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Complete generalized Fibonacci sequences modulo primes

Mohammad Javaheri and Nikolai A. Krylov

We study generalized Fibonacci sequences F, | = P F,, — Q F,_; with initial values Fy =0 and F; = 1.
Let P, Q be relatively prime nonzero integers such that P? — 4Q is not a perfect square. We show
that if Q = %1 then the sequence {F,}>2 , misses a congruence class modulo every large enough prime.
If Q # %1, we prove under the GRH that the sequence {F,}>2, hits every congruence class modulo
infinitely many primes.

1. Introduction

A generalized Fibonacci sequence with integer parameters (P, Q) is a second-order homogeneous dif-
ference equation generated by
Fn+1=PFn_QFn—1, (1)

n > 1, with initial values Fp =0 and F| = 1; we denote this sequence by F =[P, Q]. In this paper, we are
interested in studying the completeness problem for generalized Fibonacci sequences modulo primes.

Definition 1. A sequence {F},}°°  is said to be complete modulo a prime p if the map ¢:No— 7, =7/pZ
defined by e(n) = F,, + pZ is onto. In other words, the sequence is complete modulo p if and only if

for all k € Z, there exists n > 0 such that F,, =k (mod p).

The completeness problem for the Fibonacci sequence (with parameters P = 1 and Q = —1) was
first studied by Shah [1968], who showed that the Fibonacci sequence is not complete modulo primes
p =1,9 (mod 10). Bruckner [1970] proved that the Fibonacci sequence is not complete modulo every
prime p > 7. Somer [1988] proved that if p{ (P%+4) then [P, —1] is not complete modulo p for every
p > 7 with p # 1,9 (mod 20), and Schinzel [1990] improved Somer’s result for all other congruence
classes; see also [Li 2000].

A primitive root modulo a prime p is any integer that generates the multiplicative group modulo p.
Li [2000, Proposition 4.4] showed that if Q is a primitive root modulo prime p and P2 —4Q is not a
quadratic residue modulo p, then [P, Q] is complete modulo p (we improve Li’s result in Theorem 8).
Artin’s conjecture states that if Q # —1 and Q is not a perfect square, then Q is a primitive root modulo
infinitely many primes. It follows, as Somer [1988, Theorem 3] remarks, that if QO 7= —1 and Q is not a
perfect square, and if Artin’s conjecture is correct, then there exist infinitely many primes p for which
an integer P (depending on p) exists such that [P, Q] is complete modulo p. In our main Theorem 2,
under the GRH (which implies Artin’s conjecture, as shown in [Hooley 1967]), we establish a dichotomy
regarding completeness modulo infinitely many primes.

MSC2010: primary 11B39; secondary 11B50.
Keywords: generalized Fibonacci sequence, complete sequence.
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Theorem 2. Let P, Q be relatively prime nonzero integers and suppose that P> — 4Q is not a perfect
square. Then the following statements hold.

(1) If Q = %1 then [P, Q] is complete modulo only finitely many primes.
(i1) (GRH) If Q # %1, then [P, Q] is complete modulo infinitely many primes.

To prove Theorem 2, we first show that if (a) P> —4Q is a quadratic nonresidue modulo a prime p
and (b) Q is either a primitive root or the square of a primitive root modulo p, then [P, Q] is complete
modulo p (see Theorem §). Condition (a) can be guaranteed by a congruence condition on p. A careful
use of a theorem by Lenstra [1977a, Theorem 5.1] on primitive roots modulo primes in an arithmetic
progression will allow us to find infinitely many primes p for which both conditions (a) and (b) are
satisfied. Lenstra’s theorem (which we will restate for convenience as Theorem 9) is a conditional result,
and so our proof of part (ii) of Theorem 2 is conditional upon the GRH.

In case (ii) of Theorem 2, one can find (under the GRH) a lower bound for the counting function for
primes p such that [P, O] is complete modulo p. Let A(x; P, Q) denote the set of primes p < x such
that [ P, Q] is complete modulo p. If Q # +1 and P?> —4Q is not a perfect square, then for all x large
enough

#A(x; P, Q) > (P, Q)@,

where n(P, Q) > 0 is computable in terms of P and Q. For a more detailed discussion, see the end of
Section 3.

Organization of paper. In Section 2, we briefly discuss the cases when P Q =0 or P> —40 is a perfect
square. As we stated before, Schinzel [1990] proved part (i) of Theorem 2 for the case O = —1. We
prove part (i) for the case Q =1 in Section 3, where we show that [P, 1] is complete modulo a prime
p > 3 if and only if P = +2 (mod p) (Theorem 7).

In Section 3, we prove part (ii) of Theorem 2 (see Lemmas 10, 12, and 13). In addition, we show
that under certain conditions (that conditionally hold for infinitely many primes), the sequence [P, Q] is
somewhat uniformly distributed modulo p in the sense that it contains every nonzero element the same
number of times over the full period (see Theorem 8 for details).

Finally, in Section 4, we consider complete generalized Fibonacci sequences with parameters (P, Q) €
{1,..., p—1)}? for a fixed prime p and derive the following asymptotic result.

Theorem 3. Let A, denote the set of pairs (P, Q) € {1,...,p — 1} such that [P, Q] is complete

modulo p. Then

A
lim sup # = l
p—oo P 2

2. Preliminary results

Let P, Q be integers. By a simple induction, one can show that the solution F = [P, Q] of (1) can be
written as the following analog of Binet’s formula [Elaydi 2005, §2.3]:

n n

F, = g for all n > 0, 2)
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where

a=3P+VA), B=LP-Vh) 3)

are the roots of the characteristic polynomial x> — Px + Q, and A = P2 —4Q # 0 is its discriminant.
One has
«t+p=P, af=0. @)
The difference equation (1) has the following generalization which follows from (2) and (4) by a
straightforward calculation:

Fo=F,Fy11—¢— QF,_1F,—, foralln>1, forallae{l,...,n}. 5

Given a prime p > 2, let Fe {0, ..., p— 1} denote the residue class of an integer F' modulo p. As
we will see later in this section, where we discuss the three cases for the discriminant A, the sequence
{ I?,,};’io modulo p is a periodic sequence unless P = Q =0 (mod p). A period of [P, Q] modulo p is
an integer n such that F,, 1, = F; (mod p) for all k > 0. The Pisano period 7 (p) is the smallest period of
[P, O] modulo p, and it divides every period of [ P, Q]. We call the finite sequence {}/7\,- 1 <i<m(p)}
the full period of [ P, Q] modulo p.

Example 4. Let P =1, Q =4, and p =7. Then n(p) = 24 and
{E:l§i524}:{1,1,4,0,5,5,6,0,4,4,2,0,6,6,3,0,2,2,1,0,3,3,5,0}
is the full period of [P, Q] modulo p =7.

Regarding the discriminant A, there are three cases.

(I) A is a nonzero quadratic residue modulo p. In this case, the characteristic polynomial x> — Px 4+ Q

has two distinct roots modulo p that we again denote by « and 8. Binet’s formula (2) still holds, where

all the operations involved are carried out in the field Z,. By Fermat’s little theorem, we have

an+p—1 _ ﬂn-‘,—p—l ot — ,Bn
oa—p T a— B -

in Z,. It follows that 7 (p) | (p — 1); hence the sequence [P, Q] is not complete modulo p in this case.

Fn+p—l = Fy

(II) A =0 (mod p). In this case, the characteristic polynomial x2 — Px + Q has the repeated root
a=8= %P. A simple induction shows

1p)"™! foralln > 1. (6)

F, = n(2

If P #£0 (mod p), by letting n = (p — 1)k + 1 for an arbitrary integer k and using Fermat’s little theorem
again, we conclude that F,, = —k + 1 (mod p); hence [P, Q] is complete modulo p. If P =0 (mod p),
then Q = 0 (mod p), and the sequence [P, Q] modulo p becomes 0, 1,0, 0, ..., which is complete
modulo p only if p = 2.

(IIT) A is a quadratic nonresidue modulo p. We consider the field extension
Fe={a+bV/A:a,belZ,).

Binet’s formula (2) still holds with all the operations carried out in the field [ .. Given an element
y € F 2, the order of y, denoted by ord,(y) is the smallest positive integer ¢ such that y* = 1. In
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particular, if y e Z,, then ord,(y) | (p — 1). Generally ord, (y) | ( pr—1) smce the rnultlphcatwe group
[F* has order p? — 1. In particular, for «, 8 defined by (3), one has oa” = B? “1—1in F,, and
so F,4 21 = F, (mod p) by Binet’s formula (2). Therefore, 7 (p) | ( p* —1), which is 1mproved in the
following lemma.

Lemma 5. Suppose that P, Q are integers and p is an odd prime such that A = P> —4Q is a quadratic
nonresidue modulo p. Let o, B be the roots of x> — Px + Q =0 in F,> given by (3). Then

(i) aPtt=prtl=QinF
) #=(p)| (p+1) ordp(Q). Moreover, if ord,(Q) is even, then (p + 1) ord,(Q) /7 (p) is an odd integer.
Proof. (i) Let & = u + vy/A, where u = P, v = 1. We note that (vVA)P+! = AP~D/2A = —A by
Euler’s criterion. It follows from the binomial theorem modulo p and Fermat’s little theorem that
P = uP ™ L uP o/ A+ uv? (VAP + P (VAP
=u? + uvvA —uvv/A — %A

=u?>—v*A = 1P2——(P2 40) =0,

where all of the operations are carried out in the field [ ,>. Similarly, P+l = Qin Fp2

(ii) Let# = ord,(Q) such that O’ =1 (mod p). It follows from part (i) that o PTD" = ,8(”“” o' =1,
and so F(pq 1)1+« = Fx (mod p) for all kK > 0, which implies = (p) | (p + 1)z.

If ¢ is even, then oP+D!/2 = gr+D1/2 — 91/2 — _1_ Tt follows again from Binet’s formula (2) that
Fp+1)t/24k = —Fj for all k > 0. In particular, rr(p)fz(p + 1)¢, and therefore, (p + 1)t/ (p) is odd. [J

In the rest of this section, we briefly discuss the cases when P Q =0 or P2 —4( is a perfect square.

(i) P=0. Then Fp, =0and Fry1 = (— Q)* for all k > 0. Therefore, [0, Q] is complete modulo p > 2
if and only if —Q is a primitive root modulo p.

(i) Q =0. Then F,, = P" for all n > 1. Therefore, [P, 0] is complete modulo p > 2 if and only if P is
a primitive root modulo p.

(iii) P2—4Q =0. If P =0 (mod p), the sequence is clearly not complete modulo p > 2. If P #
0 (mod p), then the sequence F' = [P, Q] satisfies (6); hence it is complete modulo p as shown earlier
in case II.

(iv) P2 —4Q is a nonzero perfect square. Then by Binet’s formula (2) and Fermat’s little theorem, the
sequence [P, Q] is not complete modulo p for all primes p greater than the largest prime factor of A, as
shown earlier in case .

Therefore, we have the following corollary of Theorem 2.

Corollary 6. (GRH) Let P, Q be relatively prime integers. Then the sequence [ P, Q] is complete modulo
infinitely many primes if and only if one of the following statements is true:

(i) P #0and P> —4Q =0.
(i) Q =0and P # +£1 and P is not a perfect square.
(iii) Q # %1 and P> —4Q is not a perfect square.
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3. Proof of the main theorem
First, we consider generalized Fibonacci sequences [P, 1].

Theorem 7. Let P be an integer and p > 3 be a prime. Then the sequence | P, 1] is complete modulo p
if and only if P = £2 (mod p).

Proof. If P? — 4 is zero or a nonzero quadratic residue modulo p, the claim follows from our analysis of
the three cases (I)~(III) in Section 2. Thus, suppose that P? — 4 is a quadratic nonresidue modulo p and
F =[P, 1] is complete modulo p, and we derive a contradiction. It follows from part (i) of Lemma 5 that
in this case a?t! = g7+ = 1. Therefore, for r = %(p +1), we have ", B € {1, —1}. SinceaB=Q =1,
one has " 8" = (@B)" = 1; hence o = B" € {1, —1}. If " = " =1, then F,, = F, (mod p) for all
n > 0; hence w(p) | r and so the sequence [P, 1] is not complete modulo p. Therefore, suppose that
o =" =—1. Then for all n > 0,
+n r+n n n
Fr-‘rn = IB = o« ﬂ = _Fn
a—p a—p

in Z,. In particular, by our assumption that [P, 1] is complete, we must have {£F, ..., £F,_} =
{1,..., p—1} modulo p. It follows that

Fi4+ 4+ F> =1+ -+ —1)*>=0 (mod p) (7)

for p > 3. On the other hand,

r—1

r—1
ZFizz (a_llg)z Z(ai_'gi)z
i=1 i=1
1 52
N ﬂ)Q( = ZQ +f )
(223 )
= —(—2-2Y"1)=——
S

which contradicts (7). Il

Part (i) of Theorem 2 follows from Schinzel’s result [1990] for Q = —1 and from Theorem 7 for
Q = 1. Note that Theorem 7 implies that if A = P2 —4 # 0 then [P, 1] is not complete modulo any
p=|P[+3.

The rank of apparition u = u(p) is the smallest positive integer n such that F, = 0 (mod p), or
equlvalently a"=p"inF . If @™ = B™ in [ for an integer m, then w |m. One can arrange the full
period {F I<i<m(p)}ina(w/pm)xu matrlx where the i j-th entry is given by F(, Dutj. 1<i<m/u,
1 < j < p; We call this matrix the period matrix of [P, Q] modulo p. Since F; =0 (mod p) if and only
if p | ¢, the last column of the period matrix is a zero column and all other entries are nonzero modulo p.
It follows that O appears exactly 7/ times in the full period.

In Theorem 8, we show that if Q is a primitive root or the square of a primitive root modulo p, then
every nonzero element appears the same number of times in the full period. As an illustration, consider
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the following two examples. First, let (P, Q) = (12, 5) and p = 19. In this case u(19) =5, ord;9(5) =9,
7(19) =45, and u = > = 103566 + 186014/31 = 16 (mod 19). The period matrix is given by

(1126120 1
162 1 20 16
9 1316 13 0 9
1118 9 180 11
5311 30[=]|5]0126120) (mod19).
410 5 10 0 4
78 480 7
17 14 7 140 17
6 1517150/ \6

The first and the third columns of the period matrix list exactly all of the nonzero quadratic residues mod-
ulo 19, while the second and the fourth columns list exactly all of the quadratic nonresidues modulo 19.
In particular, each nonzero element in the period matrix is repeated exactly two times.

Next, let (P, Q) = (1,4) and p = 13. Then ord;3(4) =6, mw(13) = 84, and ©(13) = 7. The period
matrix in this case is given by

1 1106 5 70 1\
1111 6 1 3 120 11
4 4 1117 20 4
5 511 41290 5
3345 2 80 3
775 3 9100 7
123738 60l=112 (1110657 0) (mod13),
2 2 7121010 2
9 9122 6 110 9
8 82 91 40 8
1010 9 8 11 5 O 10
6 6 8104 3 0 6

where each nonzero entry is repeated six times.

Theorem 8. Let p be an odd prime such that p{ P and P* — 4Q is a quadratic nonresidue modulo p.
Suppose that ord,(Q) = (p — 1)/ k for some k € {1, 2}. Then the generalized Fibonacci sequence [P, Q]
is complete modulo p. More precisely, the following statements hold:

@) If p=1 (mod4), or p=3 (mod4) and (p) is even, then zero appears in the full period {E :
1 <i <nm(p)}exactly p—1 times, while each nonzero element of Z, appears exactly u — 1 times.
(b) If p =3 (mod 4) and the rank of apparition  is odd, then
(1) either zero appears in the full period exactly p — 1 times, while each nonzero element of Z,
appears | — 1 times, or

(i) zero appears in the full period exactly %( p — 1) times, while each nonzero element of Z,, appears
exactly %(u — 1) times.
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Proof. (a) Letu = a" = F, 1 € Z,. We first show that u is a primitive root modulo p. Since F),;| =
(@t — BPt1) /(@ — B) =0 by Lemma 5, we have o | (p+1). Let [ = (p+1)/p, and sou’ = Q in F
If k =1, then Q is a primitive root modulo p; hence u is a primitive root modulo p. Thus, suppose that

k =2; hence Q is a quadratic residue modulo p. It follows from u’ = Q that ord pu)y=p—1or é( p—1).
Since (a?tD/2)2 = Q, and Q is a quadratic residue, we must have P!/ 4 €y C F,>. Similarly
BW+/2 ¢ 7,,. Therefore, either aP+1/2 = P+1/2 or g(+1/2 = _g(r+1)/2, If (P2 BrD/2,

we have F(p+3)/2 =aPtD2P/(a - B) € Z,, which is a contradiction since P # 0 modulo p and
a—B=+A¢ Z,. Therefore, we have aPTD/2 = gr+D/2 and so | 2(p + 1). There are two cases.

Case 1. If p =1 (mod 4), then it follows from pu | E(P + 1) that 1 is odd and / is even. But then,
(uP=D/2)!/2 = Q(P=D/4 = —1, which implies ord, (u) # %(p — 1), and so ord,(u) = p — 1 in this case.

Case 2. If p = 3 (mod4), then p is even by the assumption. If ord,(u) = ;(p 1), then u is a
quadratic residue and so /2, g*/% ¢ Z, since (@*?)? = (B*?)? = u. Tt follows that a*/> = £pH/2,
However, by the definition of j, we cannot have /> = g#*/2. Therefore, a*/> = — /2, which implies
Fupa = a2 P /(a — B), which contradicts @ — B = /A ¢ Z,. It follows that ord,(u) = p — 1 in this
case as well.

We have so far shown that u = «** is a primitive root modulo p. In particular, the numbers Fy, 1 =o',
1 <s < p—1, form a reduced residue system modulo p; i.e., they contain every nonzero congruence
class modulo p. Since foreach 1 <s < p—1and 0 <t < u, we have

asu+t _ IBS;Lth
a—p

and F; # 0 for 1 <t < pu, we conclude that the numbers Fy,1,, 1 <s < p — 1, form a reduced
residue system modulo p for each fixed 0 < ¢ < p. It follows that zero appears exactly p — 1 times
among the numbers ﬁl, e fn(l,), and each k € {1,..., p — 1} appears exactly u — 1 times in the
full period. Moreover, 7w (p) = u(p — 1); i.e., each nonzero element of Z, appears exactly u — 1 =
(m(p)— p+1)/(p —1) times. This completes the proof of part (a).

Fsu—i—t: :asuFt:Fsu—l—lFta

(b) If ord, () = p — 1, then again u is a primitive root modulo p and the claim follows as in the proof
of part (a). Thus, suppose that ord,(Q) = ord, (1) = 2(p —1). Then { surl =u’ 11 <s < %(p — 1)}
contains exactly all quadratic residues modulo p. Since F,, = u’F,, we have

p p
Therefore, the last column of the period matrix is a zero column; moreover, every other column of the
period matrix lists either exactly the set of all nonzero quadratic residues or the set of all quadratic
nonresidues, depending on whether the first entry in the column is a quadratic residue or a quadratic

nonresidue. Equation (5) implies F, Fj,_—1) = QF,—1F,—, (mod p). Since Q is a quadratic residue
modulo p, it follows that

(£> (F“—“) — (F““) (F"‘““”) forallae{2,...,n— 1}
p/\ p p p
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Therefore, (%) (%) is independent of a, and so

GIC)-C)6) -

sinceu =at =F, 1 =PF,— QF,_1 =—QF,_1, which implies
F,_
(%)=
4
We conclude that for each a € {1, ..., u — 1} exactly one of the numbers F, or F,_, is a nonzero

quadratic residue modulo p. So half of the (« — 1) nonzero columns of the period matrix list exactly the
set of all nonzero quadratic residues and the other half list exactly the set of quadratic nonresidues. It
follows that each k € {1, 2, ..., p — 1} appears %(M — 1) times in the full period. (|

As we discussed in the Introduction, the existence of primitive roots modulo primes in a given arith-
metic progression plays an important role in the proof of Theorem 2. In particular, we need the following
theorem from [Lenstra 1977a, Theorem 5.1].

Theorem 9 (Lenstra). Let b, ¢ be positive integers, (b,c) = 1, and let t € Q, t # 0, £1. Let a(t)
denote the discriminant of Q(+/t) over Q. Then the set of prime numbers q in the arithmetic progression
b+kc, ke{0,1,2,...}, for which t is a primitive root is finite if and, modulo the Generalized Riemann
Hypotheses, only if, one of the following conditions is satisfied:

@) I|c, b=1 (modl), t € Q* for some prime number I,
(b) a(t)]c, (“ET”) = 1 (Kronecker symbol),

© a@®) 3¢, 3la@), ((X22) =1, 1 e @,
where Q" = {¢' : g € Q\{0}}.

Lemma 10. (GRH) Let P, Q be integers such that |P> — 4Q| is not a perfect square and Q # —1.
Suppose that either %(P2 —4Q) is not a perfect square or Q is not the twelfth power of an integer. Then
there exist infinitely many primes q such that [ P, Q] is complete modulo q.

Proof. Let r be the largest integer such that Q is the r-th power of an integer. If r is odd, let » = r and
Qo be the unique integer such that Q = Qg. If r is even, we write r = 2¢h, where & is odd and € > 1, and
let Q¢ be the unique negative integer such that Q = Q%h. Also, let A" and Q' be the square-free parts of
A= P?— 4Q and Qy, respectively. Let C, H and 7 denote the sets of prime factors of A’, i, and Q’
respectively.

First, suppose that A’ =3, 3 € H, and 7 = &. It follows that —Qy is a perfect square. If Q is a
perfect square, then by the definition of Qg, we have Q = Q%h. Since 3 | h and — Qy is a perfect square,
it follows that Q is the twelfth power of an integer. Since A’ = 3, we see that %(P2 —40) is a perfect
square. However, the case where Q is the twelfth power of an integer and %( P? —40Q) is a perfect square
is excluded from consideration in the hypotheses of Lemma 10. Thus, suppose that Q is not a perfect
square, and so Q = QS. It follows that Q = —R? for some integer R and P2 —40Q = A =3Y? for some
integer Y. But then P2 + 4R? = 3Y?, which has only the trivial solution P = R = Y = 0 in integers
by the sum of two squares theorem (see, for example, Theorem 2 in Chapter 2 of [Grosswald 1985]), a
contradiction.
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Next, suppose that A’ £ 3, or 3 ¢ H, or T # &. We have two cases:

Case I. Suppose A" #3 or3 ¢ H. If C # {3}, let a # 3 be the smallest prime factor of A’, otherwise (i.e.,
when A" = —3 or A’ =3 but 3 ¢ H) let a = 3. For each odd p € C\{a}, let X, be an integer such that

(ﬁ) — (_1)(17—1)/2'
p

(X—> = —sgn(A) (= 1)@/,
a

where sgn(A) =1 if A > 0 and sgn(A) = —1 if A < 0. Moreover, without loss of generality, we can
choose X, for each p € CNH such that X, # 1 (mod p). Now, consider the system of congruences

x =X, (mod p) forall peC\{2},

x =2 (mod p) for all p € H\C,

x =3 (mod 8) ifa#2or A >0,

x =7 (mod 8) ifa=2and A <O.
Note that by our choice of X, for p € CNH, any solution of the system (8) satisfies ged(x — 1, h) = 1.
By the Chinese remainder theorem and Dirichlet’s theorem, there exists a prime b > 4A#h that satisfies
(8). We choose € {Qo, —Qo} such that (;) = —1. Theorem 9 with our b and ¢ and ¢ = 4° Ah (where the
integer § is large enough so that b < ¢) implies that there exist infinitely many primes ¢ = b (mod 4Ah)
such that ord, (1) = g — 1. Since ged(g — 1, h) = 1, it follows that ord, (") = qg—1.

If Q is not a perfect square, then by our definition of Qg and 7, we have Q = +¢". It follows that
either ord,(Q) =¢q — 1 or ord,(—Q) = g — 1. Hence, ord,(Q) =g — 1 or %(q —1). If Q is a perfect
square, then Q = Q%h, and since Qg or — (g is a primitive root modulo ¢, we have ordq(Q(z)) = %(q —1),
and so ord, (Q) = $(¢ — 1) since Q = (Q3)" and ged(h, g —1) = 1.

If a is odd, then A" is odd and ¢ = b = X, (mod p) for all p € C. Moreover, ¢ =b =3 (mod 4). It
follows from the quadratic reciprocity law that

(2)=(%7), 11 ()

If a is odd, choose X, such that

®)

peC\la}
= sgn(A)(=D“" ”/2( ) [T b “/2( )
peC\{a}
= sgn(A)(— 1)~ ”/2( ) [T b 1>/2( ) ~1. ©)
peC\la}

A similar calculation works for the case a = 2. Therefore, P> —4Q is a quadratic nonresidue modulo ¢
and ord,(Q) =q — 1 or %(q — 1). It then follows from Theorem 8 that [P, Q] is complete modulo ¢,
and the proof of the lemma is completed in case I.
Casell. A’=3and3eH and T # . If 3 € T, leta = 3, otherwise let a € T be arbitrary. For each
odd p € T\{a}, choose X, such that
&)
— =1
p
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)

Moreover, without loss of generality, we can choose X, for each p € C N'H such that X, # 1 (mod p).
Consider the system of congruences

x =X, (mod p) forall peT\{2},
x =2 (mod p) for all p € H\T,
x =1 (mod 8) ifa#2,
x =5 (mod 8) ifa=2.

Also let X, be an integer such that

(10)

As in the proof of case I, we choose b > 4Ah to be a prime satisfying congruences (10). Let t = Qo
and ¢ = 4% Ah, where the integer § is chosen such that b < ¢. By Theorem 9, there exist infinitely many
primes ¢ such that ¢ is a primitive root modulo g. A calculation similar to (9) shows that P2 —4Q is a
quadratic nonresidue modulo ¢g. Therefore, by Theorem 8, the sequence [P, Q] is complete modulo ¢,
and the proof of Lemma 10 is completed. U

Next, we consider the case where %(P2 —40) is a perfect square and Q is the twelfth power of an
integer. First we need a lemma.

Lemma 11. Let P, Q be relatively prime integers and t' be a square-free integer. Then there exists
a constant N (that depends on P, Q, and t') such that for the sequence F = [P, Q] we have F| #
1,6,2t', 3t for all i > N, where F! denotes the square-free part of F;.

Proof. By [Ribenboim and McDaniel 1991, Proposition 1], each square class of [P, Q] is finite. In other
words, given any i > 1, there exist only finitely many j > 1 such that F; F; is a square. Lemma 11 follows
immediately. U

In the proof of the next lemma, we will work with biquadratic residues and nonresidues. Given a
prime p =1 (mod 4), the multiplicative group Z;, is divided into four subsets: the subgroup generated
by the fourth powers (which we call biquadratic residues) and its cosets.

Lemma 12. (GRH) Let P, Q be relatively prime integers such that Q = Z'* and P> —4Q = 3Y? for
some integers Z > 1 and Y # 0. Then [P, Q] is complete modulo infinitely many primes.

Proof. Let h be the largest odd integer such that Z = 1>, where € > 0 and ¢ is not a perfect square. Let
t’ be the square-free part of t. Let F = [P, Q] and F/ be the square-free part of F;, i > 1. Finally, let
Di, H, and T denote the sets of prime factors of Fi’ , h, and ¢’ respectively, i > 1.

We claim that there exists a set Q2 € D; UT that has the following properties:

(1) 2,3¢ (D;UT)\.

>i1) #(D; N Q) and #(7 N 2) are odd.
We first note that gcd(#’, 6) = 1, since otherwise gcd(Z, 6) # 1, and it would follow from P> —4Z'2 =3Y?
that gcd(P, Q) # 1. Therefore, 7N{2, 3} =@. By Lemma 11, there exists i > 1 such that F/ #1, 6, 2¢', 3¢".
There are four cases:

Casel. 2,3€D;. ID;NT £, letac D;NT and L ={2, 3, a}. If D; N'T = &, then since ¢’ # 1 and
F! #1, 6, there exists a € T\D; and a’ € D;\T. We let Q = {2, 3, a,a’}.
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Case 2. 3€D; and 2 ¢ D;. If there exists a € T\D;, let 2 = {3, a}. If T\D; = &, choose a € D; N T.
Moreover, we choose a’ € D;\T. Such an a’ exists, otherwise F/ = 3t’, a contradiction.

Case 3. 2 € D; and 3 ¢ D;. If there exists a € T\D;, let Q = {2, a}. If T\D; = &, choose a € D; N T.
Moreover, we choose a’ € D;\T. Such an a’ exists, otherwise F/ = 2t', a contradiction.

Case 4. 2,3¢D;. Ifthere existsa € D; T, let Q= {a}. If D;NT =&, choose a € D;\T and a’ € T\D;,
and let Q = {a, a’}.

Next, we define integers X, for odd primes p € D; UT as follows. For each odd p € (D; UT)\L,
choose an integer X, such that
X
<_p) - l.
p

For odd p € ©, choose an integer X, such that

)

Moreover, we can choose X, such that X, # 1 (mod p) if p € H. Consider the system of congruences

x =X, (mod p) forall pe (D;UT)\{2},
x =2 (mod p) for all p € H\(D; UT),
x =2 (mod 3),

x =5 (mod 8).

(1D

Let b > 24F/t’' be a prime satisfying the congruence relations (11). In particular, for any prime p =
b (mod 24F;t"), we have gcd(b —1,3h) =1 and

(0-16)-16) 1.6

qe

Lenstra’s theorem, Theorem 9, with ¢ = 3 - 4° F/t" (where the integer § > 2 is large enough such that
b < ¢) and our b and ¢, implies that there exist infinitely many primes p = b (mod ¢) such that ¢ is a

primitive root modulo p. Since Q = ¢'>%", we have

p—1

d =
ordy(Q) = ap—1.12-2)

Recall from the proof of Theorem 8 that Q = u', where u = o* and [ = (p + 1)/p. It follows that
ord,(w) e {p—1,3(p—1), 3(p — D}. If ord,(u) = p — 1, then the numbers Fy,; = u* contain all
nonzero elements modulo p; hence [P, Q] is complete modulo p. If ord, (1) = %( p—1), then the numbers
Fy; 11 =u’ (mod p) contain all quadratic residues modulo p, while the numbers Fs,; = u*F; (mod p)
contain all quadratic nonresidues modulo p since F; is a quadratic nonresidue modulo p by the calculation

()-16)-16).0,0-

q€D; qe
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and so [P, Q] is complete modulo p. Thus, suppose ord, (u) = Alf(p —1). Then the numbers Fy, 11 = u’
consist of all of the biquadratic residues modulo p. Moreover, we have

u=F,W=PF,—QF, 1 =-0F,_ (mod p).

