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DIFFUSION OF A DAMAGING FLUID
THROUGH A DAM-SHAPED BIDIMENSIONAL BODY
FOR THE ESTIMATION OF ITS LIFETIME

ANGELO SCROFANI, EMILIO BARCHIESI, BERNARDINO CHIAIA, ANIL MISRA AND LUCA PLACIDI

The aging phenomena are often associated with the diffusion of certain particles which then activate
internal chemical reactions. In this paper, the system of such particles is modelled with an damaging fluid
and a hemi-variational method is proposed in order to describe damage and deformation of a dam-shaped
two-dimensional body, where a key point is the introduction of the coupling between the damage and
the damaging fluid concentration. Another important key point of the present model is the presence of
energetic thresholds for damage activation, which are assumed to be different in tension (lower) and in
compression (higher).

In this work, the body is subjected not only to the self-weight of the two-dimensional dam body and to
the left-hand side water pressure, and therefore to the distributed external loads, dual of the displacement
field, but also to the dual of the concentration of the mentioned damaging fluid, called the external
distributed damaging fluid influx pressure. The parametric analyses are carried out in terms of diffusivity
and damage-concentration coupling. The influx pressure drives the incoming flow of the damaging fluid,
which is coupled with the damage variable, which is induced to evolve until the failure event, which
characterises the lifetime of the structure. In order to evaluate the reasonableness of the model two cases
are analysed: in the first one the body is modelled having a rectangular shape. In the second one a realistic
trapezoidal dam shape is considered. Both have the same area and height in order to compare the results.

This comparison yields the following intuitive considerations. First of all, at the beginning of the time
history, i.e., at the time at which the structure is assumed to be built, the tensile state, evaluated by the
positive part of the trace of the deformation tensor, of the rectangular structure, is much higher then that
of the trapezoidal one. The evolution of damage is faster in the rectangular model and, as expected, the
present trapezoidal shapes for the design of the dams possess a longer lifetime and are valid not only for
the structural response at the time of construction but also, within the presented model, for a better aging
performance. It is worth noting that this is a standard result for dam engineers, and justifies the shapes
that are used in the present dam design.

1. Introduction

1.1. Dam health monitoring. The monitoring [38; 53; 60; 69] of dams is a critical part of structural
health monitoring, and as such, there has been continuous research efforts in investigating this issue
[10; 47]. The mechanical integrity of dams may be affected by many phenomena: not only mechanical
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loads, but also the diffusion of particles, and the resulting chemical interactions. Indeed, the diffusion of
particles may contribute to the nucleation and growth of microcracks inside the dam [17; 32; 48; 71],
thus motivating research efforts to model such diffusive phenomena [8]. More specifically, various types
of diffusing species may be involved, leading to different effects. For example, moisture content may
activate damage through creeping [45; 76; 77]. Aging phenomena may be activated [59] by a damaging
fluid spreading through the dam by capillary action. [5; 7; 52], or sorption of particles [45], resulting in
chemical interactions between those aging elements and the dam material [14; 15; 21; 22; 23; 24; 65].
The initiation of damage can trigger a cascading effect, activating cracks [4; 11] whose propagation may
lead to structural collapse [46; 50; 51; 58]. Such collapse, in the case of strategically important structures
[79] like dams, can result in catastrophic events with severe consequences for human life.

1.2. Variational modelling approaches. The present work is a continuation of previous research efforts to
model the deformation and aging-related damage of concrete dams. A one-dimensional shear deformable
beam model, commonly employed in the literature [6; 19; 25; 37], has been proposed in [70], and it is
now extended to a two-dimensional case in the present work. Our modelling approach lies within the
framework of variational principles [29; 39], which are applied to the derivation of balance equations for
generalised continuum models. They involve, in a nonclassical way, the kinematic quantities describing
the strain of the continuum [30]. Among those generalised continua, higher-gradient continua have been
studied and applied to model nonlocal elastic effects and they take into account the derivatives of the
considered strain tensor in the deformation energy. As a consequence, such models are able to account
for phenomena such as strain localisation, which cannot be correctly considered by classical Cauchy
continua [20; 68]. Thus, strain-gradient continua have been used extensively for modelling metamaterials
[16; 18], ie. synthetic materials specifically engineered to have exotic behaviours resulting from their
microstructure [28; 31; 33]. They are also used here to avoid, e.g., mesh dependent strain localisation
phenomenon

1.3. Outline. The physical-mathematical model is formulated in Section 2 as a 2D problem: the kinematic
description is introduced, before defining energy functional to model the considered phenomenon, and then
a hemi-variational inequality principle is used to formulate the mathematical problem. Then, numerical
investigations are carried out and presented in Section 3 for dams having various cross sections. Finally,
the work done and main results are summarised in Section 4 as a conclusion.

