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We investigate the following model-theoretic independence relation: b\LbAP cif
and only if bdd"(Ab) Nbdd"(Ac) = bdd"(A), where bdd"(X) is the class of all
ultraimaginaries bounded over X. In particular, we sharpen a result of Wagner
to show that b 'j: c if and only if (Autf(M/Ab) U Autf(M/Ac)) = Autf(M/A),
and we establish full existence over hyperimaginary parameters (i.e., for any
set of hyperimaginaries A and ultraimaginaries b and c, there is a b’ =4 b such
that b’ b: ¢). Extension then follows as an immediate corollary.

We also study rotal | ®-Morley sequences (i.e., A-indiscernible sequences I
satisfying J | " K for any J and K with J + K =5M 1), and we prove that an
A-indiscernible sequence I is a total | ™*-Morley sequence over A if and only if
whenever I and I’ have the same Lascar strong type over A, I and I’ are related by
the transitive, symmetric closure of the relation “J + K is A-indiscernible”. This
is also equivalent to I being “based on” A in a sense defined by Shelah (1980) in
his study of simple unstable theories.

Finally, we show that for any A and b in any theory T, if there is an Erd6s
cardinal « (o) with |Ab| + |T| < « («), then there is a total _| ®-Morley sequence
(bi)i <o over A with by = b.

Introduction

A central theme in neostability theory is the importance of various kinds of “generic”
indiscernible sequences — usually with Michael Morley’s name attached to them —
such as Morley sequences in stable and simple theories, strict Morley sequences in
NIP and NTP; theories, tree Morley sequences in NSOP; theories, and _| P-Morley
sequences in rosy theories. A very broad question one might ask is this: How
generically can we build indiscernible sequences in arbitrary theories?

Over a model M, we can always extend a given type p(x) € Sy (M) to a global
M-invariant type g(x) D p(x) and then use this to generate a sequence (b;);
satisfying b; =q [Mb_; for each i < w. In some cases the particular choice of g (x)
matters, but typically these sequences are robustly generic. Sequences produced in
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this way have a certain property, which is that they are based on M in the sense of
Simon; i.e., for any I and J with I =y J =y b, there is a K such that [ + K
and J + K are both M-indiscernible. In NIP theories, the sequences with this
property are precisely the sequences generated by an invariant type [Simon 2015,
Proposition 2.38]. Over an arbitrary set of parameters A, however, there may fail to
be any indiscernible sequences based on A. In the dense circular order, for instance,
there are no indiscernible sequences based on &. Other technical issues also arise
when working over arbitrary sets, such as the necessity of considering Lascar strong
types over and above ordinary types.

A notion of independence | * is said to satisfy full existence if for any A, b, and c,
there is a b’ =4 b such that b" |*, c. Together with a common model-theoretic
application of the Erdés-Rado theorem (Fact 1.2), this implies that for any A and b,
one can build an | *-Morley sequence, an A-indiscernible sequence (b;); -, with
by = b satistfying b; |*, b<; for each i < w (assuming |* also satisfies right
monotonicity). Model-theoretically tame theories often have full existence for
powerful independence notions, such as nonforking, but this does fail in some
notable tame contexts.

One independence notion that is known to satisfy full existence in arbitrary
theories is that of algebraic independence [Adler 2009, Proposition 1.5]: b | *, ¢ if
acl®i(Ab)Nacl®d(Ac) = acl®l(A). A natural modification of this concept is bounded
hyperimaginary independence: b | ° ¢ if bdd™4(Ab) Nbdd™9(Ac) = bdd™4(A).
Despite perhaps sounding like an intro-to-model-theory exercise, the combinatorics
necessary to prove full existence for |? are somewhat subtle. It was established
in [Conant and Hanson 2022] that | ? satisfies full existence in continuous logic
and, relatedly, that J/b satisfies full existence in discrete (and continuous) logic,
answering a question of Adler [2005, Question A.8]. While the relations of |?
and |® are algebraically nice,! they seem to lack semantic consequences outside
of certain special theories (such as those with a canonical independence relation in
the sense of Adler [2005, Lemma 3.2]).

While being able to build | *-Morley sequences is certainly good, in many
applications the important property is really that of being a total |*-Morley
sequence,> which is an A-indiscernible sequence satisfying b~; |* ' b<i for every
i <w. When | ™ lacks the algebraic properties necessary to imply that all | *-Morley
sequences are total | *-Morley sequences, it can in general be difficult to ensure their
existence. Total | *-Morley sequences arise in Adler’s characterization of canonical
independence relations. And building total | ¥-Morley sequences, where | X is

UIn the sense of the algebra of an independence relation, not the sense of the algebra in “algebraic
closure”.

2This use of the term “total” in the context of Morley sequences was originally introduced in
[Kaplan and Ramsey 2020].



BOUNDED ULTRAIMAGINARY INDEPENDENCE & ITS TOTAL MORLEY SEQUENCES 41

the relation of non-Kim-forking, is a crucial technical step in Kaplan and Ramsey’s
proofs [2020] of the symmetry of Kim-forking and the independence theorem in
NSOP; theories.

In simple theories, Morley sequences over A are not generally based on A in the
sense of Simon. They do however nearly satisfy this property. If I and J are Morley
sequences over A with [ EIA J 3 then there are I’ and K suchthat /+1’, I’+ K, and
J + K are A-indiscernible. In an NSOP; theory T, if / is a tree Morley sequence
over M =T and J =y, I, then we can find K, K, and K, such that I + K,
K1+ Ko, K1+ K>3, and J + K are all M-indiscernible (see Proposition 4.28). These
facts suggest the consideration of the following equivalence relation, originally
introduced in [Shelah 1980, Definition 5.1]: Let &4 be the transitive, symmetric
closure of the relation “/ + J is A-indiscernible”. The intuition is that what it
means for an A-indiscernible sequence I to be “based on A” is that there are few
~ 4-classes among the realizations of tp(//A). We say that [ is based on A in the
sense of Shelah if there does not exist a sequence (/;); <, (with x large) such that
I; =5 I foreachi <« and I; %4 I; for each i < j < k. A simple compactness
argument shows that / is based on A in the sense of Shelah if and only if the set of
realizations of tp(/ /A) decomposes into a bounded number of & 4-classes. Buechler
[1997, Definition 2.4]* used this relation to define a notion of canonical base. He
focused on @-indiscernible sequences and gave the following definition: A is a
canonical base of the @-indiscernible sequence / if any automorphism o € Aut(M)
fixes A pointwise if and only if it fixes the ~-class of /. One difficulty with this
concept, of course, is that not all indiscernible sequences have canonical bases in
this sense (even in 7%, e.g., [Adler 2005, Example 3.13]).

Two of the problems we have mentioned — the lack of canonical bases for
indiscernible sequences and the lack of semantic consequences of |* and |®—
can both be solved by an extremely blunt move: the introduction of ultraimaginary
parameters. An ultraimaginary is an equivalence class of an arbitrary invariant
equivalence relation (as opposed to a type-definable equivalence relation, as in the
definition of hyperimaginaries). Every indiscernible sequence [ trivially has an
ultraimaginary canonical base in the sense of Buechler, i.e., the ~4-class of [ itself.

Another appealing aspect of ultraimaginaries is that they characterize Lascar
strong type in the same way that hyperimaginaries characterize Kim-Pillay strong
type. An ultraimaginary [b]g is bounded over A if it has boundedly many conjugates
under Aut(M/A). We will write bdd"(A) for the class of ultraimaginaries bounded
over A. In general, it turns out that b and ¢ have the same Lascar strong type

3The equivalence relation EI;‘ is the transitive closure of the relation “there is a model M O A
such thatb =y, ¢”. If b Ek ¢, we say that b and ¢ have the same Lascar strong type over A.

4This preprint is difficult to track down. The relevant ideas are developed further in [Adler 2005,
Section 3.2], which is easily available.
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over A if and only if they “have the same type over bdd"(A)”, once this concept is
defined precisely.

Pure analogical thinking might lead one to consider the following independence
notion: b \ng ¢ if bdd"(Ab) Nbdd"(Ac) = bdd"(A). This notion is implicit in a
result of Wagner [2015, Proposition 2.12], which we restate and expand slightly
(Proposition 2.4): b \Lb/‘; c if and only if (Autf(M/Ab)UAutf(M/Ac)) = Autf(M/A)
(where (X) is the group generated by X). This characterization is clearly seman-
tically meaningful, and moreover it allows one to discuss | ™ without actually
mentioning ultraimaginaries at all. One way to see why this equivalence works is
the fact that ultraimaginaries are “dual” to co-small sets of automorphisms; a group
G < Aut(M) is co-small if there is a small model M such that Aut(M/M) < G. For
every co-small group G, there is an ultraimaginary ag such that Aut(M/ag) = G
(Proposition 1.7).

As | " lacks finite character, total |®-Morley sequences over A seem to be
correctly defined as A-indiscernible sequences (b;); -, with the property that for any
I+J= AM b_,,> we have that / \be J. The automorphism group characterization
of |, together with its the nice algebraic properties and the malleability of
indiscernible sequences, leads to a pleasing characterization of total | **-Morley
sequences over sets of hyperimaginary parameters (Theorem 4.8), the equivalence
of the following.

o (b;)i<w 1s a total J/b“—Morley sequence over A.
e For some infinite / and J, we have that I + J EEM b, and I J/bz J.

e For any I, I ~, b_,, if and only if there is I’ Ek I such that b_, + I’ is
A-indiscernible.

e b_, is based on A in the sense of Shelah; i.e., [b-,]~, € bdd"(A).

The condition in the third bullet point is a natural mutual generalization of Lascar
strong type and Ehrenfeucht—-Mostowski type (Definition 4.5). Theorem 4.8 also
tells us that when total | ™*-Morley sequences exist, they act as particularly uniform
witnesses of Lascar strong type (Proposition 4.3).

Of course this all leaves two critical questions: Does | ™ always satisfy full
existence? And, even if it does, can we actually build total | ®-Morley sequences
in any type over any set under any theory? The bluntness of ultraimaginaries
leaves us without one of the most important tools in model theory, compactness.
Furthermore, | "’s lack of finite character gives us less leeway in applying the
Erd6s-Rado theorem to construct indiscernible sequences with certain properties;

51 EEM J means that / and J have the same Ehrenfeucht—Mostowski type over A (i.e., for any
increasing tuples b € I and ¢ € J of the same length, b =4 ¢). Note that I and J do not need to have
the same order type.
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we now need to be more concerned with the particular order types of the sequences
involved.

