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ELASTIC RAREFACTION SOLITARY WAVES IN MONOLAYERED PANTOGRAPHIC
WAVEGUIDES WITH NEARLY INEXTENSIBLE LINKS VERIFIED BY DISCRETE
MICROMODELING

EMILIO BARCHIESI

This study demonstrates, via a homogenized continuum model, that monolayered pantographic waveguides
with nearly inextensible flexural elements support the propagation of rarefaction solitary waves, whose
crests correspond to complete cell closure. To validate the continuum approach and explore key parametric
effects, time-dependent simulations are conducted at a discrete scale examining the influence of the total
number of cells, the applied displacement rate, and the extensional stiffness of the flexural elements on
solitary wave propagation. The interaction of solitary waves is also investigated. Results reveal that, for
an odd number of cells, the solitary waves emerge from the collision relatively unaltered, whereas for an
even number of cells, the region between the two crests experiences extreme compression, culminating in
complete cell closure and the formation of two propagating tails.

1. Introduction

Solitons are defined as localized wave solutions to nonlinear differential equations that preserve their
shape and velocity, and emerge unchanged, except for a phase shift, after collisions [31]. When such
waves lack this collision property, they are referred to as solitary waves. These typically arise from
nonlinear, reversible interactions described by partial differential equations such as the Korteweg—de Vries
equation for shallow water waves [52], the nonlinear Schrodinger equation for light in optical fibers
and Bose-Einstein condensates [14; 57], and the sine-Gordon equation, used in modeling Josephson
junctions and crystal dislocations [50; 61]. Mathematically, traveling waves of permanent form with
compact support can arise due to either strong nonlinearities (beyond quadratic) in higher-order gradient
terms or specific inhomogeneities in quadratic gradient terms [18]. Solitary waves may also occur in
dissipative systems, such as those governed by the Burgers equation. In their seminal work, Zabusky
and Kruskal [77] linked the Fermi—Pasta—Ulam-Tsingou problem [43] to solitons by showing that, under
certain conditions, it approximates solutions to the Korteweg—de Vries equation.

The recent advancements and increasing accessibility of 3D printing have stimulated significant
interest in mechanical metamaterials. Owing to their engineered microstructures, these materials exhibit
unconventional properties absent in classical materials. Local deformations and rotations [20; 34; 35; 36],
as well as nonrigid zero-energy modes [2; 3; 32], have been identified as key mechanisms underlying such
behaviors, which are effectively described by higher-gradient [1], micromorphic [12; 46; 48; 58; 59; 62],
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and nonlocal theories [9; 10; 11; 56]. Among the higher-gradient theories one finds three-dimensional
higher-gradient models [26; 40; 51] and their geometrically reduced counterparts, such as higher-order
plate and shell [6; 16; 65; 66], membrane [49; 63; 64], beam and rod theories [54; 60]. Micromorphic
theories include micropolar models [4; 15; 35]. These generalized continuum theories pose notable
challenges, particularly in extending the classical notion of Cauchy stress [27; 38]. As an instance, in
second-gradient continua, the internal virtual work depends on both first and second gradients of the virtual
displacement, leading to the definition of Piola—Lagrange and Cauchy-Euler stresses, as well as a third-
order double-stress tensor. Formulating these models necessitates the use of modern differential geometry,
wherein deformations are treated as diffeomorphisms between Riemannian embedded submanifolds
[41; 42]. Metamaterials are capable of exhibiting unique nonlinear static and dynamic responses, making
them ideal candidates for a wide range of advanced applications [19; 53; 69; 75; 76]. A notable example
of emergent macroscale behavior is found in deployable metamaterials, such as origami-inspired and
pantographic structures, where the existence of nonrigid zero-energy modes enables extreme compliance
over large elastic deformations, followed by stiffening associated with full opening or closure [28; 29].
Fraternali et al. [21; 44] studied lattices of masses connected by tensegrity prisms, revealing two distinct
dynamic regimes: a low-energy (sonic) regime where solitary waves with sech? profiles propagate,
and a high-energy (ultrasonic) regime characterized by atomic-scale localization. Numerical studies
demonstrated that such systems, in 1D-3D configurations, can be tuned between elastic hardening and
softening regimes via prestress. In the softening regime, an initial compression pulse transforms into
a solitary rarefaction wave followed by a decaying oscillatory tail. A waveguide is a structure that
channels wave propagation by constraining energy transmission to a single spatial direction. Pantographic
waveguides are mechanical systems composed of flexible elements hinge-connected in a diamond-shaped
pattern. The dynamic response of pantographic metamaterials has been investigated numerically through
both continuum and discrete models [55; 70; 71], though only a few studies have specifically addressed
the propagation of solitary waves, providing important insights and methodologies but without definitive
conclusions [17; 37; 73].

Monolayered pantographic waveguides can store elastic energy associated with stretch gradients [7]
and exhibit rotary inertia effects [33], resulting in unusual dispersion characteristics [8; 68]. These
features support the hypothesis that solitary waves may propagate in such structures. An initial numerical
investigation of this phenomenon, based on a continuum approach and time-dependent finite element
simulations, was conducted by Giorgio et al. [47], introducing cubic nonlinearity into a one-dimensional
model in the small deformation regime. Differently from the work Giorgio et al., the present study employs
a homogenized continuum model, based on Hookean interaction potentials at the microscale, where flexural
elements are treated as quasi-inextensible and the formulation remains valid in the large deformation
regime. Conditions for the admissibility of solitary wave propagation in monolayered pantographic
waveguides are derived analytically. A qualitative analysis of the continuum equations shows that the
system supports rarefaction-type elastic solitary waves with noncompact support and, subsequently,
solitary waveforms are computed numerically. To validate the continuum model and investigate key
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parametric influences, detailed time-dependent simulations of the corresponding discrete system are
performed. In particular, the effects of the total number of cells, the applied displacement rate, and the
extensional stiffness of the flexural elements on solitary wave propagation are examined. The interaction
of solitary waves is also analyzed: for an odd number of cells, solitary waves emerge from collisions
largely unaltered, while for an even number of cells, the region between the wave crests undergoes
extreme compression, leading to complete cell closure and the generation of two propagating tails.

