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On the behavior of power series
with positive completely multiplicative coefficients

Oleg A. Petrushov

We consider power series with positive completely multiplicative coefficients. We obtain a large family
of power series that have the unit circle as natural boundary, as well as new 2-theorems for power series
with positive completely multiplicative coefficients when the argument tends to roots of unity. Also
Q-estimates for some partial sums of completely multiplicative functions are given.

1. Introduction

In this paper we study power series with completely multiplicative coefficients. Power series with co-
efficients that have some arithmetical structure possess interesting properties. Most of the power series
with arithmetical coefficients converge on the unit disc but have no continuation beyond the unit circle.
Moreover they usually have interesting properties when z tends to the unit circle along a radius.

The results of [Petrushov 2014; 2015a] are about two specific and important series ) _, u(n)z" and
3", n*(n)zZ". For example in [Petrushov 2015a] we exposed a connection between the asymptotic behav-
ior of the series ) ,_ w?(n)z" as z tends to e>*# along its radius and the Diophantine properties of 3,
namely its irrationality exponent when f§ is irrational and its denominator when f is rational. A similar
study for the series ), (n)z" was performed in [Petrushov 2014] with less-striking conclusions.

The specific problem of determining the analytic behavior of power series with multiplicative coeffi-
cients was posed by W. Schwarz in the Oberwolfach Meeting on Number Theory. L. G. Lucht [1981]
proved that for an extensive set of multiplicative functions «(n) the unit circle is the natural boundary
of the series Y o | a(n)z". The set is defined by some complicated conditions. In particular it requires
the existence of a complex number s with nonnegative real part, a slowly oscillating function /(x) and a
nonzero sequence of coefficients ¢, such that for any principal character xo modulo g

> amxom) = (cg+o())x'1(x), x— +oo,
n<x
and for any nonprincipal character
> am)x(n) =o' [I(x)]), x— +oo.
n<x

In the simpler case of positive multiplicative coefficients, results of Wirsing may be applied to obtain
the desired asymptotic behavior in some cases (see [Lucht 1981, Corollary 3]) but even then, the simple
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multiplicative function defined by «¢(29m) = 3¢ where m is an odd number and a is a nonnegative
integer, cannot satisfy the conditions of Lucht’s class: since

Z ag(n) =3" —2" and Zao(n)=2(3'")—2m,

n<2m—1 n<2m

the function x —'0g3/log2 an . @o(n) is not slowly oscillating.
The scope of this article is restricted to nonnegative, completely multiplicative functions.
An arithmetical function () is called completely multiplicative if

a(mn) =a(m)a(n)

for each m and n.
For example n? is a completely multiplicative function. A Dirichlet character is also a completely
multiplicative function.
Denote ¢2™# by e(B). Denote by 2(z), where z € C, the power series
[o¢]

Za(n)z".

n=1

Denote by A(x, B), where x € R*, 8 € R, the sum

> am)e®p).

n<x

Throughout the paper the letter p always denotes a generic prime number and o the real part of the
complex number s. Let g(x) > 0. The equality f(x) = Q2(g(x)) when x — a means that there is an
infinite sequence f;, — a such that | f(t;)| > 8g(#;) for some § > 0. The relation f(x) = Q2(g(x)) when
x — a is also equivalent to lim,_ 4 |f(x)/gx)| > 0.

In [Petrushov 2018] we proved 2-estimates of power series with positive completely multiplicative
coefficients.

To be specific, for a completely multiplicative function «(n) such that ¢(p) < pand 0 < A < «a(p) <
B < 2A for any prime p, we proved that there is a computable constant C > 0 such that for any / € Z
and any prime g with a(q) # 1, we have

q 1—r
asr — 1—.

This implies that if «(p) # 1 for infinitely many primes p, the natural boundary of 2((z) is the unit
circle.

In the present article we substantially enlarge the set of completely multiplicative functions for which
the associated power series has the unit circle as natural boundary.