Using some of the indiscernible tree technology from [Kaplan and Ramsey
2020], we are able to prove that | ™ does satisfy full existence over arbitrary
sets of (hyperimaginary) parameters in arbitrary (discrete or continuous) theories
(Theorem 3.6).% With regards to building total | ®*-Morley sequences, Theorem 4.8
tells us that we don’t need to worry foo much about order types. All we need to
get a total | "-Morley sequence over A is an A-indiscernible sequence (b;); <o+
with bs, J/bj b, This is fortunate because constructing ill-ordered _| ®*-Morley
sequences directly seems daunting. Unfortunately, w 4+ w appears to be about
one w further than we can go without a large cardinal. What we do get is this
(Theorem 4.22): For any A and b in any theory 7, if there is an Erd6s cardinal « (o)
with |Ab| +|T| < « () (for any « > w), then there is a total | ®*-Morley sequence
(bi)i<w over A with by = b. Without a large cardinal, the best we seem to be able
to do (Proposition 4.17) is a half-infinite, half-arbitrary-finite approximation of a
total | ™-Morley sequence, which we call a weakly total |®-Morley sequence.
These sequences also serve as uniform witnesses of Lascar strong type without any
set-theoretic hypotheses (Corollary 4.18).

1. Ultraimaginaries

Here we will set definitions and conventions, and we also take the opportunity to
collect some basic facts about ultraimaginaries which are likely folklore, although
we could not find explicit references.

Fix a theory T and a set-sized monster model M = T.

Definition 1.1. An invariant equivalence relation of arity k is an equivalence
relation E on M* (with |x| = «) such that for any a, b, ¢, d € M* with ab = cd,
aEb if and only if cEd.

An ultraimaginary of arity « is a pair (E, ag) consisting of an invariant equiva-
lence relation E (of arity «) and an E-equivalence class ag of some tuple a € M*.
By an abuse of notation, we will write ag for the pair (£, ag), and we may also
write [a]g if necessary for notational clarity.

Given an ultraimaginary ag, Aut(M/ag) is the set of automorphisms o € Aut(M)
with the property that a E (o - a). We write Autf(M/ag) for the group generated by
{o e AuttM/M) : M <M, Aut(M/M) < Aut(M/ag)}.

We say that br is definable over ag if b is fixed by every automorphism
in AuttM/ag). We write dcl"(ag) for the class of all ultraimaginaries definable

6Although this result partially supersedes a result in [Conant and Hanson 2022] (full existence for
? in continuous logic and J/b in discrete or continuous logic), the proof there gives more detailed
numerical information which may be especially useful in the metric context.
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over ag. For any «, we write dcl (ag) for the set of elements of dcl"(ag) of arity
at most k. We say that by and cg are interdefinable over ag if by € dcl"(agcg)
and CcG € dclu(aEbF).

We say that by is bounded over ag if the Aut(M/ag)-orbit of b is bounded.”
We write bdd" (ag) for the class of all ultraimaginaries bounded over ag. We write
bdd} (ag) for the set of elements of bdd"(ag) of arity at most k. We say that by
and cg are interbounded over ag if br € bdd"(agcg) and cg € bdd" (agbrF).

We write ag = bg to mean that there is an automorphism o € Aut(M) with
o -ag = bg. We write br =4, cr to mean that agbr = agcr (i.e., there is
o € Aut(M/ag) such that o - bp = cp).

Note that real elements, imaginaries, and hyperimaginaries can all be regarded
as ultraimaginaries.

An easy counting argument shows that bdd" is a closure operator (i.e., for any
ag, br, and cg, if b € bdd"(ag) and cg € bdd" (br), then cg € bdd" (ag)).

We will also sometimes define an invariant equivalence relation E on the
realizations of a single type p(x) over &. Equivalence classes of such can be
thought of as ultraimaginaries by using the same trick that is commonly used with
hyperimaginaries: Consider the invariant equivalence relation E’(x, y) defined by
X=yV(EX,y)Ax EpAYEDP).

For the sake of clarity, we will reserve the notation ag for ultraimaginaries
and write hyperimaginaries in the same way we write real elements. For the sake
of cardinality issues, we will also take all hyperimaginaries to be quotients of
countable tuples by countably type-definable equivalence relations. It is a standard
fact that every hyperimaginary is interdefinable with some set of hyperimaginaries
of this form.

Fact 1.2 [Shelah 1980].% Let (b;); ) be a sequence of tuples with |b;| < k and let A
be some set of parameters. If X > Jouriaisiriy+, then there is an A-indiscernible
sequence (b)) <., such that for every n < w, there are iy < --- < i, < k such that
by...b, =4bi,...bj,.

Lemma 1.3. Let M be a model. If ag € bdd" (M), then ag € dcl*(M).

Proof. Assume that ag ¢ dcl*(M). Let p(x) be a global M-invariant type extending
tp(a/M). Assume that there are ag and a realizing tp(a/M) such that agEa,. For
any i > 1, given a;, let a; = p[Ma.;. Since a;a; =y a;q; for any j, k <i, we
must have that a; Fa; for any j < i. Since we can do this indefinitely, we have
that ag is not bounded over M. O

7Speciﬁcally, by Proposition 1.4, this is equivalent to by having at most 2labl+IT] conjugates
over ag.
8See [Tent and Ziegler 2012, Lemma 7.2.12] for a modern presentation of the result.
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Proposition 1.4. For any ultraimaginaries ag and b, the following are equivalent.
(1) br ¢ bdd"(ap).

(2) There is an a-indiscernible sequence (c;); <o, such that co =4, b and c; Fc j for
eachi < j < w.

(3) |Aut(M/ag) - bp| > 24b1HIT1,

Proof. (3)=(2). Let (b},);_qusi+iry+ be an enumeration of Aut(M/ag) - bp. Let
M D a be a model with |M| < |a|+ |T|. Let x be a tuple of variables of the same
length as b. There are at most 2/“?+171 types in S,(M). Therefore, there must
be i < j < (2*PHIT+ guch that b' =y, b/. Let p(x) be a global M-invariant
type extending tp(b' /M), and let (¢;); -, be a Morley sequence generated by p(x)
over Mb'b/. Since b' Fb/, we must have that coFb’. Therefore c¢; Fc; for any
i < j <A, and so (¢;);i <, is the required a-indiscernible sequence.

(2)=(1). Given an a-indiscernible sequence (c¢;)i<, as in the statement of the
proposition, we can extend it to an a-indiscernible sequence (c;);<; for any A.
These sequences will still satisfy that ¢; Fc; for any i < j < A, so by has an
unbounded number of Aut(M/ag)-conjugates and by ¢ bdd"(ag).

(1)=(3). This is immediate from the definition of bdd"(ag). 0
Corollary 1.5. For any A, bdd{ (ag) has cardinality at most 242",

Proof. For each a < A, |Sy4o(T)| < 2**ITI, Since an invariant equivalence relation
on «-tuples is specified by a subset of S,,(7T), this implies that for each o < A,
there are at most 22" invariant equivalence relations on «-tuples. Therefore
the total number of invariant equivalence relations on tuples of length at most A
is A 227 — 22 Eor each such F, the set {br : br € bdd} (ag)} has cardinality
lal4+A+IT| i : 2HTL slal+a+T| _ Hlal+22H1T1
at most 2 by Proposition 1.4. Finally, 2 -2 =2 . g
Co-small groups of automorphisms. Here we will see that ultraimaginaries are
essentially the same thing as reasonable subgroups of Aut(M).

Definition 1.6. A group G < Aut(M) is co-small if there is a small model M such
that Aut(M/M) < G.

Clearly for any ultraimaginary ag, Aut(M/ag) is co-small. The converse is true
as well.

Proposition 1.7. For any co-small G, if Aut(tM/M) < G, then there is an ultra-
imaginary ag such that G = Aut(M/ag) where a is some enumeration of M.

Proof. Let M be a small model witnessing that G is co-small. Consider the binary
relation defined on realizations of tp(M) (in some fixed enumeration) defined by
E(My, M) if and only if there is 0 € Aut(M) and 7 € G such that o - M = M,
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and o7 - M = M;. We need to verify that E is an invariant equivalence relation.
Reflexivity is obvious.

Invariance. Suppose that E (Mg, M), as witnessed by o € Aut(M) and T € G. Fix
o’ € Aut(M)). We then have that c’c - M =0o’- My and 6’07 - M =o' - My, whence
E(o' My, o’ - My).

Symmetry. If 0 - M = My and ot - M = M| with ¢ € Aut(M) and 7 € G, then
ott ' M = Myand ot - M = M;. We have ot € Aut(M) and 7! € G, so
E(M,, Mp).

Transitivity. Suppose that for o, 6’ € Aut(M) and 7, 7’ € G, we have that o - M = M,
ot-M=0'"-M=M,,and o't’-M = M,. This implies that (6 7)o’ =1"lo"lo' €
Aut(M/M) < G. Since Tt € G as well, we have that o~ o’ € G. Therefore
o 'o't’ € G. Finally, oo ~'o't’- M = M, so E(My, M).

Consider the ultraimaginary Mg. For any 7 € G, we clearly have E(M, 7 - M),
so G < Aut(M/Mpg). Conversely, suppose that « € Aut(M/ME). By definition, this
implies that E(M, o« - M), so there are o € Aut(M) and 7 € G such thato - M =M
andot-M =« - M. Therefore o, t " lo "l € Aut(M/M) < G. Since e G, we
therefore have that @ € G. U

Corollary 1.8. If br € bdd"(ag), then there is cg € bdd"(ag) of arity at most
lal 4+ |T| such that by and cg are interdefinable over &. Furthermore, ¢ can be
taken to be an enumeration of any model of size at most |a| + |T | containing a.

Proof. There is a model M 2 a with |[M| < |a| +|T|. By Lemma 1.3, we have that
Aut(M/M) < Aut(M/bF), so by Proposition 1.7, we have that there is ¢ with arity
at most |a|+ |T| which satisfies that Aut(M/cg) = Aut(M/bF) (i.e., cg and b are
interdefinable over @). Furthermore, we can take ¢ to be an enumeration of M. [

Definition 1.9. For any co-small group G, we write [G] for some arbitrary ultra-
imaginary ag of minimal arity satisfying G = Aut(M/ag). We will write dcl*[G]]
and dcl}[[G] for dcl*([G1) and dcl} ([G]) and likewise with bdd". (Note that
dcl"[G] and bdd"[G] only depend on G, not on the particular choice of [G]].)

It is immediate from Proposition 1.7 that for any co-small G and H, [G] edcl"[H]]
if and only if G > H. A similar statement for bdd" is given in Proposition 1.12.

