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This paper describes an optimization methodology giving simultaneously the
optimal spatial material distribution and the optimal material orthotropy distribu-
tion in a two-dimensional space. The spatial material distribution is parametrized
by a density variable that defines the presence or absence of material. A general
orthotropic material is parametrized by the polar invariants of the elasticity ten-
sor. The criterion is the compliance that measures the global structural stiffness.
The numerical procedure iterates successively between local minimizations and
finite element calculations. Thanks to the polar method, the local minimizations
are solved explicitly providing analytical solutions. An optimization of a beam
shows the effectiveness of the method in finding concurrently the optimal shape
and the optimal material.

1. Introduction

Reducing cost and weight of structures is a permanent challenge for the aeronautics
industry. In this scope, topology optimization is used for the mass minimization
problem [Allaire and Delgado 2016]. It gives an ideal repartition of material con-
sidering, for instance, global stiffness or eigenfrequency of a structure under loads
and boundary conditions. The optimal shape or layout of the structure is then
obtained. Topology optimization is widely used for isotropic materials [Bendsøe
and Sigmund 2003; Sigmund and Maute 2013] such as metallic ones for example,
but it does not optimize the material behavior, e.g., the anisotropy. The mass of the
structure can also be reduced by optimizing the material that composes it. Com-
posite structure optimization [Ghiasi et al. 2009; 2010; Sørensen and Lund 2013;
Peeters et al. 2015] is used to design the material at each point of the structure. For
instance, the optimal layup of laminates is sought by changing the orientations of
plies, the thickness, or the stacking sequence with heuristic [Irisarri et al. 2009] or
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gradient-based methods [Sørensen and Lund 2013]. The composite optimization is
generally done with a predefined shape of structure. Thus, topology optimization
gives an optimal distribution of material [Rojas-Labanda and Stolpe 2015] without
considering its optimal anisotropy and composite structure optimization [Ghiasi
et al. 2009; 2010; Sørensen and Lund 2013; Peeters et al. 2015] gives an optimal
anisotropy of the material without considering the optimal shape of the structure.
Nonetheless, the shape and the material of the structure are closely related. To
obtain an ideal structure, it is necessary to optimize the structure by considering
the optimal spatial material distribution and the optimal material anisotropy distri-
bution at the same time.

Rion and Bruyneel [2007] treat topology optimization of orthotropic material
by considering fiber orientations in the optimization. The determination of the
boundaries of the structure combined with that of optimal fiber path is treated in
[Peeters et al. 2015], where the stiffness is parametrized by lamination parameters.
Allaire and Delgado [2016] optimize laminated composite plates where the shape
of each layer is determined concurrently with the stacking sequence. In this paper,
we present an optimization methodology giving simultaneously the optimal shape
and the optimal orthotropy distribution of the structure. The optimization is made
on a general homogenized orthotropic material.

Parametrization of the shape and the anisotropy is necessary. First we choose
the density method to parametrize the shape of the structure. The density variable
determines at each point of the structure whether there is material or a void. The
anisotropy of the material is characterized by its elasticity tensor. As we work on a
general orthotropic material, we consider the homogenized elasticity tensor defined
in a thermodynamically admissible domain. The elasticity tensor can be described
by nine Cartesian coefficients. Since the material orthotropy varies through the
structure, one should define a general frame to express the elasticity tensor. How-
ever, the use of Cartesian representation is cumbersome when changing frame. The
polar method, introduced by Verchery [1982], uses invariants by change of frame
to describe the elasticity tensor. Thanks to its simplicity, change of frame is done
by changing angles. We choose the polar invariants of the elasticity tensor as a
design variable.

The criterion in structural optimization may be for instance eigenfrequency,
buckling, or compliance. In this work, the stiffness of the structure which is
measured by the external work (compliance) is maximized. The optimization
problem, which is based on variational methods similar to those that are used in
continuum mechanics [Boutin et al. 2017; Andreaus et al. 2016], is equivalent to
minimizing the compliance. Convex approximation methods such as MMA and
GCMMA ((globally convergent) method of moving asymptotes) [Svanberg 1987;
Zillober 1993] and descent algorithm methods such as SQP (sequential quadratic
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programming) [Arora and Belegundu 1984; Schittkowski 1985] and IPOPT (inte-
rior point optimizer) [Wächter and Biegler 2006] need the evaluation of the objec-
tive function as well as its gradient. The optimality criteria method computes the
optimal values of design variables by expressing optimality conditions. Therefore,
the optimality criteria method is less expensive than the methods above in term
of numerical cost. This is the reason why a method similar to optimality criteria
is used in this work. The algorithm used to solve the numerical problem is the
alternate directions algorithm [Allaire and Kohn 1993]. One iterates between local
minimizations with respect to the design variables and global minimizations corre-
sponding to finite element calculations. Numerical results show the effectiveness
of the method.