Since p =35 (mod 8), we know that —1 is a quadratic residue but not a biquadratic residue modulo p. It
follows from the fact that Q and u are biquadratic residues modulo p that F,_ is a quadratic residue but
not a biquadratic residue modulo p. Hence the numbers Fy, ;1 =u®F,_1 consist of all of the quadratic
residues that are not biquadratic residues modulo p. Moreover, since F, Fj,_—1) = F4—1F,—, (mod p)
fora e {2,...,u—1}, one has

FuoF ' =Fy_q-1F, ", (mod p) forallae{2,...,pu—1},

which implies F;,_, F, a_l =F, . F 1= F,,—1 (mod p), which is a quadratic residue but not a biquadratic
residue. It then follows that the numbers Fy,,; = u’F; and Fy, ., _; = u’F,,_; together consist of all of
the quadratic nonresidues modulo p, and the proof is completed. U

To complete the proof of Theorem 2, it remains to consider the case where P> —4Q = —X? for a
nonzero integer X.

Lemma 13. (GRH) Suppose that Q # +1 and P?> —4Q = —X? where X is a nonzero integer. Then
[P, Q] is complete modulo infinitely many primes.

Proof. There are two cases:

Case I. Q is not a perfect square. Let t = Q and note that Q > 0, otherwise —X 2=pP2-40>0,a
contradiction. We claim that the obstructions (a), (b), and (c) in Theorem 9 (with b =3 and ¢ =4) do
not hold. Condition (a) fails since / must be odd and b = 3, and so b # 1 (mod /) for any odd prime /.
Condition (b) fails since if «(t) | 4, then a(t) = £1, £2, 4. Since t = Q is not a perfect square and
0 > 0, and a(¢) is a fundamental discriminant, we must have «(¢) = 2, and so

(%)=
3

For condition (c), since a () > 0, if a(¢) | 3c and 3 | «(¢), then a(¢) = 3, 6, 12, and so the power of 3
in the prime factorization of 4Q is odd. But then from P> —4Q = —X? we have 40 = P2+ X% a
contradiction with the sum of two squares theorem (see again [Grosswald 1985, Chapter 2]).

It then follows from Theorem 9 that there exist infinitely many primes p in the arithmetic progression
{4k +3 : k > 0} for which ord,(Q) = ord,(t) = p — 1. On the other hand, since p =3 (mod 4), we have
that P> —4Q = —X? is a quadratic nonresidue modulo p. Therefore, the sequence [P, Q] is complete
modulo each such p > P by Theorem 8.

Case II. Q is a perfect square. Let Q = Z? for some integer Z, and let = —Q. In particular o(¢) =
a(—Z% = —4. We again see that conditions (a), (b), (c) in Theorem 9 fail with b = 3 and ¢ = 4.
Condition (a) fails since » = 3 and [ is odd. Condition (b) fails since

)-6)--
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Condition (c) fails since 3fa(z). It follows that there exist infinitely many primes p in the arithmetic
progression {4k + 3 : k > 0} such that ord,(#) = p — 1; hence ord, Q = %(p — 1), and so the sequence
[P, Q] is complete modulo p by Theorem 8. O

Theorem 2 follows from Theorem 7 and Lemmas 10, 12, and 13.
If we let 7, (x; c, b) denote the set of primes p < x such that p = b (mod c) and ¢ is a primitive root
modulo p, then by a theorem of [Lenstra 1977b] (see also [Moree 1999, Theorem 2]):

log1
7, (x5 ¢, b) = 8(t, ¢, b) —— + O T2 281 )
log x log? x

where 8(¢, ¢, b) > 0 is a constant computable in terms of 7, ¢, b [Moree 1999, Theorem 3]. The cases
where §(¢, c, b) = 0 are exactly given by the three cases (a), (b), (c) of Theorem 9. In the proofs of
Lemmas 10, 12, and 13, we have excluded the possibility of §(z, ¢, b)) = 0 to show that there exist
infinitely many primes in suitable arithmetic progressions with a suitable prescribed primitive root. In
other words, throughout our proofs, we have had é(¢, ¢, b) > 0 in various places where we have defined
t,c, and b in terms of P and Q. Therefore, we have shown under the GRH that if gcd(P, Q) = 1 and
Q # +1 and P? —4Q is not a perfect square, then for all x large enough,

X
#A(x; P, Q) = n(P, Q)l_’
ogx

where n(P, Q) > 0 is a constant that only depends on P and Q.

4. The relative size of complete pairs

In Theorem 2, we fixed the parameters P, Q and considered the primes p such that the generalized
Fibonacci sequence [P, Q] was complete modulo p. In this section, we fix a prime p and consider
parameters P, Q for which the sequence [P, Q] is complete. Let A, denote the set of pairs (P, Q) €
{1,..., p—1}* such that [P, Q] is complete modulo p. We are particularly interested in the relative size
of A, intheset {l,..., p—1}2

In what follows, let A, denote the set of primitive roots modulo p in Z,. Let B, denote the set of
Qe{l,..., p—1}suchthatord,(Q) = (p — 1)/ k, where k € {1, 2}. In particular A, C B,. Finally, for
each Q € {l1,..., p—1}, let Cy denote the set of P € {1, ..., p— 1} such that P> —4Qisa quadratic
nonresidue.

Lemma 14. For every odd prime p, one has |A | > %(p —3)IBpl.

Proof. Let X be the set of x € {1, ..., p— 1} such that x is a quadratic residue and x — 1 is a quadratic
nonresidue, and let ) be the set of y € {1, ..., p — 1} such that y — 1 is a quadratic residue and y is a
quadratic nonresidue modulo p. It follows from [Aladov 1896, Theorem 1] that

XL 1V = 3(p = 3). (12)

If Q is a quadratic residue modulo p, then the map P — P2/(4Q) is a two-to-one map from Cg onto X.
If Q is a quadratic nonresidue modulo p, then the map P +— P?/(4Q) is a two-to-one map from Cop
onto ). In either case, it follows from the inequalities (12) that

ICol = 2(p—3).
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By Theorem 8, if Q € B, and P € Cp, then [P, Q] is complete modulo p. Therefore, we have

1Apl= ) 1Col = 5(p—3)IB,|. O
QeB,

Now, we are ready to prove Theorem 3.

Proof of Theorem 3. By [Heath-Brown 1986, Lemma 1], there exist infinitely many primes p; = 3
(mod 4), i > 1, such that %( pi — 1) is either a prime or a product of two primes g;, r; such that ¢;, r; > pl.1 /4

Therefore 5
o= _1(,__1
2 pi— 1 2 1/4

1
for all i > 1. Since the number of primitive roots modulo p; is given by | A, | = ¢ (¢ (pi)) =P(pi — 1),

it follows that
AR . o(pi—1D 1
lim = lim ——~ ==

— . 13
i—>00  Dj i—00 D —1 2 ( )
Moreover, since X
1B\A,| =#{x € Z}, - ord,(x) = 5(p — 1)}
=#{l<k<p—1:gcdk,p—1)=2}
=p(3(p—D) =¢(p—1) = |4,
we have |B,| = |A,|+ |B,\A,| =2|A,[, and so
B,
im B2 .
i—00  Dj
Therefore, by Lemma 14, we conclude that
A Ay, L(pi —3)1B,,
timsup 22 > fim sup 200 iy 22170l 1 (14)
p—oo P i—00 P; i—00 P; 2

On the other hand, for every odd prime p, one has |A | < %( p% —1). To see this, we note that for each
Pe{l,..., p—1}, the number of Q such that P> —4Q is zero or a quadratic nonresidue is %(p +1). It
follows (recall case (I) of Section 2) that for at most %( p2 — 1) pairs [P, Qle{l,..., p— 1)2, the sequence
[P, Q] is complete modulo p, and so |A | < 5(p* — 1), which implies limsup, , ., |Ap|/p* < 5. This
together with (14) completes the proof of Theorem 3. (|
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Discretized sum-product for large sets

Changhao Chen

Let A C[1,2]be a (8, 0)-set with measure |A| = §'7 in the sense of Katz and Tao. Foro € (1,1) we
show that
|A+ Al +|AA| % §°|A]

forc = (1 —0)(20 — 1)/(60 4+ 4). This improves the bound of Guth, Katz, and Zahl for large o.

1. Introduction

Erd6s and Volkmann [1966] showed that for any o € [0, 1] there exists a subgroup of reals with Hausdorff
dimension o, and they conjectured that this property does not hold for a subring of reals. Precisely
the Erdés—Volkmann ring conjecture claims that there does not exist a subring of reals with Hausdorff
dimension strictly between 0 and 1. Edgar and Miller [2003] first proved this ring conjecture via the
orthogonal projections of fractal sets. Slightly later Bourgain [2003] independently proved the Erd&s—
Volkmann ring conjecture via the discretized ring conjecture (discretized sum-product) of [Katz and Tao
2001].

The discretized sum-product also has many other applications. For instance it is closely related to
Falconer’s distance set problem and the dimension of Furstenburg sets; see [Katz and Tao 2001] for
more details. Bourgain [2010] showed a different approach for the discretized sum-product, and gave
applications in the projections of fractal sets and Fourier analysis. For applications of the discretized
sets to projections of fractal sets see [He 2017a; Orponen 2016]. For applications of the discretized
sum-product to the Fourier decay of measures see [Li 2018].

We note that Bourgain [2003; 2010] does not produce an explicit bound. Recently Guth, Katz, and
Zahl [2018] gave a short proof of the discretized sum-product theorem, and they showed an explicit bound
for it. They used some ideas from [Garaev 2007] and applied some discretized version of arguments from
additive combinatorics.

We begin by introducing some notation of [Katz and Tao 2001]. Let €, § be small and positive param-
eters. We use f S g todenote | /| < Ce8C€|g|, fRgifgS frand f~gif f SgandgZ f. Wesay
that a subset 4 C R is §-discretized if A is the union of intervals of lengths & §. For a positive constant
M we say that a subset A C (—M, M) is a (§, 0)-set if it is §-discretized and one has

o
140 B(x,r)| gs(g)

forall§ <r <1and x € R.

MSC2010: 05B99.
Keywords: (8, 0)-sets, sum set estimates, Fourier transform.
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We note that a (§, 0)-set here may have much smaller measure than §'~°. However we ask that any
(8, 0)-set have positive measure to avoid its being the empty set.

We remark that the (8, 0)-set can be considered as the discrete approximation of a set in R at scale §.
Suppose that F' is a compact subset of R. For each k € Z let

Iis = k8. (k + 1)8]

and Fjy be the union of the interval Iy s which intersects F'; that is,

Fs=  |J I

keZ,FNIj s#o

In many cases, the set Fs is a (§, 0)-set for some 0 < o < 1. Here the parameter ¢ is often related to
the “fractal dimension” of F. For instance if F is the classical Cantor ternary set, then for any 0 < § < 1
the set Fj is a (8,1log2/log 3)-set. Indeed this follows from [Falconer 2003, Chapter 3], which shows
that the box dimension of the Cantor set is log 2/ log 3. We remark that there are various dimensions in
fractal geometry; we refer to [Falconer 2003] for more details.

The above argument shows that the (d, 0)-set in R is also important for understanding the structure
of set in R?. However, in this paper we consider (8, o')-sets on the line R only.

Let A, B C R. The sum set of 4 and B is defined as

A+ B={a+b:ac A,be B},
and similarly the product set of 4 and B is defined as
AB={ab:ac A, b € B}.

Using the above notation, Bourgain’s discretized sum-product theorem claims that for a (§, o)-set
A C[1,2] with 0 < 0 < 1 and measure |A| = §' 7, there exists a constant ¢ = ¢(¢’) > 0 such that

|A+ Al +]AA4| 2 87| A|.

Under the same condition, Guth, Katz, and Zahl [2018] proved that for any ¢ < o (1 —0)/(4(7 + 30))
one has

|A+ Al +]AA4| L 67| A|.

By adapting the arguments of [Garaev 2007; Guth, Katz, and Zahl 2018], and the bilinear bound of
[Bourgain 2010, Theorem 7], we obtain the following.

Theorem 1.1. Let o € (%, 1) and A C [1,2] be a (8, 0)-set with measure |A| = §'7°. Then

1—0)2o—1)

A+ A+ |AA| 38 6ata |4l

Note that for any % < 0 < 1, Theorem 1.1 gives a nontrivial lower bound. Furthermore for o >
%(\/ 226 —10) = 0.5703..., Theorem 1.1 improves the bound of [Guth, Katz, and Zahl 2018].
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2. Preliminaries

We use #S to denote the cardinality of set S. Let X, Y, Z C R be finite sets with Z # &; then the Ruzsa
triangle inequality claims that

#HX + Z2)WZ+7Y)
47 '

See [Tao and Vu 2006, Chapter 2] for a proof and many other useful sum set estimates.

We need the following well-known discretized version of the Ruzsa triangle inequality. Our proof is
based on [Guth, Katz, and Zahl 2018, Proof of Corollary 2.3; Orponen 2016, Remark 4.40]. For many
other discretized versions of sum sets estimates see [He 2017b; Tao 2014].

We show a geometric observation first. Let S C R be the union of disjoint intervals with length 3 §.
Then for all 0 < ¢ < 10 we have

HX +Y)<

IS + B(0,c8)| S IS]. (1)
Here we can change the parameter 10 to any other fixed positive constant.
Lemma 2.1. Let A, B, C C R be §-discretized sets. Then
|A+ C||C + B
C|

Proof. Without loss of generality we may assume that each interval of 4, B and C has length at least §.
In the end we change the estimate < to 5, and this does not change our result.
For any set S C Rlet Ss = (§/3)ZNS. Forany a € A, b € B there exists a’ € Ag, b’ € B such that

|A+ B| 5

la+b—da —b'| <6.
It follows that
A+ B C As+ Bs+ B(0,6) C A+ B + B(0,26). )

Combining with (1) we obtain
|A+ B| < #(As + Bs)d < |4+ B.

Applying the Ruzsa triangle inequality to sets Ag, Bg, Cs and applying (2) to A + C and C + B we
obtain the result. O

Lemma 2.2. Let A C [0, 2] be a §-discretized set, and assume the intervals of A are pairwise disjoint.
Then for any t €[0.5,2.1] and any x € [—38, §] we have

|A+tA| S 1A+ (+x)A| S |A+ 1A
Proof. For any t €[0.5,2], x €[4, 6], and a, b € A we have

[(@a+1tb)— (a+ (t + x)b)| <26,
and hence
A+tAC A+ (t+x)A+ B(0,28) C A+tA+ B(0,46).

Combining with (1) we finish the proof. O
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Let /' : R — R be a function. The Fourier transform of the function f at ¢ € R is defined as
7= [ et=x6) Sy dx,

where throughout the paper we let e(x) = ¢27*. Let j be a measure on R. The Fourier transform of
the measure p at £ € R is defined as

A = / e(—x8) du(x).

For a subset S C R we will also use S to denote the characteristic function of S. Let A, B C R be
two bounded sets. The convolution of 4 and B is defined as

(A B)(x) = /R A(x— ) B(y) dy.

The (additive) energy of A, B is defined as

E(A.B) = /R (A% B)(x)? dx = /R A®)P1B®) de. 3)

The second equality holds by applying the Plancherel identity and the convolution theorem. Clearly we
have

/(A * B)(x)dx = |A||B].
R
By the Cauchy—Schwarz inequality we obtain
(|4|B])* < E(4. B)|A + B. )

We will frequently use the Plancherel identity for a set. Precisely for a bounded subset S C R we
have

/R|§(s)|2ds= 1], 5)

We formulate the following version of [Bourgain 2010, Theorem 7]. Note that the interval [0, 4] is not
essential; in fact Lemma 2.3 holds for any bounded interval.

Lemma 2.3. Let i, v be probability measures on [0, 4] such that, forall § <r <1 and all x € R,
w(B(x,r)) S Kir® and v(B(x,r)) 5 Korb.
Then for 1 <|&| <8~ we have

/R/Re’(—xyé)du(x) dv(») S VK K, g5

We remark that the statement of [Bourgain 2010, Theorem 7] gives a bound for

‘ / / e(—xy€) du(x) dv(y)
R JR

However the proof of [Bourgain 2010, Theorem 7] (see (8.3) of that paper) indeed works for the bound

/R ‘ /R e(=xyE) du(x)

dv(y),
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which is used for bounding (22) below. Moreover the term +/ K K, appears, due to the use of the
Cauchy—Schwarz inequality in the proof of [Bourgain 2010, Theorem 7].
In particular we have the following version for (8, o)-sets, which is easier for our use.

Lemma24. Let0 <o, < 1. Let A C[0,4] and B C[0,4] be a (8, a)-set and a (8, B)-set respectively.
Then for any 1 <& < 8§71 we have

_oa+B—=1 2—a—p8
[ o] ay 175575 T

Proof. For A we define a measure by letting

| X NA|
w(X) = for X CR.
| 4]
By the condition that A is a (§, o)-set we obtain
w(B(x,r)) Sres' A7 fors<r<1. (6)
Similarly for B we define a measure v by letting
XNA
v(X)=| | for X CR,
| 4]
and we have
v(B(x.r) SrBs'BIB|™' fors§<r<1. (7)

Clearly we have

dv(y).

/A‘/Be(‘”@d’“ = |AIIBI/A‘/Be<—xys)du(x>

Then Lemma 2.4 and estimates (6), (7) give the result. O

3. Proof of Theorem 1.1
By adapting the arguments in [Guth, Katz, and Zahl 2018] and especially in [Garaev 2007] we obtain
the following.

Lemma3.1. Let 0 <o < 1. Let A C [1,2] be a (8, 0)-set with measure |A| = §'7. Then there exists a
(8,0)-set T C [0.4,2.1] with measure

A 2
TI% 1
~ |A44]
such that for any t € T we have
|4+ A|*|AA|
A+1A| S ————.
Proof. Let D ={ay,...,ay} be a maximal §-separated subset of A4; i.e., any two distinct elements of D

have distance at least 8, and furthermore for any a € A there exists @; € D such that @ —a;| < §. Note
that
N ~§67°, (8)
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andforall § <r <1 and x € R,

#(D N B(x.r) < (g)a

Let
N
) =) 1g4(x).

i=1
Then we have

N
[ Ferde =3 o) = N1l

i=1

/f(x)zdx: Z la;ANajAl.
R

1=i,j=N

By the Cauchy—Schwarz inequality we arrive at

2
(/ f(x)dx) S/f(x)zdxl{xe[Ri:f(x)>0}|.
R R

Observe that
{xeR: f(x)>0}C AA.

Thus together with (10), (11), and (12), we obtain

N2|A|2

Z laiANa; Al > A4l

1<i,j<N

Thus there exists 1 < jo < N such that

N|A|?
Z laiANaj,A| = |AA|.
1<i<N
Let
P 1<i<N:|lajANaj,A| = |A|2
= tai aij .
== AT = 544
Then

N|A?
2[AA|

Y laiAnaj Al =
ieP

Taking dyadic decomposition for |a; A Naj,A| with i € P, we obtain

N|AJ?
2(4A]

K
> 2 Kupe > Y ClaiAna, Al =
k=1 ieP
where
Pr={ieP: 27" <|g;ANaj A| <27%},

)

(10)

(1D

(12)
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and K is an integer parameter such that

A2
—k-1 <—| | <27k,

214A4| —
Since the product set A A is a subset of [1, 4], we have |4 A| < 1. It follows that

1

Thus there exist t and D; C P such that

K
_ N|A|?
#D. 2 ) 27F#p :
D % ) >
k=1
and for any 7 € D; we have
T <l|aiANaj,A| <2t (13)
Since T < |A| and #D; < N, we obtain
41
2 , 14
N|A|
x 2 15
"X 44| (15)

Now we intend to bound the measure of the set a; A + aj, A for each i € D.. For this purpose we
introduce some notation first.
For each k € Z let Ji s = [k§, (k +1)J). Foreach 1 <i < N let

Ui = U Ji.s-

keZ,a; ANJy s#2
Note that
aiA CU; Ca;A+ B(0,6), (16)

and the intersection U; N Uj is a §-discretized set for 1 <i, j < N. Moreover for each i € D; by (13),

(14) we have

4

|AA|
For any i € D, applying the Ruzsa triangle inequality Lemma 2.1 for the sets a; 4, aj, A and U; N Uj,

we derive

|UiﬂUj0|Z|aiA ﬂaj0A|§ (17)

laiA+ Ui N U} [|Ui NUj, +aj, Al

aiA +ajpA] <
! Jo |U,'ﬂUj0|

(18)

By (16) we have
aiA+UNUj, CaiA+aiA+ B(0,6).

Since 1 < a; <2 and the simper fact (1) we obtain

la;iA+U; NUj,| < |4+ A
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Similarly, we have
laj, A+ Ui NUj| < |4+ Al
Combining with (17) and (18) we arrive at

|A+ A|?|AA|

. 41 <
laiA+aj Al 3 YE

Applying Lemma 2.2 we obtain that for any i € D; and x € (—§, §) we have

; A+ A|?|AA
‘A_f_(a_l_f_x)A‘é#.
djy |Al

aj; )
T = Bl—,-).
.kDJT (ajo 2)

IAS

Let

We ask that § is a small positive parameter, and hence T" C [0.4, 2.1]. Furthermore, the estimates (8),
(15) imply

41
T #D.5 % .

By (9) we obtain that 7" is a (§, 0)-set, which finishes the proof. |
Applying Lemma 2.4 we obtain the following upper bound of the mean value of energies E(4,tA4).

Lemma 3.2. Fix % <o <. LetT C[0.4,2.1] be a (8, 0)-set with the measure |T| > §. Let A C [1, 2]
be a (8, 0)-set with measure |A| = §'7°. Then

20

/ E(A.1A)dt § |AP|T)(| A5 | T "% +8(4|T)7Y).
T

Proof. For each t € R and £ € R we have
1A = tA@8).
Thus by (3) and the condition 7" C [0.4, 2.1] we conclude that
/1HAJA)&<</Q/|A@NHAU@FdNQ. (19)
T T JR

Let 0 < L < 1/6 be a parameter which will be determined later. We decompose R into three parts,
and then bound (19) by three corresponding parts. Precisely,

(19 < Iy + 11 + I, (20)
where

_ n 2, 7 2
Io= /T /|E|5L|A<s)| AGE)2 di d.

I = A®P|A@E)|* dt dE,
=) AR A ar g
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and

_ N 2, 1 2
e[ [ @RGP s

For Iy, we use the trivial bound |/f (&)| < |A|, and we obtain
Io < |A|*T|L. 1)
For Iy, clearly the trivial bound |/I (&) < |A] gives

/ A di < |A|/ Aen) . 22)
T T

Applying Lemma 2.4, and the condition |4| = §!79, we obtain

20—1

/|A(sz>|dr§|A|3|T|%|sr ;
T

Thus we arrive at
20

Sk, 20
) S 14121 T 257 7.

Combining with Fubini’s theorem and the condition o > % we have

20—1

5 1 ~ _
11§|A|2|T|2/ A©) P e 25 at
L<|g|<§—!

§|A|3|T|5L—2"z“/ AE©) de.
L<|g|<§—1

The Plancherel identity (5) implies

/ A@)P de < 4]
L<|g|<é!

Thus we arrive at

20—1

I S|A)3|T 2L~ (23)

Now we optimize the choice of the parameter L to find the smallest upper bound for the parts /o, /;.
Recall that we assumed 0 < L < 1/§. In the end, the parameter L, which makes the right-hand sides
of (21), (23) “comparable”, satisfies our need. Thus we derive

Lo = (|A||T])" 7% (24)

Indeed the conditions |A| = §'~, |T'| > §, and % <o < 1 imply that Loy < §~ 1. Tt follows that

1

Io. Iy SIAI*T|Lo S |AP|T|(|A| 7% | T|"9%). (25)

Now we turn to the estimate for /,. By changing variables and applying the Plancherel identity we
obtain

/RM(zé)sz <Al
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Again by applying the Plancherel identity we have
I, S/ |A@©) 17| Al1E]7" d& <« |A]S.
|§1=6—1

Combining with (20), (21), (24), (25), we obtain the desired bound. O
Now we turn to the proof of Theorem 1.1. Suppose that
max{|A + A|, |AA|} = K|A]|.

By Lemma 3.1 there exists a (6, 0)-set T C [0.4, 2] such that

|A]
T Z —. 26
IT| % X (26)
and for each t € T we have
|A+1tA4| S K3|A|. (27)

Applying Lemma 3.2 to A and 7, we conclude that there exists a o € T such that

20 1

+20 |T|” T+20 +8(|A||T|)_1).

E(A,t0A4) < AP (14]

By (4) and estimates (26), (27), we obtain

20

1
A S (|75 | 7|72 4+ 84l T)™")| 4+ 104|

60

o— +4
< |A|ZTT|A|K 201 + | A7 K2,

It follows that

L (=0)Qo—1) _20-1
K Zmin{é~ ootd 57 4}

Note that for % < o0 < 1 we have
(1-0)20—-1) - 20 — 1
60 +4 - 4 7

and hence
_ (—0)2o—1)

K ; S 60 +4

which gives the result.
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Positive semigroups and generalized Frobenius numbers
over totally real number fields

Lenny Fukshansky and Yingqi Shi

The Frobenius problem and its many generalizations have been extensively studied in several areas of
mathematics. We study semigroups of totally positive algebraic integers in totally real number fields,
defining analogues of the Frobenius numbers in this context. We use a geometric framework recently
introduced by Aliev, De Loera and Louveaux to produce upper bounds on these Frobenius numbers in
terms of a certain height function. We discuss some properties of this function, relating it to absolute Weil
height and obtaining a lower bound in the spirit of Lehmer’s conjecture for algebraic vectors satisfying
some special conditions. We also use a result of Borosh and Treybig to obtain bounds on the size of
representations and number of elements of bounded height in such positive semigroups of totally real
algebraic integers.

1. Introduction

Let n > 2 be an integer and let
l<ay<---<ay (1)

be relatively prime integers. We say that a positive integer ¢ is representable by the n-tuple a :=
(ar,...,ay)if
t=aixi+- - +apx, (2)

for some nonnegative integers xi, ..., x,, and we call each such a solution x := (x1,...,x,) of (2) a
representation for t in terms of a. Let s > 0 be an integer; then the s-Frobenius number of this n-tuple,
gs(a), as defined in [Beck and Robins 2004], is the largest positive integer that has at most s distinct
representations in terms of a. This is a generalization of the classical Frobenius number go(a), i.e.,
the largest positive integer that has no such representations. The Frobenius number has been studied
extensively by a variety of authors, starting as early as late 19th century; see [Ramirez Alfonsin 2005]
for a detailed account and bibliography. The condition

gcd(ay,...,ap) =1 3)

implies that gs(a) exists for every s. The algorithmic Frobenius problem, known to be NP-hard, is to
determine go (or more generally g; for s > 1) given n and the relatively prime n-tuple ay, ..., a, on the
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Keywords: linear Diophantine problem of Frobenius, lattice points in polyhedra, affine semigroups, totally real number fields,
heights.

29


http://msp.org
http://msp.org/moscow
http://dx.doi.org/10.2140/moscow.2020.9-1
http://dx.doi.org/10.2140/moscow.2020.9.29

30 LENNY FUKSHANSKY AND YINGQI SHI

input. The hardness of this problem in particular implies that no general closed form formulas for the
Frobenius numbers exist, sparking interest in upper and lower bounds.

A geometric approach to the classical Frobenius problem was pioneered in the influential paper of
R. Kannan [1992], leading to a polynomial-time algorithm to find the Frobenius number for each fixed .
Bounds on the classical Frobenius number stemming from further geometry-of-numbers applications
were obtained in [Fukshansky and Robins 2007; Aliev and Gruber 2007]. These ideas were also extended
to the more general s-Frobenius problem in [Fukshansky and Schiirmann 2011; Aliev et al. 2012]. A
higher-dimensional analogue of the Frobenius problem was also considered in recent years by several
authors, notably in [Aliev and Henk 2010; Aliev et al. 2013; 2016].

This note is inspired by the work of Aliev, De Loera and Louveaux [Aliev et al. 2016]. We use the
geometric setup and results of that paper (described in Section 2) to define a natural extension of the
Frobenius problem to totally real number fields and to give bounds on the s-Frobenius numbers in this
context. Let K be a totally real number field of degree d over Q with embeddings o1, ...,04: K — R.
Let

E::(Ol,...,ad):l(—)IRd

be the Minkowski embedding of K. Let Ok be the ring of integers of K, and (9; the additive semigroup
of totally positive elements in Ok; i.e.,

Of :=={a € Og :0i(@) >0 forall 1 <i <d}.

Letn >dandletoy,...,a, € (’)I}Ir be a collection of elements so that
Ok =spang{ay, ..., oty ). (@)
Such a collection always exists, since there exist bases for Ok in O};. Indeed, let wy, ..., w; be a Z-basis

for Ok, where w; = 1, and suppose it is not in (’);g. Let
M =] max |oj(®)|]+1,
1<i,j<d

where [ ] stands for integer part. Then 1, M +w;, ..., M + w4 € (’); and it is still a Z-basis for Ok.
Write & = («y, ..., ;). Define the semigroup generated by « to be

n
Sg(a) := {Zaixi S Z;O},
i=1

and the rational cone spanned by « to be
n
Co(a) := {Zaix,- ‘X € @;0}.
i=1
Then it is clear that Sg(a) € Cg(a) N Ok C (9;, and Sg(a) is not necessarily equal to Cg(e) N Ok.

Example 1. Indeed, consider for instance the real quadratic field K = @(\/5) and take

o =1, a2=4+«/§, a3=6+2«/§.
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One easily checks that these three elements are in (9; and

Ok ={a+b«/§:a,bEZ}:{(a—4b)a1+ba2 ra,be”}.
Then
Sg(ar) = {(x1 +4x2 4 6x3) + (x2 + 2x3)V/2 1 x1, X2, X3 € Z0).

On the other hand,
3++2=1a3 eCo(@) N,
but it is clearly not in Sg(e).

Further, for each s > 1 let Sg, () be the set of all points 8 € Sg(ar) for which there are at least s distinct
points x € 72 such that Z;‘:l a;x; = B; then Sg(a) = Sg; (et).