Now we can see that intersections of dcl"-closed sets (and therefore also bdd"-
closed sets) have semantic significance in arbitrary theories, in that intersections
correspond to joins in the lattice of co-small groups of automorphisms.

Proposition 1.10. For any ag, br, cg, and cg, the following are equivalent.

(1) €6 =det (ap)naelt b5) € for all A
(2) There is o € (Aut(M/ag) U Aut(M/br)) such that o - cG = cj;.
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(3) There is a sequence (aibici)isn such thata® =a, b° =b, ® =, cg = cg, and
foreachi <n,

e ifiis even, then a’ = a'*' and b’ CG = bl+1 1G+1 and

e ifi is odd, then b' = b+ and aEcG =y aflc’GH.
Proof. Let H = (Aut(M/ag) U Aut(M/by)).

Claim. dcl}(ag)Ndcl} (br) and [ H] are interdefinable (i.e., dcl} (ag) Ndcl (br) €
del"(TH1) and [H] € del®(dcli (ag) Ndcel; (br))) for all sufficiently large A.

Proof of claim. Clearly [H]l € dcl"(ag) Ndcl"(br), so [H]l € dcli (ag) Ndcl} (bF)
for all sufficiently large A.

Conversely, suppose that d; € dcl*(ag) Ndcl*(br). Any o € H is a product of
elements of Aut(M/ag) and Aut(M/br), so it must fix d;. Thus Aut(M/d;) > H
and hence d; € dcI*[H]. Uelaim

So now we have that cg =del® (ap)Ndell (br) c/G holds for sufficiently large A if and
only if cG =pny c;;. Also note that cg =del! (ag)Ndelt (br) cg; for sufficiently large A
and only if the same holds for any A. Therefore (1) and (2) are equivalent.

There is a 0 € H with ¢ - ¢ = C’G if and only if there are «g, ..., a,—1 €
Aut(M/ag) and B, ..., Bn—1 € Aut(M/bFr) such that 0 = o;,—1B,—1 - . . B1oBo-

For (2)=(3), assume that there are such & and A for which

1 Bn—10n—2 ... B1aofo - cg = cg.

Let a’°cY = abe, a'blc! = a,_; - (@°b°c0), a?b*c? = Oy—1Pn—1- (@°b°c%), and
SO on up to a? et = Op—1Bn—1u—2 ... B1apBo - (a®b°c). Clearly we have that
cé" = cy;, s0 we just need to verify that (a'b'c'); <2, is the required sequence. If
i < 2n is even, then o; € Aut(M/ag), so ai; = ai"'. Furthermore, 5%c%. =

o; - (b%c%), so by invariance,

0.0y __ 0.0
Ap—1Bn—1-.. ,Bi+1 : (bFCG) =ay_1Bu1.--Bis1-a Ap—1Bn—1- .. ,Bi+1ai : (bFCG)v

which is the same as b} cG =4 by i+ ’G+1 If i <2n is odd, then the same argument

tells us that b’F = bl+1 and aEcG =y a?]c’(}q.

For (3)=(2), the above argument is reversible. Fix (a Eb’ cG),<2n satisfying
the conditions of (3). First of all we can find «,—; € Aut(M/ag) such that
ozn | (aEb}pcG) = aEbO ci- Then we can find B,_1 € Aut(M/bf) such that
,3n 1a L (a Eb%cG) = a%p%cY.. Then we can find &, € Aut(M/ag) such that

a, 5 ,Bn loz_ll (a Eb FcG) =a Eb0 . Continuing inductively in this way, we find
oo, ..., Qp—1 € Aut(M/ag) and ,30, eeoy Bro1 € Aut(M/br) such that the same
equalities as in the (2)=(3) proof hold. Therefore there is a 0 € H (namely
op—1Bu—10n—2 . .. BrapPo) such that o - cg = cy;. O
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A similar statement is true for arbitrary families of ultraimaginaries: If (a% iel
is a (possibly large) family of ultraimaginaries, then cg = ﬂ o deli ) cg if and only
if thereisa o € (Ule] Aut(M/aE ) ))such that o - cg = cG There is also an analog
of (3), but it is more awkward to state.

Lascar strong type.

Definition 1.11. For any co-small group G < Aut(M), let G y be the group gen-
erated by all groups of the form Aut(M/M) < G with M a small model. For any
ultraimaginary ag, let Autf(M/ag) = Aut(M/ag) .

We say that br and cr have the same Lascar strong type over ag, written
ELE cr, if there is o € Autf(M/ag) such that o - by = cF.

a

br

Proposition 1.12. For any co-small groups G and H, [[G]] € bdd"[ H] if and only
ifG>H f-

Proof. Assume that [G] € bdd"[H]. Note that for a model M, by Lemma 1.3,
we have that [G] € bdd"(M) if and only if G > Aut(M/M). Therefore, for any
model M with [H] € bdd"(M), we must have that [G] € bdd"[H] < bdd"(M)
and so G > Aut(M/M). Since [H] € bdd"(M) if and only if H > Aut(M/M), we
have that G > Hy.

Conversely, assume that G > H . This implies that for any small model M with
[H] ebdd" (M), we have Hy > Aut(M/M), so G > Aut(M/M) and [G] e dc]"(M).
Fix some such model N. Assume for the sake of contradiction that [G ¢ bdd"[H].
For any A, we can find (07);<; in H = Aut(M/[[H])) such that o; - [G]] # 0} - [G]]
foreach i < j < A. Since [G]] = ag for some a with |a| < |N| by Proposition 1.7,
we have that if A is larger than 2/VFIT1 there must be i < j < A such that
0;-[Gll=n 0j-[G]. Let N’ =ai_1 -N. N’isnow a model satisfying Aut(M/N")<G.
So [G] € dcI*(N), but [G] =n- ai_laj -[G] and [G] # al._laj -[GT, which is a
contradiction. O

An important fact about ultraimaginaries is that bdd" has the same relationship
with Lascar strong types that bdd" has with Kim-Pillay strong types.

For any ag and br, by an abuse of notation, we’ll write [b F]—L for [ab]g,
where G (ab, a’b") holds if and only if a Ea’ and by = —L b . Note in partlcular that
[brly = [bplo if and only if by =f, bl

Tag

Proposition 1.13. For any ultraimaginaries ag, br, and cp, the following are
equivalent.

(1) bp =% cr.
(2) bF Ebddﬁ(aE) CF fOl’ all M.

() br =padt, , ; (ag) CF-
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Proof. To see that (1) implies (3), fix a model M with ag € bdd“(M) and some
automorphism o € Aut(M/M). By Lemma 1.3, we have that Aut(M/M) <
Aut(M/ bddla\+|T|(aE)) Therefore bg =bdd!, , 7 (ag) O ° br. By induction, we
therefore have that bp =, cr implies bp =bdd!, 7 (ag) CF-

Corollary 1.8 implies that Aut(M/ bdd} (ag)) > Aut(M/ bddIuI—HTl (ag)) forall A,
so (3) implies (2).

To see that (2) implies (1), note that [b F]EbE € bdd) (ag) for some sufficiently
large A (because there are a bounded number of Lascar strong types over a E) Thus if
CF. |

br =pdd (ap) CF> WE MuSt have [brplo. =[cF]l= Lo, in other words, byp = _aE
ag

2. Bounded ultraimaginary independence

Definition 2.1. Given sets of ultraimaginaries A, B, and C, we write B J/bg C to
mean that bdd"(AB) Nbdd"(AC) =bdd"(A).

Recall that bdd" is a closure operator (i.e., if ¢ € bdd"(br) and by € bdd" (ag),
then ¢ € bdd"(ag)). We will ultimately show (in Proposition 2.3) that the following
are equivalent: bp \Lb“ cg, bdd} (agbr) Nbdd; (agcg) = bdd; (ag) for all k, and
bdd, (agbr) Nbdd, (aEcG) =bdd} (ag) for « = |T| + |abc]|. J/b“ satisfies some of
the familiar properties of | *.

Proposition 2.2. Fix ultraimaginaries ag, br, cg, and ej.

» (Invariance) If agbreg = apbypc, then br |y, cc if and only if bl 1%y g

e (Symmetry) br y;E cg if and only if cg y;E br.

e (Monotonicity) If bpcg J/b;E dyey, then bp J/b;E dy.

o (Transitivity) If b J/b;E cG and dy J/b;E by €G> then brdy J/b;E cG
o (Normality) If b ﬁ;ﬁ_ cG, then agbp j’;E agcg.

o (Anti-reflexivity) If br J/b;b_ br, then b € bdd" (ag).

Proof. Everything except transitivity is immediate. The argument for transitivity
is the same as the argument for transitivity of |?: Assume that bp J/b“ cg and
dy b; by €G- Let e; be an element of bdd"(agbrdy) Nbdd" (agcg). ThlS im-
plies that it is an element of bdd"(agbrdy) Nbdd"(agbrce), so by assumption
it is an element of bdd" (agbr). But this means that it’s in both bdd"(agbr) and

bdd"(agcg), so, by assumption again, it is an element of bdd" (ag). O

Part of the goal of this paper is to prove full existence and therefore also extension
for | ™ (although only over hyperimaginary bases).

« (Full existence over hyperimaginaries) For any set of hyperimaginaries A and
ultraimaginaries b and cF, there is ¢} =4 cf such that bg J/b/‘; e
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» (Extension over hyperimaginaries) For any set of hyperimaginaries A and
ultraimaginaries bg, cr, and dg, if bg \ng cr, then there is b, =4, bg such
that b}, |™ crdg.

A fairly general argument will allow us to upgrade =4 to E];‘ in the above two
conditions, which we establish in Theorem 3.6 and Corollary 3.8.

Finite character fails very badly, of course: As considered in [Wagner 2015,
Example 2.8], if E is the equivalence relation on w-tuples of equality on cofinitely
many indices, then for some sequences (a;); <, we will have a_, J/b“ [a<w]E for
all n, yet a_, j/b“ [a<w]g. Given the existence of higher and higher cardinality
generalizations of the previous example (e.g., equality on co-countably many indices
on wi-tuples), local character seems unlikely except possibly in the presence of
large cardinals. We do have some control over the relevant cardinalities, however.

Proposition 2.3. For any ag, br, and cg, br \J/b;E cg if and only if
bdd} (agbr) Nbdd; (apcg) = bdd; (ag),
where .. = |ab| + |T)|.
Proof. Let A=|ab|+|T|. If b \J/b;E cG, thenbddy (agbr)Nbdd; (apcg)=bdd; (ag).
Conversely, assume that b Lb;E cg. There is some
dy € (bdd"(agbp) Nbdd"(agcs)) \ bdd"(ag).

