Model Theory

no. 3 Vo) ! 2025

:.msp



Model Theory

EDITORS-IN-CHIEF
Martin Hils

Rahim Moosa

EDITORIAL BOARD
Sylvy Anscombe

Artem Chernikov

Gabriel Conant

Charlotte Hardouin

Krzysztof Krupinski

Francois Loeser

Dugald Macpherson

Alf Onshuus

PRODUCTION

Silvio Levy

msp.org/mt

Westfilische Wilhelms-Universitdt Miinster (Germany)
hils @uni-muenster.de

University of Waterloo (Canada)
rmoosa@uwaterloo.ca

Université Paris Cité (France)
sylvy.anscombe @imj-prg.fr

University of California, Los Angeles (USA)
chernikov@math.ucla.edu

University of Illinois at Chicago (USA)
gconant@uic.edu

Université Paul Sabatier (France)
hardouin @math.univ-toulouse.fr
University of Wroctaw (Poland)

kkrup @math.uni.wroc.pl

Sorbonne Université (France)
francois.loeser @imj-prg.fr

University of Leeds (UK)
h.d.macpherson@leeds.ac.uk

Universidad de los Andes (Colombia)
aonshuus @uniandes.edu.co

(Scientific Editor)
production@msp.org

See inside back cover or msp.org/mt for submission instructions.

Model Theory (ISSN 2832-904X electronic, 2832-9058 printed) at Mathematical Sciences Publishers, 2000 Allston

Way # 59, Berkeley, CA 94701-4004 is published continuously online.

MT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing
https://msp.org/
© 2025 Mathematical Sciences Publishers


http://msp.org/mt/
hils@uni-muenster.de
rmoosa@uwaterloo.ca
sylvy.anscombe@imj-prg.fr
chernikov@math.ucla.edu
gconant@uic.edu
hardouin@math.univ-toulouse.fr
kkrup@math.uni.wroc.pl
francois.loeser@imj-prg.fr
h.d.macpherson@leeds.ac.uk
aonshuus@uniandes.edu.co
production@msp.org
http://dx.doi.org/10.2140/mt
https://msp.org/
https://msp.org/

Model Theory
Vol. 4, No. 3, 2025

https://doi.org/10.2140/mt.2025.4.203

Classification properties for some ternary structures

Alberto Miguel-Gémez

We provide a model-theoretic classification of the countable homogeneous
H,-free 3-hypertournament studied by Cherlin, Hubicka, Konecny, and Nesetfil.
Our main result is that the theory of this structure is SOP3, TP;, and NSOP;,.
We offer two proofs of this fact: one is a direct proof, and the other employs part
of the abstract machinery recently developed by Mutchnik.
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1. Introduction

One of the major current programmes in model theory concerns the extension
of methods from stability and simplicity theory to more general classification
properties. An example of this program was the development of a structure theory
for NSOP; theories, mostly carried out in [Kaplan and Ramsey 2020]. The key idea
of this development was to generalise the notion of dividing, central to the setting
of simple theories, to that of Kim-dividing, intended to capture the idea of dividing
at a generic scale. Kaplan and Ramsey were able to essentially complete the study
of NSOP; theories using this notion and the derived notion of Kim-independence,
given by non-Kim-forking over a model.

A natural question is whether we can keep extending these techniques further
down the NSOP,, hierarchy introduced by Shelah [1996]. Mutchnik [2022b] has
shown that the classes of NSOP; and NSOP; coincide, and it remains open whether
there are any NSOP3; SOP; theories. In contrast, there have been many known ex-
amples of natural NSOP4 SOP; theories. The first such examples, already appearing
in [Shelah 1996], were of a combinatorial nature.

MSC2020: 03C45.
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A contribution to the study of NSOP, theories was Conant’s study [2017] of
free amalgamation theories, which includes many previously known examples such
as the generic digraphs of Henson [1972]. In a different direction, the Hrushovski
constructions of Evans and Wong [2009] provided, in some cases, new examples
of strictly NSOP; structures. More recently, new algebraic examples of strictly
NSOP; structures have been found, including the generic c-nilpotent Lie algebras
over [, for ¢ > 2 and p prime of d’Elbée, Miiller, Ramsey and Siniora [d’Elbée
et al. 2025] and the curve-excluding fields of [Johnson and Ye 2025]. A common
feature of all these examples is the presence of an invariant independence relation
defined over models satisfying full existence, symmetry, and stationarity.

A more recent contribution towards a systematic theory of independence in the
context of NSOP; theories is due to Mutchnik. The notion of Conant-dividing
(also appearing in the literature as strong Kim-dividing in [Kaplan et al. 2019]
and, later, as universally Kim-dividing in [Kruckman and Ramsey 2024]) is studied
in depth in [Mutchnik 2022a]. It aims to capture the notion of dividing at a
maximally generic scale. A connection is achieved between the related notion
of Conant-independence and NSOP4 by showing that the symmetry of the for-
mer implies the latter. Furthermore, in the same paper, Mutchnik generalises the
structure theory for NSOP; theories relative to a choice of an invariant indepen-
dence relation satisfying full existence and stationarity over models and gives
criteria for identifying Conant-independence as one of these relative notions of
Kim-independence.

In this document, we present the first example of a strictly NSOP; structure with
no known invariant independent relations satisfying full existence and stationarity,
namely, the Hy-free 3-hypertournament. More precisely, we prove the following.

Theorem 1.0.1. The theory of the countable homogeneous Hy-free 3-hypertour-
nament is SOP3, TP,, and NSOP;.

This result contrasts with the situation for the other three known homogeneous
3-hypertournaments, all of which are NTP,. We also relate our structure to higher-
arity versions of stability and NIP; namely, those studied by Terry and Wolf [2021]
and by Abd Aldaim, Conant, and Terry [Abd Aldaim et al. 2025] in terms of NFOP,,,
and those introduced by Shelah [2014] and further developed by Chernikov, Hempel,
Palacin, Takeuchi and others [Chernikov et al. 2019; Hempel 2016; Chernikov and
Hempel 2019; 2021] in terms of NIP,,. In particular, we show that the homogeneous
H,-free 3-hypertournament is IP, and NFOP;3.

There is a long history of interactions between model theory and the combinatorial
study of tournaments, i.e., directed graphs (V, E) such that, for all distincta, b € V,
exactly one of E(a, b) and E (b, a) holds. As a result of this investigation, Lachlan
[1984] famously classified the countable homogeneous tournaments into three



CLASSIFICATION PROPERTIES FOR SOME TERNARY STRUCTURES 205

structures up to isomorphism: the generic tournament, the countable dense linear
order without endpoints, and the homogeneous local order.

Around the same time, a combinatorial generalisation of tournaments to higher
arities was introduced by Assous [1986], which was soon slightly modified into the
notion of an n-hypertournament. In an attempt to extend Lachlan’s classification
of homogeneous tournaments, Cherlin studied the homogeneous 4-constrained
3-hypertournaments [Cherlin 2022, Appendix B, §B1.4.1], showing that there
exist only four up to isomorphism. It remains open whether there exist any other
countable homogeneous 3-hypertournaments beyond these four cases. Here, we
focus on one of these four structures, namely, the Hs-free 3-hypertournament. We
introduce its definition in Section 3 and show some of its basic model-theoretic
properties, which include weak elimination of imaginaries and the existence of
global types Lascar-invariant over A for A a nonempty set.

Cherlin’s four homogeneous 3-hypertournaments have recently appeared in
connection with some fundamental questions in structural Ramsey theory. One
of the major open questions in this area was posed by Bodirsky, Pinsker and
Tsankov [Bodirsky et al. 2011]: Does every homogeneous structure in a finite
relational language have a homogeneous expansion by finitely many relations which
is Ramsey? In [Cherlin et al. 2021], Cherlin, Hubicka, Kone¢ny, and Nesetfil set
out to find Ramsey expansions of each of the four homogeneous 4-constrained
3-hypertournaments in finite relational languages and were able to find them for all
except one of the four: the Hy-free 3-hypertournament. Thus, this example serves
as motivation for extending the traditional techniques of structural Ramsey theory.

In Section 4, we offer the first proof of Theorem 1.0.1. Nonetheless, the main
interest of this example for us lies in the second proof of NSOP, that we offer
in Section 6. As preliminary work towards this proof, in Section 5, we adapt
the notion of strong Lascar independence from the master’s thesis of Tartarotti
[2023] to the context of the Kim-dividing order introduced by Mutchnik [2022a].
Tartarotti defines strong Lascar independence in terms of minimal extensions of
types with respect to the fundamental order and uses this towards a proof of Lascar’s
reconstruction theorem. Using analogous ideas, we obtain an independence relation
we can use to characterise, abstractly, the notions of relative Kim’s lemma and
strong witnessing property, which play an important role in [Mutchnik 2022a].

In contrast to most known NSOP, examples, including all of those we have
mentioned before, there cannot exist any independence relation over models of the
theory of the Hy-free 3-hypertournament satisfying full existence, symmetry, and
stationarity. In our second proof of NSOP4 (Section 6), we show the following.

Theorem 1.0.2. In the Hy-free 3-hypertournament, there is a nonstationary inde-
pendence relation " satisfying full existence and the relative Kim’s lemma. In
particular, Conant-independence coincides with 1.
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Although our proof uses some of the concepts and results that Mutchnik [2022a]
introduces, the specific methods applied to examples in that paper use the existence
of an independence relation satisfying monotonicity, full existence, and stationarity
over models, which we have not been able to find in the Hy-free 3-hypertournament.
We conjecture that, in fact, there is no such independence relation defined over
models of this theory. However, regardless of the outcome of this conjecture, the
present example remains a theoretical novelty in the context of NSOPy as the first
application of Mutchnik’s concepts with a nonstationary independence relation.

2. Conventions and preliminaries

Since we need to keep track of elements and tuples in many of the proofs concerning
3-hypertournaments, we use a to denote an element, the bar notation a to denote
a tuple, and A to denote a set. For an n-tuple a, we write a = (ag, ..., a,—1). As
usual, we denote by AB the union of sets AU B.

For an ordinal «, we denote by o = the tree of finite sequences of elements of «,
and we denote its partial order by <. For n € ® and i € w, we write n|; for the
restriction of 7 to the first i entries. For n, v € =%, we write v to denote the
concatenation of 1 and v as sequences.

2.1. Fraissé’s theorem. We quickly review some of the main concepts and results
from the theory of homogeneous structures that we employ throughout the present
work. More details can be found in, e.g., [Cameron 1990, Sections 2.6-2.8].

Definition 2.1.1. Let £ be a relational language.

(1) We say an L-structure M is homogeneous if, for all A, B C M finite substruc-
tures, any isomorphism f : A — B extends to an automorphism g : M — M.

(i) The age of M is the class of all £-structures isomorphic to finite substructures
of M.

(iii)) We say a class C of finite £-structures has the amalgamation property, or AP,
if, for all A, By, B, € C and embeddings f; : A — B; fori =1, 2, there exist
some C € C and embeddings g; : B; — C for i = 1, 2 making the following
diagram commute:

C
81 X K 82
7 N

s AN

B By

1
fyl\A/J‘cz

We say that C has the strong amalgamation property, or SAP, if the above holds
and, in addition, whenever there are b; € B;, i =1, 2, such that g1 (b1) = g2(b»),
there is some a € A such that by = fi(a) and b, = f>(a).
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To prove that a class has AP, it is enough to show it for |B;\ f;(A)|=1, i =1, 2.

Let us note in passing that many model-theorists call a structure as in (i) above
ultrahomogeneous instead. However, in what follows, we adopt the convention
from [Cherlin et al. 2021] and use “homogeneous” as above.

Definition 2.1.2. Let £ be a relational language. We say a class C of finite £-
structures is a (resp. strong) amalgamation class if it is closed under substruc-
tures and isomorphisms, has countably many isomorphism classes, and has AP
(resp. SAP).

Fact 2.1.3 (Fraissé’s theorem). Let £ be a relational language and C be a class
of finite L£-structures. Then C is an amalgamation class if and only if there is a
countable homogeneous L-structure M such that C is the age of M. This M is
unique up to isomorphism. (We call M the Fraissé limit of C.)

Fact 2.1.4 [Cameron 1990, 2.22]. Let M be a countable homogeneous structure,
and let T = Th(M). Then T is w-categorical and has quantifier elimination.

Fact 2.1.5 [Cameron 1990, 2.15]. Let M be a countable homogeneous structure
in a relational language. Then the age of M is a strong amalgamation class if and
only if acl(A) = A for all finite A C M.

2.2. Generalised stability theory. From now on, let T be a complete theory and
M = T be a monster model, i.e., a sufficiently saturated and strongly homogeneous
model. As usual, we assume that all elements, tuples, and sets are small and embed
into Ml. Types defined over M are called global. Let us recall the relevant definitions
of the classification properties we use.

Definition 2.2.1. Let T be a complete theory.
(1) We say T has the tree property (or is TP) if there are a formula ¢(x, y), k € w,
and a tree (a,),eqo<» such that

o for all n € w®, the set {¢(X, ay),) : i € w} is consistent modulo T,
e for all n € @=?, any k-subset of {¢(x, a,~;)) : i € w} is inconsistent
modulo 7.

Otherwise, we say T is simple.

(i) We say T has the tree property of the second kind (or is TP;) if there are a
formula ¢(x, y), k € w, and an array (4; ;)i jeo such that

o forall f:w— o, the set {p(X, a; r()) : i € w} is consistent modulo T,
o for all i € w, any k-subset of {¢(x, @; ;) : j € w} is inconsistent modulo 7.

Otherwise, we say T is NTP;.
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(iii)) We say T has the 1-strong order property (or is SOP)) if there are a formula
@(x,y) and a tree (a,),ec2<~ such that

o for all n € 2%, the set {¢p(X, ay),) : i € w} is consistent modulo T,
e for all n,v € 2=“ with v™(0) < 7, the set {p(x, a,), (X, a,~q))} is
inconsistent modulo 7.

Otherwise, we say T is NSOP;.

(iv) Let 3 <n € w. We say T has the n-strong order property (or is SOP,) if there
are a formula ¢ (x, y) with |x| = |y| and a sequence (a;);e, such that

e =o(a;,a;) foralli < j,
® the Set {@(205 )El)a (p(ilv )EZ), ce (P()En—Z’ )En—l)’ w()zn—lv )EO)} IS inCOIlSiS-
tent modulo 7.

Otherwise, we say T is NSOP,,.

Another recent programme in model theory consists in extending the traditional
binary classification-theoretic properties to higher arities. Two of the most fruitful
notions in this direction are the following, introduced by Shelah [2014] and by Terry
and Wolf [2021] (extended by Abd Aldaim, Conant, and Terry in [Abd Aldaim
et al. 2025]), respectively.

Definition 2.2.2. Let T be a complete theory.

(1) Let 0 < n € w. We say T has the n-independence property (or is IP,) if
there are sequences (o, i)icws - --» (An—1.i)i<w and (by)jce and a formula
o(Xxg, ..., Xn—1,y) such that

':(p(c_lo,i()v---»&n—l,in_lagl) <~ (iOa"'vil’l—l)el

forallig, ..., i,—1 €wand I C w". Otherwise, we say T is NIP,,. Whenn =1,
we just say 7" is NIP.

(i) Let 2 <n € w. We say T has the n-functional order property (or is FOP,,) if
there are sequences (d¢) f.-1-¢ and (bo.i)icws - - - » (bn—1,i)icw and a formula
¢(xo, ..., Xy) such that

Ee@r b, ... bni) <= in < fl1, ... in1)
forall iy,...,i, €wand f: @" 1 = . Otherwise, we say T is NFOP,,.

The following is a diagram of the (known) implications between the above
notions. This combines many results from the literature; a good compilation of
most of them containing all the relevant references is [Conant 2012] (the relation
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between NIP,, and NFOP,, is more recent and appears in [Abd Aldaim et al. 2025]):

NFOP; == NIP, == NFOP; NIP;

f

NIP —= NTP,

f i

stable = simple =—> NSOP; —> NSOP; — NSOPy —> - --

It is open whether there exists an NSOP,, theory for any n > 3 which is NTP, but
not simple.

2.3. A primer on independence relations. Formal definitions of the notion of an
“independence relation” are commonplace in the literature; see, e.g., [Adler 2005].
However, these definitions fall short of capturing more recent developments within
model theory, such as the notion of Kim-independence in NSOP; theories or that
of Conant-independence that we study below. For this reason, we follow [d’Elbée
2023] and freely use the term independence relation to denote an Aut(M)-invariant
ternary relation L on subsets of our fixed monster model; i.e., A L~ B if and only
if 0 (A) \Lo(c) o (B) for all o € Aut(M). (This use of the term is already prefigured
in [Chernikov and Kaplan 2012], although the authors of that paper refer to this as
a “pre-independence relation”.)