Now, let B € (9;(r be in the interior of the cone Cg(e¢) and take the ray 8 as t € Zs¢. Shifting the cone
Co (o) along this ray and intersecting it with Ox we will eventually land in the semigroup Sg(ee) (this

observation will follow from our results). In other words, there exists a positive integer ¢ such that
int(#B + Co(a)) N Ok < Sg(a).
More precisely, for each s > 1 we can define

gs(a, B) :=minf{r € Z-¢ :int(zB + Cq(e)) N Og < Sg, ()},
and let
gs(a) :=max{g;(er, B) : B € int(Cq(a)) N OF}.

We refer to g(a) as the s-Frobenius number of a.

We can see that when K = Q) this construction reduces to the usual s-Frobenius numbers. Indeed, if
K = Q then Ox = Z and O; = 7>, and (4) simply means that o1, ..., «, are positive relatively prime
integers. Then Sg(a) is the semigroup of all positive integers representable by o, Cg(a) = Q>p, and so
Cao() NZ>p =Zsp. Then

ﬁnelzi(o min{t € Z.o :int(tf + Q>9) NZ € Sg ()} < minfr € Z- : int(t + Q=0) NZ < Sg,(er)}
is precisely the smallest integer ¢ so that all integers > ¢ have at least s representations by a.

We present an upper bound on g (). To state it, we need to introduce a certain measure of arithmetic
complexity of a. Let us write [n] := {1, ..., n} and define J(n,d) :={I C [n]: |I| = d}. For each
I ={i1,...,iq} € J(n,d), let us write disc(ec;) for the discriminant of the subcollection «;,, ..., ;.
We also write A for the discriminant of K, and define

Z |disc(ees)]. (5)

1eJ(n,d)

Notice that absolute values in this definition are not necessary in the case of a real number field, since
all the quantities are positive; we put them there so that this definition can be naturally extended to any
number field. We now state our theorem.
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Theorem 1.1. With notation as above,

1
o) < ————((n —d)D(a) + (s — 1)/ =D D(g)n=d+1/Q0n=d))y
gs()zm(( )D(at) + (s — 1) (a) )
We prove Theorem 1.1 in Section 2. Now suppose that B € Sg(er); hence there exists x € Z%, such
that Z?:l a;x; = B. It is natural to ask for the smallest such representation for 8. In other words, given
B € Sg(a) we want to find x € Z’;O such that Z?:l a;x; = B with |x| :=max{|x;| : 1 <i <n} as small

as possible. This is our next result. To state it, let a(8) := (aq, ..., ®,, B) € K"*! and define
M@, )= ——  max |disc(@(f)|/2 ©
Ak |12 1eg(m+1.4d)

We also briefly recall the definition of a standard Weil-type height on K. Let us write M (K) for the set
of places of K, and for each v € M(K) let d, := [K, : Q,] be the local degree of K at v; in particular,
> uju dv =d for each u € M(Q). Let us normalize absolute values so that the product formula reads

[T lal=1
veM(K)

for all nonzero a € K. Then the usual inhomogeneous height function Hx : K" — R, which extends Weil
height on K, is defined as

Hg(@) = [ max{1,leily, ..., leul}. (7)
veM(K)

We can now state our next result.

Theorem 1.2. With notation as above, let B € Sg(at). Then there exists x € Z;O such that Z?:l aix; =B,
and for any such x we have

1(Hk(B)
n

1/d
HK(“)) <lx| = M(a, B).

We discuss some properties of D(a) and M (e, 8) in Section 3, viewing them as kinds of height
functions. We use these properties along with Theorem 1.1 to obtain a lower bound on absolute Weil
height of « in the spirit of Lehmer’s conjecture on heights of algebraic numbers.

We use a result of [Borosh and Treybig 1976] to prove Theorem 1.2 in Section 4. This theorem
also allows us to obtain a counting estimate on the number of points of bounded height in the positive
semigroup Sg(a).

Theorem 1.3. With notation as above, let Ty, T, € R>qg with T\ < T,, and define
Sge(a, Th, Tr) = {B € Sg, () : T < Hr (B) = Tn}.
Additionally, for each € Sg(a) define r () = max{s : B € Sg,(«)}. Then

d! Hg () " T/
2 r(ﬁ)f( INE T2+1) _[nHK«x)l/d] '

BeSg (e, T1,T2)
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In particular,

n 1/d n
1| [d'Hg () T,
ISgs(a,Tl,Tz)l5;{(—|AK|1/2 T2+1) _[—nHK(a)l/di| } (8)

On the other hand, for T > 1,
> L]
r(B) = [1—1:| .
/d
BeSe, (@.1,T) nH (a)

Theorem 1.3 is also proved in Section 4. It is instructive to compare the bounds of Theorem 1.3 to the
known estimates on the number of algebraic integers of bounded height in a fixed number field. A result
attributed to S. Lang (see [Widmer 2016] for details) asserts that in our case of a totally real number
field K,

(B € Ok : Hx () < T} = O(T¥ (log T)* ).

This implies that our bound (8) is nontrivial when n < d>. We are now ready to proceed.

2. Polyhedral semigroups and proof of Theorem 1.1

We start by briefly describing the setup and some results of [Aliev et al. 2016]. Let A be a d x n integer
matrix, and for each set I € J(n, d) let A; be the d x d submatrix of A whose columns are indexed by 1.
Assume that

(1) ged(det(Ay): 1 € J(n,d)) =1,
(2) {x eRL,: Ax =0} = {0}.
Define the additive semigroup
Sg(A) :={b e 7% : b= Ax for some x € 7%},

and for each s > 1 let Sg,(A) be the set of all points b € Sg(A) for which there are at least s distinct
points x € 7%, such that Ax = b. Thus Sg(A) = Sg;(A). Let

Cr(A) ={Ax :x e R}
be the convex polyhedral cone spanned by the column vectors of A. Then it is clear that
Sg(A) € Cr(A)NZY,

and this containment is often proper; i.e., in general Sg(A) # Cr(A) N Z<. For each b € int(Cr(A)) N Z4,
define
gs(A,b) =min{t € Z_¢ : int(th 4 Cr(A)) N Z¢ C Sg,(A)},
and let
gs(A) :=max{g;(a, B) : B € int(Cr(A)) ﬂZd}.

This is the s-Frobenius number of A as defined in [Aliev et al. 2016]. The upper bound on g;(A) proved
in that paper (Theorem 2) is

gs(A) < (n—d)det(AAT) + (s — DV =D det(AAT)n=d+D/Qn=d))y 9)

1
2vn—d+1
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We can now use this result to prove our Theorem 1.1. Our strategy is straightforward: we use the
Minkowski embedding to convert our setup into that of a lattice in a Euclidean space, prove that our
resulting ingredients satisfy the hypotheses of Theorem 2 of [Aliev et al. 2016], apply their bound (9),
and then reinterpret it in terms of the original setup in the number field.

Proof of Theorem 1.1. Let the setup be as in Section 1. Let oy, ..., o, € (9; be a collection of elements
satisfying (4), and let us fix w1, ..., wg, a Z-basis for Ok. Then there exist integers a;;, where 1 <i <n,
1 <j <d sothat

d
o = E aija)j.
j=1

Let us write A = (a; j)T for the d x n matrix of these integer coefficients. Let

B=(X(w1) - X(wa)).
Then Ag = det(B)? and
C:=(Z(x;) -+ X(a,)) = BA.

Since a1, ..., o, satisfy (4), we must have X (Og) = CZ". On the other hand, certainly X (Ok) = B7¢4;
hence BZ? = B(AZ"), which means that AZ" = Z%. This implies that row vectors of A are extendable
to a basis for Z". By Lemma 2 on p. 15 of [Cassels 1959], this is equivalent to the condition that

ged(det(Ay) : I € J(n,d)) =1.
Now suppose x € RZ and assume Ax =0. Then
Cx = B(Ax) =0,

but entries of C are of the form o; (), which are all positive real numbers, since o € (’); Therefore x
must be equal to 0, and so
{x eRy: Ax =0} = {0}.

Thus matrix A satisfies conditions (1) and (2) above, and so we can apply (9) to get a bound on g;(A).
Now notice that ¥ (Cg(a)) = BCq(A), where

Ca(A) :={Ax :x € QL),
and int(Cr(A)) N Z¢ = int(Cg(A)) N Z% Indeed, it is clear that
int(Co(A)) NZ¢ C int(Cr(A)) N Z¢,

so let us show containment in the opposite direction. Suppose z € int(Cr(A)) N Z¢. Then there exists
x € RY, such that
Ax =z.

In fact, this equation defines a hyperplane in R”, which is defined over Q) (since A and z have integer
coordinates), and hence points with rational coordinates are dense in it. Thus taking a sufficiently small
open ball in this hyperplane centered at x, we can find a rational point with positive coordinates satisfying
the same equation. This means that z € int(Cg(A)) N Z.



POSITIVE SEMIGROUPS/GENERALIZED FROBENIUS NUMBERS OVER TOTALLY REAL NUMBER FIELDS 35

With this setup in mind, let 8 € int(Cg(ex)) N (9; and let b € Z? be such that (8) = Bb. Then for
t € Z-y we have

int(tf 4 Co(e)) NOx C Sg,(a) <= int(rBb+ BCq(A)) N BZ? C B Sg (A)
> int(th+Cr(A)NZ¢ C Sg (A).

This implies that g () = g;(A), and so we only need to express det(AAT) in terms of a. Notice that

det(AAT) =det(B'O)B~'O)") = det(CC™).

det(B)?
Now, det(B)?> = Ag, and by the Cauchy—Binet formula

det(CCTy= > det(Cp)?,
1eJ(n,d)
where for each I = {iy, ..., i4},

det(Cy)? =det(S(a;,) --- T(a,))* = disc(e;).

Combining these observations with (9) completes the proof. g

3. Height functions

In this section we study some basic properties of the functions D(e) and M (e, §) that we introduced
in (5) and (6), respectively. Since we view these functions as certain measures of arithmetic complexity,
it makes sense to compare them to a traditional height function on number fields.

Until further notice, let K be any number field of degree d, not necessarily totally real as above. As
in (7) above, we write Hg for the inhomogeneous height on K. We can also define the absolute version
of Weil height by H () = Hg (a)'/?: this height no longer depends on the field of definition. Let us
establish some basic properties of D and M as defined in (5) and (6), respectively.

Lemma 3.1. Let K be a number field of degree d over Q, n > d, and let o € K", B € K. Then the
following are true:

(1) D(a) =0 if and only if spang & #= K, and M(a, B) = 0 if and only if spang a(B) # K.

(2) If a € O}, then either D(a) = 0, or D(at) > 1; similarly, if B € Ok, then either M(a, ) =0, or
M(ee, B) = 1. Furthermore, D(at), M(et, B) € Z>y.

3) D(er) < Al

n 2 d!
() Hx @2, M@ ) < =0 Hi @Hy (6).
Proof. To prove (1), notice that D(a) = 0 if and only if the discriminant of every d-tuple of coordinates
of « is equal to 0. This happens if and only if every d-tuple of coordinates of « is linearly dependent
over (Q, meaning that spang a # K. Similarly, M(e, ) = 0 if and only if the discriminant of every
d-tuple of coordinates of the vector a(B) is equal to 0, which happens if and only if spang a(8) # K.
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To prove (2), assume that o € Og and D(ex) # 0. Then there exists some I ={iy, ..., iq} € J (n, d) such
that disc(et;) # 0. Since coordinates of « are algebraic integers, it must be true that foreach 1 < j <d
o =Ujlo] + -+ Ujqwq,
where wy, ..., wy is a Z-basis for Ok and u j; are integers such that the matrix U = (ujx)1<jk<q 18

nonsingular. Therefore disc(a;) = Ak det(U )2, and hence
disc(a
Dy = @ _ g2 ez,
[Ak]

The argument for M (e, B) is analogous, replacing a with (¢, 8) and 7 (n, d) with J(n+ 1, d), and then
observing that M(et, ) > |disc(a(B);)/Ak|'/? € Z.¢. In particular, D(a), M(a, B) € Z=o.

To prove (3), let I = {i1, ..., i4} € J(n,d) and consider the matrix
op(aiy) -+ o1(a,)
Y(ay) = . :
oa(ei) -+ oq(ai,)
The archimedean absolute values on K are vy, ..., vy, given by |a|,, = |o; (a)|d“i for each a € K. Hence

|disc(eer)|'/? = |det(Z ()| =

> )l

TeSy
< lo1@i )l - loa @iyl
‘L’GSd
d
<d! 1. 1o (o )% NN
— . maX{ ’|Uj(a1])| ~’,-.-,|Q/(a:{1)| J}
j=1
=d! | [max{L, e v. - .. leis o}, (10)
v|oco

where sgn(t) = =1 is the sign of the permutation t. Therefore

2
D(oz)=ﬁ > |d1sc(ou)|_ (d) ( )(Hmax{l Iallu,...,lanlu}>

IeJ(n,d)

<) T maxttfl ol })2 O ()

veM(K)

This gives the desired bound on D(e) in terms of Hg (a). Now, in a manner completely analogous to (10),
we can obtain

|disc(a(B))I"? <d! [ [ max{l, iy, .., leuly, |81}

v|oo
l_[ (max{l, laily, ..., oy |y} max{l, |B|,}) =d! Hk () Hx (B),
veM(K)
and so 4
M@ ) = = He @ Hi (B). O
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Part (3) of Lemma 3.1 and its proof show that D(a) and M(«, 8) measure the arithmetic complexity
of a and a (), respectively, at the archimedean places, allowing for a comparison to the more traditional
height function Hg (e). Notice, however, that D(ar) and M («, B) are different from traditional heights in
the sense that they do not take into account information at the nonarchimedean places and do not satisfy
Northcott’s finiteness property, as does Hk («): For each ¢ € R., the set {& € K" : Hx () < ¢} is finite,
but, say, the set {&¢ € K" : D(a) < c} is not. Well, clearly D(a) = 0 for any a with spang & #= K (part (1)
of Lemma 3.1 above), but even sets like

{a € ((’);)" :spany & = Ok, D(a) < c}
do not have to be finite.

Example 2. Indeed, let for instance K = @(\/i), t > 2 be a rational integer, and
o =1 EO;, a2=t+\/§€ oF, a3=2t+2x/§€(’);g.
It is easy to see that /2 = a» — fa1; hence
Ok = spang{o, oz, 3}

for every ¢. On the other hand,
D(a) = §(8+32+0) =S5,

also for every nonzero ¢t € Z. Hence the set
{a € ((QI}'r)3 :spany o = O, D(a) <5}
in this case is infinite.

Remark. One can think of D(«) as Euclidean norm of the vector of Grassmann coordinates of the
matrix X (e), normalized by the discriminant Ag. The transpose of such a matrix can be viewed as a
basis matrix for a lattice of rank d in R”, and choosing any other basis for this lattice does not change
the value of D(a). Indeed, rewriting Example 2 in the notation of Section 2, we have X (a) = C = BA,

where f
1 2 1 ¢ 2t
B =(2(1) E(ﬁ))—(l _ﬁ>, A—(O | 2),
and so
10 10
AT=|r1]=]01 C?)
2t 2 02
is a basis matrix of the lattice
1 0
spany (O], 1]¢.
0 2

where (} (1)) € GLy(Z) is just a change of basis matrix. More generally, if (o) = BA then for any
matrix U € GLy(Z) the matrix C = B(ATU)" = B(UT A) is equal to X (') for some a’ € Og with
D(a') = D(a); hence there are infinitely many such &’. Choosing U carefully, it is easy to construct such
examples with o’ € (’),'('r. An analogous observation also applies to the function M (e, B).
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The above observations in particular imply that there cannot exist a general lower bound on D(«) in
terms of Hg (er): if such a bound existed, we would have

o e K" :D(a) <c1} S{a € K" : Hg(a) < c3}

for some appropriate constants cy, c;. It is therefore interesting to obtain lower bounds on D(e) besides
the trivial one in part (2) of Lemma 3.1. Hence, in situations when, say, g (a) is known (with the setup
of Section 1), one can conversely think of Theorem 1.1 as providing a lower bound on D(«):

2 —d+1
Da) = —”;_Cﬁgl(a»

For instance, in a situation when n =d + 1 and g;(a) > 1 (a rather common situation, as in Example 1,
for instance), we obtain D(at) > 272 (and hence D(a) > 4, since it is an integer), which is already better
than that of part (2) of Lemma 3.1. In fact, g;(a) > 1 whenever Sg(a) # Cg(a) N Ok, and hence we
have the following immediate corollary.

Corollary 3.2. Let the notation be as in Theorem 1.1 and assume that Sg(et) # Cg(a) N Ok. Then

2n—d+1
D(a) > maxj1l, ——— ¢.
n—d
This lower bound is greater than 1 as long asn < d + 4.

Combining Corollary 3.2 with part (3) of Lemma 3.1, we also obtain the following lower bound on
the absolute Weil height of «.

Corollary 3.3. Let the notation be as in Theorem 1.1 and assume that Sg(et) # Cg(a) N Ok. Then

2|AkINn—d+1(n—d— 1)g)1/(2d)
d!'n! :

H(a)z(

The lower bound of Corollary 3.3 is greater than 1 when |Ag | is large in comparison to #. For instance,
in the case K is a quadratic number field and n = 3, we have

o= (121
SACW; )
while |A k| can be arbitrarily large (for a general totally real field, Minkowski’s bound guarantees that
|Ak| = (@!/d)?).

These observations should be viewed in light of Lehmer’s problem on the lower bound for absolute
Weil height of algebraic numbers and the great amount of work done in this direction (see [Mossinghoff
2011] for detailed information). Lehmer’s conjecture dating back to 1933 states that there exists a con-
stant ¢ > 1 such that for every algebraic number « of degree d, H(a) > c'/¢. While the conjecture is
still open, there is a great number of partial results and generalizations in a variety of special cases. Our
lower bound on H () for the special types of algebraic n-tuples a is a small contribution in that general
direction.
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4. Proofs of Theorems 1.2 and 1.3

Let us start by reviewing what we may call a “positive” version of Siegel’s lemma as established in
[Borosh and Treybig 1976]. The name Siegel’s lemma often refers to results about the size of solutions
of systems of linear equations. The particular version we are interested in is concerned with nonnegative
solutions to inhomogeneous integer linear systems. Let A be a d x n integer matrix such that the equation
Ax = 0 has no nonzero solutions x € 7% ,. Let b € Z% and let (A b) be the augmented d x (n + 1) matrix.
Define

M(A, b) = max{|det((A b);)|: I e T(n+1,d)}.

Theorem 4 of [Borosh and Treybig 1976] asserts that every x € ZZ, such that Ax = b satisfies

x| < M(A, b). (11)
We now use this result to prove Theorem 1.2.
Proof of Theorem 1.2. Let B € Sg(a); then for some x € 7% we have Y i, x;a; = . This means that

n
() =) uT@)=S@x.

i=1

Using the same notation as in Section 2 above, we write C = ¥ (a) = BA, and so
B=Cx =BAx = Bb,

where b € Z™; hence Ax = b. Suppose now that for some y € ZZ; we have Ay = 0. Then

BAy=Cy= E(Z yial) =0,
i=l1

which implies that >+, y;; = 0. Since «y, ..., o, € O;’ this is only possible if y = 0. Then every
x € 7", such that Ax = b satisfies (11), and for each such x we have $ =Y/, ;x;. Observe also that

foreachl e J(n+1,d),

1/2

|det((Z(a) Z(B)]
|det(B)| B

disc(e(B)1)
Ag

|det((A b);)| = |det(B~'C B~'S(B)1)| =

’

which implies that M (A, b) = M(a, B). This completes the proof of the upper bound of the theorem.
To establish the lower bound, let @ € K" and x € Z", and let = )|, o x;. We will prove

Hg (B) < n’|x|"Hg (). (12)
Indeed, if v | o0 in M (K), then

n
1Bly < Z loti v 1xi |y < nlx|max{|aily, ..., &y}
i=1
If vtoo in M(K), then

[Blv < max lei |y | xi [y < max{lo |y, ..., |aalo},
1<i<n
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since x € Z" C Ok, and so |x;|, < 1 for every vfoo and 1 <i < n. Therefore

Hi(B)= [] max{l, |8}

veM(K)
= l_[(nlx| max{l, |oq]y, ..., [as]u}) X H(max{l, gy, - .oy o))
v|oo vfoo

<n’|x|! Hx (@).
The lower bound of Theorem 1.2 now follows from (12). O

Proof of Theorem 1.3. Let 1 < Ty < T, be real numbers. Then for each x € Z’éo such that g = Z;‘:l o X; €
Sg,(ee, T1, T7), by Theorem 1.2 and Lemma 3.1 we have

1/ T\ 1 (HgB\ d! d! Hg (o)
;I(HK(OL)) EZ(HK(OL)) <|x|=M(a, B) < |AK|1/2HK(a)HK(IB)§—|AK|1/2 1.

Now, let

1/d
1 T d'HK(a)
Zi(oe, Ty, Th) = ezl : - < <——7—>";,

and notice that
Zo@. T, 1) < (LK@ Y I 13
|74 (e, T1, To)| < W 2+ B nHg(e)l/d | - (13)

To each g € Sg,(a, T1, T) there correspond r(B) vectors in Z, (e, T1, T2). Therefore

1Sgi(@. T, T < Y. r(B) <1Zy (e, Th, ). (14)
BeSg, (a,11,T»)

Further, for each g € Sg,(a, T, T2) there are at least s distinct x in the set Z (e, 77, T2), and so
1
| Sg, (e, T, T2)| §E|Z+(Ol, T, Ty)|. (15)

On the other hand, for T > 1 and each 8 € Sg; (e, 1, T') there are r(8) points in the set

) | T 1/d
xelZ%y:|x| <~— ,
= n\ Hg(a)

and so
Z Tl/d n
r(f) = [‘—1} : (16)
/d
BeSgi(@.1,T) nHy (a)
The theorem now follows upon combining (13) with (14), (15) and (16). Il
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The sum-of-digits function on arithmetic progressions

Lukas Spiegelhofer and Thomas Stoll

Let s, be the sum-of-digits function in base 2, which returns the number of nonzero binary digits of a
nonnegative integer n. We study s, along arithmetic subsequences and show that— up to a shift— the
set of m-tuples of integers that appear as an arithmetic subsequence of s, has full complexity.

1. Results

The binary sum-of-digits function s, is an elementary object studied in number theory. It is defined by
the equation
52(6,2" + - +602°) =&, + - - - + &0,

where ¢; € {0, 1} for 0 <i < v. Despite the simplicity of definition, the behaviour of s, on arithmetic
progressions is not fully understood. Cusick’s conjecture on the sum-of-digits function [Drmota et al.
2016; Spiegelhofer 2019] concerns this area of research: for an integer r > 0, we define the limit

¢; = lim l|{n:0§n <N, so(n+1) = s2(n)}.
N—oo N

(The limit exists; see for example [Bésineau 1972]. In fact, the set in this definition is periodic with
period 2¥ for some k.) Cusick’s conjecture states that

Ct > % (1_1)

for all + > 0. Drmota, Kauers, and the first author [Drmota et al. 2016] proved that ¢, > % for almost
all t in the sense of asymptotic density; we also wish to note [Emme and Prikhod’ko 2017; Emme and
Hubert 2018; 2019], and the recent partial result [Spiegelhofer 2019].

For t > 0 and k € Z, we consider the quantity

S(k. 1) = Nli_r)noo%l{n 0<n<N. s5(n+1)—sr(n) = k|

(as was the case for c¢;, this asymptotic density exists [Bésineau 1972]). The family §(-, #) defines a
probability distribution with mean 0. Clearly, Cusick’s conjecture states that

80,0) +8(1, 1) +---> 1. (1-2)
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Numerical computation, using the recurrence for the values & (k, ¢) presented below, reveals that indeed
cr > % for all ¢ < 23% Moreover, since the sum (1-2) involves the summand §(0, ¢), and the associated
probability distribution is usually close to a normal distribution [Emme and Hubert 2019], the strict
inequality ¢, > % is plausible. In fact the statement %5(0, D+, H)+62, )+ > % is not true in
general (r = 27 being the first counterexample); moreover the statement ¢; < %, where ¢, = ¢, —§(0, 1),
is true for ¢ < 23° and for almost all ¢ with respect to asymptotic density [Drmota et al. 2016].

In the current note, motivated by Cusick’s conjecture, we are concerned with the (m+1)-tuple

(s2o(n), so(n+1),...,s2(n+mt)),

where ¢ > 0 and m > 1 are integers. We aim to understand the set of tuples that can occur, as n and ¢ run.
In fact, our theorem states that, up to a shift, all tuples occur.

Theorem 1.1. Assume that ki, ..., k,, € Z. There exist n and t such that for 1 < <m,
ke = sy(n+Lt) — so(n).

This is a generalization of the statement that the Thue—Morse sequence ¢ has full arithmetic complexity,
meaning that every finite word w € {0, 1}* occurs as an arithmetic subsequence of ¢. This was first proved
in [Avgustinovich et al. 2003] and also follows from [Miillner and Spiegelhofer 2017; Konieczny 2019].
Our theorem should be compared to the results proved in [Sanna 2012], who considered pairwisely
different values of sp(n +0¢), ..., so(n+ £t).

Theorem 1.1 is not hard to prove for m = 1. We present three arguments leading to this fact:

(1) Assume first that k > 0. Set n = 25" and r =2¥ — 1. Then s,(n +1) =k + 1 and s5(n) = 1, yielding
k=so(n+1t)—s(n). If k <0, wesetn =2"%1 —landr=1. Then s,(n) = —k+ 1 and sr(n +1) =1,
which yields sy (n +t) — s2(n) = k.

Alternatively, we may also write, as in the case m =2 presented below, r =2 —1 and n =271 (24 — 1)

for positive integers a and c. We obtain s(n +t) = ¢ and s>(n) = a, and clearly the difference ¢ — a runs
through all integers.
(2) We have so(n+ 1) —s2(n) = 1 —vp(n + 1) < 1, where vo(m) = max{k > 0: 2% |m) form > 1 is
the 2-adic valuation of m. This formula follows by considering the number of 1s with which the binary
expansion of n ends. Since 52(2%) = 1 and s,(2*! — 1) = £+ 1, we obtain the fact that s, (n) attains all
values in {1, ..., £+ 1} as n varies in {2¢, ..., 21 —1}. Let k € Z be given and set £ = 2|k|. Choose
ne {2 ..., 2 — 1} such that so(n) = |k|+1 and n’ € {2¢+1, ..., 2642 — 1} such that s, (n") = |k|+ 1 +k.
Then s,(n") — s2(n) = k, which implies the statement.

(3) The quantities §(k, t) satisfy the following recurrence [Drmota et al. 2016]:
220 k<1
8k, 1) = k=l .
0 otherwise,
S(k,2t) =6(k, 1),
Sk, 2t +1) =28k — 1, 1)+ 38(k+ 1,1+ 1).

From this, it is very easy to show that §(k, ¢) > 0 for all k < s(¢). For k given, choose ¢ in such a way that
s2(t) > k; the positivity of the density & (k, ¢t) implies that there exists an n such that s, (n +1) —s2(n) = k.
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For m = 2, it is also possible to obtain the statement by elementary considerations: consider integers
a,c>1, b,d > 0 and choose the integers n and ¢ in such a way that the binary expansions look as
follows:

a b
— —
n:1---110---01---10---0
t: 11.--10---01---1.
——— ——
c d

The sums of digits of n, n + ¢, and n 4 2¢ respectively are a + b, b+ c 4+ d, and ¢ + d respectively. By
varying the variables, we can obtain the statement for all integers k; and k, such that k, < k;. For the
case k; < kp, we use the following configuration of the integers n and ¢, where a,d > 1 and ¢ > O:

a

r—
n: 1...110---0
t:1.--10---011.--1.
N— ——
c d

The sums of digits of n, n +¢, and n + 2¢ are a, d, and ¢ + d respectively, and we see that we obtain all
pairs (k1, k») € Z? such that k| < k.

However, the method quickly experiences difficulties, as multiplication by 3 is not a shift of the binary
digits anymore. While we believe that the case m = 3 can be done with some effort, a general principle
is not apparent. Therefore we choose a different approach.

We prove Theorem 1.1 by induction on m, the cases m = 1, 2 having been discussed above. Assume
that m > 3 and let k1, ..., k,, € Z be given. By induction hypothesis, there exist fy and ng such that

ke =sy(ng+Lty) —so(nop+ (€ —1)ty) forl <l <m.
Set
k;n = so(ng +mty) — sp(ng~+ (m — 1)tp).

We are going to show that we may vary k,, by steps of %1, thus yielding the full statement.
By concatenation of binary expansions, it is sufficient to show the following statement:

There exist t1, ny such that so,(n1 + €t1) —so(n1+ € — 1)) =0for1 <€ <m
and sy(ny +mty)) —so(ny + (m—Dty) ==x1. (1-3)

This concatenation is straightforward and summarized in the following lemma, which we will also use
again in a moment.

Lemma 1.2. Let £ > 1, m > 1, ng, ..., nx_1, and ty, ..., ty—1 be nonnegative integers. There exist
nonnegative integers n and t such that

so(n+4Lt)—so(n+ (€ —1)t) = Z (s2(nj +Ltj) — s2(nj + (£ — Dt;))
0<j<k
forl1 <l <m.

Proof. The base case k = 1 is trivial; it is sufficient to prove the statement for k = 2, the general case
following easily from repeated application of this case.
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Let N be so large that ng + mty < 2V, and set n = 2¥n; 4+ ng and t = 2V¢; +19. Since no carry
propagation between the digits below and above N occurs, we can add up the contribution of the two
blocks in order to yield the statement. O

We reduce the problem further, using this block representation again: choose #; =1 forall 0 < j < k;
it is sufficient to find a k > 1 and nonnegative integers n; for 0 < j < k such that

0 ifl <l <m,

Z<s2(n,-+z>—sz<nj+e—1>>={i1 o

0<j<k

(1-4)

In order to show (1-4), we use the telescoping sum
. L a
> s=sn@+2)-s@=g(|5|)
a<j<a+2t

where g(j) = s2(j + 1) — s2(j). This representation yields for 1 < £ < m, where L is chosen such that

2L5m<2L+1’
. —m—+£ g(H)=0 if1<f<m,
= 2 =
)3 sU) g(% 2L J) {g<2>=1 if ¢ = m,

2.2L —m+0<j<3-2L —m+¢€
) —m—+{ O)=1 ifl<l<m,
Y o=+ [ 7)) =00 nl.
2L —m4<j<2-2L —m+4 g - -

> g(H=gB)=—1 forl<t<m.
32l p<j<4.2L+1 4y

The first of these three identities yields the “+-part of (1-4) by choosing k = 2% and n =2 2L —m+j
for0<j <k.