By Corollary 1.8, there is e; of arity at most A such that dy and e; are interde-
finable. This means that e; € (bdd}(agbr) Nbdd; (agc)) \ bdd; (ag). Therefore
bdd} (agbr) Nbdd} (apcg) # bdds (aE). O

The following characterization of |® (and the manner of proof) is essentially
due to Wagner [2015].

Proposition 2.4. For any ultraimaginaries ag, br, and cg, the following are

equivalent.
bu
(I br L, cc-
(2) For any b EL‘E bp, there are b°, °, bt ct, ... "1, b" such that b° = b,
A =c, b" =V, and for each i < n, bl E];Ecg b}'H and cg; EIa‘Eb’;’] ch+1 if
i<n—1.

3) (Autt(M/agbr) U Autf(M/agcg)) = Autf(M/ag).

Proof. Let H = (Autf(M/agbp) U Autf(M/agcg)).

—=(3)=—(1). Assume H # Autf(M/ag), which implies that H < Autf(M/ag) =
Autf(M/ag) . By Proposition 1.12, we have that [H] ¢ bdd"[Autf(M/ag)] =
bdd"(ag). But since Autf(M/agbr) =Autf(M/agbr) y < H and Autf(M/agcg) =
Autf(M/agcg) f < H, we have that [H] € bdd"(agbr) Nbdd"(agcg) again by
Proposition 1.12.
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(3)=(1). Suppose H = Autf(M/ag). Fix an ultraimaginary d; € bdd"(agbr) N
bdd"(agcg). By Proposition 1.12, we have that H < Autf(M/agd;) < Autf(M/ag),
which implies that Autf(M/agd;) = H. Hence by Proposition 1.12, d; € bdd"(ag).
Since we can do this for any such ultraimaginary, we have that bg \Lb;E cG

(D=(2). Let b}.. = [Autf(M/agbp)] and cf,. = [Autf(M/agcg)]. Note that
bdd"(agbr) = dcl"(b}.) and bdd"(agcg) = dcl"(cf.) (by Definition 1.9 and
Proposition 1.12). In particular, we have that dcl"(b}..) Ndcl"(cf..) =bdd"(ag). Fix
bl EL‘E br. By passing to a different representative of the F-equivalence class b/,
we may assume that b’ =} b. Fix ¢/ such that be =} b'c’. By Proposition 1.13, we
have that b'c’ =bdd! (ap) bc for all A, sob'c’ =dell (b Ndel (c0) bc for all A. Therefore,
by Proposition 1.10, we can find a sequence (b*’ *‘b’c’),<n such that »*0 = b*,
0 =¢*, b0c0 = be, b"c" = b'¢’, and for each i < n,

e if i is even, b* = b**! and c*'bic! =y T HIH T and

e if i is odd, ¢* = c**! and b*bic! = . P TIHIFIIHT
This implies, by induction, that b'c’ ={, ;i b**'c'*! and bf = '} for each even i
and b'c’ = ;i b and ¢ = c’GJrl for each odd i, so bOc!b?c? ... "~ 1b" is

the sequence required by the proposition (after reindexing).

(2)=(1). Assume (2), but also assume for the sake of contradiction that (1)
fails. Let dy be an element of (bdd"(agbr) Nbdd"(agcg)) \ bdd"(ag). Since
dy 1s not bounded over ag, there must be some d}l EEE dy such that d}{ ¢

bdd"(agbg) Nbdd"(agcg). Find b such that bpdy =L bl.d),. Let b°, ¢, b',

ch..., "1 b beasin (2), with b" =b'. Find d'/?,d", d3/?,d?, ..., d"~1/2 q»
such ‘[hatdl/2 d and for each i < n,

R bi dl+(1/2) _a bl+1dz+1 and

dl+1 _L

’+1d}{+(3/2) ifi<n—1.

b1+1

We now have that bl,d}, =l brpdy =5, bjpd};, so in particular, d| :L dY,. For
some i < n, consider e; € bdd“(aEb )ﬂbdd“(aEcG) Since e € bdd“(aEcG) and
since b’ d’+(1/2) =pdd! (agcl,) b’“d“rl for all A (by Proposition 1.13), we must have

that b dl+(l/2) =4pe; b’“d’“‘1 and so e; € bdd"(agb'") as well. By the reverse
argument and since we can do this for any such ultraimaginary, we get that

bdd"(agb’) Nbdd"(agch;) = bdd" (apb' ) Nbdd" (apch).
Likewise, for any i <n — 1, we get

bdd"(agbi!) Nbdd" (agch;) = bdd" (agbt') Nbdd" (agc™).
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Therefore df, € bdd"(agb’) Nbdd"(apcy; 1, so since dy, =L agbh dy; and so
dy, =bdd! (agb') d for every A (by Proposition 1.13), we must also have

dH € bdd”(aEb ) ﬂbdd”(aEc ) = bdd”(aEbp) ﬂbdd“(aEcG)

which is a contradiction. O

3. Full existence

We will use the tree bookkeeping machinery from [Kaplan and Ramsey 2020], with
some minor extensions (the notation 7, and F).

Definition 3.1. For any ordinal «, L 4 is the language
{Slv/\v <leX9PO9P19"'aPﬂ(ﬂ<a)""}7

with < and <jex binary relations, A a binary function, and each Pg a unary relation.
For any ordinal «, we write 7 for the set of functions f with codomain w and
finite support such that dom( f) is an end segment of «. (For the sake of some
minor edge cases, we will regard the empty functions in various 7,’s as distinct
objects.) We write 7, for the set of functions f € 7. with dom(f) = [B, «) for a
nonlimit ordinal 8. We write F, (for forest) for 7441 \ {&}.
We interpret 7, and 7T, as Ly o-structures by

o fdgifandonlyif f Cg;

s fAg=[IlB.a)=gllB. a), where f =minfy : f[[y,a) = g[ly, @)} (with
the understanding that min & = «);

e f <ix g if and only if either f <1 g or f and g are <-incomparable, dom(f A
g)=I[y.a),and f(y) < g(y); and

e Pg(f) holds if and only if dom(f) = [8, «).

We write (i), for the function {(«, i)} (which is an element of 7, ;). Given
i <wand f €7 withdom(f) =[B+1,a), we write f —~ i to mean the function
fU{(B, 1)} (which is an element of 7). Giveni <w and f € 7, we write i —~ f
to mean the function {(e, i)} U f (which is an element of 7, ). ?

For a < B, we define the canonical inclusion map t4g : 7o — Tg by top(f) =
FU{y,0):y € B\a}. (Note that tyo41(f) =0~ f.)

For 8 < a, we write g“g for the function whose domain is [, «) with the property
that {l‘;(y) =0forall y € [B, @). (Note that {7 is T,’s copy of the empty function.)

Given a family (by) rex, we may refer to it briefly as bey.

9Note that this notation is not ambiguous when f is an empty function, as we are regarding the
empty functions in different 7;’s as distinct objects.
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Definition 3.2. Given X C 7, we say that a family (by) rex is s-indiscernible
over A if for any tuples fy... fo—i and go...gn—1 in X with fy... f_g =9
80.--8—1,bp...bs_ =4 bg,...bg, ,, where quantifier-free type is in the lan-
guage L; . (Note that this does not entail that b ;’s on different levels are tuples of
the same sort.)

Given f € Ty, we write by ¢ to refer to some fixed enumeration of the set
{bg : g €Ty, f <g}. In particular, we choose this enumeration in a uniform way
so that if (b ) re7, 18 s-indiscernible over A, then for any f with domain [8+1, ),
the sequence (b f~;)i<w is A-indiscernible. When f is an element of 7, we will
also write by ¢ for some fixed enumeration of the set {b, : g € 7o, f € g}. One
particular example of this will be sequences of the form (bE¢/§+lAi)i<w, where S is a
limit ordinal. This is essentially the only situation in which we need to consider 7.

Note that for a limit ordinal o, (bf) re, 18 s-indiscernible over A if and only if
(D) ferpq(Ty) 18 s-indiscernible over A for every f < «.

We will also need the following fact.

Fact 3.3 (modeling property for s-indiscernibles [Kim et al. 2014, Theorem 4.3]).
Let X be Ty or Foy1. For any (by) rex and any set A of hyperimaginaries, there
is a family of tuples (cy)fex that is s-indiscernible over A and locally based
on bcyx (ie., for any finite tuple fy... fu—1 from X and any neighborhood U
of tp(cy, ...cy,_,/A) (in the appropriate type space), there is a tuple g . .. gn—1
from X such that fy ... fu1=%g0...8,—1 and tp(by, . .. bg, /A) € U).

Note that while Fact 3.3 is normally formulated for discrete logic, the corre-
sponding statement in continuous logic follows easily from a very soft general
argument: Given a metric structure M and a tree (br) rex of elements of M, find «
large enough that M, Th(M), and bcx are elements of V,, and apply [Kim et al.
2014, Theorem 4.3] to V,, as a discrete structure and get some A-s-indiscernible
family (c*}) rex of elements of an elementary extension V,; > V,,. These elements
live inside a structure M* € V that is internally a model of Th(M). By taking the
standard parts of each real-valued predicate in M* and then completing with regards
to the metric, we get a metric structure N that is an elementary extension of M. For
each f € X, let ¢y be the image in N of cji- under the canonical map from M* to N.
It is straightforward to check that (c ) rex is the required A-s-indiscernible family.

Before proving full existence for | ™, we will need a lemma.

Lemma 3.4. Fixa and y > a. Let (ef) feF,,, be an s-indiscernible family of real
tuples over a set A of hyperimaginary parameters. Let . = |Aey .y | +|T|. Suppose
that there is an ultraimaginary cg such that cy € bdd; (AeEQ)(/-H) Nbdd; (Aep ).
Then there is a model M with Acg C dcl*(M) and |M| < A such that (ef)fer,, Is
s-indiscernible over M.
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Proof. By Fact 3.3, we can find a set of real parameters B such that |B| < |A|+|T]|,
A C bdd™4(B), and (e 1) feF, . is s-indiscernible over B.

Let T’ be a Skolemization of T with |[T'| = |T|. Let M’ be the monster model
of T’, which we may think of as an expansion of M. By Fact 3.3, we can find
(b’f) feF locally based on (ey) re7,,, which is s-indiscernible over B (in T'). By
considering an automorphism of M (in 7'), we may assume that (b’f)fe 7, actually
is (ef) feF,,,» so that (ey) rer,,, 1s s-indiscernible over B (in T).

Find an automorphism o € Aut(M'/B) satisfying o - e (i11),,, =
every i < w. Let M be the Skolem hull of BUo - €‘>§_y+l Note that (ef) fer,,, 18
s-indiscernible over M (and therefore the same is true in 7'). Furthermore, note
that |M| < A.

