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Algebraic types in Zilber’s exponential field

Vahagn Aslanyan and Jonathan Kirby

We characterise the model-theoretic algebraic closure in Zilber’s exponential
field. A key step involves showing that certain algebraic varieties have finite
intersections with certain finite-rank subgroups of the graph of exponentiation.
Mordell-Lang for algebraic tori (a theorem of Laurent) plays a central role in our
proof.

1. Introduction

Given a complex number a and a subfield K of the complex field, we can ask if a is
algebraic over K, that is, satisfies a nontrivial polynomial equation with coefficients
in K. If we look purely at the field structure then this is essentially all we can say
about a given K; in model-theoretic terms, the minimal polynomial of a over K
(or the fact that a is transcendental over K) completely determines the type of a
over K. When a is algebraic over K, this type has only finitely many realisations:
the conjugates of a over K.

If we now add the exponential function to the field then this single notion of
algebraicity generalises into a number of distinct concepts. One could ask for a to
satisfy some exponential polynomial equation with coefficients from K, but this is
not particularly useful, as it neither pins down a to a finite set, nor does this concept
even give a closure operator.

The generalisation of algebraicity central to this paper is the one called model-
theoretic algebraicity: an element a of a structure M is algebraic over a subset
B C M if it lies in a finite set which is definable by a first-order formula with
parameters from B. Equivalently, the type of @ over B in M has only finitely many
realisations, so is said to be an algebraic type. The (model-theoretic) algebraic
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closure acly;(B) of B in M is the union of all the finite subsets of M which are
definable over B. We consider this concept in the case of exponential fields.

An exponential field or E-field is a field F of characteristic O equipped with a
homomorphism exp from its additive to its multiplicative group. We often write e*
instead of exp(z). If F is algebraically closed as a field, we call it an EA-field. If, in
addition, the exponential map is surjective (every nonzero element has a logarithm),
we call it an ELA-field. Given any exponential field F and a subset B C F, we
have the exponential subfield (B)}fr generated by B, and also write (B)EA for the
smallest exponential subfield containing B which is relatively algebraically closed
in F in the field-theoretic sense. We also write (B)%LA for the smallest E-subfield
K containing B which is relatively algebraically closed in F and also closed under
logarithms, that is, if exp(b) € K then b € K.

In any exponential field F, it is immediate that acly(B) 2 (B)EA.

The main classical examples of exponential fields are Rexp and Ceyp, the real
and complex fields equipped with the usual exponentials. In the celebrated paper
[Wilkie 1996], Wilkie showed that Reyp is 0-minimal. Every o-minimal field has
definable Skolem functions, and so for any B C R the algebraic closure acl(B)
is equal to the definable closure dcl(B) (the union of all singleton sets definable
over B), and is the smallest elementary substructure of Rex, containing B.

A different generalisation of algebraic closure which is also important for ex-
ponential fields is that known as exponential algebraic closure, denoted by ecl.
For any exponential field F' and subset B, eclr(B) consists of the components of
zeros of functions defined implicitly from exponentials and polynomials [Kirby
2010a, Definition 3.2]. In Rexp, acl coincides with this ecl [Jones and Wilkie 2008,
Theorem 4.2] but this is not true for most exponential fields.

In the complex exponential field, the characterisation of acl is, like many model-
theoretic questions, completely open. We discuss this further at the end of the paper.
One observation we can make is that 7 is in acl(&). To see this, we observe that
the kernel 27iZ of the exponential map is defined by

xeker iff e*=1

and the integers Z are definable as the multiplicative stabiliser of the kernel, that is,
by

xeZ iff Vyl[yeker— xy € ker].
The set {£2mi} is definable as the set of generators of the kernel, via

x eker A(Vy € ker)(3z € Z2)[y = zx]
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and the result follows since 7 is of course field-theoretically algebraic over 2i. In
[Kirby et al. 2012] this argument is extended to show that 7 is actually pointwise
definable. We give the extended argument at the end of this paper.

Following his philosophy that Ceyj, should be as model-theoretically tame as pos-
sible given that the ring Z is definable, Zilber [2005] introduced a new exponential
field B, satisfying many known and desirable properties of Cexp, and conjectured
that it is in fact isomorphic to Cexp. In particular, the kernel of the exponential map
in B is of the form 77, with t transcendental, and an exponential field of this form
is said to have standard kernel. Exactly the same argument as above shows that in
any exponential field with standard kernel we have t € acl(©).

The exponential field B is characterised by three further properties: the Schanuel
property, strong exponential-algebraic closedness, and the countable closure prop-
erty, all of which we explain in the next section. The Schanuel property is the
conclusion of Schanuel’s conjecture of transcendental number theory. It can be
formulated as saying that for any finite tuple a from an exponential field F, a certain
predimension function §(a) is nonnegative. We can relativise this predimension
function over a subset B of F, and we say that B is strong in F if for all finite
tuples a from F, the predimension §(a/B) is nonnegative, and B also contains the
kernel of F. It turns out that for any B C F, there is a smallest strong subset of F
containing it, called the hull of B, denoted [B1]r. We write [B1%* for ([B]r)EA.
In the case F = B, we drop the subscript F' from the above notation and just write
[B1, (B)E, (B)EA, and [B1EA. Our main theorem characterises the model-theoretic
algebraic closure in B as follows:

Theorem 1.1. For every subset B € B we have acl(B) = [ B]FA.

