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A numerical model was established in earlier work to investigate the macroscale critical state, which
determines the mechanical behavior of sheared granular materials. This paper explores the behavior of
this model by conducting a parametric study that varies the constitutive parameters over a wide range.
This study is essential to define the combination of material parameters that will lead to the emergence
of critical state along the classical response. According to the typical critical state behavior, while the
material volume and stress remain unchanged under large shear deformation, the material continues
to deform. The critical state concept is examined using a granular micromechanics approach within a
numerical framework. In this model, elastic and dissipation energies for a generic grain-pair interaction
are adapted using a hemivariational principle. Karush–Kuhn–Tucker-type conditions are derived through
a hemivariational principle, providing evolution equations for damage and plastic irreversible phenomena.
The coupled damage and plasticity, which are crucial for material strength properties, are associated
with grain-pair contact loss and irreversible deformation. Notably, damage-elastoplastic spring elements
are described in order to link the micro and macro mechanisms, using orientationally based grain-pair
interactions, decomposed into normal and tangential directions. The material properties of specimens with
different initial density states are adapted according to dilatancy/compaction characteristics to achieve the
idealized critical state behavior. The present model is then applied to simulate the stress and volumetric
strain behaviors under varying characteristic compression constitutive parameters.

1. Introduction

Granular media consists of assembly of such frictional materials related to interactions between particles
under external loads, which are affected by the lack of strong bonding forces, leading to sliding of grains.
In the establishment of this study, we aim to investigate the behavior of numerical model constructed
to replicate the emergence of critical state for selected appropriate simulation parameters. the assessed
particles in the model do not stick to each other (or have only a slight tendency) under the external
mechanical loads, and particle interactions are adapted by experiencing compression and shear. These
frictional materials attract a great deal of interest in various areas of science and engineering, such
as the identification of deformation mechanisms in geomechanics, geotechnical engineering, and the
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metallurgical and material industries. When the critical state is reached, which is a preferred concept
in exploring the behavior of granular materials, the material volume and stress do not change under
significant angular deformation. Wood [82] has presented one of the early studies on this phenomenon
and examined the critical state on granular materials under triaxial compression and simple shear loadings.
Theocharis et al. [77; 78] have discussed the necessity of additional microstructural conditions to maintain
the critical state based on the performed discrete element method (DEM) experiment results. Since some
challenges are addressed by directly investigating microstructural measurements through experiments,
the anisotropic behavior of granular material can be achieved not only by following the arrangement of
particles and the grain and surface contact mechanisms but also by completing a number of numerical
simulations depending on various assumptions, as introduced by Pan et al. [59].

Computational models are powerful tools for revealing the mechanical behavior of materials in diverse
environments. These models efficiently provide innovative solutions for structures and unique insights
in the design of industrial processes. With the popularization of computational methods, modeling
and simulating of granular materials become an interesting topic to observe their complex material
characteristics. In terms of the convenience of modeling approaches, while a discrete description is widely
applied in investigating the mechanical behavior of granular media (studies of discrete modeling include
[17; 52; 74; 81]), continuum modeling is also useful in studying the mechanical characteristics of granular
materials (see [21; 20; 47; 61]). Recent novel numerical methods involving coupling strategies, such
as discrete-continuum approaches [53; 58; 57; 75; 84], draw attention to the exploration of granular
materials from the mechanistic viewpoint. As the numerical solutions of such complex structures are
usually time-consuming and may suffer from numerical instabilities, the progress of numerical models
and approaches plays an important role.

To investigate the behavior of the critical state in granular materials, which is an essential con-
cept, numerous efforts have been carried through the discrete element method (DEM) in the literature.
DEM provides a thorough examination of individual particle interactions in relation to contact forces,
displacements, and rotations. DEM simulations introduce predictions by adjusting the attributes of
each particle in the random granular bulk, such as size, shape, and stiffness, based on experimental
observations. Additionally, DEM can enhance understanding of the material’s microstructure through
grain-grain interactions (e.g., modification in coordination number and fabric anisotropy) while addressing
macroscale behavior. Grain-level interactions in DEM can increase computational complexity and cost
due to the vast number of particles in bulk materials. Furthermore, in 2D and 3D efforts of the critical
state, deficiencies may arise during information transfer because of the varying properties of all grains.
When the representative volume element is large enough, contact behavior in particles, such as idealized
contact laws and simplified particle shapes (e.g., spheres or ellipsoids), can lead to unrealistic results
and inaccuracies in simulations compared to real granular materials. DEM simulations express various
grain characteristics, including the formation and evolution of force chains, initial packing density, fabric
anisotropy, and particle breakage and fragmentation within the granular assembly, thereby affecting
the critical state. Rothenburg and Kruyt [69] introduced a micromechanical theory of critical state
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based plastic deformation in granular assemblies in relation to the disintegration of interparticle contacts,
utilizing 2D discrete element simulations to unravel the evolution of the coordination number under shear
deformations. Fabric evolution at the critical state has been employed for determining the anisotropy in
contact orientations, eventually reaching a characteristic state (see for instance [50; 56]). Zhu et al. [90]
investigated the critical state fabric of granular material in distinct failure modes and used mesoscale
force-chains and mesoloops characteristics to explain that both localized and diffuse failure modes serve
the same fabric. Drawing upon this initial research, Deng et al. [28] expanded the critical state beyond
specific failure modes defining through a single proportional strain test across diverse loading scenarios.
While it is emphasized that simulating granular materials using DEM can be challenging considering
particle geometry, surface characteristics, and computational challenges, the micromechanical insights
gained from DEM simulations refine continuum models. For example, Misra and Poorsolhjouy [51]
provided informative work for identifying the macroscale characteristics using granular micromechanics
in relation to the microscale stiffness coefficients. The role of fabric evolution adapting DEM within
elastoplastic constitutive model was examined to unravel the anisotropic behavior of granular materials at
critical state (see discrete element simulation results in [46; 37]).

The structural components with multifaceted interactions that constitute the complex material are
defined utilizing continuum modeling approaches. Continuum modeling techniques, which are the
constitutive models and the numerical methods within the critical state concept, have been implemented
to predict the behavior of soils under various loading paths. In this regard, the finite element model
(FEM)-based conventional elastoplastic frameworks, such as Cam-clay and the unified clay and sand,
have been introduced as two types of critical state models by Sheng et al. [73]. The plasticity-based
constitutive models, which have recently advanced under various loading paths by incorporating critical
state concepts, have developed a hypoplastic framework without relying on traditional yield surfaces,
plastic potential, flow, and hardening rules [83] and analyzed gravelly soil-structure interfaces using an
elastoplastic model based on two-surface plasticity theory [70]. Alternatively, the role of fabric on the
characterization of sand plasticity theory at critical state has been revealed by describing the anisotropic
behavior of sand [46; 37; 60]. An integration of critical state concepts based on continuum description
has been made along with the micromechanical elastoplasticity model (see the existing microstructural
simulations [12; 44; 89]).

