% : 9Q — R" such that

Du(Q2) E/ dDu :/ u’? @ vg dA,
Q Q)

where vg is the outer normal to dQ. The map u?* is determined within a change
on a set of .4 measure 0 and is called the trace of u.
We define the set SBV(£2) as the set of all u € BV (£2) for which Du has the form

Du=VuV_Q+ull®v, AL J(u) (24)

where Vu, the absolutely continuous part of Du, is a map in £ (2, Lin) and the
term

Du :=[u]l @ vy, AL J (1)

on the right-hand side of (24) is called the jump (or singular) part of Du. The
objects J(u) C , [ull : J(u) > R" and v, : J(u) — S"=1 are called the jump set
of u, the jump of u and the normal to J (1), respectively. Here J (u) is the set of
all x € Q for which there exist v, (x) € "~ ! and u™(x) € R" such that we have
the approximate limits
ut(x)= aplim  u(x),
—>X
yeHz(x,vu(x))
where H* (x, v,(x)) = {y € R" : &(y — x) - v, (x) > 0}. For a given x € , either
the triplet (v,, u™, u™) = (v, (x), u™ (x), u” (x)) does not exist or it is uniquely
determined to within the change (v, u™, u™) — (—v,, u~, u™). With one of these
choices, one puts [u]] = u™ — u~ and notes that [u] ® v, is unique.
Finally, we denote by (r) the integral part of r € R. Clearly,

r—1<{(r)y<r, (25a)

O<r—(ry<l. (25b)
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Writing r = kt, where ¢t € R and k > 0, and dividing by k, we obtain

O<t—(kt)/k<1/k (26)
and hence
(kt)/k >t ask— o0 (27)

uniformly in ¢ € R.

4. Preliminary results
We put
CM):={ueSBV(Q):u=wy ondQ, Vu=0on Q},

B(M) := {u €SBV(Q):u=wyonodQ, / VudeO}
Q

for any M € Lin. We start with the following preliminary results.

4.1. Proposition. If A, BeLinandu € B(A) and v € B(B), thenu+v € B(A+ B)
and
Y (D%u +D%) < W (D*u) + ¥ (D%v); (28)
if (J(m)NJ(w)) =0, then we have the equality sign in (28).
Proof. We have
Ju+v)=K,UK,UL (29)

where
L=Jw)NJ(), K,=Jw\K, K,=Jw\K.

Next, we observe that on L we have v, (x) = +v,(x) for A-almost every x € L;
since we have a freedom in the choice of the sign of v,, we assume v, (x) = v,(x)
and denote ;© = v, on L. Then
[u] ®v, on K,,,
[+ v] @ vyty = { [V]IQ vy on Ky, (30)
([u]+[v])®u on L.
By the subadditivity of i,

VY (lul+ vl w) = ¥ ((ul, w) + (vl w) = (ul, vi) + ¥ (v, vy)
and hence (30) provides

=Y ([ul, vu) on K,,
‘/f([u + U]v VM-HJ) = w([v]v Vv) on KU,
<¥((ul,v,) +¥(v],v,) onlL.
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Integrating over J (u 4+ v) and using (29), we obtain

lIJ(])SM + DSU) = f W([M +v], Vu—l—v) d
J(u+v)

5/ W([u],vu)dJr/ v ([v], v)d
K, K,

+ [ wvod+ [yl
L L

= W(D’u) + ¥ (D%v),
which completes the proof of (28). ]
4.2. Remark. If the interfacial energy density i has the special form

Y(a,b)=A@®b) (31)

where A : Lin — [0, 0c0) is a subadditive and positively homogeneous function,
then W (D%u) is given by
Y (D%u) = A(D%u)

where D%u := [u]l ® v, L J () is the singular part of the derivative Du of u and
A(D%u) ::/ A(ul ®v,) d
J(u)

is an instance of Reshetnyak’s [1968] functional u — A(u) of a measure y €
M(Q, Lin); see, e.g., [Ambrosio et al. 2000, (2.29)]. The subadditivity and posi-
tive homogeneity of ® (asserted in Theorem 2.3) is then an instance of the general
result [Ambrosio et al. 2000, Proposition 2.37] asserting the same properties of
the functional © +— A(w). Indeed, if M; € Lin and u; € A(M;), i = 1,2, then
uy+uy € A(My 4+ M,) and therefore