2. Formulation of the 2D problem

2.1. Preliminary definitions. The dam is modelled as a 2-D continuum body B. Its points are characterised
by means of the coordinates X = X;é; (where ||¢;|| = 1 and i = 1, 2) in a given reference configuration.
The set of the kinematical descriptors which depend upon X and ¢ is composed of (i) the horizontal
displacement u (X, t), (ii) the vertical displacement u; (X, t), (iii) the concentration of a fluid c(X, t)
and (iv) the damage w (X, t). The damage, whose evolution is supposed driven by the concentration of
the damaging fluid c, is a no-decreasing in time irreversible field and it is represented by means of a
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scalar variable @ ranging from O (denoting the undamaged state) to 1 (denoting the attainment of the
failure). Let u = u(X, t) = u;é; (where ||é;|| = 1 and i = 1, 2) be the displacement vector, ® (X, t) is the
placement function, [F is the deformation gradient tensor and G is the Green strain tensor. Indicating with
x = x;é; the coordinates, in the current configuration, of the point having coordinates X in the reference
configuration, one has

x=®X,H)=X+u, F=Ve®, G=1F"F-1 (1)
or, in index notation,
oD, i
xi=®; =X; tu, FijZﬁzui,j—l-(sij, Gij = 5(Fki Fij — 8ij) 2)
J
where
814,'
R et 3
Ui, j an (3)

and §;; is the Kronecker delta. Thus, from (2) and (3), in terms of the displacement u the Green strain
tensor is

Gij = %(”i,j+uj,i+uh,iuh,j). 4)

2.2. Total deformation energy functional. From [62; 70; 78] the energy functional can be split into three
parts.

(i) The elastic part,

Ee(u,a))zf[U(G, VG, 0)—b™ - u—M™": Vu] dA—/
B B

[t u+T"[(Vu)n]]ds— / fu, (5)
938
where U is the internal deformation energy density, b**' is the external body force (i.e., per unit area),

Me*t is the external body double force (i.e., per unit area), “:” represents the scalar product between
second-order tensors, so that

MeXt :Vu = M?]?“ui,j, (6)

1

t*" and 7" are, respectively, the external force and double force per unit length acting on the boundary
0B of the domain, and n is the unit normal. The vector f*' is the concentrated external force applied on
the vertices, which is the boundary of the boundary denoted as 09 5.

(i) The diffusion part,
E(c) = / [$KPTIIVel? + 3K pc*]dA - / [be*'c] ds, (7)
B aB
where KPIF, K and b are the diffusion coefficient of the damaging fluid through the matrix, the fluid
elasticity and the external distributed aging influx pressure, respectively.
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(iii) The rate-independent dissipative part,
Eulc, w) = f [Kuwow + Kewew + 3K 0° | dA, (8)
B

where K 0, K., and K, represent the damage yielding point, the concentration-damage coupling factor
and the resistance to damage (or damage inertia). The yielding point K is assumed to be different in
tension and in compression and therefore it depends upon the Heaviside function H (- ) of the trace of the

Green deformation tensor tr(G),
Koo =Kuoll+(E - DH(—trG), ] )

where K, is the damage yielding point in tension and & is the amplification factor that increases the

value of Ko in compression, so that

K,o intension, trG > 0,
0= = . .
@ £K,o 1in compression, tr G < 0.

(10)
The energy functional £ is assumed to be additively decomposed in the parts given in (5), (7) and (8):
Eu, ¢, w) =Eu, w) +E(c) + & (c, w)

:/[Ue(G,VG, a))—be’“.u—Me’“:Vu]dA—i—/[%KDIFHVcllz—i—%KF(C)Z] dA
B

B
— / [t u+ ™ [(Vu)n]]ds — /
B

B

[bcextc] dS _ / feXt ‘u

008

+ / [Koow + Kewco + 3 Ko0®] dA. (11)
B

and its variation, in index notation, is
8E(u, c, w)
=688 (u, w) +3&:(c) +68Ey(c, w)

Z—/[(Gij,j— ijh,hj+bet—M{°}ftJ-)5ui]dA—/ [(KPTcici+ Kpe+ Keww)dc] dA
B B

+/«'36[(ti —ﬁ’“—m?fnﬂéu,-]ds%—/ [(ti =t nidu ] ds—i—/ [(KP¥ein; —b2Ysc] ds

B B

+/335[ﬁ_ﬂem]5ui+fs[<w€ +Ka,0+chc+Kwa)>8w] dA, (12)

ow
where the stress o;; and hyperstress 7;;, are
aUu aUu aUu aUu

ii=——=——=0j; and T, = =
TG, G, 9 8Gyn  9Gin

=Tjin, (13)

and the internal stress, double stress and vertex stress vectors are respectively

ti =loij — Tijunplnj — (Tijpnn Pjx) 1 Pty T = Tijpnpnj,  fi = Tijn V. (14)
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Here, as in [62], P;; = §;; —n;n; is the tangential projector operator, V; = nlh vé. +nj, v; is the vertex
operator and v; is the external tangent unit vector. Superscript / and r refer to the left and right side of a
vertex-point to which a concentrated force is applied. As already pointed out, the damage w is defined by
a nondecreasing in time real variable, that is, we assume

w
m >0 VX eB. (15)

