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Noncommutative algebraic geometry
I: Monomial equations with a single variable

Zlil Sela

This paper is the first in a sequence on the structure of sets of solutions to systems
of equations over a free associative algebra. We start by constructing a Makanin—
Razborov diagram that encodes all the homogeneous solutions to a homogeneous
monomial system of equations. Then we analyze the set of solutions to monomial
systems of equations with a single variable.

Algebraic geometry studies the structure of sets of solutions to systems of
equations usually over fields or commutative rings. The developments and the con-
siderable abstraction that currently exist in the study of varieties over commutative
rings still resists application to the study of varieties over nonabelian rings or over
other nonabelian algebraic structures.

Since 1960 ring theorists such as P. M. Cohn [1971], G. M. Bergman [1969] and
others have tried to study varieties over nonabelian rings, notably free associative
algebras (and other free rings). However, the pathologies that they tackled and the
lack of unique factorization that they study in detail [Cohn 1971, Chapters 3—4]
prevented any attempt to prove or even speculate what can be the structure of
varieties over free associative algebras.

In this sequence of papers we suggest studying varieties over free associative
algebras using techniques and analogies of structural results from the study of vari-
eties over free groups and semigroups. Over free groups and semigroups geometric
techniques as well as low-dimensional topology play an essential role in the structure
of varieties. These include Makanin’s algorithm for solving equations, Razborov’s
analysis of sets of solutions over a free group, the concepts and techniques that
were used to construct and analyze the JSJ decomposition, and the applicability of
the JSJ machinery to study varieties over free groups and semigroups [Sela 2001;
2016]. Our main goal is to demonstrate that these techniques and concepts can be
modified to be applicable over free associative algebras as well.

Furthermore, we believe that the concepts and techniques that proved to be
successful over free groups and semigroups can be adapted to analyze varieties over
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free objects in other noncommutative and at least “partially” associative algebraic
structures. In that respect, we hope that it will be possible to use or even axiomatize
the properties of varieties over the free objects in these algebraic structures, in order
to set dividing lines between noncommutative algebraic structures, in analogy with
classification theory (of first-order theories) in model theory [Shelah 1990].

We start the analysis of systems of equations over a free associative algebra
with what we call monomial systems of equations. These are systems of equations
over a free associative algebra in which every polynomial in the system contains
two monomials. In Section 1 we analyze the case of homogeneous solutions to
homogeneous monomial systems of equations. In this case it is possible to apply the
techniques that were used in analyzing varieties over free semigroups [Sela 2016],
and associate a Makanin—Razborov diagram that encodes all the homogeneous
solutions to a homogeneous monomial system of equations.

In Section 2 we introduce limit algebras, which are a natural analogue of a
limit group, and prove that such algebras are always embedded in (limit) division
algebras (in analogy with the embeddings of limit semigroups in limit groups, that
we termed limit pairs in [Sela 2016]). The automorphism (modular) groups of these
division algebras are what is needed in the sequel in order to modify and shorten
solutions to monomial systems of equations.

In Section 3 we present a combinatorial approach to (cases of) the celebrated
Bergman’s centralizer theorem [1969]. Finally, in the fourth section we use this
combinatorial approach to analyze the set of solutions to a monomial system of
equations with a single variable. The results that we obtain are analogous to the well
known structure of the set of solutions to systems of equations with a single variable
over a free group or semigroup. We prove all our results under the assumption that
the top homogeneous parts of the coefficients in the equations are monomials with
no periodicity, in order to simplify our arguments, but we believe that eventually
this assumption can be dropped.

In the next paper in the sequence we use the techniques that are presented in
this paper to analyze monomial systems of equations that have more than a single
variable, but have no quadratic (or surface) parts. In the third paper in the sequence
we analyze the quadratic parts of monomial systems of equations. Eventually, we
hope to use our analysis of sets of solutions to monomial systems of equations to
the analysis of general varieties.

1. Homogeneous solutions of monomial equations

For simplicity, we will always assume that the free algebras that we consider are
over the field with two elements GF». Let FA be a free associative algebra over GF5:
FA = GF»{ay, ..., ax). In order to study the structure of general varieties over the
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associative algebra FA, we start with varieties that are defined by monomial systems
of equations. A system of equations @ is called monomial if it is defined using a

finite set of unknowns x1, ..., x,, and a finite set of equations
MI(CI, ---»CE,xl, ,xn) =U1(Cl, ---»Cﬂ,xl, "~7-xn)5
Ug(Cly ooy €Oy XDy e ey Xn) =Vs(Cly ooy Coy XDy v ey Xn),s

where the words u; and v; are monomials in the free algebra generated by the
variables x1, ..., x, and coefficients cy, ..., ¢, from the algebra FA, i.e., a word in
the free semigroup generated by these elements (note that the coefficients cy, ..., cg
are general elements and not necessarily monomials). A monomial system of
equations is called homogeneous if all the coefficients c1, ..., ¢, in the system are
homogeneous elements in the free associative algebra FA.

We start by analyzing all the homogeneous solutions of a homogeneous monomial
system, i.e., all the assignments of homogeneous elements in FA to the variables
X1, ..., X, such that the equalities in a homogeneous monomial system of equations
are valid.

Let x?, R x,? be a homogeneous solution of the monomial system ®. Substitut-
ing the elements x?, e x,? in the monomials u; and v;, 1 <i <, we get a finite
set of equalities in the free algebra FA. Since all the elements that appear in each of
these equalities are homogeneous, for each index i we can associate a segment J;
of length that is equal to the degree of u; and v; after the substitution of x?, o xY
We further add notation on the segment J; for the beginnings and the ends of each
of the elements x?, R x,? and the coefficients cy, . .., ¢; of the system.

With the segments Jy, ..., J;, and the notation for the beginnings and ends of
x?, ey x,? and ¢y, ..., cg, we can naturally associate a generalized equation as in
[Makanin 1977; Casals-Ruiz and Kazachkov 2011], or alternatively a band complex
(bands are added for different appearances of the same variable) as it appears in
[Bestvina and Feighn 1995]. All the lengths that appear in the band complex are
integers, so the band complex must be simplicial. Note that all the operations that
are used in the Rips machine, or in the Makanin procedure, to transfer the original
complex into a standard band complex are valid in our context, i.e., it is possible to
cut the elements x?, ...,x%and ¢y, ..., ¢, and represent them as multiplication of
new elements according to the operations that are performed in modifying the band
complexes (or the generalized equation) along the procedure.

To clarify the applicability of the Makanin moves, one can look at the band
complex or the corresponding Makanin generalized equation differently. Given

0 0

the homogeneous solution x|, ..., x,,, and substituting it in the homogeneous

monomial system of equations, we can naturally associate with each side of a
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monomial equation a homogeneous tree. Since each of the trees is composed from
homogeneous elements, there are no cancellations between paths (monomials) in
each separate tree, so the monomial equation implies that the homogeneous trees
that are associated with the two sides of the equation are identical.

Now, the identical trees that are associated with the two sides of a monomial
equation admit two product structures that are associated with the two sides of the
equation. Therefore, the tree that is associated with a monomial equation admits a
product structure which is the common refinement of the product structure coming
from the two sides of the equation. Each band in the band complex, or alternatively
each pair of bases in the Makanin generalized equation that is associated with the
system, indicates that a certain part in this refined product structure of the tree that
is associated with one monomial equation is identical to another part in the product
structure of a tree that is associated with another (possibly the same) monomial
equation. Alternatively, homogeneous elements in a free associative algebra have
the unique factorization property. Hence, given two factorizations of a homogeneous
element, there is a common refinement of the two factorizations.

Furthermore, each of the basic Makanin moves that can be performed on general-
ized equations can be performed in an identical way on the homogeneous trees that
are associated with homogeneous monomial equations using their refined product
structure. This means that the entire Makanin process to analyze solutions to
systems of equations over a free semigroup, which is composed from sequences of
basic moves, can be applied to the product structures of homogeneous trees that are
associated with homogeneous monomial systems of equations.

The ability to apply the Makanin basic moves to the generalized equation or
the band complex that is associated with a homogeneous system of monomial
equations implies that it is possible to associate with such a system of equations
a Makanin—Razborov diagram, using the construction of such a diagram for a
system of equations over a free semigroup as it appears in [Sela 2016]. As in a free
semigroup, the constructed diagram encodes all the homogeneous solutions to the
homogeneous system of equations in the free algebra FA.

Let G¢ be the semigroup that is generated by copies of xi, ..., x, and the
coefficients cy, . .., ¢, modulo the relations
Ui(Cly e ey €O XLy ey X)) = Vi (CLy ey €y XNy v ey Xpy)

for 1 <i <, where the monomials u; and v; are interpreted as words in a free
semigroup. With a (homogeneous) solution of the system & it is possible to
associate a homomorphism from G ¢ into the free semigroup that is generated by a
free generating set of FA.

Conversely, given a semigroup homomorphism of G¢ into a free semigroup that
fits with a decomposition of the constants cy, . . ., ¢¢ into a product of homogeneous



NONCOMMUTATIVE ALGEBRAIC GEOMETRY, I 737

elements (there are finitely many possible ways to represent each of the coefficients
c1, ..., cg as such a product), it is possible to associate with such a product a family
of solutions of the systems ®.

Therefore, the study of homogeneous solutions of a homogeneous monomial
system of equations over an associative free algebra is reduced to the study of a
collection of semigroup homomorphisms from a given f.g. semigroup into a free
semigroup. By [Sela 2016] with this collection of semigroup homomorphisms it is
possible to associate canonically a finite collection of pairs (S, L1), ..., (Su, L),
where each of the groups L ; is a limit group, and each of the semigroups S; is a
f.g. subsemigroup that generates L ;. Furthermore, with G¢ and its collection of
homomorphisms it is possible to associate (noncanonically) a Makanin—Razborov
diagram that encodes all its homomorphisms into free semigroups. By our ob-
servation, this Makanin—Razborov diagram of pairs encodes all the homogeneous
solutions of the system @ in the algebra FA.

Theorem 1.1. With a homogeneous monomial system of equations over the free
associative algebra FA it is possible to associate (noncanonically) a Makanin—
Razborov diagram that encodes all its homogeneous solutions.

As a corollary of the encoding of homogeneous solutions of a system of homo-
geneous monomial equations by pairs of limit groups and their subsemigroups we
get the following.

Corollary 1.2. The collections of sets of homogeneous solutions to homogeneous
monomial systems of equations is Noetherian, i.e., every descending sequence of
such sets terminates after a finite time.

Proof. Follows immediately from the descending chain condition for limit groups
[Sela 2001], or the Noetherianity of varieties over free groups and semigroups
[Guba 1986]. O

Theorem 1.1 associates a Makanin—Razborov diagram with the set of homoge-
neous solutions to a homogeneous monomial systems of equations. Our main goal in
this sequence of papers is to associate a Makanin—Razborov diagram with the set of
(not necessarily homogeneous) solutions of a general monomial system of equations,
at least in the minimal rank case, i.e., in the case in which the Makanin—-Razborov
diagram that is associated with the homogeneous system that is associated with top
homogeneous part of the nonhomogeneous system contains no free products.

2. Limit algebras, their division algebras and modular groups

The construction of the Makanin—Razborov diagram of a system of equations over a
free group uses extensively the (modular) automorphism groups of the limit groups
that are associated with its nodes. These modular groups, defined in [Sela 2001,
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Definition 5.2], enable one to proceed from a limit group to maximal shortening
quotients of it that are always proper quotients.

The semigroups that appear in the construction of the Makanin—Razborov diagram
of a system of equations over a free semigroup do not have a large automorphism
group in general, e.g., a finitely generated free semigroup has a finite automorphism
group. Hence, to study homomorphisms from a given f.g. semigroup S to the free
semigroup FS; we did the following in [Sela 2016].

Given a f.g. semigroup S we can naturally associate a group with it. Given
a presentation of S as a semigroup, we set the f.g. group Gr(S) to be the group
with the presentation of § interpreted as a presentation of a group. Clearly, the
semigroup S is naturally mapped to the group Gr(S) and the image of S in Gr(S)
generates Gr(S). We set ns : § — Gr(S) to be this natural homomorphism of
semigroups.

The free semigroup FSy naturally embeds into a free group Fy. By the construc-
tion of the group Gr(S), every homomorphism of semigroups 4 : § — FS; extends
to a unique homomorphism of groups hg : Gr(S) — F such that h = hg o ns.

By construction, every homomorphism (of semigroups) & : S — FSj extends
to a homomorphism (of groups) i : Gr(S) — Fi. Therefore, the study of the
structure of Hom(S, FSx) is equivalent to the study of the structure of the collection
of homomorphisms of groups Hom(Gr(S), F) that restrict to homomorphisms of
(the semigroup) S into the free semigroup (the positive cone) FS.

By (canonically) associating a finite collection of maximal limit quotients with
the set of homomorphisms Hom(Gr(S), Fi) that restrict to (semigroup) homomor-
phisms from S to FS;, we are able to (canonically) replace the pair (S, Gr(S))
with a finite collection of limit quotients (S, L1), ..., (Su, L), where each of the
groups L; is a limit group. Limit groups have rich modular groups, and these are
later used to proceed to the next levels of the Makanin—Razborov diagram of the
given system of equations over the free semigroup FSy.

In studying sets of solutions to systems of equations over a free associative
algebra, we need to study homomorphisms: 4 : A — FAy, where A is a f.p. algebra
and FA; is the free associative algebra of rank k. As in the case of groups and
semigroups, to study such homomorphisms we pass to convergent sequences of
homomorphisms {4, : A — FA;}, and look at the limit algebras LA that are associated
with such convergent sequences. Algebras, and in particular limit algebras, have
automorphisms, but these are not the automorphisms that will be needed in the
sequel to modify and shorten homomorphisms.

By a classical construction of [Malcev 1948; Neumann 1949], and by differ-
ent constructions of Amitsur [1966] and others, the free associative algebra FA;
can be embedded into a division algebra Div(FA;) (note that there are various
different division algebras into which FA; embeds). Given a convergent sequence
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{h, : A — FA;} with an associated limit algebra LA, it is straightforward to get
an embedding LA — Div(LA), where Div(LA) is a division algebra that is also
obtained from the convergent sequence and from the embedding FA; — Div(FAg).

In the sequel we will use (a subgroup of) the group of automorphisms of the divi-
sion algebra Div(LA) in order to modify (shorten) the homomorphisms /4 : A — FA;
that we need to study. These will be the modular groups that are associated with
limit algebras that appear along the nodes of the Makanin—Razborov diagrams of
the given systems of equations over the free associative algebra FA.

An important example is (a special case of) what we call surface (or quadratic)
algebra:

SA = (Xl, ceey Xp |X1 o Xp = Xo(1) " '.xO—(n)>

for an appropriate permutation o € S,. Such a surface algebra is a limit algebra.
Hence, it is embedded in a division algebra Div(SA). For appropriate convergent
sequences, the modular group of Div(SA) contains the automorphism group of
a corresponding surface. Therefore, we call the modular group of Div(SA) the
Bergman modular group of a surface algebra, since it contains (or is generated by)
generalized Dehn twists that are inspired by Bergman’s centralizer theorem [1969].
These modular groups generalize the mapping class groups of surfaces; they will
be defined in the sequel, and they play an essential role in constructing Makanin—
Razborov diagrams for monomial systems of equations over a free associative
algebra.

3. A combinatorial approach to Bergman’s theorem

In the first section we studied homogeneous solutions to homogeneous monomial
systems of equations. In this section we start the study of nonhomogeneous solutions
to arbitrary monomial systems of equations. We start by studying the centralizers of
elements in a free associative algebra, i.e., we give combinatorial proof to Bergman’s
theorem, and then use these techniques to study related systems of equations. We
start with the following theorem, which can be proved easily by a direct induction,
but we also present a proof that uses techniques that we will use in the sequel.

Theorem 3.1. Let u € FA be an element for which its top degree homogeneous
part is a monomial, and suppose that this top degree monomial has no nontrivial
roots. Then the centralizer of u in FA is precisely the elements in the (one variable)
algebra that is generated by u.

Proof. Suppose that x is a (nontrivial) element that satisfies xu = ux. By our
analysis of homogeneous elements, the top degree homogeneous part of x must
be a monomial which is a power of the top degree monomial in u. Hence, the top
degree monomial of x has to be identical to the top degree monomial of u™ for
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some m. Therefore, deg(x + u™) < deg(x) and u(x + u™) = (x + u™)u, so the
theorem follows by induction on the degree of x. U

For later applications we present a different proof.

Proof. First, note that xu = ux if and only if x(u + 1) = (u + 1)x. Hence, we
may assume that the monomials in u do not include the one corresponding to the
identity.

In the sequel we denote by G™ the (additive) abelian group that is generated by all
the monomials of degree at most m in FA. Given x, y € FA, we write x =y mod G™
if x and y have the same monomials of degree bigger than m. If x € FA, we say
that a monomial w is a monomial of codegree m in x if deg(w) +m = deg(x), and
w is in the support of x (i.e., w appears in writing x as a sum of monomials).

Lemma 3.2. Suppose that deg(u) > 2, the top degree homogeneous part of u is
a monomial and has no periodicity, and that deg(x) > 2 deg(u). There exists an
element w € FA, such that

x=uw=wu mod GIEM2
ux = xu =uwu mod G2

Proof. We analyze the codegree 1 monomials in the two sides of the equation
xu =ux. Let ug, xo be the top monomials, and let u1, x; be the codegree 1 element
in u, x. Clearly, xou; + x1ug is the codegree 1 element in xu, and ugx; + u1xg is
the codegree 1 element in ux.

Suppose that there are no cancellations between the codegree 1 monomials (that
are obtained using the distributive law) in each of the two sides of the equation. In
that case, since ug was assumed to have no periodicity, monomials in xou| cannot
be monomials in uxg, since otherwise xo overlaps with itself in a shift of a single
place, and xg has a period which is u( that has degree at least 2 by the assumption
of the lemma. Hence, monomials in xgu; have to be monomials in ugx;. Similarly,
monomials in ux( have to be monomials in xju.

Hence, if xo = uy and wy = u?‘l, then from the right side of the equation
xXu =ux, x; = ujwo+ uowi. From the left side of the equation, x; = wou + Wwouo.
So if we consider elements of codegree at most 1, x = uw; = wru. From the
equation xu = ux, we get that for elements of codegree at most 1, uwu = uw;u,
so u(w; — wy)u=0, so w; = wy, and x = wu = uw, for elements of codegree at
most 1 (for some element w of degree deg(w) = deg(x) — deg(u)).

Suppose that there are cancellations between codegree 1 monomials in the left-
hand side xu. In that case monomials in xgu; cancel with monomials in xjug. Let
v] be the codegree 1 suffix of ug, and y; be the unique monomial in x; for which
Xov1 = y1up. In that case y; = uow. Hence, the monomial y; has a product structure
which is similar with the other codegree 1 monomials in x;. Therefore, as in the
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previous case, when analyzing monomials of codegree at most 1 in x, x can be
described both as w;u and uw, (from the two sides of the equation), and the same
argument that was used in case there are no cancellations works. U

We continue the proof of Theorem 3.1, by iteratively uncovering the homogeneous
parts in an element x that is in the centralizer of u from top to bottom. Since
x =t;u mod GIEW 2 if deg(x) >2 deg(u), it follows that xu = fju” and ux =ut,u
mod G901 =2 Hence, if deg(t;) > 2deg(u), then t; = tru = uty, mod Geg(t) -2
Applying these arguments iteratively we get that x = ru™ mod G%€¥) =2, for some
t that satisfies deg(¢) = deg(u).

Therefore, xu = tu"u = ux = uru™ mod G9¥€*"~2 which means that tu = ut
mod G982 and deg(r) = deg(u).

In this case, in which fu = ut and det(r) = deg(u), the top degree monomials
of ¢t and u are identical, and we denote this monomial ug. Suppose that s, v are
monomials of codegree 1 in either ¢ or u, and suppose that sug = ugv. In that case
v is the suffix of u( and s is the prefix of ug. Since u( is not a proper power, vug
cannot be presented as ugw for any codegree 1 monomial w, and ugs cannot be
presented as wug for any codegree 1 monomial w.

Hence, if s, v are codegree 1 monomials in either ¢ or u, and sug = ugv, then both
uos and vug can be presented uniquely in each of the two products fu and uz, which
implies that s and v must be codegree 1 monomials in both u# and ¢. Therefore, the
codegree 1 monomials of ¢ and # must be identical, so t = # mod Gde"=2 and
m+1 mod G42™)=2 for some nonnegative integer m.

We use (a finite) induction and assume that x = u”*! mod G9%E™~¢  for some
positive integer ¢ < deg(u), i.e., we assume that the equality holds for all the
monomials in x and u of codegree smaller than c. To complete the proof of the
theorem, we need to prove the same equality for all the monomials of codegree at
most c.