There are several properties that an independence relation may satisfy, which
already appear, in some form, in [Shelah 1978]. Their explicit versions in this
abstract setting can be traced back to [Baldwin 1988]:

o left monotonicity: Forall A, B,C CM,if AL.Band A’ C A, then A" L. B.
e right monotonicity: Forall A, B,C €M, if AL B and B'C B, then AL B'.

e right transitivity: Foral ACMand DCCCBCM,ifAl.Band ALl,C,
then A L, B.

» existence: For all tuples a C M and sets C C M, we have a L C.

e full existence: For all tuples a C M and sets B, C € M, there is a’ =¢ a such
thata’ L. B.

o left extension: For all A, A", B,C C M, if A L. Band A C A’, there is some
B’ =4c B suchthat A" L. B'.

o right extension: Forall A, B, B’, C €M, if AL, B and B C B, there is some
A’ =pc Asuchthat A" L. B'.

e stationarity over models: For A, A", BCMand M <M, if AL, B, AL, B,
and A =,; A’, then A=yp A’.
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We often say that .| satisfies monotonicity if it satisfies both left and right mono-
tonicity. We call L an independence relation over models if its base can only be a
model, i.e., if A L B is defined only if C is a model of 7.

Example 2.3.1. As is standard in the literature, for tuples @, b and sets C, let
us define a J}C b if and only if tp(a/Cb) has a global extension Lascar-invariant
over C. Restricting ! to be defined only over models, the definition is equivalent
to the existence of a global M-invariant extension of tp(a/Mb). In any theory T,

L satisfies invariance and monotonicity, among other properties not discussed here.

Notation. Given two independence relations ' and 12, we write [' = [? if,
whenever A |\ B, we have A |%. B.

We also recall some operations on abstract independence relations which will
be useful for the later sections. The first one comes, in its explicit form, from the
thesis of Adler [2005, Definition 1.16].

Definition 2.3.2. Given an independence relation L, we define [* by

Al*B <« forall B’ D B, there exists A’ =pc A suchthat A’ | B’.
c c

It is immediate from the definition that
e "> L,
e if [9= | and |° satisfies right extension, then | = [*.
Fact 2.3.3 [Adler 2005, Lemma 1.17]. If L satisfies right monotonicity, then |*

satisfies right monotonicity and right extension. If, in addition, | satisfies left
monotonicity, then so does [*.

Example 2.3.4. The classical example of this operation is that the nonforking
independence relation, denoted by |, is the result of applying the above operation
to the nondividing independence relation, denoted by 19. Explicitly: | = (19)*.

The second operation has been explicitly defined by d’Elbée [2023, Defini-
tion 3.2.9].

Definition 2.3.5. Given an independence relation L, we define [°PP by

Al°"B < B A.
C C

Remark 2.3.6. It is clear from the definition that, if | satisfies left monotonic-
ity/left extension (resp. right monotonicity/right extension), then [°PP satisfies right
monotonicity/right extension (resp. left monotonicity/left extension).

Example 2.3.7. The coheir independence relation, denoted by Y, is the result
of applying the opp operation to the heir independence relation, denoted by ".
Explicitly: [ = (LP)°PP,
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2.4. Relative Kim-independence. Given an independence relation L, we can rela-
tivise the notions appearing in the theory of NSOP; using the methods in [Mutchnik
2022a] which originated in [Adler 2005]. We start with a notion from the theory of
abstract independence relations [Chernikov and Kaplan 2012, Definition 2.26].

Definition 2.4.1. Let T be a complete theory and [ be an independence relation
over subsets of M = T. We say a global type ¢ is L -free over M if, for all B D M
and a =¢q|p, we have a |, B.

Example 2.4.2. A global type is Li-free over M if and only if it is M-invariant.
Definition 2.4.3. Let T be a complete theory, M |= T, and a, b be tuples.

(i) We say that (bi)ice is an L-Morley sequence over M if, for all i € w, we have
bi =p by and b; L M b_;. For any global type g which is | -free over M, we
say (bi)icw 1s @ Morley sequence in q over M if bi = 9l mi._., forall i < w.
Every Morley sequence in a global type L -free over M is .| -Morley over M.

(ii) We say a formula ¢(x, b) | -Kim-divides over M if there is some global
extension g D tp(b/M) L-free over M and a Morley sequence (b;);c, in g
over M with by = b such that the set {¢(x, b;) : i € w} is inconsistent.

(iii)) We say a formula ¢ (x, b) L -Kim-forks over M if there exist formulas v; (x, ¢;)
fori <n suchthat o(x,b)\/,_, ¥i(x, ¢;) and each ¥; (x, ¢;) L-Kim-divides
over M.

(iv) We say a is L -Kim-independent from b over M if tp(a/M b) does not contain
any formula that .| -Kim-forks over M.

Example 2.4.4. We call Morley sequences in global M -invariant types M -invariant
Morley sequences. We refer to |'-Kim-independence simply as Kim-independence.

Recently, Mutchnik [2022a] has generalised the fundamental order introduced by
Poizat [1979] to Kim-dividing, extending the work of Ben Yaacov and Chernikov
[2014], who already generalised it to dividing. Our presentation follows that of the
fundamental order given by Pillay [1983].

Definition 2.4.5. Let T be a complete theory, M =T, and r € S(M).

(i) Let p be a global M-invariant extension of . The Kim-dividing class of p,
denoted by clk (p), is defined to be the set of formulas ¢ (x, y) € L such that
@(x, a) is consistent for some (equivalently any) realisation a = p|ys and there
is (a;)icw With a; = p|pa_, for all i € w and {¢(x, a;) : i € o} inconsistent.
We may equivalently ask that {¢(x, @;) : i € w} be inconsistent for all (a;);ce
as above.

(i) Given global M -invariant extensions p and g of r, we write p <k ¢q if clg (p) C
clx (q). We say p is least in the Kim-dividing order, or <g-least, if p <k q
for all global M-invariant extensions g of r.
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Mutchnik relativises Kim’s lemma to a choice of independence relation.

Definition 2.4.6. We say an independence relation . defined over models satisfies
the relative Kim’s lemma if, for all global types ¢ and models M =T, if g is L -free
over M, then g is a <g-least extension of g| ;.

Remark 2.4.7. Note that, by the definition of the Kim-dividing order, if .| satisfies
the relative Kim’s lemma, then every global type that is | -free over M must be
M -invariant.

Example 2.4.8. Another way of restating the version of Kim’s lemma for NSOP;
theories by Kaplan and Ramsey [2020, Theorem 3.16] is the following (hence the ter-
minology): a theory T is NSOP; if and only if ! satisfies the relative Kim’s lemma.

Remark 2.4.9. In the special case where L satisfies stationarity over models, some
of the previous definitions may be simplified. This is due to the following easy
observations:

o If | satisfies full existence and stationarity over models, then every type
p € S(M) has a unique global extension that is | -free over M. Such an
extension is additionally M -invariant.

o If | satisfies stationarity over models, then every | -Morley sequence over M
is M-indiscernible.

In the context of relative Kim-independence from [Mutchnik 2022a], the relevant
independence relation satisfies stationarity over models by assumption, and hence
the above observations apply. We want to use this machinery in the context of a
nonstationary independence relation; see Section 6. The observations in this remark
serve as a point of comparison between the two approaches and will not be used later.

3. Basic properties

3.1. Definition of the Hy-free 3-hypertournament. The definitions and results
included in this subsection can be found, explicitly or implicitly, in [Cherlin 2022,
Appendix B, §B1.4.1] and [Cherlin et al. 2021]. Let £ = {R}, where R is a ternary
relation symbol.

Definition 3.1.1. Let T be the £-theory axiomatised by the following formulas:
(1) Vxixox3 (R(x1, x2, x3) — NizjXi # xj).

(i) Yxjxox3 (R(xy, X2, x3) <> R(x2, x3, x1) <> R(x3, x1, x2)).

(iii) Vxix2x3 (/\,-# x; #xj = (=R(x1, x2, x3) < R(x3, X2, x1))).

We call any model M =T a 3-hypertournament.
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The general classification of all countable homogeneous 3-hypertournaments
is still open. As a partial answer to this problem, Cherlin’s result classifies those
homogeneous 3-hypertournaments that arise from looking at the possible structures
that can occur on any subset of four points contained in them.

Remark 3.1.2. Let M be a 3-hypertournament. Given a linear order < on M, define
a 3-uniform hypergraph MonMinL by declaring, fora <b <c, {a, b, c} € RM if
and only if (a, b, ¢) € R™. Formally, a linear order on M determines an isomorphism
of categories between the age of M with embeddings to the category of 3-uniform
hypergraphs on finite subsets of M with embeddings.

There are three 4-point substructures of a 3-hypertournament up to isomorphism:

o Cy: there is an order < on C4 (the underlying set of four points) such that 64
is a complete 3-uniform hypergraph. In different orders, C, might have no
hyperedges at all, or exactly two hyperedges which intersect at two vertices
that are adjacent relative to the ordering on the four points.

e Oy: for any linear order < on Oy, 54 has an odd number of hyperedges.

o H,: for any linear order < on Hy, H, has exactly two hyperedges intersecting
in vertices a < b such that there is a unique ¢ € Hy witha < c < b.

For any A € {C4, O4, H4}, given a 3-hypertournament M and a substructure B C M,
we say B is an A-structure if it is isomorphic to A, and we call M A-free if it
contains no A-structures.

Definition 3.1.3. Let C be a class of finite 3-hypertournaments. We say that C is
4-constrained if there is S € {C4, O4, Hy} such that a finite 3-hypertournament M
belongs to the class C if and only if any substructure B € M with |B| =4 is an
A-structure for some A € S.

As alluded to in [Cherlin et al. 2021], Cherlin earlier proved that there are exactly
four 4-constrained classes of 3-hypertournaments that are (strong) amalgamation
classes in. Here, we focus on just one of these classes, namely, that of finite
3-hypertournaments omitting Hy.

Remark 3.1.4. Since we focus on Hy from now on, let us note that we may also
define it as, up to isomorphism, a structure on four points {a, b, ¢, d} such that

= R(a,b,c)AR(a,c,d)NR(a,d,b) AR(b,d, c).

We often use without mention the following easy observation: if a, b,c,d € M
are elements of a 3-hypertournament such that M = R(a, b, ¢c) A R(a, b, d), then
{a, b, c,d} is Hy-free.

We include the proof of strong amalgamation for the sake of completeness.



214 ALBERTO MIGUEL-GOMEZ

Lemma 3.1.5. The class of finite Hy-free 3-hypertournaments is a strong amalga-
mation class.

Proof. We may assume that our amalgamation problem is of the form Ab; <— A —
Ab; for by, by ¢ A. Let < be a linear order on Ab;b;, such that by < A < b,. This
generates an amalgamation problem in the category of finite 3-uniform hypergraphs,
so we can freely amalgamate to obtain a solution C. Applying the inverse functor, we
obtain a finite 3-hypertournament C which is in our class. Indeed, by construction,
the only potential Hy-structure must be of the form {a, ay, b1, b2} with ay, a; € A.
Because C is obtained by free amalgamation, no hyperedges involving both b
and b, appear in C. So it follows that C = R(by, by, a1) A R(by, by, ar), which
implies that {ai, as, b1, by} is Hy-free. O

By Fact 2.1.3, the Fraissé limit of the class in Lemma 3.1.5 exists, and we denote
its theory by T, free. By Facts 2.1.4 and 2.1.5, TH,-free is w-categorical and has
quantifier elimination and trivial algebraic closure. Often, we refer to the countable
model of TH, free as the Hy-free 3-hypertournament.

The three remaining countable homogeneous 3-hypertournaments are determined
by the constrained classes they come from. These are

o the generic 3-hypertournament, which is the Fraissé limit of the 4-constrained
class determined by S = {C4, O4, Hy}. Using, e.g., disjoint 3-amalgamation,
one can show that the generic 3-hypertournament is supersimple with trivial
forking; see [Kruckman 2019, Theorem 3.14].

o the even 3-hypertournament, which is the Fraissé limit of the 4-constrained
class determined by S = {C4, H4}. As before, one can show that the even
3-hypertournament is supersimple with trivial forking.

o the cyclic 3-hypertournament, which is the Fraissé limit of the 4-constrained
class determined by S = {C4}. One can show that the cyclic 3-hypertournament
is bi-interpretable with (Q, cyc), and hence it is distal and dp-minimal.

The goal of this paper is to provide similar classification results for the Hy-free
3-hypertournament.

3.2. Existence of invariant extensions. In this section, we prove that Tg, free
is locally |'-extensible but not |'-extensible, properties which we define below.
During the course of the proof, some other basic model-theoretic properties of
TH, free are established, such as weak elimination of imaginaries. From now on, let
M = TH,-free be a monster model.

Definition 3.2.1 (cf. [Chernikov and Kaplan 2012]). Let T be a complete theory.

(i) We say T is Li-extensible if |! satisfies existence; i.e., every type p € S(A)
has a global extension ¢ which is Lascar-invariant over A.
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(ii) We say T is locally |i-extensible if it is |l-extensible after adding finitely
many parameters.

Remark 3.2.2. For (local) i-extensibility, since ! satisfies right transitivity and
monotonicity (see Example 2.3.1), it suffices to check the condition from the
definition for 1-types.

Lemma 3.2.3. Tq,.free has weak elimination of imaginaries; i.e., for every imagi-
nary e, there is some real ¢ such that e € dcl®d(¢) and ¢ € acl(e).

Proof. Let M |= TH, trec be countable. By [Poizat 2000, Lemma 16.17], it suffices
to show that
H := (Aut(M/A), Aut(M/B)) = Aut(M/AN B) (3-1)

for finite algebraically closed A, B C M. Since M has trivial algebraic closure, by
[Li 2018, Proposition 4.3], it is enough to prove (3-1) for A = Ca, B = Cb for
some finite set C € M and distinct elements a, b € M. We may assume a, b ¢ C.

Claim 1. If b’ =¢ b, then there is a’ = tp(a/Cb) such that b’ =¢, b.

Proof of Claim 1. Write C = {cy,...,c,} and p(x, b, c) := tp(a/bc), and let
b’ =tp(b/c). First note that, if b’ = b, then we can pick @’ = a. Hence, assuming
that b’ # b, we need to show that p(x, b, c) U{R(x, b, c;) <> R(x,b’,¢;) :i € [n]}
is consistent. We split the proof of this claim into two cases. In both, our strategy
is to build a finite structure that satisfies the formulas in the set.

Case 1: ' =a. Let Z(x, b, a) be the extension of p(x, b, ¢) given by adding the
following formulas:

(1) R(x,a,c;) < R(a,b,c;) foralli € [n].
(i) R(x,a,b).
We claim that ¥ is consistent modulo Ty, free. Since X extends p, it suffices to show

that 4-point sets containing x and a are Hs-free. But this also follows immediately
from the fact that ¥ extends p, using Remark 3.1.4.

Case 2: b’ # a. This time, let X (x, b, b’, a) be the extension of p(x, b, ¢) given
by adding the following formulas:

(i) R(x,b',c;) <> R(a, b, c;) for alli € [n].
(i) R(x,a,b) AR(x,a,b").
(iii)) R(x,a,c;) foralli € [n].
(iv) R(x,b,b’) < R(a,b, D).
As in Case 1, we show that X is consistent modulo Tq,-free by showing that 4-point

sets containing x and at least one of a or b" are Hy-free. By (iii), ¥ implies that
any set of the form {x, a, ¢;, ¢;} is Hy-free, and by (ii) and (ii1), so is {x, a, b, ¢;}.
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Moreover, by (i) and since b =¢ b, T implies that any set of the form {x, #’, ¢;, ¢}
or{x, b, b, c¢;}is Hy-free. Finally, by (ii), X implies that {x, a, b, b’} is also Hy-free,
and (ii) and (iii) combined imply that so is {x, a, b’, ¢;}.

Therefore, in either case, X defines a type over a, b, b’, ¢, so we can choose
a’ = X in M. By (i) in both cases, this @’ works. O

We now show (3-1). Note that < is clear. For >, let g € Aut(M/C), and let
b’ := g(b). Then, by Claim 1, there is a’ =p a such that b =¢, b'.

Claim 2. Aut(M/Ca’) < H.

Proof of Claim 2. Since a’ =p a, there is some h € Aut(M/B) sending a’ to a.
Hence, for any k € Aut(M/Ca’), we have that hkh~' € Aut(M/A) < H, and as
h € Aut(M/B) < H, it follows that k € H. ([l

Thus, since b =¢, b/, there is some k € Aut(M/Ca’) such that k(b) = b’, that
is, k(b) = g(b). Therefore, k" 'g € H, and so, since k € H by Claim2,ge H. U

Remark 3.2.4. Claim 1 above is a strong property for which we need to restrict
ourselves to both a and b being singletons. See Remark 4.0.4 for a counterexample
to the version of the claim obtained by replacing b with a pair of elements.

Corollary 3.2.5. Foralla,band A, a =acl(A) b if and only if a =acl(4) b.
Proof. This follows directly from [Casanovas and Farré 2004, Proposition 3.4]. [J
Proposition 3.2.6. Ty, frce is not Li-extensible.

