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EQUILIBRIUM PATHS OF HENCKY PANTOGRAPHIC BEAMS IN A
THREE-POINT BENDING PROBLEM

EMILIO TURCO AND EMILIO BARCHIESI

We investigate the mechanical behavior of so-called pantographic beams un-
dergoing large deformations. To this aim, an exact-kinematics Hencky panto-
graphic beam model has been employed in a three-point bending test. Given
the occurrence of local snap-through instabilities and limit points, said Hencky
model has been solved by means of a step-by-step strategy based on Riks’s arc-
length method. Such a method has been particularly adapted for the case of
problems with prescribed displacements, as opposed to those with prescribed
forces. Numerical simulations performed by varying the stiffness parameters
are discussed, aimed at getting an insight into the different behaviors which can
be exhibited by pantographic beams. Numerical simulations performed by vary-
ing the quantity of unit cells for fixed total length allow instead to understand
whether the observed features are inherent to the pantographic beam structure
or size-dependent. Therefore, beyond being interesting for possible future en-
gineering exploitation, we believe this phenomenological evidence to be useful
in guiding the formulation of conjectures regarding observed microscale local
snap-through instability phenomena in the framework of a previously proposed
macroscale continuum model for pantographic beams obtained by asymptotic
homogenization.

1. Introduction

In the recent literature, it has been widely argued, both experimentally and the-
oretically, that pantographic structures are very effective in reaching large total
deformations while still operating in the elastic regime (see the review papers
[dell’Isola et al. 2019a; 2019b] for a detailed introduction on pantographic struc-
ture properties and [dell’Isola et al. 2016] for an efficient and predictive model of
such structures). Nevertheless, their properties at microscale induce further exotic
properties at macroscale which can be exploited in several engineering applications.
For instance, due to their characteristic accordion-like zero-energy mode, they may
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be used to build reconfigurable structures such as those reported in [Filipov et al.
2015]. A quantitative account of deformation mechanisms in unit elements of pan-
tographic structures — including pantographic beams studied herein — has been
given in [Turco et al. 2017a; 2019b], thus providing a way of assessing experimen-
tally stiffnesses employed in Hencky modeling of such structures.

A kind of slender pantographic structure, the so-called pantographic beam, has
been introduced in the literature as a microstructure leading by asymptotic ho-
mogenization to a complete second-gradient beam at macroscopic scale, which
means a continuum beam model with elastic deformation energy depending on the
projection of the second placement material gradient onto both the normal vector
to the deformed centerline — i.e., the material curvature — and the tangent one —
i.e., the stretch gradient [Alibert et al. 2003; Barchiesi et al. 2018; 2019]. It has
been demonstrated that, beyond the capacity of sustaining nonstandard boundary
external actions like double-forces, unusual elastic nonlinear behaviors — like soft-
ening and apparent negative stiffness — can arise in the equilibrium path of such
structures in, e.g., the three-point bending problem due to gradient behavior in
extension.

In this work we focus on modeling by the Hencky approach [Turco et al. 2016c],
with such pantographic beams subjected to a three-point bending test, and we aim
to explore their nonlinear behaviors. As reported in the review paper [Bertoldi
et al. 2017], there is a plethora of possible and fruitful applications which can take
advantage of instability phenomena. In particular, one may conceive technical
applications which exploit (i) the presence of buckling loads, e.g., to reach large
reversible deformations triggered by loads fulfilling threshold criteria, (ii) multi-
stability, i.e., the capability of snapping between two (or more) stable equilibrium
configurations, or (iii) the possibility of introducing controlled defects to obtain
multistability and, in general, to fine-tune the structural response so as to exhibit a
desired behavior. If one considers that pantographic beams can be built at microm-
eter scale using the technology reported in [dell’Isola et al. 2019c], then all above
points become actual and profitable possibilities.