2. Problem formulation:
simultaneous optimization of the material density and anisotropy

Parametrization of the distributed material density and anisotropy. The shape of
the structure is parametrized by a density field variable ρ(x). This density variable
defines at each point x of the structure whether there is a material (ρ(x) = 1)
or a void (ρ(x) = 0). Here ρ(x) takes any value in [ρmin, 1] while, in order
to avoid singularity of the elasticity tensors, the lowest admissible value ρmin is
generally set to 10−3. Allowing ρ(x) to be valued in the interval [ρmin, 1] involves
intermediate densities appearing in the optimum topologies. These intermediate
densities involve gray areas that are difficult to interpret because they correspond
to a mixture of void and material. To suppress gray areas, the density ρ(x) is
forced to tend to either ρmin or 1. The so-called SIMP method (solid isotropic
material with penalization) [Bendsøe 1989] is used. This method uses an exponent
p ≥ 2 in order to interpolate the density ρ(x). Optimized stiffness tensor C(x)
and compliance tensor S(x) are expressed as functions of the considered material
stiffness tensor C0(x) and compliance tensor S0(x):

C(x)= ρ(x)pC0 ⇐⇒ S(x)=
1

ρ(x)p S0. (2-1)

The elasticity tensor defines the stiffness properties of the anisotropic material.
In the present work, spatial variations of the material anisotropy are allowed. A
parametrization that allows one to express the elasticity tensor in a general frame
in a simple way is necessary. Change of frame is cumbersome using the Cartesian
representation. The polar method permits one to write the elasticity tensor with its
intrinsic properties using tensor invariants. By doing so, changing frame becomes
simple as one needs only to rotate an angle with respect to the frame. Thus, we
choose to express the stiffness tensor with its polar invariants for an orthotropic
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material under assumption of plane stress. As the out-of-plane terms of the stress
tensor vanish, the relation between the stress tensor and the strain tensor in the
considered plane can be expressed only with the in-plane terms by introducing
the reduced stiffness tensor Q. Equations 2-2 show the relation between the polar
components (T0, T1, R0, R1, 80, and 81) and the Cartesian ones of the reduced
stiffness tensor Q [Julien 2010; Vincenti and Desmorat 2011]:

Q1111 = T0+ 2T1+ R0 cos 480+ 4R1 cos 281,

Q1122 =−T0+ 2T1− R0 cos 480,

Q1112 = R0 sin 480 + 2R1 sin 281,

Q2222 = T0+ 2T1+ R0 cos 480− 4R1 cos 281,

Q2212 = − R0 sin 480 + 2R1 sin 281,

Q1212 = T0 − R0 cos80.

(2-2)

Each Cartesian component of the reduced stiffness tensor is expressed with isotropic
terms T0, T1 that do not depend on the orientation of the material and anisotropic
terms R0e4i80, R1e2i81 that depend on the orientations 80,81 of the material. The
change of frame is done by changing these angles. The polar invariants are the
moduli T0, T1, R0, R1 and the angle 80−81. The isotropic parts do not influence
the anisotropy of the material; thus, T0, T1 are supposed to remain constant (in
composite laminated plates made of identical unidirectional layers (with the same
material and same thickness in each layer), the homogenized isotropic part T0, T1

of the laminate is equal to the isotropic part T EL
0 , T EL

1 of the elementary layer
[Jibawy et al. 2011]). The material optimization is performed with respect to the
anisotropic parts R0, R1,81.