Proof. Note that, for any two pairs of distinct points ab and cd, we have ab = cd
in TH, free. Since TH,-free has trivial algebraic closure, we get ab =,c(z) cd, and
so, by Corollary 3.2.5, it follows that ab =,z cd. Finally, since Th, free 18
w-categorical, it follows that ab =" cd.

Now assume, for contradiction, that there is some global 1-type p which is Lascar-
invariant over &. Then, for any a # b, we have ab =05 pa, and thus R(x, a, b) <
R(x,b,a) € p(x). Hence, p is inconsistent modulo Tg, free, a contradiction. [l

Remark 3.2.7. It follows that there cannot exist any canonical independence relation
on the finite subsets of the countable homogeneous Hy-free 3-hypertournament in
the sense of Kaplan and Simon [2019], since they all satisfy stationarity over &,
and thus give rise to global invariant types. This contrasts with the situation for the
countable homogeneous tournaments; see [Kaplan and Simon 2019, Example 4.4].

Proposition 3.2.8. Ty, frec is locally Li-extensible.

Proof. Let p(x) € S(A) with A £ &. Fix a* € A. Let g(x) be the global expansion
of p(x) obtained by adding the following formulas:

(i) R(xj,a,b) forallaec A, b¢ A, and i.
(i) R(x;, b1, by) <> R(a}, by, by) forall by,br ¢ A and i.
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We claim that this is consistent. Indeed, since X extends p, any potential Hj-
structure must contain elements outside of A, and by (i), g implies that any set of
the form {x;, a,d’, b}, {x;,a,b,b'}, or {x;, x;,a,b} witha,a’ € Aand b,b’ ¢ A
is Hy-free. Also, by (ii), ¢ implies that 4-point sets of the form {x;, b, b’, b"},
{xi, xj, b,b'}, or {x;, xj, x, b} with b, b’,b" ¢ A are Hy-free. Therefore, g is a
global type.

Furthermore, suppose that b1b; =4 b’lb’z. Since a* € A, this means that

E R(a’, by, by) < R(a}, b}, b))
for all i, and thus, by (ii), R(x;, b1, by) <> R(x;, b}, b)) € q. Similarly,
E R(af, a}k, by) <> R(a/, a}", b))

for all i, j, which implies by (ii) that R(x;, xj, b1) <> R(x;, xj, b}) € g. There-
fore, g is a global A-invariant extension of p, and so, by the argument from
Proposition 3.2.6, g is Lascar-invariant over A. U

Corollary 3.2.9. In Ty, i, ! satisfies left extension over nonempty bases.

Proof. This is an immediate application of Lemma 3.23 in [Chernikov and Kaplan
2012]. ([

4. First proof of NSOP4

In this section, we prove the main classification results for Ty, .t using concrete
constructions instead of the more abstract machinery that will be used in the
following sections. In what follows, we work in a monster model M = T, free
and, as usual, assume that all sets and tuples are in M and all models elementarily
embed in M.

Proposition 4.0.1. Tq,.frcc is NFOP3 and IP,.
Proof. NFOP; follows directly from [Abd Aldaim et al. 2025, Proposition 3.23].

We claim that the formula R(x;, x»; y) has IP;. Fix a total order <* on P(w?).

Let 2(x0,i, X1,j, Y1)i, jew, 1ce? b€ the following set of formulas:

(@) R(xo,i, x1,j, y1) < (@, j) el

(i) R(xp,i, Xp,j, Xn k) i < j <k foranyn € {0, 1}.
(iii) R(Xpi, Xn,j, X 1) < i < j forany [ and {n,n’} = {0, 1}.
(iv) R(xni» Xn,j, y1) < i < jforany I C w? and n € {0, 1}.

(v) R(xpi, yr,ys) < I <* J foranyi and n € {0, 1}.
(vi) R(yr,ys,yx) & 1 <*J <* K.
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We claim that this is a complete type. The only thing that needs to be checked
is that it does not generate any Hj-structures. By (i) and (ii), X implies that any
4-point set containing only elements from xo and x; is Hy-free, and, by (vi), it also
implies that those containing only y,’s are Hy-free. By (iv), ¥ = R(x,;, Xp,j, y1) <>
R(xpi,xn,j, ys) forall I, J, so that {x, ;, X, j, yr, ys} is Hy-free and, by (v), T =
R(Xn,is y1, 1) < R(xy j, y1, yy) for {n,n'} = {0, 1}, so that {x,;, xu j, yr, ys}
is Hy-free. Moreover, also by (iv), ¥ implies that {x, ;, X, j, X,/1, yr} is Hy-free.
Finally, since <* is a total order, by (v) X implies that {x, ;, y7, ys, yx} is Hy-free.

Since these are all possible Hy-structures, it follows that X is consistent, and thus
we can choose a realisation (ag;, ay,;, bl)i,jew,lng = X. By (i), this realisation
witnesses IP; for the formula R(x{, x2, y). |

Proposition 4.0.2. Ty, .t is SOP3.

Proof. Fix some elements a, b from the monster model. We prove that the formula
o(x,y) := R(x,y,a) A R(x, b, y) witnesses SOP3. First, assume ¢(xg, x1) A
@(x1, x2) A @(xz, xg) 18 consistent. Let (co, c1, c2) be a realisation. Then the
substructure on {co, c1, c2, a} implies that = R(cg, c1, ¢2), since otherwise we
obtain an Hj-structure. Similarly, the substructure on {cg, ci, ¢z, b} implies that
= R(co, ¢, c1), SO we get a contradiction. Hence ¢(xg, x1) A @(x1, x2) Ap(x2, X0)
is inconsistent.
Now let X (x;);e, be the set containing the following formulas over ab:

(1) R(xj,xj,a) NR(x;,b,x;j) foralli < j.
(i) R(x;,xj,xp) i< j<k.
(i) R(x;, b, a) for all i.

By (ii), ¥ implies that any 4-point set containing only x;’s is Hy-free and, by (i), so
is any 4-point set of the form {x;, x;, xi, a} or {x;, x;, x, b}. Thus, any potential
H,-structure must be on a set of the form {x;, x;, a, b}. But X implies that this is
Hj-free by (iii).

Therefore, X (x;);e. 18 consistent, and so we can choose a realisation (¢;);c, = 2.
By stipulation, = ¢(c;, ¢;) forall i < j. U

Proposition 4.0.3. Tq, frce is TP».

Proof of Proposition 4.0.3 (version I). For convenience, let us expand £ by adding
two constant symbols e and f. Let b = (c, d) be a pair such that

ER(c,d,e)AR(d,e, f) NR(c,e, f) ANR(c, f,d).
Now let ¢(x, b) be the following L(e, f)-formula:

R(x,c,d)AR(x,d,e) AR(x,e, f{)AR(x,c, f)AR(x,e,c) ANR(x, f,d).
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It is easy to see from the definition that, for any a = ¢(x, 15), the set {a, c,d, e, f}
is Hy-free, and therefore ¢ (x, b) isolates a complete type in L(e, f).
Now let X (v;);ieo With v; := (x;, y;) be the following set of formulas:

(i) 0; =,y b foralli.
(i1) R(e, yj, Xi) AR(f, xi,y)) & i <.
(i) R(e, xi, xj) AR(f, xi, x;j) AR(e, yi, yi)) AR(f, yi, yj) & i < j.
(v) R(xi, xj, x) AR(y;i, yj. yk) &1 < j<k.
(V) R(xi, xj, yp) € i < jand R(xy, yx, y1) & k <[ for all m and n.

We claim that X (v;);¢, 1S consistent. Indeed, by (i), it suffices to consider those
4-sets containing elements from different v;’s. It is straightforward to see using (iv)
and (v) that 4-sets containing only x;’s and y;’s are Hy-free. Similarly, by (i)
and (iii), 4-sets containing only x;’s, y;’s and exactly one of e or f are also Hy-free,
and similarly for those 4-sets containing both e and f and elements from exactly one
of x or y. So we just need to check that sets of the form {e, f, x;, y;} are Hy-free.
But these are Hy-free by (i). Note that a realisation will give an ef-indiscernible
sequence.

Hence X (v;);e, defines a type in L(e, f), so we can choose a realisation
bi := (ci,d))ice = . Then, by (ii), the substructure on {x, d;, e, ¢;} implies
that ¢(x, bi) A o(x, l;j) F R(x,d;, c;) for i < j, since otherwise we obtain an
H,-structure. Similarly, the substructure on {x, ¢;, f, d;} implies that ¢(x, l;,-) A
o(x, l;j) FR(x, ¢;, d;) fori < j. Therefore, the set {¢(x, b;):i € w} is 2-inconsistent.

To make this into an instance of TP;, we just take copies of this indiscernible
sequence. Formally, we choose an array (l;,', i)ijew = (¢ j, di )i, jew such that:

(i') Foralli € o, (bi})jew =f (b)) jco-
(ii") For any i # j, [ and m, we have

|: R(Z, Cj,m7 d],m) AN R(Z’ Cj,m, 6) AN R(Z’ Cj,m’ f) AN R(Z’ dj,m, 6) AN R(Z7 dj,m’ f)

for any z € 15,-,1.

(iii") Foranyi < j <k, anyl,m,n, and z; € b, for £ € {i, j, k} and u € {I, m, n},
we have = R(z;, 2j, 2k)-

It is then easy to see that (i) implies that {¢(x, 15,-, j) 1 J € w}is 2-inconsistent
for each i € w by the argument from the previous paragraph, and that (ii’) and (iii")
jointly imply that {¢(x, b; ¢@)) : i € w} is consistent for any f:w — w. (]

Remark 4.0.4. Let us note, using the choice of elements from the previous proof,
that the inconsistency of ¢(x, bo) A o(x, by) implies that, for any a = ¢(x, bo), we
cannot find any a’ =, Fho @ such that b; =, fa’ bo. This shows that we cannot extend
Claim 1 from the proof of Lemma 3.2.3 to tuples of finite length greater than 1.
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Proposition 4.0.5. Ty, frec is NSOP4.

Proof of Proposition 4.0.5 (version 1). It suffices to show, for any indiscerni-
ble sequence (b;); -, With common intersection ¢ (possibly empty) and letting
p(x, ¥) :=tp(boby), that p(Xg, X1) A p(X1, X2) A p(X2, X3) A p(¥3, Xo) is consistent.
By indiscernibility, we can equivalently take (b)i<w to be ¢-indiscernible and
consist only of those elements outside of ¢ from each tuple.

To that end, let (b;); -, be a ¢-indiscernible sequence as above, and let p(x, y) :=
tp(Eol;l/E). Letn := |l;0|. Notice that p is of the following form:

p(x,y) =tp(x/c) Atp(y/c) Atp(xy) A /\ R(ci, xj, yo)* 0,
J.k<n
where (i, j, k) € {0, 1}. (Note that j and k can be equal.)
Define ¥ (x) with |x| = n as the set containing the following formulas:
() bob, =: b, x.
(ii) R(ci, bo,j, xi) for all i and j, k < n (not necessarily distinct).
(111) R(boﬂ,’, Xj, bl,k) for all i, j, k <n.
We claim that this is Hy-free. Indeed, by (i), any potential Hj-structures involving
by, by and x arise from the last big conjunction in p(bg, b1) and p(b1, x). It also
follows from (i) and (iii) that there cannot be an Hy-structure which does not contain
any element from c. Thus, it suffices to consider possible Hy-structures on sets of
the form {c;, by, j, b1k, x;} for some fixed 7, j, k and /.

o Ife(i, j,k)=¢€(i, k,1) =1, then = R(c;, by, j, b1 k) and X (x) = R(c;, by, j, x1)
by (ii). Therefore, X (x) implies that {c;, bo, j, b1k, X;} is Hy-free.

o Ife(i, j,k)=e(i, k,1)=0,then = R(bo,j, ci, b1,x) and X (x) = R(bo, j, x1, b1 k)
by (iii). Hence, once again, X (x) implies that {c;, by, ;, b1k, x;} is Hy-free.

o Ife(i, j,k) =1bute(i, k, 1) =0, then we have = R(c;, b, j, b1 x) and X (x) -
R(ci, x1, by k) by (i), and so X (x) implies that {c;, bo_ j, b1k, x;} is Hy-free. A
similar argument works if (i, j, k) =0 but e(i, k,[) = 1.

Therefore X (X) defines a partial type over byb; ¢ (note that we do not specify tp(box)
since it is not needed for our purposes), and so we choose a realisation b3 |= X.
Now define I'(y) with |y| = n as the set containing the following formulas:
() ybo =z b3y = bob:.
(") R(bo,;, b;j, v) foralli, j, k <n.
Once again, by the two stipulations, it suffices to show that no set of the form
{ci, b;j, Yk, o1} gives rise to an Hy-structure for some fixed i, j, k and [.

o Ifei, jk)=e(, k, 1) =1, then T'(y) & R(c;, b ;, yi) AR(bo,1, b3 ;. yi), and

thus I'(y) implies {c;, bé"j, Yk, bo} is Hy-free.
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o If ¢(i, j, k) = (i, k,I) = 0, then we have = R(c,-,bo,l,b;’j) and I'(y) +
R(ci, bo, yr). Hence, once again, I'(y) implies that {c;, b;j, Yk, bo 1} is Hy-
free.

o Ife(, j, k) =1but e, k,1) =0, then T'(y) = R(c;, b3 ;, yi) A R(ci, bot, yi),
and so I'(y) implies that {c;, b;" i» V> by} is Hy-free. A similar argument
works if e(i, j, k) =0but e(i, k,[) = 1.

Hence, again, I"(y) defines a type over 1501535, and so by w-saturation we can choose
arealisation b3 |=TI". Then = p(bg, b1) A p(b1, b3) A p(b3, b3) A p(b3, bo). [

This completes our first proof of Theorem 1.0.1.

Remark 4.0.6. Surprisingly, we have not been able to produce a direct proof that
the Hj-free 3-hypertournament is NSOP, despite the fact that NSOP; is a stronger

property.

5. <k-independence

In order to apply Mutchnik’s framework [2022a] to offer a different proof of the
above classification results for the Hy-free 3-hypertournament, we need to slightly
generalise them. In their current form, the results from that paper apply whenever
we have an independence relation satisfying, among other properties, stationarity
over models. However, as will become clear in the next section, we want to apply
them in the context of a nonstationary independence relation. To achieve this, in
this section, we introduce an independence relation having a close relationship with
strong Lascar independence as defined in [Tartarotti 2023].

5.1. Defining <g-independence. In this section, we work in a general theory T
with monster model M.

Definition 5.1.1. For M =T, we define a J,ﬁ,f bif tp([z/Ml;) extends to a <g-least
extension of tp(a/M).

We introduce some auxiliary notation that will be useful for the following proofs.
Let o € Aut(M). For a formula ¢ (x) € L(M), let us write o (¢(x)) € L(o(M)) for
the formula where the parameters are shifted by o. Similarly, for a global type ¢,
we write 0 (q) := {o(¢(x)) : p(x) € q}.

Lemma 5.1.2. Let g be a global M-invariant type, and let 0 € Aut(M). Then
@(x,y) € clg(q) if and only if o (p(x, y)) € clx (9 (q)).

Proof. 1t suffices to show one of the implications. First note that, as g is M -invariant,
o (q) is o (M)-invariant. Now suppose ¢ (x, y) € clx(g). Let (bi)ice be a Morley
sequence in o (q) over o (M). Then, for any i, since b; = U(Q)|5(M)E<,- and o is an
automorphism, it follows that o1 (15,~) = CI|MU4(1§<,-)- Therefore, (o ! (l;[)),-ew is
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a Morley sequence in g over M, and thus, by assumption, {¢(x, o b)) i € w)
is inconsistent. Hence {o (¢(x, b;)) : i € w} is inconsistent, as required. [l

Corollary 5.1.3. =K is an independence relation (i.e., it is Aut(M)-invariant).

Proof. By Lemma 5.1.2, we have that g is a <g-least extension of g|,, if and only
if o(g) is a <k-least extension of o (q)|s () for any o € Aut(M). O

Remark 5.1.4. It is immediate from the definition that <g-independence satisfies
right monotonicity and right extension. In particular, it has existence if and only
if it has full existence. M-~k -free types are precisely the global types which are
<k-least over their restrictions to M.

Lemma 5.1.5. If ! satisfies left extension over models, then 1=X satisfies left
monotonicity.

Proof. Given a type p(x, y) € S(M) and a global M-invariant extension ¢ (x, y),
let us write p(y) and g(y) for their respective restrictions to complete types in
the variables y. It suffices to show that, if g(x, y) is a <g-least extension of
p(x,y) € S(M), then g(y) is a <g-least extension of p(y).

Suppose ¢(Z, ) € clk (¢ (). Then ¢(z, y) € clk (¢(x, ¥)), and so, since g (x, y)
is a <g-least extension of p(x, y), it follows that ¢(z, y) € clg(r(x, y)) for all
global M-invariant extensions r(x, y) of p(x, y). Now, for any global M -invariant
extension 7(7) of p(3), we can find, by left extension for !, a global M-invariant
completion of p(x, y) Ur(y), and thus it follows that ¢(z, y) € clg (7(y)). So ¢()
is a <g-least extension of p(y). ([

Beyond satisfying the relative Kim’s lemma, <g-independence also provides a
criterion for this property.