We view this theorem as the first part of a broader project aiming to characterise
all the finite rank types in B. The algebraic types correspond to the rank-0 types.

Outline of the paper. In Section 2 we explain the other properties defining B and
the hull, and we set up our notation. In Section 3 we characterise the types of
elements of the hull of a finite tuple over that tuple and show that they are isolated.
This plays a crucial role in the rest of the paper and relies on several geometric
properties of B.

In order to prove Theorem 1.1, we show first that acl(B) 2 [B1EA. This reduces
to showing that acl(B) 2 [B], which is done in Section 4, and comprises the bulk
of the work of the paper. This statement can be seen as a “Diophantine” statement
about some algebraic varieties containing only finitely many points from a certain
finite rank subgroup of the graph of the exponential map. This resembles the
Mordell-Lang conjecture for tori, a particular case of which states that an algebraic
curve living inside an algebraic torus contains only finitely many points from a
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finite rank subgroup of the torus unless the curve is a coset of a subtorus. Hence it
should not come as a surprise that Mordell-Lang plays a crucial role in the proof
of the theorem.

We then show that acl(B) C[B1"* in Section 5. This inclusion follows from the
Hrushovski style amalgamation-with-predimension construction of a countable sub-
model of B, combined with the first inclusion. The reader familiar with Hrushovski
constructions may be aware that in structures obtained by such a construction in
certain settings (e.g., Hrushovski’s ab initio example) the model-theoretic algebraic
closure can be described in terms of the hull. In our setting this yields only a weak
version of the second inclusion; some nontrivial work and the first inclusion are
required to prove the full case.

In the final Section 6 we compare the algebraic closure with other closure opera-
tors in B, including the definable closure and various bounded closure operators,
discuss what we can say about algebraic closure in Ceyp, and leave some open
questions.

2. Zilber’s exponential fields

Zilber’s exponential field B is the unique (up to isomorphism) ELA-field of car-
dinality continuum with standard kernel which satisfies three further properties:
the Schanuel property, strong exponential-algebraic closedness, and the countable
closure property. We explain these properties and the relevant surrounding concepts,
roughly following the presentation in [Kirby 2013b].

2.1. The Schanuel property, predimension, and strong hull. We begin by intro-
ducing the notion of relative predimension of a QQ-vector space over another. We
work in an ambient exponential field F.

Given two Q-vector subspaces L € L, of F such that the quotient Ly/L is
finite-dimensional, we define the relative predimension of L, over L as

8(La/Ly) :=1td(La, exp(L2)/Ly, exp(L1)) — ldimg(La/Ly),

where td and 1dim stand for transcendence degree and linear dimension, respectively.
For an arbitrary Q-vector subspace L; of F and a finite-dimensional Q-vector
subspace L of F we define

S(L/Ly) :=d(spang(LyUL)/Ly).

For two finite tuples a, b we let §(a / b) = d(spang(a)/ spang (b)).

Given Q-vector subspaces L C L; of an exponential field F, we say L, is strong
in Ly and write L| <L, if ker(exp)N L, € L; and for all finite-dimensional Q-linear
subspaces L € L, we have §(L/L) > 0.
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For a tuple b from a Q-linear subspace L we say b is strong in L, and write b <I L,
if spang ()< L.
For a subset B C F we define the strong hull or just hull of B as follows:

[Blp:= ﬂ {L C F: L is a Q-vector subspace, B Uker(exp) C L, and L < F}.

One can show that the intersection of strong (2-subspaces is again strong, and
hence [ B is the smallest strong subspace of F containing B. As mentioned in
the introduction, we write [ B1EA for ([B1)EA, the smallest EA-subfield of F which
contains B and is strong in F.

For a finite-dimensional Q-vector space L we define its predimension as

d(L) := (L / spang(ker(exp))),

and likewise for a finite tuple a we define §(a) := §(spang(a)).
An exponential field F satisfies the Schanuel property if the conclusion of
Schanuel’s conjecture holds in F, that is, for any z;,...,z, € F,

tdo(z1, ..., zZn, €%, ..., €*) —ldimg(zy, ..., 2z) > 0.

For exponential fields F with standard kernel (or trivial kernel), it is easy to see
that F satisfies the Schanuel property if and only if for every finite-dimensional
(D-vector subspace L C F we have §(L) > 0. In this case, it easily follows that
if ldimg B is finite then 1dimg[ B is finite and §([ B] r) is the smallest possible
predimension of an extension (as a finite-dimensional Q-vector space) of B in F.

