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To Boris Zilber on the occasion of his 75th birthday.

We consider the multivalued raising-to-the-power-i function through the Schanuel-
Ax—Zilber lens. We formulate and prove an analogue of the Zilber—Pink conjecture.

1. Introduction

The purpose of this paper is to consider the (multivalued) function w = z' through
the Schanuel-Ax—Zilber lens [Ax 1971; Zilber 2002], and in particular to formulate
and prove an analogue of the Zilber—Pink conjecture [Zilber 2002; Bombieri et al.
2007; Pink 2005]. We follow the path taken by Zilber leading to his formulation of
the Zilber—Pink conjecture for semiabelian varieties: beginning with an analogue of
Schanuel’s Conjecture 3.1, we consider a “uniform” version (Conjecture 4.1), and
formulate a Zilber—Pink-type statement (Conjecture 4.2) connecting the classical
Schanuel conjecture (SC) with the uniform version for z'. Our Schanuel variant is
equivalent to a formulation of Zilber [2003a].

We then prove the Zilber—Pink-type statement, in the more general form in
Theorem 1.3 below. The connection with SC is explicated in Sections 2 and 3.
Theorem 1.3 is a somewhat exotic variant of the Zilber—Pink conjecture for even
powers of Gy, = G, (C) = C*, in which key difficulties disappear thanks to the
Gelfond—Schneider theorem.

We take w = z' to be the predicate I' C G2, defined by

(z,w) el < FueClexp(u) =z Aexp(iu) = w].

We let I', =T'" denote the cartesian power of this predicate on G, x GI,.

To formulate our theorem, we recall that the Zilber—Pink conjecture (ZP) for
subvarieties of G can be framed in terms of optimal subvarieties for V. C G ; see
[Habegger and Pila 2016]. These are subvarieties W € V which cannot be enlarged
inside V without increasing their defect (which is the difference between their
dimension and the dimension of the smallest forsion coset of G}, which contains
them). ZP is equivalent to the statement that a subvariety V C G contains only
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finitely many such optimal subvarieties. Here torsion cosets (which are cosets of
subtori by torsion points) are the “special subvarieties” of GI..

In treating w = 7', the appropriate “special subvarieties” are subtori of G x G,
of a special form.

Definition 1.1. A plu-torus T C G}, x G}, is a subtorus whose lattice of exponent
vectors A(T) C Z" x 7" is closed under the operation (g, r) — (-1, q).

If A C G}, x G, is a subvariety which meets I',, then there is a smallest plu-torus
containing A (see Section 2), denoted ((A)). We define the plu-defect of A to be

8(A) = dim ((A)) — dim A.

Definition 1.2. Let V C G}, x Gp. A subvariety A C V is called plu-optimal for
VitANT, #3,andif AC BCV and §(B) <é(A) imply B = A.

Theorem 1.3. Let V C G}, x G. Then V contains only finitely many plu-optimal
subvarieties.

To motivate the above definitions, we consider implications of SC for w = z'.
Zilber [2003a; 2015] studied Schanuel-type conjectures for raising to powers in
algebraically closed fields, and model-theoretic properties of the fields satisfying
them. A version of the present result that SC implies a certain uniformity in
the corresponding conjecture for raising to the power i is obtained there. Zilber
uses a two-sorted setup, and the conjectures are framed using the corresponding
logarithms, whereas our statement involves only the relation I". However, the two
structures are biinterpretable, and the raising-to-the power-i Schanuel conjectures
are equivalent (I thank J. Kirby for explaining these points to me). Structures
with a predimension with similar shape to that considered here are considered in
[Caycedo and Zilber 2014; Zilber 2003b]; see also related structures in the context
of “pseudoexponentiation” discussed in [Bays and Kirby 2018].

We first observe that the pair (z, w) € I' “knows” which branch of log connects
them: if u = log z has the required property, any other 1’ would need to satisfy

u —ueni?, iu —iu e2miZ
and the intersection of 27iZ and 2w Z consists of {0} only.
Applying SC to
ul!"'7Mn’iulv""iun7x17”’7xn’ylv"',yn7

where exp(u;) = x;, exp(iu;) = y;, and eliminating the u;, iu;, gives the following
statement, in which t.d.(A) denotes tr.deg. Q(A)/Q:

Letxi, ..., X, Y1, ..., yp € C* with (xj,y;) €', j=1,...,n. Then
t'd'(xla---,xnayla---5yn)2n

unless xi, ..., Xp, Y1, - . . » Yp are multiplicatively dependent.
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Indeed, SC asserts that t.d.(u;, iuj, x;,y; : 1 < j <n)>2nunless u;,iu; are
linearly dependent over Q. Now t.d.(u;,iu;:1 < j <n) <n, while if the u;, iu;
are linearly dependent over Q then the x;, y; are multiplicatively dependent: if,
say, Y qjuj+i)_;rjuj =0, where g;,r; € Z, not all zero, then we get

[T T =1
J J

However, multiplicative dependence of x;, y; might hold even when Q-linear
dependence of u, iu; does not, so that the above statement seems to lose some
information. For example, if u1 =log?2, up, = 2mi, giving

x1=2, xm=1, y=2, y=e

then the above conjecture does not predict t.d.(xy, x2, y1, ¥2) > 2, but SC does, as
does Conjecture 3.1 (or see the provisional version below).