Figure 1 shows the decomposition of the reduced stress tensor’s first Cartesian
component Q1111 for a composite made of long and straight carbon fibers in an
epoxy matrix (EL = 112 GPa, ET = 8.2 GPa, GLT = 4.5 GPa, and νLT = 0.3 GPa).
The stiffness is expressed as the sum of terms that do not depend on the material ori-
entation, T0 and T1, and terms that depend on the material orientation, R0 and R1.
The R0 and R1 terms can take negative values (dashed lines) due to the cosine func-
tion (see (2-2)) and are π

4 - and π
2 -periodic, respectively. The material orientation

is equal to 0◦. The apparent stiffness Q1111 is maximized at 0◦ as the R0 and R1

terms are both positive in this direction. It is minimized at 45◦ because the R0 and
R1 are respectively negative and null. When R1 vanishes, there are only π

4 -periodic
terms: the material is square symmetric.

Optimization constraint: maximum volume and thermodynamical admissibility
of the material. The optimization constraints are written in terms of the total vol-
ume amount of the structure and of the anisotropic part of the polar invariants by
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Figure 1. Left: representation of the first Cartesian component
Q1111 of the reduced stress tensor Q, in any orientation. Right: its
decomposition into a sum of polar invariant terms T0, T1, R0, R1.

expressing their bounds. During the optimization, a target volume V0 is defined
for the structure. The volume V is equal to the material density ρ(x) integrated
in the domain �. At each step of the optimization, the volume must satisfy the
optimization constraint

V =
∫
�

ρ(x) dx = V0. (2-3)

The material to be designed is imposed to be orthotropic. For an orthotropic mate-
rial,

80−81 = K
5

4
with K = 0, 1. (2-4)

The orthotropic material used in this paper is taken to be as general as possible:
the optimized orthotropic material is thermodynamically admissible, which means
that the stiffness tensor is positive definite. The analytical bounds of the polar
invariants are [Vannucci 2005]

T0 > 0,
T1 > 0,
T0 > R0,

T0T1 > R2
1,

T1(T 2
0 − R2

0) > 2R2
1(T0− R0 cos 4(80−81)).

(2-5)

Double minimization of the complementary energy. In topology optimization, cri-
teria such as buckling, frequency, or compliance may be considered; see for in-
stance [Deaton and Grandhi 2014]. In this paper, we aim at maximizing the global
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structural stiffness measured by the compliance which is the external work. The
criterion is written as

Criterion=
∫
�

f · u dV +
∫
01

F · u d S. (2-6)

The domain � is split into two boundaries: 00 where a zero displacement is im-
posed and 01 where a surface load F is applied. Then f is the volume load
and u the displacement vector. The more the structure is rigid, the lower is the
external work. Thus, maximizing the global structural stiffness means minimizing
the compliance. Moreover, the compliance is equal to double the complementary
energy. The optimization is made with respect to the density and the anisotropic
part of the stiffness tensor polar invariants:

min
{ρ,R0,R1,81}

∫
�

f · u dV +
∫
01

F · u d S = min
{ρ,R0,R1,81}

∫
�

σ : C−1
: σ dV . (2-7)

The complementary energy theorem claims that the complementary energy can
be written as the minimization of a positive quantity with respect to the statically
admissible (SA) stress field τ :∫

�

σ : C−1
: σ dV =min

τ SA

∫
�

τ : C−1
: τ dV . (2-8)

The stress field τ satisfies the elasticity problem (P), with assumption of small
strains and small displacements:

div τ + f = 0 in �,
τ · n= F on 01,

τ = C : ε(u) in �,
u = 0 on 00,

(P)

where ε(u)= 1
2(∇u+∇uT ) is the strain tensor. By replacing the expression of the

complementary energy in (2-7), the optimization problem is written as a double
minimization with respect to the design variables {ρ, R0, R1,81} and to the stress
field τ . The density variable is subject to a maximal volume constraint, and the
polar invariants of the stiffness tensor are constrained by thermodynamic bounds:

min
{ρ,R0,R1,81}

min
τ SA

∫
�

τ : C−1
: τdV (2-9)

with 

∫
�
ρ(x) dx = V0,

T0 > R0,

T0T1 > R2
1,

T1(T 2
0 − R2

0) > 2R2
1(T0− R0 cos 4(80−81)),

80−81 = K (5/4), K = 0, 1.

(C)
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3. Complementary energy minimization
using the alternate direction algorithm

Local minimizations of the complementary energy. Since the design variables
{ρ, R0, R1,81} are subject only to algebraic constraints, the minimization with
respect to them can be put inside the integral:

min
τ SA

∫
�

min
{ρ,R0,R1,81}

τ : C−1
: τ dV with (C). (3-1)

The minimization of the complementary energy with respect to the design variables
is solved locally in each point of the domain, for a fixed stress state. Since the
density variable ρ(x) and the anisotropy variables {R0, R1,81} are independent,
the minimization is split into two steps. First the complementary energy is min-
imized with respect to the anisotropy variables, taking into account the algebraic
constraints related to thermodynamic bounds. Second, the minimization with re-
spect to the density variable is performed.