Theorem 1. Let «(n) be a completely multiplicative function satisfying:

(D Zp a(p)(1 —NR(x(p)))/p diverges for any nonprincipal ¥ .
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(2) The series

Z a(p)

(o}
P p
converges for Ns > 1.
If the series Zflozl a(n)z" has a nonsingular point on the unit circle, then a(n) = 1.

Any completely multiplicative function «(n) satisfying a(p) > A > 0 for every prime p satisfies
condition (1) of Theorem 1, and any completely multiplicative function satisfying |e(p)| < B for every
prime p satisfies condition (2). Therefore this theorem improves results obtained in [Petrushov 2018]
and covers functions which are not in Lucht’s class, such as our example o (n).

Theorem 1 is easily derived from Q2-estimates for the power series 2(z) along every radius [0, e(l/q))
where every prime factor p of g satisfies a(p) # 1.

Theorem 2. Let a(n) be a positive completely multiplicative function satisfying conditions (1) and (2)
of Theorem 1. Let q be a positive integer whose prime factors all satisfy a(p) # 1. Let B = 1/q with
(,q9)=1

Set § = sup,(loga(p)/log p) — 1 if there are primes p with a(p) > p, and § = 0 otherwise. Choose
m > 0 such that there are at least m distinct primes satisfying a(p) = p'*°. If § =0, we set € > 0 such
that there is ¢ € R with

Z a(p)
— >e€l|ln(c—1)|+c aso—1+4.
p

p

Assume first that

(3.1) §=0.

Then for all b <0

1
2e(B)r) = Q((l (= r)|1—b) asr — 1—,
X
A(x, IB)ZQ(W) as x — —+0o0.

If moreover
32)§=0ande+m >0,

then one can replace b by € 4+ m in the previous formulas; that is,

(una.—r)r+ml)
A(e(B)r) =2 asr — 1—,

1—r
A(x, B) = Q(x(Inx)“t" as x — +oo.
Now, if
(3.3) 8 > 0and a(q) = q'*?,
then

_ m—1
A(e(B)r) = Q<|ln(1—r)|) asr — 1—,

(1 _r)1+8

A, B =P nx)™  asx > +oo.
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To get these estimates, we follow a method that we developed in [Petrushov 2015b; 2017] to study
power series with additive coefficients and to prove similar Q2-estimates.

We use the Mellin transforms of 2A(e(8)r) and A(x, ), which both turn out be easily expressed in
terms of the twisted Dirichlet series

_ a(n)
F[B1(s) = Z e(pn)—=.
When g8 =1/q with (I,q) =1, F[B](s) can be decomposed into a linear combination of
_ a(n) . a(n)x(n)
F(s) = Bar and F(s, x) = Z —

where x runs among nonprincipal characters mod ¢g. This decomposition gives a nice description of the
meromorphic extension of F[B](s) on the half-plane fs > 1. Finally Tauberian arguments allow us to
deduce the different Q2-estimates of Theorem 2 from the corresponding analytic properties of F[B](s).
In Section 2 we prove that the decomposition of F[B](s) into a linear combination of L(s, x) is
possible, study some sums with characters, and study the Mellin transform. In Section 3 we prove some
general Q2-estimates. In Section 4 we prove the theorems and prove the generalization of Theorem 2.

2. Preliminary results

In this section we decompose F[B](s) into a linear combination of F(s, x) and prove a useful integral
equality.

Let g be a natural number, ¢ > 1 and let ¢ = ]_[f;l pll." be its decomposition into prime factors
throughout this section. Let K(g) = {n eN:n= ]_[f;l p;""} and in this definition m; are arbitrary
nonnegative integers. From the fundamental theorem of arithmetic it easily follows that each n € N has
a unique representation

n=km, (1)

where k € K(q), (m,q) = 1.
For a Dirichlet character y modulo ¢, we denote by t(x, [) the Gauss sum

1 nl
Z x(n)e (—)
n=1 q

We define C, (s) as the Dirichlet series

S 2Oz,

)
keK(q)
where x is the conjugate character of x. Throughout the paper C, (s) depends on / and q.