Suppose D qju;+i)_;rju; =0 as above. Then, upon multiplying by i, we
find that — Zj riuj+iy ;qjuj =0 and we get a second multiplicative relation

_x.irj [?j = 1,
" TT
J J

The claim is that a pair of such multiplicative relations (which is easily seen to
never be dependent) forces the underlying u;, iu; to be linearly dependent over Q.
Indeed, from the first, we find that

5=quuj+i2rjuj c2niZ
J J
but then the second relation implies that
1§ = —eruj +i2qjuj e2niZ,

J J
and so 6§ = 0.

Thus our “exceptional” point (xi,...,X,, ¥1,...,Ys) € G} x GI lies in a
subtorus of codimension at least 2 and of rather specific form: a plu-torus. This
leads us to the following provisional formulation of Schanuel’s conjecture for z':

Letxi,....,Xu, Y1, ..., yn € C with (xj,y;) €l', j=1,...,n. Then
td.(x1, .. X0, Y1 oo V) =1

unless there exist integers q, r;, not all zero, such that

[T+ T1y =1 =TT " T
J J J J
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Thus, SC for z' leads naturally to the consideration of plu-tori. The corresponding
Zilber—Pink analogue arises from considering a uniform version of SC.

In the next section we investigate more fully the notion of plu-tori, and the related
cosets (weakly special subvarieties) with their underlying dimension notion. This
enables us to give a more refined version of Schanuel’s conjecture for z' in Section 3.
The uniform version and corresponding Zilber—Pink-type statement are set out in
Section 4, where we arrive at the formulation of Theorem 1.3. The subsequent
sections are devoted to proving Theorem 1.3 and related statements. We gather
some Ax—Schanuel-type statements in Section 5, and then finally in Sections 6-9
we gather the ingredients required to prove Theorem 1.3, first for V/@ and then in
a uniform version for families of subvarieties, from which the general case follows.

It has been my privilege over many years now to have Boris Zilber as a colleague,
to discuss mathematics with him, and in particular to hear at first-hand his unique
and inspirational approach to mathematical structures. I dedicate this paper to Boris
and look forward to many further conversations.

2. Plu-tori

We introduce some dimension notions involving pairs of linear relations. We
need this notion in the first instance for pairs (z, w) € C2, but we need it also for
coordinate functions defining linear spaces.

Let

Dn:{(Zl,...,Zn,izl,...,iZn):Zl,...,ZnEC}CC”XC”,

and let

exp: C" x C" — G}, x Gp,
be the coordinatewise exponential map. Then I';, = exp(Dy,).

Definition 2.1. Let V be a finite-dimensional complex vector space. A finite set
(z1, w1), ..., (zn, wy) of elements of V2 is called plu-linearly independent if they
do not satisfy any pair of nontrivial Q-linear equations of the form

Y qjzi+ Y rjw; =0, )
J J

=D rizi+Y_qjw;=0. (1)
J J

Nontrivial means that Z(qu- + rjz) # 0. If they do satisfy such a “plu-pair” of
equations they are called plu-linearly dependent.
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Let B ={(z1, wy), ..., (zn, wy,)}. We say that (zo, wo) is plu-linearly dependent
on B if there is a plu-pair

qozo—i-quzj —i—erwj—I-rowo =0,

J J
—VOZO_erZj +quwj+cmwo =0,
j j

in which gq or r( is nonzero.

If say g # 0 in the plu-pair (1), (1/), then as above we may use (1) to eliminate
z1 but not w from (1), and we may use (1?) to eliminate w; but not z; from (1) to
get a new plu-pair of equations

Y r1g; —aqirpz+ Y (qig; +rir)w; =0, (r1 (1) +q1(1))
J J

> (—qiq;—rirpzj+ Y _(rg; — qirj)w; =0. (= () +r1(19)
J J

We now show that plu-linear dependence leads to a well-defined dimension: the
cardinality of a maximal plu-independent subset, which we call a plu-basis. For
this we of course need the exchange property.

Proposition 2.2. Let B be as above. If (2o, wo) is plu-dependent on B and (z, wy)
is plu-dependent on B U {(zg, wo)} then (z., wy) is plu-dependent on B.

Proof. We can assume that the plu-pair for the dependence of (zg, wg) on B has the

form
Zo+quzj+erwj=0, —ZFij+quwj+wo=0.
J J J J

We use these to eliminate zg, wg from the dependence of (z, ws) on BU{(zg, wo)},
which remains a plu-pair. (]

Proposition 2.3. Any two plu-bases have the same cardinality.

Proof. Let B, B’ be two maximal plu-linearly independent subsets. If B = B” we
are done; otherwise, say (z;, w;) € B’\ B. By the maximality, (z;, w;) is plu-linearly
dependent over B. But since B’ is plu-linearly independent the plu-pair must have
a nonzero coefficient for some (z;, w;) € B\B'.

The claim is that B* with (z;, w;) replacing (z;, w;) in B is again a maximal
plu-linearly independent subset. First, it is plu-linearly independent. Otherwise, we
have (z;, w;) plu-linearly dependent on B\{(z;, w;)}. But then by Definition 2.1
we would have (z;, w;) dependent on B\{(z;, w;)}, a contradiction. But also by
Definition 2.1 we see that it “spans”.

This shows that #B > #B’. We symmetrically get the other inequality. (]
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Definition 2.4. A (Q-linear subspace L C C" x C" is called plu-linear if the set
of Q-linear forms defining it is closed under the operation (¢, r) — (—r,q). A
plu-linear Q-subspace is also called a plu-subspace.