2. Discrete and continuum modeling

A discrete mechanical system is introduced at the microscale, with its geometry and lumped elastic
elements shown in the undeformed configuration in Figure 1 (top). The system exhibits periodicity and
consists of N identical cells arranged along a straight line in the direction of the unit basis vector ey,
resulting in a total longitudinal length L. The cells are centered at positions P; =i¢, fori € {0, 1, ..., N},
where ¢ = L/N. Hinge constraints are represented by white-filled circles. Each basic cell is composed
of four oblique bars, assumed at this stage to be arbitrarily deformable along their axial direction, and
hinge-connected at the point P;. Flexural stiffness is introduced via rotational springs, shown in green and
red in Figure 1 (top) placed between opposite oblique bars of the same cell. While more sophisticated
modeling of the flexural elements could be considered at the microscale, this simplified representation
is adopted for clarity and tractability. Extensional springs are placed between adjacent nodes along the
centerline of the monolayered pantographic waveguide. These nodes are constrained to move exclusively
along the axial direction e,. The motion of the entire system is confined to the plane, and due to its
symmetry and constraints of the centerline nodes, since only points lying on the centerline are considered
to be accessible from the external world, all deformed configurations remain symmetric with respect to
the centerline, as depicted in Figure 1 (bottom). The same figure also introduces the kinematic quantities
that will be used throughout the manuscript.

Figure 1. Top: geometry and lumped elastic elements of the discrete system in the undeformed
configuration. Bottom: deformed configuration and kinematic quantities of the discrete system.
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When not otherwise mentioned, the indices i and v belong henceforth to the index setsi € {0, 1, ..., N}
and v € {L, R}, respectively. It is worth to mention that the kinematics of the discrete system is locally
described by finitely many generalized coordinates. As an instance, such coordinates can be chosen as the
current positions p; along the centerline of the points at positions P; in the reference configuration and the
lengths of the oblique (deformed) bars at the left and right of the central hinges, denoted as I}’ or, alterna-
tively to I}, the angles ¢;’; see Figure 1 (bottom). To prevent any square cell in the microstructure collapsing
into a horizontal or a vertical segment, it is assumed that the angle ¢; remains in the range (0, 7/2).
Applying the law of cosines, the two choices for the generalized coordinates can be related as follows:

2 (gR\2 _ (L 2

iv1— pi) AN =

<piR:cos_1[(p +1 PR) ¢ =iy }
21 (piv1 — pi)

L 1[(171'—17:'1)2+(l,-L)2—(liR_1)2:|

@; = cos T )
207 (pi — pi-1)

Note that ¢ and ¢y, cannot be determined by the relations (1) and, strictly speaking, belong also to the

set of generalized coordinates. However, for the sake of brevity they will often be omitted. The deviation

angle of two opposite oblique springs from lying on the same line is given for the entire index set of i by

Bi = of — oF. 2)

It is now possible to define the micromodel deformation energy as

2
ugzeazkEZinvar—?e) +kF2ijﬂ?+%Xij<pi+l—pi—e)2 3)

with kg, kg, kg > 0 being the stiffnesses of the bars (colored in magenta in Figure 1 (top)), of the rotational
springs, and of the extensional springs (colored in blue), respectively, which are assumed to not depend
on the index i. It is worth remarking that, when extensional springs have vanishing stiffness kg, besides
the rigid body modes, also the set of configurations defined by
2
pi=pi-1+K, po=F, l-”=\/7_e for K € (0, v2¢), “)

1

which corresponds to a homogeneous elongation/compression in the characteristic scissor-like pattern
along the longitudinal direction, yields a null deformation energy [3].

The asymptotic homogenization with respect to ¢ of the microstructure introduced above is now
addressed. It is assumed that the extensible bars have a length which, at leading order, is proportional
to &, when ¢ — 0,

1

2 ~
IV = %8 + 8212) +0(g?), &)

where l? € R. The sought continuum is assumed to be one-dimensional and to be parametrized by the
arclength s € [0, L] of the straight segment of length L connecting all points P;. It is assumed that the
placement function x : [0, L] — R and the microstretches IV are the independent kinematic Lagrangian
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fields of the macromodel. Inserting assumption (5) into the deformation energy of the discrete system
leads to

- k
U, = kg Z ij[ezz,.” + o)+ kp Z(ﬂi)z + ?S Z(Pi+1 —pi—e)%. (6)

The micro-macro identification relating the generalized coordinates of the discrete system with the
functions x and l:?’ is performed by considering the condition x (s;) = p; and IV (s;) = l~lV, where s; = i¢.
The discrete deformation energy is further expanded in ¢ expanding the field x as

2
X(sien) = x50 £ ex (50 + 5 (50) +0(6?), )

where prime denotes differentiation with respect to s. The difference between the positions of two adjacent
points in the current configuration is computed as

pini—pi=e[ 6D+ 51 6 +o@] and pi—pioi=e[x'6) = 5x @) +o@)]  ®

The expansion of the term 8; with respect to ¢ is now sought. Let us define /(¢) as the argument of one
of the functions cos~! in (1). The expansions (8) and (5) are substituted into /(e) and, recalling that the
angle ¢} can be expanded as

—1 € 1
cos™ [h(0)] — T(O)zh (0) +o(e), 9)
leading to s
ZX/(ZR—ZL)— 2X//
;= + , 10
b=t | _eHo® (10)

which is well defined only if 0 < x’(s;) < ~/2, namely if each square cell in the microstructure does not
collapse into a horizontal or vertical segment. The desired expansion of the micromodel energy U, as
a function of the fields x and /" hence reads as