O (M + Ma) < A(D*(u1 +u2)) = A(Duy +D’uz) < A(D°uy) + A(Duz);
taking the infimum over all u; € A(M;) and u, € A(M>) gives
(M + M) = @ (M) + P(M>).
The positive homogeneity follows similarly. We note that the interfacial energies
in Examples 2.5 and 2.6 have the form (31), but this is not the case generally.
The following elementary result records some formulas to be employed below.

4.3. Remark. Let Q C R" be an open bounded set with lipschitzian boundary. A
countable family 2,, @ € N, of pairwise disjoint subsets of €2 with lipschitzian
boundaries is said to be a partition of €2 if one can write 2 = Jo—; Q, to within a
set of null Lebesgue measure. Let us agree to say that ¢ € L'(Q, R) is piecewise
constant if there exists a partition €2, such that ¢ is constant on each Q. If vy is
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the outer normal to €2, and if a, is the value of ¢ on 2, then ¢ € BV (L2, R) if
and only if

/ law —ag|ld A < 00, (32)
(a,ﬂ)GI BQQQBQﬂ
where

T={(a, B)eN*:a < B, (02, N3IN) > 0}.
If this is the case, we have the formulas

Je)y= |J 02.n32p),

(o, B)eT
[ellvy = (ay —ag)vg on 92, NI for any (a, B) € Z,
Dy = llgllv, L J (¢) (33)

to within changes on sets of null .4 measure. The total variation (mass) M(Dg) of
Dg is equal to the sum in (32).

Proof. Assume that (32) holds, and prove that ¢ € BV(L2, R) and that the three
formulas above hold. We note that if (32) holds then p := [[¢llv, L J(¢) is a
(“finite”) measure in M (2, R"). Let us prove that u is the weak derivative of ¢,
which will also prove ¢ € BV(£2, R). Thus, we have to prove that

f Vidv=—[ flgldA (34)
Q J(p)

for every class-infinity function f with support in €2. The application of the Gauss—
Green theorem to each of the sets €2, provides

/ (prdVEaa/ VfdY=ay fvy dA.

Qy Qe 02

Summing these equations over all @ and using that v, = —vg, one obtains (34) and
hence we have ¢ € BV(L2, R), (33) and all the remaining assertions of the remark.
The converse implication is proved by reversing the above arguments. (]

5. The function ®

The goal of this section is to prove that the functions defined in items (i)—(iv) of
Theorem 2.3 coincide. We denote these functions by @, ®,, &3 and P4, respec-
tively, and prove that they are the same by establishing the cycle of relations

D) > Py > O3> Py =Py,

5.1. Proposition. ©; > ;.
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Proof. 1t is easy to show that &, is a subadditive function. Thus, the definition of
®,; gives the assertion. O

The proof of the following lemma contains a construction of the central mini-
mizing sequence uy € C(M) for Theorem 2.3(iii). This sequence will be defined as
the superposition of (a slight modification of) the sequence of step deformations
sk, k=1, ..., defined on Q by

sp(x) = k_la(kx -b),
x € Q. Clearly, Vs =0, and in view of (27),
sp(x) > a(x-b) on Q

as k — oo. Thus, s; satisfies the boundary condition s = w,gp on dQ in the
asymptotic sense; however, the definition of C(a ® b) requires the exact form of
that boundary condition. For this reason, we have to slightly modify s; near the
boundary d Q without violating the equation Vs; = 0.