Proposition 5.1.6. Suppose L is an independence relation satisfying full existence.
Then L satisfies the relative Kim’s lemma if and only if | = 1=K,

Proof. (=) Suppose a L, b. By full existence, tp(a/Mb) extends to a global
M- -free type ¢ which, by the relative Kim’s lemma, is <g-least. So a \Lﬁf b.

(<) Suppose ¢ is a global type that is | -free over M = T. Since L = L=F, it
follows that g is also =¥ -free over M, and thus, by Remark 5.1.4, ¢ is a <g-least
extension of g|y. [l

5.2. A criterion for the strong witnessing property. The following property was
introduced by Mutchnik [2022a, Definition 3.23].
Definition 5.2.1. Let T be a complete theory.

(1) We say a global type ¢ is a strong witnessing extension of q|y for M =T
if, for all a = ¢q|,,; and all ¢, there is some ¢’ =y ¢ such that tp(ac’/Mb)
extends to a <g-least extension of tp(ac/M).
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(i) We say T has the strong witnessing property if, for all small M =T, every
p € S(M) has a global strong witnessing extension.

There are no known NSOP,4 counterexamples to the above property. The main
application is given in [Mutchnik 2022a, Theorem 3.25], where it is shown that any
theory with the strong witnessing property is either simple or TP;.

We introduce the following operation: given an independence relation ., define

Al®*B <« forall DD A, there exists B'=,¢ B with D | B'.
C c

Some versions of this operation have previously appeared in the literature, although
not at this level of generality; see, e.g., [Dobrowolski and Kamsma 2022]. It is
immediate from this definition that:

NLE N
o If 1= | and [0 satisfies left extension, then 10 = !¢
o 1o = ((LOoPP)*)orp
In particular, combining the above properties with Fact 2.3.3 and Remark 2.3.6, it

follows that, whenever | satisfies left monotonicity, 1! satisfies left monotonicity
and left extension, and if in addition | satisfies right monotonicity, so does .

Lemma 5.2.2. Let M =T, and let g be a global type. The following are equivalent:
(1) q is a strong witnessing extension of q| .
(i) g is (L=K)-free over M.
Proof. (i) = (ii) Suppose q is a strong witnessing extension of g|y. Let a |= ¢q| Mb.
Take some c. Then, by strong Wltnessmg, there is ¢ =z ¢ such that ac’ 15X v b,

and thus, by invariance, there is b’ =5 b such that a¢ J, b'. Therefore, we have
a(l5 A,f ) b, as required.

(ii) = (i) Suppose g is (L=F)®-free over M. Take @ = q| Mb and some c. Then, by
assumption and invariance, there is ¢’ =y ¢ such that ac \L b. Therefore, qisa
strong witnessing extension of g|,y, as required. U

Theorem 5.2.3. If there is an independence relation | over models of T satisfying
full existence, left extension, and the relative Kim’s lemma, then T satisfies the
strong witnessing property.

Moreover, if,, in addition, A satisfies left extension over models in T, then the
converse holds.

Proof. Suppose that such an independence relation L exists. By Proposition 5.1.6,
we have | = /=K, and, since the relation | satisfies left extension, we conclude
that | = (L=¥)'°. But now, since | satisfies full existence, every type p € S(M)
has a global M- | -free extension, which by the above is also (L=¥)!°-free over M.
Thus, by Lemma 5.2.2, T satisfies the strong witnessing property.
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For the “moreover” part, suppose that T satisfies the strong witnessing property.
In particular, by Lemma 5.2.2, this entails that every type p € S(M) has a global
M-(1=%)free extension, which implies that (/=¥)' satisfies full existence. In
particular, by Proposition 5.1.6, (1=¥)!¢ satisfies the relative Kim’s lemma. Finally,
as ! satisfies left extension by assumption, [ =¥ satisfies left monotonicity by
Lemma 5.1.5, and thus (1=%)' satisfies left extension. ]

Corollary 5.2.4. Suppose there is an independence relation | over models satis-
Jfying full existence, left extension, and the relative Kim’s lemma. Then T is either
simple or TP,.

Proof. This is just a reformulation of [Mutchnik 2022a, Theorem 3.25]. U

6. Second proof of NSOP4

6.1. Triviality of Conant-independence. Our second proof of Theorem 1.0.1 goes
via properties of independence relations, using several results from [Mutchnik
2022a]. First, we recall the key result we employ in this section.

Definition 6.1.1. Let T be a complete theory and M =T .

(i) We say (X, b) Conant-divides over M if, for all M-invariant Morley sequences
(bi)icw With by = b, the set {p(x, b;) : i € w} is inconsistent.

(i) We say ¢(x, b) Conant-forks over M if there exist formulas ¥; (x, ¢;) fori <n
such that ¢ (x, b) =\/._, ¥i(x, ¢;) and each ¥, (x, ¢;) Conant-divides over M.

(iii)) We say a is Conant-independent from b over M if tp(a/M b) does not contain
a formula that Conant-forks over M.

i<n

Remark 6.1.2. In the theory Tq,_ frce, since 1l satisfies left extension over models by
Corollary 3.2.9, we have that ¢(x, b) Conant-forks over M if and only if it Conant-
divides over M. The proof of this fact is exactly the same as that of [Mutchnik 2022b,
Proposition 5.2] after replacing all instances of “coheir Morley sequence over M”
by “M-invariant Morley sequence,” since left extension is the main property of
coheir extensions used there. (Note that Conant-dividing has a different definition
in [Mutchnik 2022b] than the one we are using in this document.)

Fact 6.1.3 [Mutchnik 2022a, Theorem 6.2]. If Conant-independence is symmetric,
then T is NSOP;.

Now work in M = Tq,-free- Let us define an independence relation 1M over
subsets of M as follows: A J/hé B if and only if AN B C C and = R(a, c, b) for all
ac A\C,ceC,andbe B\C.

Lemma 6.1.4. " is an independence relation satisfying monotonicity, full exis-
tence, and left extension.
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Proof. Invariance and monotonicity are immediate. Full existence and left extension
follow similar proofs to those of consistency we have done before. U

Remark 6.1.5. ™ does not satisfy stationarity (over arbitrary subsets) nor sym-
metry. In fact, if A /" ¢B and @ % C C A, B, then, foralla € A\ C, c € C, and
b€ B\ C, we have = R(a, ¢, b), and thus }~ R(b, c, a). Hence B [T A.

So M is neither a stationary weak independence relation in the sense of [Li
2019] nor a free amalgamation relation in the sense of [Conant 2017]. It is also
different from the independence relations studied in [Mutchnik 2022a].

Remark 6.1.6. We can characterise J,ht—Morley sequences over some M = Th, free
starting at some by disjoint from M as precisely those sequences (b;);<, such that
= R(m, bk, b;) for alli < j and any indices k, [ and elements m € M.

Proposition 6.1.7. For (possibly infinite) tuples a and b and a model M \= Ty, _free
tp(a/Mb) does not |"-Kim-divide over M if and only if aNb C M.

Proof. It is enough to prove the right-to-left direction. Suppose a Nb € M. Note
that we may assume that @ and b are both finite tuples. Also note that, if either
@ C b or b C a hold, then there is nothing to do. So, without loss of generality,
suppose that @ Nb = @ (in particular, they are disjoint from M). Let (b;);c., be an
1M-Morley sequence over M starting with b. Let ¢ (x, b) € tp(a/ Mb), which, since
TH,-free 15 w-categorical, we may assume is a formula isolating a complete type
over M'b for some finite M’ C M. We claim that {o(x, bi) :i € w} is consistent.

We show that

{@(x, bi) i € @} U{R(xx, big, bjr) :i < j € w)

is consistent. Note that, by the condition on elements from different indexed tuples
from the ["-Morley sequence and the fact that ¢ isolates a complete type, all
4-substructures containing only variables and elements from the b;’s are H,-free.
Moreover, since ¢ isolates a type, we have, for any i, j € w, that R(xg, m, b; ;) €
@(%, b;) if and only if R(xg, m, bj;) € ¢(%, b;), and thus the set {xi, m, b; 1, bj 1}
is Hy-free. Finally, since (b)icw is an J,h‘—Morley sequence over M, we have
= R(m, b;;, bj ) wheneveri < j, and so it follows that {x, m, b; ;, b; '} is Hy-free.
These are all the possible H4-substructures.

Therefore, tp(a/Mb) does not [™-Kim-divide over M, as required. (]

Lemma 6.1.8. Every type p € S(M) has a global M-invariant extension that is
A free over M.

Proof. Tt suffices to show that p has a global M-invariant extension g such that
R(x,m,a) eqforallm e M and a ¢ M. Let us write p(x) = tp(E/M) for some
realisation b in the monster. We may assume, without loss of generality, that b is
disjoint from M. Fix some tuple m from M of the same length as b. Then it is
enough to show that the extension of tp(h/ M) obtained by adding the formulas
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(i) R(x,m,a) forallme M anda ¢ M,
(i1) ¢(x,a) whenevera N M = @ and = ¢(m, a)

is consistent. (Note that M -invariance is clear.)

As usual, it suffices to check all possible Hy-substructures. Note that, by (ii), no
4-point set containing only variables and elements outside of M can be Hy. So the
only possibilities are {x;, xj, m, a}, {x;,m,m’, a} and {x;, m, a,a’} form,m" e M
and a,a’ ¢ M. But all these are Hy-free by (i). O

Proof of Proposition 4.0.5 (version 2). We claim that a is Conant-independent from
b over M if and only if @b € M. The left-to-right direction is always true. For
the converse, suppose that a b € M. By Proposition 6.1.7, tp(a/Mb) does not
1M_Kim-divide over M. Moreover, by Lemma 6.1.8, there exists an M-invariant
J,ht—Morley sequence (bi)iee over M with by = b. So, for all o(x, b) € tp(&/Mﬁ),
{o(x, b;) : i € w} is consistent, and thus o(x, b) does not Conant-divide over M.
Therefore, by Remark 6.1.2, @ is Conant-independent from b over M.

In particular, it follows that Conant-independence is symmetric. Thus, by
Fact 6.1.3, TH,-free 1S NSOP4. O

6.2. Relative Kim’s lemma. We focus on another one of the notions introduced
by Mutchnik, namely, the relative Kim’s lemma. In view of Remark 2.4.7, we
immediately notice that [M cannot satisfy the relative Kim’s lemma, as global
M-1"free types might fail to be M-invariant.

To fix this, let us define @ "% B if and only if a 1!, B and a 1", B.

Lemma 6.2.1. " is an independence relation satisfying monotonicity, full exis-
tence, and left extension.

Proof. (Monotonicity) This holds, as it is satisfied by both /" and 1.

(Full existence) Let a be a tuple, M =T, and B a set. Let p :=tp(a/M). By
Lemma 6.1.8, there is a global M-invariant extension ¢ of p which is [M-free
over M. Leta’ |=¢q|yp, so that @’ =y a. Then a’ \I,iM B by M-invariance of ¢, and
a' M B since g is [M-free over M. Hence @’ ™} B.

(Left extension) This proof is analogous to that of Lemma 6.1.8: Suppose that a,
M =T, and B are given such that a J,}}f,i, B, and &’ is a tuple extending a. We may
write @’ as the concatenation of @ with some other tuple ¢. Let b be a (possibly
infinite) tuple enumerating B. Fix a tuple m in M of the same length as c. We now
want to show the consistency of the extension of tp(b/Ma) by the following set of
formulas:

(1) R(ci, m, x;) for all indices i, j of the appropriate length and m € M.
(i1) ¢(c, x) <> ¢(m, x) for any L-formula ¢.
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As usual, it suffices to show that this does not generate any Hy-structures. In this
case, the proof is analogous to that of Lemma 6.1.8, so we omit it. Pick a realisation
b’ of this type. By (i), we have a’ J}}f/l b, and, by (ii), tp(a’/Mb') is M-invariant.
Therefore, letting B’ be the set enumerated by &/, it follows that B’ =y; B and
a " B O

We can now also see that the Morley sequences appearing in Lemma 6.1.8 are
precisely ["i-Morley sequences. So, from Proposition 6.1.7, we immediately obtain
the following.

Corollary 6.2.2. For (possibly infinite) tuples a and b and a model M = TH,-free>
tp(a/Mb) does not 1™ -Kim-divide over M if and only if aNb C M.

Our goal now is to prove that [™i-free global types are <g-least. At this point,
w-categoricity is particularly useful.

Lemma 6.2.3. Let T be w-categorical, M =T, and g, r be global M-invariant
types with q|y = r|y. Assume that, for all formulas ¢ (x, y) isolating a complete
type over some finite subset of M, if ¢(x,y) € clx(q), then p(x,y) € clx(r). Then
clg (q) € clg (r).

Proof. Let Y (x, y) e clg(g). Since T is w-categorical, there are finitely many types
over a finite set of parameters and every such type is principal, so we can write
V(x,y) :=\V,_; ¢i(x, ), where each ¢; isolates a complete type over the set of
parameters in 1. Since ¢;(x, y) = ¥ (x, y) for each i, it follows that ¢;(x, y) €
clx (¢), and thus, by assumption, ¢; (X, ¥) € clg(r) for all i < [. Thus, for all M-
invariant Morley sequences (Ej) jew N 1, the set {¢; (x, Ej) : J € w} is inconsistent
forall i <.

Assume, for contradiction, that ¥ (x, y) ¢ clg(r). So there exists some M-
invariant Morley sequence (¢;)ic, in r such that {¢/(x, ¢;) : i € w} is consistent.
Let a be a realisation. Then, by the pigeonhole principle, we can find an infinite
subsequence (¢;;)je» and some k such that a = {¢k(x, ¢;;) : j € }. But note that
(Cij)jew 1s also an M-invariant Morley sequence in r, a contradiction. U

This result tells us that it suffices to look at types over finite parameter sets to
determine <g-minimality.

Remark 6.2.4. Note that, for a model M = Tq,-free and a tuple b, if o(x, b) +
xNb & M, then ¢(x, b) Conant-divides over M. In other words, for every global
M-invariant extension g of tp(b/M), we have ¢(X, ) € clx (¢).

Lemma 6.2.5. Let q be a global type 1Mi-free over M |= Th, tree. For all b |=q|u
and all formulas ¢(x, b) isolating a complete type over M'b with M’ C M finite, if
@(x,y) eclg(q), then p(x,b)-xNb & M.
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Proof. Suppose that ¢(x, b) =X Nb S M. Since g is a global M-1"-free type, by
Corollary 6.2.2, {¢(x, b;) :i € w) is consistent for any (bi)iee such that b; = 9,
for all i € w. This means that ¢(x, y) ¢ clg(q). ([l

Proposition 6.2.6. Lhd satisfies the relative Kim’s lemma in TH, free.

Proof. Let p € S(M), and let g be a global extension of p |M-free over M. We
want to show that g is a <g-least extension of p. By Lemma 6.2.3, it is enough to
show that, if ¢(x, y) isolates a complete type over a finite set, then ¢ (x, y) € clg(q)
implies ¢(x, y) € clg (r) for all global M-invariant extensions r of p. But notice
that, by Lemma 6.2.5, ¢(x, ¥) € clg(q) implies that ¢ (x, byFiNb Z M for any
b = q|u. Hence, by Remark 6.2.4, it follows that ¢ (%, ¥) € clg (7). O

Proof of Proposition 4.0.3 (version 2). By Proposition 4.0.2, T, free is SOP3, and
s0, in particular, it is not simple. Since ™ satisfies full existence and left extension
by Lemma 6.2.1 and the relative Kim’s lemma by Proposition 6.2.6, it follows by
Corollary 5.2.4 that TH,-free 1s TPs. Ul

This completes our second proof of Theorem 1.0.1.

Remark 6.2.7. Note that, by [Conant 2017, Lemma 4.3], there does not exist an
independence relation .. over subsets of M |= Th, free satisfying invariance, full
existence, symmetry, and stationarity over models, because, for any pair ab € M
of distinct elements and M = TH,-free, if = R(m, a, b) for some m € M, then
= —R(m, b, a), and so ab %y ba. This means that T, e is not a free amalga-
mation theory, so we cannot apply Conant’s methods to show NSOP,4. The same
argument also shows that we cannot use the criterion from [d’Elbée et al. 2025,
Theorem 5.10] either.