(7R _ JLy _ 1 2
U, = gz{kEez Z XU:[(Z,.”)Z + 0] +kr Xi:[zx (1\/5\;2)_7:2/5)( . + o(so)]

+ % Z[x’(sz') —1 +0(80>]2}- D

1
Let the parameters K¢, Kr, Ks > 0 be independent of . The parameters kg, kr, and ks are related

to ¢ by the scaling laws
kp=Kgpe 3, krp=Kpe !, ks=Kge™! (12)

acting on the family of discrete models parametrized on &, and the continuum limit of the deformation
energy is obtained by letting ¢ — O:

L 5 2 /(iR_[L)_ﬁX// 2
U= K@)+ K [ X } +K /—12}d. 13
/O{Z e +Kr NN s(x' =D} ds (13)
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The kinetic energy conveyed by the oblique bars shall now be addressed. The kinetic energy of a
deformable bar is postulated to have the form (compare [13, page 210, equation (17.48)])

mp l:'] + f‘z 2 B . . 2
KBARZT > E||r2—r1|| ,
where r; and r, denote the positions of its two endpoints. For the right and left bars of the i-th unit cell
one has
i1 —;r'z = piex+ (lR(S) RO LIROR) and iy — iy = IROGROf 4 [FO7,

where 7 denotes the unit vector directed from r| to r, and 7 denotes the unit vector obtained by rotating fin
the counterclockwise direction by 90°. Note that, at the leading order in ¢, if 0(¢°) terms are neglected, then

(pR = (pfg = cos_1 (X—/>
l l \/5

(S), taking into account (5), reads at the leading order in € as

et ()
2 dt \/§ §=S5;
2d iv

37 - Therefore, at leading order in ¢, for the left and right bars of the i-th

’

§S=S;

while the term /; R(S)

R(S
) reads as e

ntn_ and 7 —7 «/_ed cos™! x
2 P 2T )y

The kinetic energy of the discrete system hence reads, up to higher order terms in ¢, as

d "\
K.=2mpg Zﬁi2+«/5i38 Z[acos_l(%>] ,

S=S;

and the term /;
unit cell one has

leading at the continuum, considering the scaling laws mp = Mpe and ip = Ip, where Mp and Ip are
two positive reals that do not depend upon ¢, to

IC:/OL[2MBX +f13< de);) :|ds

Having derived the Lagrangian of the continuum, it is now possible to compute its first variation with
respect to /" to perform a static condensation (note that the kinetic energy density of the continuum does not
depend on [¥ and that the deformation energy density depends only algebraically on I”). Introducing the dis-
placement field u (s) = x (s) —sey, this results in a linear system of two equations in the unknowns I, giving

R — _jL _ V2K (1 +u')u” (14)
B O AKp[(14u)? =21 = Kp(1+u')?

Note that, according to the last equality, at the continuum scale, the elongation of the right and left oblique

bars tends, as expected, to zero as Kg tends to infinity. Additionally, at each point, the compression
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(extension) of the left bars is equal to the extension (compression) of the right bars and their deformation
does not depend on Kg. By substituting the statically condensed microstretches (14) back into the con-
tinuum deformation energy density, the Lagrangian function of the considered monolayered pantographic
waveguide reads, in terms of the displacement field, as

L=U-K (15)

L N2 \2
=/ |: KEKF(1+M ) u//2+KSu/2_2MBd2_ﬂ(dl) i|ds (16)
o LR2—(4u)2[(+u")*(Kg—4KF)+8KF] 2—(14u)? \ dr

It is worth emphasizing that the earlier assumption, that no square cell in the microstructure collapses into
a horizontal or vertical segment, can be reformulated in terms of the displacement field as 0 < 1 +u’ < +/2.
Moreover, the upper bound 1 + 1’ < +/2 must hold almost everywhere (i.e., except possibly at isolated
points) to ensure the well-posedness of the Lagrangian formulation introduced above.

3. Admissibility of solitary waves

To begin with, an infinitely long waveguide is considered, with the abscissa s spanning the entire real
line, i.e., s € [—00, +00]. Traveling wave solutions are sought such that

u(x, 1) =u(), (17)

where £ = s — ct is the phase variable, with ¢ € R being the wave velocity, independent of s and ¢.
Plugging the sought solutions into the Lagrangian above gives

oo KrKp(14+42 2 dZ_,Z 2 .
E:f |:{ _ 2E F( dE) —\/ECZIB}L%"F(KS—zCZMB)(d—M) ]d§ (18)
o [(1+3—§) (Kg—4KFp)+8KF] 2_(1"‘%) dE

The least action principle, which considers admissible variations §u depending on s and ¢ only through
the variable &, namely du(s, t) = du(s — ct), leads to (see the Appendix for more details)

SIECATPRN "

where . is the Lagrangean density. Plugging the expression in (18) for the Lagrangean density . into
the last equality, performing the position v = g—g‘ gives

2
TS

[(1+v)>(Kg —4KFp)+8KFp

which, dividing both sides by

1 KpKp(1+v)? )
2—(1+v)? { [(1+v)2(Kg —4KFp) +8Kr] Vi IB}’

(8)°

m—(KS—zczMB)Uz—VUZU, (20)
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can be rewritten as