The “—”-part is obtained from the second and third identities: by considering the disjoint union
J=01R2—m,2- 2L —m)U[3-2LF! 4.2L%1) we have

0 ifl<f<m,

Z(s2<j+£>—sz<j+e—1))={_l .

jedJ
The statement follows by merging the two intervals and choosing n; accordingly. This finishes the proof
of our theorem.

2. Possible extensions

From our proof, it is possible to effectively construct integers n and ¢ such that s, (n + €1) — sp(n) = kg
for 1 < ¢ < m. In particular, this yields integers n and ¢ such that ¢,,, = w, for 1 < ¢ < m, where
(w1, ..., wy) €{0, 1} and t is the Thue-Morse sequence on {0, 1}. (Note that we also used #(2* +n) =
1 —t(n) for n < 2*) This gives a constructive result concerning the problem of full arithmetic complexity
of the Thue—Morse sequence considered in [Avgustinovich et al. 2003; Konieczny 2019; Miillner and
Spiegelhofer 2017].
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As an extension of the presented line of research, we are interested in the proportion of cases in which
so(n+ £t) — sp(n) = kg occurs (for 1 < £ < m). For this, we define more generally

S(k,e,t)=dens{n e N:sy(n+ L€t +¢e¢y) —s2(n) =k for 1 <€ <m},

where k = (ky, ..., ky,) € Z" and & = (g1, ..., &,,) € N™. This generalizes the array § defined before. As
in the one-dimensional case, the densities in this definition actually exist, and they satisfy the following
recurrence relation:

S(k,e,2t) =38k, &', 1)+ 38k, &, 1),

where
kj = k; — (g, mod 2), g =|2ee],
ki =ke+1—((eg+1) mod?2), &/ =]|5(ce+1)];
moreover,
S(k,e,2t+1)=18(k', &', 1) +38(K", &", 1),
where

ky = ke — ((e¢ +¢) mod 2), gy = 3(ec+ 0],
ki =ke+1—((eg+€+1) mod2), &/ =|(e +l+D].

This recurrence is the reason for the introduction of € in the definition of §(k, &, t). To our knowledge,
these identities are new; we give the idea of proof. We have

S(k,e,2t)= %dens{n eN:s@2n+20t+¢e¢) —s(2n) =ko for 1 <€ <m}
+%dens{n EN:sQn+2lt+e4+1)—s@n+1) =k, for 1 <€ <mj},
and using the identities s(2n) = s(n) and s(2n + 1) = s(n) + 1, we obtain
s2n+20t +e0) =s(2(n+ 0t + | e |) + (ep mod 2)) = s(n + £t + &}) + (5, mod 2);

therefore s (2n 420t +¢,) —s(2n) =k, is equivalent to s (n + £t —i—sé) —s(n)= ké. Analogous computations
are valid for ¢, replaced by ¢, + 1, g¢ + ¢, and ¢ + £ + 1 respectively, which yields the claim.

This recurrence can be used to prove statements on the densities é(k, €, t). The general intuitive idea
is that the differences s(n + jt) —s(n), for 1 < j < m, should be almost independent for most t; in light
of this consideration, we consider generalizations of Cusick’s conjecture and of the result of [Emme and
Hubert 2019]. On the one hand, we may ask for multidimensional generalizations of (1-1), relating the
relative sizes of the values s3(n), sa(n +1), ..., s2(n + mt) to one another. We propose the following
conjecture, extending (1-1).

Conjecture 1. Assume that m > 1 is an integer. For an integer ¢ > 0, define

¢™ =dens{n e N:s(n) <s(n+ jt) for 1 < j <m}.

Then for all t > 0,

1
Ct(m) > 2_m

The statement is wrong for any larger constant in place of 1/2". Also, define

Ct(m) =dens{n eN:s(n) <s(n+1t) <sn+2t) <---<s(n+mt)}.
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Then for all £ > 0,

The constant 1/(2"m!) is maximal.

On the other hand, we could ask for the overall shape of the m-dimensional probability distribution
defined by 6(-, &, 1).

Problem 1. Prove a multidimensional generalization of the theorem in [Emme and Hubert 2019]: for
most ¢, the densities dens{n € N : s,(n 4 £t) — sp(n) = k¢ for 1 < £ < m} should define a probability
distribution that is close to a multivariate Gaussian law.

We can now understand the intuition behind the constants in Conjecture 1: a bivariate normal distri-
bution with mean (0, 0) has one quarter of its total weight in the quadrant {(x, y) € R?2:0<x, 0<y},
and analogous considerations hold for higher dimensions. Concerning the values C,(z), a bivariate normal
distribution with mean (0, 0) has one eighth of its total weight in the octant {(x, y) € R2:0<x< v},
which corresponds to the complex closed region {re*™™* : r > 0, § < x < ;}. Noting the fact that
s(n+2t)>s(n+t)ifand only if s(n +2t) —s(n) > s(n+1t) —s(n), we see the link between the densities
3(k, e, t) with k lying in this octant and the values C ,(2). Concerning higher dimensions, we note that the
m! sets

xeR": x| <1, 0<x501) SX62) <+ < Xo(m)}

where o is a permutation of {1, ..., m}, are unions of line segments [0, z], where ||z|| = 1; they are
pairwisely congruent (using a linear transformation that is a permutation matrix in the canonical base);
an intersection of two distinct sets of this form has measure zero, and their union makes up a fraction
1/2™ of the unit ball in m dimensions.

We implemented the computation of the densities é(k, €, ¢) for two dimensions in the Sage computer
algebra system [SageMath 2017], and the resulting Sage worksheet is available from the website of
Spiegelhofer.! We obtain

(@) (2) __ 94299 __ 1 10
¢, = Co51 = 2ea1ag = 0.3597 ... > 3 fort <2
and
2 (2) _ 43947 __ 1 10
Ct 20991—m—01676>§ fort§2 .

The implementation involves nine two-dimensional arrays of rational numbers (corresponding to the
nine possibilities (g1, £2) € {0, 1, 2}?) and each of these calculations took about 5 minutes on a standard
machine. We note that we did not optimize the Sage code, and certainly this computation can be sped
up significantly.

Other conjectures similar to Conjecture 1 are conceivable: what about the other octants and quadrants
A in the plane (including the borders)? Is it always true that % resp. 4—11, is a lower bound for the density
dens{n e N: (s(n+1t) —sn), s(n+2t) —s(n)) € A}? We leave this question open for future discussion,
but we note that the analogous problem in one dimension is true for almost all #: we also have

¢;=densfn eN:s(n+1t) <sn)} > %

1 https://dmg.tuwien.ac.at/spiegelhofer/
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for ¢ in a set having asymptotic density 1 [Drmota et al. 2016]. In other words, usually the median of
the probability distribution defined by §( -, ¢) is very close to the mean value (which is 0). We believe
that ¢; > % is true for all #, which complements Cusick’s conjecture (1-1) (note that ¢; = %; thus there is
no strict inequality).

We expect that nontrivial statements on both Conjecture 1 and Problem 1, at least for small m, can be
obtained by extending the study of moments set forward in [Emme and Hubert 2019]. This is certainly
not easy and will introduce technical difficulties that have to be surmounted.
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A convexity criterion for unique ergodicity
of interval exchange transformations

René Riihr

A criterion for unique ergodicity for points of a curve in the space of interval exchange transformation
is given.

There is a metaconjecture in metric number theory that states that any Diophantine property that holds
for generic vectors in R" should hold for generic vectors on nondegenerate submanifolds; see [Kleinbock
2001, Section 4]. Mahler asked for example whether almost all points on the curve s — (s, s2 .54 )
are very well approximable. This has been answered affirmatively by Sprindzuk. It is believed that
an analogue of this phenomenon holds also for the unique ergodicity property for interval exchange
transformations. Minsky and Weiss [2014] provided a general condition for unique ergodicity to hold.
In this note we provide an easy-to-check criterion for their condition to be satisfied.

Let o denote a permutation of d elements. Let 2 denote the antisymmetric matrix

1 i>j, o@) <a(j),
Qij=1-1 i<j,o@)>0()),
0 otherwise.

Leta=1(a,...,ay) € Ri be a row vector with positive entries a; > 0 and the associated interval be
1, = [0, Zai), which is divided into d subintervals I; = [x;_j, x;), where x; = ) j<i aj are called
discontinuities. Also introduce x; = ) ;_; Gy-1(;). An interval exchange transformation T : I, — I,
defined by the data (o, a) is the map

j=<i

/

T(x)=x+(aQ); =x —x;j+x,,, forxel.

In words, T permutes the intervals I; of length a; according to 0. The form ;; captures the exchange
of two intervals I;, I; relative to each other.

We shall always assume that the permutation o is irreducible in the sense that if {1,...,k} C A=
{1, ...,d} is invariant under o then k = d.

Masur [1982] and Veech [1982] proved independently that for almost all a € R?,, the interval exchange
transformation 7" associated to (o, @) is uniquely ergodic; that is, the only 7 -invariant probability measure
on [ is Lebesgue measure.

Motivated by a conjecture of Mahler in the theory of Diophantine approximation, Minsky and Weiss
[2014] proved the following theorem.

This project has received funding from the European Research Council (ERC) under the European Union’s Horizon 2020
research and innovation program (grant agreement no. 754475).
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Theorem 1 (Minsky—Weiss). Leto = (d, ..., 1) and a(s) = (s, s2,...,s%). Then for Lebesgue almost
all s > 0, the interval exchange transformation associated to (o, a(s)) is uniquely ergodic.

We extend the theorem of Minsky and Weiss to arbitrary permutations by means of a simple convexity
criterion.

We first recall the theorem from which Theorem 1 is deduced, which requires us to introduce more
definitions. A connection of T is a triple (m, x;, x;) for which 7" (x;) = x;. As noted by Keane, if the
coordinates a; of a are rationally independent then 7" has no connections. We shall restrict to curves a(s)
for which this is the case for almost all s. This implies that there are no T'-invariant atomic probability
measures.

Letb = (b1, ..., by) € R? be a row vector, which we will take to be b = &, the derivative of a curve
a(s). Define y; = iji b and y] = ngi bs-1(j)- We put

L(X) = (QbT)l =i _yé(l) for x € Ii~

We call (a, b) € Ri x R? a positive pair if w(L) > 0 for any T -invariant probability measure x. The
following is a simplified statement of Theorem 6.2 in [Minsky and Weiss 2014].

Theorem 2 (Minsky—Weiss). Ifa : A — [F\Rfi|r is a C?-curve defined on an interval A C R and o is
a permutation for which (a(s), a(s)) is positive for Lebesgue almost all s € A then T associated to
(0, a(s)) is uniquely ergodic for almost all s € A.

While the condition seems hard to check—involving all T-invariant u’s (from which we want to
deduce that there is only one!) — we see however that a sufficient criterion for positivity is L(x) > 0
pointwise for every x € I.

Let us now explain a suspension construction of Masur for an interval exchange transformation T
associated to (o, a). Let b € R be a “height vector” (associated to the “length vector” a) and define ¢;
to be (a;, b;) € R? and their slopes to be x; = b; /a;.

Let I'; be the curve obtained by connecting the points

d
Co=Ci=(0,0), Ci=0, Cy=a+0, ..., Ci=Ch=Y ¢
i=1

and I';, be the curve obtained by connecting
C():Cg, Ci’zgo_l(l)’ C§=€0—1(1)+§U—1(2), ceey Cd=CZ

If ¢ lies above -1y, 1.€., if k1 > K4-1(4), then we call ', the top curve and I', the bottom curve. They
have common endpoints Cy and C,;. We denote their union by I'. If there are no further intersections,
I" bounds a polygon. In this case, we are identifying the line segment [C}_,, C;] of ', with segment
[CJ’.’_I, CJ’.’ ]in T, where k = o~ (j). One obtains a closed topological surface S which outside of the
corners of the polygon inherits a flat structure from R?. This means that there is an atlas of charts {(U, ¥)}
with U open and ¥ : U — R? continuous such that for any two charts v; : U; — R? over a common
point p, we find a translation v € R? such that y/; = v/, + v for all points around p. It is possible to
complement to an atlas defined on all of M by considering the complex multiplication on R? = C with
maps of the form ¥ = ¢**! for a homeomorphism ¢ : U — C that contains 0 in its range. The points

with o > 0 are called the singularities of M.
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M is endowed with a dynamical system, the vertical straight line flow that preserves the natural
area form coming from the flat metric. We note that the interval / embeds into M as a horizontal line
starting from the origin. The vertical straight line flow defines a suspension of the interval exchange
transformation 7 by considering the induced transformation on /, namely the first return map of / — 1.
We can now understand the meaning of L(x): it is the return time of x to /, and as such positive.

Self-intersections of the curves I'; and I'j, give rise to a “nonsensical picture”; see depictions on
page 247 of [Minsky and Weiss 2014]. We observe here that one can make sense of the picture even if
the curve I has self-intersection, by attaching a half-translation structure to it, but we have not tried to
follow up on this direction. Instead, we shall restrict ourselves to a criterion that avoids self-intersections.

Lemma 3. Let a € R? be a length vector, b € RY be a height vector and T'; : 1 — R? be the top
curve constructed by concatenating the vectors ¢; = (a;, b;) € R?, i.e., T (Zisj ai) = le.. Suppose
the slopes k; = bj/a; of ¢; are strictly monotonically decreasing so that I'; is convex. Then for any
irreducible permutation o and bottom curve T, constructed from vectors §,-1(1), - - -, {514, the closed
curve I' = Ty UT, has no self-intersections. In particular, (a, b) defines a positive pair if connection-free.

Proof. We shall argue by induction on the number of symbols d. The base case is on two elements d = 2.
By monotonicity k1 > k> and by irreducibility o = (2, 1). Then I'; UT';, bounds a parallelogram.

Assume now that for all d" < d the lemma is true. Let [', ; the curve from concatenating C, C{’ e C]l.’
from left to nght i.e., restricting I'y : I — R? to Ul_1 I5-1(;- We now start another induction and assume
that for all j' < j, I'; j» does not intersect I';. For the base of the induction j = 1, there is nothing to check.

If I'; ; intersects I'; then by the 1nduct10n hypothe51s it does so with its final line segment [Ch 1 Cb ].
We put k = O’_l(]) such that C/_| + ¢ = 1ntersect1ng, say, the i-th segment [C!_ 1 C ] of Ft Then
Kx > ki. By monotonicity, x has to appear to the left of & in I'y;i.e., k < i.

We now describe a procedure of removing [ 1 G b1 to obtain a smaller permutation to apply the
induction hypothesis on d’.

Observe that if K c o~ 1({1, ..., J}), we can define the curves I'; x, I';, j x that one obtains from
taking I'; and removing the line segments [C}_,. C}] for k € K from I'; and taking I', ; and removing
the line segments [C J-1y c? o-1(j ,)] from I'y, ; for o —1(j") € K. Below, we shall have the additional
property that K C {1 Ji— 1} We obtain a new permutation og obtained by removing the symbols
k € K. If it is no longer 1rreduc1ble then the maximal invariant subset {1, ..., £} must be contained in
o '{l,...,j—1}) (orelse o is already reducible). By removing the subpermutation on (1, ..., £)
from ok, we can allow ourselves to only consider the irreducible component ¢’ of o containing i.

We now choose K = {k'=0""(j’) : j' < j and k' > k3 }. We note that k&’ € K implies k' <k =o~1(})
and that i ¢ K. Hence the curve I'; g is only changed to the left of its line segment [C!_,, C!], and most
importantly, the curve I', ; k still intersects [Ci’_l, Ci ]. To see this, divide the plane into two half-planes
with boundary 9 containing ¢ attached to the right endpoint of I';, ; x, and we see that I';, ; x stays to
the upper-left half-plane. Since [Cf,l, Cl-t ] intersects 9, it also intersects I'y, j x as claimed.

If ok is no longer irreducible then we proceed with the irreducible restriction o’ as described above,
supported on, say, B C .A. Consider the associated pair (a’, '), where a’, b’ € RIF! by restricting to the
support of o’. These give still monotone slopes, and the induction hypothesis on d’ < d applies; i.e.,
there are no self-intersections. By construction, however, the curve defined by a’, b’ and ¢’ has at least
one self-intersection. O
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Remark 4. We have an analogous criterion if k; are increasing in i, in which case I'p, (Z, <j aj) =C ]’-,
and we apply the argument of Lemma 3 with roles of I'; and I';, exchanged.

Remark 5. Barak Weiss has informed us of a topological proof of Lemma 3, which we invite the reader
to find herself.

Corollary 6. Theorem 1 holds for any irreducible permutation.

Proof. The slopes associated to a(s) = (s, s2, .. s are k; = isi_l/si =1i/s, monotone in i. O
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Long monochromatic paths and cycles
in 2-edge-colored multipartite graphs

Jozsef Balogh, Alexandr Kostochka, Mikhail Lavrov and Xujun Liu

We solve four similar problems: for every fixed s and large n, we describe all values of ny, ..., ns such
that for every 2-edge-coloring of the complete s-partite graph K, ., there exists a monochromatic
(i) cycle C,, with 2n vertices, (ii) cycle Cs,, with at least 2n vertices, (iii) path P,, with 2n vertices, and
(iv) path P,4+ with 2n + 1 vertices.

This implies a generalization for large n of the conjecture by Gyarfés, Ruszinkd, Sarkdzy and Sze-
merédi that for every 2-edge-coloring of the complete 3-partite graph K, ,, , there is a monochromatic
path P,,4;. An important tool is our recent stability theorem on monochromatic connected matchings.

1. Introduction

A connected matching in a graph G is a matching whose edges are all in the same component of G. By
M, we will always denote a connected matching with n edges and by P, the path with n vertices. Also
by C, we denote the cycle with n vertices, and by Cx, a cycle of length at least n.

For graphs G, ..., Gy we write Gg — (G, ..., Gy) if for every k-coloring of the edges of G, for
some i € [k] there is a copy of G; with all edges of color i. The Ramsey number R(G1, ..., Gy) is the
minimum N such that Ky — (G, ..., Gi), and Ry (G) = R(Gy, ..., G), where G| =--- =G, =G.

Gerencsér and Gyarfas [1967] proved that the n-vertex path P, satisfies Ry(P,) = L%(3n — 2)J. They
actually proved a stronger result:

Theorem 1 [Gerencsér and Gyarfas 1967]. For any two positive integers k > £, R(Py, Py) =k—1-+ I_%EJ

Many significant results bounding Ry (P,) for k > 3 and Ry (C,) for even n were proved in [Benevides
et al. 2012; Benevides and Skokan 2009; Bondy and Erd6s 1973; DeBiasio and Krueger 2018; DeBiasio
et al. 2020; Faudree and Schelp 1974; Figaj and Luczak 2007; 2018; Gyarfas et al. 2007a; Knierim and
Su 2019; Luczak 1999; Luczak et al. 2012; Sarkozy 2016]. Many proofs used the Szemerédi Regularity
Lemma [1978] and a number of them used the idea of connected matchings in regular partitions due to
[Luczak 1999].

Ramsey-type problems when the host graphs are not complete but complete bipartite were studied
by Gyarfés and Lehel [1973], Faudree and Schelp [1975], DeBiasio, Gyarfés, Krueger, Ruszinkd, and

Balogh was supported in part by NSF grants DMS-1500121, DMS-1764123, the Arnold O. Beckman Research Award 18132 of
the UIUC Campus Research Board and the Langan Scholar Fund (UIUC). Kostochka was supported in part by NSF grant DMS-
1600592, Award RB17164 of the UIUC Campus Research Board, and grants 18-01-00353 and 19-01-00682 of the Russian
Foundation for Basic Research. Liu was supported in part by Award RB17164 of the UIUC Campus Research Board.
MSC2010: 05C15, 05C35, 05C38.
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Séarkozy [Gyarfas et al. 2007a], DeBiasio and Krueger [2018], Bucié, Letzter, and Sudakov [Buci¢ et al.
2019a; 2019b], and Zhang, Sun, and Wu [Zhang et al. 2013], and when the host graphs are complete 3-
partite by Gyarfas, Ruszinko, Sarkozy, and Szemerédi [Gyarfés et al. 2007b]. The main result in [Faudree
and Schelp 1975] and [Gyarféas and Lehel 1973] was:

Theorem 2 [Faudree and Schelp 1975; Gyarfas and Lehel 1973]. For every positive integer n, K, , —
(Parn/21, Parny21). Furthermore, Ky, /> (Pan/2141, Parnj21+1)-

DeBiasio and Krueger [2018] extended the result from paths P, /27 to cycles of length at least 2|_%nJ
for large n.
The main result in [Gyarfés et al. 2007b] was:

Theorem 3 [Gyérfas et al. 2007b]. For every positive integer n, K, » n = (P2n—o), P2n—om))-
The following exact bound was also conjectured:
Conjecture 4 [Gyarfis et al. 2007b]. For every positive integer n, K, . n = (Pat1, Pan+1).

The goal of this paper is to prove for large n Conjecture 4 and similar exact bounds for paths P,,
(parity matters here) and cycles C,. We do it in a more general setting: for multipartite graphs with
possibly different part sizes. In the next section, we discuss extremal examples, define some notions and
state our main results. In Section 3, we describe our tools. In Sections 48, we prove the main part,
namely, the result for even cycles Cp,. In Sections 9—11 we use the main result to derive similar results
for cycles C>2, and paths P, and Py, ;.

2. Examples and results

For a graph G and disjoint sets A, B C V(G), by G[A] we denote the subgraph of G induced by A, and by
G[A, B] the bipartite subgraph of G with parts A and B formed by all edges of G connecting A with B.

Our edge-colorings always will be with red (color 1) and blue (color 2).

We consider necessary restrictions on n; > np > --- > n, providing that each 2-edge-coloring of
Ky, n,....n, contains (a) a monochromatic path P,,, (b) a monochromatic path P, 1, (c) a monochromatic
cycle Cy, and (d) a monochromatic cycle Cs,. Each condition we add is motivated by an example
showing that the condition is necessary.

First, recall that each of P, Pa,+1, C2,, and Cs», contains a connected matching M,,. Thus a graph
with no M, also contains neither P, nor Pa,11 nor Csz,.

2.1. Example with no monochromatic M,: too few vertices. Let G = K3, 5. Clearly, G D K, »,....n,
for each ny,...,ny; withn; +---4+n, = 3n — 2. Partition V (G) into sets U; and U, with |Uj| =2n —1
and |U;| = n — 1. Color the edges of G[U;, U,] with red and the rest of the edges with blue. Since
neither Ky,_1 nor K, _; 2,1 contains M,,, we conclude G v~ (M,,, M,); see Figure 1.

To rule out this example, we add the condition

N=n+---+n;>3n—1. (D)
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|Ui| =2n—1 e o o o o o

|Up| =n—1 o o o

Figure 1. Section 2.1.

|U2| =n—1

Figure 2. Section 2.2.

2.2. Example with no monochromatic M,,: too few vertices outside Vi. Choose any n and let N =
ny+2n —2. Let G be obtained from K by deleting the edges inside a vertex subset U; with |U;| = n;.
Graph G contains every Ky, »,....n, Withna+4---+n, =2n —2. Partition V(G) — U] into sets U, and Uz
with |U,| = |Us| =n — 1. Color all edges incident with U; red, and the remaining edges of G blue. Since
the red and blue subgraphs of G have vertex covers of size n — 1 (namely, U, and Us3), neither of them
contains M,. Thus G v (M,,, M,,); see Figure 2.

To rule out this example, we add the condition

N—n=ny+--+ng>2n—1. (2)

2.3. Example with no red M, and no blue P3,.;: too few vertices. Let G = K3,_,. Partition V(G)
into sets U; and U, with |U| =2n and |U;| =n — 1. Color the edges of G[U;, U] red and the rest of the
edges blue. Since the red subgraph of G has vertex cover U, with |U,| = n — 1, it does not contain M,,.
Since each component of the blue subgraph of G has fewer than 2n 4 1 vertices, it does not contain Py, 1.
Therefore
R(Pap, Pant1) = R(My, Payy1) = 3n,

which yields for P»,; the following strengthening of (1):

for Py,11, N >3n. (3)
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Figure 3. Section 2.4.

2.4. Example with no monochromatic C>3, when N — ny — ny < 2. This example, and all the ones
that follow, show that additional restrictions are necessary when G is bipartite or close to bipartite.

Let G = K,,, ... », satisfy (1) and (2) with N —n; —np <2 such that ny < 2n — 2. Then also n, <
2n — 2, so G g K2n—2,2n—2,1,]- Thus we assume G = K2n—2,2n—2,1,1a with V] = {U], ey vzn_g}, V2 =
{uy, ..., uxm—2}, V3 ={x}, and V4 = {y}. Let Vl/ ={vi,..., 1}, VIH =V - Vll, V2/ ={uy,...,u,_1},
V)’ =V, — V. Color the edges in G[V], V,1, G[V/’, V,'] and in G[V3, V; UV, U V4] red, and all other
edges blue. Then the red graph G has cut vertex x, and the components of G| — x have sizes 2n — 2,
2n —2, and 1, so G| has no Cs,,. Similarly, G, contains no Cs,,; see Figure 3.

To rule out this example, we add the condition

for Csy,y, ifN—nj—ny <2, thenn;>2n-—1. 4)

2.5. Example with no monochromatic C>3, when N —ny1 —ny <1. Let G = K, _,, satisfy (1), (2)
and (4) with N —ny —ny <1 such that N +n; <6n—3. Since by (4),n; >2n—1,we get N —n; <
(6n—3)—2(2n —1) =2n —1, but (2) implies N —n; > 2n — 1; therefore both inequalities are tight
and N —n; =n; =2n—1. Hence G C Ky,_1.2,-2.1, which is a subgraph of the graph K»,-22,-2.1.1
considered in Section 2.4.

This example is not ruled out by (4), so we add the condition

for Csoy, it N—nj—ny <1, thenn;+ N >6n—2. (&)

2.6. Example with no monochromatic P»,1 when G is bipartite. Suppose n3 =0 and n; < 2n. Then
ny < 2n as well, so G € Ky, 2,. Thus we assume G = Ky, 2, with Vi = {v, ..., v2,} and V, =
{ur, ... uon}. Let Vi ={vy, ..., v}, V{'=Vi=V], VJ={uy,...,u,}, V;,=V,—V,. Color the edges
in G(V{, V;) and G(V/’, V') red, and all other edges blue. Then each component in the red graph and
each component in the blue graph has 2n vertices and thus does not contain P, ; see Figure 4.

To rule out this example, we add the condition

for Py,41, ifn3=0, thenn;>2n+41. (6)
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Figure 4. Section 2.5.

2.7. Example with no monochromatic C», when N —n1 —ny <2. Let G = K, ,, satisfy (1), (2)
and (4) with N —n; —np =2 suchthat N <4n—2. By 4), N —n; <2n—1. Now (2) implies N —n| =

2n —1=mn,. Hence G C K2,_1,2,-3,1,1- Thus we assume G = K2,_124-3,1,1 With Vi ={vy, ..., v2,_1},
V2 = {ulv ] u2n—3}’ V3 = {x}’ and v4 = {y}' Deﬁne A = {v2’ U3, ] Un}, B = {vn-i-l, vl’l+29 ] U2n—1}9
C={uy,uy,...,up—1},and D =A{u,,u,y1,...,u2,—3}. We assign the colors to the edges of G as follows:

(1) G[A, C] and G[B, D] are complete bipartite red graphs.

(2) G[A, D] and G[B, C] are complete bipartite blue graphs.

(3) vp has all blue edges to V5.

(4) x has all red edges to V; U V, U {y}.

(5) y has all red edges to BU D U {x} and all blue edges to AU C U {v}.

We claim that G has no monochromatic cycle of length 2n. Indeed, consider first the red graph G, .
The graph G| — x has three components: (a) AU C of size 2n — 2, (b) {v;} of size 1, and (c) BU D U{y}
of size 2n — 2. Thus G has no red cycle of length 2n since the largest block of G has order 2n — 1.

Consider now the blue graph G,. We ignore x since it is isolated. Suppose G, contains a 2n-cycle F.
Since v; is a cut vertex of G, — {y} with the components of G, — {y, v;} of order 2n — 3 and 2n — 2,
F contains y.

If we delete from G5 all edges in G,[{y}, C], then both blocks in the remaining blue graph will be
of order 2n — 1; thus F contains an edge from y to C, say yz. Furthermore, if yz is the only edge in F
connecting y to C, then all other edges in F belong to the bipartite graph H = G>[AUBU{v,}, DU{y}UC].
But this bipartite graph H cannot have a path of odd length 2n — 1 between the vertices y and z in the
same part.

Thus, F has to use two edges from y to C, say yz; and yz. Then the problem is reduced to finding a
blue path from z; to z5 of length 2n —2 in G»[C, BU{v;}]. However, it is impossible because |C|=n —1
and the longest path from z; to z; in G»[C, B U {v;}] has 2n — 3 vertices.

Note that this example has cycles of length greater than 2n — 1, but all such cycles are odd.
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To rule out this example, we add the condition
for Cp,, if N—ny—np <2, then N >4n—1. (7)

2.8. Results. Our key result is that for large n, the necessary conditions (1), (2) and (7) for the presence
in a 2-edge-colored K,,, .., of a monochromatic Cy, together are also sufficient for this.

Theorem 5. Let s > 2 and n be sufficiently large. Let ny > --- > ng and N = ny + --- + ng sat-
isfy (1), (2) and (7). Then for each 2-edge-coloring f of the complete s-partite graph K, .. ., there
exists a monochromatic cycle Cy,,.

Based on Theorem 5, we derive our other results. The first of them is on cycles of length at least 2n
(it extends a result of [DeBiasio and Krueger 2018]). Recall that (7) is not necessary for the existence of
a monochromatic Cxy,, but (1), (2), (4) and (5) are.

Theorem 6. Let s > 2 and n be sufficiently large. Let ny > --- > ny and N = ny + --- + ny sat-
isfy (1), (2), (4) and (5). Then for each 2-edge-coloring f of the complete s-partite graph K,, .. ,., there
exists a monochromatic cycle Csy,,.

The results for paths of even and odd lengths are somewhat different. The first of them shows that for
large n, the necessary conditions (1) and (2) for the presence in a 2-edge-colored K, ., of a monochro-
matic connected matching M,, together are sufficient for the presence of the monochromatic path P,,.

.....