Remark 6.2.8. Mutchnik [2022a] uses his Theorem 3.25 (compare Corollary 5.2.4)
in the context of a theory with an independence relation . that satisfies monotonicity,
full existence, and stationarity over models. It is shown there that, if | satisfies
a generalisation of freedom, known as generalised freedom, then satisfying the
relative Kim’s lemma and the symmetry of .| -Kim-independence are equivalent,
which means that we do not need to check them separately as we did here. However,
it is unclear whether one can find such an independence relation in Ty, free-

Question 6.2.9. Is there an independence relation L in T, free satisfying mono-
tonicity, full existence, and stationarity over models?
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Infinite cliques in simple and stable graphs

Yatir Halevi, Itay Kaplan and Saharon Shelah

Suppose that G is a graph of cardinality u* with chromatic number x (G) > u*.
One possible reason that this could happen is if G contains a clique of size ™.
We prove that this is indeed the case when the edge relation is stable. When G
is a random graph (which is simple but not stable), this is not true. But still if
in general the complete theory of G is simple, G must contain finite cliques of
unbounded sizes.

1. Introduction

The chromatic number x (G) of a graph G is the minimal cardinal « for which there
exists a vertex coloring with k colors such that connected vertices get different
colors.

Research around graphs having an uncountable chromatic number has a long
history; see, e.g., [Komjath 2011, Section 3]. This topic is set-theoretic in nature,
with many results being independent of the axioms of set theory (ZFC). In [Halevi
et al. 2022; 2024] we studied a specific conjecture (Taylor’s strong conjecture) in
the context of stable graphs (in ZFC): a graph whose first-order theory is stable (a
model-theoretic notion of tameness; see Section 2 for all the definitions). It turns
out that a very close relative of this conjecture holds for stable graphs (although it
does not hold in general).

More specifically, we showed that if a stable graph has chromatic number
> TJ,(R) then this implies the presence of all the finite subgraphs of a shift graph
Sh, (w) for some 0 < n < w, where for a cardinal «, the shift graph Sh, (k) is
the graph whose vertices are increasing n-tuples of ordinals in «, and two such
tuples s, ¢ are connected if forevery 1 <i <n—1, s(i) =t({ — 1) or vice-versa
(see Example 2.4). In turn, this implies that the chromatic numbers of elementary
extensions of said graph are unbounded. An important example for this paper is the
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case n = 1: Shj («) is the complete graph on k. For more on this result, see [Halevi
et al. 2022; 2024].

In this paper, we take the first step towards identifying the n in the previous
paragraph, by considering not only the chromatic number of the graph, but its
cardinality as well, as we now explain.

Bounds for the chromatic number of the shift graph were computed by Erdds
and Hajnal [1966]: assuming the generalized continuum hypothesis (GCH),

X (Shyp1 (™) =k

for all n < w; see Fact 2.6. In particular (and trivially), x (Sh;(x)) = k. Thus, it
makes sense to ask the following question:

Question 1.1. Suppose that G is a stable graph and for simplicity also assume GCH.
Assume that for every cardinal «, there is some G’ = G (i.e., Th(G) = Th(G")) of
cardinality |G’| < k1" satisfying x (G’) > . Then is it true that for some m < n,
G contains all finite subgraphs of Shy, (w)?

Remark 1.2. Proposition 3.12 and Remark 3.13 explain why we restrict ourselves
to successor cardinals.

In this paper we deal with the case n = 1, and we manage to give a satisfying
solution to this case (and more) assuming that the theory of G is simple or that the
edge relation is stable (both weaker assumptions than stability of the theory). The
following sums up the main results of this paper:

Main Theorem 1.3 (Propositions 3.2 and 3.11). Let G = (V, E) be a graph and
T =Th(G, E) be its first-order theory. Assume that |G| = u* and x (G) > u™ for
some infinite cardinal L.

(1) Assuming T is a simple theory then G contains cliques of any finite size.

(2) Assuming the edge relation E is stable then G contains an infinite clique of
cardinality u'.

Note that the conclusion of item (1) (together with Léwenheim—Skolem and
compactness) implies the existence of G’ > G of cardinality u™ that contains an
infinite clique of cardinality «*. The conclusion of item (2) is stronger: we can
find such a clique already in G itself.

Organization of the paper. In Section 2 we go over the relevant basic definitions
in model theory and graph theory. Section 3 contains the proof of the main results.
Section 4 reframes the main results in terms of the function hinted at in Question 1.1.
Finally, in the Appendix we analyze an example of Hajnal and Komjath that refutes
Taylor’s strong conjecture and shows that the theory of this graph is not stable (in
fact, we show more: that it is not simple and has IP).
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2. Preliminaries

We use small latin letters a, b, c for tuples and capital letters A, B, C for sets. We
also employ the standard model-theoretic abuse of notation and write a € A even
for tuples when the length of the tuple is immaterial or understood from context.

Stability and simplicity. We use fairly standard model-theoretic terminology and
notation; see, for example, [Tent and Ziegler 2012]. We gather some of the needed
notions. For stability, the reader may also consult with [Shelah 1978].

We denote by tp(a/A) the complete type of a over A. A structure M is -
saturated, for a cardinal «, if any type p over A with |A| < « is realized in M. The
structure M is saturated if it is | M |-saturated.

The monster model of a complete theory 7', denoted here by U, is a large saturated
model containing all sets and models (as elementary substructures) we encounter. !
All subsets and models are small, i.e., of cardinality < |U|.

Given a first-order theory 7, a formula ¢ (x, y) is stable if we cannot find elements
(a;,bj €U:1i, j < w) such that UF ¢(q;, b;) if and only if i < j.

For any formula ¢(x, y) we set p(y, x)°PP = ¢(x, y); it is the same formula but
with the roles of the variables replaced. The following is folklore.

Fact 2.1. Work in a complete first-order theory T with infinite models. Let ¢(x, y)
be a stable formula. There is a formula (y, z) such that any @-type p over a
model M is definable by an instance of  over M, i.e., for any such ¢-type p there
is an element ¢ € M such that ¢(x, b) € p if and only if M = (b, c). Moreover,
Y (y, z) can be chosen such that for any c € M, ¥ (y, c) is equivalent to a boolean
combination of instances of ¢°FP.

Proof. By [Shelah 1978, Theorem I1.2.12], there is some (v, z) such that for
any @-type p over any set A (JA| > 2), there is some ¢, € A such that ¥ (y, c,)
defines p. By [Pillay 1996, Lemma 2.2(1)], if p € S,(M), where M is a model,
then p is definable by a boolean combination of instances of ¢°PP. But then, as M
is a model, ¥ (y, ¢,) is equivalent to such a boolean combination. O

A theory T is stable if all formulas are stable.

Next we define simplicity. We give an equivalent definition, using the notion
of dividing for types; see [Tent and Ziegler 2012, Proposition 7.2.5]. Given a
first-order theory 7' with a monster model U, a formula ¢(x, b) with b € U divides
over A if there is a sequence of realizations (b; € U : i < w) of tp(b/A) such

IThere are set-theoretic issues in assuming that such a model exists, but these are overcome by
standard techniques from set theory that ensure the generalized continuum hypothesis from some
point on while fixing a fragment of the universe; see [Halevi and Kaplan 2023]. The reader can just
accept this or alternatively assume that U is merely «-saturated and «-strongly homogeneous for large
enough k.
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that {¢(x, b;) : i < w} is k-inconsistent for some k < w (every subset of size k is
inconsistent). A complete type p over B divides over A if it contains some formula
which divides over A.

The theory T is simple if for every complete type p over B there is some A C B
with |A] < |T| such that p does not divide over A. Every stable theory is simple.

The main tool we use from simplicity theory is forking calculus. Nonforking
independence is a 3-place relation on sets (or tuples) denoted by L. We do not go
over all the properties that nonforking independence enjoys in simple theories; see
[Tent and Ziegler 2012, Chapter 7] for more information.

Graph theory. Here we gather some facts on graphs and the chromatic number of
graphs (see also [Halevi et al. 2022]).

By a graph we mean a pair G = (V, E), where E C V? is symmetric and
irreflexive. A graph homomorphism between G| = (Vy, Ey) and G, = (V,, E3) is
amap f: V), — V,such that f(e) € E, for every e € E;. If f is injective we say
that f embeds G, into G, a subgraph. If in addition we require that f(e) € E, if
and only if e € E1, we say that f embeds G, into G, as an induced subgraph.

Definition 2.2. Let G = (V, E) be a graph.
(1) For a cardinal «, a vertex coloring (or just coloring) of cardinality « is a
function ¢ : V — « such that x E y implies c(x) # c(y) forall x, y € V.

(2) The chromatic number x (G) is the minimal cardinality of a vertex coloring
of G.

The following is easy and well known.

Fact2.3. Let G = (V, E) be a graph. If V = J._; Vi then

iel
X(G) <Y x(Vi, ETV)).
iel
Proof. Let ¢; : V; — u; be a coloring of (V;, E | V;). Define a coloring
c: V- Jwixtiyiien
by choosing for v € V an i, € I such that v € V;, and setting c(v) = (¢;, (v), ip). U

Example 2.4. For any finite number » > 1 and any linearly ordered set (A, <), let
Sh,-(A) (the shift graph on A) be the following graph: its set of vertices is the set of
strictly increasing r-tuples (sg < --- < s,_1) from A, and we put an edge between
s and t if forevery 1 <i <r —1,s; =t;_1, or vice-versa. It is an easy exercise to
show that Sh, (A) is a connected graph. If r =1 this gives K4, the complete graph
on A.
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Example 2.5 (symmetric shift graph). Let » > 1 be any natural number and A
sym

any set. The symmetric shift graph Sh;” " (A) is defined similarly as the shift graph
but with set of vertices the set of distinct r-tuples. Note that Sh,(A) is an induced
subgraph of Sh;”™(A) (and that for = 1 they are both the complete graph on A).

Since for any infinite set A, Sh”™(A) is definable in (A, =), itis stable. Moreover,
for any two infinite sets A and B, Sh”"(A) = Sh;"™ (B). Since every infinite set A
is saturated, Shy”™(A) is saturated.

Fact 2.6 [Halevi et al. 2022, Fact 2.6; Erd6s and Hajnal 1968, proof of Theorem 2].
Let 1 <r < w be a natural number and | be an infinite cardinal. Then

X (Sh¥™(3,_1 (1)) <,

X (Sh (31 () ")) = 't
Remark 2.7. Note that it follows that x (Sh,(3J,_1(n))) < u.

Lemma 2.8. If A is infinite then Shy"" (A) is a saturated model of Th(Sh;"™ (w))
of cardinality |A.

Proof. This follows easily from the fact that (A, =) is saturated and that Sh)>™ (A)

is definable in (A, =). O
We prove two easy results on the theory of the shift graphs.

Lemma 2.9. Every model of T = Th(Sh,(w)) (of cardinality A) can be embedded

sym

as an induced subgraph of Sh,”" (A) for some infinite set A (of cardinality A).

Proof. Since Sh, () is an induced subgraph of Sh”™(w), the former satisfies the
universal theory of Sh,’™ (w). Thus every model M of T can be embedded as an

induced subgraph of a model of Th(Sh;”™ (w)). By Lemma 2.8, and the universality
of saturated models, M can be embedded as an induced subgraph of Sh,""(A) for
some infinite set A of cardinality |M|. U

Lemma 2.10. For any cardinal u, the following holds for the graph (Shy(), E):
(1) Its complete theory is not stable.
(2) Its graph relation is stable.
(3) It is triangle-free.
Proof. (1) For any 1 <n < w, let X,, be the definable set
{x € Sha(n) : (x E (0, n)) A—=(x E (0, 1))}.
It is easily seen that X,, = {(n, k) : k > n}. For any 0 <m < w, let
Yn={xeSh(uw: xEmm+1))A-xEm—1,m+1))};

it is easily seen that Y,, = {(k, m) : k < m}.
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For any pair of natural numbers (n, m) withn > 1 and n < m, let ¥, ,,(x, y) be
the formula (with parameters n, m)

Bzx e Xy AyeY A EXx)A(ZEY)).

For any [ withl <m —n,letg, = (n,n+1[) € X, and forany O <k <m —n
let by = (n+k, m) € Yy,. It is easily checked that v, , (a;, by) if and only if I < k.
Since all the v, ,, are uniformly definable with parameters, by compactness we get
that the theory of Shy(u) is not stable.

(2) One can either see directly that the graph relation is stable, or note that since
Shy () is an induced subgraph of the stable graph Sh;ym(,u), its edge relation must
also be stable.

(3) Suppose (a,b)E(c,d)E(e, f)E(a,b). Notealso (c,d)E(a,b)E(e, f)E(c, d).
Hence, without loss of generality b =c. It follows easily thate=d. Soa <b<d < f.
Now either a = f or b = e = d, so either way we get a contradiction. O

Remark 2.11. (1) Since Shy(u) is definable in (u, <), it has NIP (not the inde-
pendence property (IP); see, e.g., [Simon 2015]).

(2) One can also note that Sh}™ (1) is triangle-free.
4 g

Every graph is a (not necessarily induced) subgraph of a stable graph (e.g., a
large enough complete graph). On the other hand, every shift graph Sh, (1) is an
induced subgraph of a stable graph (the symmetric shift graph). This raises the
following:

Question 2.12. Is every graph with a stable edge relation an induced subgraph of a

stable graph?

3. Infinite cliques

In this section we prove the main results of the paper.

Simple graphs. We start with the following technical result.

Lemma 3.1. Let M be some structure, in a language L, and assume that T =Th(M)
is simple. Let M' be some expansion of M to a language L’ O L. Let < be a linear
order on the universe of M and o, B € M elements satisfying that

(1) (dclp/ (o), <) and (dclp/ (B), <) are well-orders, and
(2) fOl" anyy € dClL’(a) U dClL’(IB)s Y \J—/dclL/(y)ﬁ{seM:a<y} {8 EM:e < V}

Then
dcly/ (a) L dcl (B).

dely s (@)Ndcl,/ (B)
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Proof. Let o, B € M be elements as in the statement, and let a* = dcl; ()
and a? = dclz/(B). Set Q = a® UaP and for any y e Qlet Q. ={e€Q:e <y}
Since (€2, <) is a finite union of well-ordered sets, it is also well-ordered.

Claim 3.1.1. Fory € Q, if

a*NQ., L a’n Q.
a*NafnQ.,
then
a“nNQ., L afn Q..
a“NafnQ.,

Proof. By symmetry, we deal with the case y € a®. We first prove that

a“nQs, L dna.,. 3-1)

a*NafnQ.,
By hypothesis (2), y Lacl,, (y)n{e:e<y) (€16 < y}. Since
delpy(y)Nfe:e <y} Ca”"NQ., Cleie <y},
we get that y \Laammy {e:e<y},soy \Laam§2<y al N Q2_, and

a“*NQ<, L a’ NQ.,y.
a*NQy,
By assumption and transitivity, we conclude (3-1).
If y ¢ a? then we are done; so assume that y € a? as well. In this case, by
properties of forking we get that a® N Q<) Lgenasna., a’n Q<,,, which is what
we wanted to prove. (]

The proof now follows by induction: the successor step is Claim 3.1.1 and the limit
case follows since forking is witnessed by a formula. (]

We move to the main result of this section on simplicity.

Proposition 3.2. Let T be a complete simple theory of graphs in the language of
graphs L = {E}. Let u be an infinite cardinal and G = (V, E) E T with |G| < 2.
If x(G) > ™ then there exists G = G’ with |G'| = w™ that contains a cligue of
cardinality ™.

Proof. By compactness and Lowenheim—Skolem, it is sufficient to show that G
contains arbitrary large finite cliques. Furthermore, by passing to an elementary
extension, we may assume that |G| = 2*. Additionally, after renaming elements,
we may assume that V = 2#. Assume that x (G) > u™.

As T is simple, for every nonzero « € V, the type tp(a/{f : B < a}) does not
fork over some nonempty countable subset A, C {8 : 8 < «}. Enumerate A,
as {cq,n : 1 < w), possibly with repetitions. Let F,, be the function mapping a
nonzero « € V to ¢y, (and F,(0) =0).
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Let L' D LU{F, :n < w}U{<} be a language containing Skolem functions and
G’ an expansion of G to L’ with Skolem functions such that the F” are interpreted
as above. Let T/ = Th(G’). As usual Sk(-) denotes the Skolem hull in L', i.e.,
Sk(C) is the structure generated by C in G’. Unless specified otherwise, whatever
is done below is done in L.

By forking base monotonicity and the choice of the functions F},, for any o € V,
tp(a/{B : B < a}) does not fork over Sk({a}) N{B: B < «}.

Let A be the collection of all of formulas in one variable x over & in L’ and let
A =J,.,, A be an increasing union of finite subsets. Let (;(x) : i < w) be some
enumeration of all the terms in L', with fo(x) = x. Thus

Sk({a}) = {t;(a) : i < w}.

Enumerate the 2* functions from u to {0, 1} by (1)« <2+, Without repetitions.
For any finite subset u € i and n < w we define a relation R, , on

Dom(R,, ;) := {oc eV=2"1n,0) T U@ [ u
forall i < j <n such that 1;(ar) # () }.
Leto Ry, , B (for a, B € Dom(R,, ,)) if
(1) forall j <n, n;@) [ u=np [ uand
(2) tpy, (@) =tpy, (B).
Note that R, , is an equivalence relation on Dom(R,, ;).