Variational methods are a fundamental framework for deriving the governing equations for various
physical systems (see [10; 18; 19; 26]). Dell’Isola and Misra [23] discussed the principle of virtual work,
which is a powerful tool that enables an effective micro-macro identification process and introduces
the homogenization schema to explore exotic and innovative metamaterials. Variational techniques are
vital for appropriately modeling and unraveling the complex mechanical properties of metamaterials (see
[32] for the nonlinear wave dynamics of tensegrity metamaterials, [49] for dynamic analysis of periodic
material structures, and [36; 41; 43] for composite materials), as these approaches take into account not
just conventional cases but also dissipative processes (work on dissipative systems includes [16; 33; 86; 3]).
Strain-gradient theory [4; 31; 87] and higher-gradient theory [1; 5; 2; 42; 72] extend classical continuum
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mechanics to examine microstructural properties, employing variational principles. These approaches
offer a way of affirming the strain-gradient constitutive parameters for mechanical metamaterials that
exhibit nonidentical behaviors (see [6; 22]). In particular, an asymptotic homogenization technique was
used in [71] to determine the metamaterial constitutive parameters by linking micro- and macroscale
characteristics via strain gradient theory, and in [85] by solving a boundary value problem with FEM.
Innovative experimental-numerical methodologies have been proposed to predict material characteristics
by incorporating experimental tests and numerical simulations using neural networks [15; 34; 68], or a
combination of digital image analysis and FEM simulation [9; 11; 35]. Ramaglia et al. [66; 67] conducted
numerical investigations focusing on the understanding and effectiveness of fiber-reinforced strengthening
strategies for masonry structures. Continuum models treat materials as continuous media; studies focusing
on the prediction of the macroscopic behavior of pantographic metamaterials include [7; 14; 25; 27; 29;
38; 76].

The continuum framework for granular materials simplifies complex particle interactions and provides
a well-developed theoretical method, leveraging practical approaches to describe macroscopic properties
such as stress, strain, and density. In parallel, the granular micromechanics approach (GMA) is designated
to characterize the behavior of granular materials (see for instance [39; 40; 54; 55]). To this end, the
establishment of continuum models for granular materials addressing the effective grain-pair interactions
is based on a GMA. The continuum description is kinematically associated with granular micromechanics
via Piola’s ansatz (for homogenizing micro-models for metamaterials see [24; 80]). By considering
effective grain-scale relationships, a GMA exposes the average macroscale behaviors by integrating
these interactions over all orientations. The continuum model established based on a GMA detects
grain-pair and kinematic variables from the micro-macro relationship regarding the elastic and dissipation
energy functionals. These effective energies are defined by damage-elastoplastic spring elements and
explore grain-scale interactions in normal and tangential directions. Notably, the relative displacement
component along the vector connecting the grains from their centroids is called the normal component
while the perpendicular component to the grain-pair direction is defined as tangential. The homogenized
energy functionals are adopted, and a hemivariational principle is then used to derive the Karush–
Kuhn–Tucker (KKT) conditions via governing equations (see [79; 48; 63] for the application of a
hemivariational principle). KKT conditions provide the evolution equations of damage and plasticity
irreversible phenomena with regard to all grain-pair orientations. In granular micromechanics, damage is
identified as the loss of stiffness, and plasticity is referred to as the cumulative irrecoverable grain-pair
displacements. Numerical simulations have been successfully performed for both homogeneous and
nonhomogeneous deformations using the present model [30; 48; 63; 64; 79].

The fundamental aspect of the work is to present a comprehensive parametric study on a numerical
model utilizing a GMA to explore the combination of constitutive parameters affecting the critical state with
respect to the classical way in granular materials. A parametric study can clarify the further refinements
in predicting the macroscale behavior of granular materials, utilizing a numerical model to better capture
experimental findings. In light of the following a parametric study, the preliminary efforts are expanded
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to gain insight into determining both energy equations and simulation parameters to strengthen the ability
of numerical model predictions under different loading histories. Alternatively, a systematic approach
replicates the experimental results by characterizing higher accuracy, consistency, and confidence with
validating and calibrating continuum model findings. For instance, the advanced numerical techniques
are employed to simulate the deformation behavior of UHP-FRC (ultra-high performance fiber-reinforced
concrete) by introducing the new constitutive parameters through experimental results (see the recent work
of Placidi et al. [65]). To investigate the emergence of critical state, we transferred a novel dissipation
energy to observe the desired evolution damage and plasticity coupling, renewing the dissipation energy
used in [62]. Yilmaz et al. [88] presented a developed and validated continuum model to examine the
critical state concept by comparing the numerical predictions with experimental observations qualitatively.
In this work, we attain three different specimens, namely dense, mid-dense, and loose, with different
initial void ratios, and only homogeneous deformations are examined. It is noteworthy that a parametric
study includes the optimization process thanks to a deeper understanding of parameter changes how
influences the overall behavior of the material. By systematically varying the constitutive parameters, the
new material properties are integrated into the model, affecting both the strength characteristics and the
evolution of damage and plasticity. This work not only improves our understanding of the continuum
framework based on the investigation of granular material behavior, but also establishes the refinements
of effectively formulated elastic and dissipation energy functionals to replicate more accurate and reliable
results in the future.

This paper is organized as follows. Section 2 presents the homogenized energy terms based on a single
grain-grain interaction to derive the governing equations and the threshold equations for the coupled
damage and plastic phenomena by utilizing a hemivariational principle. Section 3 reports simulations
for all specimens with different initial density states to investigate the emergence of critical state and
provided with regard to the parametric studies to elucidate the effects of simulation parameters. Section 4
summarizes the findings and discusses implications for future works.

2. Mathematical model

2.1. Elastic energy. In this continuum framework, we use the damage-elastoplastic spring elements
describing the grain-pair interactions for each orientation and a given point X of the continuum body B,
characterized by the unit vector ĉ = cos θ ê1 + sin θ ê2, defined with respect to the polar representation
depending on the orientation, θ ∈ [0, 2π ], in an orthonormal frame of reference (O, ê1, ê2). An elastic
energy is correlated for each grain-pair interaction over all orientations, regarding the unit circle S
in 2D model. We have an elastic energy density U in the continuum description obtained with the
homogenization rule, following Barchiesi et al. [8]:

U =

∫
S

( 1
2 kη,D(uel

η )2
+

1
2 kτ,D(uτ )

2) d A, (1)

where d A is the area portion around the unit circle S, and the elastic normal displacement uel
η is found by
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the difference between the normal displacement uη and the plastic normal displacement upl
η :

uel
η = uη − upl

η , (2)

where the plastic normal displacement upl
η is the difference between two plastic multipliers referring to

the tension λt
η and compression λc

η plastic variables:

upl
η = λt

η − λc
η. (3)

The normal displacement (a scalar quantity), its square and the square of the norm of the tangent
displacement vector (uτ =

√
uτi uτi ) are obtained in terms of intergranular distance L and the strain G:

uη = LGi j ĉi ĉ j , (4)

(uη)
2
= L2Gi j Gabĉi ĉ j ĉa ĉb, (5)

(uτ )
2
= 4L2Gi j Gab(δia ĉ j ĉb − ĉi ĉ j ĉa ĉb); (6)

here

G =
1
2(FT F − I), (7)

is the Green–St. Venant tensor, expressed in terms of F = ∇χ
∣∣

X , where χ(X, t) is the placement function
which in X and t represent the position and time. The damaged kη,D normal stiffness is expressed by

kη,D = kt
η,D2(uel

η ) + kc
η,D2(−uel

η ), (8)

where the damaged tension kt
η,D and compression kc

η,D normal stiffness and the damaged tangent kτ,D

stiffness are described in terms of the normal and tangential damage variables, Dη and Dτ , as follows:

kt
η,D = kt

η(1 − Dη), kc
η,D = kc

η(1 − Dη), kτ,D = kτ (1 − Dτ ). (9)