By the inductive hypothesis, x = u”*! mod G%€¥)~¢_ Hence, x = x._| + v,
where x._1 is the sum of all the monomials of codegree smaller than ¢ in x and

X=U

deg(v) < deg(x) — c. Furthermore, x._; is precisely the sum of all the monomials
of codegree smaller than ¢ in u”*!.

Let u.—; be the sum of the monomials of codegree less than ¢ in u. We set
sc to be the sum of all the monomials of codegree ¢ in ui”fll By construction,
U1 (Xe—1 +50) = (Xem1 +5)tte—1 = u™F mod GI&X0=(+D j e the monomials
of codegree at most ¢ are identical for the three different products.

Recall that x = x._; + v, where deg(v) < deg(x) —c. We set x = x._| + . +7,
where deg(s.) = deg(x) — ¢ and deg(r) < deg(x) —c. Let g. be the sum of the
monomials of codegree ¢ in u. Then

ux = (e—14qe) Xe—1+5c41) = X1 = (Xe—1 +5c47) (Ue—1+¢.) mod GIEEI=FD,
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Since 1o (Xe—1 +5c) = (Xe—1 + 5o)tte—; mod GIEFW=(c+D it follows that
Utop! + geXiop = F'lhtop + Xtopge Mmod Gaegxw—(ct1l)

where ug and x( are the top monomials in # and x in correspondence. Therefore,
all these monomials are products of a top degree monomial with a codegree ¢
monomial, and these can be broken precisely as in the codegree 1 case, assuming
deg(x) > 2deg(u).

We are left with the case in which deg(x) = deg(u). In that case we write
U = e +qe and x = ue_y + r. mod G4 ~(+D " where g, and r, are the
codegree ¢ monomials in # and x in correspondence. Since the contributions of
products of monomials of codegree smaller than ¢ in xu and in ux are identical,
we need to look only at the equation ugr. + g.xo = xoq. + rcug for the monomials
of codegree ¢, where xo = ug are identical monomials. By the argument that was
used in the codegree 1 case (when deg(x) = deg(u)), it follows that g. = r., and
the general step of the induction is proved.

So far we may conclude that x = ! mod G —dee@) Thyg, x 4+ " *+! com-
mutes with u and deg(x + u™tl < deg(x) — deg(u), and the theorem follows. [J

So far we assumed that the top homogeneous element of u is a monomial and
that its top monomial doesn’t have a proper root. We continue by allowing u to be
a proper power.

Theorem 3.3. Let u € FA be an element for which its top degree homogeneous part
is a monomial, and suppose that u = p(v) and the top degree monomial of v does
not have a proper root. Then the centralizer of u in FA is precisely the elements in
the algebra that are generated by v.

Proof. Suppose that x is a (nontrivial) element that satisfies xp(v) = p(v)x. First,
note that like Theorem 3.1, Theorem 3.3 can be proved easily by replacing x by
x + v™ for an appropriate m such that deg(x + v™) < deg(x) and (x +v"™)p(v) =
p(v)(x 4+ v™). However, as in the proof of Theorem 3.1 and for future purposes,
we prefer to present a different proof. For that proof we assume that deg(v) > 1.

As in Theorem 3.1, by our analysis of homogeneous elements, the top degree
homogeneous part of x must be a monomial, which is a power of the top degree
monomial in v.

As in the proof of Theorem 3.1, if deg(x) > deg(u), then the arguments that were
used in the proof of Lemma 3.2, which remain valid under the assumptions of the
theorem, enable us to analyze the codegree 1 monomials in x. In that case, as in the
proof of Theorem 3.1, there exists an element #; that contains a top degree monomial
and a homogeneous part of codegree 1 such that x = ut; and x = f{u mod G982,

Applying these arguments iteratively, as in the proof of Theorem 3.1, we get
that x = tu™ mod G9€™®)~2 for some ¢ that satisfies deg(t) < deg(u), which means



NONCOMMUTATIVE ALGEBRAIC GEOMETRY, I 743

that tu = ut mod G%&*)=2_1In particular, the top degree monomial of # must be a
power of the top degree monomial of v.

In case deg(¢) < deg(u) mod G42=2 e apply the same argument that we
used in case deg(?) = deg(u) in the proof of Theorem 3.1. By these arguments, if
u = v” mod G422 then t = v* mod G422 where s is an integer, 1 <s < b.
This implies that x = v* mod G9%E™)~2 for some positive integer £.

We continue in the same way as we did in proving Theorem 3.1. We use (a
finite) induction and assume that x = v* mod G%€™)~¢ for some positive integer
c < deg(v), i.e., we assume that the equality holds for all the monomials in x and
v’ of codegree smaller than c. To complete the proof of the theorem, we need to
prove the same equality for all the monomials of codegree at most c.

By the inductive hypothesis, x = v’ mod G%¢™)~¢_ Hence, x = x._; + A,
where x._; is the sum of all the monomials of codegree smaller than ¢ in x and
deg(h) < deg(x) — c. Furthermore, x._1 is precisely the sum of all the monomials
of codegree smaller than ¢ in v°.

Let u._; be the sum of the monomials of codegree less than ¢ in u, and let v._;
be the sum of the monomials of codegree less than ¢ in v. We set s, to be the sum
of all the monomials of codegree ¢ in vf_l.

We have u = p(v), so we set d. to be the sum of all the codegree ¢ monomials
in p(ve—1). By construction: (ue—1 +de)(xe—1 +5c) = (Xe—1 + 5)(Ue—1 +dc) =
(Ve—1)**? mod GIee@)=(c+D) j e the monomials of codegree at most ¢ are identi-
cal for the three different products.

Recall x = x._ +h, where deg(h) <deg(x) —c. We set x = x._ +s.+r, where
deg(s.) = deg(x) —c and deg(r) < deg(x) — c. Similarly, we set u =u._1 +d. +q,
where deg(g) < deg(u) — c. Then

ux = (Ue—1+dc. +q)(xe—1+5c.+7r)
= XU = (Xe—1 + 8¢ +7)(e—1 +d, +q) mod GIEE=(FD,

Since (Ue—1 +d)(xe—1 +5c) = (xe—1 + 5¢)(Uc—1 + d.) modulo the same group, it
follows that upr + gxo = rug + xog mod GIeetct)=(c+D) “wwhere uq and x are the
top monomials in # and x in correspondence. Therefore, all these monomials are
products of a top degree monomial with a codegree ¢ monomial, and these can be
broken precisely as in the codegree 1 case, assuming deg(x) > deg(u).

As in the codegree 1 case, we are left with the case in which deg(x) < deg(u).
In that case we write u = u.—; +d; + ¢q. and x = x._| + s, + r. as above. By the
same argument that was used in that case in analyzing the codegree 1 monomials,
the monomials of codegree c in x that are contained in r. are precisely the mono-
mials of codegree c in v¢ + s., and the induction follows for ¢ < deg(v). Hence,
x = v’ mod G9eg®)—deg®) " Since both x and v¢ commute with u, the sum x + vt
commutes with u, and deg(x + v*) < deg(x), the theorem follows. (]
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It is possible to use the techniques that we used in this section to analyze central-
izers of general elements with monomial top homogeneous part, and centralizers of
general elements, but we won’t need to apply these techniques in this generality in
the sequel, so we omit these generalizations.

4. Equations with a single variable

In the previous section we gave combinatorial proofs to special cases of Bergman’s
theorem on the structure of centralizers in free associative algebras. Such combina-
torial proofs are needed in order to study the set of solutions to related systems of
equations that play a central role in understanding the set of solutions to a general
monomial system of equations.

In this section we study the set of solutions to monomial systems of equations
with a single variable. As will be demonstrated in the next paper in this sequence, the
techniques that are used in this section play an essential role in studying monomial
equations with no quadratic nor free parts. Note that in the general analysis of
the set of homogeneous solutions to the homogeneous system of equations that
is associated with the top level of a monomial system of equations, the Makanin—
Razborov diagram of such a homogeneous system of equations, as it appears in the
first section of this paper (that is based on [Sela 2016]), may contain quadratic and
free parts.

Recall that over free groups and semigroups equations with a single variable
were analyzed in [Lorenc 1963; Appel 1968] long before the analysis of general
systems of equations. The approach that we use combines the technique and results
for studying equations with a single variable over a free group and semigroup with
the combinatorial approach that we used in analyzing centralizers.

Lemma 4.1. Let u, v € FA and suppose that the top homogeneous parts of u and v
are monomials with no periodicity (i.e., the top monomials in u and v contain no
subword o for some nontrivial word o).

If the equation ux = xv has a nontrivial solution, then the set of solutions to
the equation ux = xv is a set {wp(v)}, where uw = wv and p is an arbitrary
polynomial in a single variable. Furthermore, the element w, which is the solution
of minimal degree of the equation, is unique.

Proof. Recall that in a free semigroup, if # and v are nontrivial and have no periodic-
ity, then the set of solutions to the equation ux = xv is {wov™ = u"wy}, where wy is
a fixed element, m is an arbitrary nonnegative integer, and length(wg) < length(u).

Also, note that since we assumed that the top homogeneous parts of u and v
are monomials, then the homogeneous equation that is associated with the highest
degree parts in u, x, v implies that the highest degree part of x is a monomial that
satisfies the same equation in the corresponding free semigroup.
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The set of solutions of the equation ux = xv is a linear subspace of FA. If w;
and w; are solutions to the equation ux = xv, and they are of the same degree, then
their top homogeneous monomials are identical. Hence, w; + w,, which is also a
solution of that equation, has strictly smaller degree than w; and w,. Therefore,
if the equation ux = xv has a solution, then it has a unique solution of minimal
degree that we denote w.

If xg is an arbitrary solution of ux = xv, then there exists some nonnegative
integer b such that wv? and xo have the same top monomial. Since both xg and
wv? are solutions of the equation ux = xv, the sum xq + wv? is a solution of this
equation and deg(xo + wv”) < deg(xp). Hence, the proof of the lemma follows by
induction on the degree of the solution xg. U

Unlike the case of free groups or semigroups, the equation ux = xv may have a
solution, and still it can be that there are no solutions with deg(x) <deg(u) =deg(v).

Let ¢, i, and p be arbitrary elements in the algebra FA. Let w = tutptut,
v=(ptpu+utptp)t and u =t (utp + putpt ). Then uw = wv, and in general there
is no element y € FA such that deg(y) < deg(u) = deg(v) and uy = yv.

To bound the degree of a minimal degree solution we need the following lemma.

Lemma 4.2. Let FA be the free associative algebra over GF; that is freely generated
by k elements. Let u, v € FA be as in Lemma 4.1, and suppose that the equation
ux = xv has a nontrivial solution. Then there exists a solution w, uw = wv, with
deg(w) < deg(u) - (k9w 4 2).

Proof. Suppose that x| # 0 satisfies ux; = xjv. If deg(x;) < deg(u) - (k9™ 4 2)
the lemma follows. Hence, we may assume that deg(x;) > deg(u) - (kdeg) 49y,

We use the analysis that was applied in analyzing centralizers in the previous
section. By the analysis of homogeneous elements, the top degree homogeneous
part of x; must be a monomial. Let ug, vy, and xq be the top monomials of u, v,
and x;. Then they must satisfy ugxg = xovg. Therefore, there exists a monomial zg
such that xo = ugz9 = zgvo.

As in analyzing centralizers, we continue the analysis of x| by analyzing its
codegree 1 monomials. We examine the codegree 1 monomials in the products
ux and xjv. By the proof of Lemma 3.2 we get an element z such that x; = zv =
uz mod GIee¥) =2,

We continue iteratively by analyzing products of codegree 2 in the equality
ux; = x1v, using the equality x; = uz = zv for the top and codegree 1 parts.

Note that monomials of codegree 2 in the equality ux; = xv that are products
of monomials of codegree 0 and 1 of u, v and z, that correspond to codegree 1
monomials of u and v and codegree 1 monomials of x; (from the two sides of the
equation), cancel in pairs. The other codegree 2 monomials in the two sides of the
equation are products that are obtained as one of the following:



746 ZLIL SELA

(1) A product of a codegree 1 monomial of x; with a codegree 1 monomial of v.

(2) A product of a codegree 1 monomial of u with a codegree 1 monomial of x;.
In parts (1) and (2) we need to consider only monomials that do not cancel as
products of top and codegree 1 monomials of u, v and z from the two sides of
the equation.

(3) A product of a codegree 2 monomial of x; with the top monomial of v.
(4) A product of the top monomial of u with a codegree 2 monomial of xi.
(5) A product of a codegree 2 monomial of # with the top monomial of x;.

(6) A product of the top monomial of x; with a codegree 2 monomial of v.

Note that because of the equation, for each codegree 2 monomial in the products
in the two sides of the equation, either 2, 4 or all 6 options occur. However, because
the top monomials of # and v have no periodicity, possibilities (5) and (6) cannot
occur together, so only 2 or 4 possibilities can occur.

Suppose that (1) occurs for some codegree 2 monomial. In that case we can
assume that the codegree 1 monomial of x; is a product of the top monomial in u
with a codegree 1 monomial of z, since otherwise such a product cancels with a
product of type (2) by our analysis of codegree 1 products.

If in addition to (1) only (2) occurs for that codegree 2 monomial, we add a
codegree 2 monomial to z that is obtained from the given codegree 2 monomial
in the product by cutting a prefix which is equal to the top monomial of «, and a
suffix which is the top monomial of v.

If only (3) occurs (in addition to (1)) for the given codegree 2 monomial, we
also add a codegree 2 monomial to z that is identical to the one we added in case
only (1) and (2) occur. If only (4) occurs, we do not add anything. If (5) occurs we
add a codegree 2 monomial to z (the same codegree 2 monomial as in the previous
cases).

If (6) occurs, we do not add anything.

Suppose that (2) occurs for some codegree 2 monomial. In that case we can
assume that the codegree 1 monomial of x; is a product of a codegree 1 monomial
of z with the top monomial of v. Hence, this can be dealt with precisely as what
we did in (1).

Suppose that (3) occurs. If in addition only (4) occurs, we add a codegree 2
monomial to z. If only (5) occurs, we do not add anything. If only (6) occurs, we
add a codegree 2 monomial to z. Suppose that (4) occurs. This can be dealt with
precisely as the case in which (3) occurs. Again, since the top monomials of u and
v do not have periodicity, (5) and (6) cannot occur together. Hence, we are only
left with cases in which four of the possibilities occur.
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Suppose that (1) and (2) occur for some codegree 2 monomial. In this case
we can assume that (1) occurs as a product of a codegree 1 monomial of z and a
codegree 1 of v, and (2) as a product of a codegree 1 monomial of # and codegree
1 monomial of z (otherwise (1) and (2) cancel from our analysis of codegree 1
monomials in xp). If in addition only (3) and (4) occur, we do not add anything. If
(3) and (5) occur, we add a codegree 2 monomial to z. If (3) and (6) occur, we do
not add anything. The cases in which in addition to (1) and (2), cases (4) and (5)
occur or cases (4) and (6) occur, are symmetric to (3) and (5) or (3) and (6).

Suppose that (1) occurs and (2) does not. Again, we may assume that in (1), it is
a product of a codegree 1 monomial of z with a codegree 1 monomial of v. If in
addition (3), (4) and (5) occur, we do not add anything. If (3), (4) and (6) occur,
then we add a codegree 2 monomial to z. The case in which (1) does not occur and
(2) occurs is symmetric.

After possibly adding codegree 2 monomials to z, the equation that was valid
for codegree 1 products is now valid for codegree 2 products, i.e., x; = uz =
zv mod GIeg¥ D=3,

We continue iteratively to construct the element z by adding higher codegree
monomials, so that the constructed element z satisfies the equation x; = uz = zv for
products of higher and higher codegree. Suppose that x; = uz = zv mod G4~ ~=4,
i.e., that the equation holds for all the products of codegree at most d — 1, where d
is a positive integer with d < deg(u). We iteratively add codegree d monomials to
z so that the equalities hold for all codegree d products as well.

As in analyzing codegree 2 products, products of codegree d that include mono-
mials of codegree smaller than d of u, v and z that correspond to smaller codegree
monomials of x; (from the two sides of the equation) cancel in pairs.

The various cases are straightforward generalizations of the cases in analyzing
codegree 2 products. Suppose that a codegree d product can be presented as either

(1) an odd number of products of the top monomial of # with codegree m; mono-
mials of z and codegree £; monomials of v, for some subset of tuples (m;, ¢;),
where m; +£; = d and m;, {; are positive integers, for every index i;

(2) an odd number of products of codegree s; monomials of u with codegree ¢;
monomials of z and with the top monomial of v, for some subset of tuples
(sj,tj), where s; +1t; = d and s}, t; are positive integers, for every index j;

(3) a product of a codegree d monomial of x; with the top monomial of v;
(4) a product of the top monomial of u with a codegree d monomial of x;
(5) a product of a codegree d monomial of u with the top monomial of x;

(6) a product of the top monomial of x| with a codegree d monomial of v.
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Note that since we assumed that the top monomials of # and v do not have
periodicity, cases (5) and (6) cannot occur together unless d = deg(u) = deg(v). In
case both (5) and (6) occur for d = deg(u), it must be that both # and v contain
the constant monomial 1. We have ux; = xv if and only if (u + 1)x; = x; (v + 1).
Hence, in case both u and v contain the constant monomial 1, we replace them by
u+ 1 and v+ 1. This does not change the set of solutions, and after the change,
cases (5) and (6) do not occur together for all 2 < d < deg(u).

The analysis of codegree d products, according to the various possibilities of
subsets of the six cases, is identical to the analysis that was used to analyze codegree
2 products. According to the analysis we decide what codegree d monomials to
add to the element z.

After possibly adding these codegree d monomials to z, the equation that was
valid for all products up to codegree d — 1 is now valid for codegree d products,
i.e., x; = uz = zv mod G =@+

Finally, we get an element z that satisfies x; = uz = zv mod Gdegx)—deg)—1,

After possibly changing the elements u and v so that not both of them contain
the constant monomial 1, we continue the analysis of codegree d products in the
two sides of the equation ux; = x;v, for all 4, deg(u) + 1 < d < deg(x;) — deg(u),
precisely as we analyzed codegree d products for 2 < d < deg(u), and iteratively
add codegree d monomials to the element z. Finally, we get an element z that
satisfies x; = uz = zv mod G4e®~1 j e  the equalities hold for all products up to
degree deg(u) = deg(v).

We continue by looking at the equality uz = zv mod G2 ~1 Repeating the
same argument we can find an element z, such that z = uz = zpv mod G ~1,
Continuing inductively, we get an element z,; such that

di —1
Zr = UZr41 = Zr410 mod G¥EWL,

We are working over the free associative algebra FAy, i.e., the algebra is over GF»
and it is freely generated by k elements. Hence, G398~ as a vector space over
GF; has dimension bounded by kd9e8®  Therefore, there exist elements of distinct
degrees {s,, |m =1, ..., k%™ 41} (that are the elements z, that were constructed
iteratively from a given long solution) such that deg(s,,) < (1 4+ m) deg(u) and
USy = smv mod GIee—1,

By a simple pigeonhole argument, there exists a subcollection of the indices
l<ij<---<iy < kdeg@ 4 1 guch that s =s;; +---+si, and us = sv. Hence, s
is a solution of the given equation, and deg(s) < deg(u) - (2 + k9ee®), O

So far we assumed that the top degree elements of u and v are monomials that
are not proper powers. First, we omit the periodicity assumption, and allow the top
degree monomials of u and v to have nontrivial roots.
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Lemma 4.3. With the notation of Lemma 4.2, let u, v € FA and suppose that the
top homogeneous parts of u and v are monomials. Suppose that the top degree
monomial of u has nontrivial roots of degree bounded by q.

Suppose that the equation ux = xv has a nontrivial solution. Then there exists

elements wy, ..., wy, 1 <d < q, such that the set of solutions to the equation
ux = xv is a set of the form {wip;(v) + -+ wyps(v)}, where uw; = w;v and
D1, - .., pa are arbitrary polynomials in v.

Proof. Let ug and vg be the top monomials of u and v, and let xo be the top
monomial of a solution x. Let 7y be a primitive root of vg. Then there exists some
fixed element s, deg(so) < deg(f), such that xo = soz;' for some nonnegative
integer m. Note that the element sq is fixed and does not depend on the solution x,
since we assumed that uy and vy are proper powers of #y, which is primitive, and if
sg is not fixed, 7o must have a proper root.

Suppose that tg = vg. The top monomial of a solution x is of the form x¢ = sot;’,
so we can divide the solutions x; according to the residue classes of the nonpositive
integers m modulo g. For each residue class for which there is a solution, we
fix one of the shortest solutions in the class. We denote these shortest solutions,
wi, ..., Wy, forsome d, 1 <d <gq.

Let x be a solution. x must be in the same class as one of the fixed shortest solu-
tions w;. Hence, for some nonnegative integer b, both x and w;v” are solutions and
they have the same top monomial. Therefore, if x # w;, x +w; v” is a nontrivial solu-
tion and deg(x +w; vP) < deg(x). By afinite induction, x = w1 p; (v)+- - -+wq pg (v)
for some polynomials py, ..., p4. U

So far we analyzed the equation ux = xv. We use similar methods to analyze
the more general equation uxuy = v{xv;.