<d_v)2 [(Ks =2 Mp)v> +yv+all(+v)° =2] _ o
dg KpKp(1+v)® 3, '
[(1+v)*(Kp—4KF)+8KF]
Defining the potential function
K —2c*Mp)v? 1+v)? -2
VOO:[(S c Bﬁ’+zv+nH(+v) L (22)
KeKr(1+v) — V221
[(14+v)2(Kg—4KFr)+8KF]
equation (21) can be rewritten in compact form as
dv\?
— Vw)=0 23
(dg) + V() (23)
and expresses the total energy conservation law for the Hamiltonian system
dv _
dg 24
&y dv (24)
ds dv’

where the quantity that is conserved is always equal to zero. This condition is equivalent to prescribing

specific initial velocities
dv

d&

and d_y . (25)
£=0 dé |

The solutions of the Hamiltonian system described above correspond to periodic oscillations about the
local minima of the potential V. In particular, they consist of periodic sequences of monotonic parts v(£),
whose inverses are given by

v 1
=&+ ——=dv.
w=et |

At this stage, the objective is to determine whether the waveguide supports the propagation of axial

(26)

displacement shock waves, that is, whether a (regularized) shock-type solution u (&) exists, characterized

by a nonperiodic profile with a distinct front, such that its derivative with respect to the phase variable &
yields a solitary waveform. Observing that

di du

Vi=—=—

d¢ ds

when the function &(&) is a waveform of shock type, the function v(§) is then to be referred to as axial

(27)

strain solitary wave. For & — 400, for a solution (£) to be a shock waveform, the following conditions
must be met:
dv
v—>0 and — —0. (28)
(3

The second condition ensures that v — 0 as & — oo, without inducing high-frequency oscillations.
Taking the limit £ — $o00 in (23), these conditions imply V (0) = 0. Imposing this requirement on the
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expression of V in (22) yields that axial displacement shock wave propagation is only possible if n = 0.
Furthermore, a Weierstrass-type qualitative analysis of the dynamical system (24) indicates that, for the
function v(£) to describe a symmetric solitary wave, the point v = 0 must correspond to a local maximum
of V(v), and the potential must admit a zero in the interval [—1, V2 - 1], including the endpoints. To
ensure that v = 0 is a local maximum, one first imposes the condition

v

=0
KeKr 2 ’
Ke+4KF «/EC IB

dv

d_(()) =— (29)
v

which leads to the conclusion that the constant y should vanish, too. Therefore, up to now, the existence

conditions for a displacement wave of shock type have led to the following form for the potential associated

to the Hamiltonian dynamical system (24):

(Ks —2c*Mp)v*[(1 +v)* =2]

KeKp(14v)? oy
_ V2]
[(1+v)2(Kr—4Kr)+8K ] V22l

V(v) = (30)

Restrictions on the material parameters Kg, Kg, Kr, Mp, and I, all greater than or equal to zero,
and wave velocity ¢ shall now be sought so as to meet the condition

dzv(o) 0
—_— < V.
dv?
Elementary computations lead to
% 2(Ks —2c*M
IV o= - 2Es=2Mp) _ 31)
dv? KeKr — V22
Kg+4Kp

It is worth noting that, for any set of material parameters and wave velocity satisfying the above
inequality, the potential function V admits exactly two zeros within the interval 0 < 1 + v < +/2, namely
v=0and v = +/2 — 1. This implies that the considered monolayered pantographic waveguides support
the propagation of axial strain solitary waves, and that only rarefaction-type solitary waves, rather than
compressive ones, are admissible. Note also that, since the analyzed system is reciprocal, if the inequality
above is satisfied by ¢ = ¢ then it is satisfied also by ¢ = —cg. Furthermore, as Kg — oo, which means
that the bar rigidity hypothesis holds, the inequality above becomes

KS —2C2MB
— ~ >0.
KF — \/ECZIB
K Mg Kr Ig Kg c?

first dataset 10 20 3010 20 30105 1 1505 1 1.5
second dataset 20 20 1 1 10 10* 10°|0.25

Table 1. Numerical values considered for the stiffness and inertial parameters and the wave
velocity at the continuum scale.
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Figure 2. Regions of solitary wave propagation admissibility in the K g — ¢ plane for the values
of the material parameters (stiffness and inertial) in the first dataset of Table 1. Admissible regions
are colored in blue.

Figure 2 shows the regions of solitary wave propagation admissibility in the Kg — ¢ plane when the
parameters K, Mg, KF, and Ip are varied according to the first dataset of Table 1. Admissible regions
are colored in blue. For brevity, units of measure have been omitted: all numerical values are understood
to be in the international system of units, here and throughout the paper.

4. Solitary waveforms

This section deals with the computation of solitary waveforms for several values of the parameter Kg > 0,
while all other parameters are fixed, according to the second dataset in Table 1. The computation of
the solitary waveform v has been performed by computing numerically, at first, the functions &~ (v)
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and £ (v), with v € (0, v/2 — 1], by means of (26),

v
1
EF(n) =+ / v, (32)
Va1 \/_ (Ks—2¢*Mp)*[(140)* 2]
KpKp(149)2 2
TRtk etk ek~ v 2¢ s

where &) = 0 has been chosen arbitrarily. The functions £~ (v) and £ (v) are monotonic and, once
computed, can be inverted to obtain v(&§ ™) and v(¢ ™). The full solitary waveform is then reconstructed by
symmetrically joining these two branches. Notably, for v € (0, +/2 — 1], the integral in (32) always yields
finite values, attaining zero at v = /2 — 1, while becoming improper, and in fact divergent, at v = 0. This
divergence follows from the fact that v = 0 is a stationary point of V (v), combined with the uniqueness
of solutions to the Hamiltonian system (24). The derivative of the displacement waveform (&) with
respect to &, i.e., the axial strain or stretch waveform v (&), exhibits a bell-shaped profile with a single
crest reaching ~/2 — 1. At the microscale, this corresponds to the square cell at the wavefront collapsing
into a horizontal segment. Due to the construction method, the stretch solitary waveform v(§) is even
(symmetric about £ = 0) and possesses a single peak.