2.2. Strong exponential-algebraic closedness and the countable closure property.
For an [ x n matrix M of integers we define M : G x G!', — G x Gl to be the
map given by
M: (%, 9) > Mz, 3",
mij

where (Mx); = 2?21 m;ix; and (YM); = ]_[7:1 yj

An irreducible subvariety V C G} x G, is rotund if for any 1 <[/ <n and any
[ x n matrix M of integers, dim M (V) >rk M.

A subvariety V as above is called free if for any M as above with / =rk(M) =1,
both the additive and multiplicative projections of M (V') have dimension 1.

Given an exponential field F' and a subvariety V C G} x G, we define

Vg :={a:(a, e”) € Vand the tuple @ is Q-linearly independent over b}.

When F has standard kernel, @ is @-definable in F', and hence if V is defined
(in the field-theoretic sense) over (15)1EF then Vg is a b-definable set.

We say an exponential field F is strongly exponentially-algebraically closed if
it is an ELA field and for every free and rotund subvariety V C G} (F) x G (F)
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of dimension n defined over F and for every finite tuple b from F, the set Vg is
nonempty.

An exponential field F is said to have the countable closure property if for every
countable subset B, the exponential-algebraic closure ecly(B) is countable. We
have not carefully defined ecl, and in fact we do not make any use of this property
(save for some comments in Section 6), but for those exponential fields with standard
kernel which satisfy the Schanuel property there is a simpler equivalent formulation:

For every free and rotund subvariety V C G} (F) x G} (F') of dimension n
and for every finite tuple b, the set Vg is countable.

For each uncountable cardinal « there is a unique (up to isomorphism) ELA-
field of cardinality « with standard kernel satisfying the Schanuel property, strong
exponential-algebraic closedness, and the countable closure property [Zilber 2005;
Bays and Kirby 2018]. The one of cardinality 2% is denoted by B as already pointed
out above.

3. Isolation of types

To understand when a € acl(b) in B, we need to know something about the types
of finite tuples which are realised in B. We are interested in syntactic complete
types, that is, tp(a/l;) ={p(x,b)|BE ¢(a, b)}, where ¢ (x, y) runs over first-order
formulas. The construction of B is done in a semantic way, so the natural notion of
type which arises is a Galois type, that is, an automorphism orbit. As B is not a
saturated, or even homogeneous, model of its first-order theory, Galois types give
in general a slightly finer equivalence relation than syntactic types. However, B
is quasiminimal excellent and hence ¥p-homogeneous over the empty set [Kirby
2010b, Definition 1.1] and it follows that for those types of finite tuples (over a
finite tuple of parameters) which are realised in B, the two do coincide. Thus we
have the following statement.

Fact3.1. Ifa,a’ € B" and b € BF then tp(a/b) = tp(a'/b) if and only if there is an
automorphism of B fixing b pointwise and mapping a to a'.

Since T € acl(9), it is convenient to work over tuples containing t, so from now
on we focus on types over such tuples.

Definition 3.2. Let F be an algebraically closed field. For a subfield K of F and a
tuple u from F the locus of u over K, denoted by Loc(u/K), is the Zariski closure
of u over K.

Proposition 3.3. Let b be a finite tuple from B containing t, such that b < B.
Suppose a is a finite tuple from B which is Q-linearly independent over b and
that 8(a/b) = 0.
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Then there is a positive integer m such that, after replacing a by a/m, we get
that tp(a/b) is isolated by the formula x € V-Jf where V = Loc(a, exp(a)/B)
with B := @(span@(b) exp(span@(b)))

Proof. We give a proof referring to the paper [Bays and Kirby 2018], which however
uses a somewhat different and more general setup, of what are there called I"-fields.
In our situation, a I'-field is a subfield F' of B with a distinguished @-linear subspace
D = D(F) containing 7, and the restriction of exp to D. Furthermore, F' should
be generated as a subfield of B by D Uexp(D). It is finitely generated in the sense
of that paper if and only if D is finite-dimensional as a Q-vector space. In [Kirby
2013a] and elsewhere, this concept is called a partial exponential field.

With these definitions and notation, B is the I'-field with D(B) spanned by b.
Take A to be its extension with D(A) spanned by @, b. Then [Bays and Kirby 2018,
Proposition 3.22] says that, after replacing a by a/m for a suitable m, we get that
a is a good basis, which by [Bays and Kirby 2018, Definition 3.19] means that the
extension A is determined up to isomorphism by the locus V of (a, exp(a)) over B
for a basis a, that is, V together with the information that the basis a is Q-linearly
independent over b.

Now we note that since b <IB, the extension B C A is necessarily strong. Further,
since §(a/ b) = 0, we conclude that A < B.

The exponential field B is constructed as an elementary extension of a countable
model F [Kirby 2010b, Lemma 5.4], and this [ is the Fraissé limit of the category
of finitely generated I'-fields with strong extensions [Bays and Kirby 2018, The-
orem 5.9]. So from the standard homogeneity of Fraissé limits, we see that if A
and A’ are isomorphic strong finitely generated extensions of B within F then the
isomorphism extends to an automorphism of F. Hence the corresponding generators
of A and A’ over B have the same Galois type over B, and then in particular they
have the same syntactic type over b. The proposition follows. ([

Now consider the situation where b is a finite tuple from B which is not strong
in B, and a is a Q-linear basis for [b] over b. We can assume that b contains v and
is Q-linearly independent. Then @b is a Q-linear basis for [5], and replacing @ by
a/m and b by b/m for a suitable m € N, we may assume it is a good basis.