Theorem 4.4. Let uy, us, vy, vo € FA and suppose that the top homogeneous parts
of u; and v; are monomials with no periodicity (i.e., the top monomials in u; and v;
contain no subwords o for some nontrivial word o), and that deg(u;) > deg(v).

Suppose that the equation uixu, = vixvy has a solution of degree bigger
than 2(deg(u) + deg(v2))>.

(1) There exist elements s, t € FA such that u; = vis and vy = tuy.

(2) An element x € FA is a solution to the equation uixuy = vixv; if and only if it
is a solution of the equation sx = xt.

Proof. First, note that if (1) is true and x satisfies u;xuy = v xv;, then we have
visxuy = vixtup. Hence, sx = xt. Conversely, every solution of the equation
sx = xt satisfies ujxuy = vixvy, so (2) is true.

As we did in analyzing centralizers and analyzing the equation ux = xv, we
analyze the homogeneous parts in x and in #; and v; going from top to bottom.
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Let u? and v?, i =1, 2, be the top monomials in u#; and v;. Let x; be a solution of
the equation uxuy = vixv,, and suppose that deg(x;) > max(deg(u), deg(v2)) +
2(deg(u1) — deg(vy)). By our analysis of homogeneous solutions, the top homoge-
neous part of the solution x; must be a monomial as well, which we denote x.

Since u?xoug = v?xovg, there exists monomials sg, #y, deg(sg) = deg(p), such
that ”(1) = v(l)so, vg = toug and xp = foté’ = sg e, for some positive integer b, and
deg(fo) = deg(ep) < deg(so)-

We continue by analyzing monomials of codegree 1 in u;, v; and x;. By the
same analysis that was used in analyzing centralizers and in Lemma 4.2, there exist
elements s, ¢ with top monomials sy and fy, and an element w with top monomial

wy, Woly = Sopwo = Xg, such that

(i) u; = vys mod Gleg) =2
(i) vy = tuy mod G98(¥2)~2,

(iii) x; = sw = wt mod G2,

By iteratively applying the same construction, the above three equalities imply
that w = s™ f = et” mod G42™) =2 for some positive integer m and elements e, f
with deg(s) < deg(e) = deg(f) < 2deg(s).

We continue by analyzing products of codegree 2. First, note that as in analyzing
centralizers, if we look at codegree 2 products that involve only top monomials
and codegree 1 monomials from s, ¢, u;, v; and w such that the products restrict to
codegree 0 or 1 monomials of x;, u; and v;, then such codegree 2 products cancel
in pairs from the two sides of the equation.

We further look at codegree 2 products that contain a codegree 1 monomial of u,.
If the codegree 2 product contains the top monomial of ¢, then such a codegree
2 product cancels with a corresponding codegree 2 product from the other side
of the equation, since all the corresponding monomials of u;, v; and x| (from the
two sides of the equation) are either codegree 0 or codegree 1. Hence, we look at
codegree 2 products that contain codegree 1 monomials of ¢ and u,, and, therefore,
top monomials of #; and w. Such a codegree 2 product, which is a product of the
top monomial of #;, a codegree 1 monomial of x; and a codegree 1 monomial of
u,, cancels with either

(1) a product of the top monomial of vy, the top monomial of x| and a codegree 2
monomial of vy;

(2) a product of the top monomial of vy, a codegree 1 monomial of x; and a
codegree 1 monomial of v;

(3) a product of the top monomial of vy, a codegree 2 monomial of x| and the top
monomial of vy;
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(4) a product of the top monomial of u, a codegree 2 monomial of x; and the top
monomial of u,;

(5) a product of the top monomial of u, the top monomial of x; and a codegree 2
monomial of u»;

(6) a product of a codegree 1 monomial of u, a codegree 1 monomial of x; and
the top monomial of u5.

If the given codegree 2 product cancels only with a product of type (1) we don’t
add anything to w nor to f. Suppose that the given codegree 2 product cancels only
with a product of type (2). If the codegree 1 monomial of v, equals the product
of the top monomial of ¢ with a codegree 1 monomial of u;, then the codegree 2
product of type (2) cancels with a codegree 2 product from the other side of the
equation that contains only codegree 0 and 1 monomials of u, x; and u;. Hence,
in case (2) we can assume that the codegree 1 monomial of v, is a product of a
codegree 1 monomial of ¢ with the top monomial of u,. In that case we add a
codegree 2 monomial to ¢ and leave w unchanged.

If the given codegree 2 product cancels only with a codegree 2 product of type (3),
we add a codegree 2 monomial to ¢ and a codegree 2 monomial to w. If the given
codegree 2 product cancels only with a product of type (4) we add a codegree 2
monomial to 7. In case the given product cancels only with a codegree 2 product of
type (5) we don’t add anything (apart from the codegree 2 monomial of u,). If it
cancels only with a codegree product of type (6) we add a codegree 2 monomial to
t and a codegree 2 monomial to w.

Because the top monomial of v, does not have periodicity, a product of type (5)
cannot cancel with a product of type (3) nor (6). Hence, if five possibilities occur
in addition to the given one, it must be (1)—(4) and (6). In that case, we do not add
anything.

Hence, the only left possibilities are a collection of products of three different
types that cancel with the given codegree 2 product. We list the various possibilities
for the collections of codegree 2 products of three different types that cancel with
the given codegree 2 product and indicate what we add in each possibility:

(1) Products (1)—(3) cancel. We add a codegree 2 monomial to w, apart from
an existing codegree 2 monomial of v, (that is equal to the products of the
codegree 1 monomials of 7 and u; in the given codegree 2 product).

(i1) Products (1), (2) and (4) cancel. In that case we don’t add anything to w and ¢.
A monomial of codegree 2 already appears in v,, and is equal to the product
of the given codegree 1 monomials of ¢ and u5.

(iii) Products (1), (2) and (5) cancel. We add a codegree 2 monomial to ¢, in
addition to the codegree 2 monomials that already appear in u, and v,.
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(iv) Products (1), (2) and (6) cancel. Product (1) cancels with the given codegree 2
product. We add a codegree 2 monomial to w.

(v) Products (1), (3) and (4) cancel. We add a codegree 2 monomial to w, and the
existing codegree 2 monomial to v;.

(vi) Products (1), (3) and (6) cancel. Products (3) and (6) cancel, so this is identical
to the case that only (1) occurs in addition to the given codegree 2 product.

(vii) Products (2), (3) and (4) cancel. We add a codegree 2 monomial to w and a
codegree 2 monomial to 7.

(viii) Products (2), (3) and (6) cancel. Like (vi), (3) and (6) cancel.

(ix) Products (1), (4) and (5) cancel. We add a codegree 2 monomial to ¢, and the
existing codegree 2 monomials to u, and v,.

(x) Products (1), (4) and (6) cancel. Product (1) cancels with the given codegree 2
product. We add a codegree 2 monomial to w.

(xi) Products (2), (4) and (5) cancel. We just add the existing codegree 2 monomial
to usp.

(xii) Products (2), (4) and (6) cancel. Like (vi), (2) and (4) cancel.
(xiii) Products (3), (4) and (6) cancel. Like (vi), (3) and (6) cancel.

So far we analyze codegree 2 products that cancel with a given codegree 2 product
that is a product of the top monomial of #; and w and codegree 1 monomials of
t and u,. The same analysis is valid for codegree 2 products that cancel with a
codegree 2 product of type (1), and the analogous cases from the left side of the
equation.

We continue by analyzing case (2), i.e., those codegree 2 products that cancel
with a given codegree 2 product of the top monomial of v, a codegree 1 monomial
of x; that is a product of the top monomial of s and a codegree 1 monomial of w,
and a codegree 1 monomial of v, that is equal to a product of a codegree 1 monomial
of t with the top monomial of u,. Such a given codegree 2 product can cancel with
either

(1) a product of the top monomial of vy, a codegree 2 monomial of x; and the top
monomial of vy;

(2) a product of the top monomial of v, the top monomial of x; and a codegree 2
monomial of vy;

(3) a product of the top monomial of u], a codegree 2 monomial of x; and the top
monomial of u5;

(4) a product of the top monomial of u, the top monomial of x; and a codegree 2
monomial of u,;
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(5) a product of the top monomial of u;, a codegree 1 monomial of x; and a
codegree 1 monomial of u;;

(6) a product of a codegree 1 monomial of u;, which is a product of the top
monomial of v; with a codegree 1 monomial of s, with a codegree 1 monomial
of x1, which is the product of a codegree 1 monomial of w with the top
monomial of 7, and with the top monomial of u5.

If the given codegree 2 product equals only to a codegree 2 product of type (1),
we add a codegree 2 monomial to w. If it equals only to a codegree 2 product of
type (2), we add a codegree 2 monomial to ¢, apart from the existing codegree 2
monomial of v,. If it equals only to a codegree 2 product of type (3), we do not add
anything. If it equals only to a codegree 2 product of type (4) we add a codegree 2
monomial to ¢, apart from the existing codegree 2 monomial of u;. We analyzed
case (5) with all the codegree 2 products that it cancels with previously. If it equals
only to a product of type (6) we add a codegree 2 monomial to w.

Case (5) was analyzed previously, so we can assume it does not occur. A codegree
2 product of types (1) or (6) cannot cancel with a codegree 2 product of type (4).
A monomial of type (5) that cancels with a monomial of type (6) is a product of
lower codegree monomials of u;, v; and x; from the two sides of the equation, so
we omit this case. Hence, there are 5 cases left:

(i) Products (1), (2) and (3) cancel with the given codegree 2 product. In that case
we add a codegree 2 monomial to w and a codegree 2 monomial to ¢, apart
from the existing codegree 2 monomial of v,.

(i1) Products (1), (2) and (6) cancel. We add a codegree 2 monomial to 7.
(iii) Products (1), (3) and (6) cancel. In that case we do not add anything.

(iv) Products (2), (3) and (4) cancel. In that case we only add the already existing
codegree 2 monomials of #, and vj.

(v) Products (2), (3) and (6) cancel. We add a codegree 2 monomial to w and ¢.

Codegree 2 products that contain codegree 1 monomials of vy or u; are treated
exactly in the same way. Hence, we are left with sets of codegree 2 products that
cancel, and each of these codegree 2 products is a product of top monomials with
codegree 2 monomials of one of the u;, v; or x;. These are analyzed precisely as
they are treated in the proof of Theorem 4.4 and in analyzing codegree 1 products,
and in each such cancellation codegree 2 monomials may be added to either s, ¢
or w, apart from existing codegree 2 monomials of u; and v;. Finally, we (possibly)
added codegree 2 monomials to s, w and ¢, such that

(i) u; = v1s mod Gdeg(u)—=3

(i) vy = tur mod G923,
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(111) X1 =sw = wt mod Gdeg(x1)—3‘

We continue iteratively with products with higher codegree. Let

d = min(deg(vy), deg(uz), deg(uy) — deg(vy)).

Let r <d — 1 and suppose that we added codegree r monomials to s, w and ¢ such
that the equations above hold for all products of codegree bounded by r — 1.

We analyze codegree r products in the same way we analyzed codegree 2 products.
First, note that if a codegree r product is a product of monomials of u;, v;, s, ¢
and w that correspond to products of monomials of codegree smaller than r of u;,
v; and x| from the two sides of the equation, then such codegree r products cancel
in pairs.

Suppose that a codegree r product is a product of the top monomials of #; and w,
and monomials of codegree g; of ¢ and codegree m; of u;, such that g; +m; =r
and g;, m; are positive integers, and there are odd number of such pairs (g;, m;).
We treat this case in the same way we treated the case of a codegree 2 product that
includes a codegree 1 monomial of ¢ and a codegree 1 monomial of u;. This odd
set of codegree r products (that are all equal) cancels with either

(1) a product of the top monomial of v, the top monomial of x; and a codegree r
monomial of v;;

(2) an odd set of codegree r products of the top monomial of vy, codegree e;
monomial of x| and codegree p; monomial of v,, for some positive set of pairs
(ej, p;) that satisfy e; + p; = r, and such that the codegree p; monomial of
v2 is a product of a codegree p; monomial of ¢ with the top monomial of u»;

(3) a product of the top monomial of v, a codegree r monomial of x; and the top
monomial of vy;

(4) a product of the top monomial of u, a codegree r monomial of x; and the top
monomial of u,;

(5) a product of the top monomial of i, the top monomial of x; and a codegree r
monomial of u»;

(6) an odd set of codegree r products of a codegree a; monomial of u; and a
codegree b; monomial of x| with the top monomial of u5, for some positive
set of pairs (aj, b;) that satisfy a; + b; = r, and such that the codegree a;
monomial of u; is a product of the top monomial of v; and a codegree a;
monomial of s.

The treatment of the various cases is identical to what we did in analyzing code-
gree 2 products (cases (i)—(xiii)), just that instead of adding codegree 2 monomials to
the various elements we add codegree r monomials. The other cases of codegree r
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products are treated exactly as we treated codegree 2 products. Therefore, we
constructed elements s, ¢, w for which

(i) u; = v;s mod Glegw—d,
(ii) vy = tur mod GIegw2)—4

(ili) x; = sw = wt mod Gdeex—d,

We divide the continuation according to the minimum between deg(v;), deg(u»)
and deg(u) — deg(vy). First we assume that

d = min(deg(v), deg(uz), deg(u1) — deg(vy)) = deg(u;) — deg(vy).

In analyzing codegree d products, there are special codegree d products that we
need to single out and treat separately, as they may involve cancellations between
codegree d products that contain codegree d monomials of u; or v; and those that
contain codegree d monomials of u, or v;.

As in analyzing smaller codegree products, note that codegree d products that are
products of smaller codegree monomials of the u;, v;, s, w and ¢, and correspond
to smaller codegree monomials of u;, v; and x; from the two sides of the equation
cancel in pairs.

We continue by analyzing codegree d products that are products of top degree
monomials of #; and w, codegree g; monomials of ¢ and codegree m; monomials
of u;, such that g; and m; are positive and ¢; + m; = d, there are odd number of
such pairs (g;, m;), and the product of these monomials of ¢ and u; is not equal
to ug, the top monomial of u;.

Such codegree d products are analyzed exactly in the same way they were
analyzed in codegree r products for » <d. Similarly, we analyze codegree d products
that are obtained an odd number of times as the product of the top monomials of v
and s, a codegree e¢; monomial of w and a codegree p; monomial of vy, such that
the product of a codegree e¢; monomial of w and a codegree p; monomial of v, is
not woug, i.e., the product of the top monomials of w and u5.

In a similar way we analyze codegree d products that are products of smaller
codegree monomials of #; and w and the top monomials of ¢ and u;, and products
of smaller codegree monomials of v; and s and the top monomials of w and vy,
assuming the products of these smaller degree monomials are not equal to v(l)wo or
to v?.

We continue by analyzing canceling pairs of codegree d products that are products
of top monomials of v;, u; and x;, with one codegree d monomial of these elements,
such that this codegree d monomial of u; is not v?, the codegree d monomial of x;
is not wo and the codegree d monomial of v; is not ug. These codegree d products
are analyzed in the same way they were analyzed for smaller codegree products.
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We are left with codegree d products that are either

(1) a product of a codegree d monomial of #; that is equal to v(l), with top mono-
mials of x; and u»;

(2) a product of the top monomial of v; with top monomials of x; and a codegree
d monomial of v, that is equal to ug;

(3) a product of the top monomial of u#; with a codegree d monomial of x; that is
equal to the top monomial of w, with the top monomial of u5;;

(4) a product of the top monomial of v with a codegree d monomial of x; that is
equal to the top monomial of w, with the top monomial of v;;

(5) an odd set of codegree d products of the top monomial of vy, codegree ¢;
monomial of x; and codegree p; monomial of vy, for some positive pairs
(ej, pj) that satisfy e; + p; = d, such that the monomial of x; is a product of
the top monomial of s with a codegree e¢; monomial of w, and the product of
each codegree e¢; monomial of x| with a codegree p; monomial of v, is equal
to wovg (the product of the top monomials of w and vy);

(6) an odd set of codegree d products of the top monomial of u;, codegree g;
monomials of x; that are products of the top monomial of w with a codegree
g; monomial of 7, with codegrees m; monomials of u,, for some positive set of
pairs (q;, m;) that satisfy ¢; +m; = d, such that the product of each codegree
g; monomial of ¢t with a codegree m; monomial of u, is equal to ug;

(7) an odd set of codegree d products of codegree f; monomials of u| and codegree
gi monomials of x; with the top monomial of u,, for some positive pairs ( f;, g;)
that satisfy f; +g; =d, such that the monomial of x; is a product of a codegree
gi monomial of w with the top monomial of ¢, and the product of each codegree
fi monomial of u; with a codegree g; monomial of x; is equal to u?wo (the
product of the top monomials of #; and w);

(8) an odd set of codegree d products of codegree i ; monomials of vy and codegree
k; monomials of x; that are products of a codegree k; monomial of s with
the top monomial of w, with the top monomial of v,, for some positive pairs
(hj, kj) that satisfy h; + k; = d, such that the product of each codegree 4 ;
monomial of v; with a codegree k; monomial of s is equal to v?.

First note that (3) exists if and only if (4) exists and they cancel each other. If
(3) and (4) are the only existing possibilities, we add a codegree d monomial to w,
which is the codegree d prefix or suffix of the top monomial of w. Also note that
if cases (1) or (2) exist, codegree d monomials that already appear in u; or v, are
added to them. Suppose that only two of the possibilities (1), (2) and (5)—(8) exist,
possibly in addition to (3) and (4). We go over the various alternatives:
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(1) If only (1) and (2) exist, we add the constant element 1 to s and ¢, and the
codegree d prefix of wy to w, where wy is the top monomial of w. If (3) and
(4) exists as well, we only add 1 to s and ¢.

(i1) If only (5) and (6) exist, we just add 1 to ¢. If (3) and (4) exist as well, we
add the codegree d prefix of wg to w. The case in which only (7) and (8)
exist is identical.

(iii) If only (5) and (8) exist, we add 1 to s and the codegree d prefix of wg to w.
If (3) and (4) exist as well, we only add 1 to s. The case in which only (6)
and (7) exist is treated identically.

(iv) If only (5) and (7) exist, we add the codegree d prefix of wy to w. If (3) and
(4) exist as well, we do not add anything to any of the variables.

(v) If only (6) and (8) exist, we add 1 to s and ¢ and the codegree d prefix of wy
to w. If (3) and (4) exist as well, we only add 1 to s and ¢.

(vi) If only (1) and (8) exist, we add 1 to s and the codegree d prefix of wg to w.
If (3) and (4) exist as well, we only add 1 to s.

(vii) If only (1) and (7) exist, we do the same as in (v), adding 1 to s and the
codegree d prefix of wg to w. If (3) and (4) exist as well, we only add 1 to s.

(viii) If only (1) and (6) exist, we add 1 to s and ¢, and the codegree d prefix of wg
to w. If (3) and (4) exist as well, we only add 1 to s and ¢.

(ix) If only (1) and (5) exist, we add 1 to s and the codegree d prefix of wg to w.
If (3) and (4) exist as well, we only add 1 to s.

The cases in which only case (2) and one of the cases (5)—(8) exist are treated
according to cases (vi)—(ix). Suppose that exactly four of the cases (1), (2) and
(5)—(8) exist, possibly in addition to (3) and (4). We go over the alternatives:

(1) If only (1), (2), (5) and (6) exist, we add 1 to s and the codegree d prefix of
wo to w. If (3) and (4) exist as well, we just add 1 to s. The case in which
only (1), (2), (7) and (8) exist is identical.

@ii) If only (1), (2), (5) and (8) exist, we add 1 to ¢. If (3) and (4) exist as well,
we add 1 to 7 and the codegree d prefix of wy to w. The case in which only
(1), (2), (6) and (7) exist is identical.

(iii) If only (1), (2), (5) and (7) exist, we add 1 to s and ¢. If (3) and (4) exist as
well, we add 1 to s and ¢ and the codegree d prefix of wg to w.

(iv) If only (1), (2), (6) and (8) exist, we do not change any of the variables. If
(3) and (4) exist as well, we add the codegree d prefix of wy to w.

(v) If only (5), (6), (7) and (8) exist, we add 1 to s and ¢. If (3) and (4) exist as
well, we add 1 to s and ¢ and the codegree d prefix of wg to w.
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(vi) If only (1), (5), (6) and (7) exist, we add 1 to s and 7. If (3) and (4) exist as
well, we add 1 to s and ¢ and the codegree d prefix of wg to w.

(vii) If only (1), (5), (6) and (8) exist, we add 1 to ¢. If (3) and (4) exist as well,
we add 1 to ¢ and the codegree d prefix of wg to w.

(viii) If only (1), (5), (7) and (8) exist, we add the codegree d prefix of wg to w. If
(3) and (4) exist as well, we do not add anything to any of the variables.