Besides, kt
η, kc

η, and kτ represent the nondamaged normal stiffness in tension and compression, respectively,
and the nondamaged tangential stiffness. In the cases of tension and compression, the normal stiffness
kη differs and is expressed in terms of the Heaviside function 2(x) (taking the value 1 if x ≥ 0 and
0 otherwise) by

2(x) =
1
2

+
1
π

arctan x
α

, (10)

where α is the regularization parameter, whose value should be much smaller than uel
η in the numerical

simulations. The normal displacement uη is partitioned into elastic and plastic parts, and the square of its
elastic part is calculated by inserting (4) into (2):

(uel
η )2

= (uη − upl
η )2

= L2Gi j Gabĉi ĉ j ĉa ĉb − 2Lupl
η Gi j ĉi ĉ j + (upl

η )2. (11)

Here we only consider homogeneous deformation, so the gradient of the Green–St. Venant tensor vanishes
in (4), (5), and (11) (Gi j,h = 0). The homogenized continuum elastic energy density was first introduced
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in (1) and can be written with respect to (6) and (11) as

U =
1
2 Ci jabGi j Gab + Pi j Gi j , (12)

where the elastic stiffness tensors Ci jab and Pi j are expressed by

Ci jab = L2
∫
S

kη(1 − Dη)ĉi ĉ j ĉa ĉb d A

+ L2
∫
S

kτ (1 − Dτ )
(
(δia ĉ j ĉb + δibĉ j ĉa + δ ja ĉi ĉb + δ jbĉi ĉa) − 4ĉi ĉ j ĉa ĉb

)
d A, (13)

Pi j = −L
∫
S

kη(1 − Dη)upl
η ĉi ĉ j d A. (14)

Overall, the second-order tensor Pi j , called as prestress tensor, characterizes the normal plastic relative
displacement component independently of the strain tensor G. Interested readers may consult [25; 63],
which delve into the adapted homogenization approach, for in-depth discussion.

2.2. Dissipation energy potential. We consider two dissipation phenomena as damage and plasticity
in the proposed model. Damage indicates the cumulative effects arising from grain-scale mechanisms,
and therefore introduces the collapse or buckling of particle chains and clusters due to particle rotation
and rolling or grain sliding, and the loss of lateral support or confinement within the granular assembly.
The proposed continuum model interprets damage as a loss of stiffness rather than the creation or loss
of contacts between grains. Plasticity is characterized by the effective accumulation of irreversible
deformations and essentially driven by grain-pair sliding and separation along with the considered
orientations. Subsequently, these two coupled phenomena provide a comprehensive description of the
rate-independent dissipative mechanisms governing the behavior of granular materials. Damage (Dη

and Dτ ) and plasticity (λt
η and λc

η) irreversible phenomena for a generic grain-pair are comprised into
dissipation energy. The total dissipation energy potential W can be separated into two parts, corresponding
to damage and plasticity:

W = WD + Wpl. (15)

The term WD splits as
WD = W η

D + W τ
D (16)

into a normal part,

W η

D =
1
2

kc
η(Bc

η)
22(−uel

η )
[
−Dη +

2
π

tan
(
π

2
Dη

)]
+

1
2

kt
η(B t

η)
22(uel

η )
[
2 + (Dη − 1)

(
2 − 2 log(1 − Dη) + (log(1 − Dη))

2)], (17)

and a tangential one,

W τ
D =

1
2 kτ (Bτ )

2[2 + (Dτ − 1)
(
2 − 2 log(1 − Dτ ) + (log(1 − Dτ ))

2)]
; (18)

here Bc
η and B t

η are characteristic normal damage displacements associated with normal damage dissipation
in compression and tension and Bτ is the characteristic tangent damage displacement related to the tangent



32 NURETTIN YILMAZ, LUCA PLACIDI, ANIL MISRA AND FRANCESCO FABBROCINO

damage parameter. B t
η ≪ Bc

η for lightly cohesive granular materials, damage rapidly evolves in tension as
expected. Further, Bτ is expressed as

Bτ = B̃τ (uel
η ) =

1
2
(Bτ0 + α1 Bτ0) +

1
π

(Bτ0 − α1 Bτ0) arctan
uel

η

α
, (19)

where α1 is an additional constitutive parameter and arranges the quantities of Bτ with regard to tension
and compression states. The dissipation energy potential obtained regarding plastic behavior is given by

Wpl = (1 − Dη)
(
σ t

ηλ
t
η + σ c

ηλc
η + σ c

ηη(λ
c
η)

2), (20)

where σ t
η and σ c

η serve the yielding parameters depending on tension and compression for the damage-
elastoplastic behavior, and σ c

ηη is the plastic hardening parameter. Here, we introduced a new dissipation
energy potential for plasticity phenomenon to reach the classical critical state response; the dissipation
energy Wpl in this model is different than in [48; 62; 79]. Note also that, in our approach, the energy
formalism is the main ingredient of the model, and we can distinguish all terms being positive. The
formalism does not explicitly enforce consistency with the second law of thermodynamics. From a
mathematical perspective, the framework imposes no restrictions, and the total energy functional is a
positive function. The elastic potential is defined as a quadratic function (see (1)) and positive definite.
Dissipation potential can be distinguished into damage and plastic components. The damage dissipation
potential WD of (16)–(18) is always an increasing function with respect to damage and, because damage
itself increases with time, WD is also an increasing function of time. While the plastic dissipation
potential Wpl (see (20)) is positive definite and zero at the initial state, Wpl does not consistently exhibit
an increasing behavior. This characteristic arises from its dependence on 1 − Dη, but maintains overall
thermodynamic admissibility by remaining positive throughout the simulations.

2.3. Hemivariational principle for governing equations and Karush–Kuhn–Tucker conditions. The
action functional of the system is expressed by the sum of elastic and dissipation energies,

E =

∫
B

U + W + bext
· u d� +

∫
∂tB

text
· u dℓ, (21)

where bext is the external distributed body force over the domain B, and text is the external distributed
force acting on the part ∂tB of the boundary ∂B on which we prescribe Neuman conditions. Here, let
us consider ti ∈ {ti }i=0,...,M , which is a monotonously increasing time range where ti ∈ R and M ∈ N.
A displacement family u(X, ti ) at each time t = t0, t1, . . . , tM is defined as a motion. The set AMt of
kinematically admissible displacements is determined, and the set AVt , i.e., δu(X, ti )∈ AVt , is determined
as the associated space of kinematically admissible variations. Dirichlet boundary conditions on a part
∂uB, of the boundary ∂B such that ∂B = ∂uB∪∂tB are implied with regard to the kinematically admissible
displacement,

u = ū ∀ X ∈ ∂uB. (22)

Damage and plasticity are defined as irreversible kinematic quantities; thus their admissible variations are
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always positive:

(δDη, δDτ , δλ
t
η, δλ

c
η) ∈ R+

× R+
× R+

× R+. (23)

The first variation δE of the action functional defined in (21) is

δE = E(uη+δuη, uτi +δuτi , λ
t
η+δλt

η, λ
c
η+δλc

η, Dη+δDη, Dτ +δDτ )−E(uη, uτi , λ
t
η, λ

c
η, Dη, Dτ ). (24)