The Rayleigh functional, which in this work is linked only with the rate of fluid concentration, is assumed
to be a quadratic form of the velocity:

R(¢) = / [3cc¢*]dA, (16)
B
where ¢, is the damping coefficient. Its variation and increment are indicated by § and A:
SR(¢, 8¢) = / [cc¢8cldA AR, Ac) = / [cc¢ AcldA (17)
B B

We further introduce the symbol
A= (up,uz, c,w) (18)
for the set of the kinematical descriptors, and its variation and increment
SA = (Suy, duy, 6c, dw), AN = (Au;, Auy, Ac, Aw). (19)
It follows, trivially, that
A+SA =y +6uy, ur+duy, c+dc, w+dw), (20)
A+ AN =+ Auy,ur + Auy, c+ Ac, w + Aw). 21D

As in [70] the condition (15) implies the necessity of a generalisation of the standard variational principle
in the so-called hemivariational principle.

2.3. Hemivariational inequality principle. As in [61], a monotonically increasing time sequence 7; €
{T:}]_, with T; € R and n € N is introduced, considering an initial and trivial datum (at zp = Tp) for each
of the fundamental kinematical quantities. Let us consider the set of kinematically admissible placements
and the kinematically admissible variations of the placements. Noting, from (15), that the admissible
variation of the irreversible kinematic quantity w must not be negative, we have

Sw > 0. (22)
Now, the first variation of the energy functional is calculated as
SE(N,8A) =E(A+SA) —E(N), (23)

where the terms of order 2 or higher can be neglected. Let us consider that, at the i-th instant 7;, the
increment of the fundamental kinematic quantities is calculated by the difference between these quantities
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as evaluated at the times 7; and 7;_;, namely,
AN =N, — (N7, (24)
and the increment of the energy functional has the consequent definition
AE(A, AN) =E(A+ AAN) —E(N). (25)

As in (23) the terms of order 2 or higher can be neglected. In order to get governing equations for this
newly introduced model, we assume that the motion u (X, 1), uz(X, t), c¢(X, t) and w (X, t) satisfies the
hemivariational principle

AE(A, AN) + AR(E, Ac) < 8E(A, 8A) +8R(¢, 8¢) (26)

for any admissible variation § A of the fundamental kinematic quantities. Starting from (12), the variational
principle implies the Euler—Lagrange equations of different type: a system of partial differential equations
(for i =1, 2) for the equilibrium

0ij.j = Tijnnj + b7 = M7 =0, (27)
a differential equation for the diffusion

KDIFC,,'C,Z' + Krc+ Kepw = ccc, (28)

and the following set of boundary conditions:

[t — 15 — M¥'n;18u; =0 VX € 0B, (29)
(t; — t7You;ni =0 VX € 9B, (30)
[KP%ein; —b™8c=0 VX €dB, (31)
[fi — f0u; =0 VX € 9dB. (32)

The term KP'F/c. has the role of the diffusion coefficient for the classical diffusion equation, which is
nevertheless modified by the fluid elasticity Ky and the concentration-damage coupling factor K.

2.4. 2D isotropic quadratic internal deformation energy density functional. The elastic part of the
internal deformation energy density functional U, of an isotropic second gradient material is (see [55])

Ue(G, VG, w) = %)\Giiij +uGiiGji +401Gii jGinn+02Gii G, j
+403G;jiGijr +204GijkGijx +4a5GijkGik,j, (33)

where A, i, «; € R are parameters defined by

A=0—-w)rg, pu=0—-w)g, o;=(1 +na))a?, for n e [—1,+00), i €{1,2,3,4,5}. (34)



DIFFUSION THROUGH A DAM-SHAPED BODY FOR THE ESTIMATION OF ITS LIFETIME 123

The parameters Ag and pq are the Lamé constants, while the coefficients (x? are the Mindlin parameters,
related to the characteristic length and the Lamé constants [9] by

o) =af =z L0, o =af = L To+3%0),  af = 155L>(Tieo — 4ho). (35)

Both the stiffnesses and the Mindlin parameters are affected by the damage w, as shown in (34). An
increase in w reduces the contribution of the stiffnesses to the overall resistance and influences the
coefficients «; through the parameter n. As in [62], n is a weighting factor, ranging from —1 to oo,
through which the second-gradient terms associated with Mindlin’s constants «; contribute more or
less significantly to the energy; see (33) and (36). For n = —1, when failure is reached (w = 1) the
second-gradient terms related to the Mindlin coefficients «; make no energy contribution. For n =0
the coefficients «; do not depend upon on the damage w. Finally, for n > O the contribution of the
second-gradient terms is present also in the cracked region, where w = 1.