Theorem 7. Let s >2 and n be sufficiently large. Letn|; > --->ngand N =n|+- - -+ny satisfy (1) and (2).
Then for each 2-edge-coloring f of the complete s-partite graph Ky, .. ., there exists a monochromatic
path Py,.

Our last result implies Conjecture 4:

Theorem 8. Let s > 2 and n be sufficiently large. Let ny > --- > ng and N = ny + - - - + ny sat-
isfy (2), (3) and (6). Then for each 2-edge-coloring f of the complete s-partite graph Ky, .. .., there
exists a monochromatic path Py, 1.

In the next section, we describe our main tools: the Szemerédi Regularity Lemma, connected match-
ings, and theorems on the existence of Hamiltonian cycles in dense graphs. In Section 4 we set up and
describe the structure of the proof of Theorem 5, and in the next four sections we present this proof. In
the last three sections we prove Theorems 6, 7 and 8.

3. Tools

As in many recent papers on Ramsey numbers of paths (see [Benevides et al. 2012; Benevides and
Skokan 2009; DeBiasio and Krueger 2018; Figaj and Luczak 2007; Gyérfés et al. 2007a; Knierim and
Su 2019; Luczak et al. 2012; Sarkdzy 2016]), our proof heavily uses the Szemerédi Regularity Lemma
[1978] and the idea of connected matchings in regular partitions of reduced graphs due to [Luczak 1999].

3.1. Regularity. We say that a pair (V|, V») of two disjoint vertex sets Vi, Vo C V(G) is (€, G)-regular if

[EX, V)] |E(V1, V)|
IX]1Y] Vil V2l
forall X CViand Y C V, with | X]| > ¢|V)| and |Y| > €| V>,]|.
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We use a 2-color version of the Regularity Lemma, following Gyarfas, Ruszinkd, Sarkodzy, and Sze-
merédi [Gyarfas et al. 2007a].

Lemma 9 (2-color version of the Szemerédi Regularity Lemma). For every € > 0 and integer m > 0,
there are positive integers M and ng such that for n > nq the following holds. For all graphs G and G,
with V(G1) = V(Gy) =V, |V| = n, there is a partition of V into L + 1 disjoint classes (clusters)
Vo, Vi, Vo, ..., VL) such that

em<=<L=<M,

s Vil=[Val=---=|VL|,

s [Vol <en,

o Apart from at most e(é) exceptional pairs, the pairs {V;, V;} are (e, G,)-regular for g = 1 and 2.

Additionally, if G| U G» is a multipartite graph with partition V = VU VS U.--U V7, with s < 6,
we can guarantee that each of the clusters Vi, V,, ..., Vi is contained entirely in a single part of this
partition.

To do so, for a given € > 0, we begin by arbltrarlly partitioning each V;* into parts V", V%, ...,
each of size |_ OenJ with a part V% of size at most —en left over. This is an equitable partition of
V — Ul 1 Vi'o- a set of at least (1 - = )n vertices. The Regularity Lemma allows us to refine any
equitable partition into one that satlsﬁes the conclusions of Lemma 9. Working with the subgraphs of
G1 and G, excluding the vertices in Ul 1 Vi%- take such a refinement with parameters 9 € and m, then
add Ul 1 Vi to its exceptional cluster V. The resulting exceptional cluster still has size at most €n, so
we have obtained a partition satisfying the conditions of Lemma 9 in which each of Vi, V,, ..., V. is
entirely contained in one of V", V5, ..., V/.

3.2. Connected matchings. Let o’'(G) denote the size of a largest matching and «,(G) denote the size
of a largest connected matching in G. Let «(G) denote the independence number and §(G) denote the
size of a smallest vertex cover in G.

Luczak [1999] was the first to use the fact that the existence of large connected matchings in the
reduced graph of a regular partition of a large graph G implies the existence of long paths and cycles
in G. A flavor of it is illustrated by the following fact.

Lemma 10 [Luczak et al. 2012, Lemma 8; Knierim and Su 2019, Lemma 1]. Let a real number ¢ > 0
and a positive integer k be given. If for every € > 0 there exists a § > 0 and an ng such that for every
even n > ng and each graph G with v(G) > (1 4+€)cn and e(G) > (1 — 8)(”(26)) each k-edge-coloring
of G has a monochromatic connected matching M, >, then for large N, we have R (Cy) < (c +o(1))N
(and hence R, (Py) < (c+o0(1))N).

We use the following property of (e, G)-regular pairs:

Lemma 11 [Gyarfas et al. 2007a, Lemma 3]. For every § > 0O there exist € > 0 and ty such that the
following holds. Let G be a bipartite graph with bipartition (Vy, Vo) such that |V{| = |V2| =t > ty, and
let the pair (V1, V2) be (€, G)-regular. Moreover, assume that deg;(v) > 6t for all v € V(G).

Then for every pair of vertices vy € Vi, vy € Vo, the graph G contains a Hamiltonian path with
endpoints vy and v;.
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Since we are aiming at an exact bound, we need a stability version of a result similar to Lemma 10.
To state it, we need some definitions.

Definition 12. For € > 0, an N-vertex s-partite graph G with parts Vi, ..., Vi of sizesn; > ny > --- > ny,
and a 2-edge-coloring E = E| U E; is (n, s, €)-suitable if the conditions
N=n+---+n;>3n-1, (S1)
n+n3+---+ng>2n-—1 (S2)

hold, and if \71 is the set of vertices in V; of degree at most N — en — n; and V= Ule f/;, then
VI=IVil+--+|Vi| <en. (S3)
We do not require £ N E; = &; an edge can have one or both colors. We write G; = G[E;] fori =1, 2.

Our stability theorem gives a partition of the vertices of near-extremal graphs called a (%, i, j)-bad
partition. There are two types of bad partitions.

Definition 13. For i € {1, 2}, A > 0, and an (n, s, €)-suitable graph G, a partition V(G) = W; U W, of
V(G) is (A, i, 1)-bad if the following hold:

) (I =Mn < [W2| < (1+M)n;.

(i) |E(Gi[Wy, Wal)| < An?.
(iii) |E(G3—[WiD| < An?.
Definition 14. For i € {1, 2}, A > 0, and an (n, s, €)-suitable graph G, a partition V(G) = V; UU U U,
j €ls], of V(G)is (1,1, 2)-bad if the following hold:

() |E(Gi[V;, Ur])| < an’.

(ii) |E(G3-i[V}, Ua))| < An?.
(i) n; =|V;| = (1 —M)n.
iv) A —1n < Uil <A+ Mn.

V) (I=Mn =[] = (1+M)n.

Our stability theorem is:

Theorem 15 [Balogh et al. 2019, Theorem 9]. Let 0 < € < 10_3)/ <107 n>s>2 andn > 100/y.
Let G be an (n, s, €)-suitable graph. If max{c,(G1), o, (G2)} < n(1 + y), then for some i € [2] and
j €121, V(G) has a (68y, i, j)-bad partition.

3.3. Theorems on Hamiltonian cycles in bipartite graphs.

Theorem 16 ([Chvital 1972]; see also [Berge 1976, Corollary 5 in Chapter 10]). Let H be a 2n-vertex
bipartite graph with vertices uy, up, . .., u, on one side and vy, v, ..., v, on the other such that d(u;) <
o =d(up) and d(v1) < -+ - < d(vn).

Ifdg(u;) <i < nimplies dg(v,—;) > n—i—+ 1, then H is Hamiltonian.
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Theorem 17 [Berge 1976]. Let H be a 2m-vertex bipartite graph with vertices uy, uy, ..., U, on one
side and vy, vy, . . ., vy, on the other such that d(u,) <--- <d(up) and d(vy) <--- <d(vy). Suppose that
for the smallest two indices i and j such that d(u;) <i+1andd(v;) < j+1, we have d(u;)+d(v;) > m+2.
Then H is Hamiltonian biconnected: for every i and j, there is a Hamiltonian path with endpoints u;
and v;.
Theorem 18 ([Las Vergnas 1970]; see also [Berge 1976, Theorem 11 on page 214]). Let H be a 2n-
vertex bipartite graph with vertices uy, us, . .., u, on one side and vy, vy, ..., v, on the other such that
dluy) <---<d@uy) andd(vy) <--- <d(v,). Let q be an integer, ) <qg <n — 1.
If, whenever u;v; ¢ E(H),d(u;) <i+q,and d(v;) < j +q, we have

d(u;)+d(;j) >n+q+1,
then each set of q edges that form vertex-disjoint paths is contained in a Hamiltonian cycle of G.

3.4. Using the tools. Our strategy to prove Theorem 5 is: We first apply a 2-colored version of the
Regularity Lemma to G to obtain a reduced graph G”. If G" has a large monochromatic connected
matching then we find a long monochromatic cycle using Lemma 10. If G" does not have a large
monochromatic connected matching, then we use Theorem 15 to obtain a bad partition of G". We then
transfer the bad partition of G” to a bad partition of G and work with this partition. In some important
cases, theorems on Hamiltonian cycles help to find a monochromatic cycle C5, in G.

4. Setup of the proof of Theorem 5

Formally, we need to prove the theorem for every N-vertex complete s-partite graph G with parts

(V5 Vi, ..., V) such that the numbers n; = |V*| satisfy n; > ny > --- > n, and the three conditions
N=ni+---+n;>3n—1, (S1)
N—ni=ny4-+n>2n—1, (82)
if N—n;—n, <2, then N>4n—1. (S3)
For a given large n, we consider a possible counterexample with the minimum N + s. In view of this,

it is enough to consider the lists (ny, ..., ny) satisfying (S1’), (S2) and (S3’) such that:
(a) Foreach 1 <i <s,if n; > n;4, then the list (ny,...,n;_1,n; —1,n;41, ..., ns) does not satisfy
some of (S1’), (S2") and (S3').

(b) If s > 4, then the list (ny, ..., ny—3, ng_1 + ny) (possibly with the entries rearranged into a nonin-

creasing order) does not satisfy some of (S1’), (S2") and (S3’).
Case1: N —ny —ny >3 and N > 3n — 1. Then (S3’) holds by default. If n; > n,, then the

list (ny — 1, ny, n3, ..., ny) still satisfies the conditions (S1”), (S2') and (S3’), a contradiction to (a).
Hence n; = ny. Choose the maximum ¢ such that n; = n;. If N —n; > 2n — 1, consider the list
(ni,...,ni—1,n; —1,n;41,...,ny). In this case (S1") and (S2’) still are satisfied for this list; so by (a),

(S3) fails for it. As we assumed N —nj —n, > 3, we must have i > 3 and N —n| —np = 3 for (S3') to
fail for this list; this further implies n; =n; <3,so0 N =n;+ny+3 <9, a contradiction. Thus in this
case N —ny =2n — 1. Therefore, ny =N — (N —n1)>3n—2n—1)=n+1and hence np, >n+1,
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SON—ny—ny <(2n—1)— (mn+1) =n — 2. Then the list (ny, n1, N — 2n;) satisfies (S1")—(S3).
Summarizing, we get

ifN—nj—ny;>3and N >3n—1, thens=3, no+n3=2n—1, and n; = n». (8)

Case2: N —ny —ny >3 and N = 3n — 1. Again (S3') holds by default. By (S2'), n; < n; hence
N—ni—ny>n—1.If s >4 and ny_+n; <n, then let L be the list obtained from (ny, ..., ny) by replacing
the two entries ny_; and ny with ng,_; + ng and then possibly rearrange the entries into nonincreasing
order. By construction, L satisfies (S1')—(S3’), a contradiction to (b). Hence n;_1 +ny; >n+ 1. We
also have ny_1 +ny, >n+1if s = 3, since in this case ng_1 +ny, =N —ny >2n — 1. If s > 6, then
N > 3(ng_1 +ng) > 3n+ 3, contradicting N = 3n — 1. Thus

ifN—ni—ny>3and N=3n—1, thenn; <n, s<5, ng_1+ns>n+1. 9

Case 3: N —ny—ny <2. Then N <2ny+2,soby (S3),2n; +2 > N > 4n — 1, implying ny > 2n — 1.
If n; > 2n, then (S2') implies G 2 Ky, 2,—1. If ny = 2n — 1, then by (S3'), N —n; > 2n, so again
G 2 K2,,2n—1- Thus we can assume that

ifN—njy—npy<2, thenG:Kgn,zn,I. (10)
As we have seen,
in each of Cases 1, 2 and 3 we have s <5. (1D

Fix an arbitrary 2-edge-coloring E(G) = E{UE, of G. Fori € [2] and v € V(G), let G; :=(V(G), E;)
and d; (v) denote the degree of v in G;.

5. Regularity

5.1. Applying the 2-colored version of the Regularity Lemma. We first choose parameter « so that
0 < o < 10710 and then choose € such that € < 1072 and 0 < 10% < « so that the pair (%a, 36)
satisfies the relation of (8, €) in Lemma 11 with %a playing the role of 8. Here, € is the parameter for
the Regularity Lemma, and « is our cutoff for the edge density at which we give an edge of the reduced
graph a color.

We apply Lemma 9 to obtain a partition (Vy, Vi, ..., Vp) of V(G), with each of Vi, V,,..., VL
contained entirely in one of V*, V¥, ..., V;*. Define the k-partite reduced graph G" as follows:

e The vertices of G" are v; fori =1,2, ..., L. A k-partition (V/, V;, ..., V) of V(G") is induced
by the k-partition of G, and reordered if necessary so that |V]| > |V;| > --- > |V/].

o There is an edge between v; and v; if and only if v; and v; are in different parts of the k-partition
and the pair {V;, V;} is (e, G,)-regular for both g =1 and ¢ = 2.

o The reduced graph G" is missing at most e(é) edges between distinct pairs {V/, Vj’ }.

e We give G" a 2-edge-multicoloring: two graphs (G, G) whose union includes every edge of G,
but are not necessarily edge-disjoint. We add edge viv; € E(G") to G, if G4 contains at least

a|V;||V;]| of the edges between V; and V;. Since G = G| U G, contains all |V;||V;| edges between
Vi and V;, each edge of G" is added to either G| or G, and possibly to both.
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Lett=|Vi|=|Val=---=|V.|, & =|V/|[fori=1,...,k,and £ :== (n —€N)/t; since N <4n —1,
we have ¢t > (1 — 5¢)n.
Because |Vy| < €N, we have (1 —€)N < Lt < N and n; —eN < {;t < n;. Therefore:

e Lt>(1—€e)N>3n—1—eN=3{t+eN)—1—€N > 30t — 1+ 2¢en, which means L > 3¢ — 1.
e Lt <N<4n—1=4t+€eN)—1 <5¢¢t, which means L < 5¢.

e Lt —Clit>N—-n;—eN>2n—1—€eN >2({t+eN)—1—¢€eN > 20t — 1+ €N, which means
L—2¢;>20—1.

Recall that G" is missing at most e(é) < G%LZ < 16€L? edges between distinct pairs v, Vj/}. Since
the number of V;’s missing at least 4,/€¢ edges is less than 4,/€£, we know G” is (€, k, 4./€)-suitable.
We apply Theorem 15 to the graph G” with y such that 107 > y > 1000 and y > 4000,/€. Then we
conclude that either G” has a monochromatic connected matching of size (1 + y)¢, or else V(G) has a
(68y, i, j)-bad partition for some i € [2] and j € [2].

5.2. Handling a large connected matching in the reduced graph. For every edge v;v; € G, the corre-
sponding pair (V;, V;) is (¢, G1)-regular and contains at least at? edges of G. Let X;; C V; be the set
of all vertices of V; with fewer than %at edges of Gy to V;, and let ¥;; C V; be the set of all vertices of
V; with fewer than %at edges of G| to V;. Note we have Y;; = X; but we keep using the notation Y;;
for emphasizing they are in different parts. Then

|E(Xij, V)l _o

| X1Vl 2

so |X;;| < et to avoid violating (e, G)-regularity; similarly, |Y;;| < et. Call vertices of V; U V; which
are not in X;; UY;; typical for the pair (V;, V;) (or for the edge v;v; of Gy).

Let M be a connected matching in G| of size (1 + y)£. Give the edges in M an arbitrary cyclic
ordering.

If v;, vj, and v;,vj, are edges of M which are consecutive in the ordering, we shall find a path P (j, i2)
in G joining a vertex of V; \'Y; ; to a vertex of Vi, \ X, ,. To do so, we begin by finding a path P" from
vj, to v;, in G, then find a realization of that path in G. Pick a starting point of P(j, i) typical both
for the edge v;,v;, and for the first edge of P". Next, choose the path greedily, making sure to satisfy the
following conditions:

» Choose a neighbor of the previous vertex chosen which is typical for the next edge of P” (or for
Vi, j, when we reach the end of P").

» Choose a vertex which has not been chosen for any previous paths.

As we construct P (1, i), the last vertex we have chosen is always typical for the edge of P” we are about
to realize; therefore we have at least %oct options for its neighbors. At most €¢ of them are eliminated
because they are not typical for the next edge, and at most L? are eliminated because they have been
chosen for previous paths. Since L is upper bounded by M which is independent of 7, and € < 10~ %,
we can always choose such a vertex.

Moreover, we may choose the paths such that their total length has the same parity as |M]. If the
component of G| containing M is not bipartite, then each path can be chosen to have any parity we
like. If the component of G containing M is bipartite, then this condition is satisfied automatically:
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if we join the paths of P” we chose by the edges of M, we get a closed walk, which must have
even length.

Once all these paths are chosen, we combine them into a long even cycle in G. For each edge v;v; in
the matching M, we have vertices x € V; and y € V;, both typical for (V;, V;), which are the endpoints
of two paths we have constructed. We show that we can find a path from x to y using only edges of G
between V; and V; of any odd length between r — 1 and (1 — 3€)2r — 1.

To do so, we choose any X C V; with |X| > %t that contains x and at least %at neighbors of y;
similarly, we choose Y C V; with |Y| = |X| that contains y and at least %at neighbors of x. If we want
the path to have length 2Ct — 1, where C € [%, 1— 36], we begin by choosing X and Y of size (C 4 3¢)t.
The pair (X, Y) is (2¢, G1)-regular with density at least &« — €, so there are at most 2¢ vertices in each of
X and Y which have fewer than %at neighbors on the other side; by our construction of X and Y, x and
y are not among them.

Let X' C X and Y’ C Y be the subsets obtained by deleting these low-degree vertices, leaving at least
(C + €)1 vertices on each side, and then deleting enough vertices from each part to make |X'| = |Y'| = Ct.
The pair (X', Y’) is (3¢, G)-regular, and all vertices have minimum degree at least (o« — 3¢€)¢, so by
Lemma 11, there is a path from x to y using all vertices of X" and Y’, which has the desired length 2Ct — 1.

If we use C = 1—3e for each edge v;v; in the matching M, then the cycle contains at least 2(1—3€)z ver-
tices for each edge of M, even ignoring the paths we constructed between them, while |M| > (1 4 10¢€)¢;
therefore the total length is at least

2(1 — 3€)(1 + 10€)¢t > 2(1 — 3€)(1 + 10€)(1 — 5€)n > (1 +€)2n.

If we use C = % each edge v;vj, then the cycle contains only ¢ vertices for each edge of M, giving
approximately half as many edges. Up to parity, we are free to choose any length in this range, and
therefore it is possible to construct a path in G of length exactly 2n.

5.3. Handling a bad partition of the reduced graph. We will show in Sections 6 and 7 how to find a
long monochromatic cycle in a bad partition of G. In this subsection, we show that a bad partition of G"
corresponds to a bad partition of G.

(1) If X € V(G") has size C¥, then the corresponding set of vertices in G is Uv;eX V;. It has size C/t,
which is in the range [(1 — 5¢)Cn, Cn].

(2) If |[Eg (X)] < A€2, then each of those A¢2 edges of G! corresponds to at most 12 edges of G; for

M2t2 < an? edges.

Additionally, edges not in G} may appear in G;; across all of G; there are at most atz(é) <
%aN 2 < 10an? edges that occur in this way.

Moreover, edges from at most e(é) exceptional pairs may appear in G;, contributing at most
10en? edges in total by the same calculation.

To summarize, there are at most (A + 10« + 10€)n? edges in G; corresponding to Egr(X). A
similar argument applies to a bound on |Egr (X, Y) for X, Y C V(G").

(3) There are fewer than e N < 5en vertices from the exceptional part Vj, which can generally be
assigned to any part of any bad partition without changing the approximate structure.
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Thus, for 1073 > 1 > 1000« > 10% > 0, if G" has a (A, i, 1)-bad partition (i € [2]) V(G") = W] UW;,
then G has a corresponding (24, i, 1)-bad partition with:
0 Wi = (Uyew; Vi) U Vo and Wa = U, epr Vi
O I=-2Mn=A-1A=5e)n <=1 =1)tt < |Wao| = (1 + 1)t < (1+M)n;.
(i) |E(Gi[Wi, Wa])| < (A + 10« + 10€ + 5¢)n? < 2in>.
(iii) |E(G3—i[WiD] < (A + 10 + 10€ + 5¢ + Ze?)n? < 2an’.
If G" has a (A, i, 2)-bad partition (i € [2]) V(G") = Vj/U Uy UUj then G has a corresponding (22, i, 2)-
bad partition with:
) U, := Uuieu,’ Viu(Vo— V) and U, := Uv,-eUz’ Vi.
(i) |E(Gi[V}, UiD| < (A + 10a 4 10€ 4 5€)n* < 2in?.
(i) |E(G3-i[Vj, Ua])| < (A + 10a + 10€ + S€)n? < 2An?.
(iii) nj = |V = ¢t = (1 =)t = (1 = 1) (1 = 5€)n = (1 —21)n.
iv) A+20)n = +Mn+5en> 1+ 1)Lt +5en > Ui = (1 — 1)t = (1 —1)(1 —5¢)n > (1 —21)n.
V) A+0n=04+10)b= U= A=t >1=1)1—=5)n > (1 —21)n.
Therefore, a (68y, i, j)-bad partition of G” corresponds to a (136y, i, j)-bad partition of G for some

i € [2] and j € [2]. In the next three sections we show how to find a monochromatic cycle of length
exactly 2n when G has a (A, i, j)-bad partition for some i € [2] and j € [2], where A = 136y.

6. Dealing with (A, i, 1)-bad partitions when N —n; —n; >3

6.1. Setup. Without loss of generality, let i = 1. Recall that dj (v) is the degree of v in Gy, where k € [2].
We assume that for some A < 0.01, there is a partition V(G) = W U W, such that

(1—Mn < |Wa| < (14 M)ny, (12)
|E(G1[Wy, Wal)| < an?, (13)
|E(G2[Wi])| < An?. (14)

If G has at least four parts then n; < n by (8) and (9). If G is tripartite, then we could have n; much
larger than n, but in this section, we will assume n; < %n. The alternative, that G is tripartite and n; > %n,
is handled in Section 6.2.

We know that |[Wi| > N — (14+A)n; >2n—1—An; > (2 —5A)n since n; < 2n. For any vertex x,
fewer than %n vertices of Wj can be in the same part V; of G as x, so at least (% — SA)n > %n are in
other parts of G. In other words, we have d(x, Wy) > %n for all x € V(G).

We call a vertex x € V(G) Wi-typical if dy(x, W) > %d(x, W), and Wy-typical if di(x, Wy) <
2d(x, Wy).

If x is Wy-typical, then d; (x, W;) > % . %n = %n. Since

D di(x, W) = E(G1[W), Wal)| < an?,

xeW,
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the number of Wi-typical vertices in W5 is at most

an?

Ei’l
Similarly, if x is Wp-typical, then dy(x, W) > § - gn = f¢n. Since

Y da(x, Wi) = 2|E(Go[WiD)| < 207,

. . XEW) .
the number of W,-typical vertices in W is at most

2an?

L
16

= 32\n.

n

Let W] be the set of all W;-typical vertices and W} be the set of all W,-typical vertices. The partition
(W, W) is almost exactly the same as the partition (W, W>): at most 40An vertices have been moved
from one part to the other part to obtain (W{, W,) from (W;, W>). Therefore, if x € W{, we still have
di(x, W)) = 3d(x, W) —40An, and if x € W5, we still have d;(x, W|) < 3d(x, W;) + 40An. In either
case, we still have d(x, Wl/ ) > %n — 40An for all x.

Moreover, W| and W; still satisfy similar conditions to W; and W»:

(1) (1 —=410)n < |Wj| < (14 A)n; +40an < (14 811)n; (since ny > %n in all cases).

(2) |[E(G([W],W;]D| < An?+ N - (40An) < 161an?, since we move at most 40An vertices with degree
less than N.

(3) E(G2[W(D] < An? + N - (6An) < 25in?, since we move at most 6An vertices with degree less than
N into W/.

For convenience, let § = 200, which is at least as large as all multiples of A used above.

Our goal is to find a cycle of length 2x in either G| or G,. We decide which type of cycle we will
attempt to find based on the relative sizes of W| and W;.

Suppose that |W1/| > 2n and, moreover, |W1/ \ Vi| > n for all i. In this case, we find a cycle of length 2n
in G1; this is done in Section 6.3.

Otherwise, we must have | W,| > n: either |[W[| <2n—1and |W,|=N—|W{|>n,orelse |[W[\V;| <n—1
for some i, and

W3l = W\ Vil = [VA Vi = IW\Vi| = (N =n) —(n=1) = 2n—1) —(n—1) =n.

In this case, we find a cycle of length 2n in G»; this is done in Section 6.4.
We use the following lemma to pick out “well-behaved” vertices in W| and W,. For example, we
commonly apply it to Go[W/] or to G[W|, W,].

Lemma 19. Let H be an n-vertex graph with at most en’ edges for some € > 0 and let S € V(H). If
S’ C S is any subset that excludes the k vertices of S with the highest degree, then every v € S’ satisfies
dy(v) < 2en?/k.

Additionally, when H is bipartite, and S is entirely contained in one part of H, every v € S’ satisfies
dy(v) < enz/k.
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Proof. In the first case, if we have dy (v) > 2en?/k for any v € §’, then we also have dy (v) > d for
the k vertices of S with the highest degree, which we excluded from S’. The sum of degrees of these
k 4 1 vertices exceeds 2en?, so it is greater than twice the number of edges in H, a contradiction.

In the second case, if we have dy (v) > en?/k for any v € §’, the same sum of degrees exceeds en?.
But since the vertices of S are all on one side of the bipartition of H, this sum of degrees cannot be
greater than the number of edges in H, which is again a contradiction. g

6.2. The nearly bipartite subcase. In this subsection, we assume that G is tripartite with n; > %n. Recall

that when G is tripartite we have n; = np and ny +n3 = ny +n3 = 2n — 1, and that throughout Section 6

we assume N —n| —np > 3, or in this case that n3 > 3.

Case 1: [WiNV;|>({1+4+10A)n fori =1 ori =2. We assume i = 1; the proof for the case i =2 is the

same. In this case, let X be an n-vertex subset of V| N W avoiding the 5An vertices of V| N W, with the

most edges of G, to Wy \ V; and the 5An vertices of Vi N W; with the most edges of G| to W, \ V.
For any vertex v € X, we have

an? n
dr(v, Wi\ V|) < — == and di;(v, W2\ V}) <
Sin 5

| S

by Lemma 19.
We partition V, U V3 into sets Y| and Y, by the following procedure:

(1) The 2An vertices of Wy \ V| with the most edges of G, to X are set aside, and the remaining vertices
of Wi\ V| are assigned to Y.
By Lemma 19, any vertex v assigned to Y in this step has d> (v, X) < %n

(2) The 2An vertices of W, \ V| with the most edges of G to X are set aside, and the remaining vertices
of Wy \ V| are assigned to Y.
By Lemma 19, any vertex v assigned to Y5 in this step has d; (v, X) < %n

(3) Each remalnlng vertex v is assigned to Yy if d;(v, X) > n and to Y, otherwise (in which case
dr(v, X) = 3n).

Since |V, U V3| = 2n — 1, we must have |Y;| > n or |Y3| > n. Let Yj/ be an n-vertex subset of Y;,
where j € [2] and |Y;| > n. We apply Theorem 16 to find a Hamiltonian cycle in the bipartite graph
H = G,[X, Y ].

The mlnlmum H-degree in X is n 2\n, since each v € X had at most z n edges to W;\ V| which were
not in G, j, and at most 2in Vertlces of ¥; ! did not come from W; \ V; orlglnally The minimum H -degree
in Y’ is 2n SO the condition of Theorem 16 is satisfied: whenever dy (u;) < i, we have i > (— — 2)t)
SO dH(v,, ) =in> (3 4+20)n+1.

Case 2: |ViNWi| < (1 +100)n fori =1 and i = 2. By (12), we must have |W;| > N — (1 +X)n; =
2n—1—An; >2n—3An. Since n; =np > %n and n, +n3 =2n— 1, fewer than %n vertices of Wy are in V3,
so at least (% —3)t)n of them are in V; U Vj; therefore |W ;N V]| > (% — 13X)n and |[W NV, > (% — 13A)n.
Because 2n > n| =ny > %n, we have (% — lO)t)n < |ViNnW,| < (‘3—1 + 13A)n fori =1, 2, as well.
Next, we choose subsets Xij CVinW; with | Xy1| = | Xp1| = | X12| = |X22| = én + 10. To choose
X1 and X5, avoid the 501 vertices with the most edges in G| to W, and the 501 vertices with the most
edges in G, to Wy, so that each chosen vertex has at most 20An edges of each kind by Lemma 19. To
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choose X2 and X»,, avoid the %n vertices with the most edges in G| to Wy, so that each chosen vertex
has at most 10An such edges by Lemma 19.

First, we observe that if H is any of the graphs G [ X1, X21], G2[X12, X21], or G2[X11, X22], then
given any vertices v, w in H, we can find a (v, w)-path in H on m vertices, provided that n — 10 <m <
n + 10 (this is not optimal, but it is more than we need) and that the parity of m is correct.

To do so, we apply Theorem 18. If v and w are on the same side of H, add a vertex x to the other
side adjacent to all vertices in the side containing v and w; if not, add an edge vw. Then take a subgraph
containing |—%m-| vertices from each side, making sure to include v, w and if applicable x. In this
subgraph, the minimum degree is at least f%m—| —20An, so we can use Theorem 18 to find a Hamiltonian
cycle in this graph containing either the edge vw or the edges vx and xw. Deleting the vertex x or the
edge vw, whichever applies, creates a (v, w)-path in H of the correct length.

Suppose that G[ X2, X»7] contains a matching M = {uu;, viv2} of size 2, where u;, v; € X1 and
Uz, v € X2. In that case, we can find a (u1, vi)-path P in G2[X12, X»1] on 2(%111 + 1 vertices and a
(up, vp)-path Q in G,[ X1, X22] on ZL%nJ — 1 vertices by the previous observation. Joining the paths P
and Q using the edges of the matching M, we find a cycle of length 2n in G».