The increment of the fundamental kinematic quantities, uη, uτi , Dη, Dτ , λt
η, and λc

η, are evaluated as the
solution of the deformation process,

(1uη, 1uτi , 1λt
η, 1λc

η, 1Dη, 1Dτ )ti = (uη, uτi , λ
t
η, λ

c
η, Dη, Dτ )ti − (uη, uτi , λ

t
η, λ

c
η, Dη, Dτ )ti−1, (25)

where ti and ti−1 represent the current and previous times. Thus, the increment 1E of total energy is used
in the same manner:

1E =

E(uη+1uη, uτi +1uτi , λ
t
η+1λt

η, λ
c
η+1λc

η, Dη+1Dη, Dτ+1Dτ )−E(uη, uτi , λ
t
η, λ

c
η, Dη, Dτ ). (26)

According to the definition in [79], the hemivariational principle is formulated as follows

1E ≤ δE ∀(δu) ∈ AVt , (δDη, δDτ , δλ
t
η, δλ

c
η) ∈ R+

× R+
× R+

× R+, (27)

The governing equations, constitutive relations, and boundary conditions, respectively, are presented
by applying a hemivariational approach along with the traditional variational approach,

div(SSS) + bext
= 0 ∀ X ∈ B, (28)

SSS = CCCG +PPP ∀ X ∈ B, (29)

SSSn = text
∀ X ∈ ∂tB, (30)

where n is the outward unit normal vector to the domain boundary and SSS is the stress tensor giving the
elastic energy per unit area in (12):

Si j =
∂U
∂Gi j

= Ci jabGab + Pi j . (31)

Finally, Karush–Kuhn–Tucker (KKT) type conditions are derived corresponding to the four irreversible
kinematic descriptors{

−
1
2 kη(uη − λt

η + λc
η)

2
+

1
2 kc

η(Bc
η)

22(−uel
η ) tan2

(
π

2
Dη

)
+

1
2 kt

η(B t
η)

22(uel
η )(log(1 − Dη))

2
− σ t

ηλ
t
η − σ c

ηλc
η − σ c

ηη(λ
c
η)

2}1Dη = 0, (32){
−

1
2 kτ (u2

τ ) +
1
2 kτ (Bτ )

2(log(1 − Dτ ))
2}1Dτ = 0, (33){

− kη(1 − Dη)(uη − λt
η + λc

η) + (1 − Dη)σ
t
η

}
1λt

η = 0, (34){
kη(1 − Dη)(uη − λt

η + λc
η) + (1 − Dη)(σ

c
η + 2σ c

ηηλ
c
η)

}
1λc

η = 0. (35)
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A compact form for the KKT conditions is given by{
Dη − D̃η(uη, λ

t
η, λ

c
η)

}
1Dη = 0, (36){

Dτ − D̃τ (uel
η , uτ )

}
1Dτ = 0, (37){

λt
η − λ̃t

η(uη, λ
c
η)

}
1λt

η = 0, (38){
λc

η − λ̃c
η(uη, λ

t
η)

}
1λc

η = 0, (39)

where the threshold functions D̃η, D̃τ , λ̃
t
η, and λ̃c

η are given by

D̃η(uη, λ
t
η, λ

c
η) =



1 − exp
(
−

1
B t

η

√(
uη − λt

η + λc
η

)2
+

2
kη

(
σ t

ηλ
t
η + σ c

ηλc
η + σ c

ηη(λ
c
η)

2
) )

if uel
η = uη − λt

η + λc
η ≥ 0,

2
π

arctan
(

1
Bc

η

√(
uη − λt

η + λc
η

)2
+

2
kη

(
σ t

ηλ
t
η + σ c

ηλc
η + σ c

ηη(λ
c
η)

2
) )
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B̃τ (uel
η )

)
= 1 − exp

(
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Bτ

)
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λ̃t
η(uη, λ

c
η) = uη + λc

η −
σ t

η

kt
η

, (42)

λ̃c
η(uη, λ

t
η) =

(λt
η − uη)kc

η − σ c
η

kc
η + 2σ c

ηη

. (43)

First, we construct the KKT conditions presented in (40)–(43), which emerge by setting the expressions
in braces in (32)–(35) to zero. The parameter D̃η in (40) is separated into two parts such that compression
and tension. Tension and compression states are determined by the sign of the elastic part uel

η of normal
displacement. The evolution of tangential damage D̃τ , as well as the tension λ̃t

η and compression λ̃c
η

plastic multipliers, progresses according to (41)–(43), respectively. At the beginning of the deformation
process, all presumed irreversible quantities are zero and calculated by correlating the variables from the
previous and current time steps. Notably, in cases where plastic deformation does not occur, damage grows
depending on the normal displacement. Equation (42) is calculated using the tension σ t

η plastic yielding
parameter, while (43) provides the interpretations involving the compression σ c

η plastic yielding and
hardening σ c

ηη parameters. Plastic yielding parameters contribute to the evolution of plastic deformation,
whereas the hardening parameter restricts the magnitude of the compression plastic multipliers.

3. Numerical results and discussion

3.1. Implementation of the algorithm. The critical state phenomenon was presented in our previous
work [88]. To address this concept in 2D case, we implemented the algorithm in two stages, as depicted
in Figure 1. In Stage 1 (confining stage), biaxial compression is applied up to a specified stress limit
value S̄. The stress tensor is defined in (31) using the elastic stiffness tensors and the strain. During
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Figure 1. Implementation of Stage 1 and Stage 2 on the homogeneous square model. In Stage 1,
S increases from 0 to S̄, and the strain Ḡ is reached. In Stage 2 strain, G increases from 0 to 0.2.

Stage 1, the predefined confining stress, S̄ = −S11 = −S22, sequentially increases the strain components
(G11 and G22) until the specified stress limit is reached. The strain at the end of Stage 1 is denoted
by −Ḡ = G11 = G22. In Stage 2, the strain in the vertical direction, G22 = −Ḡ − G, is incrementally
increased by G > 0 while the stress in the horizontal direction, S11, remains constant at the confining
stress −S̄. During Stage 2, the strain component G11 is extruded by fixing the confining stress:

G11 = −
S̄ + P11 + C1122G22

C1111
. (44)

where, in each step, the strain component G22 is gradually increased externally, while the shear strain
Ḡ12 (or Ḡ21) remains null as considered in (31).

At the beginning of the algorithm’s implementation, damage and plastic irreversible phenomena are
absent. Notably, the elastic stiffness tensors Ci jab and Pi j are computed at every loading step. The
trapezoidal rule is employed for integration calculations over orientation. The elastic stiffness tensors in
(13) and (14) are defined with respect to coupled damage and plasticity variables evolving in discretized
orientation space. Through KKT conditions, the evolution of damage and plasticity is updated for the next
step based on the strain components at each current step. The critical state behavior is defined by both the
linearized volumetric strain, GV = det(F)− 1 ≃ G11 + G22, and the principal stress ratio, S22/S11, as in
classical soil mechanics. In line with these behaviors, the cases under which deformation occurs without
any change in stress or volume, will be examined in the next Section 3.2.

Algorithm 1 outlines the code for the emergence of the critical state, following the evolution process
of damage and plasticity variables. While calculating the strain G11, the value for the current time step is
determined using the elastic stiffness parameters P11, C1111, and C1122 obtained from the previous time
step. This formulation, as presented in (44), is intended to serve as a numerically explicit scheme, where
the strain evolution is directly computed without requiring iterative solutions. Algorithm 1 illustrates this
and shows how the next time step values are obtained based on the previous time step. Our approach
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For each step:

The strain components G11 and G22 are calculated with respect to confining stress S̄ in Stage 1.