Let M; be the Skolem hull of Be,; ,» for both i € {0, 1}. Note that cr €
bdd} (M;) and |M;| < A. Pass back to the theory 7. Note that M, My, and
M, are still models of 7. By Corollary 1.8, there is an invariant equivalence
relation G (in T') such that cr and [M|]s are interdefinable. Therefore we have
that [M]g € bdd} (A€>;y+l) C bdd" (Mp) = dcl"(M)). Find an automorphism t €
Aut(M/M7) such that t(Mp) = M (which exists by indiscernibility). T witnesses
that [M1]g € dcl*(M) and therefore ¢y € dcl*(M), so M is the required model. [J

= ex(i),,, for

Now we are ready to prove full existence for | ®", but we will take the opportunity
to prove a certain technical strengthening which we will need later in the construction
of |™-Morley trees.

Lemma 3.5. If (by) reT, is a tree of real elements that is s-indiscernible over a set
of hyperimaginaries A, then there is a’y > a and a tree (ey) seT, ., such that

* ecT,,, is s-indiscernible over A,

] fOl" €ClCh f S 7;[’ bf — ela4y+l(f)’ and
s lpgn Lhesig

(Note that e_ v+ is the original tree.)

> Lo
Proof. If beT, € acl(A), then the statement is trivial, so assume that b7, ¢ acl(A).
Fix A = |Aber,|+|T|. By Proposition 2.3, we have that ber, J/b/‘; ¢ if and only if
bdd} (Abe7,) Nbdd} (Ac) =bdd} (A) for any c. Let u = |bdd} (Aber,) \bdd} (A)|T.
We will build a family (es : f € t,41,,(7,+1)) inductively, where y is some
successor ordinal less than . By an abuse of notation, we will systematically
conflate the sets iy ,(7y) and 7, (and likewise for (o, (Foy1) and Fy4y) for all
o < p. Note that in general this will mean that ey .« 1s the same thing as ec7;.
Letes =by forall f €7T,. Since b, ¢ acl(A), we can find a family (df) e 7, .,
extending ec7, such that (d;. C‘:l(l+lﬁi)j<w is a nonconstant A-indiscernible sequence.
By Fact 3.3, we can define e for all f € F,4 in such a way that the family
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ecr,., is locally based on de 7, . In particular, (eE{étHA,-)kw will be a nonconstant
A-indiscernible sequence.

At successor stage 8 + 1 > o, assume that we have defined ey for all f €
Fp+1 and that the family (ef)fer,,, is s-indiscernible over A. If there is no
dg € bdd} (AbcT,) \ bdd;} (A) such that the family (ey) fe Fp, 18 s-indiscernible
over Ad, let e = & and y = B and halt the construction. Otherwise, let e = d.
For later reference, let Egi; be E. Note that the family ec7,,, is s-indiscernible
over A. Since dg ¢ bddj (A), we can find, by Proposition 1.4, a sequence (0;); <, Of
elements of Aut(M/A) such that (o;-d); <, is an A-indiscernible sequence satisfying
(o 'd)Eﬁ+1(O'j -d) for any i < j < w. Now choose (ey) rer,,, in such a way that
ecFy,, extends what was already defined, is s-indiscernible over A, and is locally
based on the family (cf) e r,,, defined by ¢;—~y = 0; - ey for all f € Tg41 (which
is possible by Fact 3.3). In particular, note that for any i < j < w, we still have that
(eggﬁ,\,-, el,’;ﬂ/\j) =4 (09 -d, 01 -d) and so, in particular, et i Eﬂ+1e§;;+2,\j.

At limit stage B, we have constructed the family (ef)rc7,. Note that this
family is automatically s-indiscernible over A. Extend it to a family ecz,,, thatis
s-indiscernible over A. (This is always possible by Fact 3.3.)

Claim. For any 8 <8 < u, if Eg41 = Esy1, then egéLHEﬁHe{;H.

Proof of claim. The sequence (eg»/g;zﬁ,-)kw is eqr I—1nd1scern1ble. Since

e;gﬁAoEﬂHe;gﬁAh
it must be the case that et Eﬁ+1e§,§‘+zﬂi foralli < w. Uelaim

Let g be the partial function taking 8 to [e;;;ﬂ] Eg,- BY the claim, this is an
injection into bddj (Abe7,) \ bdd} (A). By the choice of i, g’s domain cannot be
cofinal in u, so the construction must have halted at some y < .

Extend ec7, to ecr,,, in such a way that the resulting family is s-indiscernible
over A. Set ecr = .

Claim. For any cr € bddj(Ae ) \ bdd; (A), cr ¢ bdd; (Aeyy 7).

Proof of claim. Assume there is some cr € (bddj (Aey ) Nbdd; (Aey | o ))\bdd} (A).
By Lemma 3.4, we can find a model M with Acy C dcl"(M) and |M| < A such that
ecF,,, 1s s-indiscernible over M. By Corollary 1.8, there is an invariant equivalence
relation G such that ¢r and [M] are interdefinable. But this means that we could
have chosen [M]s to be dE at stage y, contradicting the fact that the construction
halted. Therefore no such cy can exist. Oelaim

So, by the claim, we have that bdd; (Aey ) N bdd; (Aey .r) = bdd; (A).
Therefore, by the choice of A, e .» J/b/‘; €51~ » as required. U
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Theorem 3.6 (full existence). For any set of hyperimaginaries A and real tuples b
and c, there is b’ Ek b such that b’ J/bj c.10

Proof. 1t is sufficient to show this in the special case that b = c. Specifically, given d
and e, if we can find d’'e¢’ =4 de such that d’¢’ \Lb/‘; de, then we have d’ \ng e by
monotonicity. So fix a set of hyperimaginaries A and a real tuple b. Let B be a set
containing realizations of all Lascar strong types extending tp(b/A). We can now
apply Lemma 3.5 to the family (By) re7; With By = B to get a family (E¢) fe7,
such that E{erl = B for some f € T,41, B=4 By, and B \Lb“ By. Let o be an
automorphlsm fixing A taking B to B. Let B'=0 - B. B’ still contains realizations
of all Lascar strong types extending tp(b/A), so we can find b’ € B’ with b’ =X b,
which is the required element. D

Corollary 3.7. For any set of hyperimaginaries A and any ultraimaginaries bg
and cp, there is b, =5 L b such that bl \J/b“ CF.

Proof. Apply Theorem 3.6 to b and ¢ to get b’ =Y b such that »’ J/b“ c. We then
have that bdd"(b") J/b“ bdd"(c), so by monotomclty, bl J/b“ CF. O

Corollary 3.8 (extension). For any set of hyperimaginaries A and any ultra-

imaginaries bg, cr, and dg, if bg J/A CF, then there is bE _IA bg such that

b/ J/bu CFdG
Proof. By Corollary 3.7, we can find b/, _kc b such that b, J/b” dG By
symmetry and transitivity, we have that b, \Lb“ crdg. ([

Compactness is essential in the proof of Fact 3.3 and therefore also Theorem 3.6,
which raises the following question.

Question 3.9. Does Theorem 3.6 hold when A is a set of ultraimaginaries?

4. Total \Lb“-Morley sequences

Definition 4.1. A | ™-Morley sequence over A is an A-indiscernible sequence
(b;); <o such that b; \ng b.; foreachi < w.

A weakly total |™-Morley sequence over A is an A-indiscernible sequence
(bi)i<e such that for any finite / and any J (of any order type), if [ + J = —EM b
then 7 | ™ J.1

<w»

10Anand Pillay has pointed out to us that Theorem 3.6 also follows from Theorem 615 of [Lascar
1982] (together with Wagner’s characterization \Lb“ from [Wagner 2015] given in our Proposition 2.4).
Theorem 615 is stated for countable sets of parameters in a countable theory, but it is clear that the
proof generalizes to the uncountable case as well.

1Note that if we modified this definition to allow / to be any order type and require that J be
finite, the resulting sequences would be precisely the order-reversals of the weakly total J/b”—Morley
sequences as we have defined the term here (by symmetry of \J/b“).
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A total | ™-Morley sequence over A is an A-indiscernible sequence (b;); -, such
that for any 7 and J (of any order type), if 7 +J =M b_,, then I | J.

We could write down stronger and weaker forms of the | ®-Morley condition,
but we are really only interested in total | ®™-Morley sequences, as they seem to be
a fairly robust class (see Theorem 4.8). Weakly total | **-Morley sequences seem
to be the best we can get without large cardinals, however, which does raise the
following question.

Question 4.2. Is every weakly total |®*-Morley sequence a total |™-Morley
sequence?

One immediate property of total |"-Morley sequences is that they act as

universal witnesses of the relation z];‘ in a strong way.

Proposition 4.3. For any A and b, if there is a total J/bu-Morley sequence (b;)i <y
over A with by = b, then for any b', b’ = b if and only if there are Iy, Jo, I, . . .,
Ju—1, I, such that b € Iy, b’ € I,,, and, for eachi < n, I; + J; and I; 1| + J; are both
A-indiscernible and have the same EM-type as b .

Proof. Let I = (b;); -, We only need to prove that if b’ Ek b, then the required
configuration exists (as the required configuration is clearly sufficient to witness that
b’ =% b). Choose I’ so that b1 =Y b'I’. Extend I to an A-indiscernible sequence
I+ J with I =4 J. By assumption [/ \Lb;; J, so by Proposition 2.4, there are
Io, Jo, I1, Ji, ..., Jyu—1, I, such that In =1, Jo=J, I, = I, and for each i < n,
I; EI;M I; 11 and J; EIAIM Jiy1 if i < n. Since Iy + Jy is A-indiscernible, we can
show by induction that /; + J; and [; | + J; are both A-indiscernible and have the
same EM-type as lp = b—,,. (]

A similar statement is true for weakly total | ®-Morley sequences, which we
will state in Corollary 4.18 after we have shown that weakly total _|*-Morley
sequences always exist without set-theoretic hypotheses.

Characterization of total J/b“-Morley sequences.

Definition 4.4. For any set of parameters A, we write &4 for the transitive closure of
the relation / ~ 4 J that holds if and only if / and J are both infinite A-indiscernible
sequences (of real or hyperimaginary elements) and either / + J or J 4 [ is an
A-indiscernible sequence.

By an abuse of notation, we write [/]~, for the ultraimaginary [A[]g, where E
is the equivalence relation on tuples of the same length as Al such that E(AI, BJ)
holds if and only if A = B in our fixed enumeration and I ~4 J.