5.2. Lemma. If M € Lin and (a;, b;) € D,,i =1, ..., m, satisfy

m
M=> a;®b, (35)
i=1
then there exists a sequence uy € C(M), k=1, ..., such that
m
limsup W (D'ug) < ) v (ai, by)- (36)

k—00 i—1

We refer to Remark 5.3 for a mild condition on the sequence (a;, b;) that guar-
antees that the lim sup in (36) strengthens to lim and the inequality sign to the
equality sign.

Proof. We shall first construct the sequence u for the particular case when M =
a ® b is a dyad and then superimpose the sequences corresponding to the dyads

a;®b;,i =1,...,m,toobtain the general case. Thus, let (a, b) € D, and construct
a sequence uy € C(a®b), k=1, ..., such that
lim W (D%uy) = ¥ (a, b). (37)
k— o0

Introduce the sets

Ce=(0—-k0, Li=(0-0+D)H\0-1"H0, (38)

k,l € N, and observe that

Q:CkUULl (39)

I=k
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with mutually disjoint summands for any k € N. Here the product ¢S of a set
S C R" and a real number 7 is defined by 1S = {¢tx : x € §}. Equation (39) presents
a decomposition of Q into the main set Cy, which is a large subset of Q for large k,
while Ly, Ly11, ... present infinitely many rectangular layers filling the gap O\ Cy
and becoming more and more refined towards the boundary of Q.

We use these sets Cy, L, Lr+1, ... to define a sequence of scalar functions
ok:Q0—> R, k=2,...,by

(k—1)"2((k —1)%x-b) if x € Cy,

40
[72(I?x - b) if x € L; for some [ > k. “0)

Pr(x) = {
Let us use Remark 4.3 to prove that ¢, € BV(Q, R). Clearly, ¢ is a piecewise
constant function in the sense of that remark. Using (25a), one finds that x -6 — 1 <
@r(x) < x - b; hence, |¢i| is bounded on Q and thus ¢ € L'(Q, R). It remains to
verify (32). Let us show that in the present case (32) reads

| edaa<. (1)
J(gr)
where
o
Jpo=Ccrul JwpuL)) (42)
1=k
is the jump set, with
Co={xeC:k’x-beZ), (43)
Ly={xeL; :I’x-beZ), Li=(1-17%30Q, (44)

and on J (¢x)

(k—1)72b onCy,
[oellvg, = {172b on L{ where [ > k, (45)
01 Vi on LY where [ > k

is the jump and normal to the jump set, with
m() =1"H%x - b) = (= D7~ 1)*x - b) (46)

and with v denoting the outer normal to the scaled cube (1 —k72)0. Equations (42)
and (45) follow from the identities given in Remark 4.3. One has to enumerate the
regions of constancy of ¢ in an arbitrary way to obtain the system of sets €2,
a =1, ..., and use the formulas of that remark. The details are left to the reader.
This establishes the equivalence of the inequalities (32) and (41). To prove that
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(41) really holds, one finds from (45) that
/ lgell dA= (k—D)?AC) + Y 1AL + ) / lmldA. - (47)
J (i) I=k 1=k VLI

We estimate the terms A(CY), A(L;) and f L? [n1(x)] d A as follows. First, prove
that

JA(C)) — (k= 1)*L"(Cp)| < 2n, (482)
|A(L}) = PL"(Lp)| < 4n (48b)

and hence
A(C)) <2n+ (k—1)2L"(Cp), A(LY) < 4n+412L"(Ly). (49)

Let us prove (48b); the proof of (48a) is similar. Let w : L; — R be defined by
wx)=0x-b—(’x-b), xelL,.

Then w € BV(L;, R), Dw = 1?b —bAL L7, and hence the Gauss—Green theorem

yields

Do (L)) = PL"(L)b —bA(LY) = / wvr, dA, (50)
dL;
from which

me" (L)~ ALDI < [ foldA
dL;

We now observe that || <1 on dL; and dL; = L?