• Dη(t0, θ) = 0, Dτ (t0, θ) = 0, λt
η(t0, θ) = 0, λc

η(t0, θ) = 0 ∀θ at t0 = 0.
• Dη(ti−1, θ) = Dη, Dτ (ti−1, θ) = Dτ , λt

η(ti−1, θ) = λt
η, λc

η(ti−1, θ) = λc
η from previous step.

For each orientation θ :

• Compute D̃η, D̃τ , λ̃t
η, λ̃c

η using threshold functions with Dη, Dτ , λt
η, λc

η at the current time.
• If D̃η > Dη, D̃τ > Dτ , λ̃t

η > λt
η, λ̃c

η > λc
η then

Set Dη(ti , θ) = D̃η, Dτ (ti , θ) = D̃τ , λt
η(ti , θ) = λ̃t

η, λc
η(ti , θ) = λ̃c

η.

else
Set Dη(ti , θ) = Dη, Dτ (ti , θ) = Dτ , λt

η(ti , θ) = λt
η, λc

η(ti , θ) = λc
η.

• Damage and plastic variables are calculated for current step ti .

• The stiffness tensors Ci jab and Pi j are computed using damage and plastic variables at each step.
• Stage 1 is perfomed up to the stress limit S̄ = −S11 = −S22.
• In Stage 2, the strain component G22 is increased while the stress component S11 = −S̄ remains

constant.

Algorithm 1. Code outline for the evolution of damage and plasticity phenomena.

simplifies this process by employing an analytical expression for the strain. This reduces computational
complexity and provides consistency according to the strain-controlled loading path given in the model.

3.2. Numerical experiments.

3.2.1. Characterization of specimens for emergence of critical state. To investigate the emergence of
critical state, we first characterize the material parameters of three different specimens with varying initial
density states (initial void ratios). These specimens are classified as dense, mid-dense, and loose, each
presenting distinct dilative/compaction behaviors regarding typical of granular materials. As the inital
step in our numerical studies, we use the shear modulus G2D , which was identified by Barchiesi et al. [8]
as equivalent to the 2D Lamé coefficient µ2D ,

µ2D = G2D =
L2

8
(kc

η + 4kτ ). (45)

Based on experimental data, Chang et al. [13] affirmed the empirical expression of shear modulus
Gemp, which we incorporated into our model thus:

G2D = Gemp =
A

(e − 0.2)1.8 . (46)

Here the shear modulus is expressed in terms of the material constant A and the initial void ratio e. The
initial void ratio, e = VV /VS , is defined as the ratio of the void volume VV to the solid volume VS . The
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A = 1.4 × 106 J/m2 k t
η = 0.1kc

η (J/m4) kτ = 0.1kc
η (J/m4) B t

η = 0.1Bc
η (m)

σ t
η = 0 J/m3 L = 0.01 m α = 5 × 10−10 m α1 = 10

Table 1. Fixed parameters for all specimens.

material constant A, which is a fixed parameter, is listed in Table 1, while the initial void ratios e for all
specimens are given in Table 2. Additionally, the shear modulus, Gemp = G2D, is calculated based on
(46), utilizing the material constant A and initial void ratio e. Further, kc

η is determined based on (45) and
(46) utilizing the assumed relationship between kc

η and kτ as specified in Table 1 for all materials using
the following expression (see Table 2):

kc
η =

8G2D

L2 − 4kτ . (47)

The material parameters that are kept constant for all specimens are the material constant A, the
stiffness parameters kt

η and kτ , the normal characteristic damage displacement B t
η in tension, the plastic

yielding parameter σ t
η in tension, the intergranular interaction distance L , and the constitutive parameters

α and α1. These parameters are presented in Table 1. By contrast, ē, Ḡ2D, k̄c
η, B̄c

η, σ̄ c
η , and σ̄ c

ηη are the
simulation parameters used in [88] for each specimen and are associated with the emergence of the critical
state.

The initial void ratio e, the shear modulus G2D, the compression normal stiffness kc
η, the damage

characteristic displacements Bc
η and Bτ0, and the plasticity constitutive parameters σ c

η and σ c
ηη are listed

for all considered specimens in Table 2.
Figure 2 provides a comparative visualization of square specimens referred to as dense, mid-dense,

and loose and shows the particle arrangement associated initial void ratio. Each specimen is depicted
to highlight the sectional distribution of solid particles and voids. In a dense specimen (Figure 2, left),
the particle arrangement has a high solid density and minimal void space with a low initial void ratio. A
mid-dense specimen (Figure 2, middle) has a composition less packed than a dense one, with a medium

specimen e G2D (J/m2) [see (46)] kc
η (J/m4) [see (47)]

dense ēD = 0.5 Ḡ2DD = 1.22 × 107 k̄c
ηD

= 7.0 × 1011

mid-dense ēM = 0.7 Ḡ2DM = 4.55 × 106 k̄c
ηM

= 2.6 × 1011

loose ēL = 1.2 Ḡ2DL = 1.45 × 106 k̄c
ηL

= 8.3 × 1010

Bc
η (m) Bτ0 (m) σ c

η (J/m3) σ c
ηη (J/m4)

B̄c
ηD

= 0.0050 L 0.24Bc
η σ̄ c

ηD
= 0.06kc

ηL σ̄ c
ηηD

= 0.28kc
η

B̄c
ηM

= 0.0105 L 0.20Bc
η σ̄ c

ηM
= 0.23kc

ηL 0
B̄c

ηL
= 0.0310 L 0.20Bc

η σ̄ c
ηL

= 0.72kc
ηL 0

Table 2. Simulation parameters for dense, mid-dense, and loose specimens.
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Figure 2. Schematic representation of dense (e = 0.5), mid-dense (e = 0.7), and loose (e = 1.2)
specimens comparing the solid particles arrangement and voids in relation to the initial void ratio.

initial void ratio regarding the solid particles. A loose specimen (Figure 2, right) has significantly larger
void spaces and a higher initial void ratio.

3.2.2. Emergence of the critical state. We first introduce the principal stress ratio S22/S11 and volumetric
strain GV depending on vertical strain G to elucidate the predicted macroscale critical state behavior
for all specimens with different initial density states in Figure 3. In Stage 1, the confining stress
−S11 = −S22 = S̄ is set to 100 kN/m. The strain G describes the subjected strain in the vertical direction
as depicted in Figure 1. The typical critical state behavior is defined as no change in both stress and
volumetric strain under high shear deformation G > 0.12. Figure 3 suggests that our numerical simulations
accurately predict this classical critical state behavior. It is noteworthy that deformation continues even
after this classical response is achieved. Additionally, regarding the importance of deformation evolution,
we examine the relationship between stress ratio and volumetric strain behaviors. This relationship is
characterized by increase/decrease in stress S22, which indicates dilative (GV > 0) or contractive (GV < 0)
behaviors in volumetric strain. For a dense specimen, a significant peak followed by a post-peak behavior
is observed in the principal stress ratio, along with dilative behavior in volumetric strain. As we move
towards a loose specimen, the peak in the stress ratio disappears, and a contractive behavior in volumetric

Figure 3. Critical state behavior under S̄=100 kN/m with principal stress ratio S22/S11 (left) and
volumetric strain GV (right).
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strain is observed. After hardening and softening behaviors are observed for all considered specimens,
dilative behavior is noted for a dense specimen, and contractive behavior is stimulated for the mid-dense
and loose specimens. Indeed, in light of these results and comparison with the experimental findings
presented by Lee and Seed [45], a numerical model qualitatively predicts both dilative behavior (for
a dense specimen) and contractive behavior (for the mid-dense and loose specimens) with respect to
different initial density states.