Note that we do not in general require that / and J have the same order type. Also
note that ~ 4 is reflexive: For any infinite A-indiscernible sequence I, we can find
an infinite sequence J such that I + J is also A-indiscernible. Then I ~4 J ~4 I,
sol~y,1.
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We will additionally need an appropriate Lascar strong type generalization of
Ehrenfeucht—-Mostowski type.

Definition 4.5. Given two infinite A-indiscernible sequences / and J, we say that /
and J have the same Lascar—Ehrenfeucht—Mostowski type (or LEM type) over A,
written [ =LEM J_ if there is some J’ =L J such that 7 + J is A-indiscernible.

To see that the name is justified, note that two infinite A-indiscernible sequences
and J have the same Ehrenfeucht—-Mostowski type over A if and only if there is a
J' =4 J such that I + J’ is A-indiscernible.

Lemma 4.6. For any infinite order types O and O, I ~4 J if and only if there are
Ko, Lo, Ky, ..., L,_1, K,, such that

e Kn=I1and K,, = J,

e for0 <i < n, K; is a sequence of order type O,

e fori <n, L; is a sequence of order type O, and

e fori <n, Ki+L; and K; | + L; are A-indiscernible.
Proof. The < direction is obvious.

For the = direction, we will proceed by induction. First assume that 1 ~4 J.
If I + J is A-indiscernible, then find L of order type O’ such that I + J + L is
A-indiscernible. We then have that I + L and J + L are A-indiscernible. If J 41 is
A-indiscernible, then find L of order type O’ such that J + I + L is A-indiscernible.

We then have that I + L and J + L are A-indiscernible.
Now assume that we know the statement holds for any / and J such that there

is a sequence 1, ..., I, with Iy =1, I = J, and I ~4 I/ | for each i <n. Now
assume that there is a sequence I, . . ., I,;H with Ij =1, I,;H =J,and I/ ~4 Il.’+1
for each i < n. Apply the induction hypothesis to get Ko, Lo, K1, ..., Lin—1, Kim

satisfying the properties in the statement of the lemma with Ko =1 and K, = 1.
Now since I, ~4 I, | = J, we can apply the n = 1 case to get L, such that
I+ Ly and I | + L, are both A-indiscernible. By compactness, we can find
K of order type O such that K, 4+ L,, and K, 4+ L,,_; are both A-indiscernible.

We then have that Ko, Lo, K1, L1, ..., K1, Lm—1, K}, Ly, K41 is the require
sequence, where K, 11 = J. O
Proposition 4.7. Fix a set of hyperimaginary parameters A.
Q8 EIAEM is an equivalence relation on the class of infinite A-indiscernible
sequences.
(2) If I and J have the same order type, then I =% J if and only if I =5FM J.
3) If 1 =M J, then 1 =EM J.

4) If I ~4 J, then I =5EM J.
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Proof. Recall the following fact: If 7 and J have the same order type and I + J is
A-indiscernible, then 1 EI;‘ J.12

(1). First, to see that EIAEM is reflexive, note that if / is an infinite A-indiscernible
sequence, then any infinite A-indiscernible extension I + I’ will witness that
1 =5EM 10 To see that =LEM is symmetric, assume that 7 =LEM J, and let J' be
as in the definition of ="*M. Find I’ such that /J’ = I'J. Then extend I' + J to
I'+J+1", where I has the same order type as /. We then have that I” =5 1' =L 1,
so J =LEM 1. To see that =LEM is transitive, assume that 7 =5EM J and J =LEM K.
Let this be witnessed by J" and K’ such that / + J’ and J + K’ are A-indiscernible.
Find K” with the same order type as K such that 7 + J' 4+ K" is A-indiscernible.
Then find K* such that J'K” =% JK*. Note that both J + K* and J + K’ are
A-indiscernible. By compactness, we can find K** of the same order type as K
such that K** + J 4+ K* and K** + J 4+ K’ are both A-indiscernible. By the above
fact, we then have that K* = K** =L K’. Finally, K’ = K by assumption, so
we have that K" =5 K and therefore that 7 =M K.

(2) is immediate from the fact. (3) is obvious.
For (4), it is sufficient to show that / ~4 J = [ EIAEM J. This follows immediately
from the fact that 1 EIA I and J EIA J. [l

Now we will see that total J/b“—Morley sequences over A are precisely those
which are “as generic as possible” in terms of ~4 (i.e., their EIAEM—equivalence

class decomposes into a single & 4-equivalence class).

Theorem 4.8. For any A-indiscernible sequence (b;); ., (with A a set of hyper-
imaginary parameters), the following are equivalent.
(1) b, is a total |*-Morley sequence over A.
(2) There exists a pair of infinite sequences 1 and J (of any, possibly distinct order
types) such that I + J EAM b.wand I \Lb/‘; J.
(3) Forany K, K =, b_,, ifand only if K E]/;EM b
4) [b<yplx, €bdd"(A).
Proof. (1)=(2). This is immediate from the definition.
(2)=(3). First note that if K ~4 b_,, then K EI;‘EM b~ by Proposition 4.7. Let

I and J be as in the statement of (2). By compactness, we may find I’ =4 b,
such that I’ 4+ I + J is A-indiscernible. By applying an automorphism fixing A, we

12T see this, assume that 7 and J have the same order type and / + J is A-indiscernible for
some set of hyperimaginary parameters. Let M be a model with A C bdd"*d(M). We can find an
M-indiscernible sequence I’ + J/ finitely based on 7+ J. In particular, this will have I’ +J' =4 I+ J.
Therefore we can find a model M’ =4 M such that I + J is M'-indiscernible. We then have that
I =y J, whereby [ E];\ J.
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may assume that b_,, + I +J is A-indiscernible. Fix K such that K =LEM b_,,. By
compactness, we can find a K’ =4 K such that b, + I + K’'+ J is A-indiscernible.
We have that K =M b_, ~4 K’ and therefore K =Y K’ by Proposition 4.7. Let
ap € bdd"(AI) be an ultraimaginary satisfying dcl"(ag) = bdd"(AI). Likewise,
let by € bdd"(AJ) be an ultraimaginary satisfying dcl"(br) = bdd"(AJ).!3 Since
dcl*(ar) Ndcl*(br) = bdd(A), we have that K =del? (Iap)ndelt (Jbp) K’ for all A.
Therefore, by Proposition 1.10, we can find a sequence (I'a'J'b' K"); <, satisfying
that 1°° = Ia, J°° = Jb, K" =K', K" = K, and for each i < n,

e if i is even, then I'a’ = I't1g't! and JIb' K =4 JIH1piH K] and
o if i is odd, then J'b' = J"Hpi+! and I'a’ K =, I'Tla’ T K+,

By induction, we have that I + K’ + J? is A-indiscernible for each i < n. We
therefore have that

K=K~y IO~y J iy PP~y PP~y oo~y L~y K" =K,
where L is either I" or J". Therefore K’ ~, K.

(3)=(1). Assume that for any K ="M b_,,, K ~4 b_,,. Let I and J be infinite
sequences satisfying /4-J EEM b.. By applying an automorphism fixing A to I+ J,
we may assume that b, + I 4+ J is A-indiscernible. Fix some /' = I. We have
that 1’ EIAEM b -, which by assumption implies that I’ ~4 b_,,. Since b, ~4 I,
we have that I ~, I’. By Lemma 4.6, we can find Ko, Lo, K1, L1, ..., L,_1, K,
such that Ko = I, K, = I, L has the same order type as J, K; has the same
order type as [ for each i < n, L; has the same order type as J for each i < n,
and K; + L; and K; 41 + L; are A-indiscernible for eachi <n. Let K_; = [ and
L_; = J. We now have that for each nonnegative i < n, K;_i E];‘Li_l K; and
L;_ EIAKI, L;."* Therefore K_;, L_;, Ko, Lo, ..., Lo—1, K, is precisely the kind
of sequence needed to apply Proposition 2.4 (with the indices shifted down by 1).
Since we can do this for any I’ EI/; I, we have that / J/b;; J.

(3)=(4). Let x be a tuple of variables in the same sorts as b_,. There are at
most 2/42<oI*+IT many Lascar strong types in x over A. (3) implies therefore that
there are at most 2/4%<e!*ITl many ~, classes with representatives that realize
tp(b<w/A). Therefore [c,]~, € bdd"(A) for any ¢, =4 b, and so a fortiori
[b<wl~, €bdd"(A).

#)=(@3). Let I =LEMp_,,. Find I’ such that I =% /" and b_,,+ 1’ is A-indiscernible.
Since [b<]~, € bdd"(A), we must have, by Proposition 1.4, that there are at most
2/Ab<olHIT1 conjugates of [b—,]~, under Aut(M/A). For any I” =4 I’, we can find

13We can take ag to be [Autf(M/AI)] and b to be [Autf(M/AJ)] by Definition 1.9 and
Proposition 1.12.
14For i = 0, we have that K_y EkLil K trivially, since K_| = I = K.
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Cew =4 by such that I” ~ 4 c,,. Therefore there are at most 2/4%<!+IT| conjugates
of [1']~, under Aut(M/A) as well, and so [I']~, € bdd"(A) by Proposition 1.4
again. By Proposition 1.13, there must be an automorphism o € Aut(M/A, [I']~4)
such that o - I’ = I. Therefore [I']~, = [I]~, and hence I ~4 b_,. O

Building ((weakly) total) \Lb“-Morley sequences. Given that |™ satisfies full
existence, an immediate, familiar Erdés-Rado argument gives that | **-Morley
sequences exist, but in the end we will need a technical strengthening of this result.

Proposition 4.9. If (by) re7, is a family of real elements that is s-indiscernible over
a set of hyperimaginaries A, then there is a family (cy) feF,,, such that

* CcF,,, is s-indiscernible over A,
° CLoz.a-%—l(f) = bf for eaCh f € 7&’ and

o the sequence (C(;))i<w IS an \[/b“-Morley sequence over A.

Proof. Let k be sufficiently large to apply Erdds-Rado to a sequence of tuples of
the same length as beT over the set A.
Let y(0)=«. Let cf =by forall f €T, =T Let go= (as an element of 7).
At successor stage 8 + 1, assume we have (c f)T(ﬁ) which is s-indiscernible

over A and Wthh satlsﬁes cﬁ
y@®).y@ (f)

build a family (c ¥ )Ty 41y (for some successor ordinal y (8+ 1) > y (B)) such that

_c for all 6 < 8. By Lemma 3.5, we can

B+1 . .. .
. (cf )fe7'y<ﬁ+1> is s-indiscernible over A,

B _ B+
e foreach f € Typ), cp=c_ ..\ (> and
CﬁJrl bu cﬂ+1
e

D—1
é.a7t/(;3+ )

Let gg+1 € T(ﬁ+1) be 1 ~ . Note that gg1 > h. Also note that by

construction we have that

EONN L ey 25 € (B+ 1)\ lim(B+ 1)},

‘>gﬁ+1 D‘y(&),y(ﬁ-%—l)(gé)

since ¢ (s),y (p+1)(8s) > ;((5)“) for all nonlimit § < 8 + 1.