9
11 Y L;. Thus,

/ lo|dA < AL}, )+ A(L]) < 4n
aL;

since, elementarily, A(L{, ) < 2n and A(L{) < 2n. Thus, we have (48b). Next
prove that
()| <20 —1)"* onL].

Indeed, writing

’

Im )| = |2 (Px by —x -b) — (I = 1)"2(( = 1)*x -b) —x - b)

using the triangle inequality and the inequality (26) twice, with t = x - b and k = [?
and k = (I — 1)%, one obtains
M)+ -2 <20-D77
and hence
f ImldA<2(—1)"2ALY) <4n(l —1)72. (51)
L}
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The estimates (49) and (51) and the formula (47) provide

/ Lol dA < 20k — 1) + £(Ci)
J(uy) o0 00
+ Z(4nl_2 +£"(L)) + Z4n(l — 12

I=k I=k
(e8]
<i+2n(k=1)>+8n) (—1)"? <oo,
1=k
where we have used
o0
LYCH+Y L (L)=L(Q)=1.
I=k
Thus, we have (41); hence, ¢ € BV(L2, R) for every k and
Dy = [@rllvg, AL J (@r)

and
Vor =0. (52)

Finally, note that the boundary trace (p,f of ¢ on 9 Q satisfies
(p,?(x) =x-b foreveryx e€dQ. (53)

While a rigorous proof of this can be given by using the essential limit of ¢y atx € Q,
we here only note that the definition of ¢ yields that

lim g(x;)=x-b (54)
Jj—>00

for any x € 9 Q and any sequence x; € Q converging to x. For this it suffices to note
that in view of (39) one finds that x; must belong to some L; for some [ =1(j) > k.
The limit x; — x then implies that /(k) — oo, and then the definition (40) and the
formula (27) provide (54).

We define the sequence u; : Q — R", k=2,..., by

ui(x) = agp(x)

for every x € Q. By ¢ € SBV(Q, R) and by (52) and (53), we have u; € C(a ® b).
Further, [uc]l = [gclla ® vy, ; consequently, by (45),

(k—1)"2¢(a,b) onCy,
¥ (L]l vi) = {17 (a, b) on Ly for any [ > k,
v (ma, vi) on L? for any I > k
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and hence

Y (Duy) = ¥l viy) dA = (k= 1) 7Y (a, LAC) +pr,  (55)
J (ur)

where

p= 2 @b AL) + Y [ wonamda
=k I=k !

Dividing (48a) by (k — 1)2, we obtain
(k—1)2AC)) — 1 (56)

since L"(Cy) — 1. Using (6), we obtain that the nonnegative number py, is bounded
by (a constant multiple of) the quantity

o0 o0
de=Y 1AL+ Y | ImldA
=k =% LI

< Z LML) +2n(k — 1) "2 +4n Z(l -2

1=k I=k

[e.¢]
<k 42nk—D) 440y (-1
I=k
and hence p; — 0. Equations (55) and (56) then yield (37).

We now complete the proof in the general case. By the preceding part of the
proof, for each i € {1, ..., m}, there exists a sequence ”2 €eCa;®b;,0),k=1, ...,
such that

W (Duy) — (@i, bi) (57)

as k — oo. Define uy 1= i, uj'{ for every k. By (28),

m
WD) <) W(D'uj). (58)
i=1
Hence,
m m
lim sup ¥ (D%uy) < Jim Y wDU) =Y Yai b
k— 00 —o0 X
i=1 i=1
by (57). O

5.3. Remark. If the sequence (a;, b;) satisfies the condition

bi #b; and b; #—b; wheneverl <i < j<m, (59)
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then the sequence u; can be chosen as to satisfy, instead of the inequality (36), the
equality
m
lim W(D%uy) = i»bi).
kl)IIolo ( Ltk) Zl w(az» l)
1=
Indeed, the inspection of the proof of Lemma 5.2 shows that the source of the
inequality (36) is the subadditivity in (58) which cannot be replaced by the equality
unless the discontinuity sets J(u;) pairwise intersect on a set of null .4 measure

(see Proposition 4.1). Condition (59) guarantees that. However, inequality (36)
suffices for our purposes.