Lemma 3. Let a(n) be a multiplicative function and let the Dirichlet series

o0

Fo)=Y" “,i”

n=1
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be absolutely convergent in the domain {Ns > o}. Then for Rs > o, the following identity holds:

1
F = — C,(s)F(s, 2
[81(s) ¢<Q>szodq> LVF (s, x) (2)

(see [Petrushov 2015a, p. 20]).
Let ¢, (n) be Ramanujan sum,
cg(n) = Z e(n—l).

0<i<g 9

(L.g)=1
Recall standard properties of the Ramanujan sum:
(1) If (g1, q2) =1 then ¢y, 4, (n) = ¢4, (n)cy, (n).
(2) ¢4(k) depends only on (k, q).
(3) cr(g) = t(xo0, k), where yxq is the principal character modulo g.
Lemma 4. Let f be a completely multiplicative function with | f (p)| < 1 for p | q. We have

( > f(n)cq(n)) [Ta-ren=T] ren™—mren™H, 3)

nek(q) rlaq P"llq
where the notation p™ || g means that the multiplicity of p in the prime decomposition of q is m.

Proof. We see

( > f(n)cq(m) ]_[(l—f(p))zl_[< > f(n)cq(n))(l—f(p))

nek(q) plyq plg “nekK(p)

=11 (Z ff'(p)c,,,(pm))(l — £ (p))
r"llg ~j=0

- T] (—p’"lf’"1(p)+pml(p—1)1fi)(l—f(p))
Plla —f

= [T "' A= £y +p" (0= D™ (p))
r"llq

= [T e+ o)+ 2™ () = P ()
r"llgq

= [T «oron™ = eren™". O
r"llq

Lemma 5. Let o(n) be a completely multiplicative function, and let o1 be as in Lemma 3. The following
formula holds:

r mi—=1 m;—1,
Cyo(5)F (5. x0) = H(%(a(mp}—‘ - 1)>F(s). )
p.

i=1 i
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Proof. If the series ) |a(n)|/n° converges for o > oy, then |o(p)| < p”' for all prime p. The completely
multiplicative function defined by f(p) = a(p)/p°® satisfies the condition of Lemma 4 if is > 0. Along
with the facts that 7 (xo, /) = c,(]) and F (s, xo) = ]—[plq(l — f(p)/p*)F(s), this lemma follows from
Lemma 4 with f(p) =a(p)/p°’. (|

Lemma 6. Each character modulo q can be expressed in the form

X = X1X2,

where 1 is the principal character modulo q1, x» is a character induced by a primitive character
modulo qé, qé l g2, 9 = q192, (q1,q2) =1, and the prime divisors of q> and q; are the same.

Lemma 6 follows from [Apostol 1976, Theorem 8.18, p. 171].

Lemma 7. Let g = q192, (q1,q2) = 1. Let x = x1x2, where x1 and x, are characters modulo g and q»
respectively. Then for eachl € Z we have t(x, 1) = x2(q1) x1(q2)T (x1, )T (x2, ).

Lemma 7 follows from [Montgomery and Vaughan 2007, Theorem 9.6, p. 287].

Lemma 8 Let x be a character modulo q = []; Pi induced by a primitive character modulo qé, and
suppose q2 | 92, 9 =q192, (q1,q2) =1, and the prime divisors of g, and q2 are the same. If there is an i
such that p " divides m then t(x, m) =

Proof. Let m =[];_, p: Y. Let x = [, xi» where x; are characters induced by characters modulo pir".
Then by Lemma 7 and that fact that t(x, al) = x(a)t(x,!) (see [Montgomery and Vaughan 2007,
Theorem 9.5, p. 287]), we obtain

.
T(x, Uy =C ] 0a p"),
i=1
where |C| = 1. Since pfi | m we have n; > 1; > r;. Thus ©(x;, p;*) =0. O

Lemma 9. Let s > o1, where o is as defined in Lemma 3. Let

X = X1X2,

where x1 is the principal character modulo qy, x2 is a character induced by a primitive character modulo
qé, q; g2, 9 = q192, (q1, q2) = 1, and the prime divisors of g, and qé are the same. Then