(ix) If only (1), (6), (7) and (8) exist, we add 1 to ¢ and the codegree d prefix of
wo to w. If (3) and (4) exist as well, we just add 1 to 7.

The cases in which only case (2) and three of the cases (5)—(8) exist are treated
according to cases (vi)—(ix). Suppose that cases (1), (2) and (5)—(8) exist. In that
case we add the codegree d prefix of wg to w. If cases (3) and (4) exist as well, we
do not add anything to any of the variables.

This completes the analysis of codegree d products. We continue with the
analysis of codegree d 41 products. First, as in analyzing smaller codegree products,
codegree d + 1 products that are products of smaller codegree monomials of u;, v;,
s, t, w, that correspond to products of smaller degree monomials of u;, v; and x;
from the two sides of the equation, cancel in pairs.

Lemma 4.5. Suppose that a codegree d + 1 product is a product of the top monomi-
als of uy and w, and monomials of codegree q of t and codegree m of uy, such that
qg>0,m>0andq+m=d+1. Such a codegree d + 1 product cannot be

(1) a product of the top monomial of v, a codegree e monomial of x; and a
codegree f monomial of vy, for e > 0 and f > 0, that satisfye+ f =d + 1,
and the codegree f monomial of vy is a product of a codegree f monomial of
t with the top monomial ug of uy;

(2) a product of the top monomial of u1, a codegree d + 1 monomial of x| and the
top monomial of us.

Proof. If such a codegree d + 1 product can be presented as a product in the forms
(1) or (2), ug has a prefix which is a suffix of #y. Hence, vg has nontrivial periodicity
that contradicts our assumptions. (|

Suppose that a codegree d 4 1 product can be presented as a product of the top
monomials of #; and w, and monomials of codegrees g; of t and codegree m; of u;,
such that ¢; > 0, m; > 0 and g; +m; = d + 1, and there are an odd number of such
pairs (g;, m;).

By Lemma 4.5, the same codegree d + 1 product is the product of the top
monomial of vy, the top monomial of x; and a codegree d 4+ 1 monomial of v;.

Furthermore, by the same argument that was used in the proof of Lemma 4.5, if
a codegree d + 1 product is the product of the top monomials of v; and x| and a
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codegree d + 1 monomial of v,, then it must be the product of an odd number of
products of the top monomials of #; and w, and monomials of codegrees ¢g; of ¢
and codegrees m; of up, such that ¢; >0, m; >0 and g; + m; =d + 1.

Lemma 4.6. Suppose that a codegree d 4 1 product can be presented in an odd
number of ways as products of the top monomial of vy, a codegree e; monomial
of x1, which is the product of the top monomial of s with a codegree e ; monomial
of w, and a codegree f; monomial of v, for positive ej and fj and ej+ f; =d +1,
and the codegree f; monomials of vy are products of codegree f; monomials of t
with the top monomial ug of us.

(1) Suppose that this codegree d + 1 product cannot be presented in an odd number
of ways as products of a codegree g; monomial of uy, and a codegree h
monomial of x1 with the top monomial of uz, where the codegree h ; monomial
of x1 is a codegree h j monomial of w with the top monomial of t, for positive
gjand hj and g; + h; = d + 1, and the codegree g; monomials of u; are
products of v(l) with codegree g; monomials of t.

Then the same codegree d + 1 product is either the product of the top
monomial of u, a codegree d + 1 monomial of x1, and the top monomial of u;,
or the product of the top monomial of v1, a codegree d + 1 monomial of x| and
the top monomial of vy, and exactly one of the two occurs.

(2) Suppose that this codegree d 4+ 1 product can be presented in an odd number
of ways as products of a codegree g; monomial of uy, and a codegree h;
monomial of x| with the top monomial of u», and the codegree h; monomial of
X1 is a codegree h j monomial of w with the top monomial of t, for positive g ;
and hj and g;j+h; =d+1, and the codegree g; monomials of uy are products
of v(l) with codegree g ; monomials of t.

Then either the same codegree d + 1 product is both the product of the top
monomial of uy, a codegree d + 1 monomial of x1, and the top monomial of us,
and the product of the top monomial of vy, a codegree d + 1 monomial of x|
and the top monomial of vo, or none of these two possibilities occur.

Proof. Such a codegree d + 1 product does not cancel only with the product of
monomials of codegree less than d of u;, v; and x|, from the two sides of the
equation. By Lemma 4.5 such codegree d + 1 products cannot be equal to the
following products:

(1) top degree monomials of #; and w with monomials of ¢ and u;;
(2) top degree monomials of v; and x; and a codegree d + 1 monomial of v;
(3) monomials of v; and s with top degree monomials of w and vy;

(4) codegree d + 1 monomials of 1| with top degree monomials of x; and of u,.
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Therefore, such a codegree d + 1 product must be equal to an odd number of
products in the forms that are listed in the statement of the lemma. U

Lemmas 4.5 and 4.6 enable us to treat codegree d + 1 products in a similar way
to the analysis of codegree r products for r < d.

Suppose that a codegree d + 1 product is obtained in an odd number of ways as
the product of the top monomials of u; and x; with a codegree ¢; monomial of 7,
and a codegree m; monomial of u,, such that ¢; >0, m; >0 and g; + m; =d + 1.
By Lemma 4.5, such a product must be equal to a product of the top monomials of
vy and x; and a codegree d + 1 monomial of v,.

An analogous conclusion holds if a codegree d + 1 product is obtained in an odd
number of ways as the product of a codegree m; monomial of v; with a codegree ¢;
of s with the top monomials of x; and vy, such that g; >0, m; >0 and g;+m; =d+1.

Suppose that a codegree d 4 1 product can be presented in an odd number of
ways as products of the top monomial of vy, a codegree e; monomial of x;, which
is the product of the top monomial of s with a codegree ¢; monomial of w, and a
codegree f; monomial of vy, for positive e; and f; and e; + p; =d + 1, and the
codegree f; monomials of v, are products of codegree f; monomials of 7 with the
top monomial ug of us.

Suppose that this codegree d + 1 product cannot be presented in an odd number
of ways as products of a codegree g; monomial of u1, and a codegree / ; monomial
of x1, which is a codegree #; monomial of w with the top monomial of ¢, for
positive g; and i; and g; +h; =d + 1, and the codegree g; monomials of u are
products of v? with codegree g; monomials of 7.

If the same codegree d 4 1 product is the product of the top monomial of u,
a codegree d + 1 monomial of x;, and the top monomial of u,, we do not add
anything. If it is the product of the top monomial of vy, a codegree d + 1 monomial
of x; and the top monomial of v,, we add a codegree d + 1 monomial to w.

Suppose that this codegree d 4+ 1 product can be presented in an odd number of
ways as products of a codegree g; monomial of u, and a codegree /& ; monomial
of x1, which is a codegree #; monomial of w with the top monomial of ¢, for
positive g; and h; and g; +h; =d + 1, and the codegree g; monomials of u are
products of v? with codegree g; monomials of 7.

If the same codegree d 4 1 product is both the product of the top monomial of u,
a codegree d + 1 monomial of x;, and the top monomial of u,, and the product of
the top monomial of vy, a codegree d + 1 monomial of x; and the top monomial
of vy, then we do not add anything. If none of these two possibilities occur, we add
a codegree d + 1 monomial to w (by Lemma 4.6 either both or none occur).

Suppose that a codegree d + 1 product can be presented only as the product of
the top monomial of u1, a codegree d + 1 monomial of x; and the top monomial
of u,, and as the product of the top monomial of vy, a codegree d + 1 monomial
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of x, and the top monomial of v,. In that case we add a codegree d 4+ 1 monomial
to w.

This concludes the analysis of codegree d 4 1 products. The analysis of codegree
d+r products, r < d, is identical to the analysis of codegree d + 1 products. Hence,
we (possibly) finally add codegree d + r monomials to w, and the existing codegree
d + r monomials to u; and v; for 1 <r < d, and do not change s and ¢, such that

(i) u; = vys mod Glegw)—2d
(ii) vy = tup mod Gleew)—2d

(iii) x; = sw = wt mod Gdeex)—2d

In analyzing codegree 2d products, as in analyzing codegree d products, there are
special codegree 2d monomials that we need to single out and treat separately, as
they may involve cancellations between codegree 2d products that contain codegree
d or 2d monomials of u| or v; and those that contain codegree d or 2d monomials
of up or v;.

As in analyzing smaller codegree products, note that codegree 2d products that
are products of smaller codegree monomials of the u;, v;, s, w and ¢, and correspond
to smaller codegree monomials of u;, v; and x; from the two sides of the equation
cancel in pairs.

As in analyzing codegree d products, we continue by analyzing codegree 2d
products that are products of top degree monomials of #; and w, codegree g;
monomials of ¢ and codegree m; monomials of u,, such that g; +m; = 2d, there
are an odd number of such pairs (g;, m;), and the product of these monomials of ¢
and u» is not equal to a codegree d suffix of ug, the top monomial of u, (which is
a codegree 2d suffix of v%, the top monomial of v;). Such codegree 2d products
must cancel with the product of the top monomials of v; and x; and a codegree
2d monomial of v,. In this case we only add the already existing codegree 2d
monomial to v;.

Similarly, we analyze codegree 2d products that are obtained in an odd number
of ways as the product of the top monomials of v; and sy, a codegree e¢; monomial
of w and a codegree p; monomial of v, such that the product of a codegree e;
monomial of w and a codegree p; monomial of v, does not have a suffix which is
the codegree d suffix of ug. We analyze codegree 2d products that contain similar
monomials of vy, #; and x; in a similar way.

Suppose that a codegree 2d product is obtained in an odd number of ways as
the product of the top monomials of u; and x1, a codegree ¢; monomial of # and a
codegree m; monomial of u, such that ¢; and m; are positive and g; +m; = 2d, and
the product of the monomial of # and the monomial of u5 is a codegree d monomial
of ug.
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Because we assumed that the coefficients do not have any periodicity, such a
codegree 2d product must cancel with either a product of the top monomials of u
and x; and a codegree 2d monomial of u5, or a product of the top monomials of v,
and x; and a codegree 2d monomial of v,. In both of these cases we only add the
already existing codegree 2d monomials to u, or v;.

If x; contains a monomial that is equal to the 2d prefix (or suffix) of x?, then the
codegree 2d product that contains the top monomials of the u; and this codegree
2d monomial of x; cancels with the codegree 2d product of the top monomials of
the v; with that codegree 2d monomial of x;.

As in analyzing codegree d products, we continue by analyzing canceling pairs
of codegree 2d products that are products of top monomials of v;, u; and x;, with
one codegree 2d monomials of these elements, such that this codegree 2d monomial
of u; is not the codegree d prefix of v?, the codegree 2d monomial of x; is not the
codegree d prefix (or suffix) of wg, and the codegree 2d monomial of v, is not the
codegree d suffix of ug. These codegree 2d products are analyzed in the same way
they were analyzed for smaller codegree products.

We are left with codegree 2d products that are either

(1) a product of the top monomial of u; with a codegree 2d monomial of x; that
is equal to a codegree d prefix (or suffix) of the top monomial of w with the
top monomial of u;;

(2) aproduct of the top monomial of v with a codegree 2d monomial of x; that is
equal to the codegree d prefix of the top monomial of w with the top monomial
of vy;

(3) an odd set of codegree 2d products of the top monomial of vy, codegree ¢
monomial of x; and codegree p; monomial of v, for some positive pairs
(ej, pj) that satisfy e; + p; = 2d, such that the codegree ¢; monomial of x; is
the product of the top monomial of s with a codegree e; monomial of w, and
the product of each codegree e; monomial of x; with a codegree p; monomial
of v; is equal to the product of a codegree d prefix of wg with vg ;

(4) an odd set of codegree 2d products of codegree f; monomials of u; and
codegree g; monomials of x; with the top monomial of u,, for some positive
pairs (f;, g;) that satisfy f; 4+ g; = 2d, such that the codegree g; monomial
of x; is the product of a codegree g; monomial of w with the top monomial
of ¢, and the product of each codegree f; monomial of | with a codegree g;
monomial of x; is equal to the product of ”(1) with the codegree d prefix of wy.

Note that (1) exists if and only if (2) exists and they cancel each other. If (1) and
(2) are the only existing possibilities, we add a codegree 2d monomial to w, which
is the codegree d prefix or suffix of the top monomial of w.
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If only possibilities (3) and (4) exist, we add the codegree 2d prefix of wg to w.
If (1)-(4) do all exist, w remains unchanged.

This completes the analysis of codegree 2d products. Codegree 2d + r products,
for 1 <r < d, are treated in the same way we treated codegree d + r products.
Codegree 3d products are treated in the same we treated 2d products, and so
on. Finally, in case d = deg(u;) — deg(v;) = deg(v,) — deg(u;), we obtained the
conclusion of the theorem.

Suppose that d = min(deg(v;), deg(u,), deg(u) — deg(vy)) = deg(vy). In that
case we continue the analysis of codegree r homogeneous parts in u;, v; and x1,
d <r <deg(u;) —deg(vy), precisely as we analyzed the codegree r homogeneous
parts for 1 <r <d — 1. For r = deg(u;) — deg(v;), we use the same analy-
sis that we apply for codegree d products in case d = deg(u;) — deg(v;). For
r > deg(u;) —deg(v;), we continue the analysis of codegree r homogeneous parts
according to the analysis of codegree higher than d in case d = deg(u;) — deg(v).
The analysis in the case d = min(deg(v;), deg(uy), deg(u;) — deg(vy)) = deg(usy)
is identical. (]

Theorem 4.4 reduces the analysis of solutions to the equation uxu; = vixvo
to the equation xt = sx, in case the equation u;xuy = vixv; has a long enough
solution, and the coefficients have no periodicity. The same techniques allow one
to reduce a general equation with one variable, in case the coefficients have no
periodicity.

Theorem 4.7. Let FA be the free associative algebra over GF; that is freely gen-
erated by k elements. Let uy,...,u,,vy,...,v, € FA and suppose that the top
homogeneous parts of u; and v; are monomials with no periodicity, and that for at
least one index i, 1 <i <n, u; # v;. Suppose that the equation

UTXUQXUS - Uy 1 XUy = VIXV2XVS - - Vy_1XVy

has a solution x; of degree bigger than 2(deg(u) + - - - + deg(u,))>.
By Section 1, the top homogeneous part of the solution x| has to be a monomial x?,
and x? has to satisfy an equation in a free semigroup

WX UGN -y Xty = VR 0TS U x]),

where u? and v? are the top monomials in u; and v;. Every solution of this equation
is semiperiodic, i.e., has to be of the form rowg', where length(rg) < length(wp)
and wy is primitive. We say that wy is the period of xy, and we further assume that
length(wg) > 1.

Suppose further that deg(u;), deg(v;) > length(wg) for everyi =1, ..., n, and
that the period of the top monomial of x| contains no periodicity, and that in
addition the top monomials from the two sides of the equation that are obtained
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from the two sides of the equation after substituting the solution x|, contain no
periodicity except the one in the top monomial of x| (this translates to a condition
on the coefficients u; and v;, 1 <i <n, in the equation).

Then there exist some elements s, t € FA, deg(s) = deg(¢) < maxdeg(u;), such
that

(1) every solution of the equation sx = xt is a solution of the given equation;

(2) every solution x; of the given equation that satisfies
deg(x2) > 2(2 + k*ED+2) 4 2(deg(uy) + - - - + deg(u,))?

is a solution of the equation sx = xt.

Proof. Let x| be a solution of the given equation that satisfies
deg(x1) > 2(deg(u1) + - - - + deg(un)).

We start by looking at the top homogeneous part of x|, which we denote x?. Clearly
x? satisfies the homogeneous equation

U000 -t 00 = 0x000x000 . 0 030,
where u? and v? are the top monomials in u; and v;.

We start the analysis of the given equation under the assumption that there exists
an index i for which deg(u;) # deg(v;). In that case there is a shift between the
appearances of some of the (homogeneous) elements x? in the two sides of the
(homogeneous) equation. Let i; be the first index i for which deg(u;) # deg(v;).
The next appearances of x? in the two sides of the equation must have a shift of
|deg(u;,) —deg(v;,)|. Since the top homogeneous parts of u; and v; are monomials,
it follows that the top homogeneous part of x; is a monomial as well. We keep the
notation x? for the top monomial of x.

Let d be the minimum positive shift between pairs of appearances of x? in the
top degree equation. Then x1 = eo(19)? = (s0)? fo, for some elements 7y, sg in the
semigroup generated by the free generators aj, . .., a; of the algebra FA. Note that
deg(sg) = deg(ty) = d, eg is a prefix of 5o and suffix of 7y and fy is a suffix of 7y
and prefix of sy. Since the top monomial u? and v? have no periodicity, fy and sg
have no periodicity as well.

Since we assumed that the length of x? is bigger than the sum of the lengths of the
degrees deg(u;), an appearance of x? in the product that is associated with the top
monomial in the left side of the equation overlaps with the corresponding appearance
of x? in the right side of the equation, and may overlap with the previous or the
next appearance of x? of the right side of the equation as well. Our assumptions
that deg(u;), deg(v;) > d together with the assumption that the coefficients have no
periodicity imply that an appearance of x? in the product that is associated with the
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top monomial in one side of the equation may overlap only with the corresponding
appearance of x? in the other side of the equation (and not with the previous or the
next one).

Let1 <i; <---<i; <n—1 be the indices for which there is a (nontrivial) shift
between the appearances of x? in the two sides of the equation. Let 1 < j; <--- <
Jn—1—¢ < n —1 be the complementary indices, i.e., those indices for which there is
no shift between the corresponding appearances of the monomials x? in the two
sides of the equation.

We start by analyzing the codegree 1 monomials in the products that are associated
with the two sides of the equation. We further assumed that the length of the period
in x?, i.e., d = |deg(u;,) —deg(v;,)| > 1. Note that any codegree 1 monomial in
the two products is a product of top monomials with a single codegree 1 monomial
from one of the u;, v; or one of the appearances of x;.

Suppose that i; > 1. Then x? is quasiperiodic (or rather a fractional power), its
period is of length at least 2 and x? contains at least 2 periods. Hence, a codegree 1
product that contains a codegree 1 monomial of #; can cancel with either a codegree
1 product that contains a codegree 1 monomial in v; or a codegree 1 product that
contains a codegree 1 monomial in the first appearance of x;.

If the two canceling codegree 1 products contain codegree monomials of u
and vy, then these two codegree 1 monomials must be equal. Otherwise, the
codegree 1 product that contains a codegree 1 monomial of u; cancels with a
codegree 1 product that contains a codegree 1 monomial of the first appearance
of x;. Now, this last codegree 1 monomial appears in the other side of the equation
as well, and it can cancel only with a codegree 1 product that contains a codegree 1
monomial of v; that must be identical to the codegree 1 monomial of u; that we
started with. Therefore, the codegree 1 homogeneous parts of vy and u; are equal.
Continuing with the same argument iteratively, the codegree 1 homogeneous parts
of the elements u; and v; are equal for all i < i; and i > i,.

Let j; be one of the indices for which there is no shift between the corresponding
appearances of x? in the two sides of the equation. We look at the codegree 1
products in the two sides of the equation. Each such codegree 1 product is a product
of a single codegree 1 monomial from a single appearance of x? or exactly one
of the coefficients u; or v;, with top degree monomials. Note that the codegree 1
products that involve codegree 1 monomials of the j; appearance of x; in the two
sides of the equation (and top degree monomials from all the coefficients and the
other appearances of x1), are precisely the same codegree 1 products in the two
sides of the equation. Hence, these do cancel. All the other codegree 1 products
in the two sides of the equation contain x? in the j; appearance of x;. Since x? is
periodic, and the length of the period is bigger than 1, a codegree 1 product that
includes a codegree 1 monomial to the left of the j; appearance of x; cannot be
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equal to a codegree 1 product that contains a codegree 1 monomial to the right of
the j; appearance of x;.

Therefore, the left codegree 1 products (with respect to the j; appearance of x;)
from the two sides of the equation have to cancel and the right codegree 1 products
have to cancel as well. In particular, if for some index i, both the i — 1 and the i
appearances of x; in the two sides of the equation have no shift, then «; and v; have
the same codegree 1 homogeneous parts.

At this point we need to examine the appearances of the variables x; in which
there is a shift between the two sides of the equation, i.e., in places iy, ..., i¢, and
the coefficients u; and v; that are connected to these appearances. To do that we
break the appearances of the variables x;, and the coefficients u;, v; in the two sides
of the equations into regions (or intervals).

We look at the top monomial in the two sides of the equation. For each index
i we add a breakpoint at the left point of the pair u;, v;, and to the right of that
pair. We denote the variable that is associated with the region (interval) between
the right point of the pair u;, v; and the left point of the pair u; 1, vi+1 by w;. The
top monomial of w; is a prefix or a suffix of the top monomial x? of x;. We denote
by g; the variable that is associated with the region between w;_; and w;. Note that
the region that is associated with ¢; contains the support of u; and v;. If the region
that is associated with g; contains the right part of the i — 1 appearance of x|, we
denote the variable that is associated with that right part by #;_;. If it contains the
left part of the i appearance of x|, we denote the variable that is associated with
that left part by s;.