Figure 3 presents the results of a numerical study conducted according to the procedure outlined
above, for various values of the parameter Kg, i.e., Kg = 10, 100, 1000. In this study, the displacement
waveform & was obtained by integrating the function v, under the assumption that # — 0 as & — —oo.
Owing to the singular behavior of the integrand in (32), the computation of v(§) was carried out using the
Nlntegrate function of the commercial software Mathematica with default settings. Subsequently, it (&)
was computed via numerical integration using the cumtrapz command in MATLAB. The phase variable &
was defined over the interval [—20, 20] — sufficiently wider than the effective support of the solitary
waveform — and discretized using 1000 points for integration.

0.4

—— . 0.4

| —Kp=10 | —Kz=10
Kz =100 K =100
H02F — g =1000 1 V92 —K=1000
0.0 . : 0.0
-20 - 10 0 10 20 -20 - 10 0 10 20
¢ 3
0 T 0.5 T T T T .
— K;=10 — Kp=10 — K;=100 — K =1000
K=100
TR | E i /
P — K =1000 g O'Or\/
-0.04 ¢ . . E| ~05 . . N .
-20 - 10 0 10 20 0.0 0.1 0.2 0.3 0.4
& v

Figure 3. Displacement u (top left), stretch v (top right) and microstretch IR (bottom left) waveforms
against the phase variable &, for various values of K. Bottom right: potential function V (v), for
various values of K.
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5. Time-dependent microscale simulations

This section presents time-dependent simulations of the discrete micromodel, aimed at verifying the
solitary wave propagation predicted by the continuum theory. To solve the discrete system directly,
without relying on the assumptions made in the derivation of the continuum model, it is advantageous to
introduce an alternative global, minimal set of generalized coordinates, distinct from the one employed
in the homogenization process: the kinematics of the discrete system is entirely described by the
displacements ¢g; of the nodal points. Unlike the micromodel employed in the homogenization, all nodes
of the microstructure were endowed with a mass m, while links were considered massless. Nevertheless, it
is easy to prove that this choice yields a system equivalent to the one employed in the homogenization [72].
The Euler-Lagrange equations

U,

g

were reduced to an initial value problem with initial data on ¢; and ¢; and were solved through the
command ode23t of the commercial software Matlab. A series of parametric analyses was conducted,
each varying a single stiffness, inertial, loading, or geometric parameter, for both single- and double-tug
test configurations. All displacement variables were initialized to zero, and out-of-plane displacements of
central nodes were constrained to vanish. Each unit cell was assigned a unit length; Figure 4 illustrates the
node numbering scheme for a representative monolayered pantographic waveguide composed of 20 cells.

In the single-tug test, the leftmost central node (node 3 in Figure 4) is fixed, while a horizontal
displacement of the form

Umax

1 +exp(=h(r — 1))

(34)

is applied to the rightmost central node (node 60 in Figure 4), where umax, £, fo > 0 denote the maximum
displacement, the steepness of the transition, and the time at which half the maximum displacement is
applied, respectively. It is worth noting that when the shear stiffness kg is set to zero, the single-tug test
would, in a quasistatic regime, enable the system to exploit the zero-energy deformation mode described
in (4), thereby minimizing the deformation energy subject to the imposed kinematic constraints. However,
inertial effects inhibit this mechanism, and the prescribed boundary conditions in the dynamic setting
are sufficient to suppress the activation of the floppy mode. Figure 5 displays the time evolution of the
applied displacement (top) and its time derivative (bottom), normalized by setting um,x = 1 for the case
h=15, to=1.

P1 P4 P7 P10 P13 P16 P19 P22 P25 P28 P31 P34 P37 P40 P43 P46 P49 P52 P55 P58 P61

Figure 4. Node numbering in a monolayered pantographic waveguide with 20 cells.
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Figure 5. The applied displacement (top) and its time derivative (bottom) against time for 4 = 15
and 1p = 1.

ks | m | kr kg h # cells Umax | To
1081010 10°|15 40|20 40 41| 0.8 |1

Table 2. Numerical values considered for the stiffness, inertial, and load parameters for time-
dependent simulations at the discrete microscale.

Table 2 lists the numerical values assigned to stiffness, inertial, loading, and geometrical parameters
used in the time-dependent simulations of the discrete micromodel.

For reference, a single-tug test is first presented with parameters kz = 10° (corresponding to quasi-
inextensible oblique bars), 7 = 40, and N = 40. Figure 6 illustrates the deformed configurations of the
monolayered pantographic waveguide at various time instants. Figure 7 shows the time evolution of the

energy contributions (left, Ec,; and EP* denote the energy stored in the oblique bars and extensional

ext
springs, respectively; other symbols are self-explanatory), the phase portrait (center), and the equilibrium

path (right). The quantities ||u|| and ||v|| are obtained by computing the Euclidean norm of the vectors

collecting all the ¢;’s and ¢;’s, respectively. The quantity || S| is obtained by computing the Euclidean

norm of the vector collecting all the derivatives %Lq’? . Figure 8 reports, at selected time instants, the axial

1

displacement u of the central nodes (top left), the stretch Au of the centerline (top right), and the absolute

elongation of the left (bottom left) and right (bottom right) bars along the rectilinear abscissa. Finally,
Figure 9 presents contour plots in the space-time plane of the axial displacement (left) and the stretch of
the centerline (right).