Aging has different consequences. One is an increase in the damage w (39), which reduces the Lamé
parameters (34). In regions where damage has its maximum value w = 1, this effect is fully realised. By
explicitly expressing the indices, (33) becomes

Ue(G,VG, ®) = (31 +1) (Gl +G2,) +2G11Ga +2uG,
+ (G%Ll +G§272)(40l1+a2 +daz+2as+4as) + (G11,1G122+ G12,1G22.2) (4o +8a3)
+(G112G121+G122G22, 1) (4o +8as) + (G112G222+ G11,1G22,1) (day +2a2)
+ (G112 +G3 (@2 +2a8) + (GTy,  + G o) (dars +4dot + 4ass). (36)

If only the self-weight of the body B, the pressure of the water p and the external distributed aging influx
pressure b act on the body, and replacing the internal deformation energy evaluated in (36), the internal
energy functional (11) becomes

&= / I+ 1)(G} +Gh) +1G11Gn+2uG,] dA

‘l‘/ [(G11 | +G30) (ot +ap+4as3 + 204+ 4as) | dA
(G11,1G 122+ G12,1G22) (day +8a3) | dA
(G112G 121+ G122G,1) (4o +8as) | dA

[(Gll 26202+ G11,1G22,1) (B +2a2)] dA

%KDIF|VC|| +1Kpc? dA+/ oa)+chca)+%Kwa)2] dA

J;
J;
*,
*,
*,
-,

lpgualdA— [ [pGu-m)+b3el ds, (37)
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where p and g are the density of the body 5 and the acceleration of gravity. From the Karush—Kuhn-Tucker
condition and (15) it follows that
(w—@)w =0, (38)

where @ is a tentative damage value, that is, an energy threshold above which the damage w increases; its
expression is
& (X, 1) = K, '{(320 + o) (GT, + G3y) + 140G 111G + 2110G1,
— n[(G%M + G%M)(4a? + ag + 4042 + 2012 + 40{2)
+(G11.1G12.2 + G12.1G222) (o)) + 8ad)
+(G112G12.1 + G12.2G2.1) (4o + 8a)
+(G112G2.2 + G11.1G2.1) (4a) +2a)
+ (G115 + G (@) +2a) 4+ (GTy 1 + GTan) (40 +4af +4ad) |
— (Kuy + Keowt) } (39)

For the concentration ¢ to increase damage w by lowering its threshold K over time, the condition

K. <0 (40)
must hold. Clearly in order to obtain the unilateral behaviour of w, numerically, the following condition
is imposed:

w<0=aw=0; (41)
or, equivalently,
oX, T <oX, Ti-) = oX,T) =X, Ti-1). (42)

3. Numerical investigation

In the following numerical treatment of a dam model, two cases are considered for the shape of the body
B representing the dam: first a rectangle, then a crested trapezoid imitating the cross section of a realistic
gravity dam (Figure 1). The area is the same in both models: Arect = Agap. The water is on the left. The
mass density of the dam B is denoted by p., the water pressure by p,,, the height of B by H, and the
height of the crest of the trapezoidal dam by /4. We assume that the water reaches the top of the dam, so
its height is also H.

It is assumed that the damaging fluid seeps into the structure from the left and that the distribution of
the external influx pressure, bS*', obeys a triangular law at the boundary, since it is proportional to the
water pressure; thus,

. H—X
b(Xy) = b =22 (43)
H
where the constant b is the maximum value attained by b, occurring at the bottom of the interface,

which we take as the coordinate origin, X; = X, =0.
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Figure 1. Model and boundary conditions for the two dam shapes: rectangular and trapezoidal.

H=10m Ao =1.11-10'"N/m Kr=10"m*/kg s>
5;=524m wo = 1.67-10'°N/m Koo = —5m?/s?
sp=15.24m v=0.2 K. =4N/m

Sidam =3m £=10 K, =30N/m

Sp.dam = 8.6m b = 10"2m? /s> KPF = 10" m°/kg - s
h=2m c. =10"m’/kg s Yo = 10kN/m?
E=4-10""N/m n=20 ve = 25kN/m?

Table 1. Base parameter values for numerical investigations.

The analysis was carried out using the COMSOL Multiphysics software by an implicit method
(generalised alpha method). Table 1 presents the parameters used for the calculations. Furthermore, the
analyses include a damage check. Specifically, the analysis is terminated when the damage variable @
reaches its maximum value of 1 over a certain percentage of the total area, set at 1% in this case.

3.1. The rectangular case. The domain, as shown in Figure 2, is divided into two subdomains to apply

-
S
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A
AVAVAVAYAVAYAVLT S
AV '%

\VAVAVAVAV

KX

<
;:
«
P
)

gvv

o F N W kR 0O N 0 O

0 5

Figure 2. Most of the rectangular domain is discretised into elements of side length up to 67 cm,
while a strip on the left is further refined with elements of maximum side length 5 cm.
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Figure 3. Colour plot of the horizontal displacement u; [m] in the deformed configuration. Left:
initial time; right: final time # & 88 years. A multiplication factor of 20000 was applied to enhance
the visibility of horizontal displacement.

a refined mesh only in a targeted region, to reduce computational costs. We expected a finer mesh is
needed on the left side of the body, where diffusion and the rate of damage evolution are higher.