Jk
0 =mann® Y et Y T ) 5)

kieK(q1) 1 k2 lg2 2

(Xl, ki)

Proof. Using Lemmas 6 and 7 and the fact that t(x, al) = x(a)t(x,!) when x(a) # 0 we derive
X2(q)T (X1, lhkika) T (X2, Lkiko)a (ki) (ko)

(X1 X2, Lk1k2)
C = — = “ak ky) =
&= Y e o tknak) > e
kieK(q1) kieK(q1)
k€K (q2) k€K (q2)
- . T(x1, k1) (X2, k2)
=t(gia®) Y ———xatkak) Y. k—ol(kz)- 6)

kiekK (g1) 1 k€K (g2) 2
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By Lemma 8 for k; € K(g2) we have t(x2, k) = 0 unless k, | go. Hence the second sum may be written
as a Dirichlet polynomial

3 Tk s 0

S

k2 | g2 2

Lemma 10. Let
X = X1X2,

where x is the principal character modulo qi, x» is character induced by a primitive character modulo q/z,
q/2 g2, 9 = q192, (g1, q2) = 1, and the prime divisors of g, and q/z are the same. Then

Cy($)F (s, x) = Ay () F (s, x2),
where A, (s) is an entire function.
Proof. Let ¢ =[]_, pff . From Lemma 9 we get
(X1, k1) x2(pi)a(pi)
Cy($)F(s, x) =By(s) Y ———xa(ka(k) ]_[ - | F(s. x2),
wekgy K Pi

where B, (s) is a Dirichlet polynomial. Hence

CL()F(s. ) =By(s) Y =

kiek (q1) i

K g, () H( XZ;" ) (p»)F(s, X2)- (7)

1

Using Lemma 4 with f(p) = «(p)x2(p)/p°, we obtain
T e@aY ( xepap)\
C(5)F (s, 1) = By (s) H((p%) - (p%) F(s, 30) = Ay F (5, x2),
i=1
where A, (s) is a Dirichlet polynomial. U

Lemma 11. The following equality holds:

= — D F ——D(s)F 8
FIBI(s) q,)()); (s)F (s, x)+¢() (s)F(s), (8)

where X is the set of primitive characters of modulus g, with q1 | q,

r 1 -1
D(s)=1‘[(%(”’)( (p)p) S—l)) )
p

i=1 i
and D, (s) are Dirichlet polynomials just like D(s).
Proof. The proof follows from Lemmas 3, 5, 6 and 10. O

Note that D(1) = 0 if and only if (p) =1 for some p | q.
The following proposition relates F[I/q](s) to A(e(l/q)r) and A(x, B).
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Proposition 12. Let a(n) be a sequence such that | (n)| < n'*8. Then for any B € R, for Rs > 2+6

Ls)FBI(s) = /Oots_lgl(e(ﬁ)e_’)dt,
0

1
lF[ﬁ](s) =/ 7A@, B dr.
s 0

Proof. From inequality |a(n)| < n'*? we derive A(x, 0) < x>*° and

+00 +o0
|Ql(€—t)| < Zn]+5e—nl Sel‘f u1+8€—ul dt Selr(2+8)t_2_8.

n=1 0

Using the Lebesgue dominated convergence theorem with |2((e(B)e™")| < |A(e™")| we obtain
00 0 00 0

f £ A(e(B)e ) dt =Y a(n)e(Bn) / £l dt =" a(m)e(Bn)T (s)n ™"
0 n=1 0 n=1

Let B, (x) = 1if x < 1/m and B,,(x) =0if x > 1/m. Then }_, a(m)B,(x) = A(1/x,0) < x~>7°.
Using the Lebesgue dominated convergence theorem with |A(1/¢, B)| < |A(1/t,0)| we obtain

1/m

1
/ S lza(m)e(mﬂ)ls (x)dx_Zoz(m)e(m,B)/ =B, (x)dx_Za(m)e(mﬂ)/ ' ldx
0

m=1

h|>—k

=5 2 (me(mpym™ = L FIBI(s). 0

3. Growth of some functions

In this section we study growth of some Euler products as s — 1.

