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The proof of the independence theorem for Kim-independence in positive thick
NSOP; theories by Dobrowolski and Kamsma (Model Theory 1 (2022), 55-113)
contains a gap. The theorem is still true, and in this corrigendum we give a
different proof.

1. Introduction

The proof of the independence theorem for Kim-independence in thick NSOP;
theories [Dobrowolski and Kamsma 2022, Theorem 7.7] contains a gap. Every-
thing in that proof is fine up to the point where it is argued how the theorem
follows from what is called “Claim 2” (at the bottom of page 88). By compactness,
an M-indiscernible sequence (g;ih;g;h;g’h!)icz is extracted from the data from
Claim 2. However, it may be that the properties (] g/’ )icz = (q'lz, &%y and
Riit) =Mh.igoi i g, hi g/ | are not carried over.

The theorem, as stated, is still true, and in this corrigendum we give a different
proof. We assume familiarity with [Dobrowolski and Kamsma 2022].

2. Technical tools

We reformulate the chain condition in a form that will be useful to us.

Lemma 2.1 (chain condition). Let T be a thick NSOP| theory. Suppose that
a | ]If/l b and that (b;); <, is a Morley sequence in some global M-Ls-invariant type
with by = b. Then, writing p(x, b) =tp(a/Mb), we have that

U px. o)
i<w
does not Kim-divide over M.
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Proof. Let g(x) be the global M-Ls-invariant type in which (b;); -, is a Morley
sequence. As a \|/]’f/[ b we have by [Dobrowolski and Kamsma 2022, Proposi-
tion 4.2] that there is an Ma-indiscernible (b)), -, = ¢®“|y with by = b. So we
have (b))i<w =m (bi)i<w» and we let a* be such that a(b!); <, =m a*(bi)i<,. Then
(b;); <o 18 Ma*-indiscernible, and so a* \Lﬁ(bi)im by [loc. cit., Lemma 6.1]. We
conclude by noting that a*b; =y a*by =y ab6 =ab foralli < w. O

Proposition 2.2 (being Ls-invariant is type-definable). Let T be a thick theory. Let
C be some parameter set and let N 2 C be (2ICH*1)* _saturated (possibly N is the
monster). Define X (x) to be the following partial type over N

U{dc (xb,xb") <2:b,b" € N are finite tuples such that dc (b, b") < 1}.

Then a type q(x) over N is C-Ls-invariant if and only if X («) for o = q.

Proof. Let g (x) be a C-Ls-invariant type over N and let« =q. Let b, b’ € N be finite
tuples such that dc (b, b') < 1. Then there is a C-indiscernible sequence (b;); -
with bob; = bb’, which we may assume to be in N by saturation. Using saturation
again, we find a Ap-saturated C € M C N such that (b;); -, is M-indiscernible.
In particular this means that bM = b'M and so abM = ab’M. It follows that
ab EI];; ab’ and thus by our choice of M we get dc(ab, ab’) < 2. As b, b’ were
arbitrary, we conclude that = X («).

For the other direction we let g(x) be a type over N such that for & = g we have
E X («). Now let d, d’ € N be (potentially infinite tuples) such that d 5155 d'. Let
n < w be such that d¢(d, d’) < n, we claim that d¢ (ad, ad’) < 2n, which implies
the required ad =¢* ad’. By thickness we have that the condition d¢ (ed, ad’) <2n
is given by

U{dc (ab,ab’) <2n:b Cd and b’ C d’ are finite matching tuples}.

So we have reduced the problem to the case where d and d’ are finite. By saturation
then there are d = dy, d,,...,d, = d' in N such that dc(d;, d;+1) < 1 for all
0 <i < n. By assumption we thus have that d¢(ad;, ad;11) <2 forall 0 <i < n.
We conclude that d¢ (ad, ad”) < 2n, as required. O

Proposition 2.3 (extending Ls-invariant types). Let T be a thick theory. Let N 2 C
be (2\€H*1)* saturated. Suppose that p(x) = tp(a/N) is a C-Ls-invariant type,
then p(x) extends to a unique global C-Ls-invariant type q(x).

Proof. Let X (x) be the global partial type from Proposition 2.2 expressing C-Ls-
invariance. We will show that p(x) U X (x) is finitely satisfiable. So let ¢(x, e) €
p(x), where e is a tuple of parameters from N, and let Xy(x) € X (x) be finite. Let
bi,...,b,and b, ..., b, be the finite tuples that occur in Xo(x), so dc(b;, b)) <1
for all 1 <i <n. By saturation of N we find di, ..., d,, d;, ..., d;, € N such that
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di---dyd]---dy=ceby---byb|---b,. Soforall 1 <i <nwehavedc(d;,d)) <1,
and hence d¢(ad;, ad]) <2 by Proposition 2.2 applied to p(x). Now let a* be such
that ad, - - -d,d| - - - d), =c. a*by - - - by - - - b;,. Then by construction we have that
E ¢(a*, e) and = Xg(a*), which proves finite satisfiability of p(x) U X(x). By
compactness we then find a realisation & of p(x)U X (x), so that g (x) =tp(a/IMN) is
our desired C-Ls-invariant type. The uniqueness claim follows from [Dobrowolski
and Kamsma 2022, Fact 7.6]. O

We recall from [loc. cit., Definition 3.12] that a \|/"CLS b means that tp(a/Cb)
extends to a global C-Ls-invariant type.