Initially, the displacements are mainly affected by the pressure of the water, as shown in Figure 3, left.
They increase as in a cantilever beam model (Figure 3, right) when the stiffness decreases because the
material becomes softer in the region where the damage is concentrated. When the damage parameter
o attains the value 1, the material in that region is considered completely failed with no load-bearing
capacity. Consequently, the effective load-carrying cross-sectional area of the base of the body 53 decreases
as the damage variable w increases. In this numerical example, a constraint was imposed on the evolution
of w. The maximum allowable damaged area is set to 1% of the total area. By fixing a higher value for
the percentage of the damaged area, we would observe greater final displacements.

The cantilever behaviour is also recognisable in Figure 4, where vertical displacements are shown.
Specifically, positive and negative displacement values can be observed on the left and right boundaries,
respectively. This indicates that the domain undergoes bending to the right, which corresponds to the
direction of the external forces acting on the body B.

L 1 A292x107° L | A 4.58x107°
10 107 . x10™
o E 9t -
0 0
8| E 8t -
0.5
7+ b T ] -1
6 E -1 6 g
5- g 15 5t E -2
at E 4t -
-2 3
3t E 3+ -
2.5
2f E 2+ g »
1+ R -3 = -
of E or - ]
. . | . . | ¥-3.45%x107° . . . . I J ¥-5.06x107°
2 0 2 4 6 m -3 0 2 4 6 m

Figure 4. Colour plot of the vertical displacement u, [m]. Left: initial time; right: final time ¢ & 88 years.
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Figure 5. Colour plots at the final time 7 & 88 years. Left: concentration c[kg/m?]; right: damage w.

As in [70], the concentration ¢ and the damage w evolve in a similar way, see Figure 5. The reason
is the presence of the concentration-damage coupling factor K, in (39) and the Karush—Kuhn—Tucker
condition (41) or (42). Upon examination of Figure 5, right, a notably extensive distribution of damage
at the base of the domain is observed. This phenomenon can be readily understood by considering not
only the coupling between the damage induced by fluid diffusion and that resulting from external loads
(which, albeit constant, act on a progressively diminishing resistant region at the base as consequence
of reducing of the stiffnesses), but also the differing stress state that imposes a lower damage threshold
(refer to (10) in which the damage yielding point K, is linked with the trace of the strain tensor G). The
area proximate to the lower-left corner is subjected to a positive trace of G, therefore K, is 10 times less
than in the region where it is in compressive state (§ = 10 in Table 1).

To clarify the distribution of concentration ¢ and damage » we show in Figure 6 the evolution of these
descriptors at a section with coordinate X, = 0.5m (the red line on the rectangular models in Figure 6).

Several analyses are conducted in Sections. 3.1.1 and 3.1.2 for different values of the diffusion

coefficient KP'' and the concentration-damage coupling factor K., to highlight their role.
kg
c(X, 1) {—} W(X, 1)
I i " ;
15 t=0 years 1 t=0 years
t=44 years t=44 years
10} t=70 years ——1t=70 years
t=88 years 0.5¢ —t=88 years
5 L
0 ‘ ‘ 0 ; ;
0 2 4 0 2 4

Figure 6. Concentration (left) and damage (right) along the section line (red line) with X, =0.5m
for different times.
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Figure 7. Colour plot of concentration ¢ [kg/m?] (left) and damage w (right) for KPF =
103m/kg - s at the final time ¢ & 27 years.
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3.1.1. Parametric analysis: KP'F. Asshown in Figures 7, 8, and 9, the diffusion coefficient K P'F provides
a measure of the permeability of water within the body. The figures are colour plots of concentration
c on the left side and damage @ on the right side, for different values of KP'F. A parametric analysis was
conducted by examining both smaller (Figures 7 and 8) and larger (Figure 9) values of KPF compared to
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the reference value reported in Table 1 (Section 3.1) to investigate its influence. Figures 7 and 8 show that
for smaller values of the diffusion coefficient, the lifetime of the body is inversely proportional to K PIF,
This behaviour is expected since the fluid cannot easily spread into the material, limiting the increase in the
percentage of the damaged area: the concentration of the damaging fluid ¢ reaches very high values but re-

KP¥F increases,

mains confined to a limited region of the body 5. Consequently, as the diffusion coefficient
the fluid can spread in a larger region of the body 55 and it requires less time to increase the percentage of the
damaged area. This trend is evident in Figures 7 and 8 and on the left side of the dashed line in Figure 10,
which shows the dependence of the lifetime on KP'F. Thus, as the fluid spreads more easily throughout
a larger portion of the body B, the damage w also reaches its maximum value of 1 over a larger area of B.

The decreasing trend in lifetime is no longer observed for higher values of KP'F. After reaching a
minimum value (as shown in the remaining portion of the dashed line in Figure 10), the trend reverses,
and lifetime becomes an increasing function of KP'F. This phenomenon can be explained by the fact
that higher permeability leads to a more widespread distribution of the fluid (see Figure 9, left), thereby
reducing the growth rate within the domain. In turn, this lower diffusion rate of the fluid corresponds to a
slower damage growth rate, reducing the temporal evolution of the damage w.