The figures indicate that both the rate of applied displacement, controlled by the parameter %, and
the maximum displacement amplitude are appropriate for inducing solitary wave propagation in the
waveguide. Notably, the solitary wavefront consists of a single crest corresponding to the complete closure
of a square cell, and the waveform exhibits the expected symmetric profile, in agreement with predictions
from the continuum model. Figure 9 (right) confirms that the wave propagates at a constant velocity,
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Figure 6. Deformed shapes of the monolayered pantographic waveguide with 40 cells at different
time instants for a single-tug test with kz = 10° and h = 40.

measured to be approximately 9/0.53512 ~ 16.81866. Following the first full reflection, the solitary wave
remains largely intact, though it travels at a slightly reduced constant speed and develops a trailing tail.
After the second reflection, the wave further decelerates, and an additional tail emerges. Eventually, this
tail interferes with the one generated by the first reflection, traveling in the opposite direction, leading the
system toward thermalization. It is also worth noting that the four free bars located at the ends of the
waveguide rotate with appreciable angular velocity. However, comparative simulations conducted without



ELASTIC RAREFACTION SOLITARY WAVES IN MONOLAYERED PANTOGRAPHIC WAVEGUIDES 323

bis
=Eext ~Erot =Ekin =Eext ~Etor

1500 20 15000
1000 10000
E vl 10 1Sl
500 5000
0 0 0
0 2 4 6 8 0 5 10 15 0 5 10 15
! [[ae]| i

Figure 7. Contributions to the total energy against time (left), phase portrait (center), and
equilibrium path (right) for the monolayered pantographic waveguide with 40 cells subjected to a
single-tug test with kz = 10° and h = 40.
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Figure 8. Axial displacement of the central points (top left), stretch of the centerline (top right),
and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against
the rectilinear abscissa at different time instants for the monolayered pantographic waveguide
with 40 cells subjected to a single-tug test with kz = 10° and h = 40.

these bars, omitted here for brevity, suggest that their influence on solitary wave propagation is negligible.
This effect is expected to vanish entirely in the limit as the number of cells tends to infinity. Most of the
mechanical energy is of kinetic type.

The potential, deformation energy is mostly due to the deformation of the oblique bars. Deformation
energy due to deformation of the extensional springs colored in blue in Figure 1 (top) is negligible. After
the first reflection, due to the formation of a tail of the main wavefront, there is a significant quota of
the kinetic energy that transforms into deformation energy, both stored in the deformation of the oblique
bars and in the deformation of the rotational springs. This phenomenon does not occur after the second
reflection, as the system is already close to complete thermalization by that point. However, a gradual
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Figure 9. Contour plot of the axial displacement of the central points (left) and of the stretch of
the centerline (right) in the space-time plane for the monolayered pantographic waveguide with
40 cells subjected to a single-tug test with kz = 10° and h = 40.

equalization of kinetic and deformation energy is still observed. What has been described in the last four
periods is observed in all numerical tests unless otherwise stated.

5.1. Sensitivity to the total cell number. In this subsection, the results of a single-tug test on a monolayered
pantographic waveguide with 20 cells and kz = 10° and h = 40 are reported.

Figure 10 shows the deformed shapes of the waveguide at different time instants. Figure 11 shows the
contributions to the total energy against time (left), phase portrait (center), and equilibrium path (right).
Figure 12 shows the axial displacement of the central points (top left), stretch of the centerline (top right),
and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against the
rectilinear abscissa at different time instants. Figure 13 shows the contour plot of the axial displacement
of the central points (left) and of the stretch of the centerline (right) in the space-time plane.

The results confirm that solitary wave propagation still occurs, exhibiting the same qualitative charac-
teristics observed in the 40-cell case discussed in the previous subsection. In particular, the wavefront
maintains a symmetric, localized structure with a single crest. The measured wave velocity in this test
is 8/0.53512 &~ 14.94992, which closely matches the velocity observed in the 40-cell configuration
under identical stiffness, inertial, and loading parameters. This consistency aligns with the theoretical
expectation that, as the number of cells increases, the wave velocity converges to a finite limit.

5.2. Sensitivity to the applied displacement rate. This subsection reports the results of a single-tug test
on a monolayered pantographic waveguide composed of 40 cells, with kz = 10 and & = 15.

The deformed shapes of the waveguide at selected time instants are shown in Figure 14. The evolution
of the system’s total energy (left), phase portrait (center), and equilibrium path (right) are presented in
Figure 15. The axial displacement of the central points (top left), centerline stretch (top right), and the
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Figure 10. Deformed shapes of the monolayered pantographic waveguide with 20 cells at different
time instants for a single-tug test with kz = 10° and & = 40.
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Figure 11. Contributions to the total energy against time (left), phase portrait (center), and
equilibrium path (right) for the monolayered pantographic waveguide with 20 cells subjected to a
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Figure 12. Axial displacement of the central points (top left), stretch of the centerline (top right),
and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against
the rectilinear abscissa at different time instants for the monolayered pantographic waveguide
with 20 cells subjected to a single-tug test with kz = 10° and h = 40.

absolute elongation of the left (bottom left) and right (bottom right) bars versus the rectilinear abscissa at
different times are shown in Figure 16. Finally, Figure 17 shows contour plots of the axial displacement
(left) and the stretch of the centerline (right) in the space-time plane.

For the considered loading rate, a trailing tail forms at the onset of wave propagation and remains
confined near the right end of the waveguide, traveling with a significantly lower velocity than the primary
wavefront. Over time, the tail’s amplitude gradually increases, while the amplitude of the main solitary
wavefront slightly decreases. Unlike all the other tests presented in this paper, the potential, deformation

energy is mostly due to the deformation of the rotational springs.
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Figure 13. Contour plot of the axial displacement of the central points (left) and of the stretch of
the centerline (right) in the space-time plane for the monolayered pantographic waveguide with
20 cells subjected to a single-tug test with kz = 10° and h = 40.
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Figure 14. Deformed shapes of the monolayered pantographic waveguide with 40 cells at different
time instants for a single-tug test with kz = 10° and h = 15.

5.3. Sensitivity to the extensional stiffness. In this subsection, the results of a single-tug test on a
monolayered pantographic waveguide with 40 cells and kg = 10 and & = 40 are reported. Figure 18
shows the deformed shapes of the waveguide at different time instants. Other plots have been excluded
due to their trivial nature. It can be concluded that, for the analyzed kg = 10, the wave remains confined
in proximity of the right end of the waveguide.
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Figure 15. Contributions to the total energy against time (left), phase portrait (center), and
equilibrium path (right) for the monolayered pantographic waveguide with 40 cells subjected to a
single-tug test with kz = 10° and h = 15.
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Figure 16. Axial displacement of the central points (top left), stretch of the centerline (top right),
and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against
the rectilinear abscissa at different time instants for the monolayered pantographic waveguide
with 40 cells subjected to a single-tug test with kz = 10 and h = 15.