Degenerate behaviors [Barchiesi et al. 2018; 2019] in the above-mentioned ho-
mogenized continuum model, i.e., local phase transition from flexible beam to
cable, which can origin from local snap-through instabilities at microscale, for
sufficiently large prescribed displacements, have been previously discussed. Ap-
proaching limit points of the equilibrium path — whose occurrence had been ob-
served previously with discrete and continuum models — as well as when local
snap-through instabilities occur, the analysis of the discrete model by means of
numerical schemes based on the Newton–Raphson algorithm gets extremely inef-
fective. In such cases, e.g., Riks-like algorithms should be considered [Riks 1972].
In what follows we shortly introduce discrete model kinematics and deformation
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energy. We subsequently recall the employed Riks-like numerical method and so-
called three-point bending problem for a discrete Hencky pantographic beam. We
carry out a parametric study in order to explore the possible achievable nonlinear
behaviors. It turns out as a novel result that the strongly nonlinear behavior of
discrete pantographic beams is very rich and characterized by the occurrence of
multiple limit points, by negative stiffness regions of the equilibrium path, and
by the occurrence of local snap-through instability phenomena. These phenom-
ena provide a strong microscale-based support to the formulation of conjectures
regarding local beam-to-cable transitions in corresponding homogenized continua,
which is one of the main motivations stimulating the present study.

2. Lagrangian modeling

We consider a straight pantographic beam in-plane such as that represented in
Figure 1 (top). It consists of two families of extensional-bending bars connected
in the intersecting midpoints by torsion links. Owing to previous experience in
the realization and modeling of such links and said extensional-bending bars, we
adopt the description depicted in Figure 1 (bottom) based on spring assemblies;
see [Turco et al. 2016a; 2016b; 2016e; Turco and Rizzi 2016] for a description of
the predictive capability of such a model, [Turco et al. 2017b] for a first attempt to
optimize fiber orientation, and [Turco et al. 2018] for an enhanced Hencky model
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Figure 1. Geometry and Hencky model of considered panto-
graphic beam (oblique bars form an angle α = π/4 with the hor-
izontal line). In the three-point bending problem displacements
of points A and D, as well as vertical displacements of points
B and C , are set to be zero, while vertical displacement of the
midpoint M is fixed to a value different from zero.
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in pantographic structures with perfect pivots, i.e., pivots which behave as perfect
hinges.

The finite-strain constitutive behaviors of elastically deformable links in the
pantographic beam are the following ones, as expressed by means of stored de-
formation energies:

Ea =
1
2a1`2,

Eb = b(1+ cosβ),

Ec =
1
2 c

(
γ − 1

2π
)2
,

Ed = d
(
1− cos

(
δ− 1

4π
))
,

(1)

with Ea , Eb, Ec, and Ed being the strain energies stored, respectively, in the ex-
tensional springs, depicted in red and blue in Figure 1, flexural-rotational springs,
depicted in red and blue in Figure 1, shearing-rotational springs, depicted in black
in Figure 1, and flexural-rotational springs on the left and right ends of the panto-
graphic beam, depicted in black in Figure 1. The stiffnesses of the above-mentioned
springs are denoted by a, b, c, and d , respectively;1 the associated strain measures
1` (stretching), cosβ (bending), γ (shearing), and δ (rotation) are all defined as
functions of the current positions of nodes of the pantographic beam or, in other
words, as functions of nodal displacements (nodes are depicted in Figure 1 as
small circles located at the intersection points of the oblique bars) with respect to
the reference configurations. Therefore, strain measures can be written as

1`= ‖p j − pi‖−‖Pj − Pi‖,

cosβ =
‖p j − pi‖

2
+‖pk − p j‖

2
−‖pk − pi‖

2

2‖p j − pi‖‖pk − p j‖
,

γ = arccos
‖p j − pm‖

2
+‖pk − p j‖

2
−‖pk − pm‖

2

2‖p j − pm‖‖pk − p j‖
,

cos
(
δ− 1

4π
)
=

v · e1+ v · e2

‖Pj − Pi‖
2 ,

(2)

where Pi and pi are the reference and the current positions of node i (the same is
true for nodes j , k, and m), respectively, v = (p j − pi )− (Pj − Pi ), and e1, e2 are
the horizontal and vertical unit vectors (more details on this can be found in [Turco
et al. 2016c]). Strain energies for each spring of the considered lattice completely
define its mechanical behavior. We remark that the strain energy Eb differs from