Proposition 2.4. Let T be a thick theory. If (a;); <, is a C-indiscernible sequence

such that a; a; foralli < w then (a;); <y, is a Morley sequence in some global

| iLs
. . ~ C
C-Ls-invariant type.

Proof. By compactness we find a,, such that (@;); <., is C-indiscernible. Set p(x) =
tp(a,/Ca~,) and let X (x) be the global partial type from Proposition 2.2. We
claim that p(x) U X(x) is consistent. Indeed, for any finite p’(x) € p(x) there
is some i < w so that p’(x) only contains parameters in Ca_;, and so = p’(a;)
by C-indiscernibility. As a; \LiCLS a—; we then have that p’(x) extends to a global
C-Ls-invariant type ¢’(x), and any realisation of ¢’(x) will then be a realisation of
P (x)UX(x). So p(x) U Z(x) is finitely satisfiable and hence consistent.

Let o™ be a realisation of p(x) U X (x) and set ¢g*(x) = tp(a™/M), so g*(x) is
global C-Ls-invariant. Let a* E%Z@ a*, then there is f € Aut(®/Ca.,) such
that f(a*) = a,. Set g = f(g*), so g(x) is global C-Ls-invariant by [loc. cit.,

Lemma 3.8(i)] with p(x) C ¢g(x) and, letting o be a realisation of g, we have
—Ls
o

:Ca<w
. . —Ls —Ls . ®i
For any i < w we thus have q; =Cu., do =¢y_, O We therefore have a_; =g |¢

forall i < w and 0 (@;)i<» = g%®®|c. SO (a;)i <e is the automorphic image over C
of a Morley sequence over C, hence it is itself a Morley sequence in a (potentially
different) global C-Ls-invariant type. U

Agy.

3. Spread out trees

We recall various definitions concerning trees and trees of parameters (which we will
from now on also simply call trees) from [Kaplan and Ramsey 2020]. In particular,
we will work with the ill-founded trees 7, from [loc. cit., Definition 5.1] and we
use the same notation, so we assume familiarity with those definitions. We refer to
[Kamsma 2024] for the definitions and terminology involving s-indiscernibility, str-
indiscernibility and generalised EM-types. We slightly adjust [Kaplan and Ramsey
2020, Definition 5.7] to fit our situation.
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Definition 3.1. Let (a,),c7, be a tree and let M be an e.c. model:

(1) We call (ay)yeT, spread out over M if for all n € T, with dom(n) =[B+1, o)
for some B < «, there is a global M-Ls-invariant type g, 2 tp(asy~)/M)
such that (asy~(i))i <« 18 @ Morley sequence in g, over M.

(i) A Morley tree over M is an str-indiscernible and spread out tree over M.

(iii) A tree Morley sequence over M is a branch in an infinite height Morley tree
over M.

Lemma 3.2. Suppose that (a;); <, is a tree Morley sequence over M:

(1) If b; < a; for each i < w, of matching length and position, then (b;); <. is a
tree Morley sequence over M.

(i1) Fix 1 <n < w and define d; = (ayi, . . ., anit+n—1) for all i < w. Then (d;)i<,
is a tree Morley sequence over M.

Proof. This is essentially [Kaplan and Ramsey 2020, Lemma 5.9], but we work
with slightly different definitions, so we go through the proof here. Part (i) is
clear, because being a Morley tree is preserved under taking subtuples. For (ii)
we let (by),e7, be a Morley tree such that (a;); <., is a branch in (b;),e7,. We
may assume that (a;); <., 1s the branch indexed by the constant zero functions. We
define j : 7, — 7, so that for n € 7, with dom(n) = [k, w) we have dom(j(n)) =
[nk+n—1, w) and

n(m—m—1)/n) ifn|(m—(n-1)),
0 otherwise,

J () (m) = {

for all m € [nk +n — 1, w). We define (¢;)ner, by ¢y = (i, -+ -5 bjap~(0-1)-
This corresponds to the n-fold elongation of (b,),c7, from [Chernikov and Ramsey
2016]. One then straightforwardly verifies that (c;),e7, is a Morley tree over M,
s0 (cg;)i<w 18 a tree Morley sequence over M. For i < w we have

¢o = By 1 b)) = @nino1o - ani).

so by reversing the order of the tuples we see that (d;); -, is a tree Morley sequence
over M. U

Lemma 3.3 (Kim’s lemma for tree Morley sequences). Let T be a thick NSOP,
theory. Let M be an e.c. model and let ¥.(x, b) be a partial type over M. Then the
following are equivalent:

(1) X(x, b) Kim-divides over M.