An increase in the diffusion coefficient K P'F

influences fluid diffusion within the body and, consequently,
affects damage evolution. Figures 7, 8, and 9 show that for higher values of KP'F, the damage w
concentrates at the base and spreads horizontally. This contrasts with the behaviour observed for smaller
values of KP'F, where fluid propagation within the body B is hindered, causing it to accumulate near the

interface boundary in contact with the fluid (left side).

3.1.2. Parametric analysis: K.,. One more parametric analysis is conducted with respect to the concen-
tration-damage coupling factor K.,. This term links the fluid concentration within the body B to the
damage of the body itself. The greater the magnitude of the negative coupling factor — note that K., <0
as in (40) —the sooner damage evolution begins under the same external loads. The analysis was carried
out by systematically varying the value of parameter K, while keeping all other parameters fixed at the
values given in Table 1. Concentration ¢ and damage w for further two different values of K, are shown:
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Figure 11. Colour plot of concentration ¢ [kg/mz] (left) and damage w (right) for K., =
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Figure 12. Colour plot of concentration ¢ [kg/mz] (left) and damage w (right) for K., =
—4.5m?/s? at the final time ¢ &~ 113 years.

K. = —5.5m?/s? in Figure 11 and for K, = —4.5m?/s? in Figure 12.

The damage parameter w is strongly influenced by the concentration-damage coupling factor K.
As clearly shown in Figures 11 and 12, even small variations in K., lead to significant changes in the
lifetime. This parameter warrants further investigation for future developments, as it can be influenced by
the chemical composition of both the body B and the damaging fluid, and their interaction.

3.2. Trapezoidal dam case. In this section a realistic trapezoidal gravity dam case is shown. Also for
this case we choose to split the domain to optimize the sizes of the mesh. Figure 13 shows the mesh. The
area in which the mesh must be finer is that one near the upstream boundary, on the left.

The investigated shape has the follow characteristics: the upstream face is vertical instead the down-
stream face has usually a uniform slope transitioning to a vertical face near the crest. The slope is usually
in the range from 0.7 to 0.8. In the next example the crest is assumed to have a width of 3 m (for allowing
the transit of vehicles) and a height of 2 m. Aside from the aforementioned geometric differences, the
other parameters listed in Table 1, are unchanged. The shape presented here exhibits greater resistance
to external loads due to a more efficient distribution of the bearing capacity. The reason is that a larger



DIFFUSION THROUGH A DAM-SHAPED BODY FOR THE ESTIMATION OF ITS LIFETIME 131

-
S

o R N W bR U O N OO

2t
el

R
gAVAV

VAVAVAVAVAN

0\PAVAVAVAVAVAVAVAN

AVAVAVAVAVAVAVAVAVAN

0

Figure 13. Mesh representation of the trapezoidal domain, which is discretised into elements
with side lengths of up to 67 cm, while the subdomain on the left is further refined with elements
having maximum side lengths of 5 cm.

area is under compressive stress conditions, and therefore it responds with an higher damage threshold

as defined in (9). As a consequence a significantly reduction in the displacements is shown both at the

initial elastic stage (see left panes of Figures 3—4 and 14-15) and at the final damaged stage (right panes).
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Figure 17. Concentration ¢ and damage w along the section line (red line) with X, = 0.5 m for
different times.

As for the rectangular case, concentration ¢ and damage w evolve in a similar way but, in this case, the
damage needs a longer time to propagate through the section because, as previously noted, the compressive
stress state is associated with a higher damage yielding point K, enabling the body to better resist the
onset of damage. This is why its lifetime is significantly longer than in the rectangular case.

The evolution of concentration ¢ and damage w for a section with coordinates X, = 0.5m are shown
in Figure 17.

3.2.1. Parametric analysis: KP'F. As in Section 3.1.1, concentration ¢ and damage w distributions are
presented for different values of the diffusion coefficient KP'F in the trapezoidal domain. The results are
shown in Figures 18, 19 and 20. As for the rectangular case, also for the trapezoidal one the considered
values of the diffusion coefficient, in order to carry out the parametric analysis, are chosen both smaller
(Figures18-19) and higher (Figure 20).

The behaviour remains analogous to the rectangular case when varying the diffusion coefficient K P'F,
Indeed, from the figures 18, 19 and 20 one notes that, when the diffusion coefficient K DIF jhcreases,
the lifetime of the structure does not always increase. The motivation is the same we explained for the
rectangular case in Section 3.1.1: when the diffusion coefficient is relatively high, the fluid can spread
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at the final time # ~ 27 years.