5.4. Proposition. ®; > O3 > Py,

Proof. To prove @, > &3, we take any sequence (a;, b;) € D,,i =1, ..., m, such
that Z;":] a; ® b; = M and consider the infimum as in the definition of ®, in (16).
Hence, for the given sequence (a;, b;) € D,, we construct a sequence of maps
ureCM),k=1,...,asin Lemma 5.2. Then

O3(M) < ¥V (D’uy)

by the definition of ®3. Letting k — oo and using (36), we obtain

D3(M) <> Yr(ar. by).

i=1
Taking the infimum over all sequences a; and b;, one obtains from the definition
of &, the inequality ®3(M) < ®,(M). The inequality &3 > P4 is immediate. [

5.5. Proposition. &4 = P;.

Proof. We seek to prove that ®4 is the biggest subadditive function satisfying
dy(a ® b) < Y(a, b) for any (a, b) € D,. To prove the subadditivity of @4, let
A, B € Lin and u € B(A) and v € B(B). Proposition 4.1 and (17) yield u + v €
B(A + B) and

®4(A+ B) < ¥ (D*u 4+ D*v) < W(D*u) + ¥ (D).
Taking the infimum over all # and v then gives the subadditivity
®4(A+ B) < ©4(A) + P4(B).
Next we note that the biggest subadditive function ® such that
O@®b) <y(a,b) (60)

for any (a, b) € D, is automatically positively homogeneous; thus, it suffices to
prove the maximality of ®4 among all subadditive and positively homogeneous
functions satisfying (60). Thus, let ® be such a function and let M € Lin and



208 MIROSLAV SILHAVY

u € B(M). Then by (60) and by Jensen’s inequality for positively homogeneous
subadditive functions,

¥ (D) := Y ([ull, vi)dA
J(u)

Z/ O(ul®v,)dA
J ()

> @( [u] ® v, d.A). (61)
J(u)

We now combine the boundary condition u =w, on 9 Q and relation [ o Vu dc"=0
with the Gauss—Green theorem to obtain

[l®v,dA= [u] ® v, dA+/ Vudl"
J(u) J(u) o

=f 1dDu
0

=/ MxQ@vodA=M.
a0
Thus, (61) yields
W (D%u) > O(M).
Taking the infimum over all u € B(M), we obtain ®4(M) > O(M). ]
This proves ®| = ®y = &3 = O4. We define the function ® by & = ®,.

6. Completion of the proof of Theorem 2.3
For this section, we put, for every (a, b) € D,,
C(a,b) ={ueSBV(Qp):u=2z4p0n00p, Vu=0o0n Qp}
and denote by ®s(a, b) the infimum in (19). We then extend ®5 to R" x R" by
homogeneity in the second variable.
6.1. Proposition. We have H(A, B) = ®(A — B) for every A, B € Lin.

Proof. We employ Theorem 2.2 and the definition of @ in (18). Invoking (11), we
take any u € SBV(Q) satisfying u = w4 on 0 Q, and fQ Vud/(" = B. Then v, given
by v(x) = u(x) — Bx, x € Q, satisfies v € B(A — B) and ¥ (D%u) = ¥(D%v). O

6.2. Lemma. We have ®5(a, b) < ®(a ® b) for every (a, b) € D,,.
Proof. Let (a, b) € D, and let (a;, b;) € D,,,i =1, ..., m, be a sequence satisfying

a®b:Zai®bi. (62)

i=1
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Our goal is to construct a sequence uy € C(a, b), k=1, ..., such that
m
lim sup f Y (il vi) A< Y (ai, by). (63)
k—o00 J (ug) i=1