1Intentionally, although it would be possible, we do not assume as different the stiffnesses of
the two families of oblique bars (red and blue rotational and extensional springs); at the same time
we consider only one parameter c to describe the shearing stiffness (black rotational springs) and
one parameter d to describe the flexural-rotational one on the left and right ends of the pantographic
beam.
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that in [Barchiesi et al. 2018; 2019], which reads as Eb = (b/2)(β −π)2. It is
easy to see that for β in a small neighborhood of π (i.e., the value assumed by β
in the reference zero-energy configuration) the two choices for Eb are equivalent.
Nevertheless, even for a relatively large neighborhoods — e.g., π − 1≤ β ≤ π + 1
(this neighborhood includes all values assumed by β in the present analysis — it
can be seen a posteriori) — the two energies behave so similarly as to give the
same results for the scopes of the present analysis. This also shall motivate that for
meaningfully relating discrete and continuum derivations, later on, we will use the
same scaling law (see (14)) used in the continuum derivation [Barchiesi et al. 2018;
2019]. Defining the structural reaction of the system as the gradient of the total
potential energy2 with respect to independent Lagrangian variables — e.g., nodal
displacements — the stationarity condition for the potential energy with respect
to independent Lagrangian variables, i.e., equating to zero the structural reaction,
gives equilibrium equations. The Hessian matrix, which collects the second partial
derivatives of the strain energy with respect to independent Lagrangian variables, is
the so-called stiffness matrix of the system. The equilibrium equations and stiffness
matrix of the considered system are the only tools which are necessary to code a
step-by-step procedure such as that reported in the following section.

3. Recovering the equilibrium path

The nonlinear system of equilibrium equations derived by enforcing the stationarity
condition for the potential energy with respect to nodal displacements reads as

s[u, λu] = 0, (3)

with s being the structural reaction depending upon vectors u and λu. The vector u
collects nodal displacements relative to the nodes which are free to be displaced,
while the vector u collects those nodal constrained displacements scaled by the real
parameter λ. We remark that this kind of problem, i.e., a problem with constrained
displacements on a subset of nodal displacements, is not usual in technical literature
with few exceptions [Turco 2018b; Turco et al. 2019a]. Therefore, we report below
a brief description of the used method and the final formulae. We further explic-
itly remark that λ, still being the parameter which scales the nodal constrained
displacements to give u, is also the value of the only nonzero constrained (vertical)
displacement, i.e., that at the middle of the beam (node M).

The solution of the nonlinear system of equations (3) in the unknown nodal dis-
placements can be achieved by using a step-by-step procedure based on Newton’s
method. If the pair (ui , λi )— where index i is not referring to node numbering

2Potential and strain energy are the same in the considered case, since the work of external loads
is zero.
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as in (2) but to iterations of a recursive procedure — represents an equilibrium
point, that is s[ui , λi u] = 0, then — notwithstanding that there may be multiple
equilibrium points for fixed 1λ— we can estimate a further close equilibrium point
(ui +1u, λi +1λ) by linearizing (3):

s[ui , λi u] + Kuu1u+ Kuu1λu ≈ 0, (4)

where Kuu and Kuu are submatrices of the stiffness matrix K , computed in (ui , λi ),
whose rows correspond to the variables collected in the vector u and whose columns
correspond to the variables collected in the vectors u and u, respectively. The same
notation will be used to indicate submatrices of the stiffness matrix in the sequel.

We can then estimate for a chosen 1λ— which should be small enough so
that the point fulfills up to a given residual tolerance the equilibrium equations —
unknown displacements as the sum of ui and the increment of displacements 1u
found as

1u =−K−1
uu Kuu1λu =1λû, (5)

which is nothing but Newton’s method. An iteration scheme based on (5) can
be simply built by updating the stiffness matrix at each step, i.e., pure Newton’s
method, or using the same stiffness matrix for multiple iterations (i.e., modified
Newton’s method). It is well known that Newton’s method fails when Kuu is
singular or nearly singular, e.g., in or close to limit points of the equilibrium path.
In order to overcome this limitation, Riks [1972] proposed to reconstruct the equi-
librium path by parametrizing it by its arc length instead of by the parameter λ.
This produces a scheme which does not suffer from the convergence problems
of Newton’s method, while requiring an additional constraint equation. In this
scheme we aim to find an equilibrium point (ui +1u+ u̇, λi +1λ+ λ̇) by using
as said additional constraint equation a kind of orthogonality3 condition between
the extrapolation (1u,1λ), given by the Newton’s method (see (5)), and Riks’s
correction (u̇, λ̇). Starting from a known equilibrium point (ui , λi ), the correc-
tion (u̇, λ̇) to the Newton extrapolation (ui +1u, λi +1λ) can be computed by
exploiting the linearization

s[ui +1u, (λi +1λ)u] + Kuuu̇+ Kuuλ̇u ≈ 0, (6)

where Kuu and Kuu have been defined in the foregoing, but are now computed in
(ui +1u, λi +1λ). From (6) we can evaluate u̇ as

u̇ =−K−1
uu (s[ui +1u, (λi +1λ)u] + Kuuλ̇u), (7)