The complementary energy can be written as a simple function of the polar
invariants of the stiffness tensor and the stress tensor. Calculating its derivative
is then straightforward. Hence, the minimization of the complementary energy
with respect to the anisotropy variables is done analytically. The optimal values
of {R0, R1,81} depending on the stress field are given in [Julien 2010] and are
shown in Table 1, introducing the ratio R/|T | where R and T are the spherical and
deviatoric parts of the stress tensor, respectively. The optimal orthotropic material
orientation is in the same direction as the principal direction of the stress tensor
with maximal absolute value. The optimal values of polar invariants R0 and R1

depend on the ratio R/|T |.
The volume constraint is taken into account in the minimization step with respect

to the density variable ρ(x) through the introduction of a Lagrangian multiplier k:

min
ρ

1
ρ(x)p τ : C

−1(Ropt
0 , Ropt

1 ,8
opt
1 ) : τ + kρ(x). (3-2)

X = R/|T | 0
√

T0/(2T1)
√

T0/T1 +∞

8
opt
1 Dir{max(|σI|, |σII|)}

Ropt
0 0≤ Ropt

0 < T0 2T1 X2
− T0 < Ropt

0 < T0 T−0

Ropt
1 T1 X T−0 /X

Table 1. Optimal values [Julien 2010, Table 3.8] of the polar in-
variants {R0, R1,81} depending on the stress field, in the case
80−81 = K π

4 = 0 (K = 0).
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The minimum of the local energy is attained by setting to zero the variation of (3-2)
with respect to the density field, which yields

ρ(x)=
( pτ : C−1(Ropt

0 , Ropt
1 ,8

opt
1 ) : τ

k

)1/(p+1)

. (3-3)

The value of k is calculated so that the volume constraint is satisfied.

Optimization algorithm. The double minimization is solved with a fixed point
method by considering the optimality conditions. At each iteration of the optimiza-
tion, the minimization with respect to the design variables {ρ, R0, R1,81} is first
performed; then the minimization with respect to the stress field τ is operated. The
minimization with respect to the stress field τ corresponds to a finite element anal-
ysis thanks to the complementary energy theorem. The minimizations are treated
alternatively and separately. This method is an extension of the alternate direction
algorithm introduced in [Allaire and Kohn 1993]. Thanks to the polar method, the
local complementary energy is written with simple expressions. Hence, the local
minimizations are solved analytically.

The advantage of the alternate direction algorithm is its simplicity and low nu-
merical cost as the method iterates between local minimizations solved analytically
and finite element calculations of stresses. The work in [Desmorat 2013] shows
also the convergence of the algorithm for a compliance minimization problem. The
cost of the algorithm is directly related to the finite element calculation cost. Finally,
the algorithm can take into account a large number of variables.

4. Numerical results

Numerical results are presented in this section to prove the efficiency of the method.
The optimization is made for a two-dimensional orthotropic linear elastic material.
A support beam from a civil aircraft produced by Messerschmidt-Bölkow-Blohm,
called the MBB beam, is optimized here. The beam carries the floor in the fuselage
of an Airbus airliner. Maximizing its rigidity has become a classical problem in
topology optimization (see [Zhou and Rozvany 1991] for example). The design
domain is a rectangle clamped with respect to the x-axis at the left side and with
respect to the y-axis at the bottom of the right side (orange-colored dot in Figure 2).
A load is applied on the top of the left side. The domain size is 40 mm× 20 mm
discretized with a rectangular 80× 40 mesh. The volume constraint is fixed at 50%
of the total volume. The initial density is set to 1 in every element of the mesh. The
initial material is an isotropic material where the values of T0 and T1 correspond
to the isotropic part of a monolayered composite made of long and straight carbon
fibers in an epoxy matrix: T0 = 26.88 GPa and T1 = 24.74 GPa.