We observe that plu-linear subspaces have even dimension as linear subspaces.
Let L be a plu-subspace. We consider the complex vector space of pairs of complex

linear forms

(ZCJ'ZJ’ Zd,w,-), cj,dj €C,
J J

as functions on L. If the coordinate functions z;, w; are plu-linearly independent

as functions on L then there are no equations and L = C" x C". Otherwise, we

have a basis of some dimension m and then as a (Q-subspace we have dim L = 2m.

The intersection of two (or more) plu-subspaces is a plu-subspace. If A C C" x C"
then there is a smallest plu-subspace containing A, denoted ((A)).

If A C D, then the smallest Q-linear subspace of C" x C" containing A is a
plu-subspace, because the “conjugate” of a given equation follows from multiplying
it through by i.

A plu-subspace of dimension 2m (as a (D-linear subspace) intersects D, in a
Q-subspace of D,, of dimension at least dimension m since (as the “conjugate” of
any given equation holds automatically) the intersection is equal to the intersection
of D, with a Q-subspace defined by 2n — (n +m) = n — m independent linear
equations, whence has dimension at least n + (n +m) —2n = m. But it is also at
most this dimension, as each such equation (with its “conjugate”) eliminates one
variable. Thus, the intersection of D, with a plu-subspace of dimension 2m is a
Q-subspace of D,, of dimension m.

Definition 2.5. A torus T C G}, x Gy, is called a plu-torus if it is the image under
exp of some plu-linear Q-subspace L C C" x C".

The set of exponent vectors (q,r) € Z" x 7" defining a plu-torus is closed
under the operation (g, r) — (—r, g); this is an equivalent condition to the one
in Definition 1.1. Each plu-torus T = exp(L), where L is a plu-subspace of
dimension 2m, contains the image of exp(L N D), which we denote I'r =", N T.

The intersection of tori is not in general a torus. However, the intersection of two
tori contains among its components a unique torus. And if the two tori are plu-tori
so is the torus component of their intersection.

Consider a subvariety (i.e., irreducible) A C G x G! . Suppose that ANT",, # &
andthat AC T and A C T’, where T, T’ are plu-tori. Then A C T NT’, and hence
is contained in one of its components. These are disjoint from each other. The
unique preimage of (x,y) € ANT, is in D, and lies in the intersection of the
plu-linear subspaces L, L’ corresponding to 7', T'. We thus see that A is contained
in the unique plu-torus component of the intersection.
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Thus for A C G}, x G}, with ANT, # & there is a unique smallest plu-torus
containing A, which we have denoted ((A)). In particular, for (x, y) € I',, there is a
smallest plu-torus ((x, y)) containing (x, y). And plu-tori have even dimension (as
complex subvarieties).

Remark 2.6. More generally, if X is a quasiprojective variety (or even more
generally a connected open semialgebraic subset of one; see [Pila 2022, Chapter 14])
we can define a designated collection on X to be a collection S of subvarieties
(relatively closed and irreducible) of X such that (i) X € S and (ii) S is closed under
taking irreducible components of intersections. This is somewhat more general
than the notion of “prespecial structure” considered in [Klingler et al. 2018] (we
do not insist that special points be Zariski-dense in special subvarieties), and the
still more elaborate setting of “distinguished categories” [Barroero and Dill 2021],
but still gives a well-defined notion of “smallest special subvariety containing A”
forany A C X. If Q@ C X is some complex analytic subset then one can consider a
designated collection on X meeting <2 to be a collection of subvarieties of X which
have nonempty intersection with €2, such that (i) X € S and (ii)) if ¥, Z € S and W
is a component of ¥ N Z which meets €2 then W € S. Then, as above, one has a
well-defined “smallest special subvariety” containing A for any A C X which has a
nonempty intersection with 2. This notion arises, as here, naturally in considering
ZP-type formulations relevant to certain Schanuel-type statements.

We also want the corresponding “weakly special subvarieties”. These come from
considering pairs of linear equations modulo some suitable constants.

Definition 2.7. Let V be a finite-dimensional complex vector space. A finite set
(21, 1), ..., (zn, w,) of elements of V? is called strictly plu-linearly independent
modulo C if there is no nontrivial pair of equations

quzj—i—erwj:c, —erZj+ZC]jU)j:iC
J J J J
with g, r; € Q (not all zero), and ¢ € C.

There is a well-defined notion of strict plu-mod C basis, the cardinality of a
maximal strictly plu-linearly independent modulo C subset.

Definition 2.8. A linear subvariety L C C" x C" is called a strict plu-linear subva-
riety if it is defined by linear equations which are closed under the operation

Z%‘Zﬂrzr/‘w]' =cC = —erzj+2q,-wj =ic.
Y J j j

A strict plu-linear subvariety L has even dimension 2m. It intersects D, in a
subspace of dimension at least m.
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The intersection of two strict plu-linear subspaces is a strict plu-linear subspace.
Given A C C" x C", there is a smallest strict plu-linear subvariety containing it,
which we denote {(A))spr..

Definition 2.9. A torus coset T C Gy, x Gy, is called a strict plu-coset if it is the
image under exp of a strict plu-linear subvariety.

Equivalently, a strict plu-coset is a coset T of a torus defined by equations with
the property that if x?y" =con T thenx™"y? =d on T for some d with (c,d) €I'.

Consider a subvariety A C G, x Gl1. Suppose that ANT", # & and that A C T
and A C T’, where T, T’ are strict plu-cosets. Then A C T N T’, and hence is
contained in one of its components. These are disjoint from each other. The unique
preimage of (x, y) € ANT, isin D, and lies in the intersection of the strict plu-
linear subvarieties L, L’ corresponding to 7', T’. We thus see that A is contained in
the unique strict plu-coset component of the intersection.