3
3

,_.
=
T
-
[
T
L
>
-

1 A278

=
o
T
L
-
o
T

b O Rk N W R U o N 0 ©
T
|

O R N WA U N ®©
T

0

L ] vo

5 m

<
o

o
o
v
3
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across a larger area of body B, by inducing a slower evolution rate of the damaging fluid concentration c.
This slows down the damage diffusion process. Instead, when diffusion coefficient is relatively smaller,
the impermeability restricts the ability of the fluid to permeate the structure. Consequently, the damaged
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Figure 21. Colour plot of concentration c[kg/m?] (left) and damage o for K., = 5.5m?/s? at
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area reaches a limit that cannot be exceeded if KPIF

is sufficiently small. So, as it is shown in the
continuous line in Figure 10, the lifetime of the body B exhibits a minimum with respect to the diffusion
coefficient KP'F. As observed in the rectangular case (Section 3.1.1), the damaged zone propagates from

the structure-fluid interface towards the base.

3.2.2. Parametric analysis: K.,. As for the rectangular case shown in Section 3.1.2, the parametric
analysis in terms of the concentration-damage coupling factor K., is here presented. In the following
the concentration ¢ and the damage w for different values of K., (one higher and one smaller than the
main example shown in Section 3.2) are presented. Also for this case the aforementioned analysis aims
to elucidate the role of K, and quantify the extent to which this parameter influences the evolution of
damage. The different values of K., are, like for the rectangular case, K., = —5.5 m? / s? in Figure 21
and K., = —4.5m?/s? in Figure 22.

3.3. Comparison. Some comparisons are reported here between the two cases analysed above (rectangular
and trapezoidal cases) which show how the stockier shape continues to have a better mechanical response.
The comparison are carried out in terms of lifetime of the dam. In Figure 23 the evolution of the damaged
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Figure 23. Evolution of the damaged area in time for the rectangular and the trapezoidal cases.

area in time of the body B is shown for both the rectangular (dashed black line) and the trapezoidal
cases (continuous red line). As can be easily observed, the rectangular case takes less time to reach 1%
of damaged area (and the difference between the two cases is around 15%). Besides, the evolution of
damage for the rectangular case starts at the very beginning of the lifetime and that for the trapezoidal
case after more than 50 years.

The evolution of the lifetime of the dam, shown in Section 3.1 (Figures 7, 8 and 9) and in Section 3.2
(Figures 18, 19 and 20) is summarised in Figure 10. As expected, the lifetime of body B exhibits a
decreasing trend for lower diffusivity values of KP'F and, after reaching a minimum, it starts again to
increase. This behaviour is highly realistic because for lower diffusivity values of KP'F, the fluid remains
confined to the left boundary of the interface and, being unable to diffuse easily, the concentration c reaches
remarkably high values in a relatively confined area. Consequently, through the concentration-damage
coupling factor K, the damage w also spreads slowly, leading to a very slow attainment of the imposed
limit (1% of the total area). Conversely, when the diffusion coefficient increases beyond a certain range,
the fluid penetrates and spreads more easily into the body, causing the same amount of fluid to distribute
over a larger region, thus reducing the concentration rate in the affected area. This smaller value of the
growth rate of ¢ clearly corresponds to a slower growth rate of the damage w. Bigger differences (around
15%) are observable for the extreme values of KP'F (see Figures 10 and 24).

Denoting, for each value of the diffusion coefficient KP'F, the lifetime of the realistic trapezoidal dam
case as ;7 and the lifetime of the rectangular case as #,, the percentage difference is calculated as follows:

—1,
D=1004"" (44)

ty

It can be seen in Figure 24 that the difference D in lifetime is negligible within the range of K ' between
5-108m®/kg - s and 10° m®/kg - s. However, as already depicted in Sections 3.1.1 and 3.2.1, it becomes
more pronounced for the higher values of KP'F,

In Figures 25 and 26 the plot of the evolution of both the eigenvalues and the trace of the strain tensor G
is shown respectively for the rectangular and trapezoidal cases. Both the colour map and the legend are

scaled to be always negative, thus enhancing the visibility of the compressive regions. Comparing the
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Figure 25. Properties of G at initial (upper row) and final (lower row) times: least eigenvalue
(left), highest eigenvalue (middle column) and trace (right).

right columns of Figures 25 and 26, we see a substantial difference in terms of the extent of the area
subjected to tension. In the rectangular case, a significant portion of the domain, particularly at the base,
is found to be in tension (tr G > 0). The trapezoidal case exhibits a significantly different response; the
figures reveal that the trapezoidal shape ensures that the entire structure is always under compression,
thus justifying the shape largely used in the design of gravity dams.

4. Conclusion

Different approaches have been used in literature in order to study the diffusion of ions into a body as in
[35; 34]. The proposed formulation utilises an energy functional specified in (11) and the hemivariational
principle to simulate the coupled phenomenon of an damaging fluid diffusion and damage-induced



DIFFUSION THROUGH A DAM-SHAPED BODY FOR THE ESTIMATION OF ITS LIFETIME 137

ur 1 A -4.48x10° 1r 1a0 1ir 1a0
4 %107

10} 10 4 x107 10 x10%
0.2

-0.4

0.6
0.8
1

1.2
1.4
1.6
1.8

-2
11 v-2.01x10"