(i1) For some tree Morley sequence (b;);, over M with by = b we have that
Ui = Z(x, by) is inconsistent.
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(iii) For every tree Morley sequence (b;);<, over M with by = b we have that
Ui = Z(x, by) is inconsistent.

Proof. This is [Kaplan and Ramsey 2020, Corollary 5.14], whose proof is re-
ally found in [loc. cit., Proposition 5.13]. Our setting requires some minor extra
verifications, which we will do below, but the proof is essentially the same.

Given the existence of tree Morley sequences starting with & (Lemma 3.10), the
equivalence of these three statements reduces to proving that for any tree Morley
sequence (b;); <, over M with by = b we have that X (x, b) Kim-divides if and only
if U, ., Z(x, b;) is inconsistent.

Let (¢,)ye7, be a Morley tree over M such that (b;); -, is a branch in that tree,
which we may assume to be the constant zero branch. For i < w define n; € 7, to
be the function with domain [i, @) such that

. 1 ifi=j,
ni(J) = {O otherwise.
By str-indiscernibility, the sequences (¢, )i <» and (cy,); < are M-indiscernible. We
claim that (c;,); <« s a Morley sequence over M in a global M-Ls-invariant type.
Indeed, because (c;),e7, is spread out over M we have that ¢, \LiLS (cy;)j<i for
all i < w. So the claim follows from Proposition 2.4. By str-indiscernibility we
also have for all i < w that ¢,, ¢, starts an M (ch’ Cn_;) j>i-indiscernible sequence.
So since T is NSOP;| we can apply [Dobrowolski and Kamsma 2022, Lemma 5.10]
to conclude that | J;_, X (x, ¢z;) is inconsistent if and only if | J,_, X (x, ¢;,) is
inconsistent. The former is just | J,_, X (x, b;), and the latter is inconsistent if
and only if X (x, b) Kim-divides by Kim’s lemma for NSOP; theories [loc. cit.,
Proposition 4.4], which concludes the proof. (]

Fact 3.4 (tree modelling theorems). Let T be a thick theory:

(i) Let (ay),eT, be a tree of tuples and let C be any set of parameters, then there
is a tree (by),eT, that is s-indiscernible over C and EM;-based on (a,)yeT,
over C.

(ii) Let C be any parameter set, k any cardinal, and let > = Jpri+iciey+. Given
any tree (ay),eT, of k-tuples that is s-indiscernible over C, there is a tree
(by)yeT, that is str-indiscernible over C str-based on (ay,)ycT; over C. The
latter means that for any finite tuple n € T, there is v € T, such that n and v
have the same str-quantifier-free type and b; =c as.

Proof. Part (i) is [Kamsma 2024, Theorem 4.6], which is essentially just compactness
applied to [Dobrowolski and Kamsma 2022, Proposition 5.8]. Part (ii) is [Kamsma
2024, Theorem 4.8], which is technically stated for well-founded trees, but its proof
applies to the ill-founded trees we are interested in here. (]
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Lemma 3.5. Let T be a thick theory. Suppose that (a,)yeT, is s-indiscernible and
spread out over M and that (b,),cT, is str-based on (ay),e7, over M, then (by),eT,
is spread out over M.

Proof. Let nn € 7, we have to show that (bx>,~))i<w 1S @ Morley sequence in
some global M-Ls-invariant type. We claim that by, ~ ;) \L’]és (by~(j)) j<i for
all i < w. This is indeed enough, because (b~ (i))i<w 1S M-indiscernible by
str-indiscernibility over M, and so the result follows by Proposition 2.4.

We prove the claim by showing that for all i < w and all finite b C b~ ;) and
b" C (bey~j)) j<i we have b \LIMLY b’, which is enough by Proposition 2.2. Let

Vi, ..., V;, be finite tuples in 7, such thati; < --- <i, <wand /\ v;, >~ (ix) for

all 1 <k <n. By str-basing there are y, (;,, ..., t;, in Ty such that y i, - - - ft;, has

the same str-quantifier-free type as nv;, - - - v;, and byby, - -- by, =wm ayap, - --ag,,.
iLs

We now have reduced the problem to showing that ag, | '° ap, ---ap, . As
y < /\ [, there must be some m < w such that A @;, >y~ (m). Furthermore,
we have for every 1 < k < n that y < A ft;, and A i, <iex /\ fLi,» and so
/\ iy =y (j) for some j < m. Because (a,),c7, is spread out over M we
have apy~ ) v;"f (asy~(j)) j<m> and so ag, | "L > as required. [J

Ly am, - ai

In—

Corollary 3.6. Let T be a thick theory, and let C be some parameter set and k
some cardinal. Set ) = :(2K+ZXT+\C\)+. Given a tree (a,)neT; Of k-tupes that is
s-indiscernible and spread out over C, there is a Morley tree (by),cT, over C that
is str-Ls-based on (ay,)yeT; over C. The latter means that for any finite tuple n € T,

there is v € T, such that n and v have the same str-quantifier-free type and b;; E'&S a;.