Thus for A C G}, x G}, with ANT',, # & there is a unique smallest strict plu-coset

containing A, which we denote
((A)spc-

There is also a weaker notion of “plu-linear dependence modulo C” in which
the pair of constants do not need to be related by multiplication by i. There are
corresponding “plu-linear subvarieties” and “plu-cosets”, their images under exp.

For A C G}, x G}, there is a unique smallest plu-coset containing A, denoted

((A)pc-

3. Schanuel’s conjecture for z’

We can now state a more precise analogue of Schanuel’s conjecture for z'.

Conjecture 3.1 (Schanuel’s conjecture for z (z'SC)). Suppose that (x;, y;) € T,
i=1,...,n. Then

t‘d'(xl""7xnv y1,---,yn) Z %dim((xlv-"’xnvyla'--vyn))'

Here and throughout, “dim” denotes the complex dimension of an algebraic
variety. For n = 1 the statement reduces to the Gelfond—Schneider theorem and
so is true: for if tr.deg.(x, y) = 0 we must have x’ = y with x, y € Q*. But this
is impossible unless x = 1 by Gelfond—Schneider, and since we then also have
y' = 1/x we must have y = 1 as well, and then they are skew-multiplicatively
dependent and dim ((x, y)) = 0.

Remarks 3.2. (1) As a reduct of complex exponentiation, (C; 4+, x,0, 1,T) is
conjecturally “tame” [Zilber 2005]; in unpublished work, Wilkie has proved it is
quasiminimal. (Quasiminimality of the corresponding structure including predicates
for all complex powers has recently been proven in [Gallinaro and Kirby 2023].)
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As an expansion of the real field the structure (R, 4, x, I') is also tame, though
“d-minimal” (not o-minimal); see [Miller 2005].

(2) Another approach to formulating SC for z' is to use an equivalent formulation
of SC in terms of ¢(z) = exp(27iz) rather than exp(z).

Observe that if xy, ..., x, are multiplicatively independent algebraic numbers
then, under SC, their logarithms uy, ..., u,, under any determination, are alge-
braically independent. Hence these u, iu; are certainly linearly independent
over Q, and we get a conjectural analogue of Lindemann’s theorem (often called
the Lindemann—Weierstrass theorem).

Conjecture 3.3 (z'-Lindemann—Weierstrass conjecture (z'LW)). Suppose that the
algebraic numbers xi,...,x, € @* are multiplicatively independent and that
(xj,yj)el',j=1,...,n. Then yi,..., y, are algebraically independent.

In fact this statement already follows from z'SC, which would seem much weaker
than SC.

Proposition 3.4. 7'SC implies 7' LW.

Proof. Assume z'SC. Suppose x1, ..., X, are algebraic and multiplicatively inde-
pendent. Then their logarithms (under any determination) are linearly indepen-
dent over (). Then, by Baker’s theorem [Baker 1975], they are linearly indepen-
dent over @. Then x j» y; are plu-multiplicatively independent and so, by 7'SC,
t.d.(x;, y;) = n. Thus y1, ..., y, are algebraically independent. ([l

Remark 3.5. Note that if (z, w) € ' then also (w, z~') € I". Thus the analogue of
“algebraic independence of logarithms” for z/, which we might call z' AIL, is in fact
equivalent to z'LW: if yi, ..., y, are algebraic and multiplicatively independent
and (xj,y;) €', j=1,...,n, thenxy, ..., x, are algebraically independent. It
seems interesting to consider other “z’ analogues” of consequences of SC.

4. Uniform Schanuel conjecture and Zilber-Pink conjecture for z’
We can rephrase z'SC as follows:

Let V C G xG! be defined over Qand withdim V <n. If (x, y) € VAT
then (x, y) are plu-multiplicatively dependent.

More generally, if T C G, x Gy, is a 2m-dimensional plu-torus, V C T is defined
over @ with dimV < m, and (x, y) € VNT, then (x, y) belongs to a proper
plu-subtorus of T'.

The uniform version, following [Zilber 2002], asserts that, given such T and V,
finitely many proper plu-subtori of T account for all such (x, y).
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Conjecture 4.1 (uniform Schanuel conjecture for 7' (z'USC)). Let T C G, x G
be a plu-torus of dimension 2m and V C T an algebraic subvariety, defined over
Q with dim V < m. There is a finite set I/ of proper plu-subtori of 7' such that if
(x,y) e VNI then (x, y) € U for some U € U.

Now let L C C" x C" be the Q subspace associated to 7. We have W =
(D, NL) x V C L xT of dimension dimW < 2m; the ambient L x T has
dimension 4m. Therefore, any point in the intersection V N I'7 is a point in W on
the graph of exp restricted to L. If we assume SC (ideologically speaking assuming
z'SC should be enough, but this is unclear) then, as shown in [Zilber 2002], any
point (x, y) € VNT is in an atypical intersection of V with some plu-subtorus.
Thus to get from SC to z'USC we need the following Zilber—Pink-type statement,
in analogy with “CIT” of [Zilber 2002].

We state the conjecture for V /C and without dimension restrictions although for
the purposes of connecting SC and z'USC, only V /@, 2dim V < dim T is required.

Conjecture 4.2 (z'ZP). Let T C G/, x G”, be a plu-torus. Let V C T. There is
a finite set & of proper plu-subtori of 7" with the following property. If S C T is
a plu-subtorus and A C¢pe V N S is atypical in dimension with ANT'7 # &, then
there exists U € U such that A C U.