3This orthogonality condition will be defined precisely below.
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once λ̇ is known. Clearly, a further equation is needed in order to compensate for
the new unknown λ̇. We use to this aim the condition[

1u
1λu

]
· K

[
u̇
λ̇u

]
= 0, (8)

which expresses the orthogonality between (1u,1λu) and (u̇, λ̇u) in the scalar
product defined by the stiffness matrix K evaluated in (ui +1u, λi +1λ). Indeed,
a simple computation gives

λ̇=−
1u · Kuuu̇+1λu · Kuuu̇
1u · Kuuu+1λu · Kuuu

, (9)

and by using (7), (9), and the definitions of û and 1u in (5), we obtain

λ̇=
û · s+ u · Kuu K−1

uu s
u · (Kuu− Kuu K−1

uu Kuu)u
, (10)

which is the correction for the extrapolation 1λ. Successively, by using (7), we
can compute the correction u̇ for the Newton extrapolation 1u. We remark that
three terms can be distinguished in (10):

(1) The first addend of the numerator is the work done by the structural reaction
s[ui +1u, (λi +1λ)u] on displacements û of the free nodes.

(2) The second addend of the numerator complements the above-mentioned work
done by the structural reaction on free nodes with the work done by

Kuu K−1
uu s[ui +1u, (λi +1λ)u]

on the constrained displacements u. In formulae we have that

Kuu K−1
uu s = s[ui +1u+ K−1

uu s, (λi +1λ)u] − s[ui +1u, (λi +1λ)u], (11)

where s[ · ] collects entries of the structural reaction corresponding to con-
strained displacements.

(3) The denominator can be interpreted as the work done by the structural reaction
on the constrained displacements. In formulae we have that

(Kuu− Kuu K−1
uu Kuu)u

≈
s[ui +1u, (λi +1λ+ δλ)u] − s[ui +1u+ δu, (λi +1λ)u]

δλ
, (12)

where δλ= α1λ, with α > 0 (good results are usually obtained using α = 1),
and

δu =
1
δλ

K−1
uu (s[ui +1u, (λi +1λ+ δλ)u] − s[ui +1u, (λi +1λ)u]). (13)
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4. Numerical simulations

Solving the Hencky model sketched in Section 2 by exploiting the algorithm briefly
depicted in Section 3, we can compute equilibrium paths for pantographic beams.
Numerical values employed for simulations are reported in Table 1. For all cases
which are here studied, the length of the pantographic beam L is the same. We
analyzed pantographic beams with 21 (cases 1 and 3) and 41 (cases 2 and 4) unit
cells. Cases 1 and 2 differ from cases 3 and 4 by the presence of additional ro-
tational springs with stiffness d (see Figure 1) on the left and right sides of the
pantographic beam. In passing from case 1 to case 2 and from case 3 to case 4, the
number of unit cells nuc is almost (due to symmetry reasons) doubled. In addition,
in passing from case 1 to case 2 and from case 3 to case 4, we rescaled stiffnesses
according to the following law used in [Barchiesi et al. 2018; 2019] for getting the
homogenized continuum model as nuc→∞ for fixed total length L:

a ∼ n3
uc, b ∼ nuc, c ∼ n−1

uc , d ∼ nuc. (14)

We notice that `0 = ‖Pj − Pi‖ in (2) is equal to
√

2/(2nuc) (here, Pi and Pj are
two pivots which share the same extensional spring). Therefore, the product a`0,
which will be used in the sequel to scale some quantities, depends upon nuc. We
also remark that the scaling law (14) entails that a/b ∼ n2

uc and b/c ∼ n2
uc. This

means that for large values of nuc, complete cell closure in straight (i.e., panto-
graphic mechanism) or acuminate geometry — depending upon cell position and
boundary conditions — becomes especially favorable energetically for sufficiently
large prescribed displacements