Now we assume G7[X 1>, X22] does not contain a matching of size 2. If the size of a maximum
matching in this graph is 1, then there is a vertex cover of size 1 since G,[X 12, X27] is bipartite. We
delete this vertex cover from X, or X5, (it depends on where this vertex cover is). Having changed X,
and X», in this way, G1[ X2, X22] is a complete bipartite graph, so it also has the property that any two
vertices in it can be joined by a path on m vertices, provided that n — 10 < m < n + 10 and that the parity
of m is correct.

Note that there are at least three vertices in V3.

We say that a vertex v € V3

e is j-adjacent to a set S if it has at least two edges in G; to S,

 S-connects G; if it is j-adjacent to both X; and X, or if it is j-adjacent to both X and X5,
(“‘S-connects” because it is j-adjacent to two sets in the same part of V| or V),

e C-connects G if it is 1-adjacent to both X, and X, or if it is 1-adjacent to both X, and X,
(“C-connects” because the j-adjacency crosses from V) to V),

o C-connects G, if it is 2-adjacent to both X1 and X5, or if it is 2-adjacent to both X1, and X5,,
« folds into G if it is 1-adjacent to both X; and X», or if it is 1-adjacent to both X, and X»»,
« folds into G» if it is 2-adjacent to both X; and X»», or if it is 2-adjacent to both X, and X»;.

Some comments on these definitions: first, a vertex that is j-adjacent to at least three of X;;, X2,
X21, X2 is guaranteed to both S-connect and C-connect G;. Second, a vertex that is j-adjacent to only
two of X1, X12, Xo1, X2 for each value of j may S-connect both G| and G, or C-connect G| and fold
into G,, or C-connect G, and fold into G;. In particular, each vertex either S-connects or C-connects
some G;.

If there are two vertices in V3 that both S-connect G, or both C-connect G, then we can find a cycle
of length 2n in G;. The cases are all symmetric; without loss of generality, suppose v, w € V3 both
S-connect G. We can find a path P in G{[X{, X21] on 2|_%n-| — 1 vertices that starts at a G |-neighbor
of v and ends at a G-neighbor of w, and a path Q in G{[X 3, X22] on 2|_%nJ — 1 vertices that starts at
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a G-neighbor of v and ends at a G1-neighbor of w. Joining P and Q via v at one endpoint and via w
on the other creates a cycle of length 2n in G.

If we cannot find two vertices as in the previous paragraph, then the best we can do is to find, for
some j, a vertex v € V3 that S-connects G; and another vertex w € V3 that C-connects G;. Since v does
not C-connect G, it must also S-connect G3_;.

There is at least one more vertex x € V3. By assumption, it does not S-connect G3_; and neither
S-connects nor C-connects G|, so it must fold into G; (and C-connect G3_ ).

Without loss of generality, suppose that j =1 and x has a G-neighbor in both X;; and X;;. We add
an artificial edge e, between a pair of such neighbors of x.

As before, we can find a path P in G[X11, X»1] joining a neighbor of v to a different neighbor of w;
we add the requirement that it uses the edge e,, which is still possible by Theorem 18. We can also find
a path Q in G1[X12, X»7] joining a neighbor of v to a different neighbor of w. Since v S-connects G
and w C-connects G, one of these paths will have even length and the other will have odd length, but
we can choose them to have 2n — 3 vertices total.

Now join the paths P and Q using the vertices v and w, then replace the artificial edge e, by two
edges to x from its endpoints. The result is a cycle of length 2n in G;.

6.3. Finding a cycle in G1. In this subsection, we are considering a 2-edge-colored graph G and a
partition W{ U W, of V(G) satisfying the following properties:

(1) G is a complete s-partite graph with parts Vi, Vo, ..., V; of sizes ny, ny, ..., ng, with s > 3 and
ni+---+ng <4n.

() (1=8)n < |W,| < (1+8)n;.
(3) 1E(G1IW{, WjD| < 8n? and |E(G2[W{])| < 8n>.
(4) If x € W, then dy (x, W)) > 3d(x, W) — n.

®)) |W1/ | >2n and |W1’ \ Vi| > n for all i. (This is the assumption that leads to this subsection as opposed
to Section 6.4.)

We can deduce a further degree condition that holds for all vertices x € W{:

(6) By properties (1) and (2), |[W{| =|V(G)|—|W}| <4n—(1—=8)n=(3+8)n,sod(x, W) < (3+)n.
By property (4), we have dp(x, Wp) < zlt(3 +8)n+dén < (% +28)n.

To find a cycle of length 2n in G, we will choose two disjoint sets X, Y S W of size n, then apply
Theorem 16 to find a Hamiltonian cycle in H = G[X, Y].

Leta,be{l,2,...,s} be such that V, N W] is the largest part of G{[W/] and V}, N W] is the second-
largest part of G[W/]. To define X and Y, we begin by assigning V, N W] to X and V, N W to Y. If
either of these exceeds n vertices, we choose n of the vertices arbitrarily.

Continue by assigning the parts V; N W] to either X or Y arbitrarily for as long as this does not make
| X| or | Y| exceed n. Once this is no longer possible, then:

o If there are still at least two parts V; N W/ left unassigned, then each of them must have more than
max{n — |X|,n — |Y|} vertices. Therefore we can add vertices from one of them to X to make
|X| = n (if necessary), and add vertices from the other to Y to make |Y| = n (if necessary).
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o If there is only one part of G [Wl’ ] left unassigned, call it Vypjic N Wl/ . We assign n — | X| vertices of
Viplic N W] to X and n — |Y| other vertices of Vi M W/ to Y.

o If there are no parts left unassigned, then we must have |X| = |Y| =n.

We must show that we do not run out of vertices in either of the last two cases. If |V, N W{| < n, then we
do not run out because |W{| > 2n (by property (5)) and all vertices in W/ \ Vqpi; are assigned to either
X or Y, so either Ve N Wl/ must contain enough vertices to fill X and ¥ or X and Y are already full. If
|Va N W/| > n, then we do not run out because |W{ \ V,| > n (again, by property (5)), and after V,, N W|
is assigned, all vertices of W/ are added to Y until it is full.

The most difficult case for us is the one in which some part Vipjic N Wl’ is divided between X and Y. To
handle all cases at once, we assume this happens; if necessary, we choose some part V; N W/ (i # a, b)
to be a degenerate instance of V)i which is entirely in X or Y.

Let ny = |Vl N X| and ny = |Vip1ie N Y|. We assigned the largest part of G[Wl/ ] to X and the second-
largest to Y'; therefore X and Y both contain at least n, + n, vertices not in V. Since |X| = |Y|=n,
we must have ny + (ny +ny) <n and n, + (ny +n,) < n; therefore n, +n, < %n, while individually
ny < %n and n, < %n

We first prove some bounds on d; (x, Y) for x € X (and, by symmetry, di(y, X) for y € Y). If x ¢ Vipiit,
then d(x, Y) = n (since there are no vertices of ¥ in the same part of G as x), while d»(x, W|) < (% +28)n
by property (6), so di(x,Y) > (§ —28)n. If x € Vg, then d(x, W) = (n — ny) + (n — n,), since all
vertices of W{ outside Vqpjic have been assigned to either X or Y, so d>(x, W{ ) < ‘—11(2n —ny —ny)+én
by property (4). This leaves di(x,Y) > in — 3n, —8n > (§ — 8)n.

If we exclude the %n vertices of X with the most edges to W] in G,, then by Lemma 19, the remaining
vertices x € X have dh(x, Wl’) <206n. If x ¢ Vspiit, this means d;(x, Y) > (1 —208)n, and if x € Vi,
this means that d;(x, Y) > n —n, —204n.

Let H=G[X,Y],letu;, us,...,u, be the vertices of X ordered so that dg (1) <--- <dg(u,), and
let v, vy, ..., v, be the vertices of Y ordered so that dy(vy) <--- <dgy(v,).
Suppose u; € X satisfies dy (u;) <i <n. We have shown d;(x, Y) > (é—é)n, so among uy, Us, ..., U;j,

there must be a vertex not among the %n vertices of X with the most edges to W| in G,. For such a
vertex, di(x, Y) > n—n, —208n, so in particular dy (u;) > n—n, —208n, which means i > n—n, —20én.

If we had dy (v,—;) <n—i, then by repeating this argument for vertices in Y, we would have dg (v, —;) >
n—n, —208n, which would mean n —i > n —n, —208n. Adding this to the inequality on i, we would get
n > 2n—ny —n, —408n, which is impossible since n, +n, < %n. So we must have dy (v,—;)) >n—i+1,
and by Theorem 16, H contains a Hamiltonian cycle. This gives a cycle of length 2n in G ;.

6.4. Finding a cycle in G,. In this subsection, we are considering a 2-edge-colored graph G and a
partition W{ U W} of V (G) satisfying the following properties:

(1) G is a complete s-partite graph with parts Vi, V,, ..., V; of size ny, no, ..., ns, with s > 3 and

ny+---+ng <4n. Moreover, %n >ny; > --- > ng; we considered the case ny > %n in Section 6.2.
(2) Either N —ny >2n—1and |V;|<nforalli,orn;=ny>n,s=3,and N—n; =N —np;=2n—1.
(3) |E(G1[W], WD) < én* and |E(G[W]])| < én”.

(@) If x € W;, then d(x, W|) > {n — én, and d>(x, W)) > 1d(x, Wy) — én.
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(5) n < |W;| < (148)n;. (The lower bound is the assumption that leads to this subsection as opposed
to Section 6.3.)

Let Bad consist of the +/8n vertices of W that maximize d;(x, W); let Good = W} \ Bad. By
Lemma 19, d; (x, W}) < +/3n for all x € Good.

Our strategy is to handle the vertices in Bad: first by finding short vertex-disjoint paths containing the
vertices in Bad, then by combining them into a single path. Finally, we extend this path to a cycle of
length 2n in Go[W/, W}].

6.4.1. Constructing paths containing each vertex of Bad. For every vertex x € Bad, we find a four-edge
path P(x) in G, which contains x, but begins and ends at a vertex of Good. We construct these paths
one at a time; for each vertex x, we must keep in mind that in each of W| and W, up to 2/8n vertices
may have been used for previously chosen paths.

This is not always possible; when it is not, we find a cycle of length 2n in another way.

Lemma 20. One of the following holds:

(1) G, contains a collection {P(x) : x € Bad} of vertex-disjoint paths of length 4 such that, for all
x € Bad, P(x) begins and ends at a vertex of Good, and also contains x and two vertices in W/.

(2) G contains a cycle of length 2n.

Proof. We attempt to find the collection of vertex-disjoint paths, one vertex of Bad at a time.

By property (4) at the beginning of this section, even if x € Bad, we have d(x, W) > (}1 — 8)n and
dy(x, W)) = 1d(x, W)) — 8n, so da(x, W]) = (3¢ — 36)n. There is a part V; with do(x, W] NV}) >
(&= 5o

First we consider the first case of property (2). That is, suppose N —n; > 2n — 1; then we have
Vil =n; <ni <n,so |W;NV| < (g—i + 1%8)11. But |W;| > n in total, so there must be another part
V; with |[W; N V;| > %(6% — 1%(S)n. We can choose two vertices v, w € V; to use as the endpoints of
P (x): ruling out the vertices of V; N Bad (at most V$n) and previously used vertices of Wé in V; (at
most 2+/8n) we still have a number of choices linear in 7.

Now we know not just the center vertex x of the path P(x) but also its two endpoints v and w. To
complete P(x), we must find a common neighbor of v and x, and another common neighbor of w and x.
This is possible, since there are at least (61—4 — 15—68)11 neighbors of x in W[ N V;; v and w have edges in
G, to all but at most \/En of them, and we exclude at most 2«/5n more that have been already used.

We call the method above of choosing the collection { P(x) : x € Bad} the greedy strategy. As we have
seen, it always works in the first case of property (2); it remains to see when it works in the second case.
Now, we assume that G is tripartite, ny =np, >n,and N —ny =N —ny =2n — 1.

The greedy strategy continues to work if we can always choose the part V; from which to pick the
endpoints of P (x). For this choice to always be possible, it is enough that at least two parts of G contain
34/8n vertices of W;: both of them will have vertices outside Bad not previously chosen for any path,
and one of them will not be the same as V;.

If this does not occur, then one part V, of G contains all but 6+/8n vertices of W, , and each of the
other two parts contains fewer than 3\/§n vertices of Wé. If V,, contains fewer than %n vertices of Wl’,
then the greedy strategy still works: for any x € Bad, we have d»(x, W{) > (% — %8)1@ > |[VaN W/ +2/8n,
so we can always choose a part of G other than V, to play the part of V;. In this case, it does not matter
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that only V,, contains many vertices of W), because we only need to choose the endpoints of P(x) from
vertices in V.

The greedy strategy fails in the remaining case: when V,, contains all but 6+/8n vertices of W) and at
least %n vertices of Wl/. Then |V,| > n, so without loss of generality, V, = V,. In this case, we do not
try to find the paths P (x) and instead find a cycle of length 2n in G| or G, directly.

We have a lower bound on ny = ny = |V,]: itis |V, N Wl’l + V>N W2’| > (1 + % — 6«/§)n. Since
[VinWy| < 3/8n, we have |V; N Wil = (% —9\/3)11 > n.

Let Y be a subset of exactly n vertices of V| N Wl’, chosen to avoid the ~/8n vertices of vin Wl’ with
largest degree in G[W], W}] and the V8n vertices of V;N W{ with largest degree in G>[ViNW|, W[\ Vi].
(This is possible since (% — 11«/§)n > n as well.) In both cases, if a vertex x € Y| has degree d in the
corresponding graph, we get at least ~/Snd edges in either G[W/, W] or G2[W]] by looking at the
vertices we deleted; therefore /Snd < 8n? and d < /3n.

Redistribute vertices of V, U V3 into two parts (X1, X») as follows:

o All vertices of Wl/ \ V1, except the /8n vertices v maximizing d, (v, Y1), are put in X;. A vertex v
of this type is guaranteed to have da (v, Y1) < /dn.

o All vertices of W, \ Vj, except the vertices in Bad, are put in X». A vertex v of this type is guaranteed
to have di (v, ¥}) < Vén.

e The remaining vertices, of which there are at most 2./8n, are assigned to X; or X, based on their
edgesto ;. If di(v, Y1) > %n, then v is put into X; otherwise, d» (v, Y1) > %n and v is put into X5.

The sets X, X», Y| satisfy the following properties. For any v € X; we have d; (v, Y1) > %n. For any
v € X, we have dr (v, Yp) > %n For any v € Y| we have d,(v, X) < 44/8n, since d> (v, Wl’) < /8n and
X contains at most 3+/3n vertices of W.; similarly, for any v € Y| we have d; (v, X3) < 4/5n.

Since | X |+ | X2| =|Vo U V3| =2n — 1, either | X{| > n or | X;| > n.

If | X{| > n, then we let X /1 be a subset of exactly n vertices of X, and find a cycle of length 2n in
H = G[X], Y1] by applying Theorem 16. The hypotheses of the theorem are satisfied by the minimum
degree conditions above: for u € X’l we have dy (1) > %n, and for v € Y| we have dy(v) > (1 — 4«/5)11.

Similarly, if | X>| > n, we let X}, be a subset of exactly n vertices of X and find a cycle of length 2n
in H = G,[X}, Y] by applying Theorem 16. The argument is the same as in the previous paragraph. [

6.4.2. Finding a cycle using Theorem 18. Applying Lemma 20, each of the v/n vertices x € Bad is
the center of a length-4 path P(x). Let A be the 2+/8n vertices of W/ in these paths and B be the
34/8n vertices of W, in these paths (including the vertices in Bad). Additionally, let C be the set of Vén
vertices of W{ \ A with the most edges to W] in G; by Lemma 19, every x € W] \ (A U C) satisfies
di(x, Wj) < /on.

Next, we will construct a bipartite graph H by choosing subsets W}’ € W| \ (AU C) of size n —2+/én,
and W) € W\ B of size n — 34/8n; the edges of H are the edges of Go[W[ U A, W) U B], except that
we artificially join every internal vertex of every path P(x) to every vertex on the other side of H. We
will apply Theorem 18 to find a Hamiltonian cycle in H containing all ¢ = 4+/8n edges belonging to the
paths P (x), after choosing W|" and W, to make sure that the hypotheses of this theorem hold.

In terms of our future choice of (W[, W), letn; ; =|V; N W]f/ |. If u € V; N W/, then the degree of u
in H is at leastn —n; o — /8n: u has at most +/8n edges to W{ that are in G, not G, and its degree is
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further reduced by the n; » vertices of W' that are also in V;. Similarly, if v € V; N W), then the degree
ofvin H is atleastn —n; | — Vén.

Let n,,1 > n. 1 be the two largest values of n; | and let n, 2 > 1. 2 be the two largest values of #n; .
As in the statement of Theorem 18 let u;, us, ..., u, be the vertices of Wl” U A and let vy, va, ..., v, be
the vertices of W' U B, ordered by degree in H.

We begin with a lemma showing that some choices of (W{’, W}') are guaranteed to satisfy the condi-
tions of Theorem 18:

Lemma 21. Theorem 18 can be applied, letting us find a cycle of length 2n in H, if we can choose W/’
and W} to satisfy the following two conditions:

(1) Foreachi, eithernj1+n;, <n— 10\/511, orn;1=0.
(2) For either j =1 or j =2, at most one value of n; j exceeds (% — 10\/3)11.

Proof. Suppose that u; € W/'UA and d(u;) <i+qg =i+ 4+/8n. The minimum H-degree of vertices in
W{UA is n—n*,g—\/gn, so we must have i > n —n*’z—S\/Sn. By condition (1), at most n—n, , — 104/8n
vertices in W/ are in the same part as the largest part of Wy'; at most 24/8n vertices are endpoints of
paths P(x), so together these make up at most n — n, » — 8+/8n < i vertices. Therefore some of the
vertices uy, ..., u; are vertices of W{’ in a different part, and therefore d(u;) > n — ny 2 — Jon.

Similarly, suppose that v; € Wy U B and d(vj) < j + ¢ < j +4+/8n. The minimum H-degree of
vertices in W) U B is n —ny | — V/8n, so we must have j > n — Nyl — 5+/8n. By condition (1), at
most n — 1,1 — 10+/8n + | B| vertices in W are in the same part as the largest part of W', which is
fewer than j. Therefore some of the vertices vy, ..., v; are vertices of W2” in a different part, and hence
d(vj) > n— w1 —/on.

In such a case, we have d(u;) +d(vj) > 2n — Nyy 1 — Nyse 2 — 24/8n. We have P 15 e, 2 < %n, and
additionally by condition (2), n.. ; < n — 105/8n for some j. Therefore d(u;) +d(v;) > n + 8+/5n >
n+4+/8n + 1, and the hypothesis of Theorem 18 holds. U

It remains to choose W{" and W} so that they satisfy the conditions of Lemma 21, or to deal separately
with the cases where this is impossible.

First, we consider the case in which all parts of G have size at most %n. (By property (2), this
automatically holds when G has more than three parts: if so, all parts of G have size at most n.) Choose
W arbitrarily. W| must contain at least N — (1 +8)ny > N —n; —n; > 2n — 1 —28n vertices, of which
only 2+/8n vertices have been used by paths and +/8n more have been thrown away as C; therefore we
have at least 2n — 1 — 3+/8n — 28n choices for vertices in wy.

We set aside vertices of W| which we forbid from being in W{. From each part, V;, forbid either at
least |V;| — (1 — 10+/8)n vertices, or else all vertices of V; N W/, whichever is smaller. This forbids at
most (i + 10«/5)n vertices from each part, and at most 10+/8n vertices in the case n; < n. There are at
most two parts with n; > n, so we forbid at most (% + 50\/8—)11 vertices. Now condition (1) of Lemma 21
will be satisfied no matter what: for each part i, we will either have n; 1 +n;, < (1 — 10\/5)11, or else
n;1= 0.

Next, we attempt to ensure that condition (2) of Lemma 21 holds. Call a part V; of G W{'-rich if, after
excluding the forbidden vertices, and vertices of A U C, there are still at least 20+/8n vertices of Wl’ left
in V;; call it W{'-poor otherwise.
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If there are at least three W/ -rich parts, then we can choose 20+/8n vertices from each of them for Wy,
and complete the choice of W/{" arbitrarily. Condition (2) of Lemma 21 must now hold for j = 1: if we
had n, ; > (% — 10\/§)n and n,. 1 > (% — 10«/5)11, then together these two parts would contain all but
20+/8n vertices of W/ This is impossible, since there is a third W{'-rich part containing at least that
many vertices of W'

If there are not at least three W/ -rich parts, we give up on Lemma 21, and satisfy the conditions of
Theorem 18 by a different strategy.

If V; is W{’-poor, it must have many vertices of W,. More precisely, V; has at least min{n, n;} — 10+/8n
vertices that we have not forbidden. Among these, there are up to 3+/8n vertices which are in AU C,
up to 3\/511 vertices which are in B, and fewer than 20\/371 vertices that can be added to Wl”, so the
remaining min{n, n;} — 36+/8n vertices must be in W3\ B.

Moreover, when G is tripartite, n; > %n — 1 for any part, so if a part is W"-poor, it contains at least
%n —364/8n — 1 vertices of W5\ B. When G has more than three parts, at least two parts must be
W/ -poor; any two parts V;, V; have n; +n; > n, so together, two W/'-poor parts have at least n — 72+/3n
vertices of W, \ B. In either case, there are one or two W/ -poor parts which together contain at least
%n vertices of W)\ B.

We change our choice of WY, if necessary, to include at least %n vertices from this W;’-poor part
or parts; otherwise, the choice is still arbitrary. Meanwhile, we choose no vertices from these parts
from W/’; this rules out at most 40+/8n vertices in addition to our previous restrictions. Completing the
choice of W/ arbitrarily, we are left with a pair (W', W))) that satisfies condition (1) of Lemma 21, but
possibly not condition (2).

From condition (1), we know that if v; € Wé’ satisfies d (vj) < j+q, we have d(vj) >n—ny, > — Vén >
%n — sn. Additionally, we know that for any u; € Wl”, d(u;) > %n — «/gn, since there are at least
%n vertices of W' in a different part of G. Then d (u;) +d(vj) > %n —2/8n > n+q + 1, satisfying the
hypothesis of Theorem 18.

Next, we consider the case where G has at most three parts and n| > %n. By (9), N > 3n—1. Hence by
(8) we know that ny =n, and N —ny =2n — 1. The case of n; > %n was handled in Section 6.2. Thus,
5

we may assume ny < 3n,s0n3 = (2n—1) —ny > %n —1.

Assume first that one of W\ (AU C) or W, \ B intersects each part of G in at least 20+/8n vertices,
and the other has at least 30/8n vertices outside each part of G; we will consider departures from this
assumption later. This implies that for j = 1 or j = 2, we can choose 20+/3n vertices from each part to
add to Wj”, and match these by choosing 60+/8n vertices to add to w3 ; with no more than 30+/8n of
these from one part. (No V; has more than 50+/8n vertices chosen from it at this point.)

Then proceed by an iterative strategy. At each step, choose one vertex from W{ \ (A U C) not pre-
viously added to W{, and a vertex from W, \ B not previously added to Wy, so that these vertices are
in different parts of G. Then add them to W{" and W} respectively. This step is always possible when
WU A, |W,/UB| <n: in this case, at least two parts still have unchosen vertices, since |Vi|, | V2| > %n
but fewer than n vertices have been chosen. Additionally, choosing a pair of vertices, one from W| and
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one from W}, is only impossible if W, \ B has no more vertices, in which case W}’ has reached its desired
size.

Stop when |W} U B| = n. When this happens, W/’ still needs +/n more vertices, and these can be
chosen arbitrarily.

This process guarantees that conditions (1) and (2) of Lemma 21 hold. Before we begin iterating, we
have chosen 60+/3n vertices, but at most 50+/8n from each part. After we begin iterating, we add at
most one vertex from each part at each step. Therefore in the end, n; | +n;2 < n — 10+/8n for each i,
satisfying condition (1). Moreover, for some j, we added at least 20+/8n vertices from each part to Wj” ,
ensuring that at most one value of n; ; can exceed (% — 10\/5)11 and satisfying condition (2).

Now we consider alternatives to our initial assumptions in this case. We cannot have W{ \ (AU C) have
fewer than 30«/571 vertices outside V; for any i, since it contains at least 2n — 1 — 4\/371 — 26n vertices,
and no V; is larger than %n But it is possible that one of V| or V, contains all but 304/8n vertices of
W5\ B; without loss of generality, it is V.

In this case, if |V, N W, \ B| > n, then let W, be any n-element subset of Vi N W} \ B; otherwise,
let W)’ be any n-element subset of W, \ B containing V; N W, \ B. The set V, U V3 has 2n — 1 vertices,
at most 30/8n + | B| = 33+/8n of which are in W), so we can pick all n vertices of W{ from V, U V.
Choose at least 10+/3n of them from V5 to satisfy condition (1) of Lemma 21 for i = 2. Condition (1)
also holds for i =1 (since n;; =0)and i =3 (since n3 < %n); condition (2) holds for j = 2.

Finally, we also violate the assumptions at the beginning of this case when neither W \ (A U C) nor
W3\ B have at least 20+/8n vertices from each part of G. It is impossible that both of them have at most
20+/8n vertices from V3, so one of them has at most 20+/8n vertices from one of Vi or V,.

If one of them (without loss of generality, V) contains at most 20+/8n vertices of Wi\ (AUCQ), it
must have at least n vertices of Wé \ B, since | V1| > %n, so choose all remaining vertices out of Wz” from
there. Outside V;, we have at least (2n — 1 — 4+/8n — 28n) — 20+/3n vertices of Wi\ (AU C), which
leaves at most 24+/8n + 28n vertices we cannot choose for Wl”. Choose n vertices outside V; for Wl”,
including at least 104/8n vertices of V3. This satisfies condition (1) for i = 1 (since n;1=0),i =2 (since
nii=0andn;» <n— 10\/511), andi =3 (since ni < %n); condition (2) holds for j = 2.

If one of V| or V, (without loss of generality, V) contains at most 20+/8n vertices of WZ/ \ B, choose
n —30+/8n vertices of W{ from V; (satisfying condition (1) for i = 1 and condition (2) by taking j = 1).
If V3 contains at least 30+/8n vertices of Wi\ (AU ), take the remaining vertices of W| from Ws.
Otherwise, V3 contains at least 60+/8n vertices of W3\ B; choosing as many vertices as possible from
ViU V3 to add to W), and the remaining vertices of W/ arbitrarily, we end up choosing no more than
n — 10+/8n vertices from V,. So condition (1) holds for i = 2 either because n;1 = 0 or because

ni1+nix<n-— 10+/8n; condition (1) holds for i = 3 because n3 < %n.

7. Dealing with (1, i, 2)-bad partitions when N —ny; —n; >3

A cherry is a path on three vertices. The center of a cherry is the vertex with degree 2.
Suppose N —n| —ny > 3. By (8)-(10), we have two cases:

(1) N>3n—1, s=3, np+n3=2n—1and n; =n, (i.e., (8) holds), or
2) N=3n—1,n1<n, s <5,andif s >4, thenn,_1 +ny, >n—+1 (i.e., (9) holds).
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7.1. The case when (8) holds. By (8), n1 =ny >n, s=3,and0<n3=2n—1—ny <n.

Lemma 22. Let G = K, .0, With ny = ny and ny +n3 = 2n — 1 be 2-edge-colored with a (A, i, 2)-bad
partition. Then G has a monochromatic cycle of length 2n.

In this section, we prove Lemma 22, but postpone technical details of how the monochromatic cycles
are constructed in each of four cases; these details are given in Claims 23-26.

Proof of Lemma 22. Without loss of generality, let i = 2; we call color 1 red, color 2 blue, and use d;
(d») to denote the red (blue) degree.

We begin by assuming that in the (4, 2, 2)-bad partition (V;, Uy, U;), j = 3. Later, in Section 7.1.5,
we discuss the modifications to the proof when j # 3.

Since (V;, Uy, U») is a 2-bad partition, we know the following conditions hold:

@ V3| = (1 —=1)n.

(i) (I=2)n <|Uil = A+ M)n.
(i) (1—=2)n <|U2| < (1 +M)n.
(iv) E(Ga[V3, Up]) < An’.

(v) E(Gi[V3, Us]) < An?.

If a vertex u; in Uy has blue degree at least %n3 to V3 then we move u; to U,. If a vertex u, in U, has

red degree at least %I’l3 to V3 then we move u, to Uj. Since there are at most 3An vertices in U; with

blue degree at least %ng to V3 and there are at most 3An vertices in U, with red degree at least %l’l3 to Vi,

we moved at most 3An vertices out of U; and U, respectively and moved at most 3An vertices into U

and U, respectively. Thus, we may assume |U;| > |U;|, |Ui| =n+ay, |Uz| =n+a, and a; > 0.
Note that (iv) and (v) change to:

(iv) |E(G2[V3, UiD)| < 4an’.
(V) |E(G1[V3, Ua])| < 4an?.

Let | V3| =n — a3, where a3 < 10An. Let B be the set of vertices in V3 with blue degree at least 0.9n to
U, and |B| = b. Let R be the set of vertices in V3 with blue degree at most 0.05# to U;. By condition (iv),
we know

|B| <5An and |R|>n—a3z—80\in.

Let C be a maximum collection of vertex-disjoint red cherries with center in U, and leaves in U;. If
there are at least m := a3 + b cherries in C, then we use them, together with the edges between U; and
V3, to find a red cycle of length 2#; this is done in Claim 23.

Otherwise, we assume that |C| <m — 1: there are at most m — 1 red cherries from U; to U;. Every
vertex in U, — V (C) has red degree at most 2m — 1 to Uy, since otherwise we have a larger collection of
red cherries.

When |U;| =n +ap > n — b, we can find a blue cycle using edges between U, and V3, as well as
enough edges between U] and B to make up for the size of U, when |U;| < n. This is done in Claim 24.

Otherwise, we assume that |U;| < n — b — 1; in other words,

a < —(b+1). (15)
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Our goal is now to use edges within U] to find a monochromatic cycle. Without loss of generality, we
may assume that |U; N V| > |U; N V,|. We first argue that U; N V, cannot be too small.