Proof. By [Dobrowolski and Kamsma 2022, Fact 2.12] there is Ar-saturated M 2D C
with |M| < 2*7HCl As k +|T| + |M| < k 4+ |T| 4+ 227 1€ = ¢ 4 2277FIC1 we can
use Fact 3.4(ii) to find a tree (b;),e7, that is str-indiscernible over M and str-based
on (ay),eT;, over M. In particular (b,),cT, is str-based on (a,),ec7; over C, so it is
spread out over C by Lemma 3.5 and hence it is a Morley tree over C. Finally, by
str-basing, we have that for any finite tuple 1 € 7, there is v € 7T, such that  and
v have the same str-quantifier-free type and b; =y aj. By our choice of M this
implies b =L ay, as required. O

The following key lemma in constructing spread out trees is due to N. Ramsey,

for which we take terminology from [Chernikov et al. 2023, Definition 1.14].

Definition 3.7. We call a sequence of trees ((a;)nen )i < mutually s-indiscernible
over C if (af]),767;y is s-indiscernible over C((aé)nen)j;éi,Kw foralli < w.

Lemma 3.8. Let T be a thick theory and let (a,)yeT, be a tree that is s-indiscernible
over M. Then there is a Morley sequence ((ai,),,en)Rw in some global M-Ls-
invariant type with (ag)neﬁ = (ap)yeT, that is mutually s-indiscernible over M.
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Proof. Let q((xy)ye7,) 2 tp((ay)ye7,/M) be a global M-Ls-invariant type. Let
N D M be (2MI+21)+ _gaturated, and let (a7)yet, = qln. Apply the s-modelling
theorem (Fact 3.4(i)) to find a tree (ag )neT, that is s-indiscernible over N and
EM;-based on (a;,),,en over N.

Claim 3.8.1. The type tp((a,)yeT,/N) is M-Ls-invariant.

Proof of claim. By Proposition 2.2 it is enough to show that for any finite b, b’ € N
with dp (b, b') < 1 we have dy ((xy)neT, b, (xy)yerb’) <2 C tp((a,’;),,ef,;/N). By
thickness we have that dy ((x;)ne7, b, (x,),e7,b’) <2 is given by

(J{dar (b, x5b') <2: 77 is a finite tuple in 7).

Let 1 be any finite tuple in 7,. For any v that has the same s-quantifier-free type as
i we have that dy (x;b, x3b’) <2 C tp((a;),,en/N) by Proposition 2.2, because
tp((a,%)ne%/N) = g|n is M-Ls-invariant. We thus see that dy (x;b, x;0") <2 C
EMS((a,’?)nGTQ/N) C tp((ag),,en/N), which concludes the proof of the claim. [J

By Claim 3.8.1, Proposition 2.3 and our choice of N there is a unique global M-
Ls-invariant type g” ((x;)ye7;,) 2 tp((a;]’)nen/N). Let ((b;)nen)iﬂ) be a Morley
sequence in ¢” over N.

Claim 3.8.2. The sequence (bfy)nen is mutually s-indiscernible over N.

Proof of claim. Fix i < w. We prove by induction on k& > i that (b;)nen is
s-indiscernible over N((bﬁ)nEE)J#t j<k-

For the base case k =i we need to prove that (bl )yeT, 1s s-indiscernible over
N ((b YneTa)j j<iv Let n,v € 7, be finite tuples w1th the same s-quantifier-free
type. As (bn)neﬁ =y (a;)’),,en , we have that it is s-indiscernible over N. So
there is a single type (after renaming variables) p(y) = tp(b% /N) = tp(b;/N),
which is M-Ls-invariant by Claim 3.8.1. Since ¢” (xﬁ) and q’ '(x) are both global
M-Ls-invariant extensions of p(y) we have that ¢” (x;) = ¢” (x3), after renaming

variables. By construction b‘ = q”(xn)|N((b] and b = q”(xv)IN((b]

€771)j<l )nen)j«

SO b 7SN GD e b’ follows as required.