5.4. Collision of two solitary waves: odd number of cells. In this subsection, the results of a double-tug
test on a monolayered pantographic waveguide with 41 cells and kr = 10° and & = 40 are reported. In
such a test, a displacement

Umax (35)
1 +exp(=h(t — 1))
is applied to the rightmost central point, i.e., node 60 in Figure 4, and a displacement
Umax (36)

" 14exp(—h(t — 1))

is applied to the leftmost central point, i.e., node 3 in Figure 4.
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Figure 17. Contour plot of the axial displacement of the central points (left) and of the stretch of
the centerline (right) in the space-time plane for the monolayered pantographic waveguide with
40 cells subjected to a single-tug test with kz = 10 and h = 15.
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Figure 18. Deformed shapes of the monolayered pantographic waveguide with 20 cells at different
time instants for a single-tug test with kz = 10° and & = 40.

Figure 19 shows the deformed shapes of the waveguide at different time instants. Contributions to the
total energy against time (left), phase portrait (center), and equilibrium path (right) are shown in Figure 20.
Figure 21 shows the axial displacement of the central points (top left), stretch of the centerline (top
right), and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against
the rectilinear abscissa at different time instants. Finally, Figure 22 shows the contour plot of the axial
displacement of the central points (left) and of the stretch of the centerline (right) in the space-time plane.
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Figure 19. Deformed shapes of the monolayered pantographic waveguide with 41 cells at different
time instants for a double-tug test with kz = 10° and /& = 40.
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Figure 20. Contributions to the total energy against time (left), phase portrait (center), and
equilibrium path (right) for the monolayered pantographic waveguide with 41 cells subjected to a
double-tug test with kxz = 103 and h = 40.

It is observed that, after the collision, the two solitary waves emerge only partially unaltered. The
wave resulting from the combination of the two solitary waves has a maximum amplitude slightly more
than Au = /2 — 1 (Au = 0.4982), which is due to the fact that when a square cell is completely closed,
since the oblique bars are extremely stiff, Au cannot increase significantly beyond the value v/2 — 1.
After the collision, the two main wavefronts maintain the property Au ~ +/2 — 1, while the fluctuations
emerging in between them seem to have a moderate amplitude and propagate much slower than the main
wavefronts. After the second reflection, although the energy is conserved, the systems perceptibly looses
its symmetry in space, most likely due to a small numerical error that propagates in time.



ELASTIC RAREFACTION SOLITARY WAVES IN MONOLAYERED PANTOGRAPHIC WAVEGUIDES 331

—time=1.6107 =time=2.2819 =time=2.6174 —time=1.6107 =time=2.2819 =—time=2.6174
T T T 04l T T T ]

v VA |
o

0 40 10 20 30
N N

—time=1.6107 =time=2.2819 —time=2.6174 ~time=1.6107 =time=2.2819 =—time=2.6174

0.04 0.04
0.02 0.02
~L TR
|77 177
0 0
-0.02 -0.02 ‘ ‘ ‘
10 20 30 40 10 20 30 40
s N

Figure 21. Axial displacement of the central points (top left), stretch of the centerline (top right),
and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against
the rectilinear abscissa at different time instants for the monolayered pantographic waveguide
with 41 cells subjected to a double-tug test with kz = 10° and & = 40.
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Figure 22. Contour plot of the axial displacement of the central points (left) and of the stretch of
the centerline (right) in the space-time plane for the monolayered pantographic waveguide with
41 cells subjected to a double-tug test with kz = 10° and 2 = 40.

5.5. Collision of two solitary waves: even number of cells. This subsection presents the results of a
double-tug test conducted on a monolayered pantographic waveguide composed of 40 cross cells, with
parameters kg = 10° and h = 40.
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Figure 23. Deformed shapes of the monolayered pantographic waveguide with 40 cells at different
time instants for a double-tug test with kz = 10° and /& = 40.

The deformed configurations at selected time instants are shown in Figure 23. The evolution of the
total energy components over time (left), the phase portrait (center), and the equilibrium path (right)
are illustrated in Figure 24. Figure 25 reports the axial displacement of the central nodes (top left), the
centerline stretch (top right), and the absolute elongation of the left (bottom left) and right (bottom right)
bars with respect to the rectilinear abscissa at different time instants. The contour plots in Figure 26 show
the spatiotemporal distribution of axial displacement (left) and centerline stretch (right).