Let B »
Ge)= ] (1—“(”)) and H(s)= [] (1—“(”))

A N
a(p)<p p a(p)>p p

Throughout this section, we assume that condition (2) of Theorem 1 is satisfied, that is, we assume
the convergence of the series Z a(p)/p° for any o > 1. It follows that G (s) is an analytic function on
{Ns > 1}. It also follows that for any € > 0 there are at most finitely many p such that «(p) > plte.

Lemma 13. Let x be a nonprincipal character modulo q. If the series
—Nx(p)
Z ( ) 1+x
diverges, then the following relation holds:
G+x,x)=0(G(14+x)) asx—>0+. (10)

Proof. The condition (10) is equivalent to

In|G(1+x)| —1In|G(1 +x, x)| = +00
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as x — O+. Let x > 0. We have

|G+ =[Gl +x,0)l== Y In(l—a(p)p™ ™+ Y Inll—a(p)x(p)p
a(p)<p a(p)<p
= > —In(l—a(p ™+ Y Rin(—al(p)x(p)p™'™),
a(p)<p a(p)<p

where In is the principal value of the logarithm.
Using the power series expression of —In(1 — z) on the unit disk we have

In|G(1+x)|=— Z In(1 —a(p)p™ ™) = Z Z%a(p)kp—k(l-i-m'

a(p)<p a(p)<p k=1

Notice that the summands are nonnegative and the double sum converges. Similarly

- \1 —
m|G(I+x, 0=~ Y R —ap)p™ x(@) = Y R ap)p™ ),
a(p)<p a(p)=p k=1

where the double sum is absolutely convergent (using the previous double sum). Therefore

In|G(14+x)|—In|G(14x, X)|= Y Z%(l—mx"(p))a(p)"p‘k(”x)Z > A=%x(p)e(p)p” "+

a(p)=p k>1 a(p)<p
since all summands are nonnegative. If > » a(p)(1 —Rx(p))/p'™* is bounded as x tends to O then
it has a limit and by the Tauberian theorem (see [Hardy and Littlewood 1914, Theorem 17]) the sum

> po(p)(1 =Ny (p))/p is convergent, which contradicts our assumption. Therefore we have

a(p)

mzﬁ(l — x(p)) > +00
p

for x — O0+. O

Lemma 14. Let assumption (2) of Theorem I hold. Then

IF(L+x,0l <[ [ —ep)p™ T 1IFO +x)],
plag

where q is the modulus of .

Proof. For any t € [0, +00) and z € C with |z| = 1, we have |t — 1| < |t — z|(since 1 is the point of the
unit circle closest to any given point of [0, 00)) or again |t — 1| < |tz — 1|. For p with a(p) > 0 and
x(p) #0wehave |1 —a(p)x(p)p~ "7 < |1 —a(p)p~'=*|'. Hence we deduce

IF(L+x, 0l =11 —ap)x(p)p™ I
pla

<[[1—a@p 1" =] —a@p " IFA+x). O
plq rlq
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Let f be locally integrable on (0, +00). The Mellin transform of f is defined by the integral f*(s) =
fooo x*~1 f(x) dx. The fundamental strip is the largest open strip on which it is defined. In particular, if
f satisfies the asymptotic conditions f(x) = O(x~°) as x — 0+ for some o € R and f(x) =o(x V) as
x — +oo for any N > 0, then the integral defining f*(s) is convergent for any s € C such that fis > o,
and the Mellin transform f* is an analytic function over {fis > o}.