Case study 1. By using the number of unit cells and the values for the stiffnesses
reported in the first line of Table 1, we computed the equilibrium path shown in
Figure 2 (continuous black line), which is the locus of pairs made up of the value
of the constrained displacement at midpoint, represented by the parameter λ, and
the corresponding (global) reaction force R at equilibrium.

case nuc a b c d

1 21 10000 10.000 0.025000 0
2 41 74421 19.524 0.012805 0

3 21 10000 10.000 0.025000 10.000
4 41 74421 19.524 0.012805 19.524

Table 1. Data, in SI units, used for simulations of a pantographic
beam L = 1.05 long.
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Figure 2. Equilibrium path, i.e., locus of pairs made up of the
value of the constrained displacement, λ, at midpoint and the cor-
responding reaction force R at equilibrium, of the pantographic
beam for case 1 (continuous black line) and case 2 (dot-dashed
black line).
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Figure 3. Scaled reactions corresponding to constraints enforced
at nodes A and B (H and V are the horizontal and vertical com-
ponents, respectively) versus λ (case 1).

In addition, we also plot in Figure 3 the reactions — scaled by the product a`0 —
corresponding to the constraints enforced at nodes A and B — placed on the left
of the pantographic beam — versus the constrained vertical displacement λ of the
midnode of the structure.

We further plot in Figure 4 the total strain energy — scaled by the product a`2
0 —

versus the constrained vertical displacement λ at the midnode of the structure. In
the same figure we also plot the contributions to the total strain energy — scaled
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Figure 4. Scaled strain energies versus λ. Stretching Ea , bending
Eb, and shearing Ec contribute to total strain energy Ea+ Eb+ Ec

(case 1).

100 200 300 400 500 600 700

Figure 5. From left to right: deformation corresponding to the lo-
cal maximum, the local minimum, the stage immediately after the
first snap-through, and the last computed point of the equilibrium
path reported in Figure 2 with a continuous black line (case 1).
Colors indicate the strain energy.

again by the product a`2
0 — as distinguished in stretching, bending, and shearing

contributions.
Finally, we plot in Figure 5 the current configuration of the system for four

values of the parameter λ corresponding to (see Figure 2 (continuous black line)),
the local maximum, i.e., limit point, the local minimum, the stage immediately after
the first reaction force jump, and the last computed equilibrium point belonging to
the increasing branch following the last reaction force jump.

Case study 2. Results for the case study 2 take into account a pantographic beam
with 41 unit cells (previously, in case study 1, we used 21 unit cells). The param-
eters which were used are reported in the second line of Table 1 (stiffnesses in
case 1 are rescaled according to (14)). The equilibrium path is plotted in Figure 2
(dot-dashed black line). The two curves in Figure 2 are very close and suggest
that independence of the unit cell size 1/nuc holds, thus indicating that the scaling
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Figure 6. Scaled reactions corresponding to constraints enforced
at nodes A and B (H and V are the horizontal and vertical com-
ponents, respectively), versus λ (case 2).

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.05

0.1

0.15

0.2

0.25

0.3

λ

E
/
a
ℓ

2 0

Ea

Eb

Ec

Ea + Eb + Ec

Figure 7. Scaled strain energies versus λ. Stretching Ea , bending
Eb, and shearing Ec contribute to total strain energy Ea+ Eb+ Ec

(case 2).

law employed for deriving the homogenized model implies the existence of a limit
behavior. The reactions — scaled by the product a`0 — corresponding to the con-
straints enforced at nodes A and B versus the constrained vertical displacement λ
of the midnode of the structure are plotted in Figure 6.

The total strain energy — scaled by the product a`2
0 — versus the constrained

vertical displacement λ at the midnode of the structure is plotted in Figure 7.
Contributions to the total strain energy — scaled again by the product a`2

0 — as
distinguished in stretching, bending, and shearing contributions are also plotted in
the same figure.
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Figure 8. From left to right: deformation corresponding to the lo-
cal maximum, the local minimum, the stage immediately after the
first snap-through, and the last computed point of the equilibrium
path reported in Figure 2 with a dot-dashed black line (case 2).
Colors indicate the strain energy.
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Figure 9. Equilibrium path, i.e., locus of pairs made up of the
value of the constrained displacement at midpoint, λ, and the cor-
responding reaction force R at equilibrium, of the pantographic
beam for case 3 (continuous black line) and case 4 (dot-dashed
black line).