Proposition 3.4. Let b be a finite tuple from B containing t and suppose ab is a
good basis of [b]. Then tp(a/b) is isolated by the formula stating that X € VT where
V =Loc(a, exp(a)/B) with B := Q(spang, b), exp(spang H))). Furthermore all
realisations @' of this type are such that the Q-linear span of @'b is equal to that
of ab, namely [b].

Proof. If a is nonempty then 8(a/b) < 0, so we are not in the situation of
Proposition 3.3. To get to that situation, we take a subtuple b’ of b which contains
7 and is otherwise exponentially algebraically independent in B, of maximal length,
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say d+1, and let ¢ = b\ /', the rest of the tuple. Then b’ <\B with §(b') =8 (b'¢ca) =d,
and 8(ca/b’) = 0.

Let U := Loc(ca, exp(ca)/b’, exp(l;/ )). Then by Proposition 3.3, tp(ca/b’) is
isolated by the formula yX € U " Evaluating at y = ¢ we see that tp(a/b'c) is
isolated by x € V , that is, x € V— as required.

Now suppose that a e V- Then tp(a’/b) = tp(a/b) so

V =Loc(a’, exp(@’) /b, exp(b)),

and ldimg(a@’/b) = ldimg(a/b). Thus §(a’/b) = §(a/b), and by the minimality of
this predimension and the uniqueness of the hull, @’ must also be a basis for [b]
over b. O

From the ¥p-homogeneity of B over & as mentioned above, we get:

Corollary 3.5. Let a, b, and B be as in Proposition 3.4. Let @’ be another tuple
such that Loc(a, exp(a)/B) = Loc(a’, exp(a’)/B). Then there is an automorphism
of B fixing B pointwise and mapping a to a'. ([l

4. The strong hull is contained in the algebraic closure

The main technical part of the proof is done in the following proposition, where we
consider a locus of a special form.

Proposition 4.1. Let b be a finite tuple from B containing t, and let a € B" be a good
basis of the strong hull [b]. Let also V := Loc(a, exp(a)/B) C G} (B) x G (B),

where B 1= (span@(b) exp(span@(b))) Assume that W = = PIgn V is a coset of
an algebraic subgroup of Gp. Then a C acl(b).

Proof. We proceed to the proof by induction on n, the length of a. The base case
n = 0 holds vacuously. If n > 1 then §(a /l;) < 0, which means dimV < n. In
particular, if n = 1 then dim V = 0 and so V is finite, and the conclusion of the
theorem holds.

So let n > 2 and assume now that for any tuple b’ for which

e [ :=1dimg([b']/b’) < n, and

. per Loc(a’, exp(a’)/Q(b', exp(b'))™€) is a coset of a subgroup of G, where
a e "B is a basis of [b'] over b,

we have a’ C acl(®').

We need to show that the conclusion holds for @ and b as in the statement of
the proposition. Let x1, ..., X,, y1,..., y, denote the coordinates on G x GI..
Observe that by a simple change of coordinates we may reduce to the case where
W is defined by equations of the form y; =cx, k=1, ..., s for some ¢, € B and
some s < n.
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Claim 4.2. There is a’ € span(a, b) \ span(b) such that a’ € acl(b).

We now explain why the claim is enough to prove the induction step. If the claim
holds, then we may assume a’ is one of the a;, say a,. Then the rest of the a;, denoted
a, as a tuple, form a basis of [b, a’| over b, a’. Let B := B(a’, exp(Qa)). Since

by our assumption e?', ..., e% € B and e®+!, ..., e are algebraically independent
over B, we see that the multiplicative projection of Loc(a, exp(a)/B’) is defined
by the equations yy =c, k=1,...,s,and y, = e“/, and is a coset of a subtorus of

G . Therefore, the multiplicative projection of Loc(ax, exp(a,)/B’) is a coset of
a subtorus of G"!. Also, dim([b, a'1/b,a’) =n — 1, and hence by the induction
hypothesis we have [b] = [a’, b] Cacl(a’, b) = acl(b).

Now we prove the claim, considering two cases.

Case 1: dimW < n — 1. This means W has at least two constant coordinates,
yi and y,. Let U € B? be the projection of Vg to the first two coordinates. Clearly
U C(a; + 1t2) x (ap + tZ). Suppose that for some my, my,1;,l, € Z we have
(ay +mt,a +mot), (a1 + 117,02+ 1>rt) € U. We may assume m; >0, [} > 0.
By Corollary 3.5, the maps

w(ay, ax) = (ap+mit,ay+mat), A:(ap,a2)— (a1 +ht,ax+ht)

extend to automorphisms over B.