Proposition 15. Let f be a locally integrable function on (0, +00) such that its Mellin transform f™ is
analytic on {Ns > og} with og > 0. Let to € R. If Eng_)o—ﬁ | f*(o +ity)| = +00, then for any b > 0, we

have
im [f (0]

e — _.I_OO
x—0+ x~0|In x|b—1

Moreover, if there are b > 0 and ¢ > 0 such that

o | f* (o +ito)]

im — >
oo+ (0 —0p)?
Tim [ f (0] > c

x—0+ x~%|Inx|>~! ~ I'(b)’

—_ L

then

Proof. Since f admits a Mellin transform, there exists o1 > g such that fo+oo u® Y £ (u)| du is conver-

gent. Therefore, for any s such that fis < o7, we have

+o00
/ w' ! f(u)du
1

Assume now there are constants b € R, ¢ > 0, and ug € (0, 1) such that | f (u)| < ¢'u=|Inu|>~! for any
u < up. In that case, for any s satisfying is > g, the function u*~! f(u) is integrable on (0, 1) and

1
'/ w = f(u) du
0

We deduce that for any s such that oy < s < o1, we have

+00
5/1 W £ du < LI (0).

ug 1
50// u”_(’o_lllnulb_ldu—i-/ w1 f ()| du.
0 ug

uo
15 )] saf W0 ul* du + C.
0

where C is some constant independent of s.
If we can choose b < 0, then the integral fouo u® =~ Inu|>~! du is bounded by the convergent integral

0”“ u 'Inu|’~! du which does not depend on s. We conclude that mo-_>0-0+ | f*(o +ity)| < +oo for

any fo. This proves the first case.
If b > 0, then

1 +00
/ u@= O Nyt~ du = / e~ @00 ,b=1 gy — T (b) (o — 0p)”.
0 0

We conclude that | f*(s)| < c'T'(b) (o — 00)? + C and consequently

im |f* (o +ito)]
m —0

/
o—00+ (O’ — 0’0)_b =¢ F(b)



ON THE BEHAVIOR OF POWER SERIES WITH POSITIVE COMPLETELY MULTIPLICATIVE COEFFICIENTS 157

Hence, if this limit superior is larger than c, it contradicts the previous conclusion for any ¢’ < ¢/ '(b)
and the assumption | f'(u)| < ¢'u®|In u|?~! has to be contradicted in any neighborhood of 0 and for any
¢ < c/T(b). This implies

Tim [ f(x)] > c

= . Il
x—=0+ x~%|Inx|b=1 T I'(b)

Proposition 16. Ler a(n) be a sequence satisfying |a(n)| < n't% Let B € R and oo > 0 such that the
Dirichlet series F[B1(s) = )_, e(nB)a(n)n™" is analytic on {Rs > op}. If
Uhm |F[B](o +ity)| = 400,
then for any b > 0
Ae(B)r) = (1 —r)"®[In(1 —r)[*h,
Ax, B) =" (Inx)"™h).

Let

m >
e

Then
Ae(B)r) = (1 —r)~[In(1 —r)|*h,
Ax, B) =Q(x"(Inx)""".
Proof. The assumptions of Proposition 12 are satisfied. Therefore I'(s) F[8](s) and (1/s)F[B](s)
are the Mellin transforms of 2A(e(8)e™") and A(r~ ', B)1,1)(¢) and they satisfy the assumptions of

Proposition 15.
By change of variable r = e~ we have

m Ae(Ple™)  — 2(e(B)r)
im lim

u—0+ u=%[lnulP~1 ~ r=1- (1 =r)=%|In(1 — r)|>~-1’

and by change of variable y = x~! we have

im AL B 1AQ, B

x—0+ x~%|Inx[p=1  y>+oo you(ln y)b=1"

Consider the first case. We see by Proposition 12

f* (s)—F(s)F|: i|(s) /Oozs—‘m(e(i>e—’>dt,
0 q

11m |f (o +ity)| = +o0.