Figure 8 shows the current configuration of the system for four values of the
parameter λ corresponding to (see Figure 2 (dot-dashed black line)) the local
maximum, i.e., limit point, the local minimum, the stage immediately after the
first reaction force jump, and the last computed equilibrium point belonging to the
increasing branch following the last reaction force jump.

Case study 3. Results for the case study 3 take into account a pantographic beam
with 21 unit cells. The parameters which were used are reported in the third line
of Table 1. The equilibrium path is plotted in Figure 9 (continuous black line).
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Figure 10. Scaled reactions corresponding to constraints enforced
at nodes A and B (H and V are the horizontal and vertical com-
ponents, respectively) versus λ (case 3).
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Figure 11. Scaled strain energies versus λ. Stretching Ea , bend-
ing Eb, and shearing Ec contribute to total strain energy Ea+Eb+

Ec+ Ed for stiffness parameters (case 3).

The reactions — scaled by the product a`0 — corresponding to the constraints
enforced at nodes A and B versus the constrained vertical displacement λ of the
midnode of the structure are plotted in Figure 10.

The total strain energy — scaled by the product a`2
0 — versus the constrained

vertical displacement λ at the midnode of the structure is plotted in Figure 11.
Contributions to the total strain energy — scaled again by the product a`2

0 — as
distinguished in stretching, bending, and shearing contributions are also plotted in
the same figure.
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Figure 12. From left to right: deformation corresponding to the
local maximum, the local minimum, the stage immediately after
the first snap-through, and the last computed point of the equilib-
rium path reported in Figure 9 with a continuous black line (case 3).
Colors indicate the strain energy.

Figure 12 shows the current configuration of the system for four values of the
parameter λ corresponding to (see Figure 9 (continuous black line)) the local max-
imum, i.e., limit point, the local minimum, the stage immediately after the first
reaction force jump, and the last computed equilibrium point belonging to the
increasing branch following the last reaction force jump.

Case study 4. Results for the case study 4 take into account a pantographic beam
with 41 unit cells (previously, in case study 3, we used 21 unit cells). The pa-
rameters which were used are reported in the fourth line of Table 1 (stiffnesses in
case 3 are rescaled according to (14)). The equilibrium path is plotted in Figure 9
(dashed black line). Again, the curves in Figure 9 are very close and suggest that
independence of the unit cell size 1/nuc holds, thus indicating that the scaling law
employed for deriving the homogenized model implies the existence of a limit
behavior. The reactions — scaled by the product a`0 — corresponding to the con-
straints enforced at nodes A and B versus the constrained vertical displacement λ
of the midnode of the structure are plotted in Figure 13.

The total strain energy — scaled by the product a`2
0 — versus the constrained

vertical displacement λ at the midnode of the structure is plotted in Figure 14.
Contributions to the total strain energy — scaled again by the product a`2

0 — as
distinguished in stretching, bending, and shearing contributions are also plotted in
the same figure.

Figure 15 shows the current configuration of the system for four values of the
parameter λ corresponding to (see Figure 9 (dashed black line)) the local maximum,
i.e., limit point, the local minimum, the stage immediately after the first reaction
force jump, and the last computed equilibrium point belonging to the increasing
branch following the last reaction force jump.
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Figure 13. Scaled reactions corresponding to constraints enforced
at nodes A and B (H and V are the horizontal and vertical com-
ponents, respectively) versus λ (case 4).
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Figure 14. Scaled strain energies versus λ. Stretching Ea , bend-
ing Eb, and shearing Ec contribute to total strain energy Ea+Eb+

Ec+ Ed (case 4).

Sensitivity analysis respect to the stiffness parameters. In addition, we perform an
analysis of the equilibrium path sensitivity with respect to changes in stiffness pa-
rameters of the pantographic beam subjected to the three-point bending test, which
is reported in Figure 16. We observe that, basically, each of the found behaviors
can be regarded as a degeneracy of the equilibrium path in Figure 2. The variety
of obtained behaviors suggests that tuning of the pantographic beam mechanical
response deserves future investigation.