According to the KKT conditions presented in (40)–(43), the damage and plastic irreversible quantities,
which are illustrated in Figures 4–7, arose considering only homogeneous deformation from the grain-pair
interactions. The evolution of these irreversible phenomena is orientation-based, therefore the circles
represent the amount of damage and plasticity in each orientation. All polar plots have a certain number
of circles because each specified interval of the strain is partitioned into 10 equal steps.

Figures 4 and 5 show the evolutions of normal damage (Dη) and tangential damage (Dτ ) as a result of
grain-pair interactions for all specimens along with specific strain ranges. These polar plots identify Stage
1 in column i) and Stage 2 in columns ii), iii), iv), and v) with respect to the selected four different vertical
strain (G) intervals. We first present the normal damage polar plots in Figure 4, deploying (40). In Stage
1, the normal damage progresses equally in all orientations for all specimens because the confining stress
is implemented equally in both directions as equi-biaxial loading. However, the normal damage in a loose

Figure 4. Normal damage Dη polar plots for dense, mid-dense, and loose specimens at Stages 1
and 2 from i) to v) for different strain intervals.
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specimen progresses faster than in a dense specimen due to rearrangement and settlement during the
confinement process, which causes the specimens to become stiffer. Notably, during Stage 1, tangential
damage does not grow because the tangential displacement vector is null; see (6).

Normal and tangential damage increases rapidly in all specimens within the strain range G ∈ (0, 0.04)

and approaches unity value at the beginning of Stage 2 as illustrated in columns ii) and iii) of Figure 4.
For the strain range G > 0.12 at the critical state history, the damage variables stabilize and approach a
maximum evolution value, as seen in columns iv) and v) of Figure 4. In Stage 2, a dense specimen reaches
peak strength at lower strain values, and a faster loss of stiffness occurs in a dense specimen compared to
a loose specimen, as shown in Figure 3. Normal damage increases in the compressed vertical direction,
corresponding to the loading path in the orientation ranges of 45◦–135◦ and 225◦–315◦, while the growth
remains constant at the value reached at the end of Stage 1 in the horizontal direction. At this moment,
an in-depth investigation of this phenomenon is required to understand the dependence of constitutive
parameters during the evolution process. When the horizontal directions of the specimens are in tension,
because of positive Poisson’s effect (G11 ≫ G22), it is expected that the tensile B t

η characteristic damage
displacement is smaller than that in compression Bc

η as written in Table 1, provoking faster damage
evolution. However, in the horizontal direction, plasticity is activated with a null tensile σ t

η plastic yielding
parameter, and the tensile displacement becomes plastic because the normal displacement uel

η is positive.
The normal damage threshold D̃η values in (40) do not increase under this loading path without first
reaching the previous step’s threshold values in the horizontal direction.

Tangential damage evolves over a wider range of orientations compared to the predicted normal damage.
Let us analyze the evolution in a dense specimen, the predicted tangential damage approaches a near
unity value at 45◦ orientations faster than in the loose and mid-dense specimens in column ii) of Figure 5.
The evolution of tension plastic multipliers λt

η alters the elastic normal displacement uel
η in the horizontal

direction and influences the characteristic tangential damage displacement Bτ . When transitioning from
compression to tension, an increase in the threshold value via (41) is expected for tangential damage at the
horizontal direction limits, due to the decrease in Bτ at the rate of regularization parameter α1 based on
(19). The strain component G11 increases; therefore the normal uη displacement becomes positive. The
trend for a dense specimen is also observed in a mid-dense specimen, but at a slower rate. For both dense
and mid-dense specimens, in the strain band 0 < G < 0.04, tangential damage reaches its maximum value
and saturates across most orientations. At the beginning of Stage 2, a loose specimen is in compression
for all orientations, due to negative Poisson’s effect (G22 ≫ G11), and tangential damage begins to grow
slowly, adopting a flower shape as seen in column ii) of Figure 5. The reason is that a loose specimen
has a higher Bτ value than other specimens. When the vertical strain is in the range 0.02 < G < 0.04,
tangential damage first evolves rapidly in the horizontal direction. As the tension plastic multipliers λt

η

grow within this strain range, orientations in the horizontal direction come under tension, resulting rapid
evolution. In column v) of Figure 5, tangential damage reaches a unity value in the quarter directions for
all specimens.
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Figure 5. Tangential damage Dτ polar plots for dense, mid-dense, and loose specimens at Stages
1 and 2 from i) to v) for different strain intervals.

While we deduce that the evolution of damage is defined as loss of stiffness in line with (13) and
(14) in a GMA, it can also be considered as material loss in the directions it grows within the granular
structure. By following a series of grain-pair interaction mechanisms, rotation and sliding movements
are effective in the collapse of particle chains and cause loss of stiffness. These normal and tangential
damage variables occur as the main results of these movements. Tangential damage refers to the loss of
lateral support among grain neighbors, whereas normal damage is defined as the illustration of collapse
of the grains.

The evolutions of tension λt
η and compression λc

η plastic multipliers are shown in Figures 6 and 7. Plastic
deformations evolve orientationally due to the sliding movement of grains, representing irrecoverable
plastic displacements. During Stage 1, plastic multipliers are not observed because the threshold value
does not progress enough to exceed the initial value according to (42) and (43). The evolution of plastic
multipliers is presented in the determined five strain range during Stage 2.

The tension λt
η plastic multipliers predominantly grow in the horizontal direction for all specimens

(see Figure 6). As a consequence of the applied compression in the vertical direction and the fixed stress
in the horizontal direction, the strain component G11 increases and triggers an effective horizontal tension
behavior with regard to Poisson’s effect. This causes the normal uη displacement to become positive. In
order to elapse from hardening behavior to softening behavior earlier in strain in Stage 2, the tension
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Figure 6. Tension λt
η plastic multiplier polar plots for dense, mid-dense, and loose specimens at

vertical strain from i) to v) for different strain intervals.

σ t
η plastic yielding parameter is characterized as null for all specimens, and the threshold function in

(42) is triggered to increase. In a dense specimen, early initiation of the tension λt
η plastic multipliers

compared to the mid-dense and loose specimens is required to reach dilative behavior. The tension plastic
multipliers are higher in a dense specimen than in other specimens within a certain range of the horizontal
direction.

The evolution of compression λc
η plastic multipliers for a dense specimen is shown in Figure 7. We

further investigate how the evolution of compression plastic multipliers triggers contractive behavior. To

Figure 7. Compression λc
η plastic multiplier polar plots for dense specimen at vertical strain from

i) to v) for different strain intervals.