Now, the automorphism Mllk*’"l maps (ap, ap) to (ay, ax + (Iymy — lhmy) 7). If
[ymy —Ilpmy # 0 then the orbit of a; is infinite under the powers of ,u’ LAT" while a;
is fixed. However, by the induction hypotheses, a; is model-theoretically algebraic
over baj, so this is not possible. Therefore, we deduce that /ym, — lom; = 0.

Let d; := ged(l;, m;). Then l; = d;l], m; = d;m’ with ged(l/, m}) = 1. Substi-
tuting this in the above equality we see that /{m/ = [,m/;, which then implies that
Iy =1, m) =mjorly =I5, m\=—m,.

Since ged(l{, m}) = 1, there are integers u, v such that m|u +[jv = 1. Then
mbu +15v = £1. Thus, we have

mu+hiv=d, mu-+lhv==xd,.

Consider the automorphism o := u“A" : (ay, az) — (a; +dit,a, £d>t). Then on
(a1, a») the automorphism p (respectively, 1) agrees with o™ (respectively, o'1),
regardless of the sign in the second coordinate above. This shows that on (a;, as)
all automorphisms over B agree with powers of an automorphism o : (a;, az) —
(ay + di7, ay + dpt), where |dy|, |d;| are minimal. Since ¢” maps (a;, @) to
(ay +rdit, ay +rdyt), we conclude that any point in U must be of the latter form
for some integer r. Then the formula

p(x) = Elxl,...,xn((xl,...,xn) € Vg/\x =d1x2—d2x1)
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defines @’ := dja, — d»ra; over b. Since a is (-linearly independent over b, if
a e span(E), then di = d, = 0, and U is a singleton and so aj,ay € acl(b).
Otherwise a’ € span(a, b) \ span(l;) and a’ € acl(b), which proves Claim 4.2.

Case 2: dim W =dim V =n — 1. In this case V projects dominantly to the coordi-
nates y. := (2, ..., ¥n), the coordinate y; is constant (equal to c1), and every coor-
dinate x; is algebraic over y, on V. Let M € GL,,_(Q) and ,3* € spang(ay, 15)”_1
and B; € tZ be such that (a; + By, McTz* + E*) € Vg, where a, := (as, ..., a,).
Observe that an arbitrary element of V};' is of the form (a; + 81, Ma, + B.), and
we aim to show that 8; must necessarily be 0.

Recall that B = @(span@(l;), exp(span@(g))). Write ¢, for exp(a,). Since
dim W = n — 1, the elements c», ..., c, are algebraically independent over B.
Consider the minimal polynomial of a; over

ay+rt

Ci=Be" sl ez, 2=k <n) = B(exp( )ilez rez.2<k<n).
Only finitely many values of c,i/ ! occur in that polynomial, so by a Q-linear change of
variables we may assume it has coefficients in B(c,). Thus, there is an irreducible
polynomial p(X1, Y,) € B[Xy, Ya,...,Y,] such that p(X1, ¢x) is the minimal
polynomial of a; over C.

Since (ai, a,) — (a; + B1, Ma, + ,3*) extends to an automorphism o over B,
we have p(a; + By, Efk‘” -v,) =0, where y, := ePr e exp(spang(ai, l;))"_] c B!
for e = ¢y € B. As M is a rational matrix, there is some ambiguity when we
compute ¢, so the last sentence means that for some choice of roots the equality
holds. In fact, for any choice of roots there is a y, for which the equality holds
because different roots differ just by a root of unity and these factors can be included
in y,.

Thus, the polynomial p(X; + B, Ei"l - ¥4) vanishes at a; and is defined over C.
Therefore, it must be divisible by the minimal polynomial p(Xy, ¢,). Since these
two have the same degree, they must agree up to a constant factor, that is,

1/t
i+ P 7= L) px e
glcy')

for some polynomials f, g € B[Y,] and some positive integer ¢. Since ¢, is generic
over B1, Vs, the following equality holds:

g¥YpXi+ B, Y70 = FYV)p(X1, Y.

Here all terms are regarded as Puiseux polynomials, more precisely, Laurent poly-
nomials in Yi/ ™ for a suitable m (any integer that is divisible by all denominators
appearing in exponents of Y,). The ring of Laurent polynomials is a unique
factorisation domain (as it is a localisation of the ring of polynomials), where
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we may assume that f and g are coprime. We claim that f (Y ") and g(Y Y. D)

must be units in that ring (monomials). Indeed, g(Y */ ) must divide p(X1, Y.,
which implies that p(Xi, Y,) is divisible by a polynomial in Y, namely, any
irreducible factor of the product of all Galois conjugates of g(¥ l/ ") over B(Y ).
Since p(X1, Y,) is irreducible, g(?l/t) must be a unit, i.e., a monomial in }_’i "
Similarly, f (Yi/ t) is a monomial in ¥ i/ "

Thus, we have

pXi+ B, YM. 7)) =£.-Y. p(X,,Y,) forsomeécB, icQ@ . (1)

LetS:={se7"!: Yi occurs in p(X1, Y,)} € 7" ! be the support of p(X1, Y.
in Y, and let i := || (the size of S). If N is the transpose of M then equality (1)
implies that N(S) = S 4 u (equality as sets), that is, N permutes S and translates
by u. So there is a permutation @ on A elements such that