Remarks on numerical simulations. We notice that:
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Figure 15. From left to right: deformation corresponding to the
local maximum, the local minimum, the stage immediately after
the first snap-through, and the last computed point of the equilib-
rium path reported in Figure 9 with a dot-dashed black line (case 4).
Colors indicate the strain energy.
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Figure 16. Sensitivity analysis of the equilibrium path respect to
the stiffness parameters a, b, and c for the case study 1.

(1) In all cases, the force-displacement equilibrium paths, in continuous and dashed
black line in Figures 2 and 9, show the existence of two limit points, i.e.,
the tangent to the equilibrium path is horizontal/vertical (horizontal in this
case). When increasing the constrained displacement at midpoint, the pres-
ence of an increasing reaction branch in the equilibrium path followed by a
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Figure 17. Equilibrium path for case study 1 with indication, in
red, of the force-controlled loading-unloading pseudoelastic cycle.

decreasing one, passing through a limit point, gives a well known response (an
analogous discussion can be given for the presence of a decreasing reaction
branch followed by an increasing one, passing through a limit point). Indeed,
it implies that, when considering a monotonically increasing prescribed force
acting on the midpoint (therefore, we do not apply any more displacement
but force), when the limit point is reached, then the equilibrium displacement
experiences a sudden increase (see the red lines in Figure 17 indicating a force-
controlled loading-unloading pseudoelastic cycle) [Eremeyev and Lebedev
2006]. We remark that such a phenomenon, which is observed in structures
like the von Mises arch, contrarily to said structures, does not involve any
local nor global snap-through instability, but it is a geometrical effect. Such an
effect can be exploited in multiple applications requiring so-called mechanical
switches.

(2) In all cases three local snap-through instabilities are occurring in the three-
point bending problem when varying the constrained vertical displacement,
which are signaled in all plots (except for the deformed equilibrium configura-
tions where they can be seen visually) by small bumps. The first snap-through
involves the two cells adjacent to the midpoint, while the following two snap-
through instabilities occur for two different values of λ at the boundary cells.
These two last snap-through instabilities occur for higher values of λ if d
increases, as d is in that respect a penalization term.

(3) The horizontal reaction force H in Figure 3 changes its sign with λ in all
cases.

(4) Looking at Figures 5, 8, 12, and 15, and particularly at points on the center-
line of the structure (macroscopic deformed line), with increasing midnode
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constrained vertical displacement, for all cases, the structure switches pro-
gressively from a macroscopic flexural behavior to an extensional one. This
is due to cells exploiting the pantographic mode to minimize the deformation
energy of the structure. Such a behavior is further triggered at microscale
by the occurrence of local snap-through instabilities. Indeed, cell closure in
acuminate shape leads to progressively more and more localized macroscopic
flexural deformations (which are unavoidable to fulfill kinematic constraints;
in addition, as already mentioned, macroscopic flexure is not energetically
penalized in such situation) in the vicinity of constrained nodes where snap-
through instabilities are occurring. In all cases, for the highest λ of the compu-
tation, macroscopic flexural deformation is completely concentrated in cells
adjacent to constrained nodes (see again Figures 5, 8, 12, and 15). Other
regions of the beam are macroscopically straight and therefore experience
only macroscopic extension. Straight closed cells in the current configuration
store energy only in extensional springs. Clearly, the size of this localization
depends upon the unit cell size and will degenerate at a point when nuc→∞,
i.e., at macroscale in the homogenized continuum. It seems then reasonable
to conjecture that, at macroscale, the beam will undergo at boundaries and at
midpoint a beam-to-cable phase transition and assume for sufficiently large
values of λ a triangle shape. All these considerations are reflected in the
equilibrium path, which shows with increasing midnode constrained vertical
displacement — following the limit point — a decreasing reaction branch (due
to not-yet-complete cell closure by pantographic mode) and (following com-
plete cell closure) a successive stiffening controlled by extensional springs
(which are according to rescaling law (14) the stiffest ones indeed). The scaled
strain energies in Figures 4, 7, 11, and 14 clearly show that deformation en-
ergy stored within extensional springs increases superlinearly, reaching values
comparable to those of energy stored within flexural-rotational springs at the
end of the computation.