For the successor step we have k > i and we assume that (b n)neT, 18 s-indiscernible
over N ((b YneTa) ji,j<k- Let 7, v € Ty be finite tuples Wlth the same s-quantifier-
free type. By the induction hypothesis we have

i _Ls i
TN gk
where we get equivalence of Lascar-strong types instead of just normal types from
s-indiscernibility; see e.g., [Kamsma 2024, Proposition 4.5]. As (b];;)nen realises
an M-Ls-invariant type over N ((bf;)nen )j<k and N 2 M we get
(bl’;)"eﬁ’b% El&b((bﬁ)nen)j#i.jq (bl’;)”enb%’
which completes the induction step and thus the proof of the claim. (]
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We have (b)ner, =m (@))net, =m (@))ner, =m (ap)yeT,. Where the middle
equality of types follows because (a;;)nen is s-indiscernible over M and so its
EM;-type over M is maximal (i.e., is the same as its type over M) and (a,/; )neTs
is in particular EM;-based on (a;;)ne%; over M. So by an automorphism we find
(@p)ner)i<o =m (B))neT)i<wos With (@))neT, = (@y)yer,, Which is then as re-
quired by construction of ((biy)nen )i<w and Claim 3.8.2. ]

Remark 3.9. Lemma 3.8 is in fact a missing ingredient in [Kaplan and Ramsey
2020], in particular in the inductive steps in their Lemmas 5.11 and 6.4. There they
replace some spread out tree A by an s-indiscernible tree B locally based on A
(in our terminology: EM;-based). However, this process might not preserve the
property of being spread out. By replacing the inductive step by Lemma 3.8, the
argument can be fixed.

In existing work on Kim-independence over arbitrary sets there is the same issue,
as discussed in [Chernikov et al. 2023, page 7]. This can be fixed in a similar
manner: [loc. cit., Lemma 1.15] is a variant of Lemma 3.8 over arbitrary sets (in
full first-order logic), and can then be used in the inductive steps in the same way.

We also remark that this is not an issue in [Dobrowolski and Kamsma 2022],
because the proofs there make use of a different notion called “g-spread-out”. The
point of this notion is that it is type-definable, so it can be captured by the EM;-type.
The gap in the proof of the Independence Theorem that this corrigendum addresses
is of a different nature.

The following lemma illustrates the use of Lemma 3.8 and completes the proof
of Lemma 3.3.

Lemma 3.10. Let T be a thick theory. For any a and M there is a tree Morley
sequence (a;);i <, over M with ag = a.

Proof. Let A be the cardinal from Corollary 3.6, where M and |a| take the respective
roles of C and « there. By induction on o < A we will construct trees (ag),,en ,
such that:

(1) Forall n € 7y we have a; =y a.

(2) The tree (ag)nﬁ; is spread out and s-indiscernible over M.

(3) For all 8 < a we have af;a(n) = ag for all n € Tg.

We start by setting a) = a. For a limit stage £, we set afﬁ[ m = a,’f , where 8 ranges

over all ordinals < ¢ and 7 ranges over all elements in 7g. This is well-defined
by property (3), and properties (1) and (2) follow immediately from the induction
hypothesis.

For the successor step we suppose (ay);e7, has been constructed. By Lemma 3.8
we find a Morley sequence ((a:;" neTs)i<w 10 some global M-Ls-invariant type
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with (ag,o)neﬁ = (ag )neT, that is mutually s-indiscernible over M. Define a tree
(by)neTs,, by setting by = a and by~ = ag’i for all n € 7, and i < w. The
EM;-type of (by),eT,., over M satisfies the following properties:

(i) It contains tp((by),eT,, \(2)/M). This is because (b ;))i<, forms an M-
indiscernible sequence of trees that is mutually s-indiscernible over M.

(i) The EM;-type specifies that the type of the root is tp(a/M).

We apply Fact 3.4(i) to find an s-indiscernible tree (a%“)ne% .1 over M that is
EM;-based over M on (by),eT,,,- By an automorphism and (i) we may assume
that a‘(’;;ﬂn =biy~y = ag’i for all n € T, and i < w, and so (3) is satisfied. This then
also implies that (2) is satisfied and (1) is satisfied by (ii), completing the inductive
construction.

We thus have constructed a tree (a%)neﬂ that is spread out and s-indiscernible
over M with a% =y a for all n € 7. We can now apply Corollary 3.6 to find a
Morley tree (a;)ye7, thatis str-Ls-based on (ay);)neﬁ over M. In particular a,, =y a
for all n € 7, and so by an automorphism we may assume a;, = a. Then setting
a; = ag, for all i < w we obtain the required tree Morley sequence (a;); <o.- Ul

4. The independence theorem

We now give a new proof of the independence theorem [Dobrowolski and Kamsma
2022, Theorem 7.7]. The statement remains exactly the same. The proof is essen-
tially that of [Kaplan and Ramsey 2020, Theorem 6.5], with Lemma 3.8 mixed
in.