GRANULAR MICROMECHANICS AND EMERGENCE OF CRITICALITY 43

achieve the critical state in the mid-dense and loose specimens, a higher plastic compression σ c
η yielding

parameter is adapted, and the compression plastic multipliers are not activated during simulations. In fact,
the critical state is reached after the contractive behavior ends in the mid-dense and loose specimens (see
Figure 3, right). Additionally, these plastic multipliers predominantly grow only for a dense specimen in
the vertical direction. The hardening parameter (σ c

ηη) plays an important role in reaching the critical state
during the dilative behavior in the volumetric strain. By adjusting the hardening parameter and limiting
the increase in volumetric strain, the typical critical state response is observed for a dense specimen as
seen in Figure 3, right. Additionally, the parametric studies on the plastic compression yielding and
hardening parameters are conducted by investigating the principal stress ratio and volumetric strain as
discussed in the next Section 3.2.3.

3.2.3. Parametric studies on a granular micromechanics continuum model. In the present numerical
framework, the constitutive relations are established based on multiple parameters. The simulation param-
eters, which are defined in distinctive assumptions, are found using nondimensionalization coefficients
(as shown in Tables 1 and 2), ensuring consistent units of measure across the compression constitutive
parameters. These assumptions are made to reach the idealized behavior of critical state with regard
to the deformation evolution. To expose the behavior of numerical model, a set of parametric studies
are conducted by varying only one parameter for the dense, mid-dense, and loose specimens for each
simulation, in terms of the principal stress ratio (S22/S11) and volumetric strain (GV = G11 + G22).
The model predictions in loading Stage 2 (shearing stage) are presented with respect to the imposed
strain component G = −G22 − Ḡ. The rest of parameters are kept constant throughout all parametric
studies. For our investigation into the predictive accuracy of numerical model, the insights gained from
these studies can lead to more reliable predictions in the future works. The numerical analyses focus on
compression kc

η normal stiffness, characteristic compression Bc
η normal displacement, compression σ c

η

plastic yielding and hardening σ c
ηη parameters. Notably, in Stage 1 (confining stage), the confining stress

S̄ is set to 100 kN/m for all simulations. Along the parametric studies, k̄c
η, B̄c

η , σ̄ c
η , and σ̄ c

ηη represent the
constitutive parameters values employed in [88] for the critical state, with only the nondimensionalization
coefficients being varied (see Tables 1 and 2).

We first used the compression kc
η normal stiffness parameter in the numerical simulations. In Figure 8,

the predicted principal stress ratio and volumetric strain behaviors are presented for three different
specimens. In each simulation, only the values of k̄c

ηD
, k̄c

ηM
, and k̄c

ηL
for the dense, mid-dense, and

loose specimens, respectively, were increased or decreased by multiplying with a nondimensionalization
coefficient. It is noteworthy to remark that all parameters related to the compression kc

η normal stiffness
parameter in Tables 1 and 2 were updated automatically. An increase in the compression normal stiffness
triggers an increase in the shear modulus (G2D) at the same rate, as seen in (45), which leads to a decrease
in the initial void ratio (e), according to the relationship between shear modulus and initial void ratio
in (46). Thus, the stiffening behavior of the material can be observed by correlating the changes in
compression normal stiffness with the initial void ratio. Notably, as given in (46), the initial void ratios do



44 NURETTIN YILMAZ, LUCA PLACIDI, ANIL MISRA AND FRANCESCO FABBROCINO

Figure 8. Parametric analysis by changing compression k̄c
η normal stiffness for all specimens in

terms of the principal stress ratio S22/S11 (left column) and volumetric strain GV (right column).

not change at the same rate as the nondimensionalization coefficients of the compression normal stiffness
parameter. The initial void ratio ranges from e ∈ (0.47, 0.54) for dense, e ∈ (0.67, 0.79) for mid-dense,
and e ∈ (1.09, 1.31) for loose specimens, depending on the highest and lowest compression normal
stiffness values. For a dense specimen, the principal stress ratio for all varied compression k̄c

ηD
normal

stiffness parameters (Figure 8, top left) exhibits a significant peak, subsequently followed by remarkable
post-peak softening that asymptotically approaches a residual principal stress ratio over the same vertical
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strain, and a small contraction is predicted around a characteristic zero volume change point, followed by
de-densification and eventual volume dilation at different vertical strains, particularly at high compression
normal stiffness parameters (Figure 8, top right). For a mid-dense specimen, the principal stress ratio
in Figure 8, middle left, serves moderate softening with a distinct peak for all cases of compression
k̄c
ηM

normal stiffness, followed by no change in principal stress ratio. Regarding the volumetric strain,
Figure 8, middle right, shows a contractive response at low compression normal stiffness. Similarly, for
a loose specimen, the principal stress ratio in Figure 8, bottom left, illustrates gradual softening with
a defined peak only at high compression k̄c

ηL
normal stiffness, followed by an asymptotic decrease in

the residual principal stress ratio, while the volumetric strain presents a contractive behavior across all
compression normal stiffness parameters in Figure 8, bottom right. A proportional increase in the stiffness
value is predicted when the compression normal stiffness is increased, since the elastic stiffness tensors
are derived via (13) and (14).

Secondly, the characteristic compression Bc
η normal displacement is adopted for the parametric studies,

and the principal stress ratio and volumetric strain responses are shown depending on the parameters B̄c
ηD

,
B̄c

ηM
, and B̄c

ηL
with respect to the dense, mid-dense, and loose specimens, respectively, in Figure 9. In the

threshold functions (40) and (41), the evolution equations of normal and tangential damage were also
derived based on characteristic damage displacements. The characteristic tension normal displacements
B t

η and tangent Bτ0 are provided in terms of the characteristic compression normal displacement in Tables
1 and 2. As observed in Figures 4 and 5, the damage evolution in a dense specimen progresses faster than
in a loose specimen with respect to low the characteristic compression normal displacement (see Table 2
for the value of the Bc

η parameter of all specimens). During all simulations, only the B̄c
η values of the

specimens were multiplied with nondimensionalization coefficients. For a dense specimen, a significant
peak is observed in the principal stress ratio (Figure 9, top left) at different strain values, followed by
remarkable post-peak softening and an asymptotic decrease. After the softening behavior occurs up to the
same certain strain in volumetric strain, volume dilation occurs at high the characteristic compression B̄c

ηD

normal displacement parameters (Figure 9, top right). After a peak is observed in the principal stress ratio,
softening and no change in the stress are observed in a mid-dense specimen (Figure 9, middle left), while
volumetric strain (Figure 9, middle right) exhibits dilative behavior at high the characteristic compression
B̄c

ηM
normal displacement. In a loose specimen, the peak in the principal stress ratio disappears at low the

characteristic B̄c
ηL

compression normal displacement (Figure 9, bottom left), and a contractive response
raises at all the characteristic compression normal displacement parameters (Figure 9, bottom right). The
characteristic compression normal displacement plays a vital role in determining the elastic stiffness
tensors in (13) and (14) and material strength properties because it regulates damage evolution.

According to the first two parametric studies based on the compression kc
η normal stiffness and

characteristic compression Bc
η normal displacement, there are both similarities and differences in the

volumetric strain and principal stress ratio behaviors. Softening behavior after the significant peak was
commonly observed for the principal stress ratio at high values. Volumetric strain exhibited dilative
behavior at high and contractive behavior at low values of these constitutive parameters. When the
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Figure 9. Parametric analysis by changing compression B̄c
η characteristic normal displacement

for all specimens in terms of the principal stress ratio S22/S11 (left column) and volumetric strain
GV (right column).

compression normal stiffness is varied, the peak in the principal stress ratio occurs at the same strain in
all specimens (Figure 8, left column), while the volumetric strain differs across different strains (right
column). Conversely, for characteristic compression normal displacement, the principal stress ratio peaks
at different strain values for each specimen in the left column of Figure 9, but the volumetric strain starts
from the same strain value and then shows either dilative or contractive behavior as documented in the
right column of the same figure.
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Figure 10. Parametric analysis by compression σ̄ c
η plastic yielding parameter for all specimens in

terms of the principal stress ratio S22/S11 (left column) and volumetric strain GV (right column).