At limit stage B, let y(8) = sups_ 8 y(8) and let (¢ f) feTy s be the direct limit
of (Cf)feTy@) for § < B. Leave gg undefined.

Stop onc.e we have (¢ f)f€7}(,() Cons.lder. the sequence (C’é‘y(ﬁ),y(k) (gﬂ)) 8 EK\lim/(_IS
By our choice of k and a standard application of the Erdés-Rado theorem, we can
find a family (cy) rer,., such that the sequence (¢ (), )i <o 1S A-indiscernible and

15We write lim o for the set of limit ordinals in a.
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for every increasing tuple i < w, there is B € k \lim « such that ¢ ;). - - - € (i,), =4

cg cg
Bty v (8pp) "7 T BB (880"
In particular, note that this implies that

ceiye L ey, 17 <)

for every i < w. Clearly by applying an automorphism, we may assume that
Ciyuri(f) = by for each f € Ty, so all we need to do is show that the family cc 7, ,,
is s-indiscernible over A.

Since the sequence (¢ (i), )i<w 18 A-indiscernible, it is sufficient, by induction, to
show the following statement: For any sequence f 0s f Ly vnes f ks o vns f ¢ of tuples
of elements of F | satisfying f i > (i) for all i < £ and any h > (k) such that
fx and h realize the same quantifier-free type, we have that ¢ 7, and c;, realize the
same type E)VGI‘ Ac]i0 e O O

So let fo,..., f¢e and h be as in the statement. By construction, there are
Bo, - .., Be such that ¢ (), =4 céty(ﬂ,-w(m(gﬂ,«) foreachi < E_. Let fg, e f_’g, I be
the corresponding elements of 7, (.. (So, in particular, f : > gg, foreachi < ¢
and A’ > gg,). We now have that f} and /' realize the same quantifier-free type.
Therefore, by the s-indiscernible of c’;Ty o Ve have that c"f;{ and cg, realize the same
type over Acfzé) . .c'jz};ilc'jz;m .. CIJ{I"@' From this the required statement follows, and

we have that ccx,,, is s-indiscernible over A. Ol

+1

Corollary 4.10. For any set of hyperimaginaries A and any real tuple b, there is an
\J/b“-Morley sequence (b;); <, over A with by = b.

Proof. Apply Proposition 4.9 to the tree (by) rer, defined by by = R U

The order type w is essential, however; Erd6s-Rado only guarantees the existence
of sequences that satisfy the relevant condition on finite tuples. Fortunately, this is
more than sufficient for the following weak “chain condition”.

Lemma 4.11. If (b;); <, is an J/b“-Morley sequence over A that is moreover Ac-
indiscernible, then b J/bf‘ c.

Proof. Fix . Let i = [bdd} (Ac) \ bdd} (A)|. Extend b, to (b;);<,+. We still have
that forany i < j < u™, b; J/bg b; (since this is only a property of tp(b;b;/A)).
Therefore the sets bdd} (Ab;) \ bdd} (A) are pairwise disjoint. Since there are wt
many of them, one of them must be disjoint from bdd} (Ac) \ bdd; (A). Therefore
by indiscernibility, we must have bg J/bf\ c. (|

We will not use the following corollary of Lemma 4.11, but it is worth pointing
out.

16This can also be proven directly by the standard argument for the existence of Morley sequences.
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Corollary 4.12. If I is a total | ™-Morley sequence over A that is Ac-indiscernible,
then 1 J/bg c.

Proof. Extend I to an Ac-indiscernible sequence Iy + I} + I» +... with Iy = 1.
Since [ is totally J/b“—Morley, we have that (/;); -, 1S an J/b“-Morley sequence
over A. So by Lemma 4.11, we have I = Iy J}’X c. (]

Parts (2) and (3) of following definition are equivalent to [Kim et al. 2014,
Definitions 2.1, 3.4] in our context; this formulation is used implicitly in [Kaplan
and Ramsey 2020] and its equivalence to the standard definition is discussed in
[Kaplan and Ramsey 2020, Remark 5.8]. The rest of it is based on [Kaplan and
Ramsey 2020, Definition 5.7], although we have had to modify the definition of
restriction slightly in order to deal with limit ordinals more smoothly.

Definition 4.13. Fix a family (by) reT .

(1) For w C «, the restriction of T, to the set of levels w is given by
Talw ={f € To : mindom(f) € w, B € dom(f)\w= f(B)=0}.

(2) A family (by) reT, is str-indiscernible over A if it is s-indiscernible over A
and satisfies that for any finite w, v C « \ lima with |w| = |v], be7, 1 and
beT, v realize the same type over A (where we take ber, |y to be enumerated
according to <jex, Which is a well-ordering on 7, [w for finite w).

(3) We say that ber, is | ™-spread-out over A if for any f € T, (with dom(f) =
[B + 1, a) for some B < «), the sequence (bf—;)i<w is an \J/bu—Morley
sequence over A.

(4) We say that b, 1, is | ®-spread-out over A if for any f € T* (with dom(f) =
[8 + 1, ) for some B < « and satisfying that (f — i);~,, is a sequence of
elements of 7, [w), the sequence (byf~;)i<w 1S an J/b“—Morley sequence
over A (where we interpret by as & if f ¢ T, [w).

(5) ber, isan J/b“-Morley tree over A if it is J/b“—spread-out and str-indiscernible
over A.

Note that if b7, is J/b“—spread—out over A, then any restriction be7, y is also
| Pu-spread-out over A (even for infinite w). Also note that, by a basic compactness
argument, if « is infinite and (b ) re7, is str-indiscernible over A, then for any S,
we can find a tree (cy) re7, which is stzr-indiscernible over A such that for any
w € [a]=* and v € [B]= with |w| = |[v], beT, 1w =4 CeThlv-

Proposition 4.14. For any set of hyperimaginaries A, real tuple b, and «, there is a
tree (by) ret, that is \Lbu-spread-out and s-indiscernible over A such that for each
f€Te.,by=ab.
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Proof. Let (b ) reT, be defined by b% = b. This is vacuously | Pu-spread-out and
5- 1ndlscern1ble over A.

At successor stage o + 1, given (b?) feT, which is \J/b“-spread—out and s-
indiscernible by Proposition 4.9, we can find an extension (b?”) feFas Satis-
fymg b"‘ ()= b‘Z for all f € 7, such that b‘;}al“ is s-indiscernible over A and
(b“ )Kw is an | ®-Morley sequence over A. By Fact 3.3, we can find b4 =4 b
such that the tree (b o+ ) feTo,: 18 s-indiscernible over A. By construction, we now
have that (b"”r ) feTory 18 J/b -spread-out over A.

At limit stage «, let (b“) reT, be the direct limit of (b f) rety for B <. Itis im-
mediate from the deﬁmtlons that b¢ - is | Pu-spread-out and s-indiscernible over A.

Once we have constructed (b ) feTe, let by = b" for each f € 7,. We have
that b7, is the required tree by induction. U

By the same argument as in [Kaplan and Ramsey 2020, Lemma 5.10], we get
the following.

Fact 4.15. Fix a set of real parameters A, and let (byr) re7. be a family of tuples
of real parameters of the same length that is s-indiscernible over A. If k > 3;+(X)
(where } = 21APr1HITY ‘then there is an str-indiscernible tree (cf) reT, such that

for any w € [w]~?, there is v € [K]~” such that (by) reri 1o =4 (¢f) feT,jw-  ()a

Note that Fact 4.15 generalizes to continuous logic by the same soft argument as
in the discussion after Fact 3.3.

Lemma 4.16. Suppose that a family of tuples of real elements (by) fer. is -
spread-out and s-indiscernible over a set of hyperimaginaries A with all by tuples of
the same length. If k > J;+ (L) (where ) = 21APr1HITY ‘then there is an J/bu—Morley
tree (c ) feT, over A such that condition (x) o from Fact 4.15 holds.

Proof. Find a model M with |M| < |A| + 8o such that A C bdd"d(M). Apply
Fact 4.15 with M as the base to the family (by) re7, to get a tree (cr) se7, that
is str-indiscernible over M and satisfies (). This is enough to imply that cc7;,
is str-indiscernible over A and satisfies (x)4. Furthermore, since the tree ce7,
has height w and since be7; is \Lb”—spread—out over A, (x)4 implies that ce7, is
| Pu-spread-out over A. Therefore cc7, is an | ®*-Morley tree over A. (]

Proposition 4.17. If (by) re7, is a family of tuples of real elements that is an
J/b“ -Morley tree over a set of hyperimaginaries A, then (bgw) B<w is a weakly total
J/b“ -Morley sequence over A.

Proof. Fix a linear order O. Let ¢y = beo for each o < w.
For each positive n < w and each i < j < w, we have that b0 ~; \Lbf\ byro—j
and that the sequence (bp¢o~;)i<w 18 Acsp-indiscernible. By compactness, we can
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find (c;)ico such that (¢;)iew+o0 18 A-indiscernible and such that (bsco—~;)i<e 1S
Aceqn,w)+0-indiscernible for each n < w.

Therefore, by Lemma 4.11, we have that c_, J/bfl Celn,w)+0- Hence, (bgéu) B<w 18
a weakly total | ®“-Morley sequence. ([
Corollary 4.18. For any set of hyperimaginaries A and tuple of real elements b,

there is an A-indiscernible sequence (b;); <., with bg = b such that for any b’ =5 b
and n < w, there are 1y, Jo, I1, J1 . .., Jk—1, I with

b the first element of I,

o D' the first element of I,

|l;|=nforalli <k,

J; infinite for all i < k, and

o I; + J; and I; 1 + J; realizing the same EM-type over A as b, foralli < k.

We can also arrange it so that I; is infinite for alli <k, |J;| =n foralli <k, and
I; + J; and I; 1 + J; realize the same EM-type over A as b_,, in the reverse order
foralli < k (with the same choice of b_,, but possibly a different k).

Proof. By Lemma 4.16 and Proposition 4.17, we can find a sequence (b;); <, With
bo = b that is a weakly total | ™-Morley sequence over A. Fix n < w, and write
b.y, as I + J with |I| = n. By repeating the proof of Proposition 4.3, we get the
required configuration of /;’s and J;’s.