Lemma 4.1. Let T be a thick NSOP, theory. Suppose that a | K b and fix some
cardinal k. Suppose that q(x, y) = tp(N/9N) is a global M -Ls-invariant type such
that q |, extends Lstp(b/ M), where N 2 M is 3,(Ar +|Mab|+|T,|)-saturated and
the x variable matches b. If (by),c7,, with a < k, is a tree that is spread out over
M, such that for all n € T, we have b, EIMS b and b, = (q|x)|mb,., > then, writing

p(x,b) =tp(a/Mb),
U px. by

n€Ty
does not Kim-divide over M.
Proof. We follow the proof of [Kaplan and Ramsey 2020, Lemma 6.2], replacing
their use of [loc. cit., Proposition 6.1] by [Dobrowolski and Kamsma 2022, Propo-
sition 7.5]. The proof is by induction on «. For o = 0 there is nothing to do, and

limit stages follow from the induction hypothesis by finite character. Now suppose
that (b;)ye7,,, 18 as in the statement. By the induction hypothesis we have that

U px.by)

n(0)
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does not Kim-divide over M. Because (b;),eT,,, is spread out we have that
(b>(i))i<w 1s a Morley sequence in some global M-Ls-invariant type. By the
chain condition Lemma 2.1 we then have that

U U px. by

i<wnl>(i)

does not Kim-divide over M. At the same time we have by = (q(x)|mp,., and so
by our assumptions on ¢ we have by | * bbg, see [Dobrowolski and Kamsma
2022, Definition 7.3]. Using that p(x, b@) does not Kim-divide (because a | K b)
we can apply the weak independence theorem [loc. cit., Proposition 7.5] to see that

PG by U | pa by

i<wn>(i)

does not Kim-divide (here we implicitly used the assumption that b, EIA‘; b for all
n € Tq+1). Unfolding definitions, this is exactly saying that

U p. by,

N€Ta+1
does not Kim-divide, completing the induction step and thereby the proof. U

Lemma 4.2 (zig-zag lemma). Let T be a thick NSOP, theory. Suppose that b \LII‘{/I c
Then there is a global M -Ls-invariant type q(x, y) = tp(N /9N), where N 2 M is
some 3, (A1 +|Mbc|)-saturated model and q|, extends tp(b/M), and a tree Morley
sequence (b, ¢;i)i <, over M such that:

(1) Ifi < j then bicj =y bc.
(ii) If i > j then bi = (ql:) | me;-

Proof. We basically verify that the proof of [Kaplan and Ramsey 2020, Lemma 6.4]
goes through, while fixing a gap by mixing in a use of Lemma 3.8 (see also
Remark 3.9).

Let A be the cardinal from Corollary 3.6, where the C and « are M and |bc|
respectively. Let N D Mb be 3,,(|75|)-saturated (note that |75 | > A7 +|Mbc|). Let
q(x, y) be a global M-Ls-invariant extension of Lstp(N /M), where the x variable
matches b. In particular, for 8 =¢|, we have 8 = =Ls o b. We write p(z, b) =tp(c/MD).
By induction on o < A we will construct trees (bn’ ‘,’;)ne% , such that:

(1) For all n € T, we have bg‘ = (‘”x)le‘;ncﬁ” and b, ELA‘; b.
(2) For all n € 7, we have ¢y = U, P(z, bY).

(3) The tree (b%, Ca)nE'E is spread out and s-indiscernible over M.

(4) For all B < & we have b” | = bjjc} forall n € Tp.

LB € lﬁ (U]
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We start by setting b%c% = bc. For a limit stage ¢, we set b[ﬂz(n) fﬂ@ m = bg c',? ,
where B ranges over all ordinals < £ and n ranges over all elements in 7. This is
well-defined by property (4), and properties (1)—(3) then follow immediately from
the induction hypothesis.

For the successor step we suppose (bj, ¢;)ye7, has been constructed. Using
Lemma 3.8 we find a Morley sequence ((b,7 i ,,')ne%; )i<e 1n some global M-Ls-
invariant type with (b,7 0 €. Y oneT, = (b c ),767— that is mutually s-indiscernible
over M. Define a tree (d,), e;)pe7,,, by settlng diiy~neqiy-n = by ;c; ; forall n € T
and i < w. This leaves us to define dy and ey. Let ,B = ¢|x and pick dg such that

_Ls
dg TMdsgeso B-

We can then apply Lemma 4.1 to the tree (d;)ye7,,, to see that

U rG.dy

N€Tu+1

does not Kim-divide over M. In particular, this set is consistent and so we can let
ey be a realisation of this set. The EM-type of (d,, e;),e7,,, over M satisfies the
following properties:

(1) It contains tp((dy, €;)peTs.i\(z}/M). This is because (dx (i), e (;))i<w forms
an M-indiscernible sequence sequence of trees that is mutually s-indiscernible
over M.

(ii) It contains the type r(xg, (Xp)p=0, (29)y>2) = tp(dy, drg, e>z/M), and note
that by construction r(x, dx gz, exo/M) = (q1x)|IMdy ye. - Indeed, let 77 and v
be two finite tuples in 7,1 with the same s-quantifier free type that do not
contain the root. Then we have djej; E]ﬁ d;e;, see (i) for the justification. The
claim then follows from M-Ls-invariance of q.