As in our previous arguments, we intend to break the solution x;, so that
X1 = s;w; = w;t;, whenever the variables w;, s;, t; are defined and in appropriate
abelian (quotient) groups. Furthermore, each of the elements g; can be broken ac-
cording to the two sides of the equation. Hence, we intend to show that g; =, _u;s;,
or q; = ti_1u;, Or g; = u;s;, or ¢; = u;, and correspondingly for the elements v;
(instead of the u;), depending on the way the elements g; are broken in the two
sides of the equation.

Because of the periodicity of x?, and since we assume that the length of the
period of x? is bigger than 1, a codegree 1 product that contains a codegree 1
monomial of v; cannot cancel with a codegree 1 product that contains a codegree 1
monomial in v; or u; for i # i’, and likewise for the u;.

Suppose that g; = v; = t;_ju;s; for the top monomials. In that case two codegree
1 products that contain codegree 1 monomials of the i — 1 and i appearances of x;
that are both from the v; side, or both from the u; side, cannot cancel. Furthermore,
two codegree 1 products that cancel and belong to the two sides of the equation
cannot contain codegree 1 monomials from both appearances i — 1 and i of x;.
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Hence, in that case a pair of canceling codegree 1 products may be either

(1) codegree 1 monomials of the same appearance of x| from the two sides of the
equation;

(2) acodegree 1 monomial of either the i or i — 1 appearance of x; for one product,
and a codegree 1 monomial of u; for the second product;

(3) acodegree 1 monomial of either the i or i — 1 appearance of x; for one product,
and a codegree 1 monomial of v; for the second product;

(4) acodegree 1 monomial of u; in one product, and a codegree 1 monomial of v;
in the second product.

If case (1) occurs we add a codegree 1 monomial to w; or w;_; (depending on
the appearance of x). In case (2) we add a codegree 1 monomial to ¢;_; or s;, and
the existing one to u;. In case (3) we add the existing codegree 1 monomial to v;
and a codegree 1 monomial to #;_; or s; (depending on the appearance of x;). In
case (4) we add only the existing codegree 1 monomials to v; and u;.

Suppose that ¢; = t;_jv; = u;s; for the top monomials. Two codegree 1 products
that contain codegree 1 monomials of the i — 1 and i appearances of x; from the
same side of the equation cannot be equal. Furthermore, a codegree 1 product that
contains a codegree 1 monomial of the i — 1 appearance of x; in the u; side cannot
cancel with a codegree 1 product that contains a codegree 1 monomial in the i
appearance of x; from the v; side. Since we assumed that deg(u;), deg(v;) > d, and
the coefficients have no periodicity, a codegree 1 product that contains a codegree 1
monomial of the i — 1 appearance of x; in the v; side cannot cancel with a codegree
1 product that contains a codegree 1 monomial in the i appearance of x; from the
u; side.

Like in the case ¢; = v; = t;_1u;s;, in that case a pair of canceling codegree 1
products may be either

(1) codegree 1 monomials of the same appearance of x; from the two sides of the
equation;

(2) acodegree 1 monomial of either the i or i — 1 appearance of x; for one product,
and a codegree 1 monomial of u; for the second product;

(3) acodegree 1 monomial of either the i or i — 1 appearance of x; for one product,
and a codegree 1 monomial of v; for the second product;

(4) acodegree 1 monomial of u; in one product, and a codegree 1 monomial of v;
in the second product.

If case (1) occurs we add a codegree 1 monomial to w; or w;_; (depending on the
appearance of x;). In case (2), if a codegree 1 of the i — 1 appearance of x; is part
of the canceling pair, we add a codegree 1 monomial to w;_; (only if the codegree 1
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product is from the u; side of the equation), a codegree 1 monomial to #;,_1, and the
existing codegree 1 monomial to ;. If a codegree 1 of the i appearance of x| is
part of the cancelling pair, we add a codegree 1 monomial to s;, and the existing
codegree 1 monomial to ;. In case (3) we do the equivalent additions for v;, w;,
t;—1 and s;. In case (4) we just add the codegree 1 existing monomials to u; and v;.

So far we have constructed elements w;, t; and s; such that the equations x| = w;t;,
X1 =S;W;, gi =U;s; Or q; =t;_1u;, or g; =t;_1u;s; or g; =u; (and correspondingly
for the v;) hold for products of codegree at most 1. We continue by analyzing
products of codegree r, r < d, assuming that we analyzed all the products of smaller
codegree, constructed the elements w;, s; and #;, and they satisfy the last equations
for products of codegree at most r — 1.

We analyze codegree r products in a similar way to their analysis in the proof of
Theorem 4.4. First, note that if a codegree r product is a product of monomials of
u;, v;, i, t; and w; that correspond to products of monomials of codegree smaller
than r of u;, v; and all the appearances of x; from the two sides of the equation,
then such codegree r products cancel in pairs.

Let i be an index for which deg(u;) = deg(v;), and there is no shift between the
i — 1 and i appearances of x;. By our analysis of codegree 1 monomials, the top
monomials, and the codegree 1 homogeneous parts of u; and v; are identical. Code-
gree r products from one side of the equation that contain codegree r monomials
of the i or i — 1 appearances of x; cancel with corresponding codegree r products
from the other side of the equation. Hence, a codegree r product that contains a
codegree r monomial of u; can cancel only with a codegree r product that contains
a codegree r monomial of v;. Therefore, the codegree » homogeneous part of u; is
identical to the codegree r homogeneous part of v;. Furthermore, for the purpose
of analyzing codegree r products, the given equation can be broken into finitely
many equations by taking out such pairs of coefficients u;, v;, and the appearances
of the solution x; that are adjacent to them.

Suppose that for some index i there is no shift between the appearances of
x1 in the two sides of the equation. In that case codegree r products that contain
codegree r monomials of the i appearance of x| from one side of the equation cancel
with codegree r products that contain codegree r monomials of that i appearance
of x; from the other side of the equation. Hence, for the purpose of analyzing
codegree r products, the given equation breaks into several equations, by taking
out all the appearances of x; that have no shift. Therefore, for the continuation of
the analysis of codegree r products, we may assume that there are no appearances
of x; with no shift.

Since we assumed that the equation does not contain appearances of x; in the
two sides of the equation with no shift between them, the analysis of codegree r
products that contain positive codegree monomials of either u# or vy, or positive
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codegree monomials of either u, or vy, is identical to the analysis of codegree r
monomials in Theorem 4.4, i.e., in the equation u;xu; = v;xv;. Hence, we only
need to analyze codegree r products that contain positive codegree monomials from
some element ¢; = u;s; = t;—1v; or from an element g; = t;_1u;s; = v;.

Let ¢; = u;s; = t;—1v;. Since u; and v; have no periodicity, a codegree r product
that contains a codegree r monomial of x; in its i — 1 appearance cannot cancel
with a codegree r from the same side of the equation that contains a codegree r
monomial of x; in its i appearance. Furthermore, a codegree r product that contains
a codegree r monomial of x{ in its i — 1 appearance from the u; side of the equation,
cannot cancel with a codegree r product that contains a codegree r monomial of x|
in its i appearance from the v; side of the equation.

Suppose that a codegree r product can be expressed as products of codegree ¢
monomials of #;_; and codegree m; monomials of v; with top monomials of the
other elements in the v; side of the equation such that g; > 0 and m is positive
and g; +m; =r, in an odd number of ways. Such codegree r products can cancel
with either

(1) an odd number of products of codegree f; monomials of u; and codegree g;
monomials of s; with top monomials of the other elements in the u; side of
the equation, such that g; > 0 and f; is positive and f; +g; =r;

(2) a product of a codegree r monomial of x; in its i — 1 appearance with other
top monomials in the v; side of the equation;

(3) a product of a codegree r monomial of x; in its i appearance with other top
monomials in the v; side of the equation;

(4) a product of a codegree r monomial of x; in its i — 1 appearance with other
top monomials in the u; side of the equation;

(5) a product of a codegree r monomial of x; in its i appearance with other top
monomials in the u; side of the equation;

(6) an odd number of products of a codegree b; monomial of w;_; with a codegree
a; monomial of #;_; for positive a;, b;, aj +b; = r, with top monomials of
the other elements from the v; side;

(7) an odd number of products of a codegree ¢; monomial of w; with a codegree
h; monomial of s; for positive ¢, hj, c; +h; = r, with top monomials of the
other elements from the u; side.

If only case (1) occurs we don’t add anything to any of the elements except
the existing codegree » monomials of u; and v;. If only case (2) occurs we add a
codegree r monomial to #;,_1. If only case (3) occurs we add a codegree r monomial
to w; and a codegree r monomial to s;. If only case (4) occurs we add a codegree
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r monomial to w;_; and to #;_;. If only case (5) occurs we add a codegree r
monomial to s;.

Cases (2) and (3) cannot occur together, nor cases (4) and (5), nor cases (3)
and (4). If only cases (1), (2) and (4) occur, we add a codegree r monomial to w;_;.
If only cases (1), (2) and (5) occur, we add codegree r monomials to #;_; and s;. If
only (1), (3) and (5) occur, we add a codegree r monomial to w;.

We still need to treat cases (6) and (7). Note that the existence of these cases
means that codegree r products, which were supposed to exist given the smaller
codegree monomials of the various elements, may or may not exist, depending on
the existence of codegree r monomials in the various appearances of the element x;.
Also, note that case (6) cannot occur with case (3), and case (7) cannot occur with
case (4).

If only case (6) appears, we add a codegree r monomial to ¢;_;. If only case (7)
appears we add a codegree r monomial to s;. If only cases (1), (2) and (6) appear,
we do not add anything. If only cases (1), (2) and (7) appear, we add a codegree r
monomial to #;_; and to s;. If only (1), (3) and (7) appear, we do not add anything.
If only (1), (4) and (6) appear, we add a codegree » monomial to w;_;. If only (1),
(5) and (6) appear, we add codegree » monomials to #;_; and to s;. If only (1), (5)
and (7) appear, we don’t add anything.

If only (2), (4) and (6) appear, we add codegree r monomials to w;_; and to #;_;.
If only (2), (5) and (6) appear, we add a codegree r monomial to s;. If only (2),
(5) and (7) appear, we add a codegree r monomial to #;_;. If only (3), (5) and (7)
appear, we add codegree r monomials to w; and to s;.

If only (1), (6) and (7) appear, we add codegree r monomials to #;_; and to s;. If
only (2), (6) and (7) appear, we add a codegree » monomial to s;. If only (5), (6)
and (7) appear, we add a codegree r monomial to ¢;_;. If only (1), (2), (5), (6) and
(7) appear, we do not add anything.

The case in which the codegree r product is a product of case (1) is dealt with in
a symmetric way. Hence, suppose that the codegree r product is not a product of
case (1) and cannot be expressed in an odd number of ways as products of codegree
g; monomials of #;_; and codegree m ; monomials of v; with top monomials of the
other elements in the v; side of the equation, such that g; > 0 and m  is positive
andg; +m; =r.

If only (2) and (4) appear, we add a codegree r monomial to w;_;. If only (2)
and (5) appear, we add codegree r monomials to #;_; and s;. If only (2) and (6)
appear, we do not add anything. If only (2) and (7) appear, we add codegree r
monomials to #;_; and s;. If only (3) and (5) appear, we add a codegree r monomial
to w;. If only (3) and (7) appear, we add a codegree r monomial to w;. If only (4)
and (6) appear, we add a codegree r monomial to w;_;. If only (5) and (6) appear,
we add codegree r monomials to #;_; and s;. If only (5) and (7) appear, we do not



NONCOMMUTATIVE ALGEBRAIC GEOMETRY, I 771

add anything. If only (6) and (7) appear, we add codegree r monomials to #;_
and s;. Finally, if (2), (5), (6) and (7) appear, we do not add anything.

As in the proof of Theorem 4.4, it can still be that a codegree r product is of
type (7) and can also be presented in an odd number of ways as products of a
codegree b; monomial of w; with a codegree a; monomial of #; for positive a;, b,
aj+b; =r, with top monomials of the other elements from the v; side.

In that case it can either be presented only in these two forms or also in both
forms (3) and (5). If it can be presented in forms (3) and (5) we do not add anything.
If it cannot we add a codegree r monomial to w;.

This concludes the construction of the elements s;, #;, w; for codegree r products
that involve ¢; = u;s; = t;_1v;. Suppose that g; = v; = t;_1u;s;. Since u; and v;
have no periodicity, a codegree r product that contains a codegree » monomial of
x1 inits i — 1 appearance cannot cancel with a codegree r product that contains a
codegree r monomial of x; in its i appearance.

Suppose that a codegree r product can be expressed as products of codegree ¢
monomials of #;_, codegree m ; monomials of u; and codegree p; monomials of
s; with top monomials of the other elements in the u; side of the equation, such
that g;,m;, p; > 0, eitherm; >0org;, pj >0,and g; +m; + p; =r, in an odd
number of ways. Such codegree r products can cancel with either

(1) aproduct of a codegree r monomial of v; with other top monomials;

(2) aproduct of a codegree r monomial of x| in its i — 1 appearance with other
top monomials in the u; side of the equation;

(3) aproduct of a codegree r monomial of x| in its i appearance with other top
monomials in the u; side of the equation;

(4) a product of a codegree r monomial of x; in its i — 1 appearance with other
top monomials in the v; side of the equation;

(5) a product of a codegree r monomial of x; in its i appearance with other top
monomials in the v; side of the equation;

(6) an odd number of products of a codegree b; monomial of w; _; with a codegree
aj monomial of #;_ for positive a;, b;, a; +b; = r, with top monomials of
the other elements from the u; side;

(7) an odd number of products of a codegree ¢; monomial of w; with a codegree
h; monomial of s; for positive ¢, h;, cj +h; =r, with top monomials of the
other elements from the u; side.

According to the various cases, we add monomials to the variables ¢;, s;, w;, in
a similar way to what we did in case ¢; = u;s; = t;—v;. If only case (1) occurs we
don’t add anything to any of the elements except the existing codegree r monomials
of u; and v;. If only case (2) occurs we add a codegree r monomial to #;_;. If only
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case (3) occurs we add a codegree r monomial to s;. If only case (4) occurs we
add a codegree r monomial to w;_1 and to #;_;. If only case (5) occurs we add a
codegree r monomials to w; and to s;.

Cases (2) and (3) cannot occur together, nor cases (4) and (5), nor cases (3)
and (4), nor (2) and (5). If only cases (1), (2) and (4) occur, we add a codegree r
monomial to w;_;. If only (1), (3) and (5) occur, we add a codegree r monomial
to w;.

As in the case in which ¢; = u;s; = t;_v;, the existence of cases (6) and (7)
means that codegree r products that were supposed to exist given the smaller
codegree monomials of the various elements, may or may not exist, depending on
the existence of codegree r monomials in the various appearances of the element x;.
Also, note that case (6) cannot occur with cases (3) or (5), and case (7) cannot occur
with cases (2) or (4).

If only case (6) appears, we add a codegree r monomial to #_;. If only case (7)
appears we add a codegree r monomial to s;. If only cases (1), (2) and (6) appear,
we do not add anything. If only (1), (3) and (7) appear, we do not add anything. If
only (1), (4) and (6) appear, we add a codegree r monomial to w;_;. If only (1),
(5) and (7) appear, we add a codegree » monomial to w;.

If only (2), (4) and (6) appear, we add codegree r monomials to w;_; and to #;_;.
If only (3), (5) and (7) appear, we add codegree r monomials to w; and to s;.

The case in which case (1) occurs is dealt with in an analogous way. Hence,
suppose that the codegree r product is not a product of case (1) and cannot be
expressed in an odd number of ways as products of codegree ¢; monomials of #; 1,
codegree m ; monomials of #; and codegree p; monomials of s; with top monomials
of the other elements in the u; side of the equation, such that g;, m;, p; > 0, either
m ; is positive or both ¢;, p; are positive and g; +m;+p; =r.

If only (2) and (4) appear, we add a codegree » monomial to w;_;. If only (2) and
(6) appear, we do not add anything. If only (3) and (5) appear, we add a codegree r
monomial to w;. If only (3) and (7) appear, we do not add anything. If only (4)
and (6) appear, we add a codegree » monomial to w;_;. If only (5) and (7) appear,
we add a codegree r monomial to w;.

It can still be that a codegree r product is of type (7) and can also be presented
in an odd number of ways as products of a codegree b; monomial of w; with a
codegree a; monomial of #; for positive a;, b;, a; +b; = r, with top monomials of
the other elements from the v; side. We treat this case precisely as we treated it in
the case ¢; = u;s; = ti_1v;.

This concludes the construction of the elements s;, ¢;, w; for codegree r products
when r < d. The elements w;, t;, and s; that we constructed so far satisfy the
equations X1 = W;ili, X] = SjW;, q; = U;S; Or q; =1t _1U;, O q; = t;_1U;S; Or q; = U;
(and correspondingly for the v;) for products of codegree smaller than d.
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To continue we need to analyze products of codegree d and higher. For presen-
tation purposes we start this analysis under the additional assumption that all the
appearances of x; in the two sides of the equation have nontrivial shifts, i.e., the
appearances of the top monomial of the solution x? in the two sides of the equality
for the top monomials are shifted. This assumption enables us to analyze the higher
codegree products using the arguments that were used in the proof of Theorem 4.4
and in analyzing smaller codegree products. Afterwards we drop this assumption.

As in Theorem 4.4, in analyzing codegree d products, there are special codegree
d products that we need to single out and treat separately, as they may involve
cancellations between codegree d products that contain codegree d monomials of
u; or v; and those that contain codegree d monomials of u; 1 or v; 4.

As in analyzing smaller codegree products, note that codegree d products that are
products of smaller codegree monomials of the u;, v;, s;, w; and ¢;, and correspond
to smaller codegree monomials of u;, v; and x; from the two sides of the equation
cancel in pairs.

In analyzing codegree r products for » < d, there is no interaction between
elements in ¢; and g; for i # j. As in the proof of Theorem 4.4, in analyzing
codegree d products such interaction may happen if i and j are consecutive indices.
Hence, in analyzing codegree d products we need to go over the various possibilities
for g; and g; 4.

Suppose that g; = u;s; = t;—1v;. Suppose that a codegree d product can be
expressed as products of codegree ¢ ; monomials of #;_; and codegree m ; monomials
of v; with top monomials of the other elements in the v; side of the equation, such
that ¢; > 0 and m ; is positive and g; +m ; = d, in an odd number of ways. If the g;
part of such a product is not equal to u? nor to v? (the top monomials of #; and v;),
such codegree r products are analyzed exactly in the same way they were analyzed
in codegree r products for r < d.

We have uiO #* v? because we assumed that the top monomials of the coefficients
have no periodicity. If the g; part of such a product equals v?, the codegree d product
may be equal to a codegree d product that contains positive codegree monomials
in ¢;_1. If the g; part of such a product equals u?, the codegree d product may be
equal to a codegree d product that contains positive codegree monomials in g 1.

Suppose that the g; part of the codegree d product equals u?. Suppose further that
gi+1 = Ui+1Si+1 = t;vi+1. In that case such a codegree d product can cancel with
codegree d products that are either a subset of those analyzed for products of smaller
codegree, or products that include positive codegree monomials of g;1:

(1) an odd number of products of codegree f; monomials of u; and codegree g;
monomials of s; with top monomials of the other elements in the u; side of
the equation, such that g; > 0 and f; is positive and f; + g; =d;
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(2) aproduct of a codegree d monomial of x; in its i appearance with other top
monomials in the v; side of the equation;

(3) a product of a codegree d monomial of x; in its i appearance with other top
monomials in the u; side of the equation;

(4) an odd number of products of codegree ¢g; monomials of #; and codegree m
monomials of v;;; with top monomials of the other elements in the v; side
of the equation, such that g; > 0 and m is positive and the product of the

monomial of #; with the monomial of v; 1 is U?_H;

(5) an odd number of products of codegree f; monomials of u; and codegree
gj monomials of s; 1 with top monomials of the other elements in the u; side
of the equation, such that g; > 0 and f; is positive and the product of the

monomial of #;, with the monomial of s; is vl.O 1

(6) an odd number of products of a codegree ¢; monomial of w; with a codegree
h; monomial of s; for positive c;, hj, c; +h; = d, with top monomials of the
other elements from the u; side;

(7) an odd number of products of a codegree b; monomial of w; with a codegree
aj monomial of ¢; for positive a;, b;, a; +b; = d, with top monomials of the
other elements from the v; side.

Note that case (2) occurs if and only if case (3) occurs. If only one of the cases (1)
or (6) occurs, we treat them as they were treated in analyzing codegree r products
for r < d. If only case (4) or only case (5) occurs we add 1 (the identity) to s;
and ¢;, and the codegree d prefix of w? to w;. If only case (7) occurs we add 1 to s;
and the codegree d prefix of w? to w;.