Earlier, we defined |U | =n+ai, |Uz| =n+ay, |V3| =n—as. Since |Vi|+| V3| =|Va|+| V3| =2n—1
and U; UU, = V; U V,, we have

2n+ar+a=|Vi|+|Val=4n -2 —2|V3| =2n+2a3 —2
or
ay +ay =2a3 —2. (16)
Therefore
U0Vl = |UI| = Vil = U] = 3(U |+ |U2]) =n + a1 —n = (a1 +a2)
=@ —m)=a3—ay—1=(b+a3)+(—b—ar)—1.

There are two possibilities for the vertices of U N V5:

» There are at least m = b + a3 vertices in U; N V, which have red degree at least 0.1n to U1 N V}. In
this case, we use Claim 25 to find a red cycle of length exactly 2n.

o There are at least m’ := —b —ay vertices in Uy NV, which have blue degree at least |[U; NV |—0.1n >
0.4n to Uy N Vj. In this case, we use Claim 26 to find a blue cycle of length exactly 2n.

One of these must hold, since Uy N V,2| > m +m’ — 1, while by (15), m" = —b — a > 1: therefore there
are either m vertices for Claim 25 or m’ vertices for Claim 26. In either case, we obtain a monochromatic
cycle of length exactly 2n, completing the proof. O

7.1.1. The case of many cherries: |C| > m. Recall that C is a maximum collection of vertex-disjoint red
cherries with centers in U, and leaves in Uy; m = b + a3, where b = |B| and a3 = n — | V3|.

Claim 23. If |C| = m, then we have a red cycle of length exactly 2n.

Proof. We do the following steps. Let C’ C C be a collection of m red cherries with centers in U, and
leaves in U;. Let {uy, ..., u,}=V(C)NU;y and {vy, ..., von} = V(C’) N U; such that each vy;_ju;va;
is a cherry with center u;, where 1 <i <m.

To find a cycle of length 2n in G that contains the edges of C’, we will apply Theorem 18 to an
appropriately chosen bipartite graph.

First, create an auxiliary graph G| by starting with G and adding every edge between {u1, ..., u;}
and U;. This will help us to satisfy the degree conditions of Theorem 18; however, these artificial edges
will never be used by a cycle containing all the edges of C’, since each of {uy, ..., u,} already has
degree 2 in C'.

Second, let X = (Vs — B) U{uy, uo, ..., u,} (aset of n vertices total) and let Y € U, be any set of
size n such that {vy, ..., v,} € Y. We check that the hypotheses of Theorem 18 apply to G}[X, Y].

Order vertices in X and Y separately by their degree from smallest to largest. Since vertices in Y
have red degree at least %n3 —b > 0.4n to X and at most 100in < 0.001n vertices in Y have blue
degree at least 0.04n to X, the smallest index k such that d; (yx) < k + g satisfies d;(yx) > 0.95n. Since
vertices in X have blue degree at most 0.9n to U, they have red degree at least n —0.9n = 0.1n > 0.09n
to Y. The smallest index j such that d(x;) < j + g satisfies d;(x;) > 0.09n. By Theorem 18 and
0.097 4+ 0.95n > n + g + 1, we can find a Hamiltonian cycle in G|[X, Y] of length 2n containing the
edges of C’, which is a cycle of length 2n in G. O



80 JOZSEF BALOGH, ALEXANDR KOSTOCHKA, MIKHAIL LAVROV AND XUJUN LIU

7.1.2. The case of large U,: |U>| > n —b. Recall that |U,| = n + ay, B is the set of vertices in V3 with
blue degree at least 0.9n to Uy, and b = | B|.

Claim 24. If b > —ay (in other words, if |(Uy| = n+ ay > n — b), then we have a blue cycle of size
exactly 2n.

Proof. Let c :=|C|;let V(C)NUy = {uy,...,u.} and V(C)NU; = {vy, va, ..., v2.}. Let By be the
collection of vertices in V3 — B with red degree at most 0.1n to U;. By condition (v),

q:=|B| >n—az—40rn —b.
Since 2n| = |U;| 4+ |Uz| = 2n + a1 + ap, we know
N Vol =n1 —|UiN V| =0y — 3(n+a) =n+ 3(a1+a2) — 3n — 3a1 = 3(n + a)

and thus
LNV <n+a—S(n+a) =1 +a). (17)

Step 1: We first find a path to include 0.8n vertices in V3 and 0.8n vertices in U, (all of U, N V; and
V(C)) by Theorem 17.

Details: Since |B;| > n —az —40in — b, we take a set X € B, such that | X| = 0.8n. By (17), we can
takeaset Y C U, suchthat U, NV, CY, V(C)NU, CY,and Y =0.8n.

Now we consider G[X, Y] and we order vertices in X and Y separately by their degree from smallest
to largest. Since vertices in Y have blue degree at least 0.8n — %ng > 0.2n to X, the smallest index k such
that d> (yr) < k + 1 satisfies d»(yx) > 0.2n. Since vertices in X have red degree at most 0.1n to U, they
have blue degree at least 0.8n — 0.1n = 0.7n to Y. The smallest index j such that d»(x;) < j + 1 satisfies
dr(xj) > 0.7n. By Theorem 17 and 0.7n + 0.2n > 0.8n + 2, we can find a Hamiltonian red path Pl/ from
x € X tosome vertex y € Y —V; — V(C) in G,[X, Y] of length 1.6n — 1.

Since x € X C By,

d(x,Uy—Y)>n+a,—0.8n—0.1n > 0.05n.
We extend the path P| to P; of length 1.6n by adding a blue edge xy’ such that y’ € U, — Y.
Step 2: Use min{0, —ay} vertices in B to obtain a blue path. (We can skip this step if a; > 0.)

Details: Assume ay < 0; since b > —an, let Z :={z1, ..., 24y} € B.
Since
UiNVi| > S(n+a) = U NV,

each vertex in B has blue degree at least 0.9n — |U; N V,| to Uy N Vy. Therefore,
09— U NV =09 —(n+a — U NV )=|UNVi|—a; —0.1n > %|U1 NVi.

We can find for each pair (z;, z;+1) @ common neighbor r; € Uy N V; — V(C), where 1 <i < |ap| —1,
a blue neighbor rg of z;, and a blue neighbor r|4,| of z|4, such that ro, ..., r|4, are all distinct.
We obtain a blue path

Py =roziry - 2l -+ - Zjag| Fan)
of length 2|ay|.
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Since y’ has at most one red neighbor to U; — V(C), at least one of {rg, r|4,|} is a blue neighbor of y'.
We may assume r|4,y’ is blue.

Step 3: Include the rest of vertices in U, to Uj.
Details: We proceed differently depending on whether a, < 0 or a; > 0.

o If ay < 0 then we do the following. Let K := (U, — Y — {y’D U {y} ={y, fi,..., fr—1}. Note that
k=|K|=n4+a —08n=02n+a; and K C U, NV, — V(C). Since each vertex in K has at most
one red neighbor to Uy — V, — V(C) — {ro, r1, ..., |4y}, we find for (y, fi) a blue common neighbor
hoe Uy — Vo —V(C) —{ro, 71, ..., Iay} and each pair (f;, fi41) a distinct blue common neighbor, h;,
inU; — Vo= V(C) —{ro, 71, ..., ay}, Where 1 <i <k —2. We obtain a blue path

P3 = yhofi--- fihi fix1--- fk—

of length 2k —2 = 0.4n + 2a, — 2.

We may assume fi_1rg is blue since f;_ has only one red neighbor to U; N V| — V(C) and there are
many choices when we choose ry to connect with z;.

Finally, we connect P; and P; by adding the edge r|4,|y’, glue the paths P and P;3 at y, then add the
edge fr—1ro to complete a blue cycle of length exactly

2]az| +14+1.6n+0.4n42a; — 2+ 1 =2n.

e If a; > 0 then in the previous argument we take K = {y, y', fi, ..., fr—2} of size 0.2n + 1 and find
common neighbors kg for (y, f1), h; for (fi, fi+1), where 1 <i <k —3, and hy_, for (fi_2, ).

In either case, we obtain a path

Py =yhofi - fihi fis1 - fem2hi—2y'

of length 2k — 2 = 0.4n. We glue P; and P; at y and y’ to obtain a blue cycle of length exactly
1.6n 4+ 0.4n = 2n. O

7.1.3. Handling many vertices in Uy NV, incident to red edges. We will find a red cycle. Note that the
size of Uy NV, is at least n +a; — ny.

Claim 25. [f there are at least m = b + a3 vertices in Uy NV, of red degree at least 0.1n to Uy NV, then
we have a red cycle of length exactly 2n.

Proof. Let B’ be the collection of vertices in U; with blue degree at least 0.057 to V. By (iv), we have
|B’| < 80An.

Step 1: We first find a collection of red cherries C3 with center in Uy NV, and leaves in Uy NV — B of
size b+ az =: m.
Details: Since there are at least m vertices in Uy N V, of red degree at least 0.1n to U; N V| and
0.1n — 80An > 2m, we can find a collection of red cherries C3 with centers in U; N V, and leaves
inU NV, —B ofsizem. Let V(C3) N Vo ={uy, ..., un}and V(C3) NV ={vy, ..., Vau).

Recall that R C Vj3 is the collection of vertices in V3 with blue degree at most 0.05x to Uj.
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Step 2: Then by Hall’s theorem we find a matching M for V(C3) NV to R and then find a common
neighbor back to connect those vertices.
Details: Since {vs, ..., vy, } N B’ = &, each of them has red degree at least n — a3 — 0.051n — 80An > 0.9n
to R. Thus, we can find a matching M for {v,, ..., vy, } such that V(M) N V3 ={w,, ..., wy,} and each
v; w; is a matching edge, where 2 <i < 2m.

Since V(M) N V3 C R, we can find for each pair (wy;, wy;+1) a common red neighbor g; € Uy, where
1<i<m-1.

Therefore, we obtained a path

P1 = v1u1vawag1wavauavaws - + - Vam— 1Um V2m Wom

of length 6m — 3.
Step 3: We use Theorem 17 to get a path saturating all vertices left in V3 — B — V(M).

Details: Let X = V3 — B — {wy, ..., wy,—_1} and we know
X|=n—a3—b—2m—2)=n—-—3m+2.
Choose Y CU; —{uy,...,um}—{v2, ..., v2m} —{g1, ..., &n—1} such that v; € Y. By (16),

ag=—ar)+2a3—2>b+1+a3+azs—2=m+a3—1>m (18)
and thus
n+a—m—QCm—1)—(m—1)>n—-3m+2.

Hence we can require |Y|=n —3m + 2.

Now we consider G1[X, Y] and we order vertices in X and Y separately by their degree from smallest
to largest. Since vertices in U; have red degree at least %n3 to Vs, they have red degree at least %n3 —
b—(Q2m—2)>0.4nto X.

By condition (iv), there are at most 80An vertices in U; with blue degree at least 0.05n to V3. Thus, at
least |Y| — 80An vertices in Y have red degree at least | X | —0.057 > 0.94n to X, the smallest index k such
that di (yk, X) <k + 1 satisfies di(yx, X) > 0.94n — 1. Since vertices in X have blue degree at most 0.9n
to Uy, they have red degree at leastn +a; —m — (2m — 1) — (m — 1) —0.9n > 0.09n to Y. The smallest
index j such that d;(x;, Y) < j+1 satisfies d; (x;, ¥) > 0.09n. By Theorem 17 and 0.0972+0.94n > n+2,
we can find a Hamiltonian red path P, from v; to wy, in G[X, Y] of length

2n—3m+2)—1=2n—6m+3.
We glue P; and P, at v and wy, to obtain a red cycle of size exactly
6m—3+42n—6m+3=2n. O

7.1.4. Handling many vertices in Uy NV, incident to blue edges. In this case, there are many disjoint blue
cherries inside Uj, and we will find a blue cycle. Recall that C is a collection of at most m — 1 cherries
with centers in U, and leaves in Uj, which is defined three paragraphs ahead of (15).

Claim 26. [f there are at least —ay — b vertices in Uy NV, of blue degree at least |U1 N'Vi|—0.1n > 0.4n
to Uy N Vy, then we find a blue cycle of length exactly 2n.
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Proof. Step 1: We find m" = —a, — b blue cherries with centers in U; NV, and leaves in U; N Vy. Possibly
avoiding bad vertices. Then find common neighbors in U, N V; to connect those cherries.

Details: Since vertices in U NV, — V(C) have red degree at most 1 to U; NV, — V(C), there are at
most |Uy N V3| < An? red edges between U, NV, — V(C) and Uy N V| — V(C). Therefore, there are at
most 20An vertices in Uy N V| — V(C) with red degree at least 0.05n to U NV, — V(C) and at least
[UiNVi|—|V(C)NU;|—20Arn vertices in U; NV — V (C) with blue degree at least |[U; N V5| — |V (C)| —
0.05n > %IUZ N V,| to Uy NV, — V(C); we call those vertices Bs.

Since there are m’ vertices in Uy NV, of blue degree at least |U; NV —0.1n — |V (C)| —20An > 0.3n
to B3, we find m’ blue cherries, C4, with center in U; NV and leaves in B3. Let V(Cy)NVo={uy, ..., umy}
and V(C4) N V] = {U], ey Uzm/}.

We can find for each pair (vy;, v2;4+1) a common blue neighbor, w;, in U, NV, — V(C), where 1 <i <
m’—1. We also find for v; a blue neighbor wg and vy, a blue neighbor w,, distinct from {wy, ..., wy/—;}
and V(C).

We obtain a blue path

P1 = WoVUIVW] * * - U2/ —1 U V2 Wiyy!
of length 4m’.
Step 2: We find for vertices in B common neighbors in U N V|, avoiding vertices already used.

Details: Since
UiN Vi = S(n+a)) = U N VA, (19)

each vertex in B has blue degree at least 0.9n —2m’ — |U;1 N V| — [V(C) N Uy| to Uy NV — V(C).
Therefore,

0.9n —2m' — Uy N V| — [V(C)NU,| =091 —2m' — (n+a; — U NV;]) —2(m — 1)
=|UiNVi|—a;—2m' —0.1n—2m +2 > 3|U N V.

Let B = {z1,...,zp}. We can find for each pair (z;, z;+1) a common neighbor r;, where 1 <i <
b — 1, a blue neighbor ry of z1, and a blue neighbor r;, of z; such that rg, ..., r, are all distinct and in
unv,=v(e).

We obtain a blue path
Py =roziry - ziti - 2p7p
of length 2b.

Step 3: Take 0.9n vertices in V3 and 0.9 vertices in U, including U, NV} and V(C). Use Theorem 17
to find a path.

Details: Recall that B, is the collection of vertices in V3 with red degree at most 0.1n to U, and | By| >
n—az —40Ain — b. Since |By| > n —az — 40in — b, we take a set X C B, such that | X| = 0.9n. By (19),
|U, NV | <0.6n and we can take a set Y C Uy — {wg, wq, ..., wyy—1} suchthat UyNV; CY, V(C)CY,
w, €Y,and Y =0.9n.

First we find a blue edge v'u’ with v' € X and u’ € U, — Y. Now we consider G»[X, Y] and we
order vertices in X and Y separately by their degree from smallest to largest. Since vertices in ¥ have
blue degree at least 0.9n — %ng > 0.3n to X, the smallest index k such that d>(yr, X) < k + 1 satisfies
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d(yx, X) = 0.3n. Since vertices in X have red degree at most 0.1n to U,, they have blue degree at least
0.97n —0.1n = 0.8n to Y. The smallest index j such that d>(x;, Y) < j + 1 satisfies d>(x;, Y) > 0.8n.
By Theorem 17 and 0.8n +0.3n > 0.9n + 2, we can find a Hamiltonian blue path P; from w,, to v’
in G,[X, Y] of length 1.8n — 1. We then extend the path P; to P3 by adding the edge v'u’. Thus, the
path P; has length 1.8n.

Step 4: Finally, the rest of the vertices in U, N V, have large blue degree to U; NV}, and we find common
neighbors to include them.

Details: Let K := (U, — Y — {wg, wi, ..., wy—1}) ={u', f1,..., fr—1}. Note that k = |K| =n+ap —
0971 —m' =0.1n4+a, —m' and K C U, NV, — V(C). Since each vertex in K has at most one red

neighbor to Uy NV — V(C) —{v1, ..., vaw} — {ro, ..., rp}, we find for (u’, f1) a distinct blue common
neighbor Ay, and for each pair (f;, fi+1) a distinct blue common neighbor, #;, in Uy NV, — V(C) —
{vi, ..., v} —{ro, ..., rp}, where 1 <i <k — 2. We may assume that ry f;_; is blue (since f;_; has

at most one red neighbor to U; NV} and z; has very large blue degree to U NV, if rg fr—; is not blue
then we choose r( such that ry f;_; is blue).
We obtain a blue path

P, = u//’l()fl s fihifi-i-l cet hk—ka—]

of size 2k —2=0.2n+2a, —2m’ — 2.
Finally, we add the edge r,wy to connect P, and P, glue Py and Ps at w,,, glue P3 and P4 at u’, and
add the edge rog fr—1 to complete the cycle of length

1+4m’ +2b+1.8n+02n+2ar, —2m' + 1 =2n. O

7.1.5. Changes of the proof when j # 3. When j # 3, essentially the same proof works, with minor
modifications.

Without loss of generality, we assume j = 1. We use the same setup as in the case when j = 3 but
replace every place of V3 by V| and n3 by nj.

Case 1: n1 >n+b.

Since ny > n+b and |U;| > n, we take a set of vertices X C V| — B of size n and a set of vertices
Y C U of size n.

Now we consider G1[X, Y] and we order vertices in X and Y separately by their degree from smallest
to largest. Since vertices in Y have red degree at least 0.57; to X and there are at most 80An vertices with
blue degree at least 0.05n to Vi, the smallest index k such that d (yx, X) < k + 1 satisfies d{ (yx, X) >
0.95n. Since vertices in X have blue degree at most 0.9n to U;, they have red degree at least 0.1n
to Y. The smallest index j such that d;(x;, Y) < j + 1 satisfies d;(x;, Y) > 0.1n. By Theorem 18 and
0.1n 4+ 0.957 > n + 1, there is a Hamiltonian cycle in G{[X, Y] of length 2n.

Case2:n+1<n;<n+b-1.
We still assume n; = n — az with a3 < 0. It is included in Case 1 by replacing n3 with ny, V3 with Vi,
V1 with V5, and V, with V3. Note that in this case we have

n4+a +n+a=2n-1
and thus
ay+a =—1. (20)
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Equation (17) changes to
N V3l =n3 —|UiNV3| =2n— 1 —n+a3—s(n+a) =in—1+a3— 1as

and thus

Uy N V| §n+a2—(%n—1+a3—%a1) = %n+1+a2—a3—|—%a1 = %n—a3—%a1.
Moreover, by as < 0, the inequality @; > m in (18) still holds under the assumption a, < —b — 1 since

ag=—1—a>b>b+a3=m.

When choosing between Claims 25 and 26, we still have by (20)

|Ui| = V2l =n+a—n+as=a1+a3=—1—ary+as=b+a3)+(—b—ar) — 1

and therefore one of the two claims can still be applied.

7.2. The case when (9) holds.

7.2.1. Statement and setup of the main lemma. In this case, we have

ny+ny+---+n;=3n-1 2D
and
np4+---+ng>2n-—1. (22)
By (11), s < 5. Our main lemma in this subsection is:
Lemma 27. Let G = Ky, p,.....n, Satisfying (21) and (22) be 2-edge-colored with a (), i, 2)-bad partition.
Then G has a monochromatic cycle of length 2n.

Proof. Without loss of generality, let i = 2. By the definition of a (A, i, 2)-bad partition, there is a j € [s]
such that:

@) n=|Vj|=dA—-2)n.
i) I —=Mn < Uil = A+ M)n.
@iii) (1 —=2)n <|Uz| < (A +21)n.
(iv) E(GalV}, Ui)) < an’.
(V) E(G11V}, Us)) < an’.
Our plan is as follows. In this and the next three subsections we handle the case s = 4 and renumber
the parts so that j =1 and n, > n3 > n4. Later, in Section 7.2.5, we return to the original numbering of

the parts (n; > - - - > ny) and describe modifications to the proof for s # 4.
Since (9) holds, we have n; < n for all i; we also know that n, > n3 > n4, ny =|V;| > (1 —A)n, and

[Ui|+ Uzl =np+n3+ns=3n—1—n1 <2n+in—1,

sony > %(”2 +n3+ng) > %n.

We move vertices as we did in the previous section so that for each u € U; we have d;(u, V) > %nl and
for each v € U, we have d,(v, V) > %nl. Note that (iv) and (v) change to (iv) |E(G2[ V1, U] < 4rn?
and (v) |E(G1[V1, U2))| < 4in?.
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Let |Ui|=n+ay, |Uz| =n-+ay, and |Vi| =n —as. Let B be the set of vertices in V| with blue degree
at least 0.9n to Uy, and let b := | B|. By condition (iv), we know b < 5An.

Let C be a maximum collection of vertex-disjoint red cherries with center in U, and leaves in U;. If
there are at least m := a3 + b cherries in C, then we use them, together with the edges between U; and Vi,
to find a red cycle of length 2n. This is done in exactly the same way as in Claim 23, except with V;
playing the role of V3.

Otherwise, we assume that ¢ := |C| < m — 1, which means every vertex in Uy — V(C) has red degree
at most 2m — 1 to Uj.

When |U;| =n+ay > n — b, we can find a blue cycle in almost the same way as in Claim 24; the
updated proof is given in Claim 28.

Otherwise, we may assume that |U,| <n — b — 1, in which case (15) holds.

As before, to proceed, we want to use edges within U;. Let k be such that |U; N V| is maximized.
This intersection is still at most |V;| < n, while |U;| =n +ay, so |U; — Vi| > ay.

Since

(n+a)+n+a)=U+ Uz =3n—1—|Vi|=2n+a3 -1,

we have a; + a; = a3z — 1, and therefore
Ui = Vil 2 a3 —a, — 1= (b+a3) + (—axy—b) — 1.
There are two possibilities:

o There are at least m = b + a3 vertices in U; — Vj of red degree at least 0.1n to U; N V. In this case,
we will find a red cycle of length exactly 2n by Claim 29.

o There are at least m’ = —a, — b vertices in U} — Vj, of blue degree at least |U; N Vi| —0.1n > 0.2n
to U1 N Vi. In this case, we find a blue cycle of length exactly 2n by Claim 30.

One of these must hold, since Uy — V| > m +m’ — 1, while by (15), m’ > 1; therefore there are either
m vertices for Claim 29 or m’ vertices for Claim 30. In either case, we obtain a monochromatic cycle of
length exactly 2n, completing the proof. O

7.2.2. The case of large Uy: |Uy| > n —b.
Claim 28. If |Uy| = n+ ap > n — b, then we have a blue cycle of size exactly 2n.

Proof. Since |Uy| =n +ap > n — 4in, we know that the largest among U, N V,, U, N V3, Uy N V4 has
size at least 0.33n. We assume |U, NV, | is the largest and

Uy N V,| = 0.33n. (23)

By (23) and |V, | < n, we have
|lUiNV, <0.67n

and there is a g € {2, 3,4} — {p} such that
|UyNVy| = 0.16n. (24)

Step 1: We first find a path to include say 0.8n vertices in V; and 0.8n vertices in U, (all of (V —V,) NU>
and V(C)) by Theorem 17.
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Details: The details are almost the same as in Step 2 of Claim 24 except every place of n3 is replaced
by n1, every place of V3 is replaced by Vi, V; is replaced by (V — V).

e If ay > 0, then we do not need Step 2 and go to Step 3 directly.

Step 2: Use |ay| vertices in B to obtain a blue path.

Details: Since b > |as|, let Z :={z1, ..., 24/} € B.

By (24) and each vertex v in B having blue degree at least 0.9n > %|U 1| to Uy, we can find for each
pair (z;, zi+1) a blue common neighbor r; € Uy — V(C), where 1 <i < |ap| — 1, a blue neighbor ry of
z1 such that ro € V, NU; — V(C), and a blue neighbor 74, of z)4,| such that r|,,| € V, NU; — V(C) and
10, ..., Iay| are all distinct.

Since y’ has at most one red neighbor to U; — V(C), we choose 74, to be in U NV, — V(C) and
such that r|4,y’ is blue.

We obtain a blue path

Py =roziri -+ 2iti * ZYay|Ma|
of length 2|ay|.
Step 3: Include the rest of vertices in U to U; by Theorem 17.
Details: The details are almost the same as in Step 3 of Claim 24 except every place of V; is replaced
by V,. 0
7.2.3. Handling many vertices in Uy — V} incident to red edges.

Claim 29. [fthere are at least m = b+ a3 vertices in (V — Vi) NU, of red degree at least 0.1n to Uy N Vy,
then we have a red cycle of length exactly 2n.

Proof. Let B’ be the collection of vertices in U; with blue degree at least 0.057 to V. Since there are at
most 4An> blue edges between U; and V;, we have

|B'| < 80An.
Step 1: We first find a collection of red cherries C3 with center in U; N (V — V;) and leaves in Uy NV, — B’
of size m.

Details: The details are almost the same as in Step 1 of Claim 25 except we replace everywhere V, by
V — Vi, Vi by Vi, and V3 by V.

Step 2: By Hall’s theorem we find a matching M for V (C3) NV, to R and then find a common neighbor
back to connect those vertices.

Details: The details are almost the same as in Step 2 of Claim 25 except we replace everywhere V3 by
V| and n3 by n;.

Step 3: Use Theorem 17 to get a path saturating all vertices left in Vi — B — V(M).

Details: Let X =V, — B —{w>j, ..., wy,_1} and we know | X|=n—a3—b— 2m —2) =n—3m + 2.
We have ay =az3 —a» — 1 =m —ay — b — 1 > m, and therefore

n+a—-m—QCm—-1)—m—-1)=n+a;—4m+2>n—3m+2.

Wecantake Y CU;—{uy, ..., upm}—{v2, ..., vom}—{g1,..., @n—1}suchthatvy €Y and |Y|=n—3m+2.
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The rest of details are almost the same as in Step 3 of Claim 25 except we replace everywhere V3
by V) and n3 by n;. O

7.2.4. Handling many vertices in Uy — Vy incident to blue edges. In the case when many vertices in
U, — Vi are incident to blue edges, there are many disjoint blue cherries inside U;, and we find a blue
cycle.

Claim 30. If there are at least m' = —ay — b vertices in Uy — Vj, of blue degree at least Uy NVi| —0.1n
to Uy N Vi, then we have a blue cycle of length exactly 2n.

Proof. Since U; N Vy is the largest among U1 N V,, VaN Uy, and V4 N Uy, we know

U NVi| >=0.33n, |U;NVi| <0.67n, and |U; — V| > 0.32n. (25)
Step 1: We find m’ blue cherries from U; N (V — V) to Uy NV, possibly avoiding bad vertices. Then
we find common neighbors in U; to connect those cherries.

Details: The details are almost the same as in Step 1 of Claim 26 until the following sentence except that
we replace everywhere V, by V — V. and V) by V;.

For all pairs (vo;, v2i+1) we can find distinct common blue neighbors, w;, in (V — V) NU, — V(C),
where 1 <i <m’—1.

By (25), there is an £ € {2, 3, 4} — {k} such that

Ve N U,| > 0.16n. (26)

We also find for v; a blue neighbor wg € V, N U, and vy, a blue neighbor w,, € V, N U, distinct from
{wl, ey wm/_l} and V(C).
We obtain a blue path
Py = woviuvawy - - - Vo — 1 U Vo Wiy
of length 4m’.
Step 2: We find for vertices in B common neighbors in U N Vj, avoiding vertices already used.

Details: By (25) and each vertex v in B having red degree at most 0.1n + a; to Uj, v has at least

lUIN V| —2m' —0.1n —a; > 0.6|U; NV, — V(O)] 27
edges to U NV, — V(C). We can find for each pair (z;, z;+1) a common neighbor r;, where 1 <i <b—1,
a blue neighbor r( of z;, and a blue neighbor r;, of z; such that {rg,...,r,} CU; NV, — V(C) are all
distinct and wqry, is blue.

We obtain a blue path

Py =roziry - - Ziki o+ - Zplp
of length 2b.

Step 3: Take 0.9n vertices in V| and 0.9n vertices in U, including (V — Vy) N U; and V(C). Use
Theorem 17 to find a path.

Details: The details are almost the same as in Step 3 of Claim 26 except we replace everywhere V| by
V —V,, V3by Vi, and nj3 by n;.
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Step 4: Finally, the rest of vertices in U, N V; have large blue degree to (V — V;) N U}, and we find
common neighbors to include them.

Details: The details are almost the same as in Step 4 of Claim 26 except we replace everywhere V| by
V—Vg, V2 by Vg, V3 by Vl,and nj3 by ni. O

7.2.5. Changes in the proof when s # 4. When s # 4, essentially the proof for s = 4 works, with minor
modifications.

Case 1: s =3. Then ny +n3 > 2n — 1 implies n{ > ny > n and therefore
ni=np=n and nz=n-—1.

This case is addressed in Lemma 22.

1

Case 2: s =5. If j =2, then since nq +ns > n, n; > ny > (1 —A)n, and n3 > 5n, we have

N =n;+ny+n3+ns+ns>2(1—1)n+3n>3n,

which is not the case. By a similar argument, j ¢ {3, 4, 5}. Thus, we may assume j = 1.
The argument is almost the same as for s = 4. We only mention differences.
In our case, nq +ns > n implies

ny=ny=ny > ng > n; (28)
thus
np+ny=3n—1—ny—ng—ns<n+in—1. (29)
By (28) and (29), we have
%n—)»nfnsfmgnggnzg%n—i—kn. 30)

In Section 7.2.2, in (23) we now can only guarantee |U> N V,| > 0.24n instead of 0.33n. By (30), we
can find a g € {2, 3,4, 5} — {p} such that |[U; NV, | > 0.16n.

In Section 7.2.4, in (25) we can now only guarantee the largest |U; N V| > 0.24n. Equation (26) still
holds with £ € {2, 3, 4, 5} — {k}. Everything else is the same.

8. Completion of the proof of Theorem 5

In the previous three sections, we proved Theorem 5 in the cases when N —n; —ny > 3. By (10), in
the case N —n; —ny <2, it is sufficient to show that for every 2-edge-coloring of Ky, 2,—1, there is a
monochromatic cycle of length exactly 2n. Thus, the next lemma completes the proof of Theorem 5.

Lemma 31. If n is sufficiently large, then for every 2-edge-coloring of Kop on—1, there is a monochro-
matic cycle of length exactly 2n.