For the final statement, by compactness, we can find an indiscernible sequence K
of order type w which has b as its first element and realizes the reverse of the
EM-type of b_,, over A. Fix an n < w. If we partition K as I +J where |J| =n and
again repeat the proof of Proposition 4.3, we get the second required configuration
of I;’s and J;’s. O

To go further, we will need the following fact from [Silver 1971]. Recall that the
statement Kk — (oz);“’ means that whenever f : [k]=® — y is a function, there is a
set X C « of order type « such that for each n < w, f is constant on [X]".

Fact 4.19 [Silver 1971, Chapter 4]. For any limit ordinal «, if k is the smallest
cardinal satisfying k — (c);®, then for any y < «, k — (). Furthermore, « is
strongly inaccessible.

The smallest cardinal A satisfying A — ()5 is called the Erdds cardinal « (o).
In the specific case of « = w, we will also need the following lemma.

Lemma 4.20. If k — (0)3?, then (y*)* — (0 + 1);“’. In particular, if k (o) exists,
then 2Nt & (0 + 1)@ for any y < k().

Proof. Fix a set X of cardinality (y*)* and a coloring f : [X]=® — y. Fix an
ordering (xq ) <(y¢)+ of X. Recall that a subset ¥ C X is end-homogeneous if for any
So< - <oi<a<B<), flxsg, ..o x5, Xa)) = f({xsg, oo, X515 Xp}).
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By [Erdés et al. 1984, Lemma 15.2], there is an end-homogeneous set Y C X of order
type k + 1. Let (Vo )o<k+1 be an enumeration of Y in order. Let g(A) = f(AU{y,}).
By assumption, there is a g-homogeneous subset Z C Y of order type w. Therefore,
by construction, Z U {y,} is the required f-homogeneous subset of order type w+ 1.

The last statement follows from the fact that « (w) is strongly inaccessible and
cardinal arithmetic (i.e., 2® = @ for y > 1 with y < k' (w)). ([l

Lemma 4.21. Suppose (by) seT; is | P-spread-out and s-indiscernible over A
with all by tuples of the same length. If . — (@ + 1)J%,.7) then there is a set
X C A\ lim A with order type w + 1 such that be; 1 x is an 1 Pu-Morley tree over A.

Proof. Let t be the function on [A \ limA]=® that takes w € [A \ im A]=® to
tp(be7; jw/A). By assumption, we can find X C A\ lim A of order type w + 1 such
that 7 is homogeneous on X. bc7; x is s-indiscernible over A and | PU-spread-out
over A, since these properties are both preserved by passing to restrictions. O

Theorem 4.22. For any A and b in any theory T, if there is a cardinal A satisfying
A— (w+ 1);5{’,,‘“”, then there is a total J/b“-Morley sequence (b;); <, over A with
by = b.

In particular, it is enough if there is an Erdds cardinal k () such that |Ab|+|T | <
k (a0) (for any limit « > w).

Proof. 1If the Erd&s cardinal « (o) exists and |Ab|+|T| < k («), then by Fact 4.19, we
have 21471171 < i () as well. Then if @ = w, we have that 2°“))* — (w+1)5%,.r,
by Lemma 4.20. If @ > w, we clearly have «(a) — (0 + 1) 54,7 by Fact 4.19. So
in any such case we have the required A.

Let 2 be a cardinal such that A — (@ + 1)5%.7, holds. By Proposition 4.14, we
can build a tree (by) re7; that is s-indiscernible and \[/b“—spread—out over A. By
Lemma 4.21 and the choice of A, we can extract an J/b“—Morley tree (cr) feT, .
from this.

By compactness, we can extend this to a tree (cs) re,,,, that is str-indiscernible
over A. We still have that for any i < j < w,

Cogoto~i L% Cogot~j

but now we also have that the (c. Drote~ Di<w 1S AU {C{erw I < w}-indiscernible,
by str-indiscernibility of the full tree cc7, . Therefore, by Lemma 4.11,

b ]
C[Zé.sifuﬁo J/};{C;::’:rlw < (l)},

so in particular,

{cporo i < @) J/bX{C{ac;)Lm 1 < o).
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Let d; = Croto for each i < w + w. We have that (d;); <x+0 1S A-indiscernible.
Furthermore, by Theorem 4.8, we have that d_,, is a total J/b”—Morley sequence.
By applying an automorphism, we get the required b_,,. ([

So if we assume that for every A, there is a « such that k — (@ +1)7“, we get
that Lascar strong type is always witnessed by total | ™-Morley sequences in the
manner of Proposition 4.3.

The use of large cardinals in Theorem 4.22 leaves an obvious question.

Question 4.23. Does the statement “for every A and b, there is a total | ®-Morley
sequence (b;); <, over A with by = b” have any set-theoretic strength? What if we
add cardinality restrictions, such as |A| 4+ |T| < Rg and |b| < Ry?

Total \Lb“-Morley sequences in tame theories. Lemma 4.11 can be used to show
that \Ld implies J/b“ (where b \Ld 4 € means that tp(b/Ac) does not divide over A),
something which was previously established for bounded hyperimaginary indepen-
dence, |®, in [Conant and Hanson 2022, Corollary 4.13] and which was originally
folklore for algebraic independence, |*.!7

Proposition 4.24. For any real elements A, b, and c, if b \J/d A G then b \Lbji c.

Proof. Let (¢;); <, be an \Lb“—Morley sequence over A with cop = ¢. Since b \I/d 4 G
we may assume that c_,, is Ab-indiscernible. Hence, by Lemma 4.11, b \Lb/‘; c. O

Corollary 4.25. If (b;)i<w is a (nondividing) Morley sequence over A, then it is a
total | ™-Morley sequence over A. ([

In simple theories, we get the converse (Proposition 4.27). Recall that B | ° W C
means bdd"(AB) Nbdd™(AC) = bdd™(A).

Lemma 4.26. Let T be a simple theory. For any A, b, and ¢, b J/f 4 C ifand only
if there is an AC-indiscernible sequence (b;); -, with bg = b such that for any J
and K with J + K =M b_,,, J J/bA K.

Proof. (The argument here is similar to the proof of [Adler 2005, Lemma 3.2], but
we will give a proof for the sake of completeness.) If b | 4 C, then we can build
an AC-indiscernible \J/f—Morley sequence (b;);, over A with by = b (since T
is simple). By some forking calculus, we have that J |f 4 K for any J and K
with J + K = AM b_y. Therefore, by [Conant and Hanson 2022, Corollary 4.13],
J /P ', K for any such J and K as well.

Conversely, assume that there is an AC-indiscernible sequence (b;);, With
by = b such that for any J and K with J + K =M b_,,, J J/bA K. Let k be a
regular cardinal such that every type (in the same sort as C) does not fork over
some set of cardinality less than «. Let (b;); <,4«+ be an AC-indiscernible sequence

There is an incorrect proof of this in the literature. To the author’s knowledge, the first correct
published proof of this is in [Conant and Hanson 2022, Theorem 4.11].



68 JAMES E. HANSON

extending b, where «* is an order-reversed copy of k. Now we clearly have that
b, J/A bei+. By local character, there is a set D € Ab_, with |D| < « such that
C J/f Ab_,. Since « is regular, there is a A < « such that D € Ab_;. Therefore,
by base monotonicity, C J/f Abo, Ab_,. Since b, is Ab_, C-indiscernible, we have
that C \J/f AbeHK* Therefore by base monotonicity again, C \Jf Abe,(+,(*.
By the symmetrlc argument, C | f Abs Abgycy+ as well.

In simple theories, forking is characterized by canonical bases in the following
way: E J/f F (with D C F) holds if and only if cb(tp(E/ bdd™4(F))) € bdd"d(D)
[Kim 2014, Lemma 4.3.4]. Therefore, we have that cb(tp(C/ bdd™4(Abc,ii+))) €
bdd™4(Ab_,.) Nbdd™I(Abe,+), but bdd™I(Ab_, ) Nbdd"9(Abe.+) =bdd™I(A) by
assumption. So C \J/f A bey+i+, Wwhence C \Lf A bo and hence b Jj A C, as required.

O

Proposition 4.27. Let T be a simple theory. For any A and A-indiscernible se-
quence I, the following are equivalent.

(1) Iisan \Lf-Morley sequence over A.
(2) For any J and K with J + K = —EM I,J \Lb
(3) I is atotal |P-Morley sequence over A.

Proof. (1)=(3) is Corollary 4.25. (3)=(2) is obvious. For (2)=(1), assume that (2)
holds. Fix (b))i<w+w =37 1. (bi)w<i<wtw 1S Ab,-indiscernible. Therefore by
Lemma 4.26, b, \J/f A b4, and we have that b_,+,, and therefore 7, is an J/f-Morley
sequence over A. O

On the other hand, there are easy examples in NIP theories (such as DLO) of total
| Pu-Morley sequences that are not strict Morley sequences (i.e., sequences b_,,
satisfying that b; \LfA b.;and b_; \LfA b; for all i < w). Fix a model M of DLO and
let (a;b;)i <« be a sequence of elements above M satisfying a; < a;+1 < b1 < b;
for all i < w. This is a total | ®™-Morley sequence since it is generated by an
M-invariant type, but it is clearly not a strict Morley sequence. DLO can also
be used to show that not every |P-Morley sequence in a rosy theory is a total
| P"-Morley sequence (e.g., [Adler 2005, Example 3.13] is an | P-Morley sequence
since p-forking in DLO is trivial but fails to even be an | ®-Morley sequence).

In NSOP; theories, we do get that tree Morley sequences are total _| ®“-Morley
sequences.

Proposition 4.28. Let T be an NSOP| theory, and let M =T. If I is a tree Morley
sequence over M, then it is a total | ®-Morley sequence over M.

Proof. Let J be a sequence realizing the same EM-type as I over M. Find K =y 1
such that K J/KM IJ.LetI’, J’, and K’ have the same order type such that I + I,
J+J',and K + K’ are all M-indiscernible. Since these are tree Morley sequences,
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we have that [ J/KM I, J J/KM J',and K J/KM K’. Therefore, by the independence
theorem for NSOP; theories, we can find I” and J” such that I + 1", K + 1",
K +J"”,and J + J” are all M-indiscernible, so [ ~; J.

Since we can do this for any such J, we have that I is a total | ®-Morley
sequence by Theorem 4.8 and the fact that Lascar strong types are types over
models. (|

The converse is unclear. The argument in the context of simple theories relies
on the existence of canonical bases for types.

Question 4.29. If T is NSOPy, is every total | ™-Morley sequence over M =T a
tree Morley sequence over M?
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