If only cases (1)—(3) occur, or only cases (2), (3) and (6) occur, we treat them
as they were treated for codegree r products, r < d. If only cases (2) and (3) in
addition to one of the cases (4) or (5) occur, we add 1 to s; and ¢;. If only cases
(2), (3) and (7) occur, we add 1 to s;. If only (1), (4) and (5) occur, we don’t add
anything. If only (1), (6) and one of (4) or (5) occur, we add 1 to #; and the codegree
d prefix of w? to w;. If only (1), (7) and one of (4) or (5) occur, we add 1 to #;.
If only (1), (6) and (7) occur, we add the codegree d prefix of w? to w;. If only
(6), (7) and one of (4) or (5) occur, we add 1 to s; and #; and the codegree d prefix
of w? to w;. If only (4), (5) and (6) occur, we add 1 to s;. If only (4), (5) and (7)
occur, we add 1 to s; and the codegree d prefix of w? to w;.

If only (1)-(5) occur, we add the codegree d prefix of w? to w;. If only (1)-(3)
and (6)—(7) occur, we do not add anything. If only (1)—(3), (6) and one of (4) or (5)
occur, we add 1 to ;. If only (1)—(3), (7) and one of (4) or (5) occur, we add 1 to ¢;
and the codegree d prefix of w? to w;. If only (1) and (4)—(7) occur, we add the
codegree d prefix of w? to w;.
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If only (2)—(6) occur, we add 1 to s; and the prefix of codegree d of w? to w;. If
only (2)—(5) and (7) occur, we add 1 to s;. If only (2)—(3), (6)—(7) and one of (4)
or (5) occur, we add 1 to s; and t; and the codegree d prefix of w? to w;. If all the
possibilities (1)—(7) occur, we do not add anything.

Suppose that a codegree d product can be expressed as a product in case (1), and
cannot be expressed as products of codegree ¢; monomials of #;_; and codegree

m ; monomials of v; with top monomials of the other elements in the v; side of the
0

4
an even number (possibly none) ways. In that case the analysis of such a product
and the monomials that are added to the elements #;, s; and w; are analogous to the
analysis described above.

Suppose that such a codegree d product cannot be expressed as a product in
case (1), but it can be expressed as a product in case (6). If only (6) and (7) occur,
we add the codegree d prefix of w? to w;. If only (6) and one of (4) or (5) occur,
we add 1 to #; and the prefix of codegree d of w? to w;. If only (4)—-(7) occur, we
add the codegree d prefix of w? to w;. If only (2)—(3) and (6)—(7) occur, we do not
add anything. If only (2)—(3), (6) and one of (4) or (5) occur, we add 1 to ¢;. If only
(2)—(7) occur, we do not add anything.

This concludes the analysis of such codegree d products in the case that g;+; =
Uir18i+1 = t;vi+1. Suppose that g;+1 = u;+1 = t;v;i+15;+1. As before, such a
codegree d product can cancel with codegree d products that are either a subset
of the ones that were analyzed for products of smaller codegree, or products that
include positive codegree monomials of g;41:

equation, such that ¢; > 0 and m  is positive and the g; part of the product is u; in

(1) an odd number of products of codegree f; monomials of u; and codegree g;
monomials of s; with top monomials of the other elements in the u; side of
the equation, such that g; > 0 and f; is positive and f; + g; =d;

(2) a product of a codegree d monomial of x in its i appearance with other top
monomials in the v; side of the equation;

(3) a product of a codegree d monomial of x in its i appearance with other top
monomials in the u; side of the equation;

(4) an odd number of products of codegree g; monomials of f;, codegree m
monomials of v;y; and codegree p; monomials of s;; with top monomials
of the other elements in the v; side of the equation, such that g;, m;, p; > 0,
eitherm; > 0orgq;, pj >0, and g; + m; + p; = d, and the product of the
corresponding monomials of #;, v;4+ and s;4 is the codegree d suffix of u? o

(5) a product of a monomial of u; 1, which is the codegree d suffix of u? 1 with

the top monomials of the all the other elements from the u; side of the equation;
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(6) an odd number of products of a codegree ¢; monomial of w; with a codegree
h; monomial of s; for positive c;, h, c; +h; = d, with top monomials of the
other elements from the u; side;

(7) an odd number of products of a codegree b; monomial of w; with a codegree
aj monomial of ¢; for positive a;, b;, a; +b; = d, with top monomials of the
other elements from the v; side.

Analyzing the various possibilities in this case is identical to the case g;+] =
Uit1Si+1 = LiViq].

Recall that we assumed that g; = u;s; = t;_1v;. In addition suppose that a
codegree d product can be expressed as products of codegree f; monomials of
u; and codegree g; monomials of s; with top monomials of the other elements in
the u; side of the equation, such that f; > 0 and g; is positive and f; +g; = d,
in an odd number of ways, and such that the product of the monomial of u; with
the monomial of s; is v?. In that case, the codegree d product may be equal to
a codegree d product that contains positive codegree monomials in ¢;—;. Such a
codegree d product can cancel with codegree d products that are either a subset
of the ones that were analyzed for products of smaller codegree, or products that
include positive codegree monomials of ¢;_;:

(1) an odd number of products of codegree g; monomials of #;_; and codegree
m j monomials of v; with top monomials of the other elements in the v; side
of the equation, such that g; > 0 and m  is positive and g; +m; = d;

(2) aproduct of a codegree d monomial of x| in its i — 1 appearance with other
top monomials in the u; side of the equation;

(3) a product of a codegree d monomial of x; in its i — 1 appearance with other
top monomials in the v; side of the equation;

(4) an odd number of products of codegree f; monomials of u; | and codegree
gj monomials of s; | with top monomials of the other elements in the u; side
of the equation, such that g; > 0 and f; is positive and the product of the
monomial of u;_; with the monomial of s;,_1 is u?_l;

(5) an odd number of products of ¢g; monomials of #;_, and codegree m ; mono-
mials of v;_; with top monomials of the other elements in the v; side of the
equation, such that g; > 0 and m is positive and the product of the monomial
of t;_, with the monomial of v;_; is u?_l;

(6) an odd number of products of a codegree ¢; monomial of w;_; with a codegree
h; monomial of 7;_; for positive ¢, hj, c; +h; = d, with top monomials of
the other elements from the v; side;
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(7) an odd number of products of a codegree a; monomial of s;_1 with a codegree
b; monomial of w;_; for positive a;, b, a; + b; = d, with top monomials of
the other elements from the u; side.

The analysis of this case is identical to the case in which the g; part of a codegree
d product is vl(.), and there is a possible cancellation with codegree d products that
contain positive codegree monomials of g; 1. An identical analysis applies also
when g; |1 =vi_| =t 2u;_15;1.

Suppose that g; = u; = t;_1v;s; and gj+1 = Vi1 = tiuj+15i+1. Suppose that a
codegree d product can be presented in an odd number of ways as products of
codegree ¢g; monomials of 7;_;, codegree m; monomials of v; and codegree p;
monomials of s; with top monomials of the other elements in the v; side of the
equation, such thatg;, m;, p; >0, eitherm; >0orq;, p;>0,andg;+m;+p; =d,
and the product of the corresponding monomials of #_1, v; and s; is the codegree
d prefix of u?.

Such a codegree d product can cancel with codegree d products that are either a
subset of the ones that were analyzed for products of smaller codegree, or products
that include positive codegree monomials of g;;:

(1) a product of a monomial of u; which is the codegree d prefix of u? with the
top monomials of all the other elements from the u; side of the equation;

(2) a product of a codegree d monomial of x; in its i appearance with other top
monomials in the v; side of the equation;

(3) aproduct of a codegree d monomial of x; in its i appearance with other top
monomials in the u; side of the equation;

(4) aproduct of a monomial of v;;; which is the codegree d suffix of v?+ | with the
top monomials of the all the other elements from the v; side of the equation;

(5) an odd number of products of codegree g; monomials of 7;, codegree m
monomials of u;;1 and codegree p; monomials of s; | with top monomials
of the other elements in the u; side of the equation, such that g;, m;, p; >0,
either m; > 0 or g;, pj >0, and g; +m; + p; = d, and the product of the
corresponding monomials of #;, v;+; and s, is the codegree d suffix of 'U?_H;

(6) an odd number of products of a codegree ¢; monomial of w; with a codegree
h; monomial of s; for positive c;, h, c; +h; = d, with top monomials of the
other elements from the v; side;

(7) an odd number of products of a codegree b; monomial of w; with a codegree
a; monomial of #; for positive a;, bj, aj +b; = d, with top monomials of the
other elements from the u; side.
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Analyzing the various possibilities in this case is identical to the case g; =
ti—1v; = u;s;. The analysis of the remaining case, in which ¢; = u; =t;_jv;s; and
gi—1 = vi—1 = ti_ou;_15;—1, is identical to the previous cases as well.

This concludes the construction of the elements s;, ¢;, w; for codegree r products
when r <d, in case all the pairs of appearances of the top monomial of the solution
x1 in the two sides of the equation have nontrivial shifts. The elements wj, #; and s;
that we constructed so far satisfy the equations x| = w;t;, x| = s;w;, ¢; = u;s; or
qi =ti_1u;, 0r q; =t;_1u;s; or ¢; = u; (and correspondingly for the v;) for products
of codegree smaller or equal to d.

As in the proof of Theorem 4.4, we continue with the analysis of codegree d + r
products for r < d. First, as in analyzing smaller codegree products, codegree d 4 r
products that are products of smaller codegree monomials of u;, v;, s;, t; and w;,
that correspond to products of smaller codegree monomials of u;, v; and x; (in all
its appearances) from the two sides of the equation, cancel in pairs. We start with
two lemmas that are the analogues of Lemmas 4.5 and 4.6.

Lemma 4.8. Suppose that a codegree d + r product can be presented both as

(1) a product of a codegree h monomial of s; with a codegree ¢ monomial of w;,
for positive ¢, h, c +h = d + r, with top monomials of the other elements from
the u; side;

(2) a product of a codegree b monomial of w; with a codegree a monomial of t;

for positive a, b, a + b = d + r, with top monomials of the other elements from
the v; side.

Such a codegree d + r product may only be presented as a product of smaller
codegree monomials or (only) in one of the following two products:

(1) a product of a codegree d + r monomial of x| in its i appearance with other
top monomials in the v; side of the equation;

(ii) a product of a codegree d +r monomial of x| in its i appearance with other
top monomials in the u; side of the equation.

Proof. In case it can be presented as another product of a codegree d + r monomial
with top degree monomials, either the top monomial of s; or the top monomial of ¢;
overlap with themselves with a cyclic shift. Hence they must be periodic, a contra-
diction to the assumption that the coefficients do not have nontrivial periodicity. [

Lemma 4.9. With the notation of Lemma 4.8, if a codegree d + r product can be
presented in an odd number of ways as a product in the form (1) and in an even
number of ways as a product of form (2), then such a product can be presented
precisely in one of the forms (i) or (ii). If a codegree d + r product can be presented
precisely in one of the forms (i) or (i1), then it can be presented precisely in one of
the forms (1) or (2) in an odd number of ways.
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If a codegree d + r product can be presented in an odd number of ways in both
forms (1) and (2), then it can either be presented in both forms (1) and (ii) or in
neither of them. If a codegree d + r product can be presented in both forms (i) and
(i) then it can either be presented in both forms (1) or (2) in an odd number of
ways, or in both of them in an even number of ways.

Proof. If a codegree d + r product can be presented in both forms (1) and (2) (odd
or even number of times), the conclusion follows from Lemma 4.8. Suppose that it
can be presented in an odd number of ways in form (1) and none in form (2). If it
can also be presented as a codegree d + r product that involves positive codegree
monomials of u;, v, s;, t; or x;, for j > i, the top monomial of u; | must have
nontrivial periodicity, a contradiction. If it can be also presented as a codegree
d + r product from the u; sides of the equation that involves monomials of positive
codegree monomials of u;, s;, t; or x;, for j < i, the top monomial of u; must
have nontrivial periodicity, a contradiction.

Suppose that the given codegree d + r product can also be presented as a product
of either

(1) acodegree g of t;_; and a codegree m of v; with other top monomials from
the v; side of the equation;

(2) acodegree f of u; and a codegree g of s; with other top monomials from the
u; side of the equation;

(3) a codegree d + r product from the v; side of the equation that involves mono-
mials of positive codegree monomials of v;, s;, t; or x; for j <.

In all these cases the suffix of length r of the top monomial of u; is identical to
the prefix of length r of the period of x. If r < deg(v;) —d, then v; has nontrivial
periodicity, a contradiction. Otherwise, the top monomial in the two sides of the
equation contains periodicity that is not part of the periodicity of the solution x, a
contradiction to our assumptions. ([

Suppose that g; = u;s; =t;_1v;, and let r be an integer, 0 <r <d. By Lemma 4.9
if a codegree d + r product can be presented in an odd number of ways in the form
(1) of Lemma 4.8 then either

(1) it can be also presented in an odd number of ways as in form (2) of Lemma 4.8
and either in both forms (i) and (ii) in Lemma 4.8 or in neither of them:;

(2) it can be presented in an even or no ways in form (2) of Lemma 4.8, and it
can also be presented precisely in one of the forms (i) or (ii) in Lemma 4.8.

By Lemma 4.9, if a codegree d + r product can be presented in form (i) of
Lemma 4.8, and in even or no ways in forms (1) or (2) of that lemma, then it can
also be presented in form (ii) of Lemma 4.8.



780 ZLIL SELA

Hence, if a codegree d + r product can be presented in an odd number of ways
in one of the forms (1), (2), (i) or (ii), then the appearances of the codegree d + r
products in these forms cancel in pairs. If it appears in an odd number of ways in
forms (1) and (2), and in forms (i) and (ii), we do not add anything. If it appears in
an odd number of ways in forms (1) and (2) and not in the forms (i) nor (ii), we
add a codegree d + r monomial to w;. If it appears in an odd number of ways in
the form (1), in an even number of or no ways in the form (2), and appears in the
form (i) we add a codegree d + r monomial to w;. If it appears in an odd number
of ways in the form (1), in an even number of or no ways in the form (2), and in the
form (ii), we do not add anything. If it appears in an even number of or no ways
in the forms (1) and (2), and in both form (i) and (ii), we add a codegree d + r
monomial to w;.

Therefore, if a codegree d + r product can be presented in an odd number of
ways as products of codegree ¢g; monomials of #;_; and codegree m ; monomials of
v; with top monomials of the other elements in the v; side of the equation, such
that g; > 0 and m is positive and g; +m; = d + r, then it must be presented in
an odd number of ways as products of codegree f; monomials of u; and codegree
gj monomials of s; with top monomials of the other elements in the u; side of the
equation, such that g; > 0 and f; is positive and f; +g; =r.

This concludes the construction of the elements s;, #;, w; in case g; =t;_1v; =u;s;
(note that the elements s;, #; did not change), to ensure that the equalities they are
supposed to satisfy hold for products up to codegree d +r.

Suppose that g; =u; =t;_1v;s;. Lemmas 4.8 and 4.9 and their proofs remain valid
in this case. Hence, a codegree d + r product can be expressed in an odd number of
ways as products of codegree ¢; monomials of #;_1, codegree m ; monomials of v;,
and codegree p; monomials of s; with top monomials of the other elements in the
v; side of the equation, such that g;, m;, p; > 0, either m; > 0 or g;, p; > 0, and
qj+mj+ p;=d+r,if and only if it is equal to a codegree d + r monomial of u;.

This concludes our treatment of codegree d + r products for » < d. We continue
by analyzing codegree 2d products. Lemmas 4.8 and 4.9 remain valid for codegree
2d products. Hence, the analysis of codegree 2d products is identical to the analysis
of codegree d + r products for » < d. The analysis of higher codegree products, for
codegree up to twice the maximal degree of the elements u;, v;, is identical as well.

Hence, in case deg(u;), deg(v;) > d and all the appearances of the elements x; in
the two sides of the equation have nontrivial shifts, we finally constructed elements
si, t;, w; that satisfy the equations

(1) g; = u;s; =t;_1v; or g; = v; = t;_1u;s; or with exchanging the appearances
of u; and v; in the second equation;

(i) x; = s;w; = w;t; mod GIeet)—2deelsi)),
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Therefore, s; and #,_; are uniquely defined, and (given x;) w; and w,_| are
uniquely defined mod Géeewn—2(deels))  Hence, 1, and s, are uniquely defined,
and wy is uniquely defined mod G9ee®2)—2(deg(s)) - Continuing iteratively, all the
elements s;, #; are uniquely defined, and the elements w; are uniquely defined
mod Gdegwi)—2(deg(s;))

Since s;w; = w;t;, it follows that s;x; = x;#; mod Gdeg6ix)—=2(deg(si))  Thjg
implies that for every pair i, j, 1 < i, j < n, we have (s; +5;)x1 = x1(t; +1;)
mod Gdeglsix)—2Wdeg(si) s for every pair i, j either s; = sjandf; =tjors;=s;+1
and f; = tj +1.

Since every pair (s;, t;) is either (sy, #1) or (s; + 1, t; + 1), it follows that every
element x that satisfies s;x = Xt; is a solution of the given equation. It remains
to prove that every long enough solution of the given equation is a solution of the
equation s;x = x1.

Let x; be a solution of the given equation that satisfies

deg(xa) > 2(2 + k%EO2y 1 (2(deg(uy) + - - - + deg(un))*.

By continuing the analysis of higher codegree monomials of the solution x,, we get
that there exist elements w; such that for every index i, 1 <i < n, we have s;w; =
w;t; = x, mod G486V~ By the argument that was used to prove Lemma 4.2, it
follows that there exists a solution X to the equation s1x = x17.

Note that x, satisfies s;x» = x,¢; mod G29€6D—1 Hence, there exists an ele-
ment X, which is a solution of the equation s;x = xt;, and x, + X, = r, where
deg(r) <2+ kdeebsn+2,

Suppose the given equation is v1xvyxv3 = uxurxus, where deg(vy) < deg(u;)
and deg(v;) = deg(u»2). In this case, u; = vysy, tjuy = v1sp and vz = frHusz. Hence,
(X2 +r)va (X2 + 1)ty = s1(X2 + r)uz(X2 4+ r). Since X5 is a solution to the equation
§1X = Xxty, it is a solution to the given equation. Therefore

XoUarty + rvaXaty = s1Xausr + s1ruzx; mod Gdeg(rvzrtz)‘

Hence
X2(Varty + tHiuor) = (rvasy + s1rus) x> mod Gdeg(rvzrtz).

Since s1x; = Xt it follows that for any polynomial p, p(s;)X2 = X p(¢1). This im-
plies varty +tjusr = p(t) and rvasy +s1rus = p(s;) mod Gdeg(variy)+deg(r)—deglxa)
for the same polynomial p.

We have tjuy; = vps2, SO va(rty 4+ spr) = p(t;) mod Gdeg(vary)+deg(r)—deg(xz)
By our assumption on deg(x;) it follows that vy (rt; 4+ sor) = p(t1). Similarly,
(rt1 + s1r)uz = p(s1). Hence, p(sy) is either O or its leading term is of degree at
least 2.

Since (s, t1) equals (s2, #) or (s + 1, + 1), we get that vo(rt; 4 s17)uy =
vap(t1) = p(s1)uz. We look at the leading term in the two sides of the last equality.



782 ZLIL SELA

Since we assumed that the top monomials of u, and v, are not periodic, the top
monomial of u, must be Bsg, and the top monomial of v, must be #y8, where
is a prefix of #p and a suffix of sg. Hence, ty = Bo and so = «. But this is a
contradiction, since we assumed that the periodicity in the top monomials in the two
sides of the given equation is contained in the solution x;. Therefore, s17 +rt; =0,
so r is a solution of the equation s1x = xt;, which means that x, = X, +r is a
solution to s;x = x#; as well.

If the equation is uj xusxuz=vixv2xv3, and deg(vy)>deg(u), deg(v3)>deg(us),
then by the same arguments we get that r (the remainder) has to satisfy the equation

(rty + 51r)v2s2Xs = Xot1 2 (rty + sor).

That implies that if r¢; 4+ s;7 # 0, u» must contain periodicity, a contradiction to
our assumptions. Therefore, rt; 4+ s;7 = 0, and both r and x, are solutions of the
equations sjx = xt;.

Suppose that the length of the equation is bigger. Then x; is a long solu-
tion, and x, = X, + r, where X; is a solution of the equation s;x = x#;, and
deg(r) <2+ k9e®)+2 n that case we get the equality

(2 +r)va(X2+7r)vs - vy 1 R+t = s1(X2+r)ua (X2 +r)uz - - - up—1 (X2 +7),
and since X is a solution of the equation s;x = x#;, we get the equality

FU2XV3 - - Uy 1 Xty 1 4+ -+ + XoU2X203 - - - XoUy— 1 Flp—1

= S1FUXoU3 - -~ Up_1Xp + -+ - + S1XpUrXpuU3 - - - Xpu,_1r mod G2,

where m| = deg(s1XousXous - - - Xouy_17), and mp = m; — deg(xp) + deg(r).
That implies the equality

(s17 + rt)usXous - - - up_1 X2 + X202 (S2r + rta)uzXous - - - Xouty
+ X202 - - - XoVp—2(Sp—2l + rtp_2)Utp_1X2up

+ X0y -+ - XoUp—1 (Sp—17 +rty,—1) =0 mod G™2.