Ns=pu(s)4u forallsesS.
So for every r € Z we have
NS=pu@E+U4+---+N"Ha forallses.
In particular, for r = h! we have u"' =Id. Hence
N"s=5+1v forall5 € S, where o = (I +---+ N" .
Now, from (1) we deduce that for all »
p(Xirpr VYN =g YN p(x, T,
In particular,
p(Xi+ 1B, YY" ) =M. Y. (X, ¥,) where § =/t N

Now pick s € § such that the coefficient of Y i in p(Xjy, Y*) is a nonconstant
polynomial ¢(X) € B[X]. Comparing the coefficients of Y f?“_’ in both sides of
the above equality we get

q(X1+hip) -8 =" q(Xy).
The comparison of the leading coefficients yields 8° = £*'. Therefore,
g(X1+h!B1) =q(X1).

Since ¢ is nonconstant and therefore cannot be periodic, we conclude that §; = 0.
Thus, we showed that for any element in VT the first coordinate is a;. Hence
ay € acl(b) and the claim follows. This ﬁmshes the proof. O
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We now show that in the above proposition the condition on W can be dropped
by proving that the general case can always be reduced to that situation. To that
end we need the Mordell-Lang conjecture for algebraic tori:

Fact 4.3 (Mordell-Lang for algebraic tori [Laurent 1984]). Let K be an alge-
braically closed field of characteristic 0. Let also W C G} (K) be an irreducible
proper algebraic subvariety, and I' C G (K) a subgroup of finite rank.

Then there is a finite number N € N, there are yy, ..., yn € I', and algebraic
subgroups Hy, ..., Hy of G, such that for each i we have y; H; € W and

N
wnr=|J7HnT.
i=1

Proposition 4.4. Let D C B be any subset. Then [ D14 C acl(D).

Proof. By finite character and the definition of the EA-closure it suffices to show
that if » € B is any finite tuple containing T and @ is a good basis of the strong hull
[b] over b then a C acl(b).

Suppose for a contradiction there is a tuple 5 for which this is not true, and
let V := Loc(a, exp(a)/B) where, as above, B := @(span@(g), exp(span@(lg))).
Let b* be a tuple from acl(b) extending b over which Loc(a, exp(a)/ acl(b)) is
defined. Then [b*] ;{ acl(b) = acl(hb*). So we replace b with b* and assume
V =Loc(a, exp(a)/ acl(b)).

Let Ty := exp([b]) < G (B). Since [b] is a finite-dimensional Q@-vector space,
[y is a finite rank subgroup of Gy, (B). It is also definable over b, for the formula
X € Vij isolates tp(a/b). More precisely, I'¢ is defined by the formula

3r e V)@ e 2@k e ZE|)|:y = exp(Z mix; + Zk,-bjﬂ.
i j

Hence I' := I'j < Gy, where n := |a|, is also definable over b.
Let W := prg, V. Clearly, we have

exp(a) € exp(V;) S WNT.

By Mordell-Lang, there are a positive integer N and k1, ..., ky € W such that
N
wnr=|_J&;nD), )
j=1

where each «; is a coset of a connected algebraic subgroup 7; of G};. We may
assume the «; are maximal with respect to inclusion. This also means that each set
kj N T is maximal, for it is Zariski dense in « ;.
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Claim 4.5. Each k| is field-theoretically definable over acl(b).

Proof. We prove that «; is definable over acl(b). Suppose 1, ..., ky are all the
cosets of 71 among k1, ...,kn,1.e., Ty =---=Ty # T, for all j > M. Consider
the set

Flzz{)?eF:)?TlgW/\ AN yTjgz;W}.
M<j<N

We claim that I'; € Ung «;j. Indeed, if there exists y € I'j \ Ung k; then
yTi €W and hence y Ty Ck; for some j > M, which then implies yT7;, C W, a
contradiction.

Since the «; are maximal, I'y contains at least one point from each «; for j < M.

The set I is definable over b, and hence so is I';. Now if 7} satisfies an equation
of the form y{"' - - y;" =1, then y;"' - - -y, is constant on ; for all j < M. The
finite set of all these constants is definable over b as the set of the values of the
definable function yi” "...yy" on I';. Thus, each of these constants is in acl(l;).
This means that « is field-theoretically definable over acl(b).

A similar argument shows that every «; is definable over acl(b). That concludes
the proof of Claim 4.5.

To conclude the proof of Proposition 4.4 we observe that by (2), exp(a) € «; for
some j. But we also know that W = Loc(exp(a)/ acl(b)), and so W C k j- On the
other hand, k; € W and hence W = ;.

We can now apply Proposition 4.1 and deduce that [b] C acl(b). ([

5. Upper bound for the algebraic closure

Recall that an ELA-subfield of B is an exponential subfield on which exp is surjective
(i.e., every element has a logarithm) and which is field-theoretically algebraically
closed.