Proof. Let G = K7y, 2,—1. From Section 5, we know that if the reduced graph G has a connected matching
of size at least (1 4 y)n, then we can find a monochromatic cycle of length exactly 2n. Suppose G” has
no connected matching of size (1 4 y)n and thus, by Section 5 again, G has a (X, i, j)-bad partition for
some i € [2] and j € [2].

Without loss of generality, we assume i = 1 and discuss separately cases j = 1 and j = 2.
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Case 1: G has a (A, 1, 1)-bad partition. By the setup in Section 6, we have a partition W U W, of V (G)
such that

B A=Mn =< [Wal = (A +1)n; =(1+21)-2n,
(ii) |E(Gi[W1, Wa])| < An?,
(iii) |E(G2[Wi]] < An’.
We know |Wi| = N — |W;| =4n — 1 — |W;|, so by condition (i),
2-=3Mn <|W | <@+ Mn. (31)

For simplicity, let A := W NV, B:=W,NV,, C:=W; NV, and D := W, N V,. Let A* be the
collection of vertices in A with less than 0.6|C| red edges to C, B* be the collection of vertices in B
with at least 0.6|C| red edges to C, C* be the collection of vertices in C with less than 0.6]|A| red edges
to A, and D* be the collection of vertices in D with at least 0.6]A| red edges to A. Let A = (A — A*) U B*,
B=(B—B*)UA*, C=(C—-C*)UD* and D = (D — D*) U C*. By conditions (ii) and (iii),

5 5 5 5
|A*| < ——an?, |B¥| < —an?, |C*|<—an?, and |D*| <—an>.
2|C] 3|C] 2|A 3|A|

Let ' =10A, W = AUC, and W, = BUD.

Remark 32. Conditions (i)—(iii) still hold with A’ replacing A and every vertex in A has red degree at
least 0.59|C| to C, every vertex in B has blue degree at least 0.39|C| to C, every vertex in C has red
degree at least 0.59|A| to A, and every vertex in D has red degree at least 0.39|A| to A.

Case 1.1: |A| = nand |C| = n. Let X € A and Y C C such that |X| = |Y| = n. For each x € X and
y € Y,by|A|,|C| <2n and Remark 32,

di(x,Y)>|Y|—0.41|C| >n—0.82n=0.18n and similarly d;(y, X) > |X| — 0.41|A| > 0.18n.

By condition (iii), we know that the number of vertices in X with at least 0.95n edges to Y in G is at
least n —201/n and the number of vertices in ¥ with at least 0.95n edges to X in G is at least n — 201/n.
Therefore, if we order vertices in X by their degrees in nondecreasing order, say the ordering follows from
d(x1) <---<d(x,), then the smallest index i such that d(x;) <i + 1 has the property that d(x;) > 0.95n.
Similarly, if we order vertices in Y by their degree in nondecreasing order, say the ordering follows from
d(y1) <--- <d(yn), then the smallest index j such that d(y;) < j +1 has the property that d(y;) > 0.95n.
Since d(x;) +d(y;) > n+ 2, by Theorem 17, we know G[X, Y] is Hamiltonian biconnected and we
can find a cycle in G of length exactly 2n.

Remark 33. The same proof shows that there is a red cycle of length exactly min{|A|, |C|}.
Case 1.2: |A] < (1 —301")n. By (31) and | V1| =2n,

|IC| > (1+27\)n  and |B| > (1+30))n. (32)
By condition (ii), there are at most 20A'n vertices in C with red degree at least 0.05n to B. Let C’ be the
20A'n vertices in C of largest red degree to B. Let Y be a subset of C — C’ with size n. Similarly, let

B’ be the 20A'n vertices in B of largest red degree to C and we define X C B — B’ of size n. We show
there is a blue cycle of length exactly 2n in G,[X, Y].
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By the definitions of X and Y, we know that d(x, Y) > 0.95n for x € X and d>(y, X) > 0.95n for
y € Y. By an argument similar to the last paragraph of Case 1.1, we can find a blue cycle of length
exactly 2n in G1[X, Y].

Case 1.3: |C] < (1 —301")n. We find a blue cycle by an argument similar to Case 1.2.

Case 1.4: |A| > (1 4+30A")n and | D| > n. By condition (iii), there are at most 201'n vertices in A of red
degree at least 0.05n to D. Let X’ be the 20A'n vertices in A of largest red degree to D.

By condition (ii), there are at most 201'n vertices in D of red degree at least 0.05n to A. Let R be
the 20A'n vertices in D of largest red degree to A. Since d»(v, A) > 0.39|A| > 0.39n for each v € R and
|R| =20A'n =: m, we can order vertices in R so that R ={ry, ..., r,} and find for R a distinct collection
of blue cherries to A — X’. We may assume the other ends of the cherries are S = {s1, ..., 52, } so that
each sp; _1r;sp; is a cherry. Since § € A — X/, each s; has blue degree at least |[D| — 0.05n to D and we
can find for each (sy;, 52;4+1) a distinct common blue neighbor f; in D — R, where 1 <i <m — 1, and
thus form a blue path

Py =s1r152f153 - - Som

from s; to s,,. We then extend the path P; by finding a blue neighbor ry of s; in D — R distinct from
each vertex chosen in P;. Note now P; has length 4m — 1 from rg to sy,,.

Let X C(A—X'—V (P))U{s2n} suchthat sy, € X and | X|=n—2m+1. Let Y C(D—R—V (P1))U{ro}
such that |Y|=n—2m+1. Since dy(y, X) >0.9n for y e Y and d»>(x, Y) > 0.9n for x € X, we claim that
G»[X, Y] is Hamiltonian biconnected by an argument similar to the last paragraph of Case 1.2. Therefore,
we can find a blue path P, of length 2n —4m + 1 from rg to s2,,.

Finally, we glue P; and P, at ry and so,, to complete a blue cycle of length exactly 2n.

Case 1.5: |C| > (1 +301)n and |B| > n. It is similar to Case 1.4.
Case 1.6: |B| > n and |D| > n.

« If there is no blue edge in G[B, D], then G{[B, D] is a complete bipartite graph and thus we can find
a red cycle of length exactly 2n.

o If there is a blue matching of size 2 in G,[B, D], say the two matching edges are vyv, and uju,, where
vy, uy € Vq and vy, uy € Vs, then by Cases 1.2 and 1.3, we know |A| > (1 —301")n and |C| > (1 —301 )n.
By condition (ii), there are at most 20A'n vertices in A such that the red degree to D is at least 0.057 and
there are at most 201'n vertices in D such that the red degree to A is at least 0.05z. Similarly, there are
at most 20A'n vertices in C such that the red degree to B is at least 0.057 and there are at most 20A'n
vertices in B such that the red degree to C is at least 0.05x.

Let A’ C A be the |A| — 20A'n vertices with the largest blue degree to D, D’ C D be the |D| —20\'n
vertices with the largest blue degree to A, C’ C C be the |C| —20A'n vertices with the largest blue degree
to B, and B’ C B be the |B| —20A'n vertices with largest blue degree to C.

By condition (i) and |W,| = |B| + |D| > 2n, we know |A| > n — 2A'n. Thus, by Remark 32,

do(uz, A) > 0.39|A| > 0.38n.

We find a blue neighbor w; € A’ of u,. Let A” C A such that w; € A” and |A”| = L%nJ Let D" C D’
such that v, € D” and |D”| = L%nJ By A” c A’ and D" C D/, d>(v, A”) > 0.4n for every v € D” and
dr(v, D) > 0.4n for every v € A”. Since 0.4n 4 0.4n > 0.5n + 1, we can use Theorem 17 to find a blue
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path P; of length Z(L%nJ — 1) from v to w; and then extend P; by adding wu,. Similarly, we can find
a blue path P, with vertices in B U C from v; to u; of length exactly 2([1n] —1).

Finally, we connect P; and P, by adding the edge viv, and uju; to form a blue cycle of length
exactly 2n.

Remark 34. The argument also works whenever all of A, B, C, D are of size in [n — 100A’, n + 100A/n].

o If the size of a maximum matching in G;,[B, D] is exactly 1, then let v;v, be a blue edge, and let
{v2} € D be a smallest vertex cover in G»[B, D] (the case {v;} is a smallest vertex cover has a similar
proof and is simpler). If we delete v;, then the remaining graph is a complete bipartite graph in G;. If
|D| > n+1 then we can find a red cycle of length 2n in G{[B, D — {v,}]. Thus, we may assume |D| =n
and |[C|=n—1.

Let B” C B such that |B”| = n. We find a blue cycle in G,[B”, C U {v;}]. By condition (i) and
|W| = |B|+|D| > 2n, we know |C| > n — 21/n. Thus, by Remark 32, for each v € B” we have

d>(v, C) > 0.39|C| > 0.38n.

We also know that each vertex v, in C U {v;} can have red degree at most 1 to B (so it has blue degree at
least n — 1 to B”) since otherwise with vertices in D — {v,} we can find a red cycle of length 2n. Since
n—1+4+0.197n > n + 1, we can use Theorem 17 to find a blue cycle of length exactly 2n.

Case 1.7: n+ 1 < |A| < (n+301'n) and n < |D| < n+ 301'n. By Remark 34, the size of a maximum
matching in G,[B, D] is at most 1. Let viv; € G, such that v; € B and v, € D. We may also assume that
{vy} is a minimum vertex cover of G,[B, D] (the case {v;} is a smallest vertex cover has a similar proof
and is simpler). Let R C A be the set of vertices with red degree at least 0.8n to D. By condition (ii),
we know |R| < 2M/n.

We first show that |[D| = n. Assume not, i.e., |D| > n—+ 1. Then |D — {v,}| > n.

If |A — R| > n, then we find a blue cycle of length 27 in G;[A — R, D]. To do so, take a subset
A" C A— R of size n and D' C D — {v,} of size n. By Remark 32, for every v € D we have

d>(v, C) > 0.39|C| = 0.39(2n — | D|) > 0.38n.

Thus, d,(v, A’) > for v € D. By the definition of A’, we know d>(v, D’) > 0.2n for v € A. By
condition (ii), we also know there are at most 201'n vertices in A’ of red degree at least 0.05z to D and
thus if we order vertices in A" and D’ in nondecreasing order respectively, say A’ = {uy, ..., u,} and
D' ={wy, ..., w,}, then the smallest index such that d,(u;) <i + 1 has d>(u;) > 0.95n and the smallest
index such that d>(w;) < j+1 has d>(u;) > 0.19n. Since 0.95n+0.19n > n+ 1, we can use Theorem 17
to find a blue cycle of length exactly 2n in G,[A’, D].

If |A — R| <n—1, then we find a red cycle of length exactly 2n in G{[BU R, D — {v,}]. To do so,
note that (1) |[BUR|=2n—|A—R|>n+1, 2) G{[B, D — {v,}] is a red complete bipartite graph, and
(3) each vertex in R has degree at least 0.8n to D — {v,}. We can use Theorem 17 to find a red cycle of
length exactly 2n, since this red graph is very dense and has both parts large enough.

Remark 35. The proof also shows we can find a monochromatic cycle when |A| € [n—100A'n, n+100A'n]
andn+1<|D| < (1+1001)n.
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We assume | D| = n from now on. Since each vertex in R has red degree at least 0.8n to D, if there
are at least two vertices in R, say r and r;, then we find a red common neighbor w € D for r; and r;.
Note that by Remark 33, G[A, C] is Hamiltonian-biconnected. Therefore, we can find a red cycle of
length exactly 2n from a path P; from r; to r, of length 2n — 2 glued with the path P, = riwr,. The
only case remaining is |R| < 1. Then we have |A — R| > n and we find a blue cycle of length 2n by the
same argument as in two paragraphs ahead of this paragraph.

Remark 36. Note that the last sentence of the previous paragraph shows why we need |A| > n + 1.

The only uncovered case is:

Case 1.8: n < |C| < (1 +301)n and (1 — 300" )n < |A] < n — 1. We define R to be vertices in C with
red degree at least 0.8n to B. By Remark 34, we may assume that the size of a maximum matching in
G»[B, D] is at most 1.

If |C — R| > n, then we find a blue cycle of length exactly 2n in G3[ B, C — R]. Thus, we may assume

IC—R|<n—1. (33)

o If there is no edge in G;[B, D], then G[B, D] is a complete bipartite graph and we are done if
|[DUR| > n. Thus, we may assume that [DUR| <n—1. Since |C — R|+|R|+|D|=2n—1, |[C—R|>n
and we have a contradiction.

o If the size of a maximum matching in G;[B, D] is exactly 1, say vjv; is such a matching with v; € B
and vy € D, then one of {v;} or {v;} is a minimum vertex cover of G,[B, D]. We may assume that {v;}
is a minimum vertex cover of G,[B, D], and the case when {v;} is a minimum vertex cover has a similar
proof and is simpler.

Since G1[B, D —{vy}] is a complete bipartite graph, we are done if | D| > n+ 1. Thus, we may assume
|D| < n. Moreover, if |[DUR —{v;}| > n then we can find a red cycle of length 2 in G|[DUR —{v,}, B];
hence we may assume

ID|+|R|—1<n—-1
But we also know that |D| 4 |R| 4+ |C — R| =2n — 1. Thus,

|IC—R|>=n—1,
and by (33) we know
|C—R|=n—1 and |DUR|=n.
If v, has at least two red edges to B then we can find a red cycle in G{[B, D U R] by first considering

the two edges incident with v,. Thus, v, has at most one red edge to B and thus has at least | B| — 1 blue
edges to B. We can find a blue cycle in G>[(C — R) U {v,}, B].

Case 2: G has a (A, 1, 2)-bad partition. This case is covered in Case 1 in Section 7.1.5 (with the same
proof). O
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9. Proof of Theorem 6 on monochromatic Cs,

For large n, we need to prove the theorem for every N-vertex complete s-partite graph G with parts
(V' Vi, ..., V) such that the numbers n; = |V*| satisfy ny > ny > - -- > ny and conditions (1), (2), (4)
and (5).

Consider a possible counterexample G with 2-edge-coloring f and minimum N +s. If N—n;—n3 >3,
then restriction (7) does not apply, so by Theorem 5, G has a monochromatic C,, a contradiction. If
N —n; —ny <2 and (7) holds, then again by Theorem 5, G has a monochromatic Cy,. Hence we need
to consider only the case that N —n; —ny <2, all (1), (2), (4) and (5) hold, but (7) does not hold. In
particular, n; > 2n — 1, but N <4n —2. Thismeans N —n; < (4n—2) — (2n —1) =2n —1, so by (2),
N=4n—-2andn,=2n—1.If N —n; —ny <1, this does not satisty (5). Thus N —n; —ny =2, and
hence G © K»,_1,2,—32. Therefore, the following lemma implies Theorem 6.

Lemma 37. If n is sufficiently large, then for every 2-edge-coloring of Koy—1,20-3 2, there is a monochro-
matic cycle of length at least 2n.

Proof. The set-up of the proof is similar to the proof of Lemma 31. We only show the differences.

Let V3 = {uy, uz}. Define V] = V; and V, = V, U V3. We first consider G[V/, V,] and then use the
fact that V; = V, U V3. Note that we have |V/| = |V,| =2n — 1.

By the proof in Lemma 31, we narrow the uncovered cases to (1) |[A|=n—1andn <|C| < (14+301)n
and 2)n <|A| < (1+30A)n and |C| =n — 1.

Case 1: |[Al=n—1andn < |C| < (1+301)n.

Then we know |B| =n and (1 —300)n — 1 < |D| <n — 1. By Remark 34, we know the size of a
maximum matching, o, in G,[B, D] is at most 1. Let R be the set of vertices in C with at least 0.8n red
neighbors in B. By condition (ii), |R| < 2A'n.

Claim 38. If |C — R| > n then we find a blue cycle of length 2n in G| B, C — R].
Proof. We pick C' C C — R of size n. We know:

(1) By Remark 32 and the definition of R, each vertex in B has blue degree at least 0.38n to C’ and each
vertex in C’ has blue degree at least 0.2n to B.

(2) By condition (ii), all but at most 20A'n vertices in B have red degree at most 0.057 to C’ and all but
at most 20A'n vertices in C have red degree at most 0.05n to B.

(3) If we order vertices in C” and B in nondecreasing order by their degree in G,[C’, B] respectively,
then the smallest index with d(x;) <i+ 1 and the smallest index with d(y;) < j + 1 satisfy d(x;) > 0.95n
and d(y;) > 0.95n.

Since 0.95n +0.95n > n + 1, we can use Theorem 17 to show G»[C’, B] is Hamiltonian biconnected
and thus we can find a cycle by fixing an edge e first and then find a Hamiltonian path in G,[C’, B]
without e, which is still Hamiltonian biconnected. O

Remark 39. Similarly to Claim 38, we can show:
(1) For any two vertices ¢y € C, aj € A, graph G([A, C] has a red path of length 2n — 3 from c; to aj.
(2) For any two vertices cy, co € C, graph G[A, C] has a red path of length 2n — 2 from c; to c;.
(3) For any two vertices by, b, € B, graph G;,[B, C — R] has a blue path of length 2n — 2 from b, to b,.
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(4) For any two vertices c; € C — R, by € B, graph G,[B, C — R] has a blue path of length 2n — 3 from
¢y to by.

Therefore, we may assume
|C—R|<n—1 andthus |DUR]|=>n. (34)

If |R| = 2, say r1, ry € R, then we find a common neighbor r, € B for them. By Remark 39, we can
find a red path P; of length 2n —2 in G{[C, A] and then extend P; to a red cycle of length 2»n by adding
rirpry. Thus, we may assume

IC—Rl=n—1, |Rl=1 and |D|=n—1. (35)

Let R = {r}. If o/ = 0, then G[B, D] is a complete bipartite graph. We can find a red cycle of
length 2n in G{[B, D U R] by first fixing two neighbors in B for r.

If « = 1, say vjv; is a maximum matching in G,[B, D], where v; € B and v, € D. If {v;} is a
minimum vertex cover, then v, has at most one red edge to B since otherwise we find a red cycle by (35)
in G1[D U R, B] by first fixing two neighbors in B for v,. Thus, we may assume v, has at least |B| — 1
blue edges to B and thus we can find a blue cycle in G,[(C — R) U {v,}, B] by Remark 39.

We may assume {v;} is a minimum vertex cover. Note that v; has at most one red edge to D since
otherwise we find a red cycle in G{[B, D U R] by first fixing two red neighbors for v;. For the same
reason, each vertex in A has at most one red edge to D. We use vertices in V3 to find a monochromatic
cycle.

If there is a red edge from D to C — R, say u1y; with u; € D and y; € C, then we find a red cycle of
length at least 2n. To do so, by Remark 39, we first find a red path P; from y; to r of length 2n — 2 in
G1[A, C]. Since r has at least 0.8n red neighbors in B and G[B — {v,}, D] is complete bipartite, we
find for r and u; a red common neighbor in B — {v;}, say r,. Finally, we extend P; to a red cycle of
length 2n 4+ 1 by adding the red path rrpu;y;. Since at least one of u; and u;, are not in R, say u; ¢ R,
we may assume there is a blue edge u;y; from C — R to D withu; € C — R and y, € D.

We find a blue cycle of length at least 2n by using u;. To do so, by Remark 32, each vertex in D has
blue degree at least 0.38n to AU {v;} and each vertex in C — R has blue degree at least 0.2n — 1 to B. We
first fix a blue neighbor z; of y; with z; € A and then find a common blue neighbor, say y, € D —{y;},
for vy and z;. We can find a blue path P; of length 2n — 3 from u; to v; in G,[C — R, B] by Remark 39
and then extend P; by adding the path v;y>z;y;u; to obtain a blue cycle of length 2n + 1.

Case 2: n < |A| < (1 +30A)n and |C| =n — 1. It is symmetric to Case 1 until we use vertices in V3.
Thus, we may assume the maximum size of a matching in G,[B, D] is 1, vjv, is one maximum matching
and {vy} is a minimum vertex cover and every vertex in C U {v,} has blue degree at least |B| — 1 to B.
Moreover, we may define R C A similarly to Case 1; i.e., R is the collection of vertices in A with at
least 0.8n red degrees to D, and assume

IJA—R|=n—1, |R|=1 and |B|=n—1. (36)

Let R = {r}. If there is a red edge from C to D — {v;,}, say u;y; with u; € C and y; € D, then we can
find a red cycle of length at least 2n. To do so, we first find a red path P; of length 2n — 3 from u; to r
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by Remark 39. Then we find a red neighbor r4 of » in D — {v;, y;} and a common red neighbor r;, of r4
and y; in B. We extend the path P; to a red cycle of length 2n + 1 by adding the red path rryrpy1u; to Py.

Then we may assume there is a blue edge from C to D — {v,}, say u;y; with u; € C and y; € D — {v,}.
We first find a blue path of length 2n — 2 from y; to v, in G2[A — R, D] by Remark 39 and then find
a common blue neighbor y € B for v, and u;. Finally, we add the path y,u;yv; to P to obtain a blue
cycle of length 2n + 1. g

10. Proof of Theorem 7 on monochromatic P,

10.1. A useful lemma. If G contains a monochromatic C»,, then it certainly contains a monochro-
matic P,,. So suppose G = K, .. ,, does not have a monochromatic C,,. The lemma below is very
helpful here and in the next section.

Lemma 40. Let s > 3 and n be sufficiently large. Letny > --- > ngand N = n| + - - - + ny satisfy (1)
and (2). Suppose that for some 2-edge-coloring f of the complete s-partite graph G = Ky, .. ., there
are no monochromatic cycles Cy,. Then G contains a monochromatic Py, 1.

Proof. By Theorem 5, if (1) and (2) hold but G does not have a monochromatic C»,, then (7) fails. In
particular, N —n; —np < 2. Since s >3, N —n; —np > 1. We may assume s = 3: if s > 3, then
N —n; —ny <2yields s =4 and n3 = n4 = 1. In this case, deleting the edges between V3 and V4 and
combining them into one part (of size 2) only makes the case harder.

We use condition (7) to find a monochromatic C5, only in the nearly-bipartite subcase of Section 6:
in Section 6.2. Therefore, if there is no monochromatic C»,, but (1) and (2) hold, we have a graph G
that falls under this subcase.

In this case, we have found disjoint subsets X1, X12 € V| and X31, X2 € V, with | X | = |Xo1] =
| X 12| = | X22| = %n + 10 satisfying the following property: if H is any of the graphs G{[X 1, X21],
G1[X12, X22l, Ga2[X12, X21], or G2[X 11, X22], then given any vertices v, w in H, we can find a (v, w)-
path in H on m vertices, provided that n — 10 < m < n 4 10 and that the parity of m is correct.

Now let x € V3 be an arbitrary vertex (since we know that 1 < n3 < 2). Without loss of generality, we
may assume that x has an edge in G to X ;. If x also has an edge in G to X2 U X, then we obtain a
long path in G as follows:

e Let P| be a path in G[X 1, X»1] of length at least n starting from a neighbor of x in X ;.
e Let P, be a path in G[X12, X27] of length at least n starting from a neighbor of x.

e Use x to join P; and P, into a path.

Otherwise, all edges of x to X|» U Xy, are in G»; in particular, x has a neighbor in G, in both X1,
and X;. We obtain a long path in G, in a similar way:

e Let P be a path in G3[ X2, X»1] of length at least n starting from a neighbor of x in X ;.
o Let P, be a path in G;[ X1, X27] of length at least n starting from a neighbor of x in X5;.

e Use x to join P; and P; into a path.

In either case, G contains a monochromatic Py, 1. O
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10.2. Completion of the proof of Theorem 7. As observed above, if G has a monochromatic C5,, then
we are done. Otherwise, by Theorem 5 and Lemma 40, G is bipartite. In this case, (2) yields np, > 2n — 1.
Hence ny > 2n —1, and G O Kp,_1,2,—1. In this case, Theorem 2 yields the result. O

11. Proof of Theorem 8 on monochromatic P,

11.1. Setup of the proof. For large n, we need to prove the theorem for each complete s-partite graph
G = K,,,...n, such that the numbers n; satisfy n; > ny > - - - > n, and the three conditions

N=ni+--+n;>3n, (T1)
N—ni=ny+--+n,>2n—1, (T2)
ifs=2, thenn;>2n+1. (T3
For a given large n, we consider a possible counterexample with the minimum N + s. In view of this,
it is enough to consider the lists (n1, - - - , ny) satisfying (T1"), (T2") and (T3’) such that:
(a) Foreach 1 < j <s,if n; > n;41, then the list (ny,...,n;—1,n; — 1, n;41, ..., ny) does not satisfy

some of (T1"), (T2') and (T3").

(b) If s > 4, then the list (ny, ..., ny_3, ng_1 + ny) (possibly with the entries rearranged into a nonin-
creasing order) does not satisfy some of (T1"), (T2') and (T3").

Case 1: s > 3 and N > 3n. Then (T3’) holds by default. If ny > n», then the list (ny — 1, ny, n3, ..., ng)
still satisfies the conditions (T1"), (T2") and (T3'), a contradiction to (a). Hence n; = n,. Choose the
maximum i such thatny =n;. If N —n; > 2n — 1, consider the list (ny,...,n;j—1,n; — 1, nj41, ..., ng).
In this case (T1’) and (T2') still are satisfied; so by (a), (T3') fails. But this means s =3 and n; =n; =1,
so N < 3, a contradiction. Thus in this case N —n; = 2n — 1. Therefore, ny = N — (N — ny) >
3n+1—2n—1)=n+2andhencen, >n+2,s0 N—n;—ny, <(2n—1)— (n+2) =n —3. Then the
list (ny, ny, N —2n;) satisfies (T1")—(T3’). Summarizing, we get

ifs>3and N >3n, thens=3, np+n3=2n—1landn;=n,>n+2. 37

Case 2: s >3 and N = 3n. Again (T3’) holds by default. By (T2'), n; <n+1; hence N —n;—ny >n—2.
If s > 4 and ns_; +ny, <n+1, then let L be the list obtained from (ny, ..., ny) by replacing the two
entries ng_1 and ng with ny_; + n, and then possibly rearrange the entries into nonincreasing order. By
construction, L satisfies (T1")—(T3’), a contradiction to (b). Hence ny_; +ns > n+2. If s > 6, then
N > 3(ng_1 +ng) > 3n + 6, contradicting N = 3n. Thus

ifs>3and N =3n,thens <5 and ifs>4, thenng_|+n;>n+2. (38)

Case 3: s = 2. Then by (T3'), n; > 2n+ 1 and by (T2'), np > 2n — 1. Thus G 2 K3,+1.21—1, and we can
assume that

if s =2, then G = Kont1.2n—1- 39)

As we have seen, always s < 5.
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11.2. Completion of the proof. Suppose G satisfies (37)—(39), and f is a 2-edge-coloring G such that
there is no monochromatic Py, 1.

If G has no monochromatic C,,, then by Lemma 40, G is bipartite. So by (39), G = K2,41,2,—1. But
by Lemma 31, K2, 2,—1 > (Ca,, C2y). Therefore, below we assume that the 2-edge-coloring f of G is
such that G contains a red cycle C with 2n vertices (i.e., G| contains C).

Let V' =V(C) and V' = V(G) — V' Similarly, for j =1, ..., s, let Vj/ =V;NC and Vj” =V, - Vj’.
If some red edge e connects V' with V”, then C + e contains a red Py, 1, so below we assume that

all the edges in G[V’, V"] are blue, i.e., Go[V', V"1 =G[V', V"]. (40)

Case 1: s =2. Then |V|| = |V,| =n. By (39), |V|'| =n+ 1. By (40), G2[ V", VJ1 = K410, but Ky 1
contains Py, 1.

Case 2: s > 3 and ny > n. If V| 2 V”, then (since |V”| > n by (38))
G V", V(G) = Vi]1=G[V",V(G) = Vil = Kn.N-n, 2 Kn2n-1 2 Pany1.
Because C is a cycle of length 2n and Vl’ is an independent set, |V{ | < n. In particular, since s > 3,
there are distinct 2 < jj, j, < s such that there are vertices v| € V]/l and v, € VJ;/ .

If |V{"| = n, then G2[V]", V' — V/] is a complete bipartite graph with parts of size at least 7, so it contains
a path P with 2n vertices, starting from v;. Adding to it edge v{v,, we get a blue P, 1.

Suppose now |V|"| <n — 1. Then the complete bipartite graph G,[V|’, V' — V{] has a path Q0 with
2| V"l + 1 vertices starting from v; and ending in V' — V. Also since n; > n and |V"| > n, the complete
bipartite graph G[V/, V" — V;] contains K, v7|.n— vy and hence contains a path Q> with 2(n — V')
vertices starting from v,. Then connecting O with O, by the edge v v, we create a Pa, 4.

Case 3: s >3 and n; <n — 1. In this case, N/n; > 3, so s > 4. Then (37)—(39) imply that N = 3n and
4 < s < 5. In particular,

N—-—ni>3n—(n—-1)=2n+1 forevery 1l <i <s. 41

Relabel the V;’s so that |V/'| > --- > [V/|. Let s’ be the largest i such that V" # &. We construct a
path Q with 2n 4+ 1 vertices greedily in two stages.

Stage 1: Fori =1,...,s"—1, find a vertex w; € V' — V; — Vi so that all s’ — 1 of them are distinct.
We can do it because V" and V/" | are nonempty, so

|VL-/UV1-/+1| <(mi—D+m—1)<2n—4=|V|-4.

At least four choices for each of the s’ — 1 < 4 vertices w; allow us to choose them all distinct. Then we
choose wy € V' — V| and wy € V' — Vi so that all wy, ..., wy are distinct.

Stage 2: Fori =0, ...,s"—1 we find a (w;, w;11)-path Q; such that (i) V(Q;) N V" = V/, |, and (ii) all
paths Qy, ..., Qy_ are internally disjoint.

If we succeed, then Uf:_ol Q; is a path that we are seeking.

Suppose we are constructing Q; and V", | = {uy, ..., u,}. We start Q; by the edge w;u;. Then on
Step jfor j=1,...,q, do as follows.
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If j =g, then add edge u,w; 1 and finish Q;. Otherwise, find a vertex z; € V' — V; 1 not yet used in
any Q;, then add to Q; edges u;z; and z;u;;, and then go to Step j + 1. We can find this z; because
by (41), |V — V;| > 2n+ 1, at most n — 2 of these vertices are in V", and at most n vertices of all paths Q;/
are already chosen in V'. Since we always can choose z;, our greedy procedure constructs Q;, and all
Q; together form the promised path Q. (]
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