Suppose that there exists an index j, 1 < j <n — 1, for which s;r +rt; # 0.
We set jo to be the minimal index for which s;r + r¢; has maximal degree. We
look at the top degree homogeneous part in s, + rt;,. The monomials in this
homogeneous part of s;,r + rt;, contribute to top degree monomials in the jo-th
product in the sum above. These top degree monomials cancel with top degree
monomials from other summands that contain part of the top monomial of X in
place of the top monomial of s;, +rt;,. Hence, the top degree homogeneous part
of sj,r +rtj, has to be a monomial as well.

Furthermore, as for an equation of length 3, this cancellation of the top monomials
implies that the top monomials of u j, and vj, contain parts of the top monomial
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of X,, that by our assumption is bigger than the length of the period of the top
monomial of X,. Hence, as for equation of length 3, when we substitute X, in
the equation, the top monomial has periodicity that is not contained in one of
the appearances of X;, a contradiction to one of the assumptions of Theorem 4.7.
Therefore, for every j, sjr +rt; =0, so r is a solution of the equation s1x = xt;,
and so is xp.

This concludes the proof of Theorem 4.7 in case all the appearances of the top
monomial of a solution x; in the two monomials that are the top products in the
two sides of the given equation have nontrivial shifts. We still need to complete the
proof in the cases in which there are appearances of the top monomial of a solution
x1 with zero shifts.

Lemma 4.10. Lef uy, us, vy, vy € FA satisfy u; # vy, deg(u;) = deg(v;),i =1, 2,
and suppose that the top homogeneous parts of u; and v; are monomials (fori =1, 2)
with no nontrivial periodicity. Then, if there exists a solution x| to the equation
uixuy = vixvy, and deg(x;) > 2(deg(uy) + deg(uy)), then there exist elements
s,t € FA such that x is a solution of the equation uxu; = v1xv; if and only if it is
a solution of the equation sx = xt.

Proof. The top monomials of #; and vy, and of u, and v,, have to be equal. We set
up = vy + @y, v2 = uz + p2, deg(u) < deg(vy) and deg(u) < deg(uz). Hence,
(v1 + p1)xupy = vix(uy + Wp), which implies pixup, = vixuy. Since the top
homogeneous parts of v| and u; are monomials with no periodicity, so are the top
homogeneous parts of 1| and ;. Since deg(i) < deg(vy) and deg(u,) < deg(vs),
the conclusion of the lemma follows from Theorem 4.4. U

Proposition 4.11. Let uy, uy, us, vy, v, v3 € FA satisfy uy # vy, us # v3, deg(u;) =
deg(v;), i =1, 2, 3, and suppose that the top homogeneous parts of u; and v; are
monomials (for i = 1, 2, 3) with no nontrivial periodicity. Then, if there exists a
solution x| to the equation uxusxus = v xvaxvs, and the only nontrivial period-
icity in the top monomials of the two sides of the equation is contained in the top
monomials of the solution x|, and deg(x1) > 2(deg(u) + deg(u>) + deg(us)), then
there exist elements s,t € FA such that up to a swap between the u’s and the v’s:

(1) There exists w1 for which uy = u1(s + 1) and vy = u;s.

(2) There exists o and 1 for which tjuy = 108. Furthermore, uy = 1(s + 1) and
vy = (¢t + Do

(3) There exists us for which us = tus and vy = (t + 1) ua.

As in the conclusion of Theorem 4.7, every solution of the equation sx = xt is a
solution of the given equation uixusxus = vixvaxvs. Every solution x, of the given
equation uyXuyxu3 = v1xvxv3 for which deg(xs) > 2(2 + k9&60+2 1 deg(u;) +
deg(uy) + deg(us)) is a solution of the equation sx = xt.
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Proof. The top homogeneous parts of the u; and v; are monomials, and the equation
forces these monomials to be equal. Hence, v; = u; + p;, where deg(p;) < deg(u;),
i=1,2,3. Let ,0? be the top homogeneous part in p;. We start the proof by
arguing that the top homogeneous part of a solution x; with deg(x;) > 2(deg(u;) +
deg(uz) + deg(u3)) has to be a monomial as well.

Suppose that deg(p;) < max(deg(p2), deg(p3)). In that case the top homo-
geneous parts have to satlsfy ,ogxovg = ugx? ,og Since ug and vg are mono-
mials, it follows that x1 is a monomlal and so are ,02 and ,03 If deg(p ) >
max(deg(pz) deg(p3)) then pl has to be a monomial. This forces )c1 to be a
monomial as well.

We look at the highest degree for which for some index i, u; # v;. This cannot
occur for a single index i. If uy = v, at that highest degree, then the top monomial in
uy (and vp) must have periodicity, a contradiction to our assumptions. Let d be the
codegree of that degree, and suppose that up to this codegree u3 = v3. In that case,
the equation for codegree d products reduces to the equation uxus = vixv;y. If we
setu; = v; + i, i =1, 2,3, then for the codegree d products, we get the equation
p1xur = vixpup. This implies that the top part of 11 and @, are monomials that are
the codegree d prefix and suffix of the top monomials of vy and v, in correspondence,
and that the top monomial of x; has a period of length d.

In that case, it must be that u3 = v3 for all the homogeneous parts of codegree less
than 2d, and hence, t1xuy = v1xu, for all the products up to codegree d. Therefore,
there exists an element s, and an element 7, such that v; = u; = ;s mod Gdegn—d
and vy = uy =ty mod Gdeguz)—d

Since u3 = v3 for all the homogeneous parts of codegree less than 24, and the top
monomial of #3 (and v3) do not have nontrivial periodicity, it follows that u3 = vs.
Hence, p1xus = vixuy, and the conclusion follows from Theorem 4.4 in this case
(note that in the statement of the proposition we assumed that u; # v;, i =1, 3).

Suppose that for the codegree d homogeneous parts u; # v; fori = 1,2, 3. In
that case, we get the equation

(v1 + p)xusxuz = vixvax (U3 + 13),

and 4; = v;, i =1, 2, 3, for all the homogeneous parts of codegree smaller than d.
Hence, the top homogeneous parts of 1| and 3 are monomials, which are the code-
gree d prefix and suffix of the top monomials of #; and u3 in correspondence. The
top monomial of x; (the given solution to the given equation) has to be quasiperiodic
(or rather fractional periodic), with a period of length d. Furthermore, v, = by + o
and us = by + 1, mod G422 ~(@+D '\where the top homogeneous parts of y» and
7 are the codegree d prefix and suffix of the top monomial of u; (and vy).

We continue by looking at products of codegree d 4 1. Every such product that
contains monomials in u; that appear also in v;, for i = 1, 2, 3, cancels with a
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similar product from the other side of the equation. Hence, to analyze cancellations,
we need to consider codegree d + 1 products that contain monomials from 1 or 3,
or monomials of codegree d and d 4+ 1 of u; and v, that do not appear in both.

Suppose that a codegree d + 1 product contains a codegree d + 1 monomial
from w1, i.e., a codegree d + 1 monomial in u that is not in v;. Such a codegree
d + 1 product must contain the top monomial of x; in its two appearances, and the
top monomial of u; and u3. Since the top monomial of v; doesn’t have nontrivial
periodicity, such a codegree d 4 1 product cannot cancel with a codegree d + 1
product that contains the top monomial of v; (since otherwise the suffix of the
top monomial of v; equals a shift by 1 of itself, which implies that the suffix of
v] contains periodicity). Therefore, a codegree d + 1 product that cancels with it
must contain a codegree 1 monomial of either #; or vy, or the top monomial of u;.
Since the top monomial of v, contains no periodicity, if this codegree d + 1 product
contains a codegree 1 monomial of #; or v; it must contain the top monomial of u,.
Hence, this codegree d + 1 product has to be from the v; side of the equation,
and the codegree d + 1 monomial of p; is the codegree d prefix of a codegree 1
monomial in vy, times the (prefix) period of the top monomial of x;, which is the
degree d suffix of v;. If such a codegree d + 1 product cancels with a codegree
d + 1 product that contains the top monomial of w1, then it must contain a codegree
1 monomial of x;.

By the techniques that we used in the proofs of Theorem 4.4 and in the first part
of Theorem 4.7, there exists an element s, deg(s;) = d, with a top monomial 1,
such that p1s; = u; = v; mod GIee®)—2,

Suppose that a codegree d + 1 product contains a codegree d 4+ 1 monomial of
uy or vy. Since the top monomial of u; (and v;) contains no periodicity, such a
product can cancel only with either

(1) acodegree d + 1 product that contains a codegree 1 monomial of u; or v, and
the top monomial of either ) or u3;

(2) acodegree d + 1 product that contains the top monomial of u,, and a codegree
1 monomial in the second appearance of x|, and the top monomial of w1,
the top monomial of u,, and the same codegree 1 monomial in the second
appearance of xi;

(3) acodegree d + 1 product that contains the top monomial of 7,, and a codegree
1 monomial in the first appearance of x;, and the top monomial of w3, the top
monomial of vy, and the same codegree 1 monomial in the first appearance
of x 1.

Note that the two products that appear in possibilities (2) and (3) cancel each
other. Hence, a codegree d + 1 product that contains a codegree d + 1 product that
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appears in uy or v,, but not both, must cancel with a unique codegree d + 1 product
that is described in (1).

Suppose that a codegree d + 1 product contains the top monomial of ;| and
a codegree 1 monomial of u;. Since the top monomial of u#, (and v;) has no
periodicity, it can cancel only with a codegree d + 1 product that contains either

(1) a codegree 1 monomial of v, and the top monomial of u3;
(2) acodegree d + 1 monomial of u; or vy;
(3) a codegree 1 monomial of the first appearance of x; and the top monomial
of wo.
Similarly, suppose that a codegree d + 1 product contains the top monomial of

pn3 and a codegree 1 monomial of v,. It can cancel only with a codegree d + 1
product that contains either

(1) a codegree 1 monomial of u#, and the top monomial of (1;
(2) acodegree d + 1 monomial of u; or vy;

(3) acodegree 1 monomial of the second appearance of x; and the top monomial
of 1.

Furthermore, a codegree d + 1 product that contains the top monomial of ©, cannot
cancel with a codegree d 4 1 product that contains the top monomial of ;.

Hence, we can look at the collection of codegree d + 1 products that contain the
top monomial of 11 and the entire collection of codegree 1 monomials of u,. Each
such product cancels with precisely one product that contains either a codegree
d + 1 monomial of u;, or vy, or a codegree 1 monomial of the first appearance of x|
and the top monomial of u;, or a codegree 1 monomial of v, and the top monomial
of u3. A similar statement holds for codegree d + 1 products that contain a codegree
1 monomial of v, and the top monomial of u3.

Therefore, there exist elements ¢{, 52, b, wi, wy, T2, 2 such that

(1) tius = v and 1250 = v, mod G422 deg(s;) = deg()) =d.
(2) b+ 1 =uy and b + pp = vy mod GIeeWI~d+2),
(3) x; =sjw; = wif = SHwr = waty mod GIEED =2,

We continue by induction for 1 <r < d, and assume that for r < d there exist
elements t1, 52, b, wi, wy, 72, 1 such that the equalities that were true for the top
2 homogeneous parts and codegree d and codegree d + 1 monomials hold for the
top r monomials, and for codegree d 4+ r — 1 monomials,

(1) tips = v and To50 = vy mod G4~ deg(sy) = deg(t;) =d.
(2) b+ 1 =uy and b + pp = vy mod GIeew) =@+,

3) x1 =syw; = wit) = srwy = watr mod Gaegtxn)—r,
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We continue by studying codegree d + r products. All such products that involve
only monomials of codegree less than d of the u;, v;, 1 <i <3, cancel in pairs. All
such products that involve only monomials of codegree less than d 4 r of the u;, v;,
1 <i <3, and codegree less than r of x; (in its two appearances from both sides of
the equation) cancel in pairs by the induction hypothesis.

Hence, to analyze the structure of u; and v, (and hence, of | and s;) we only
need to consider codegree d 4 r products that contain

(i) a codegree d 4+ r monomial of #; that does not appear in v; and vice versa;
(i1) a codegree r monomial of v; and the top monomial of u,;

(iii) a codegree d + g; monomial of 111, g; < r, and a codegree r — g; monomial
of the first appearance of x;

(iv) a codegree p; monomial of vy, p; <, and a codegree r — p; monomial of
the first appearance of x; and the top monomial of ;.

A product of type (iv) that cancels with products of type (i) or (ii) must cancel
with a corresponding product of type (iii) by our induction hypothesis. A product
of type (iii) that cancels with a product of type (i) or (ii) and in which g; is positive,
and the codegree r — g; monomial of the first appearance of x; is obtained as a
product of a codegree r —m ; monomial of s; with a codegree m ; — g; monomial
of wy, for g; <m; <r, cancels with a product of type (iv).

Therefore, to analyze the structure of u{, vy, s; and w;, we consider only those
codegree d + r products that can be presented either in form (i) or (ii), that we
denote (1) and (2) in the sequel, or in the form

(3) a product of the top monomial of 1, and a codegree r monomial of the first
appearance of xi.

A codegree d + r product that can be presented in one of the forms (1)—(3) can
cancel with either

(4) an odd number of products of a codegree d + g; monomial of 1,0 <¢q; <r,
and a codegree r — g; monomial of the first appearance of xi;

(5) an odd number of products of a codegree d + g; monomial of 1,0 <gq; <r,
and a product of a codegree r — ¢g; monomial of s; with the top monomial
of wy;

(6) an odd number of products of a codegree d + g; monomial of 1, g; <,

and a product of a codegree r — m; monomial of s; with a codegree m; — gq;
monomial of wy, where g; <m; <r;

(7) an odd number of products of a codegree p; monomial of vi,0 < p; <r,and a
codegree r — p; monomial of the first appearance of x| and the top monomial

of w23
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(8) a product of the top monomial of v{, a codegree r monomial of the first
appearance of x; and the top monomial of 17;

(9) an odd number of products of a codegree p; monomial of vy, 0 < p; <r, and
a codegree m; monomial of the first appearance of x1, 0 <m;, pj+m; <r
and a codegree d +r — p; —m; monomial of 1»;

(10) an odd number of products of a codegree d + g; monomial of 111, a codegree
m ; monomial of the first appearance of x1, 0 <m, g;+m; <r, and a codegree
r —mj — q; monomial of u;.

If (1) or (2) occur, (8) cannot occur, and (6) occurs if and only if (7) occurs as
well. If (1) occurs, (3) cannot occur. Suppose that (1) occurs. If in addition only
(2) occurs, we add a codegree d + r monomial to . If in addition to (1) only (4)
and (5) occur, we also add a codegree d + r monomial to ;. If in addition to (1)
only (5), (6) and (7) occur, we add a codegree d + r monomial to w. If (1) occurs,
(9) and (10) cannot occur.

Suppose that (2) occurs. If in addition only (3) occurs (and in addition possibly
(4), (6) and (7)) we add a codegree r monomial to s;. If in addition to (2) only (4)
and (5) occur, we do not add anything. If in addition to (2) only (5), (6) and (7)
occur, we do the same. If (2) occurs, (8)—(10) cannot occur.

Suppose that (3) occurs. The codegree » monomial of x; cannot be presented
both as a product of the top monomial of s; with a codegree » monomial of w;, and
as a codegree r monomial of s; with the top monomial of w;. We look at all the
possible ways to present the codegree » monomial of x| as a product of a codegree
g; monomial of s; with a codegree r — g; monomial of wy, for 0 < g; < r. If the
number of such products is odd we don’t add anything. If the number is even, we
either add a codegree r monomial to s; or a codegree » monomial to w; (but not
both). The validity of this addition of a codegree r monomial to either s; or w;
can be verified by going over the possible cancellation of the given codegree d + r
product with all the other possible forms of such a product.

This concludes the adaptation of 51, 1 and w; to include codegree r monomials.
The same adaptation works for t,, w3 and wy. It is still left to analyze u; and v,
in order to add codegree r monomials to ¢> and 7, such that the equalities that by
induction hold for the top codegree r — 1 parts of these elements will hold for the
top codegree r part.

To analyze the structure of u; and v, (and hence, of u,, 12, #; and sp) we start
by observing the following:

(i) The codegree d 4 r products that contain either a positive codegree monomial
of uy or a positive codegree monomial of the first appearance of x;, a codegree
d + g monomial of 75, g; < r, a monomial of the second appearance of xi,
and a monomial of u3, cancel with codegree d + r products that contain either
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a positive codegree monomial of v; or a positive codegree monomial of the
first appearance of x;, a codegree p; monomial of v, p; < r, a monomial of
the second appearance of x|, and a monomial of 3.

(i1) The codegree d 4 r products that contain a monomial of v1, a monomial of the
first appearance of x1, a codegree d + ¢; monomial of 1>, g; < r, and either
a positive codegree monomial of the second appearance of x{, or a positive
codegree monomial of vz, cancel with codegree d 4 r products that contain
a monomial of 111, a monomial of the first appearance of x, a codegree p;
monomial of us, p; < r, either a positive codegree monomial of the second
appearance of x, or a positive codegree monomial of u3.

Hence, to analyze the structure of u, and v, we only need to consider codegree
d + r products that contain

(1) a codegree d 4+ r monomial of u; or of vy;

(i1) the top monomial of ©; and a codegree r monomial of u; or a codegree r
monomial of vy and the top monomial of w3;

(iii) a codegree d + g; monomial of 15, g; < r, and a codegree r — g; monomial
of the second appearance of x| or a codegree r — g; of the first appearance of
x1 and a codegree d + g; monomial of u;, g; <r;

(iv) the top monomial of 11, a codegree r — p; monomial of the first appearance
of x; and a codegree p; monomial of u», p; < r, or a codegree p; monomial
of vo, p; <r and a codegree r — p; monomial of the second appearance of x|
and the top monomial of u3.

If there are two products of codegree d + r of type (i), they cancel each other,
and we can ignore them in analyzing codegree d +r products. Therefore, to analyze
the structure of uy, vy, $2, t1, 4y and 1o, we consider only those codegree d + r
products that can be presented either in form (i) or (ii), that we denote (1) and (2)
in the sequel, or in codegree d + r products in the form

(3) a product of the top monomial of 75, and a codegree r monomial of the second
appearance of xi;

(4) a codegree r monomial of the first appearance of x|, and the top monomial
of w23
(5) an odd number of products of a codegree d + q; monomial of 75,0 < g; <r,

and a codegree r — ¢g; monomial of the second appearance of x;;

(6) an odd number of products of a codegree d + g; monomial of 75,0 < g; <r,
and a product of a codegree r — g; monomial of s, with the top monomial
of wy;
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(7) an odd number of products of a codegree d + g; monomial of 7, q; < r,
and a product of a codegree r — m ; monomial of s, with a codegree m; —g;
monomial of wy, where g; <m; <r;

(8) an odd number of products of a codegree p; monomial of v2, 0 < p; <,
and a codegree r — p; monomial of the second appearance of x| and the top
monomial of w3;

(9) a product of the top monomial of v,, a codegree r monomial of the second
appearance of x| and the top monomial of p3.

And similarly, from the other sides of the equation,

(10) an odd number of products of a codegree r —g; monomial of the first appearance
of x1, and a codegree d + q; monomial of u, 0 <gq; <r;

(11) an odd number of products of the top monomial of wj, a codegree r — g;
monomial of 71, and a codegree d + g; monomial of , 0 <gq; <r;

(12) an odd number of products of a codegree m ; — q; monomial of wy, a codegree
r—m ; monomial of 7, a codegree d +¢; monomial of 2, g; <r,q; <mj; <r;

(13) an odd number of products of the top monomial of w1, a codegree r — p;
monomial of the first appearance of x|, and a codegree p; monomial of u>,
O<pj<r;

(14) a product of the top monomial of p;, a codegree r monomial of the first
appearance of x|, and the top monomial of u5.

Suppose that (1) occurs. If only one of the possibilities in (2) occurs, we add
a codegree d 4+ r monomial to u or 72, depending which of the two possibilities
in (2) occurs. If (1) occurs, (3) and (4) cannot occur. If in addition to (1) only (5)
occurs, then (6) or (7) must occur and not both. If only (5) and (6) occur, we add
a codegree d 4+ r monomial to 7. If in addition to (1), (5) and (7) occur, then (8)
must occur as well, and hence at least an additional possibility must occur. If in
addition to (1), (8) occurs, then (5) and (7) must occur as well, so an additional
possibility must occur. If (1) occurs, (9) cannot occur. The possibilities (10)—(14)
are parallel to (5)—(9) and are dealt with accordingly.