(iii) It captures thatdg = =Ls a7 diiy foralli <w. By construction we have dy (dg, do)) <
n for some n < w, so dM(d@,d(i)) <n+1 for all i < w. By thickness
dy (xg, x)) < n+1 is type-definable over M, and this partial type is thus
contained in the EM;-type.

(iv) It captures that ey =, P(2, dv)-

We apply Fact 3.4(i) to find an s-indiscernible tree (bg‘“ , cg“ )neTay, Over M thatis
EM;-based over M on (dy, €;)ye7,.,- By an automorphism and (i) we may assume
that b‘(’iil c‘Z‘l“ = diiy~ne(iy~y = by ;¢ i for all n € 74 and i < w, and so (4) is
satisfied. This then also implies that (3) is satisfied. Finally, (1) is satisfied because
of (ii) and (iii) and (2) is satisfied because of (iv), in both cases combined with the
induction hypothesis. This completes the inductive construction.

We thus have constructed a tree (b,k’, c%)nefﬂ satisfying (1)—(3). We now apply
Corollary 3.6 to find a Morley tree (b, ¢;)ye7, Over M str-Ls-based on (b%, C%)ne’a
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over M. Property (2) is clearly preserved under str-Ls-basing. To see that property
(1) is preserved under str-Ls-basing we show that, for any n € 7, and finite tuple v
in 7, we have b, = (q|x)|mb;¢; - Indeed, by str-Ls-basing we find y, & € 7, such
that y /i has the same str-quantifier-free type as nv and bybyc; =} bjbrich. Let
B = qlx, then we have by M-Ls-invariance of ¢|, that

oo _Ls g A __ A A __Ls o
bybycy =y bybﬂcﬂ = ,Bbﬂcﬂ =, Bbicy,

as required. So setting (b;, ¢;) = (by;, ¢;) for all i < w we find our desired tree

Morley sequence. ([
Theorem 4.3 (independence theorem). Let T be a thick NSOP; theory. Suppose
that a EIA‘,[S a,a \L/’; b, a \|/AK/I candb \L,‘K,, c. Then there is a” with a” EIMSb a,

a" =% a’ and a” \LAK/I be.

Proof. We now have all the tools in place to follow the proof of [Kaplan and Ramsey
2020, Theorem 6.5]. To get our conclusion about Lascar strong types, we apply
the same trick as at the start of [Dobrowolski and Kamsma 2022, Theorem 7.7]:
as described there we may assume b and c to enumerate Ar-saturated e.c. models
containing M. So we have reduced our goal to proving that, for po(x, b) =tp(a/Mb)
and pi(x, ¢) =tp(a’/Mc), the partial type po(x, b) U p;(x, ¢) does not Kim-divide
over M.

Let (b;, ¢i)i<» and g(x, ¥) be as in Lemma 4.2, and we may assume bjc; = bc.
Let a” be such that a”cq E],;,‘; a’c, which can be done because ¢ = ¢ EIMS Co.
We then have a EIMS a”’ as well as a \|/]If4 by, a” vﬁ co and b \|/*M co, because
b1 = (qlx)|mcy» S0 by [Dobrowolski and Kamsma 2022, Proposition 7.5] we have
that po(x, b)) U p1(x, cp) does not Kim-divide over M. Since (b;, ¢;)i<y 1S a
tree Morley sequence over M, we can apply both parts of Lemma 3.2 to see that
(b2i+1, C2i)i<e 18 a tree Morley sequence over M. Hence by Kim’s lemma for tree

Morley sequences (Lemma 3.3) we have that

U po(x, biy1) U pr(x, c2i)

i<w
is consistent. Thus
U po(x, baiy1) U pi(x, c2i42)
i<w

is consistent, as this is contained in the above set. Again, by Lemma 3.2, we have
that (bo;11, c2i+2)i<w 1S a tree Morley sequence over M. Since bicy =y bc we
thus have by Kim’s lemma for tree Morley sequences (Lemma 3.3) again that
po(x, b) U py(x, c) does not Kim-divide over M, which finishes the proof. O



CORRECTION: KIM-INDEPENDENCE IN POSITIVE LOGIC 895

Acknowledgements

We would like to thank W. Kho [2023], who found the gap while working on
his Master’s thesis. We would also like to thank I. Kaplan and N. Ramsey for
discussions leading to this proof.

References
[Chernikov and Ramsey 2016] A. Chernikov and N. Ramsey, “On model-theoretic tree properties”, J.
Math. Log. 16:2 (2016), 1650009, 41. MR Zbl

[Chernikov et al. 2023] A. Chernikov, B. Kim, and N. Ramsey, “Transitivity, lowness, and ranks in
NSOP; theories”, J. Symb. Log. 88:3 (2023), 919-946. MR Zbl

[Dobrowolski and Kamsma 2022] J. Dobrowolski and M. Kamsma, “Kim-independence in positive
logic”, Model Theory 1 (2022), 55-113. MR Zbl

[Kamsma 2024] M. Kamsma, “Positive indiscernibles”, Arch. Math. Logic (2024).