o—>
Thus by Proposition 15
im el /q)e™)
im

[ —— +OO
u—0+ u—‘sllnulb—l

for each b > 0.
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Similarly

eeer [ s —1 _1. 7
f(s)—f0 A ,mdx—sF[q](s),

lim |f*(o +ity)| = +o0.
o—00+

Thus by Proposition 15

I A - ) 1 A )
lim —| . A =400 and lim —l . Al =400
x—0+ x~90|In x |o—1 y=+00 yoo(In y)o~!
for each b > 0.
Consider the second case. Let
m |F[l/q](c + 1)
im >c
o—0p+ (O’ . 0’0)_b
Thus by Proposition 15
im [Ae/q)e™)] c
im > .
u—0+ u=S|lnu|=~1+t T I'(b)
Further
— (o+4ity)F(o +ity) 1
lim >c —.
o—00+ (0 —op)~b |oo + ito]
Hence by Proposition 15
— A@! A
m x=, B) . .c and  Tm |A(y, BI) . .c '
x—0+ x~%|In x|~ 140 T |og 4+ ity| T (b) y=+00 yoo(In y) =140 = |og +ity|T ()
By Lemma 11
FIBI(s) =—= ) Dy(s)F(s, X)+—D(S)F(S)
d)( ) Z #(q)

XEX

where X is the set of primitive characters of modulus g; with g1 | g, D, (s) are entire functions, D(s) is
defined in (9).

Proposition 17. Let a(n) be a positive completely multiplicative function satisfying conditions (1) and
(2) of Theorem 1. Let B =1/q with (I, q) = 1.
If a(p) < p for all primes p, and o(p) # 1 for all primes p dividing q, then

F[B81(1+x) ~ LF(l—l—x) asx — 0+.

¢(q)

If there exists 8 > 0 such that a(p) = p'*? for every prime factor p of q, then
F[Bl(l4+x)~F(1+x) asx—3$.
Proof. Consider the first case. Since D, (s) is entire we see

IDy(1+x)F(1+x, )| < [|F(1+x, )
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as x — 0+. Further by Lemma 13 we obtain (in our case F = G)
IDy(1+x)F(1+x, )| <|F(1+x, x)|=0(F(+x))

as x — 0+. Hence for each x # xo (mod q) we have D, (1 +x)F(1+x, x) =o(F(1+x)) as x — 0+.

Thus
1

¢(_q)ZDX(1+X)F(1+X,X):O(F(1+x)) as x — 0+ .

xeX
It follows that

FIB1(1 +x) ~ LD(l +x)F(1+x) asx —0+.
?»(q)

From the expression (9) for D(s), we get

p(y= ] ap™ Hap)—1).

P"llq

Since a(p) # 1 for any p dividing g, we have D(1) # 0 and

F[ﬂ](1+x)~LD(1)F(1+x) as x — 0+ . (11)
®(q)

Consider the second case. Since D, (s) are Dirichlet polynomials we have
Dy($)F(1+x, x) L |F(1+x,x)| asx—3§
for any character x € X. By Lemma 14, we have

a(p)
1+x

IF(+x,00< []|1-

rlao

|F(14x)],

where g is the modulus of x. Since a(p) = p'*® for any prime p dividing go, the product tends to 0 as
x — § and

F(I4+x,x)=0o(|F(1+x)|) asx —§.

Again we derive that

F[B](1+4+x) ~ LD(l +x)F(14+x) asx — 6.
¢(q)

From the expression (9) for D(s), we get

DA+8 =[] e Hp?" Diap)p™® - 1)
r"llq

and since a(p) = p' ™ for every p | ¢, we have D(1 +8) = ¢(g). Therefore

FIB](1+x)~F(14+x) asx— 8. O
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4. Proof of the theorems

Proof of Theorem 2. Assume first that assumptions (1) and (2) of Theorem 1 and assumption (3.1) of
Theorem 2 are satisfied. Under these conditions, we have established that F[8](s) is analytic on {)s > 1}
and ), a(p)p't* — 400 as x — 0+. We derive that

a(p) a(p)
lnF(l +x)= _Xp:ln<1 o pl+x) = Z pH-x — +00

p

as x — 0+. By Proposition 17 we obtain F[B](1 + x) — co. By Proposition 16 with oy = 1 we obtain
the Q2-estimates.