Claim 3.2.1. There exists « € V such that for every finite subset u C (1 and n < w,
if o« € Dom(R,, ;) then
B e lalg,,(a E B).

Proof. Note that each R, , has only finitely many classes on Dom(R,, ). Assume
towards a contradiction that for every o € V we can find some u, C p and n, < @
that satisfy the negation of the statement. Now map « to (uq, ng, [o]g,, ). This
is easily a legal coloring of V by u colors, contradicting x (G) > u™. ([

Let o € V be as supplied by Claim 3.2.1. For any n < w let
U, = {min{e < W My (8) # M) (€)} 11 < j < n such that 7 () # tj(a)};

it is a finite subset of . Easily, « € Dom(R,, ,) for all n < w. For n < w let B, be
the element given by Claim 3.2.1 for (u,, n) (and ).

Let U/ be a nonprincipal ultrafilter on w and let G= (G /U be the corresponding
ultrapower in the language L’. We let G=(V,E). Set@=[aly, B=I[Bnlu;s0 ZEP.
We make some observations. By definition of @, tp;, (&) = tp;,(«) and by definition
of the relations R, ,, this type is also equal to tp;, (E);

Set a® = (t;(@) : i < w) (and likewise for «), and a®? = (t; (,Bv) < w).
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Claim 3.2.2. Foralli, j < w, if ;@) = t;(B) then t;(@) = t;(B).

Proof. First note that for all i < j < w, if #;(@) = ;(@) then the same holds for ,E
and vice versa.

Assume the claim is not true and that i < j. If #; (&) = ¢;(«) then by the first
paragraph we are done. So assume not. We can find some n large enough for which
i(Bn) #1j(Bn), ti(e) =1j(By) and i < j <n.

As ,Bn Run,n o, N (By) [un =Nt (a) [un SO by assumption Nt:(By) [un =11;(B,) [un,
contradicting the definition of Dom(R,,, »). ]

As (a%, <) is a well-order (as a substructure of 2/*) so are (aa, <) and (aE, <).
With the aim of applying Lemma 3.1 with M = G, we prove the following.

Claim 3.2.3. For any y € a® U aﬁ, tp; (v/{e € G:e< v} does not fork over
Sk(y)N{e e G:e < y}.

Proof. Assume that y € a®. The proof only uses the fact that tp; (&) = tp; /().
Hence, the same proof also works for y € a®. Recall that tp, (@) =tp,, (E). Letz(x)
be a term (in L') for which y = («). We get that for ' :=1(«), tp;, (y) =tp, (¥').

If tp; (v /{e : ¢ < y}) forks over Sk(y)N{e: e < y} then by symmetry of forking
there is a tuple c of elements from {¢ : ¢ < y} such that

tp, (c/{y}USk(y)N{e:e <y})

forks over Sk(y) N{e: e < y}. Let ¢(y, z) be a formula over Sk(y) N{e:e <y},
satisfied by (c, y), such that ¢(y, y) forks over Sk(y) N{e : ¢ < y}. Since
tpr (¥) =tp (¥"), ¢(y, ') forks over Sk({y'}) N{e : e < y¥'}.

On the other hand, we know that 3y <z ¢ (y, z) isintp;,(y/Sk(y)N{e:e <y})
sody<ze(y,z)isintp,(y'/Sk({y'}) N{e : e < y'}). Consequently, there exists
a tuple ¢’ of elements in {¢ € V : ¢ < y’'} for which ¢(c’, ¥’) holds, contradicting
the fact that tp, (y'/{e : ¢ < y'}) does not fork over Sk({y'}) N{e : ¢ < y'} (by
symmetry of nonforking). ([

Recall that tp,, (@) = tp L,(E). Also, a® and a? enumerate elementary substruc-
tures of G | L. Setting a’ = (@) @) =t:8), i <o) by Claim 3.2.2, we have
tp;, (a® /a) =tp L (a® /a®). Note that since a® is closed under the chosen Skolem
functions, it enumerates an elementary substructure as well.

By Claim 3.2.3 and Lemma 3.1 (which we are allowed to use since (a%, <)
and (a?, <) are well-orders), a® Lao a®?. So by the independence theorem for
simple theories [Tent and Ziegler 2012, Lemma 7.4.8], we may find an indiscernible
sequence starting with a® and a” (in some elementary extension). Thus, as & E ,8~
we can find an infinite clique in that elementary extension. (]
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Given Proposition 3.2, it is a natural question to ask whether we can necessarily
find an infinite clique already in G itself. The following proposition shows that you
cannot hope for an uncountable clique in general.

Proposition 3.3. Let u be an infinite cardinal. Any graph of cardinality p without
an uncountable clique can be embedded in a random graph of cardinality p with
no uncountable clique.

Remark 3.4. Every random graph has a simple theory and contains a countable
infinite clique, so countable cliques cannot be avoided.

Proof of Proposition 3.3. Let u be an infinite cardinal and let Go = (Vy, Eq) be the
given graph. Without loss of generality, Vo = {20 : o < u}.

Let (u, ), <, enumerate all finite subsets of 1 such that each finite subset occurs 1
times. In particular, for any y <o < u there is some o < y’ < pu for which u,, =u,,.

Let V = u. We define a new graph G = (V, E) extending G such that for
a< B <p,if =2y +1 for some y < u and o € u,, we let {o, B} be an edge.

We claim that G has the desired properties.

We note that G is arandom graph. Indeed, let X ={«1, ..., o}, Y ={B1, ..., Bu}
be two disjoint sets of vertices. Let y < u be larger than the o; and 8; and satisfying
that u, = {ay, ..., a,}. Then 2y + 1 is connected to each of the «; and to none of
the ,BJ'.

Finally, assume that G contains a clique C of cardinality X;. By assumption,
C N Vp must be at most countable, so there must be a clique of cardinality 8
consisting of odd ordinals in w. Let U be the first @ of those and let 2y +1 € C be
an ordinal larger than any of the ordinals in U. But 2y + 1 can only be connected
to finitely many vertices which are smaller, a contradiction. ([

Corollary 3.5. For any infinite cardinal p there exists a random graph of cardinality
and chromatic number . with no uncountable clique.

Proof. Apply Proposition 3.3 to any graph G of cardinality p© with no infinite
clique and x (Go) = u (for example the triangle-free graph from [Erd6s and Rado
1960]).

Let G be the graph supplied by the proposition. Since G embeds into G and
|G| = u it follows that x (G) = . U

Question 3.6. Is there a theory of simple graphs such that for every cardinal u we
can find a graph of cardinality and chromatic number p with no infinite cliques at
all?

Question 3.7. Does an analog of Proposition 3.2 hold for other model-theoretic
tame graphs, such as NSOP; and NIP?
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Graphs with stable edge relation. Before getting into the main result we prove a
technical lemma which may be interesting on its own.

Lemma 3.8. Let T be a first-order theory, i an infinite cardinal and ¢(x, y) a
stable formula. Let M = T with |M| = u" and assume that M is an increasing
continuous union of elementary substructures (My)y<,+ each of cardinality at
most (L.

Let Y (v, z) be a uniform definition of p-types (as in Fact 2.1). For anya e M
and a < ut, let ¢, o € My be such that ¥ (y, cu.q) defines tp,, (a/My). Then there
exists a club C C w™ of limit ordinals satisfying that for any § € C and a € M \ Ms:

For any B such that § < B < p* there isb € M\ Mg for which
tp,(b/Mp) is definable by Y (y, ca,s).

Proof. Let F be the set of all limit ordinals § < u™ such that for any a € M \ M,
(T)a.s holds. It is enough to show that F' contains a club C.

Suppose F does not contain a club. Then ™t \ F is stationary. Let F be the set of
all limit ordinals in pt\ F; this set is also stationary as an intersection of a club with
a stationary set. By definition, for any limit ordinal § € F there is some a5 € M \ M
and B5 > & such that for any b € M\ Mp,, tp,(b/Mp,) is not defined by ¥ (y, cq,,5)-

For any limit ordinal § € F, let f(8) be the minimal ordinal & for which c,, 5 € M.
Note that as ¢, s is a finite tuple and § is a limit ordinal, necessarily f(5) < é. By
Fodor’s lemma [Jech 2003, Theorem 8.7] there exists a stationary subset S C F
and ¢ < ut for which f(§) = ¢ forany § € S.

By definition, ¢, 5 € M, for any § € S. As |M;| < u, by the pigeonhole
principle there is an unbounded subset S’ C § (i.e., of cardinality u*) for which
€ 1= Cay 8 = Cay, 5, for any 81,8, € §'.

Now, pick any & € §’. By our assumption there is some Bs > & such that for any
b e M\ Mg, tp,(b/Mg,) is not defined by ¥ (y, ca;.5) = ¥ (¥, ¢).

Let B’ > Bs be an element in S’ (it is unbounded) and let ag be the corresponding
element. So ag ¢ Mg and in particular ag: ¢ Mpg,, and thus tp,(ap'/Mg,) is not
defined by ¥ (y, ca5.5) = ¥ (. ¢). On the other hand, by choice of §’, tp‘p(a/g//Mﬂf)
and thus also tp, (ag'/Mp,) is defined by ¥ (y, ¢), a contradiction. ([l

(T)a,z?

We phrase forking symmetry for a stable formula in a form useful to us.

Fact 3.9 (Harrington). Let T be a first-order theory with monster model U. Let
@(x, y) be a stable symmetric* formula and W (v, z) a formula uniformly defining
p-types. For any two small models N\ and N, and elements a, b € U, if ¥ (y, c4)
defines tp(p(a/Nl), Y (y, cp) defines tp(p(b/Nz) and c, € Ny, cp € Ny then

VY(a,cp) <= ¥(b,ca).

2A formula @(x, y) is symmetric if x and y have the same sort and ¢(x, y) = ¢(y, x).
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Proof. Let p(x) =tp,(a/N1) and g(y) = tp,om (b/N>). Note that as ¢ is symmetric,
¥ (x, cp) defines g (y).

Let p 2 p be the global ¢-type that ¥ (y, ¢,) defines and ¢ 2 ¢ be the global
@-type that ¥ (x, ¢p) defines. By [Tent and Ziegler 2012, Lemma 8.3.4] and using
Fact 2.1, p = (x, ¢p) if and only if g = ¥ (v, ¢,); but as ¢, € N, and ¢, € Ny, we
conclude. ([

The following is due to [Engelking and Kartowicz 1965]; see also [Rinot 2012]
for a streamlined presentation.

Fact 3.10. For cardinals k <) < u < 2* the following are equivalent:
(1) A=K =

(2) There exists a collection of functions (f; : @ — A);<, such that for every
X € [u]=" and every function f : X — A, there exists some i < A with f C f;.

We now prove the main result of this section.

Proposition 3.11. Let L = {E} be the language of graphs and T be an L-theory
specifying that E is a symmetric and irreflexive stable relation. For any infinite
cardinal i and G £ T with |G| = u™, if x(G) > u™ then G contains an infinite
clique of cardinality ™.

Proof. For ease of notation, write ¢(x, y) = E(x, y) and let ¥ (y, z) be a uniform
definition for ¢-types (as in Fact 2.1). Assume that x (G) > ut.

By Lemma 3.8, there exists an increasing continuous family of elementary
substructures (G, < G : 0 < o < u™), with |G| = n and U0<a<y,+ Gy, =G,
satisfying:

For any 0 <8 < u™ and a € G\ Gj there exists ¢, s € G5 such that
Y (y, cq,6) defines tp,,(a/ Gs) satisfying that for any B with § < f < wt
there is b ¢ G for which tp,,(b/ Gp) is defined by ¥ (y, ca,s)-

Indeed, Lemma 3.8 supplies a club C C u for which the above holds. Since the
order type of C is u™, by restricting to the models indexed by ordinals in C we get
the desired sequence of elementary substructures.

Set Gp = @. Forany a € G let o < w* be minimal such that a € Gy,41. Let
cy = Ca,o¢ € Gog; in particular, ¥ (y, cg) defines tp,(a/Gaz). Let af < ag be such
that ¢j) € Ga7+ 1\ Garlz. Let ¢f = Ca,al- Likewise we continue and find a sequence
((ch_p» o) : 1 <k <ny) satisfying

Cof <aly,
s i = Caal_, —and in particular ¥ (y, c;_,) defines tp, (“/Gai’,l)’
* CZ—I € Gaj(’+1 \Ga,‘j,

o, =0.
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Note that o = 0 if and only if n, = 0 and then there are no c’s.

We now define a coloring. By Engelking—Karlowicz (Fact 3.10, applied to
w < < pt < 2"), there exists a family of functions {gp : u* — u | B < pu}
satisfying that for any finite subset X C pu* and every function f : X — u there is
some function gg, B < u, with f C gg.

For any such a € G define a function f, : {eg, . .., oy } — w by setting f, (') =1i.
Let B < 1 be minimal such that f, C gga.

For any o < ut, let s, : G, — 1 be a bijection. For simplicity, we also denote
by s, the induced bijection between G}, and n". Let ¥ = R x 1> x <¢; note
that |Y| = u.

Let ¢ : G — Y be a function mapping a € G to

(na, ,Bu, Soeg—',-l(a)’ (saf‘-‘rl(c?_]))lgigna)-

Since ¢ cannot be a legal coloring there exist distinct elements a, b € G satisfying
that ¢ (a) = ¢ (b) and ¢(a, b) holds, i.e., a E b.

Without loss of generality, assume that o > ozg. Note that necessarily, oy > aé’ ,
since otherwise, as Sad+1 (a) = Sab +1(b) we conclude that a = b, a contradiction. In
particular, n, > 0 and so also n, =n, > 0.

Also, if af = a? for some i, j then i = j, since by assumption 8¢ = B°.

Let n > 0 be minimal such that &% = «” (such n exists since this equality holds
for n = n, > 0). Consider the (ordered) set A" = {af, af’ 1 i < n}. Note that the
elements in A’ are distinct. Now let A = A’ U {a¢ = a’}.

We call an element «f € A (with i > 0) an a-pivot if there exists an element
oe? € Awithe! | > oz’J’. > af (and likewise a b-pivot for oel.b € A with i > 0). Note
that ¢ = o? is either an a-pivot or a b-pivot.

We prove the following by (downward) induction.

Claim 3.11.1. For every a-pivot af € A withi > 0,y (b, ¢{_,) holds, and for every
b-pivot af’ eAwithi >0, y(a, Cf,l) holds.

Q

Proof. Let o
with of > o

't1 € A be an a-pivot (possibly 7 + 1 = n). Let v < n be minimal
> ol o is either a b-pivot and v = s + 1 for some s or v = 0.
Assume, first, that ozﬁ7 41 1s a b-pivot, so ¥ (a, c?) holds by the induction hypothesis.
As cb e Gy, +1 € Gor and ¢f € Goo, 11 S Gop, | © Gyp, we can apply Fact 3.9
with tp, (a /Gae) and tp, b/ Ga?) and conclude that vy (b, ¢{') holds.

Now assume that v = 0. Since b € G, S Gop and ¢(a, b) holds, then as
Y (y, cf) defines tp,(a/Gqa) we get that ¥ (b, c¢f) holds, as needed.

The case where ozf’ '

SN EN

€ A is a b-pivot is proved similarly. (]

Note that ¢, € Goat1 = Ga3+1 E) 05,1- As ¢ (a) = ¢(b), we necessarily have

ci=cp_ = cﬁ_l. If oo} is an a-pivot we have that v (a, ¢) holds and if it is a b-pivot
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then ¥ (b, ¢) holds. Assume the former holds (the proof where the latter holds is
identical).
We inductively construct a sequence (dy)q <+ in V such that

e Y (dy, c) holds forall @ < ™,
e ¢(dy,dp) holds forall @ # B < put.

Suppose we constructed (dy) o<y . Let 8 be such that ey | <6 < uwtandd, € Gs
for any o < y. By (¥) there exists d, € G \ G such that tp,,(dy / G) is definable
by ¥ (y. o).

Since v (dy, ¢) holds for any o < y it follows that ¢(d,, dy) holds (and also
¢(dy. dy) by symmetry). Additionally, ¥ (y, ¢) defines both tp,(a/Gge_) and
tp,(dy/Gee_ )5 hence a :‘f} a dy. As ¢ € Gge_ and ¥ (y,c) is equivalent to
a boolean comblnatlon of instances of @°PP- formulas over G, it follows by
symmetry of ¢ that a _‘é a dy, so ¥ (d,, c) holds as well. U

Given Proposition 3.11 (and Proposition 3.2), it is natural to ask under which
conditions on the cardinality of G does the proposition hold. The following example
shows that it fails for strong limit cardinals.

Proposition 3.12. Let A be a strong limit cardinal.® There exists a nonstable graph
with stable edge relation G of cardinality A, with x (G) > A, for which we cannot
embed arbitrarily large finite cliques. In fact, it is triangle-free.

Proof. For any u < A, let G, = Shy(3;(u) ™). By Lemma 2.10, it is not stable but
has a stable edge relation, and it is triangle-free. By Fact 2.6, x (G,) > u™.