Now given A C T with ANT,, # &, we have seen that there is a smallest plu-torus
containing A, denoted ((A)), and defined the plu-defect §(A) = dim ((A)) — dim A,
and corresponding notion of plu-optimal subvariety.

As in [Habegger and Pila 2016], Conjecture 4.2 is then formally equivalent to
the statement formulated as Theorem 1.3.

Conjecture 4.3. Let V C GI, x G.,. Then there are only finitely many plu-optimal
subvarieties of V.

The reason that we can prove this statement, while multiplicative ZP remains
seemingly far out of reach, is the following. An atypical intersection V N S is typi-
cally a point, and any intersection point is atypical provided dim V+dim § <dim 7T'.
In [Habegger and Pila 2016] it is shown that the full Zilber—Pink conjecture (in
the modular and abelian settings) reduces to finiteness of optimal points in general.
Now if we consider “plu-optimal points” they must be algebraic, on the one hand,
if V/Q, since tori are defined over @, but they must also belong to I'. But the
Gelfond—Schneider theorem (see, e.g., [Baker 1975]) implies that the only such
point is (1, 1).

For example, consider the case of a curve V C T, defined over Q. Suppose S
is a plu-subtorus and (x, y) € VN S. If (x, y) is an isolated intersection then it
is algebraic, and consequently (x, y) € I';, if and only if (x, y) = (1,1). Soif V
intersects atypically in a component meeting I, then this component is either (1, 1)
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or all of V, in which case V is contained in a proper plu-subtorus. Thus we see
that Conjecture 4.3 holds for V.

Our strategy, following [Habegger and Pila 2016], is to apply Ax—Schanuel to
reduce to looking for plu-optimal points in the translate spaces of finitely many
families, and then the above argument is decisive in showing that there is at most
one plu-optimal point, namely the one corresponding to (1, 1), in each such family.
We go from V/Q to V/C via a uniform version. The context for this argument is
described further in Section 9 where it is presented.

Implementing this strategy requires the analogous “optimal” notions for strict
and general plu-cosets. The analogous notion for weakly special subvarieties in the
multiplicative setting is “geodesic optimal” (see [Habegger and Pila 2016]), which
appeared earlier in [Poizat 2001], and then elsewhere, as “cd-maximal”. We define
the corresponding defects:

dspc(A) = dim ((A))spc —dim A,  dpc(A) = dim ((A))pc —dim A.

Definition 4.4. Let V C G, x G!. We say that A C V is strictly plu-geodesic
optimal for V if it is maximal for §spc among subvarieties of V containing A and
meeting I', and plu-geodesic optimal if it is maximal for épc among subvarieties of
V containing A.

5. Ax-Schanuel for 7’

Let K be a differential field with @ C Q(i) C C C K with commuting derivations
D; and constant field C. The following is a special case of “Ax—Schanuel” [Ax
1971, Theorem 3].

Proposition 5.1. Letuy, ..., u,, X1, ..., Xy, Y1, ..., Yp € K* with
Djxy =xkDjux, Djyr=1iyiDjuy forallj, k.
Then
tr.deg.c (Ui, ..., Un, X1, .oy Xny Y1, - ooy Yu) = 20 +r1ankg (Djuy)
unless the uy, iuy are linearly dependent over Q modulo C.
Suppose that the u, iu; are linearly dependent over @ modulo C, say
D qjuj+i) rjuj=ceC )
J J

with g;, r; € Z not all zero. Then we find that

[[«7 ] =cec
j j
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as it is in the kernel of all the derivations. Multiplying (2) through by i we get a
second relation (17), and a second multiplicative relation

=rj q; _n
[[x;7 ]/ =c"€c.
J J

Now morally one wants to say that ¢’ = exp(c), ¢” = exp(ic) so that ¢’ = ¢’ i
but the differential field setting has no interpretation of this.

Conversely, if we are given xi, ..., X, V1, ..., ¥, satisfying the differential
relations D D
. X
2k 20 forall ok
Yk Xk
then if uy, ..., u, satisfy D;x; = x;Djuy for all j, k then they also satisfy the

equations Dy, = iyxDjuy, and if the x;, y; satisfy multiplicative relations mod C
then the uy, iuy satisfy linear relations over @ modulo C.

And if we have a linear relation ) jajujt+i > jrjuj = c then the “conjugate”
relation indeed has constant ic.

Finally we note that with any u;, x;, y; as in Proposition 5.1 we have

rankg (Djuy) = rankg (D x) = rankg (D yx) = rankg (D[x], D[y]),

where D[x] = (D;x;) and D[y] = (D;y;).

Corollary 5.2. Let xy, ..., Xy, Y1, ..., Yun € K™ with
D; D;x
2k _ 2k el ok
Yk Xk
Then

tr.deg.c (X1, ..., X, Y1, o s V)
> 2 dim ((x1, ..., Xn, V1s -+, Ya))pe + rankg (D x),

where ((...))pc is defined using plu-multiplicative dependence modulo C.

Proof. Given x;, y;, j =1, ..., n satisfying these equations then some suitable u ;
exist (perhaps in some extension differential field), and then the statement follows
from the above discussion. O

We next state “weak CIT” in this setting, following [Zilber 2002]. Given a variety
(or family of varieties) V then there is some finite set of linear dependencies which,
up to translations, accounts for all deficiencies in transcendence degree.