Suppose that (1) and the two possibilities in (2) occur. If in addition only (5) and
(6) occur, we add a codegree d 4+ r monomial only to u;, and if only (10) and (11)
occur, we add a codegree d + r monomial to 7. Suppose that (1) and only one of
the products in the form (2) occur, without loss of generality the product from the
v; side, i.e., the one that contains 3. If in addition (5), (6), (10) and (11) occur, we
add a codegree d + r monomial to 5.

Suppose that one of the possibilities in (2) occurs, without loss of generality
the one from the v; side. If the only additional product that cancels with it is also
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a product in form (2) from the u; side of the equation, we add a codegree d + r
monomial to both 7, and w,. If in addition to the form (2) only possibility (3)
occurs, we add a codegree r monomial to s,. Form (4) cannot occur. If only (5)
and (6) occur, we do not add anything. If (5) and (7) occur, (8) must occur as well.
Form (9) cannot occur. If in addition (10) and (11) occur, we add a codegree d + r
monomial to both 1 and w;. If only (3), (5), (6), (10) and (11) occur, we add a
codegree r monomial to s, and a codegree d + r monomial to both @, and ;.

Suppose that the two possibilities in part (2) occur. In that case (3) cannot occur.
If in addition (5), (6), (11) and (12) occur, we do not add anything. Suppose that (3)
occurs. In that case (4) cannot occur. If in addition only (5) and (6) occur, we add a
codegree r monomial to s,. If in addition to (3) only (9) occurs, we add a codegree
r monomial to wy. If (3) occurs, then (10)—(14) cannot occur. If (4) occurs the
analysis is analogous to the case in which (3) occurs.

Suppose that (5) and (6) occur. In that case (9) cannot occur. If (10) and (11)
occur as well, we add a codegree d 4+ r monomial to both 7, and ;.

This concludes our treatment of codegree d + r products for r < d. So far we
proved that

(1) w1s1 =u; =v; mod Gdeg(ul)*d, deg(s1) =d, uy = vy + u; mod Gdegu)—2d

(2) tipa = v2 and To52 = v2 mod G424 deg(sy) = deg(t) = d, deg(ua) =
deg(ty) = deg(uz) —d.

(3) by + 1 =uy and by + 1y = v, mod Glee2)—(2d)
@) x1 =s1w; = wiH = sHwy = Wt mod Gdeg(xl)*d‘
We continue by analyzing codegree 2d products. The analysis of codegree 2d

products is similar to the analysis of codegree d + r products for r < d. In their
analysis we use the following observations:

(i) All the codegree 2d products that contain monomials of codegree smaller than
d from the elements u;, v; and x in its two appearances cancel in pairs.

(ii) All the codegree 2d products that contain a monomial of codegree bigger
than d, from by, b, or b3, cancel in pairs.

Hence, we need to analyze only those codegree 2d products that contain mono-
mials from either w1, (7, 72, 3, or monomials of codegree d from by, b>, b3. To
analyze the elements u1, vy, by, i1, s and w;, we need to analyze codegree 2d
products that contain one of the following:

(1) a codegree 2d monomial of u; that does not appear in v; and vice versa;
(i1) a codegree d monomial of v; and the top monomial of

(iii) a codegree d + g; monomial of 11, g; < d, and a codegree d — g; monomial
of the first appearance of x;
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(iv) a codegree p; monomial of vy, p; < d, and a codegree d — p; monomial of
the first appearance of x; and the top monomial of p.

(v) Note that the codegree 2d product that contains the top monomials of w; and
7 cancels with the product that contains the top monomials of o and 3. Also
the codegree 2d products that contain a codegree d monomial of x| which is
from b; (i.e., also a monomial of v;), and the top monomial of 1,, cancel with
the products that contain the same codegree d monomial from vy, and the top
monomial of w3.

Because of (v), the analysis of codegree 2d monomials of #; and v; is identical
to the analysis of codegree d + r monomials of these elements. This concludes
the construction of the element s;, and adds codegree 2d monomials to 1, and
codegree d monomials to w;. The analysis of the elements u3, v3, b3, 3 and wy is
identical.

We continue by analyzing the codegree 2d monomials in u», vy, T2 and py. The
observations (i) and (ii) that we used in analyzing the codegree d + r monomials
of these elements for r < d remain valid for codegree 2d monomials. In addition
by part (v) in the analysis of codegree 2d monomials of u; and vy, it follows that
the codegree 2d product that contains the top monomials of ©; and 7, cancels
with the product that contains the top monomials of w, and u3. Hence, the rest of
the analysis of codegree 2d monomials of u, and v, is identical to the analysis of
codegree d + r monomials of these elements for r < d.

We continue by analyzing higher codegree products and monomials. We assume
inductively for r > 0 that

(1) u1(s1+1) =uy and 151 = vy mod G~ "deg(s)) =d, uy = vy + 41
mod Gdeg(ul)—(2d+r)'

() (t1+ Dz =12, Ta(s2+1) =uz and 1,y = To5, mod GIEHD=WH) deg(sy) =
deg(f)) = d, deg(uz) = deg(tp) = deg(uz) —d.
(3) by + 1> = us and by + pp = vo mod GIeEW)—QRd+r),
(4) x; = 5w = wit] = SHwy = wat, mod G —(@+r)
And we continue by analyzing codegree 2d + r products. The analysis is similar

to the analysis of codegree d + r and codegree 2d products. We use the following
observations:

(1) All the codegree 2d + r products that contain monomials of u;, v;, i =1, 2, 3,
that are all of codegree smaller than d cancel in pairs. In particular, all the
codegree 2d + r products that contain a monomial of x of codegree bigger
than d 4 r, in one of its two appearances, cancel in pairs.

(i1) All the codegree 2d + r products that contain monomials from all by, b> and
b3 cancel in pairs.
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(iii) A codegree 2d + r product that contains a monomial from p; of codegree
more than d, and a monomial from the first appearance of x, such that the
sum of their codegrees is less than 2d + r, an element from b, and an element
from b3, cancels with a product that contains an element from b, an element
from the first appearance of x, an element from p, and the same element
from b3. The same holds for products that contain monomials from b1, b, and
w3 with parallel restrictions.

(iv) A codegree 2d + r product that contains a monomial from b, a monomial
from 7, of codegree bigger than ¢, and a monomial from b3, such that the sum
of the codegrees of the monomial from 7, and the monomial from the second
appearance of x is smaller than 2d +r, cancels with a product that contains the
same monomials of b and the first appearance of x, a monomial from b, and
a monomial from p3. The same holds for products that contain monomials
from by, wo and b3 with parallel restrictions.

(v) A codegree 2d + r product that contains a monomial from | of codegree
bigger than d, a monomial from 7, and a monomial from b3, cancels with
a product that contains a monomial from b, a monomial from p;, and a
monomial from 3. The same holds for products that contain monomials from
b1, (o and ps3 with parallel restrictions.

Hence, like in the analysis of codegree 2d products, to analyze the elements
ui, v, by, p1 and wy, we need to analyze codegree 2d + r products that contain
one of the following:

(i) a codegree 2d + r monomial of u; that does not appear in v; and vice versa;

(ii) a codegree d + r monomial of v; (which is a monomial of ;) and the top
monomial of wy;

(iii) a codegree d + g; monomial of w1, q;j < d +r, and a codegree d +r —q;
monomial of the first appearance of x;

(iv) a codegree p; monomial of vy (which is a monomial of by), p; <d +r, and
a codegree d +r — p; monomial of the first appearance of x; and the top
monomial of ut;.

Hence, the analysis of codegree 2d + r monomials of #; and v, is identical to
the analysis of codegree d + r and 2d monomials of these elements. Note that in
analyzing products of codegree greater than 2d + r, the element s; is already fixed,
and we only add codegree 2d 4+ r monomials to w; and b1, and codegree d + r
monomials to w;. The analysis of the elements us, v3, b3, 3 and w, is identical.

We continue by analyzing the codegree 2d monomials in u», vy, T2 and uy. The
observations (i)—(v) that we used in analyzing the codegree 2d + r monomials of b
and p imply that analyzing codegree 2d + r monomials of b,, o and w, is similar
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to the analysis of the codegree d + r monomials of these elements. Hence, we can
finally deduce that
(1) pm1(s1+1) =u; and pys1 = vy, deg(s1) =d and u; = vy + pug.
(2) (t1 + D2 =v2, 2(s2+ 1) = uy and 1 = 1252, deg(sz) = deg(ty) = d and
deg(uo2) = deg(ty) = deg(us) —d.
(3) bo+1 =wup and by + puy = vs.
4) x| =s1w| = wit = Wy = watr mod Gl —degluruzus)

This proves the structure of the coefficients in the statement of Proposition 4.11.
Suppose that there exists a solution x; to the given equation, and

deg(x) > 2(2 + k%2 4 deg(uy) + deg(ua) + deg(u3)).

As in the analysis of the same equation in case there are shifts between the ap-
pearances of the element x;, we can continue the analysis of higher codegree
monomials of the solution x;, and get that there exist elements w;, i = 1, 2, that
satisfy s;w; = w;#; = x; mod G4€¢V~1 By the argument that was used to prove
Lemma 4.2, it follows that there exists a solution X to the equations s;x = xt;,
i=1,2.

The element x, satisfies s1xy = xof; mod G298~ Hence, there exists an
element X,, which is a solution of the equation syx = xf, and x, + X, = r, where
deg(r) <2+ kdeebsn+2,

Also, x, is a solution to the equation vixvoxvs = uxurxus, where vy = 1151,
ur=711(s1+ 1), v2= (1 + Dpo, us = ta(s2 + 1), v3 = (12 + D3, uz = trju3, and
Tp8>» = t1|4p. Hence
Ti(s1+ DG +r)nalsa+ DG +r)nus = 1151 (X2 +7) (0 + Do (2 +1) (2 + 1D s,
Therefore

(51 + Droa(sz + Doty + (51 + Dxata(s2 + Dty
=517 (t1 + Dpaka(ty + 1) 4 s1%2(t1 + Daor (12 + 1) mod GIeglirmsariz),
Since s1Xy = X»11, this implies
((s14+ Droa(sa 4+ Dso +s17(t + D pa(s2 + 1)) X2
=22t + D1a(s2 4+ Dria+ t1(t1 + Dpar (2 + 1)) mod GIEC29271),
Therefore,
(s1+ Droa(so+ Dso+s1r(f1 + Dpa(s2 + 1) = p(sy),
(1 + D12+ Drip +11(5 + Dpor (i + 1) = p(ty)

for some polynomial p.
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This implies that r1ys5 + 5175 is a polynomial in sy, and tort; + tpor is a
polynomial in #;. Hence, (rt; + s17) 12 is a polynomial in 51, and o (r#y + s27) is a
polynomial in #;.

Since we assumed that the top monomials of the coefficient do not contain
periodicity, it cannot be that the top monomials of 1, and u, are equal, and equal
to the top monomials of #; and s;. Hence, rt; + s;r =rt, + sor # 1.

If deg(ty) = deg(sy), then the top monomials of s; and #; are equal, and the top
monomials of u, and v, have periodicity, a contradiction. The top monomial of 1,
has no periodicity, so deg(tz) < 2deg(sy). If deg(rp) > deg(s;), then necessarily
the top monomials of u; and v, contain periodicity, a contradiction.

Suppose that deg(tz) < deg(s;). If the top monomial of 7, is the same as the top
monomial of u,, then the top monomials of the two sides of the equation contain
periodicity, a contradiction. If the top monomials of @, and 1, are distinct, then the
top monomials of u, and v, contain periodicity, a contradiction.

Therefore, rt; 4+ s;r =0, so r is a solution of the equation s;x = x¢; and so is
Xp = X +r, and the conclusion of Proposition 4.11 follows. O

Proposition 4.11 and its proof enable us to prove Theorem 4.7 in case there are
no shifts, i.e., in case the degrees of the elements u;, v; satisfy deg(u;) = deg(v;)
for all indices i.

Proposition 4.12. Letuy, ..., u,, vi,..., v, € FA, where FA is the free associative
algebra over GF that is generated by k elements, and suppose that the equation
UTXUQXUS Uy 1 XUy = VIXV2XVS - - Vy_1X Uy
has a solution x| of degree bigger than 2(deg(uy)+- - -+deg(un))2. Suppose further
that
(1) For everyindexi, 1 <i <n, deg(u;) = deg(v;).
(2) The top homogeneous parts of u; and v; are monomials with no periodicity.
(3) For some index i, u; # v;.

(4) All the periodicity in the top monomials that are associated with the top
monomials of the two sides of the equation after substituting the solution x| is
contained in the periodicity of the top monomial of the solution x.

Then there exist some elements s, t € FA, deg(s) = deg(t) < mindeg(u;), such
that

(1) Every solution of the equation sx = xt is a solution of the given equation.

(2) Every solution x, of the given equation that satisfies
deg(x2) > 2(2 + k%8*2 4 deg(uy) + - - - +deg(uy))

is also a solution of the equation sx = xt.
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(3) Foreveryindexi, 1 <i <r, for which u; # v;, there exist elements t;, j1; Such
that the elements u;, v; are either t;(s; + 1) or (t;_1 + 1) ; or tis; or t;_1i4;,
where the elements s; are either s or s + 1, and the elements t; are either t or
t+1,and t; 1 = Tis;.

Proof. The proof of the structure of the coefficients is similar to the proof of
Proposition 4.11. Given the structure of the coefficients, it is clear that every
solution of the equation sx = xt is a solution of the given equation. It is left to
prove that every long enough solution of the given equation is a solution of the
equation sx = xt.

Suppose that x; is a solution of the given equation that satisfies

deg(x2) > 2(2 + k%8O*2  deg(uy) + - - - + deg(uy)).

By the argument that we used in Proposition 4.11, it follows that the equation
sx = xt has a solution, and that x, = X, + r, where X, is a solution to the equation
sx = xt, and deg(r) < 2 + kde(®)+2,

In that case we get the equality

s+ DG+l + D& +7) - T (Sp—1 + DX+ 1)t—1 4
=151 +r)t+ Dpa(Ga+r) -+ (2 + D1 (G2 + 1) a1 + D,

and since X is a solution of the equation s;x = xt;, we get the equality

(s1+ Droa(sa+ DXz - - Tyo1(sp—1 + DXaty1
+- o 1+ DXl + DX - - Ty 1 (S 1 + Dty
=s1r(t+ DpaXo - (ty—a + Dptp1%2(t—1 + 1)
+ skt + DpoXs - (ti—2 + Dip—17 (-1 + 1) mod G™2,

where
my =deg((si + Drra(so+ DX2 -+ Ty 1(Sp—1 + DX2ty—1)

and my = m; — deg(x,) + deg(r).

By the same argument that we used in the proof of Proposition 4.11, since the top
monomials of the coefficients u;, v;, i =1, ..., n, do not have periodicity, and since
the top monomial in the two sides of the equation after substituting the solution x>
has no periodicity, except the one that is contained in the appearances of the top
monomial of x», it follows that for some i, 1 <i <n — 1, s;7r = rt;. Hence, r is
a solution to the equation, sx = x¢, and so is x; = X, + r, since both X, and r are
solutions to this equation. ([

At this point we need to consider equations in which some of the appearances of
the elements x are shifted, and some are not.
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Lemma 4.13. Let uy, us, us, vy, vz, v3 € FA satisfy uy; # vy, deg(ul) = deg(vl),
deg(uy) > deg(vo), deg(vs) > deg(usz), where FA is the free associative algebra
over GF, that is generated by k elements.

Suppose that the top homogeneous parts of u; and v; are monomials (for
i = 1, 2,3) with no nontrivial periodicity. If there exists a solution x| to the
equation uxuyxusz = v1xvyxv3, and the only nontrivial periodicity in the top
monomials of the two sides of the equation after substituting x1 is contained in the
top monomial of the solution x| (this translates to a condition on the top monomials
of the coefficients), and deg(x) > 2(deg(u) +deg(uy) +deg(u3))2, then there exist
elements s, t € FA, such that either

(1) There exists w1 for which uy = p1(s + 1) and vy = uys.

(2) There exist uy and sa, tr for which (t+ 1)y = vy and t Lo so = uy. Furthermore,
v3 = thus and the pair (s, tp) is either (s, t) or (s + 1, ¢+ 1).

or
(1) There exists w1 for which uy = p1s and vy = (s + 1).

(2) There exist o and sz, tr for which (t+ 1)y = uy and vysy =t . Furthermore,
v3 = thus and the pair (sy, tp) is either (s, t) or (s + 1, ¢+ 1).

As in the conclusion of Theorem 4.7, every solution of the equation sx = xt is
a solution of the given equation uixusxusz = vixvaxvs. Every solution x, of the
given equation uxuyxus = v1Xvyxv3 that satisfies

deg(xz) > 2(2 + k%e6V+2 1 deg(u) + deg(uz) + deg(u3))

is also a solution of the equation sx = xt.
Proof. The proof is similar to the proof of Proposition 4.11. ([

At this point we can complete the proof of Theorem 4.7. We already analyzed
the case in which there are nontrivial shifts between (the top monomials of) pairs
of appearances of the variable x in the two sides of the equation. Propositions 4.11
and 4.12 analyze the case in which there are no shifts between pairs of appearances
of the variable x in the two sides of the equation, and Lemma 4.13 analyzes the
case n = 3 in which there is a pair with no shift and a pair with a shift.

By the techniques that were used in proving Proposition 4.11 and in analyz-
ing the case in which there are nontrivial shifts between pairs of appearances of
the variable x, if there is a pair of coefficients, u;, v; such that u; = v; and the
i — 1 (hence, also the i-th) pair of appearances of the variable x has no shift,
then the equation breaks into two equations, the first contains the coefficients
ui,...,ui—1,Vq,...,v_1, and the second contains the coefficients u; 1, ..., u,,
Vit+1, - - -, Uy. Therefore, in the sequel we may assume that there is no such pair of
coefficients u;, v;.
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Then there exist some elements s, t € FA, deg(s) = deg(t) < mindeg(u;), and
elements sy, ..., S,—1, 1, ..., th—1, such that

(1) For every index i, the pair (s;, ;) is either (s, ) or (s +1,¢+1).

(2) For every pair of coefficients, u;, v; for which the two pairs of appearances of
the variable x from the two sides of the pair of coefficients have no nontrivial
shift, either u#; = v; or there exist elements 7; and u; such that either u; = t;s;
and v; = t;(s; + 1) (or vice versa), or u; =t;_j; and v; = (t;,_; + Du; (or
vice versa), or u; = (t;_1 + 1)u; and v; = 7;(s; + 1) (or vice versa).

(3) If deg(u) = deg(vy), either u; = vy or there exists t; such that u; = 7157 and
v; = 11(s1 + 1) (or vice versa). If deg(u,) = deg(v,), either u, = v, or there
exists an element u, such that u, =1, 14, and v, = (t,—1 + 1), (or vice
versa).

(4) For every pair u;, v; for which the two pairs of appearances of the variable x
from the two sides of the pair of coefficients have nontrivial shifts, u;s; =t;_;v;
(or vice versa), or u; = t;_1v;s; (or vice versa).

(5) If deg(u;) # deg(vy), then u; = vys; or vice versa. If deg(u,) # deg(v,), then
U, = t,_1V, Or Vice versa.

(6) Suppose that deg(u;) # deg(v;), 1 <i < n, there is no shift between the i — 1
appearances of the variable x, and there is a nontrivial shift between the i-th
appearances of the variable x from the two sides of the equation. Then either
u;s; = v; or vice versa, in which case the original equation can be broken into
two equations, the first contains the first i — 1 pairs of coefficients, and the
second contains the last n + 1 — i pairs of coefficients, or v; = (f;_; + 1);
and u;s; = t;_ju; (or vice versa), or u; = (t;_; + 1)iu; and v; = t; _u;s; (or
vice versa).

(7) Suppose that deg(u;) # deg(v;), 1 <i < n, there is no shift between the i-th
appearances of the variable x, and there is a nontrivial shift between the i — 1
appearances of the variable x from the two sides of the equation. Then either
t;_1u; = v; or vice versa, in which case the original equation can be broken into
two equations, the first contains the first i pairs of coefficients, and the second
contains the last n — i pairs of coefficients, or v; = 7;(s; + 1) and t;_ju; = 7;s;
(or vice versa), or u; = 7;(s; + 1) and v; = t;_ 7;5; (or vice versa).

This description of the coefficients in a general equation with one variable, in
which the coefficients have no periodicity, and the top homogeneous parts of the
coefficients are monomials, finally implies:

(1) Every solution of the equation sx = xt is a solution of the given equation.
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(2) Every solution x; of the given equation that satisfies
deg(xa) > 2(2 + k%2 1 deg(uy) + - - - + deg(uy))

is also a solution of the equation sx = xt.

The proof of (1) follows from the structure of the coefficients, and the proof of
(2) follows by the argument that was used to prove (2) for the case in which there
are no shifts between the various appearances of the top monomial of the solution
X7 in the two sides of the given equation in Proposition 4.12.

This concludes the proof of Theorem 4.7. ([
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