To define uy, let
P={xeR":x-b=0}

be the plane through the origin perpendicular to b, let IT be the projection from R"
onto P, let
F=PnNQp,

and put
Bi={xeR":MI(x)e(1—k HF, 0<x-b<k'}
for any k € N. Define uy : Op — R" by

ve(x) ifx € By,
up(x) =
Za,p(x) else,
x € Qp, where
m
v (x) = Zk‘lai (kK’x -b;) for anyx € R" andk e N.
i=1

Employing Remark 4.2, we see that u; € SBV(Qp); furthermore, clearly, uy = z4.5
on 0Qj and Vuy, = 0 on Qp; hence, u; € C(a, b).
We proceed to prove (63). We have

J(up) =Ny UM UL USy, (64)
where
Ny=F\(1—k™F,
My={xe€dB:0<x-b<k},
Si={xeR":Tx)e(1—k HF, x-b=k""}, (65)

m
Li=|_JL} where L ={x € B : k’x - b; € Z}.

i=1
The jump of u; and the normal to the jump set are
KUY @ ®bi 1, () ifx e Ly,
a®b if x € Ng,
(@a—vr(x)) ® v if x € My,
(@a—v(x)®b if x € S,

[uel(x)vy, (x) = (66)
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x € J(uy), where vy is the outer normal to By and 1 L is the characteristic function
of the set L;. Hence, the subadditivity of v in the first variable yields

¥ ([l vi) dA<kY " Yar, bi) A(LY):;
L i=1
consequently

¥ (il vi) dA < kY Y (an, bi) A(LY) + ¥ (a, b) A(NK)
J(ug) i=1
+ [ Y@—vw@x),vw)dA
My

+ | v@a—wkx)),b)dA.  (67)
Sk

Let us now analyze the terms on the right-hand side of (67). Using the considera-
tions as in the proof of Lemma 5.2 (see (48) and (49)), one finds that

kKTALL) — 1

as k — oo foreveryi =1, ..., m. Thus,

K1Y r(ai, b) ALY — Y vr(ai, b). (68)

i=1 i=1
Further,
V(a, b)A(Ny) — 0 (69)
since, obviously,
A(Nk) — 0.

Next note that, by (62) and (26),
|ka(x - b) — ve(x)| = |ka(x -b) = Y "k~ 'a; (k*x - bg‘
i=1

= k> ai(x-bi) =k 2a; (k*x - by)

i=1

m
< kZmin(x-bi>—k—2<k2x-b,->|‘
i=1

m
<k! Z|ai|-
im1



RELAXATION OF AN INTERFACIAL ENERGY FOR STRUCTURED DEFORMATIONS 211

Then if x € My,
la — v (x)| < |a—ka(x-b)| + |ka(x - b) — v (x)]

m

< lal+klallx bl + k") |a|
i=1

m
<lal+lal+k7") la;]
i=1
since k|x - b| < 1 on My. Thus, |a — vk (x)| < ¢ < oo for any x € M and any
k=1, .... A combination with (6) and
.A(Mk) —0
then provides

Y(a—v(x)), ) dA— 0. (70)

My

Similarly, if x € S, then kx - b =1 and hence

la —ve(x)| < lka(x -b) —ve()| <k~ lai| > 0.

i=1
Thus, (6) yields

Y(a—ve(x)),b)dA— 0 (71)
Sk

since A(S;) < 1 for all k. Consequently, a combination of (67) with (68)—(71)
provides (63) and hence the definition of ®5 gives

®s(a,b) < Y (ai, b)

i=1
for any sequence (a;, b;) satisfying (62). Taking the infimum of the right-hand

side over all such sequences and using the definition of ®, = &, we obtain the
assertion. (]

6.3. Lemma. We have ®s(a, b) > ®(a Q b) for every (a, b) € D,.
Proof. Let u € C(a, b). Then, by Jensen’s inequality,

W (ull, v) dA z/ O ([l @ ve) dA

J(u)

> CD([ [[M]]®vudA)
J(u)

=Pa®b)

J(u)
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since the boundary condition u = z, 5 on d Qp implies

/ [ul®v,dA=a®b.
J(u)
That is, we have

Y ([ull, vi) dA> ®(a ®b)
J(u)

for every u € C(a, b). Taking the infimum, we obtain ®s(a, b) > ®(a Q b). Ul

6.4. Proposition. We have h(a, b) = ®(a ® b) for every (a, b) € D,,.

Proof. This follows immediately from (12) and (19). O
This completes the proof of Theorem 2.3.