The results indicate that the solitary waves initiated at the two ends of the waveguide do not retain
their original form after collision. The postcollision waveform reaches a maximum amplitude slightly
exceeding Au = +/2 — 1 (Au = 0.5267). The occurrence Au = +/2 — 1 corresponds to the complete
collapse of a square cell and, due to the high axial stiffness of the oblique bars, further extension is
limited. While the main wavefronts persist after the interaction with amplitudes close to Au 2 v/2 — 1,
the region between them becomes dominated by oscillatory components whose amplitudes surpass those
of the primary fronts are characterized by two propagating tails with velocity slightly lower than that of
the main wavefronts. A noteworthy behavior occurs at the center of the waveguide: the centrally located
cell folds entirely into a vertical segment, resulting in Au ~ —1, persistently in time. This phenomenon
does not arise when the number of cross cells is odd, as no cell is positioned precisely at the midpoint to
be directly affected by the symmetric collision. This observation highlights the influence of the cell count
parity on the postcollision configuration. The overall dynamics bear resemblance to those observed in
architected soft materials reported in [30], where networks of squares joined by deformable ligaments
support elastic vector solitons. In that context, solitons undergoing corotational motion were observed to
emerge unaltered from collisions, whereas counterrotating solitons displayed repulsive, nonpenetrative
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interactions. It must be emphasized that the homogenized continuum model employed in this analysis
does not encode the parity of the number of cells. As such, the continuum framework, in its current form,
is inherently unable to capture postcollision asymmetries. Enriching the continuum model with suitable
microstructural descriptors would be required to reproduce the observed behavior accurately. Also in
this case, after the second reflection, although the energy is conserved, the systems perceptibly looses its
symmetry in space, most likely due to a small numerical error that propagates in time.
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Figure 24. Contributions to the total energy against time (left), phase portrait (center), and
equilibrium path (right) for the monolayered pantographic waveguide with 40 cells subjected to a
double-tug test with kz = 10° and 1 = 40.
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Figure 25. Axial displacement of the central points (top left), stretch of the centerline (top right),
and absolute value of the elongation of the left (bottom left) and right (bottom right) bars against
the rectilinear abscissa at different time instants for the monolayered pantographic waveguide
with 40 cells subjected to a double-tug test with kz = 10° and & = 40.
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Figure 26. Contour plot of the axial displacement of the central points (left) and of the stretch of
the centerline (right) in the space-time plane for the monolayered pantographic waveguide with
40 cells subjected to a double-tug test with kz = 10° and h = 40.

6. Conclusions

This paper has investigated monolayered pantographic waveguides composed of nearly inextensible
flexural elements, aiming to assess the hypothesis that elastic solitary waves can propagate through such
structures. A homogenized continuum model, based on Hookean interaction potentials at the microscale,
has been developed. By introducing a traveling wave ansatz into the continuum Lagrangian, the problem
has been reformulated as that of a particle moving along a curve under a potential, with the phase variable
serving as time.

A qualitative Weierstrass analysis of the potential has revealed that the system admits rarefaction-type
elastic solitary waves, specifically of the stretch type. Inequalities on the material parameters ensuring the
existence of solitary waves with a prescribed velocity have been derived. These solitary waves have been
shown to be symmetric, featuring a single crest, consistent with the behavior identified in [5] for certain
nonlinear, nonlocal dispersive equations, including the Whitham and Whitham—Boussinesq systems.

To validate the continuum model and explore key parametric effects, detailed time-dependent simu-
lations of the discrete system have been performed. In particular, the influence of the number of cells,
loading rate, and flexural elements’ extensional stiffness on solitary wave propagation has been examined.
Wave interaction dynamics has also been analyzed: for an odd number of cells, solitary waves emerge
from collisions largely unaltered, whereas for an even number of cells, extreme compression occurs
between the wave crests, leading to full cell closure and the formation of two propagating tails. It is worth
mentioning that in Figures 9, 13, 22, and 26, at certain time-space locations, that the relative displacement
between adjacent central cells is less than —1, which implies that two material points along the centerline
mutually penetrate. Indeed, the individual cells have a unit longitudinal length. While this violates the
continuum model’s assumptions, which excludes such mutual penetration, it does not reflect numerical
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issues. It rather reflects a meaningful physical phenomenon beyond the scope of the current assumptions
or a modeling artifact, depending on the actual realization of the studied pantographic waveguides.

Future research directions include extending the study to monolayered pantographic waveguides
incorporating dissipative effects [39; 45; 74] and investigating solitary wave propagation in multilayered
pantographic waveguides by combining the reduced one-dimensional model from [17] with the approach
developed herein. Further interesting researches could also aim at validating the present findings leveraging
swarm-based models [22; 23; 24; 25], as well as conducting experimental studies [67].

Appendix

In this appendix, the least action principle, considering kinematically admissible variations §u depending
on the variable £, is analyzed. Admissible variations du(s, t) = dit(s — ct) are a subclass of those to
be considered to ensure the stationarity of the action functional corresponding to the Lagrangian (16)
for a wave solution (s — ct). Therefore, their use to derive Euler—Lagrange equations is intended to
provide only a necessary condition for it(s — ct) to be a stationary point of the action functional. That
said, considering Su(s, t) = Su(s — ct), leads to the Euler-Lagrange equation

d2<8$> d<8$> 0 37
_2 —2~ —_—— —d"' = N
d& a(%) d&\a(g)
where % is the Lagrangean density. Equation (37) can be integrated once leading to the condition
d/ 0¥ 0.7
@( dzﬁ ) - 8 di = y’ (38)
() 9(G)
with y € R being independent of £. Multiplying both sides of the previous equation by the factor ‘G%
gives
d%ii d< 0.7 ) d2ﬁ< 0.7 ) d%i (39
de2 de iy | qg2 diy ) TV ge2
dg2dg \o(¥a)) a2 \a(d)) Tk
The equation above can be rewritten as
d [d%z ( 30.L ) dii ]
— |2 ) -2 -y —n|=0, (40)
2 &
d& [ &= \a(g1) dé

where 1 € R is constant with respect to £, by noting, owing to the chain rule, that

d [dzﬁ( 0. ) ydzl n} da 4z +d2ﬁ d( 0. > 0y d*a oy da ydzﬁ
ae | a2\ Gr@ay |~ 7 " qe | T qe3 acday | de2 de 2y | a(di\ g2 a/d%iy d£3 7 de2
dg | d&? a(gé—z) dé dé‘3a(g§—2) dg? d& a(gg—z) z)(g—‘g)df;‘2 a(gg—z)dé3 dg?

R (02 En0r) e
T derdg \p(2))de? \p(dh) ) g
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Equation (40), integrating with respect to & and performing an abuse of notation, hence becomes

d2ﬁ< az) P @
— |\ |- L v =n
2 &2
dé 8(#) dg
where the quantities y, n € R are independent of &.
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