Thirdly, the compression σ c
η plastic yielding parameter is obtained by the multiplying of compression

kc
η normal stiffness and the intergranular distance L in terms of catching the same unit of measure. The

principal stress ratio and volumetric strain were examined in relation to σ̄ c
ηD

, σ̄ c
ηM

, and σ̄ c
ηL

values of
dense, mid-dense, and loose specimens, respectively, for all specimens as shown in Figure 10. The
compression plastic yielding parameter plays a crucial role in determining the strain at which the evolution
of compression λc

η plastic multipliers can start and how much their quantities increase. During the
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numerical simulations, only the nondimensionalization coefficient belonging to compression plastic
yielding parameter was varied. In fact, this was done to examine how affected the behavior of numerical
model by either accelerating or delaying the evolution of compression plastic multipliers. For a dense
specimen, the significant peak of principal stress ratio occurs at the same strain for all multiplied
compression σ̄ c

ηD
plastic yielding parameter parameters, while the post-peak occurs at different strains

depending on the evolution of compression plastic multipliers, resulting in an asymptotic decline, as
seen in Figure 10, top left. After the softening and subsequent hardening behaviors arise at volumetric
strain up to a certain strain, dilative behavior is observed for high compression plastic yielding parameter
in Figure 10, top right. In more detail, with the postponed evolution of λc

η, the strain component G11

becomes more dominant than the other strain component G22, and there is an increase in volumetric
strain. Upon reaching the classical critical state response, the evolution of compression plastic multipliers
was not observed in the mid-dense and loose specimens. Therefore, in these specimens, the compression
σ̄ c

ηM
and σ̄ c

ηL
plastic yielding parameters were reduced, and the compression plastic multipliers evolved,

allowing the remaining analyses to be completed. In both specimens, the principal stress ratio decreased
asymptotically at lower strains, (Figure 10, middle left and bottom left), while contractive behavior
occurred with the strain component G22 becoming more dominant in volumetric strain (Figure 10, middle
and bottom right). From these simulations, it appears that the evolution of compression plastic multipliers
affects the second-order tensor Pi j given in (14), causing changes in both the stress component S22 and
the strain component G11 in (44).

Finally, the parametric analysis was accomplished varying the hardening parameter σ c
ηη, which is

associated with the compression kc
η normal stiffness (having the same unit of measure) and a nondi-

mensionalization coefficient. Only the principal stress ratio and volumetric strain for a dense specimen
are presented based the hardening parameter σ̄ c

ηηD
in Figure 11. Depending on whether the hardening

parameter is increased or decreased, the quantities of compression plastic multipliers are adjusted,
following (43). For a dense specimen, a significant peak in the principal stress ratio was observed at the

Figure 11. Parametric analysis by hardening σ̄ c
ηη parameter for dense specimen in terms of the

principal stress ratio S22/S11 (left) and volumetric strain GV (right).
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same strain, followed by a change at the same strain where the subsequent post-peak occurred for all
hardening parameter values (Figure 11, left). At high values of the hardening parameter, the evolution
of compression plastic multipliers decelerates, and both the principal stress ratio and volumetric strain
increase, resulting in dilative behavior (Figure 11, right). Conversely, at low hardening parameter, the
evolution of compression plastic multipliers accelerates, causing the principal stress ratio to decrease
asymptotically. While the volumetric strain still exhibits dilative behavior, the amount tends to decrease
compared to the preceding work’s outcomes. These studies indicate that the evolution of compression
plastic multipliers affects the second-order tensor Pi j in (14), impacting both the stress component S22 in
(29) and the strain component G11 in (44).

4. Conclusion

This paper is devoted for a parametric study to investigate the behavior of a previously constructed
and validated numerical framework that examines the macroscale critical state. To extend a previous
work [88], we focus on revealing stress and volumetric strain responses during simulations by varying
characteristic compression constitutive parameters with nondimensionalization coefficients. In addition,
the predicted irreversible kinematic quantities are used for the emergence of critical state within a granular
micromechanics approach (GMA). The elastic and dissipation energies are designated based on the grain-
pair interaction mechanisms by describing the damage-elastoplastic springs deployed into both normal
and tangential directions to link micro-macro mechanisms. A hemivariational approach is employed to
derive Karush–Kuhn–Tucker (KKT) conditions, thereby the evolution equations for coupled damage and
plasticity phenomena are obtained from appropriately formulated energy equations. These kinematic
irreversible quantities do not decrease over time and evolve with regard to orientation-based growth
depending on the loading path. In a GMA, damage variables define the loss of stiffness representing
collapse or buckling of grain chains. Plasticity phenomena refers to irreversible deformation such that
rotation or grain sliding. Our approach is independent from classical macroplasticity by focusing on
micro-level plasticity. At the microscale, plasticity is governed by the KKT conditions (see (43)). These
conditions serve a plasticity criterion. However, these conditions do not directly apply at the macro-
level, where classical macroplasticity lacks an explicit criterion for the emergence of plastic behavior.
Formal identification between a plasticity criterion and a flow-rule used in macroplasticity is not directly
incorporated or emergent in our proposed micro-level model. The current approach does not aim to derive
macroscale models such as a flow-rule or macro-level plasticity. Indeed, our model focuses on capturing
the grain-scale mechanisms and their direct contributions to the material’s overall response, offering a
different perspective from traditional macroplasticity formulations.

The continuum model integrates a large number of grain contacts from a mechanical point of view
and presents the average behavior over the grain-pair orientations space. The strain where the stress
peak occurs, and the lowest volume strain occurs may differ depending on which material parameter
is changed. In this sense, the model tends towards dilative (or contractive) behavior at (or around) the
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certain strains where the stress ratio increases (or decreases). Poisson’s effect shows a nonlinear response
according to the evolution of directional damage growth (loss of stiffness) and irrecoverable deformation
(plastic), which triggers anisotropic behavior in the volumetric strain.

Overall, as shown in Figures 8–11, when different material parameters are adapted into the simulations,
changes in the principal stress ratio and volumetric strain behavior of the specimens appear. In order
to achieve the critical state, both principal stress ratio and volumetric strain remain constant while the
deformation continues to progress, even under significant shearing. It should be emphasized that the
critical state may not be observed depending on changes in material parameters, since one behavior may
tune to the typical response while the other might not conform to this classical concept. In fact, improperly
defined material parameters in the model might cause behaviors that deviate from the desired response
by significantly influencing the stress-strain relationship and deformation characteristics. the material
can become correspondingly stiffer/looser due to the increase/decrease in the compression constitutive
parameters, leading to more/less deformation evolution. It is remarkable that while the macroscale behavior
is predicted according to different loading paths, the irreversible grain-scale deformation processes play
an important role. This study provides the guidance for improving the predictions that a numerical model
will provide for the future studies under various loading scenarios by refining the energy functions and
properly assigning the constitutive parameters.
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