7. Derivation of the examples

Derivation of Example 2.5 and (21). We consider v,.|(a, b) = |a - b| first and prove
(21a). Clearly, the function ® (M) = |tr M| is a subadditive function satisfying (14)
with ¥ = ¢.| and hence (16) gives ®|.|(M) > |tr M| for any M € Lin. To prove
the opposite inequality, we note that the definition (15) of ®,.| gives

w|.\(a,b):®(a®b)§<I>|.‘(a®b)§1//\.|(a,b)
for every (a, b) € D,, and hence
®.((a®b)=|a-b| andin particular P, (a®b)=0 ifa-b=0,

which determines ®,.| on tensor products a ® b. As a consequence, if N € Lin can
be written as

m
N=Zd[®bi (72)
i=1
where (a;,b;) e R" x R",i =1, ..., m, where
a;-b;=0 foralli=1,...,m, (73)

then ®|.;(N) = 0 since
m

0< O |(N) <Y @@ ®b) <Y Ylabi)=Y lai-b|=0.

i=1 i=1 i=1
To determine ®.| on a general M € Lin, we write M = A+ W where A and W

are the symmetric and skew parts of M. Let ey, ..., e, be an orthonormal basis of
eigenvectors of A with the eigenvalues A;; hence, A =) /_, A;¢; ® ¢;. Then

M=B+N
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where
B = (trM)e; ®ey,

n
N=W+Z?»i(€i®€1—€1®ei—(61+€i)®(61 —e)).
i=2

Since W is a linear combination of the dyads ¢; ® ej, 1 <i # j < n, one sees that
N is of the form (72)—(73) and hence ®,.(N) = 0; consequently
CDH(M) < CD|.|(B)+CD\.|(N) = q)|.|(B) = w((trM)el,el) = |trM|.

Equations 13 complete the proof of (21a).

To prove the two equations in (21b), we employ (21a) and (21b) as follows. One
has ¥+ (a, b) = %(la -b|£a-b), and hence, if (a;, b;) € D,, and M € Lin satisfy
YL ai ®b; = M, then

m m
1
ZW:I:(CH, bz) = E(Z 1//‘.|(a,~, b,‘):l:tI'M).
i=1 i=1
Taking the infimum as in (16) and using the above evaluation of ®,.| gives
Dy(M)=3(® (M) £t M) =3t M| M) ={tr M},

which is (21b). ]

Derivation of Example 2.6 and (23). The function ®(M) = |[M T p| is a subaddi-
tive function satisfying (14), and we obtain in the same way as in the proof of
Example 2.5 that ®(M) > |M T p| for any M € Lin and

®(a@®b)=|a-p| andin particular ®@®b)=0 ifa-p=0. (74)

To prove (M) < IMT p|, we assume without loss of generality that |p| = 1 and
let {p, ez, ...e,} be any orthonormal basis. In view of 1 = p® p + 2?22 e Re;,

n
M=1IM=p@M'p+) e M"e;
i=2

normalizing the second members of the dyads, we obtain

n
M=IM"plp@sgn(MTp)+ ) |M eile; @ sgn(Me)).
i=2
The subadditivity of ® provides

n
(M) < (IM"plp @ sgn(MTp)) + Y~ (IM e;le; @ sgn(MTe;)) = M p|
i=2

by (74). Thus, ®(M) < |MT p| and the proof of (23) is complete. [l
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