Let G = @ud G, be the direct sum of all of these graphs. Thus x (G) > A
and |G| = A. The graph G is not stable but its edge relation is stable. On the other
hand, since each of the G, is triangle-free, we cannot embed arbitrarily large finite
cliques into G. U

Remark 3.13. By Remark 2.11(2), we may replace Shy (3 (1)) by Shy™(Da (1))
and arrive at a stable graph with the prescribed properties.

4. The chromatic spectrum

We rephrase the results of the previous section in a different manner.
For T a theory of graphs and p an infinite cardinal, let

chr(u) =min{|G[: GE T, x(G) = pu}.

We employ the convention that min @ = oco. Note that if cht(u) = oo then
chr(A) = oo forall A > u.

3That means that 2# < A for any i < A. Any such cardinal is a limit cardinal. An example
is 3, (Rg)-
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Remark 4.1. (1) Since for any graph G, x(G) < |G|, we have cht(r) > u.

(2) Let T = Th(Shi()). By Fact 2.6, cht(AT) < J;_1(X)™". On the other hand,
if towards a contradiction we assume that cht(A™) < Jx_; ()™ then we can find
M E T with x(M) > A" and |M| < J;_1(A). By Lowenheim—Skolem we can
assume that |[M|=;_; (). By Lemma 2.9, we may embed M into Sh,"™ (Z¢_; (1)),
so x (M) < A by Fact 2.6, a contradiction. We conclude that chy(AT) =3, (A)T.

We can now rephrase the main result of [Halevi et al. 2024] using this function:
Proposition 4.2. The following are equivalent for a stable theory of graphs T

(1) There are some G E T and a natural number k such that G contains Shy(n)
for all n.

(2) chr(Z(Rp)*) < oc.
(3) For any cardinal w, chr(u) < oo.
(4) For any cardinal i, chr(n) < 3y, ().

Proof. —=(1) = —(2). By the main theorem of [Halevi et al. 2024, Corollary 6.2],
x(G) < h(Rg) forall G E T, i.e., cht(J2(Rp)™) = oo.

(4) = (3) = (2). These are easy.

(1) = (4). Let u be an infinite cardinal. By compactness and (1) we can embed
Shy (Jr—1 () ™) in a large enough model of T. So by Lowenheim—Skolem we can
find a model G of cardinality J; 1 ()™ with x (G) > x (Sh(Zk—1 () T) > ut>n
(using Fact 2.6). Consequently, chr() < J;_1()T < T (). U

Next, we phrase the results of the previous section for simple graphs and graphs
with stable edge relation using chr.

Proposition 4.3. Let T be a theory of graphs and assume that either T is simple or
the edge relation is stable. The following are equivalent:

(1) T proves the existence of arbitrarily large finite cliques.

(2) For any infinite cardinal 1, cht(u) = w.

(3) For any infinite cardinal ju, chr(u™) = p™.

(4) There exists an infinite cardinal w for which chr(u™) = ut.
If T is simple then they are also equivalent to:

(5) There exists an infinite cardinal p with chp(u™) < 2~

(6) For any infinite cardinal ., chr(u™) < 2M.

Proof. (1) = (2). By compactness and Lowenheim—Skolem, there is a model
G of cardinality p which has an infinite clique of cardinality . Thus x (G) > u,

so chr(p) = p.
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(2) = (3) = (4) These are easy.

(4) = (1). Assume that (4) holds and let u be an infinite cardinal for which
chp(ut) = ut. Thus there exists a model G with x (G) > u™ and |G| = u™. By
Proposition 3.2 for the simple case and Proposition 3.11 for the stable edge relation
case, G contains arbitrarily large finite cliques.

Assume that 7 is simple.

(4) = (5) = (1). The first implication is easy and the second uses Proposition 3.2
as above.

(3) = (6) = (5). These are easy. O

Is there an analog to Proposition 4.3 for general shift graphs? Here is a reasonable
suggestion:

Conjecture 4.4. Suppose that T is stable. If chr(u™) < 3,_1(n)™ for all cardi-
nals p, then for some m < n, there is an embedding of Sh,, (w) in any w-saturated
model of T.

Note this is exactly Question 1.1 without assuming GCH.

Appendix: An example by Hajnal and Komjath

In this section we present an example due to Hajnal and Komjéth [1984, Theorem 4].
This is an example of a graph of size continuum whose chromatic number is 8
which does not contain all finite subgraphs of any shift graph Sh, (w). They gave
it as an example refuting Taylor’s strong conjecture (which does hold outright for
w-stable graphs with a close relative of it holding for stable theories in general by
[Halevi et al. 2022; 2024]). The main goal here is to prove that this example has
the independence property (IP) (thus is not stable) and furthermore that its theory
is not simple.

Definition A.1. A graph G = (V, E) is called special if there exists a partial order
< on V satisfying that

(1) if x E y then either x < y or y > x and

(2) there is no circuit C = (xq, ..., X,_1), n > 3, of the form
X0 <X] < <Xpp—1 <Xy > X1 > =0 > Xp—1 > XO-

Proposition A.2 [Hajnal and Komjath 1984, Theorem 4]. Let G = (V, E) be a
special graph as witnessed by <. Then for all n > 1, G does not contain all the
finite subgraphs of Sh, (w).

Proof. Assume towards a contradiction that G contains all finite subgraphs of Sh,, (w)
for some n > 1. If n =1 then it must contain a triangle, obviously contradicting
Definition A.1(2). So we assume that n > 2. Coloring pairs of <-increasing tuples,
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by Ramsey there is some integer r such that if f :Sh,(r) — G is an embedding, there

isACr, |A|=2n+1 suchthateither f(ag, ...,a,-1)< f(ay, ..., a,) for all strictly
increasing n + 1-tuples (ao, ..., a,) from A or f(ag,...,a,—1) > f(ai,...,a,)
for all strictly increasing n + 1-tuples (ay, ..., a,) from A.

Assume the former occurs and that for simplicity A = {0, ..., 2n}. Then

©O,....n—1)=<({1,....n—1,n+1)
<-o<m—-1,n+1,....,2n—1)<(m+1,...,2n)
and

©O,....n—DH)=<{d,....,n—1,n)<---<Mm,n+1,....2n—1)<m+1,...,2n),
which is a contradiction. O

Proposition A.3 [Hajnal and Komjath 1984, Theorem 4]. There exists a graph
G = (V, E) with |V | = 2%0 satisfying the following properties:

(1) G is special and in particular for every n > 1 it does not contain all finite
subgraphs of Sh,(w).

(2) x(G) =R

(3) G has IP and in particular is not stable (in fact, the edge relation has IP).

4) G is not simple.

Proof. Let {T, : @ < ¥} be a collection of disjoint sets with |T,,| = 2% for each

o <Njpandset V = U(x<N1 T,. We define an edge relation on V turning it to a

graph satisfying our desired properties.
To define the edge relation we define, for x € 7T, and o < 8y,

Gx)={yeT.y:xEy},

where T, = J <o Ip> by induction on .

Ifa=p8+1welet G(x) =g for every x € Ty, so assume that « is a limit ordinal
and that G (x) has already been defined for x € T_,.

For y <a and y € T, we say that y is y-covered if there exists op < - -+ < oy
with o9 < y, and x; € Ty, with x,,, = y such that xo E x; E - - - E x,,. Note that any
y € T, is y-covered, as witnessed by the trivial path.

Let W, be the collection of all subsets W C T_,, satisfying that

e W ={x, : n < w} is countable,
e x, € Ty, and o, < o, Whenever n <m < w,
e sup{a, :n < w} =«,

® N0 X, 18 o,,_1-covered for 0 <n < w.
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Obviously, |W,| < 2%; choose some enumeration W, = W, 1y < 2%} and
Ty =1{t,:y < 2%} and set G(t,) = W,. Thatis, fory € T, and x =1, € Ty,
xEyifandonlyifye W,. Let G = (V, E).

We show that G satisfies the properties listed in the statement.

We first show (1). Let C = (xg, ..., x,_1) € V, n > 3, be a circuit in G with
x; € T, and

o) < U] <+ <Up—1 <y >0yt > >0p-1 >0

forsome 0 <m <n—1. If ;1 = @41, then as the elements of C are distinct, x,,
would be connected to two vertices in Ty, , =T, ., contradicting our construction.
So assume without loss of generality that ¢, 1 < &y 41. Thus x,,—1, Xp41 € G(xp,)
and x4 iS «,,,—1-covered as witnessed by og < @—1 < -+ < 41 and o —1 > ap.
On the other hand, since «;;,—; < ®,,+1, we get a contradiction.

We show (2). Towards a contradiction, assume there exists a legal coloring
c: G — Rg. We say that a color n < w is small if there is a y, < ¥ such that every
point x € V with c(x) = n is y,-covered; otherwise, call n large. For any small
n < o choose y, minimal satisfying the above. Put y = sup{y, : n small} < ;.
We note that there exist large n; indeed, take any x € 7,4 and let n < w be
with ¢(x) = n. Since x is not connected to any y € T, it cannot be y-covered.

If n < Ry is large then for every o < R there exists x € V with c(x) = n which
is not a-covered.

Let (m; < 8y :i < w) be a sequence (possibly with repetitions), containing
all large colors. By definition of mg being large, there exist g and x¢ € T, with
c(xog) =mgo which is not y-covered (so necessarily y < og). We continue inductively
and for any n < o we find x,, € T, with c¢(x,) = m, which is not «,,_-covered (so
necessarily o, < ay).

Suppose o = sup{o, : n < w}, which is necessarily a limit ordinal, and let
W = {x, : n < w} € T-,. By definition, there exists an element x € T, with
G (x) = W. In particular c(x) # m, for all n < w, so c(x) = k is small, i.e., it is
yx-covered. But by the definition above, any y € G(x) = W is not y-covered, so it
cannot be that x is y; < y-covered, a contradiction.

To show that x (G) = Ry, note that ¢ : V — R defined by c¢(x) =« for x € T,
is a legal coloring.

To show (3), choose for each n < w some x,, € T,,. Then, for all unbounded
subsets W C w there exists a unique x € T, with G(x) = {x, : n € W}, giving IP.

Item (4) is a direct consequence of Proposition 3.2 (with u = Rg). U

Question A.4. Can one find such a counterexample which is stable? Simple?
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Forking and invariant types
in regular ordered abelian groups

Akash Hossain

We give a characterization of forking in regular ordered abelian groups. In partic-
ular, we prove that C f, B if and only if ¢ Lf, B for each singleton ¢ € dcl(AC)
in these structures.

Introduction

The nonforking global extensions of some unary type in the theory of divisible
ordered abelian groups (DOAG) are very easy to describe: they correspond to the
invariant cuts, and there are at most two of them for any base parameter set. Now,
if we look at a finite tuple ¢ = (cy, ..., ¢,) in DOAG, a necessary condition for
tp(¢/AB) to be nonforking over A (ci, ..., ¢y ﬂA B) is to have d J,fA B for every
Q-linear combination d of the ¢;. As the type in DOAG of a tuple is characterized
by the cuts of the Q-linear combinations of its components, one can wonder whether
this condition is sufficient. We show in this paper that the answer is yes:

Theorem 1. Let M = DOAG, let A, B be parameter subsets of M, and ¢ =
(c1,...,cn) € M". Let k = max(JAB|, 2%)*, and suppose M is k-saturated and
strongly-k -homogeneous. Then ¢ J,fA B if and only if every closed bounded interval
of the Q-span of B that has a point in that of A¢ already has a point in that of A.

Moreover, by using quantifier elimination in the Presburger language, we can
extend our results to find a characterization of forking in the whole class of regular
ordered abelian groups (ROAG, the theory of the ordered subgroups of R, the ordered
groups for which every interval having at least n elements admits an r-divisible
element). These are our main theorems:
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Theorem 2. Let M = ROAG, let A, B be parameter subsets of M, and ¢ =
(Cl,...,cn) € M". Let k = max(JAB|, 2%)*, and suppose M is k-saturated and
strongly-k-homogeneous. If M is discrete, interpret 1 as its least positive element,
else interpret 1 as O (this is the standard interpretation of 1 in the Presburger
language). Let C be the subgroup of M generated by ¢, and A’ and B’ the relative
divisible closures in M of the respective subgroups of M generated by A U {1}
and AB U {1}, respectively. Then ¢ 1%, B if and only if ¢ 19 B, if and only if
tp(¢/AB) admits a global Aut(M*®/A’ U acl®d(2))-invariant extension in S(M*®9),
if and only if the following conditions hold:

(1) Every closed bounded interval of B’ that has a point in C already has a point
in the divisible closure of A’

(2) For all prime L, if [M : IM] is infinite, then for all N > 0, we have
C+I"MYNB' +1I"M)=A"+1"M.

Theorem 3. With the same assumptions as in Theorem 2, tp(¢/AB) admits an
Aut(M /A)-invariant extension inside S(M) if and only if ¢ J,fA B and, additionally,
for every prime | for which [M : IM] is finite, we have C C (\y-o A’ +IV M.

This description of forking is the most simple and natural way to assemble
together the (well-known) descriptions of forking in the theory of torsion-free
abelian groups, and in DLO. Our results clearly imply that forking in ROAG is a
phenomenon that happens in dimension one: we have C J,fA B if and only if, for
each singleton ¢ € acl(AC) (which coincides here with dcl(AC)), we have ¢ JfA B.
Note that this particular property of unary forking is well-known in stable 1-based
theories. This raises the question of how this property relates to local modularity in,
say, o-minimal theories. It also suggests that one might define over unstable theories
a notion (satisfied by ROAG) which would extend that of 1-basedness in the stable
world. Note that we cannot hope to have this property in infinite (expansions of)
fields, as it does not even hold in ACF.

Our main results rely heavily on our description of forking in DOAG, which
really is the core of our paper. This theory is an enrichment of DLO and the
theory of nontrivial Q-vector spaces, and it is a reduct of RCF, three very common
theories in which we know exactly what is forking. However, the current literature
lacks a satisfying description of forking in DOAG, and this paper fills that gap.
Simon [2011, Proposition 2.5] gave a characterization of forking in dimension
one (essentially the one we describe in the first condition of Theorem 2) for dp-
minimal ordered structures, which include dp-minimal ordered groups. One can
also use Theorem 13.7 from [Haskell et al. 2008] to establish our characterization
of forking in DOAG in the particular case where the base parameter set is an
Archimedean-complete model.
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Dolich [2004] gave a characterization of forking in o-minimal expansions of real-
closed fields (see [Starchenko 2008] for a survey). This very nice characterization
naturally links forking with our intuition on o-minimal geometry. The independence
notion introduced by Dolich is shown to be stronger or equal to forking in any
o-minimal theory, but, for technical reasons, one needs to be in an expansion of RCF
to prove equality. In these extensions, [Dolich 2004, Section 8] shows that their
independence coincides with the abstract model-theoretic notion of “non-1-dividing
in semisimple theories”. We do not know whether nonforking coincides with the
independence of Dolich in DOAG, however we point out in Section 1.5 that forking
does coincide with 1-dividing.

Our work is very close in spirit to [Mennuni 2022; Hils and Mennuni 2024] on the
domination monoid. They focus on a different notion, in a larger class of theories.
However, while they describe the space of invariant types (over arbitrary small
parameter sets) up to equidomination, we essentially study the space of A-invariant
types (with A fixed) up to A-interdefinability. One new difficulty that comes with
having to deal with A-invariant types instead of arbitrary invariant types is that we
have to deal with Archimedean extensions, the analogue of immediate extensions
for the Archimedean/convex valuation (see the end of page 58 of [Gravett 1956]
for a formal definition).

This paper aims to be the first step towards a systematic characterization of
forking in every complexity class of arbitrary ordered abelian groups. Interesting
future work could be to get a nice characterization of forking for dp-minimal ordered
groups, as quantifier elimination is not very complicated in this class, and the case
in dimension one is already covered by the work of Simon.

Let us give a brief outline of the proof of our description of forking in DOAG.
Let A, B, ¢ be as in Theorem 2, so that the conditions of the list hold. First of
all, we show that ¢ is A-interdefinable with a tuple d which is under “normal
form”. After that, we split d into fibers of ad hoc group valuations with respect
to which being in normal form ensures that d is separated (see Definition 1.23).
For each subtuple d' of this partition of d , we build a global A-invariant extension
of tp(c_l" /AB). Finally, we show that we can “glue” all those extensions into a global
A-invariant extension of the full type tp(a? /AB), and we are done. We will try to
be as explicit as possible in our manipulations, and we will show that our ad hoc
valuations interact in a meaningful way with the model-theoretic notions of tensor
product and weak orthogonality, which play an important role in [Mennuni 2022;
Hils and Mennuni 2024].

In the first section of this paper, we write basic definitions and give a more
detailed and formalized outline of the proof of our result in DOAG.

The way we build our global invariant extension is typically a bottom-up approach.
However, the concepts have to be introduced in a particular order to be coherent, and
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it will be more convenient for us to present the steps of this process in a top-down
order.