Suppose that V C G, x CK is a family of algebraic varieties of generic dimension k,
parameterized by t € W C CF, with the fibre having dim V, = k provided t ¢ W/,
where W' is a proper subvariety of W.
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Proposition 5.3. Let V C G x G x C" be a family of algebraic varieties,
parameterized by points of W C C™, of generic dimension k outside W',

Then there exists a finite set X of integer vectors (q,r) € Z*"\{0} with the
following property. Supposet € W\W', and A C¢pe Vi NT with

dimA >k —n.

Then there exists (q,r) € X and ¢, ¢’ € C such that
a; . s a;
l_[xjfl_[y./ =c and Hx/ jl_[yj] =c
J J J J

for any point (x, y) € A.

Proof. This is essentially a special case of Proposition 8§ of [Zilber 2002], though we
consider families of general dimension, not necessarily k < n. It is an application
of the compactness theorem of first-order logic. Suppose, towards a contradiction,
that no such finite set exists. Certainly if dim A = 0 then this property is satisfied
for any such tuple. Therefore, for some ¢ > 0 we have the property that for any
finite set T of tuples there exists t € W\ W’ and a component A Cept ViNT of
dimension £ with £ > k — n. Then it is consistent to have a differential field
with ¢ derivations, of rank £ on some set {xj, ..., x,} of functions and to have
also functions yi, ..., y, satisfying the required equations but with the x;, y;,
j = 1,...,n not plu-multiplicatively dependent modulo constants, giving the
contradiction. (|

By repeating this on the families of intersections (the parameter now being the
constants ¢, ¢”” € C), we find that some finite collection of families of plu-cosets
accounts for all plu-geodesic optimal intersections with varieties in the family V.

6. The defect condition

Given a plu-torus 7" and a subvariety A C T meeting I'r we have three defects: the
first with respect to plu-tori, the second with respect to strict plu-cosets, and the
third with respect to (general) plu-cosets:
8(A) =dim ((A)) —dim A,
spc(A) = dim ((A))spc —dim A,
dpc(A) = dim ((A))pc —dim A.
Evidently
dpc < dspc(A) < 8(A).

Suppose that (x;, y;) are a basis of coordinate pairs on A with respect to plu-
multiplicative dependence. The difference between the defect measures to what
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extent these functions are strictly plu-dependent mod C, and then the extent to
which the remaining strictly plu-dependent mod C ones are plu-multiplicatively
dependent mod C.

Suppose A C B. Then strict plu-multiplicative relations modulo constants on B
remain strict plu-multiplicative relations modulo constants on A, and if the constant
pairs (cx, di) in these relations are plu-multiplicatively independent on B they
remain so on A. We therefore see that the defect condition holds between § and
dspc, namely

8(B) —édspc(B) = 8(A) —dspc(A).

Similarly, the defect condition holds between §pc and dspc.
Proposition 6.1. Fix V C G, x G
(1) A plu-optimal subvariety for V is strictly plu-geodesic optimal.
(i1) A strictly plu-geodesic optimal subvariety is plu-geodesically optimal.
Proof. Suppose A C V is plu-optimal and A C B C V. Suppose dspc(B) < dspc(A).
Then, by the defect condition,
8(B) = 68(A) —dspc(A) +8spc(B) = 8(A).

Since A is optimal, we have B = A, and so A is strictly plu-geodesically optimal.
This proves (i). The proof of (ii) is similar. O

7. Families of plu-cosets

In this section we introduce some terminology and notation that will be needed in
the proofs of the main results. For general properties of linear tori see [Bombieri
and Gubler 2006, Chapter 3.1]. A family of (general) plu-cosets of a plu-torus X is
determined by a finite set of plu-multiplicative pairs of equations

® 0 NN
x1" ™ = x 7y =

1, 1 fork=1,....K

which define X, and a finite set of exponent vectors, independent of those above,
for some further equations which determine the cosets in the family:

x‘](k)yr(k) =, x—r(k)yq(k) _ dk fork = K + 1’ L K +L’

such that the fibres are torus cosets in X (i.e., the exponent vectors generate a
primitive lattice).
The plu-cosets are parameterized by the coordinates

L L
(c,d) =(ck+1,---sCk+L,drk+1, ..., dg+1) € Gy, x G,.

We denote the parameter space by X5 = GL x GL. The cosets are then the fibres
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of the map 7 : X — Xy given by

(K+1) (K+1) (K+L) (K+L) __ . (K+1) (K+1) __(K+L) (K+L)
xT Ty x4y x Ty x 7yt )

n(x,y)z( , Y eees

g o e ey

Such a family we denote S, where D is the data (exponent vectors for the
equations of T and for the additional equations of the cosets in the family). The
fibre over (c,d) € X is denoted Sfd. The fibre SCL? 4 1s a strict plu-coset just
if (c,d) € I'r.. The union X of the plu-cosets over the family we call the envelope
of SP and denote it [SP].

We observe that the preimage under 7 of a plu-torus is a plu-torus, and likewise
for strict and general plu-cosets. To see this, consider a condition of the form

cQdR = y, cRaQ =3,

where Q = (Q1,...,0L), R=(Ry, ..., Ry) are tuples of integers. The preimage
in X is determined, in addition to the equations for X, by

IONUTEESY Rjr(j)yZ Q;rP+Y RjqV) _ y

X~ L RigV-% er(j)y— YR+ 09 _ 5,

k]

which is a plu-pair.

8. Proof of Theorem 1.3 for V/ Q

We can now prove Theorem 1.3 (Conjecture 4.3) for V/Q following the first part
of the proof of [Habegger and Pila 2016, Theorem 10.1], using the fact that I" has
just one algebraic point (a consequence of the Gelfond—Schneider theorem).