[Kaplan and Ramsey 2020] I. Kaplan and N. Ramsey, “On Kim-independence”, J. Eur. Math. Soc.
(JEMS) 22:5 (2020), 1423-1474. MR Zbl

[Kho 2023] W. Kho, A primer of NSOP theories, master’s thesis, University of Oxford, 2023. Zbl

Received 15 Jan 2024. Revised 27 Mar 2024.

JAN DOBROWOLSKI:

dobrowol @math.uni.wroc.pl
Department of Mathematics, University of Manchester, Manchester, United Kingdom

MARK KAMSMA:

mark @markkamsma.nl
School of Mathematical Sciences, Queen Mary University of London, London, UK

:-msp


https://doi.org/10.1142/S0219061316500094
http://msp.org/idx/mr/3580894
http://msp.org/idx/zbl/1402.03043
https://doi.org/10.1017/jsl.2023.36
https://doi.org/10.1017/jsl.2023.36
http://msp.org/idx/mr/4636621
http://msp.org/idx/zbl/07735941
https://doi.org/10.2140/mt.2022.1.55
https://doi.org/10.2140/mt.2022.1.55
http://msp.org/idx/mr/4659503
http://msp.org/idx/zbl/07697361
https://doi.org/10.1007/s00153-024-00928-3
https://doi.org/10.4171/jems/948
http://msp.org/idx/mr/4081726
http://msp.org/idx/zbl/1467.03010
http://msp.org/idx/zbl/1024.03029
mailto:dobrowol@math.uni.wroc.pl
mailto:mark@markkamsma.nl
http://msp.org

Model Theory

EDITORS-IN-CHIEF
Martin Hils

Rahim Moosa

EDITORIAL BOARD
Sylvy Anscombe

Alessandro Berarducci

Emmanuel Breuillard

Artem Chernikov

Charlotte Hardouin

Francois Loeser

Dugald Macpherson

Alf Onshuus

Chloé Perin

PRODUCTION
Silvio Levy

msp.org/mt

Westfilische Wilhelms-Universitdt Miinster (Germany)
hils @uni-muenster.de

University of Waterloo (Canada)
rmoosa@uwaterloo.ca

Université Paris Cité (France)
sylvy.anscombe @imj-prg.fr
Universita di Pisa (Italy)
berardu@dm.unipi.it

University of Oxford (UK)
emmanuel.breuillard @ gmail.com

University of California, Los Angeles (USA)
chernikov@math.ucla.edu

Université Paul Sabatier (France)

hardouin @math.univ-toulouse.fr

Sorbonne Université (France)
francois.loeser @imj-prg.fr

University of Leeds (UK)
h.d.macpherson@leeds.ac.uk

Universidad de los Andes (Colombia)
aonshuus @uniandes.edu.co

The Hebrew University of Jerusalem (Israel)
perin@math.huji.ac.il

(Scientific Editor)
production@msp.org

See inside back cover or msp.org/mt for submission instructions.

Model Theory (ISSN 2832-904X electronic, 2832-9058 printed) at Mathematical Sciences Publishers, 798 Evans

Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online.

MT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing
https://msp.org/
© 2024 Mathematical Sciences Publishers


http://msp.org/mt/
hils@uni-muenster.de
rmoosa@uwaterloo.ca
sylvy.anscombe@imj-prg.fr
berardu@dm.unipi.it
emmanuel.breuillard@gmail.com
chernikov@math.ucla.edu
hardouin@math.univ-toulouse.fr
francois.loeser@imj-prg.fr
h.d.macpherson@leeds.ac.uk
aonshuus@uniandes.edu.co
perin@math.huji.ac.il
production@msp.org
http://dx.doi.org/10.2140/mt
https://msp.org/
https://msp.org/

Model Theory

no. 3 vol. 3 2024

Noncommutative algebraic geometry, I: Monomial equations with a
single variable
ZLIL SELA
When does 8 -categoricity imply w-stability?
JOHN T. BALDWIN, MICHAEL C. LASKOWSKI and SAHARON
SHELAH
A New Kim’s Lemma
ALEX KRUCKMAN and NICHOLAS RAMSEY

Sparse graphs and the fixed points on type spaces property
ROB SULLIVAN

Correction to the article Kim-independence in positive logic
JAN DOBROWOLSKI and MARK KAMSMA

733

801

825

861

883


http://dx.doi.org/10.2140/mt.2024.3.733
http://dx.doi.org/10.2140/mt.2024.3.733
http://dx.doi.org/10.2140/mt.2024.3.801
http://dx.doi.org/10.2140/mt.2024.3.825
http://dx.doi.org/10.2140/mt.2024.3.861
http://dx.doi.org/10.2140/mt.2024.3.883

	1. Introduction
	2. Technical tools
	3. Spread out trees
	4. The independence theorem
	Acknowledgements
	References
	
	