ORTHOTROPY AND DENSITY DISTRIBUTION OF TWO-DIMENSIONAL STRUCTURES 301

0 10 20 30 40

x [mm]

-5

0

5

10

15

20

25

y
 [

m
m

]

|F|=1N

u
x
=

0

u
y
=0

Figure 2. Boundary conditions for the MBB beam problem.
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Figure 3. Compliance and volume with respect to optimization iterations.

Convergence. The compliance and the volume are displayed as functions of the
iterations in Figure 3. The strategy of penalizing the density is made in three steps
during which the exponent p in ρ(x)p is increased gradually. First, the convex
problem corresponding to p = 1 is treated. The convexity of the problem when
taking p = 1 is proved theoretically in [Allaire et al. 1997]. This means that the
solution at the end of the iterations where p = 1 is a global minimum, making
the solution independent of the initialization. Second, starting from this global
minimum point, the solution is forced to be a 0/1 layout by increasing p to 3.
Finally, p is taken to be equal to 5 to suppress definitely intermediate density.

Except for the first iteration, the volume does not change through the iterations
as it is constrained here to be equal to 50% of the total feasible volume. The
compliance decreases at each of three steps (p= 1, p= 3, and p= 5). At each step,
convergence is reached when the variation of compliance between two consecutive
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Figure 4. Optimal topology of the MBB beam with 50% volume amount.
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Figure 5. Optimal distribution of orthotropy direction.

iterations is less than 0.1% and the variation of the local densities is less than 0.01%.
The compliance increases when the value of p is increased because the structure
becomes suddenly less stiff when the interpolation of intermediate density values
is changed. We can observe that, at the end of the optimization, the compliance
has converged.

Optimal distribution of density. Figure 4 shows the optimal shape of the structure
where black represents the presence of material and white its absence. The material
is pictured when the density value is above 0.9. To avoid numerical problems such
as checkerboard, a filter is used: the density of an element depends on the density
of its neighbors so that there is no sharp discontinuity of the density in the structure.
The neighbor elements that influence the considered element are defined by a radius
filter. The filtering method used in this work is similar to the method of filtering
sensitivities [Bendsøe and Sigmund 2003]. A structured mesh is used in this work.
The filter radius permits us to suppress the checkerboard problem. For a given
value of the radius, it has been observed numerically that the mesh dependency
of the optimal topology seems to vanish when the element size is small enough
compared to the filter radius. However, the optimal shape depends on values of the
radius filter, which can be interpreted as a minimal bar width.
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Optimal distribution of orthotropy. In the optimal shape, the orthotropy is dis-
tributed: the material orthotropy changes continuously inside the structure. The
optimal orthotropy direction 8opt

1 is presented in Figure 5. It is aligned with
the stress principal direction. The direction changes continuously throughout the
structure as the stress field is continuous, except on the areas that are solicited in
shearing, where a bar intersect another one. In these areas, the optimized material
is square symmetric (i.e., R1 = 0). The apparent stiffness, having the same value
in 81 modulo π/4, is continuous in space in the optimal design. We illustrate
the distribution of the moduli R0 and R1 in Figure 6. The R0 values are set to be
quasiconstant whereas the R1 values vary from 0 to 25 GPa. We can see that in the
areas where R1 are minimum, the shearing is maximum. The optimal materials
in these areas where R1 = 0 are square symmetric materials, stiffened in two
orthogonal directions. When R1 is maximum, the optimal material is stiffened
in one direction because it is solicited mostly in traction or compression.

5. Conclusion

The proposed methodology presented in this paper concurrently gives the spatial
material distribution and the material anisotropy distribution by minimizing the
compliance. The optimization strategy is based on an optimality criteria method
in which one iterates successively and separately between local minimizations and
finite element calculations. In order to avoid mesh size dependency, it could be of
interest to develop such an optimization procedure with the use of some general-
ized continuum theories. Parametrizing the shape of the structure with a density
variable and the anisotropy of the material with polar invariants allows for solving
the local minimizations analytically. Thus, the computational cost of the algorithm
corresponds to the finite element calculations. The method is straightforward to
implement and gives coherent results from a mechanical viewpoint. Indeed, the
optimal material where the structure is loaded in shear is square symmetric, because
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it has to be stiffened in two orthogonal directions. Areas loaded in traction or com-
pression have an optimal material stiffened in one direction only. The presented
optimization methodology is very promising when considering real composite ma-
terial distribution, as the only change to be performed will be on the admissible set
of polar parameters that should take into account the feasibility of the considered
composite material.
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