Theorem 8.1. Let V C G, x GI, with V/Q. Then there are only finitely many
plu-optimal subvarieties of V.

Proof. Let A C V be a plu-optimal component which meets T',,.

We observe that if A C S for some plu-coset S then this coset must be strict. For
suppose (x, y) € ANT,, so (x,y) € S. Let (u, iu) be the tuple of logarithms. Say
that x?y" = ¢, x~"y? =d is a pair of equations defining S. So we have

Y quj+iy rjuj=y

with exp(y) = c. But then, multiplying by i, we also have
—eruj—l-i quuj =1y,
whence d = exp(iy).

Plu-optimal subvarieties are plu-geodesic optimal. The plu-geodesic-optimal
subvarieties of V arise from intersections with finitely many families S” of plu-
cosets. Fix one of these families S and denote the parameter space Xs. Let
T =dim S, 4 be the dimension of the plu-cosets in the family.
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We have a projection 7 : [S] — X whose fibres are the S, ;. The intersections
V N S. 4 are the fibres of the restriction of this projection to V, whose image in X
we denote Vg, and we have Vs/Q. There is a Zariski-open subvariety V' C V in
which the fibre over the image has the generic fibre dimension v =dim V —dim V.

Suppose A C V N S, 4 is plu-optimal and meets I',. If A C V\V’ then it
is certainly plu-optimal for the component of V\V’ it is in. The proof is then
concluded by induction on dim V (the base case dim V = 1 was dealt with in the
second paragraph following the statement of Conjecture 4.3).

So we assume that ANV’ # & and then dim A = v and 7w (A) = (¢, d). Since
ANT, # @ we have some (x, y) € ANT,. Thus each component (x;, y;) € 'y,
with logarithm ;. And now if

D quuj+i) rjuj=y
j

J
—eruj+iZquj=i)/.
J J

Then ¢ = exp(y), d = exp(iy) and we have (c,d) € T'.

The claim is that {(c, d)} is a plu-optimal point component of V. We can assume
that we have already dealt with any family of smaller plu-cosets that might have
given rise to A, i.e., we can assume that

Se.a = ((A))pc.

then this implies

Then
dim ((A)) = dim S, 4 4 dim ((c, 4)),
whence
8(A) =dim ((A)) —dim A =dim ((c, d)) +t — v.

Suppose that {(c,d)} C B, {(c,d)} # B with §(B) < d(c,d) =dim ((c, d)). Let
C be the component of the preimage of B in V' containing A. Then

8(C)=dim ((C))—dim C <dim ((B))+7—(dim B+v) <dim ((c, d))+t—v=45(A).

Then C = A by the plu-optimality of A and so B = {(c, d)} is optimal.
But then (c, d) is algebraic, and since it belongs to I',, we must have (¢, d)=(1, 1).
So we get at most one plu-optimal subvariety in each family. U

Remarks 8.2. (1) Can one effectively determine the finitely many families of
plu-cosets? (For the general multiplicative setting [Bombieri et al. 2007] gives an
effective argument for this.) For curves this seems clearly possible.

(2) This shows that SC would imply a uniform z'SC. Does z'SC itself imply some
uniformity, and if so what is the intervening “ZP” statement?
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9. Uniformity and proof of Theorem 1.3 for V/C

Here we prove that Conjecture 4.3 holds uniformly for varieties in families, in the
sense of [Scanlon 2004]: the formal sum of the optimal subvarieties is bounded as
a cycle, which we make precise in Conjecture 9.2. This uses the fact established in
[Habegger and Pila 2016], already exploited here, that ZP is equivalent to showing
that the number of optimal points on any subvariety is bounded. Here we need to
upgrade this to show that the number of optimal points is uniformly bounded on a
family of varieties. We do this following the argument sketched in [Zannier 2012],
which we have fully worked out [Pila 2022, Chapter 24] for ZP in the modular and
multiplicative settings. As a by-product, we establish that Conjecture 4.3 holds
for V/C.

Let X =G}, x GL. A family of subvarieties of X means a subvariety V C X x P
for some constructible set P, considered as the family of fibres V, C X, p € P.
The fibre dimension of a family is the maximum dimension of a fibre.

If V is a family of subvarieties of X and # is a positive integer then we have the
incidence variety

Inc"(V)={(z1,...,zn) €X":3peP:z;eV, j=1,...,h}.

Since P is only assumed constructible Inc” (V) may not be Zariski closed, and we
denote by V" its Zariski closure. In particular V! is the Zariski closure of the
union of all the fibres, which we call the envelope of the family and denote also
by [V].

We have already seen that plu-cosets of a plu-torus 7 C X come in families.
Such a family is a family S C X x X (in the above sense). The envelope [S] is a
plu-torus.

Theorem 9.1. Let V C X x P be a family of subsets of X defined over Q. Then
there is a uniform bound on the number of optimal points of V,,, p € P.

Proof. We prove the theorem by induction (first) on the dimension of the parameter
space P. The case dim P = 0 is addressed by Theorem 8.1. We may then assume
that the Zariski closure of P is irreducible, that the fibre dimension v =dim V), is
constant and equal to the generic fibre dimension, and that there is a single family
S = SP of plu-cosets such that every fibre V), in the family has (V) p = Sc.a
for some (c, d) € Xs. Thus [V] C [S]. We adopt the notation of Section 7 for this
family.