&

B o RN WS U N®
T T T T T T T T
O = N W A 0O N
T T T T T T T

O = N W A 0o N ®

— T T T T T T T T

] v-23x10"°

m

1] v-6.19%x107

4 ot
«

1

T
A -894x10° ur
10k x107

a0 1f
-6
10+

10+

x
ot
S

-14

O G T

-1.6

B o e N W s U N ®
e R

18 2.5
1] v-1.8x10" L L ] ¥-7.72x10" “L L L ] ¥-257x107
0 5 m [ 5 m 0 5 m

-
M O = N WA U O N ®
e A N A
b o - N WS U N ®

T T T T T T T

Figure 26. Properties of G at initial (upper row) and final (lower row) times: least eigenvalue
(left), highest eigenvalue (middle column) and trace (right).

mechanical deterioration. Specifically, using the considered hemivariational principle, it was possible
to include damage as a monotonically increasing function, that goes from O (non damaged case) to 1
(complete failure), which causes the stiffnesses to fall as shown in the Section 3. The contribution of
second-gradient terms [49] was also considered, enriching the formulation of the energy functional and the
Karush—-Kuhn—Tucker conditions, thus providing a more refined model. By means of the concentration-
damage coupling factor K., which appear in the last row of the (11), the damage and the diffusion of
the fluid (within the body B) are coupled; in this way the spreading of the fluid into the structure causes
increasing of the damage and it contributes to failure. In Sections 3.1.1, 3.1.2, 3.2.1 and 3.2.2 the role
of the diffusion coefficient KP'F and of the concentration-damage coupling factor K, are shown. The
diffusion coefficient, in particular, represents a parameter that influences the spreading of the fluid within
the body. As shown in this paper, the damage is affected not only by the changes of KPF but also by
small changes of K.,. Increasing K., (decrease in the value of its modulus), the failure of the structure is
delayed. The work presented here is the next step of the already published [70] one-dimensional case and
the hemivariational method used in [62]. A future goal will be to take into account this diffusion theory
for the granular micromechanics approach [74] so as to properly analyse the material of which the dams
are composed, such as concrete [63]. A further improvement could be to correlate the diffusion coefficient,
KPIF with damage, w. This is motivated by the observation that in brittle materials such as concrete [26;
27], where failure occurs and cracks propagate [13; 3; 1], fluid diffusion is facilitated due to increased
porosity [40]. More specifically, the present work is part of a research project regarding the modelling of
elastic, plastic and damaging phenomena in granular materials through hemivariational inequalities. This
project started from thermomechanical analyses of granular interactions [56], before being reformulated
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through a hemivariational principle accounting for elastic, plastic and damaging phenomena [62; 61; 74].
This approach has been applied to many types of systems which can be modelled as having granular
interactions at a local scale, such as reinforced concrete [64; 66; 41; 43] or masonry structures [75; 42],
among others. It is worth noting that the study of the diffusion of an aging agent within an human made
construct is not limited to the case of dams but can find many applications in each field of the civil
engineering (for example the major infrastructures and geotechnical works). Furthermore, it should be
noted that this formulation has a wide range of applications extending beyond the field of civil engineering
[72; 67; 2; 12], as the phenomenon of diffusion is a cross-cutting topic that encompasses various fields
such as medicine [57; 54] and geology. It could help, for example, in the monitoring and safeguarding
of the objects of artistic-cultural heritage [36] and to allow for more careful design of future structures
aimed at protecting the artifacts from the diffusion of slag [44; 73] or pollutants that abound in our cities.

The work presented here aims to contribute to the estimation of the service life of a dam body and, more
generally, to the assessment of damage in structures interacting with a fluid. The variational nature of the
proposed model, together with the absence of restrictive initial assumptions, allows for its application to a
broad range of problems. In the current formulation, the parameters have been selected to ensure isotropic
behaviour, regardless of the damage state. However, it is reasonable to expect that damage may induce
anisotropic effects. A natural development of this work will thus involve the introduction of anisotropy
into the model, with the goal of enhancing its realism. Anisotropy could be characterised, for example:
by extending the diffusion coefficient from a scalar to a tensor, allowing for direction-dependent diffusion
behaviour; by introducing mechanically induced anisotropy due to damage, which could be modelled using
a granular mechanics framework. Furthermore, the diffusion coefficient and the coupling factor between
concentration and damage should be investigated in more detail to obtain more realistic estimates. These
parameters could be identified through experimental measurements on real structures or laboratory-scale
models. Another relevant development would be to introduce a direct coupling between the diffusion
coefficient and the damage state, as it is plausible that damaged regions allow for increased fluid flow not
primarily due to capillarity, but rather due to increased porosity and, consequently, permeability. The
dissipation functional employed, which yields a standard diffusion equation, was chosen for its simplicity
rather than its specificity to the problem at hand. In particular, the Rayleigh-type dissipation functional
used in this study results in a diffusion coefficient that is independent of the damage state. Future work
will focus on applying the model to specific case studies, allowing for a more refined characterisation of
both elastic energy and dissipation functionals (rate-independent and rate-dependent) both in terms of
coefficient values and in the functional forms themselves.
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