5. Concluding remarks and future challenges

It should at this point be clear why the results here reported are to be intended as
an aid toward the formulation of conjectures attaining the continuum model and its
related degeneracies. Especially, we were motivated in this investigation by under-
standing which features of the nonlinear behavior of slender pantographic discrete
structure are — up to homogenization error (which clearly decreases with nuc) —
independent of the unit cell size 1/nuc and should be observed in the homogenized
continuum model. In this regard, it is worth noting that, in Figures 2 and 9, low
sensitivity of the equilibrium path has been observed by increasing the cell number.
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Looking at the same figures (and at the other ones) one would conclude that bumps,
which correspond to snap-throughs, disappear in the limit of the cell number go-
ing to infinity. Nevertheless, it remains an open question whether the observed
bumps — i.e., reaction force/energy drop with respect to displacement increase —
will tend to have a (smaller) finite amplitude or not. More investigations in this
regard are therefore required.

As we mentioned in the introduction, homogenized pantographic beams are
complete second-gradient 1D-continua. Such continua have been previously vali-
dated by numerical discrete simulations based on Newton’s method [Barchiesi et al.
2019]. Clearly, results reported herein should be regarded also as an extension of
such previous work. Indeed, while solving the macromodel for prescribed (large)
displacements up to an apparent negative stiffness regime — passing through the
occurrence of limit points — was possible, that was up to now not possible for the
micromodel.

In this respect, owing to the results obtained herein, we are able to state that
simulations at microlevel confirm the predictions of the homogenized continuum.
It is therefore possible to conclude that such negative stiffness effects and the
occurrence of limit points in the equilibrium path, which are due to collective
concurrence of geometric and mechanical properties of single elements (and not
due to any local or global snap-through) arranged in pantographic topology, is
mainly controlled at macroscale by second-gradient effects, i.e., at microscale by
pantographic mechanism, as opposed to bending effects.

Finally, we list some challenges that surely will be tackled in the near future:

(1) The extension to 3D cases in order to take into account out-of-plane displace-
ments; see [Giorgio et al. 2017b] for a continuum model able to predict out-
of-plane bifurcations and [Turco 2018a; Eugster et al. 2014] for a first attempt
to model 3D inextensible beams using the Hencky guidelines.

(2) Some technical applications require removing the hypothesis of quasistatic
application of external loads or given displacements; in these cases we have
to consider inertia forces following the suggestions reported in [Giorgio et al.
2017a; Engelbrecht and Berezovski 2015; Tahaei Yaghoubi et al. 2018].

(3) Stiffness parameters of the pantographic beam have been chosen starting from
estimates derived from global parameters of the continuum model; however,
any methods capable of correlating experimental results with the stiffness pa-
rameters of the proposed model are surely interesting; see, e.g., [Placidi et al.
2015].

(4) Here we used simple laws to describe extensional, flexural, and shearing in-
teraction; however, other interaction laws might be considered, e.g., those
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reported in [Braides and Solci 2016; Atai and Steigmann 1997; Challamel
et al. 2014].

(5) Since the pantographic beam presented in the foregoing could be regarded as
the representative volume element for continuum models and since, to obtain
quantitative results in general problems, continuum models have to be dis-
cretized, it appears interesting to consider modern interpolations laws based
on B-splines and NURBS; see, for an insight, [Greco et al. 2017; Greco and
Cuomo 2013; Cuomo et al. 2014; Balobanov and Niiranen 2018].

(6) Hencky models are the fundamental building block for continuum models
such as, e.g., those presented in [Khakalo et al. 2018; Seppecher 1996; Pi-
deri and Seppecher 1997a; 1997b; Scala and Van Goethem 2016; Lurie and
Kalamkarov 2007; Gusev and Lurie 2017; Giorgio 2016; Abali et al. 2016;
Misra and Poorsolhjouy 2015; 2017; Shirani et al. 2019; De Masi et al. 2008;
2009; Carlen et al. 2009; Braides et al. 2009]; therefore, the developments
of new and efficient Hencky models, besides to be useful to build reference
results as shown in this paper, are surely a valuable contribution towards
the construction of continuum models; see also [dell’Isola et al. 2017] for
a historical framework and [Reiher et al. 2017] for some insight about the
computational point of view.

(7) Even though the results presented here consider only elastic deformation pat-
terns, it is possible to build Lagrangian models including damaging [Turco
et al. 2016d]; furthermore, it is possible to include novel direct continuum
modeling proposed in [Placidi and Barchiesi 2018; Giorgio and Scerrato 2017;
Placidi et al. 2018; Shirani et al. 2017; Ganghoffer and Pastrone 2009].
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