Proposition 5.1. If B <<B and B is an ELA-subfield then B = aclg(B).

Proof. Leta; € B\ B. We show that a; ¢ acl(B). By [Kirby 2013b, Proposition 3.2]
the (unique) type of an element which is exponentially transcendental over B
is not isolated, so in particular not algebraic. Hence we may assume that a; is
exponentially algebraic over B.

Letay,...,a, be a good basis for [Ba;] over B (replacing a; by some a;/m
for an integer m if necessary) and let @ := (ay, ..., a,). Define V := Loc(a, e°/B).
Since B is an ELA-subfield, V is free. Furthermore, V is rotund, for B </ B. Since
a; is exponentially algebraic over B and a is a basis for [Ba;] over B, we have
8(a/B) =0, and so dimV =n.

It is enough to show that a; ¢ acl(b) for any finite tuple b from B. Extending b,
we may assume V is defined over b and b <1 B, so also b <1 B.
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By Proposition 3.3, tp(a/b) is isolated by the formula x € V;. Suppose we have
N distinct realisations of this type, say ci, ..., cy. Then by strong exponential-
algebraic closedness there is cy4+1 € VI{ G )

So inductively we can find infinitely many realisations of tp(a/b), with all
components of the tuples (D-linearly independent, so in particular distinct. Hence,

tp(a;/b) is not algebraic, and so a; ¢ acl(B). ([

In order to deal with the case when B is not an ELA-subfield of B, we need to
establish several auxiliary facts.

Let X C B be a Q-linear subspace and a € (X)EA. Then it follows from the con-
struction of the ELA-closure (see [Kirby 2013a]) that there is » € N and a sequence
ai, ..., a, € Bsuchthatforeachi =1, ..., n, at least one of a; and e“ is algebraic
over Q(X, exp(X), ar, e”, ..., a;—1,e%""), and a € spang(X, ai, ..., a,). In fact,
without loss of generality, a, = a.

If we take n to be least possible for X and a then it follows that ay, ..., a, are
Q-linearly independent over X and (unless a € X) that n > 1. In this case we
say that aj, ..., a, is a witnessing sequence that a € (X)EMA. If X < B then in
addition we have that for eachi =1, ..., n, exactly one of a; and ¢ is algebraic
over Q(X, exp(X), ar, e™, ..., a;—1, e“~1). It also follows (by induction on #n) that
spang(X, ay, ..., a,) <B.

Lemma 5.2. Suppose X < B and that a,, ..., a, is a witnessing sequence that
a e (XA Thenay, ..., a, is also a basis for [Xa] over X.

Proof. Suppose not, and take a counterexample with minimal possible value of n.
Then H := [Xa] is a proper Q-linear subspace of spang (X, ay, ..., a,), for the
latter is strong in B and contains X U {a}. Then a; ¢ H, since otherwise we can
replace X by spang(Xay) to reduce n.

We have a,, € H, so we can take j least possible such that a; € H (even allowing
the sequence of the a; to change, but fixing X and a). So ay, ..., a;_ are Q-linearly
independent over H, but H <1B and hence

td(ay,...,aj—1,e", ..., e“ " /H, exp(H))
=j—1=tda,...,aj_1,e", ..., e“ /X exp(X)).

So, considering forking independence in the field we have

~ ACF
a,...,aj_1,e", ...,e%" | H,exp(H)
X,exp(X)

and in particular, as a; € H, by monotonicity and symmetry we have
ACF

ai a
aj,e | ap,...,ajq,e", ... e
X,exp(X)

aj_l'
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Hence td(a;, e/ / X, exp(X)) =1 and so §(a;/ X) =0. Therefore, we can reorder
the witnessing sequence by moving a; to the start. But now we have a; € H, which
gives the same contradiction as above to the minimality of . U

Lemma 5.3. If b <B with t € b and ¢* € span@(E) but a ¢ span@(E), then we
have a ¢ acl(b).

Proof. We have

0 < 8(a/b) = td(a, e /b, €") — 1dimg(a/b) = td(a/b, e*) — 1.
So a is transcendental over b, eb. Without loss of generality assume that e = b.
Hence the variety V := Loc(a, ¢%/b, ¢®) is defined by a single equation y = b;. So
by Proposition 3.3, tp(a/b) is isolated by the formula

ef=b Ax¢ span@(l;).

The realisations of this formula are a + mt for m € Z, and hence the type is not
algebraic. U

Proposition 5.4. If B <\B and B is an EA-subfield containing t then B = acl(B).

Proof. Pick an arbitrary a € B\ B. We show that a ¢ acl(B). By Proposition 5.1, it
suffices to consider a € (B)EMA \ B. Take a witnessing sequence aj, . .., a, = a as
above. Then by Lemma 5.2 we have [Bal = spang(B, ay, ..., a,).

Since B is an EA-subfield, we must have ¢! € B and a; transcendental over B.
So, by Lemma 5.3, a; ¢ acl(B).