For given dim P we may assume that the theorem holds for all families W C X x Q
(i.e., of any dimension of the parameter space Q) such that each fibre has (W) p- =
S..4 for some fibre of a family S’ of plu-cosets, and for which either dim[$'] <
dim[S] or dim[S’'] = dim[S] and dim Sé’d < dim S, 4; the base cases are trivial.
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Now we take a positive integer &, to be specified below, and consider V"  [S]".
Then in fact V% < S and the latter is a plu-torus: in addition to the equations
for [S]" it is defined by the plu-pairs of equations

q© #(®

(x(j))q“)(y(j))r“) — (x(k)) (y(k)) , (x(j))—r“)(y(j))q“) — (x(k))—r“)(y(k))q(l)

forj£#kand¢=K+1,..., K+ L. Thus

dim S = h dim[S]— L(h — 1).
Now suppose that V), is a fibre of V' which contains /4 optimal points (xéj ), y(gj )),
Jj=1,..., h. Then they are atypical as point subvarieties of V), (unless dimV,, =0

in which case the conclusion is trivial for V). Thus there are plu-tori 7}, j=1, ..., h
such that (xéj), yéj)) eliNT'x, j=1,...,hand

dim7; +dim V), < dim[S].
Consider the plu-torus
T=T1X-~-XTh.

Since the equations defining S are between different groups of variables, they
are independent of the equations defining each 7, and we have
dim7 NS =dim7T — L(h—1).
Then | , X |
x0, y0) = (Ceg” -, x5 3y ) e TRSW Ny
and is atypical for V) as a subvariety of S* provided that
dim V® 4+ dim 7N S" < dim §%.
Thus we find that (xg, yo) is atypical provided
dim P +hdimv+ A(dim[S]—v—1)—L(h—1) < hdim[S] — L(h — 1),

that is, provided 4 > dim P. We now assume this (but the choice of / needs to be
on the basis of some combinatorial principles further below).

We can now apply Theorem 8.1 to V), which is defined over @, to conclude that
atypical points are contained in one of finitely many proper plu-subtori U C S,
Each such U is determined by at least one plu-pair of equations

[Ta? o™ =1 TTa)™" e =1,
J

J

Consider the exponent vector pair (s(£), #(£)) on a particular set of variables. If
this is not in the lattice A(S) generated by the equations defining S (the fixed ones
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and the variable one), and if we have some points (x/), y()), j # ¢ and sufficiently
many points (x“), y(z)) such that, for each of the (x©, y(z)), the relation

() OO ey Oy OO I
and the companion relation

)T @) O @y T Oy 0 =

’

hold, then we get many points (x©, y©)) e V, satisfying an additional plu-relation
mod C with the exponent-pair (s(£), (£)). The corresponding family S’ of plu-
cosets has smaller fibre dimension than S.

If (s(£), t(£)) is in A(S), then using the relations defining S ) we can replace
this plu-pair by an equivalent pair of equations with trivial exponent pair (s(£), 1 (£)).
It may be that, for some U, every (s(£), t(£)) € A(S). But since the equations
defining U define a proper plu-subtorus of S, when the relation is shifted to a
single set of variables it must be one that does not hold identically on [S], but gives
a proper plu-subtorus Sy .

We thus have that, for any & optimal points on some fibre V,,, we get one of
finitely many possibilities: that some designated coordinate lies in one of the Sy, or
the A-tuple of tuples satisfies one of finitely many relations involving exponent pairs
that, wherever they are nontrivial on a group of variables, do not belong to A(S).

If we now choose a much larger H and have plu-optimal (xé" ), y(()" )), j=1,...,H
in some order, then by the hypergraph Ramsey theorem we can be assured that there
is some subset of H of them for which all choices (in order) of / satisfy the same
one of these conditions. We thus find that we have many points on some family of
plu-cosets of smaller dimension, or many points in some smaller plu-torus Sy;. We
can therefore complete the proof by induction. ([l

A rephrasing of Conjecture 4.3 is that, for V C G} x G, the formal sum of
plu-optimal subvarieties is a cycle V°P'. We now want to frame a uniform version
that, over families V, the plu-optimal cycle is uniformly bounded as a cycle. We
formulate this following [Scanlon 2004].

It should be borne in mind that z'ZP makes a nontrivial statement only for
subvarieties that meet [',. If V does not meet I',, then, by definition, V has no
plu-optimal subvarieties and V°P' is empty, while if V does meet I, then V itself
is plu-optimal for V and V°P' is nonempty.

Conjecture 9.2 (Uz'ZP). Let V C G", x GI', x P be a family of subvarieties. Then
there is a family W C Gy, x Gy, x Q such that, for every p € P for which V,
meets I',,, there exists g € Q such that V;,)pt =W,.

Theorem 9.3. Uz ZP holds for families V defined over Q.
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Proof. We replay the proof of Theorem 8.1. The plu-geodesic optimal subvarieties
of all the V), come in finitely many families. For each such family, the plu-optimal
subvarieties on the fibres of V correspond to plu-optimal points on the family of
fibres of the projections. For each such family there is a uniformly bounded number

of plu-optimal points on a fibre by Theorem 9.1. ([
Corollary 9.4 (Theorem 1.3). Conjecture 4.3 holds for V /C.
Proof. Every such V is a fibre in a family defined over Q. U

In a similar way, Theorem 9.3 holds for families defined over C as every such
family V C G[, x Gp, x P is a subfamily (meaning its fibres are a subset of the
fibres) of a larger family V C G, x G, x Q defined over Q.

The present results generalize suitably to other algebraic powers, as will be
shown in forthcoming work of Cassani. It seems also interesting to consider
modular analogues.
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