Assume now that assumptions (1) and (2) of Theorem 1 and assumption (3.2) are satisfied. Under
these conditions, we have established that F[B](s) is analytic on {fs > 1} and ) _ » a(p)/p'™™ — 400
as x — 04. We choose a set Py of m > 0 primes p satisfying o(p) = p. The Euler product Fy(s) =
np¢P0(1 —a(p)p~*)~lis convergent for any s with fis > 1 and we have

In Fo(1+x) = — Zln<1—“(p)> =3 P lnxde—m

pl+x pl+x -

pePy pePy

as x — 0+. On the other hand, for any p € Py we have

~1
(1—%)) =(l—e")y > ——
p'T xInp

We derive that

ec—m
F(l4x)>———x(€tm
l_[pEP() In 14

when x is sufficiently close to 0. By Proposition 17 we obtain
ec—m
FIB1I(1 +x) > C=x"“T 5 o0,
l_[pEPO In p
By Proposition 16 with oy = 1 we obtain the Q2-estimates.

Assume now that assumptions (1) and (2) of Theorem 1 and assumption (3.3) of Theorem 2 are
satisfied. Under these conditions, we have established that F[8](s) is meromorphic over s > 1, and
that for any € > O there are finitely many primes p such that a(p) = p!*¢ is finite and nonempty.
We can set m as its cardinal. We deduce also that there exists o < § such that the Euler product
Fo(s) = ]_[pepo(l —a(p)p™)~! converges for any s with Ns > §y. In particular, Fo(1 + §) is well-
defined. On the other hand, for any p € Py we have

—1
<1 i afP)) — (1 _ e(xfé)lnp)fl ~ 1
p'te (x—=38)Inp

as x — 6. We derive
Fo(1+9)

F(14+x)~
( ) LY,

(x=5™"
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as x — §. By Proposition 17 we obtain
F[BI(14+x)~C(x—8)""— o0
as x — §. By Proposition 16 with og = 1 4 6 we obtain the 2-estimates. O

Proof of Theorem 1. Using Theorem 2 it has been proven that the point e(//p™) is a singular point of
2(z) for I with (I, p) =1 and m > 0, if p is chosen such that a(p) # 1if § =0 or a(p) = p' T if § > 0.
This provides a dense set of singular points on the unit circle, unless a(p) = 1 for any p. g

Now we can prove the generalization of Theorem 1.
Theorem 18. Let a(n) be a positive completely multiplicative function and oy € R such that:

(1) For any nonprincipal Dirichlet character x the following series diverges:
1=%x(p)
Yo )
) 4
(2) For any o > oy, the following series converges:

Z“(P)‘

o
P

If the series ZZOZ] a(n)z" has a nonsingular point on the unit circle, then a(n) = n°~1,

Note that the series Y .-, n*z" is the polylogarithm of order s which admits an analytical extension
beyond the unit circle for any s € C.

Proof. We can reduce to the case where o > 0: If the series ) - (n)z" has a nonsingular point on
the unit circle, that is, an analytical extension beyond the unit circle, its derivative has the same radius of
convergence and the same domain of analyticity. Therefore we can apply the theorem to ,J{:ocf o' (n)z"
with &’ (n) = na(n). The function o’ (n) satisfies the same assumptions as «(n) except with the abscissa
o, = 0o + 1 instead of oy. Therefore, using the homogeneity differential operator sufficiently many times,
we can consider the function n*a(n) with the abscissa o + k, where k > —og. Applying the theorem for
the abscissa og + k > 0, we deduce that n¥a(n) = n° =1 for all n, that is, «(n) = n®~".

If op > 0, we can instead study &(n) = n® o (n). The associated Dirichlet series F [B1(s) satisfies
F [Bl(s) = F[Bl(s +00—1). If a(n) satisfies the assumptions of Theorem 18, then & (n) satisfies those of
Theorem 1. We can deduce that there is a dense set of 8 such that F [B1(s) is analytical over Ns > og and
with F[B](1 +x) — oo as x — 0+. By translation, we derive that for the same g, F[B](s) is analytical
over {s > op} and with F[B](og + x) — +00 as x — 04. By Proposition 16, e(f8) is a singular point
of Zzo:l a(n)z" for a dense set of B, unless &(n) = 1 for all , that is, unless «(n) = n®. Il
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