However, by Proposition 4.4, a; € acl(Ba). If a € acl(B) then acl(Ba) = acl(B),
which gives a contradiction. So a ¢ acl(B) as required. U

Proof of Theorem 1.1. Let B CB. By Proposition 4.4, we have [B1FA C acl(B),
and hence acl(B) = acl([ B]1F?). Then by Proposition 5.4, acl([B1F4) = [B1FA. O

6. Discussion of closure operators

6.1. Closure operators on B. Having shown that acl(B) = [B]FA for B C B, an
obvious question is whether acl generally admits a simpler description. For example,
if a = loglog?2 (any determination of this multivalued function) then it is easy to
see that [a] = spang(a, e?), so [a] < (a)E. Might it generally be the case that
[B] C (B)FA?

In fact it is not generally true. For example, let b = exp(a?) with exp(exp(a)) =2
as above. Then [b] = spang (b, a?,a,e), but a, a?, e ¢ (b)EA, although we do
have [b] C (b)EMA,
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In fact, given a subset B C B, we have various closures of B forming the following
diagram:
B < (B)® < (B c (B)FA

NI NI NI NI
[B] < [B1® < [B1®* C [B1¥* C ecl(B)
Il
acl(B)

One can make any of the inclusions strict or nonstrict by choosing a suitable B.
Indeed, it is evident that the inclusions on the two horizontal rows are in general
strict. The example above shows that the left three vertical inclusions can be made
strict as well. The proof of [Kirby 2013a, Proposition 7.5] gives an example of a
point @ where [a] ¢ (a)E-A, which then implies that the rightmost vertical inclusion
can be made strict too. This example is somewhat technical, involving a point
(@, e”) on the intersection of three generic hyperplanes in B®, so we do not give
the details here.

Model theorists are particularly interested in those closure operators which are
pregeometries, but of those in the diagram, it is easy to see that none but ecl satisfies
the exchange property. The fact that ecl is a pregeometry on any exponential field
is [Kirby 2010a, Theorem 1.1].

Given the description of acl in B, it is natural to ask for a characterisation of the
definable closure dcl. It is immediate that (B)E C dcl(B) C acl(B) = [B]®” but
these bounds are not particularly good.

While neither i nor 7 is in dcl(@), being indistinguishable from —i and —<t
respectively, we can define the sine function x > sin(x) = (e'* — e~'*)/2i without
the parameter i, due to the symmetry with —i. So dcl(B) is closed under the sine
function and when i ¢ B this may take us outside (B)%. Furthermore, we saw in
the introduction that in the complex exponential field, {7, —m} is definable, but we
have sin(/2) = 1 and sin(—m/2) = —1, so we can use this property to see that
7 € dcl(@) in Cexp. We can then use this to define 77 in B. Thus, 7 € dcl(@) in B
too.

Observe that [7] = spang (7, 7) and 7 ¢ dcl(r), so we do not generally have
[B] € dcl(B).

Apart from sine, there are many more definable functions such as

e e,

suggesting there is no simple description of dcl in B.

6.2. Nonstandard kernel. We have described acl on B itself, so an obvious question
to ask is “what about other models of its first-order theory?” If M is elementarily
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equivalent to B and also has standard kernel, then from [Kirby 2013b, §2] it follows
that M satisfies all the axioms we gave for B except perhaps the countable closure
property, and the same proof works to show that acl(B) = [B1FA. On the other
hand, if M has nonstandard kernel then the Schanuel property may fail and then
our methods would break down. If the multiplicative Zilber—Pink conjecture is true,
then one can work with the Schanuel property “over the kernel”, and combining
the methods of this paper with those of [Kirby and Zilber 2014] may answer the
question. Without assuming that conjecture the question seems much more difficult.

6.3. Bounded closures. One important role that acl plays in the model theory of
complete first-order theories is to characterise those types which cannot have un-
boundedly many realisations in elementary extensions. We also call this the bounded
closure bcl. The natural axiomatisation of B we gave is in the logic L, ,(Q), and
without the countable closure property we get an axiomatisation in the logic L, .
In these logics, the compactness theorem does not hold, and acl and bcl can differ.
It is known that for the L,,, ,-theory of B, the bounded closure bcl(B) = [ B1EMA,
and for the L, ,(Q)-theory we have bcl(B) = ecl(B).

6.4. The complex case. It is an open question whether or not R is definable in Cexy,.
Ifitis, then Ceyp is bi-interpretable with second-order arithmetic, which has definable
Skolem functions, and acl(B) = dcl(B U {i}) and is (bi-interpretable with) the
smallest elementary submodel of second-order arithmetic containing B. This is the
best upper bound we can get for acl(B) without something like the homogeneity
obtained from strong exponential-algebraic closedness.

There is the obvious lower bound acl(B) D (B U {m})FA as discussed in the
introduction. However, without the Schanuel property, one does not have any
control over [b] for a finite tuple b, and so the arguments of this paper do not
show that [b] C acl(b). Things are better if we work over [, and we expect that
the methods of this paper would show that if B © [ then acl(B) 2 [B]EA. If
Schanuel’s conjecture is true then [ = 27iQ and we recover this lower bound
for all B C C.
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