In the second section, we define our ad hoc valuations, and we show, given global
A-invariant extensions of the tp(n?/ /AB), how to glue them into a global A-invariant
extension of tp(c? /AB).

In the third section, we show how to build a global A-invariant extension of each
of the tp(d’/AB).

In the fourth section, we show how to build the normal form d from ¢. The
transformation of a tuple into a tuple under normal form is carried out in a very
procedural way which goes through many steps, where we apply successively
A-translations and maps from GL"(Q) to ¢. Once d is built, our characterization
of forking for DOAG will be established.

We extend our results in DOAG to ROAG in the remaining sections. We use
quantifier elimination to describe the types, their global extensions and their conju-
gates. We end the paper by proving our main result, Theorem 7.1, where we give
our characterization of forking for ROAG.

Let us also describe the outline of the proof. In ROAG, we can see a complete
type as a union of countably many partial types (®-types) which are “independent”
of each other (see Lemma 5.7). For each such partial type, we give algebraic
characterizations (essentially the conditions of Theorem 2) of when there exists a
partial global extension which does not fork over A, and when this extension is
A-invariant. Our results in DOAG allow us to deal with partial types that involve
equality and order. The results about the other partial types may already follow
from literature on the model theory of torsion-free abelian groups, but we still prove
them explicitly for completeness.

1. Forking in DOAG

1.1. Cut-independence.

Notation. In the theory of some total order <, we adopt the standard notation to
work with an arbitrary interval (be it closed, open, half-open, possibly with infinite
bounds), by writing its lower bound on the left, and its upper bound on the right.
For instance, if we consider, say, an interval ]a, b[, then it is implicit that a < b.

Assumptions 1.1. Let (M, <, ...) be the expansion of an infinite totally ordered
first-order structure. Let C © A C B be parameter subsets of M. Suppose M is
|AB| T -saturated and strongly-|AB|"-homogeneous.

In this paper, we will manipulate various linear orders (not only ordered abelian
groups, but also the chains of their convex subgroups, and other ad hoc orders).
In these linear orders, the cuts will be seen as type-definable sets. The formal
definition is as follows:
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Definition 1.2. Let c € M. The cut of ¢ over A is the A-type-definable set ct(c/A),
defined as the intersection of every interval containing ¢ with bounds in A U {00}
(a singleton is a closed interval).

Let P be some partition of M into convex sets. Then there is a natural linear
order on P, the only linear order that makes the projection M — P an increasing
map.

The set of cuts over A is clearly a partition of M into convex sets, and therefore
the above paragraph applies.

Let us also write x > A whenVa € A, x >a. If @ # A’ C A, define ct. (A’/A)
as the cut over A that corresponds to the elements that are > A’, and strictly smaller
than any element of A that is > A’. Define ct_(A’/A) similarly. More generally,
if X is some (type/V)-definable subset of M, we write ct. (X/A) =ct- (X (A)/A),
and similarly for ct_(X/A).

A A

C(AJA) cl(A/A)

Definition 1.3. Let us define the following independence notions, which are ternary
relations defined on the small subsets of M:

o 1% is the standard nondividing independence (see [Tent and Ziegler 2012,
Definition 7.1.2]).

« U is the standard nonforking independence (see [Tent and Ziegler 2012,
Definition 7.1.7]).

e Letcy,...,c, € M. Definec;...c, J,igv B when tp(cy . ..c,/AB) admits a
global (in S(M)) Aut(M /A)-invariant extension. Define C J,igv B when EJJEVB
for each finite tuple ¢ of C.

« 1P° (for “bounded orbit™) is a weaker notion than [, where we require the
orbit under Aut(M/A) of the global extension to have a bounded cardinal
instead of being a single point.

Fact 1.4. The inclusions 1™ < [P < |f € 19 always hold in any first-order
structure.

Remark 1.5. Note that in DOAG, if A is not included in {0}, then dcl(A) is a
model. In an o-minimal theory (in fact in any NIP theory), f, 19 and /1™ all
coincide over models, and one can easily check by hand that it is also the case in
DOAG for A C {0}. More precisely, the fact that [f = |9 follows from [Chernikov
and Kaplan 2012, Theorem 1.1], while [f = " over models trivially follows
from the fact that nonforking coincides with the independence notion given by
Lascar-invariance (see for instance [Hrushovski and Pillay 2011, Proposition 2.1]).
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As a result, the abstract equality [f = 1" is already well-known in DOAG, though
this equality does not help in any way to relate forking with more concrete geometric
phenomena.

We show in Theorem 7.1 that If, 1 and [P all coincide in regular groups.

Now, we are looking at these abstract model-theoretic notions in ordered abelian
groups, which are structures that come with much more concrete geometric notions
(the atomic definable sets are the solution sets of (D-linear equations and inequations
with parameters). The theory DOAG is even o-minimal. Thus we expect to find
a purely geometric description of our abstract independence relations. The most
basic example of a dependence behavior is the following:

Example 1.6. Suppose M = DLO, and identify some elementary substructure of
M with Q. Let A= @, B=1{0, 2}, C ={1}. Then acl(AC) Nacl(AB) = acl(A) = A,
but C \J//(,{x B. Indeed, if we define I,, = [4n, 4n + 2], then the (1,,), <., are pairwise-
disjoint and A-conjugates, thus they divide over A, and 1 € I, which is B-definable.

In this example, the definable set that forks is an interval which is disjoint from
some conjugates. We can see with the same reasoning that such intervals always
divide:

Lemma 1.7. In the expansion of some total order, let I be an interval with nonempty
interior such that its bounds are A-conjugates. Then I divides over A.

Corollary 1.8. Suppose that the theory of M is o-minimal, and let I = [by, by] be
an interval which is closed, bounded and disjoint from dcl(A) (in particular, by and
by are A-conjugates). Then I divides over A.

Note that we only consider bounded intervals: the bounds are not in {£00}, for
they must be A-conjugates. Those considerations allow us to characterize forking
in dimension one:

Proposition 1.9. Suppose the theory of M is o-minimal. Then, for every singleton
c € M, we have c J,igv B if and only if every closed interval with bounds in dcl(AB)
containing ¢ has a point in dcl(A).

Proof. The left-to-right implication is a consequence of Corollary 1.8 and Fact 1.4.
For the other direction, assume the condition on the right holds. Then the elements of
dcl(AB) having the same cut as ¢ must all be either strictly smaller or strictly larger
than c. Then, either ct_(ct(c/dcl(A))/M) or ct. (ct(c/dcl(A))/M) corresponds
to a global (and complete by o-minimality) unary type that extends tp(c/AB). As
ct(c/ dcl(A)) is A-invariant, so are both those types, and we get the proposition.

A B A
* ® O
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Definition 1.10. Let R be Z or Q0. Suppose M is an expansion of some R-
module, and let f be some n-ary @-definable function in this structure. We write
f € LC"(R) when there exist A1, ..., A, € R such that f coincides with the function
X1, ..., Xp = Y Aixij. We write LC(R) when 7 is implicit.

Assumptions 1.11. Work in DOAG, in the language of ordered Q-vector spaces.
In this language, every substructure is a definably closed Q-vector-subspace. The
independence notions we are looking at are insensitive to definable closure (i.e.,
we have C L, B if and only if dcl(AC) J/dcl(A) dcl(AB)), sowe fix C > A < B
Q-vector subspaces of M.

It is well-known that DOAG is complete, has quantifier elimination and is o-
minimal in this language. Moreover, for ¢ = (cy, ..., ¢,),d =, ..., d,) € M",
we have

i=,d < VfeLC'Q), ct(f(@)/A) =ct(f(d)/A).

By Proposition 1.9, one can see that C J,igv B if and only if for all ¢y, ...,c, € C,
there exists a global extension p of tp(cy ... c,/B) so that for all f € LC"(Q) and all
closed intervals I with bounds in M not disjoint from A, we have p(X) = f(X) € 1.

The above description of I is still not geometric, because it is existential
in p € S(M). There is a geometric description of a weaker version of this, where
we swap the first two quantifiers:

Definition 1.12. Define C [%" B if the following equivalent conditions hold:

e VceC", VfeLC"(Q), (f(©) \Li/‘iv B (the quantifier over p has been swapped
with the one over f).

e VceC, cJ,ing.

» Every closed interval with bounds in B that has a point in C already has a
point in A.

Forcy,...,c, e M, wedeﬁnecl...anthB when (A+@cl+---+@cn)J,°XtB.

Remark 1.13. If ¢ is a singleton from C \ A, then we have ¢ 1{* B if and only if
at least one of the following conditions holds:

o Every bounded B-definable closed interval included in ct(c/A) (viewed as an
A-type-definable set) has all its points smaller than c.

o Every bounded B-definable closed interval included in ct(c/A) has all its
points larger than c.

Definition 1.14. If the first condition of Remark 1.13 holds, then we say that ¢
leans right with respect to A and B. If the second condition holds, then c leans left.
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The two conditions hold at the same time if and only if ct(c/ dcl(A)) has no point
in dcl(AB).

A B B A

left-leaning cut-dependent right-leaning

It is easy to see that ¢ leans right or left with respect to A and B if and only if
there exists A’ C A so that ct(¢/B) =ct. (A’/B) or ct_(A’/B), respectively.

This definition also makes sense (and will be used) in more abstract linear orders
that do not come from ordered groups.

The last item of Definition 1.12 is a purely geometric description which depends
only on A, B, C. This description is simple and uses very little algebra: we have to
replace A (resp. B, C) by the Q-vector subspace generated by A (resp. AB, AC) as
done in the notation, then we take every point from C, we completely ignore the
algebraic relations between those points, and we check for each point a condition
that only depends on the linear order.

Lemma 1.15. We have 19 C 1 jn DOAG.
Proof. See Corollary 1.8. (|

It actually turns out that this nice, but weak independence notion [t is no
weaker than [ in DOAG. This is the fundamental result of this paper:

Theorem 1.16. In DOAG, we have [ = |,
By Fact 1.4 and Lemma 1.15, we just need to prove that [t C [inV,

Assumptions 1.17. Recall from Assumptions 1.11 that B > A < C are Q-vector-
subspaces of M. We assume C L' B. Let ¢ = (cy, ..., cy) € C.

Our goal is to build a global A-invariant extension of tp(c/B). This will be
achieved in Sections 2—4, and we deal with ROAG and examples in the remaining
sections.

1.2. Outline of the proof. Although 1t and [ are very combinatorial notions,
we have to set up a rather technical algebraic machinery to prove that they coincide.
Let us explain in this subsection what we do conceptually. The reader has to keep
in mind the outline of the proof given in the introduction; here we give a more
detailed outline.

Assumptions 1.18. On top of Assumptions 1.17, we assume that M is |B|"-
saturated and strongly | B|*-homogeneous.

We wish to show ¢; ...c, Ugv B. For this, as announced in the introduction, we
partition our tuple ¢ into smaller subtuples that we call “blocks”, and we build a
global Aut(M/A)-invariant extension of the type of each block. We get a family
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of global Aut(M/A)-invariant types that we call (in Definition 1.22) a “block
extension”, and what is left for us is to “glue” those types into a global Aut(M/A)-
invariant extension of the full type of ¢. The partition of our tuple will be that given
by fibers of an ad hoc valuation va13B on M (more precisely, a map which factors
through a valuation on M/ B; see Definition 1.20). The way we glue the block
extension is via a tensor product of each of its types (the order of the factors has to
be chosen well). We give more formal definitions and statements around valuations,
orthogonality and tensor products in Sections 1.3 and 1.4.
There are three key steps in the proof:

(I) We replace ¢ by a well-chosen A-interdefinable tuple d, the “normal form”.
The following normal form lemma specifies the properties that we expect of d,
as well as guarantees its existence:

(NF3) If ¢ L4 B, then ¢ is A-interdefinable with some tuple d which is val}-

separated (as defined in Definition 1.23).

We prove the normal form lemma in Section 4 (Theorem 4.21).

(I) We find a block extension of the partition of d given by val3, as guaranteed
by the block extension lemma:
(BE3) If dis a Val%-separated tuple, and d Jf;‘“ B, then the type over B of
each fiber of d by val% admits a global Aut(M/A)-invariant extension
(the family of these global types is a VaI% -block extension, as defined in
Definition 1.22). Moreover, this block extension is strong, i.e., the union
of those global types is consistent with tp(c? /B).
We prove the block extension lemma in Section 3 (Corollary 3.24).

(IIT) We glue the block extension into a global invariant extension of the full type
of d , as guaranteed by the gluing lemma:
(GL3) Given da Val%—separated tuple, and (p;); a strong Val% -block extension
of c?, some tensor product of the (p;); is a global Aut(M/A)-invariant
extension of tp(c? /B).

We prove the gluing lemma in Section 2 (Corollary 2.46).
Theorem 1.16 immediately follows from these lemmas:

Proof. The inclusion ['™ € [ follows from Fact 1.4 and Lemma 1.15.

For the other direction, assume ¢ L" B. Let d be given by (NF3). By definition,
14t i insensitive to definable closure, so we have d J,C;"t B. By (BE3) and (GL3),
we have d J,i/‘}" B. We conclude that ¢ J}EV B, as /™ is insensitive to definable
closure. O

As the definition of Val3B and the proof of (GL3) involve a sequence of several
techniques of different nature, our approach is to build two intermediate coarser
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valuations valk, val3, (Val% refines val%, which refines vall) for which the proofs
of the intermediate gluing lemmas

(GL1) Given d a val;-separated tuple, and (p;); a valg-block extension of d,
(pi);i is weakly orthogonal.

(GL2) Given da Val%—separated tuple, the types over B of each fiber of d by
VaI% are weakly orthogonal. In particular, any Val% -block extension of d
is strong.

as well as their formal definitions, are more atomic.

Note that a normal form for val}, is automatically a normal form for the two
coarser valuations: finding a normal form is easier for coarser valuations. On the
other hand, finding a block extension is harder, as a (strong) block extension for
val}, or val} automatically induces a (strong) block extension of val,.

The coarser valuations also turn out to play an important role in the description
of the Stone space of A-invariant types, which we do not perform in this paper (see
Remark 3.3.31 from the author’s PhD thesis [Hossain 20241]).

1.3. Valuations. The content of this subsection is well-known in the literature, and
most of the proofs are omitted.

Assumptions 1.19. In this subsection, let G be an abelian group.

Definition 1.20. Let H be a subgroup of G, and I' a linearly ordered set with a
least element —oo. A map val: G — I' is an H-valuation if it satisfies the following
axioms for all x, y € G:

o val(x — y) < max(val(x), val(y)).
e val(x) = —ocoifand only if x € H.

A valuation over G is a {0}-valuation.
If val’ is another H-valuation of G, we say that val’ refines val if there exists an
increasing map f : val'(G) — val(G) such that val = val' o f.

Equivalently, an H-valuation can be seen as a valuation over G/ .

Remark 1.21. Let us remark for the readers unfamiliar with valuations that if
val(x) < val(y), then it follows from the axioms that val(x + y) = val(y).

The way we partition our tuple is with fibers of some ad hoc valuations:

Definition 1.22. Let val be a B-valuation over M. Given our tuple ¢, the val-blocks
of ¢ are defined as the maximal subtuples of ¢ of elements of equal value. They
form a partition of ¢.

By abuse of notation, if ¢; = (..., ¢;j,...) is a val-block of ¢, we define
val(¢;) = val(c; i), which does not depend on the choice of j.
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A weak val-block extension of ¢ is a family (p;); of global Aut(M/A)-invariant
extensions of the types over B of each val-block of ¢. Such a block extension is
strong when | J; p; is consistent with tp(¢/B).

In this paper, whenever we use the terminology of block extensions, it is always
for global Aut(M /A)-invariant extensions of types over B; the parameter sets A, B
do not change.

In particular, if val’ refines val, then the val’-blocks of some tuple form a finer
partition than its val-blocks.

Definition 1.23. Let val be an A-valuation over M. We say that the tuple ¢ is
val-separated when the following conditions hold:

e V(1) € @, val(}; Aic;) = max;(val(A;c;)).
o Vi, Ci ¢A

The notion of separatedness is an algebraic way to state that the val-blocks of
a tuple are independent from each other. One can note that ¢ is val-separated if
and only if each of its val-blocks is. Moreover, a finite tuple that is separated with
respect to some A-valuation must be a lift of some Q-free tuple of M /A, i.e., a
tuple in M which maps via the canonical surjection to a Q-free tuple in M/ A. In
particular, such a tuple is Q-free.

Remark 1.24. The tuple ¢ is clearly A-interdefinable with the lift of a Q-free tuple
from C/A. Moreover, if d is a tuple that is A-interdefinable with ¢, then one can
easily show that we have ¢ L, B if and only if d L, B for L € {/, [I™}.

The next lemma gives us a canonical way to build an H-valuation from a preorder
over G satisfying certain conditions:

Lemma 1.25. Let P be a preorder over G. Let ~ be the associated equivalence
relation over G, 7 the quotient map, and < the associated order on G /~. Suppose
that < is linear, and that for all x,y € G, if t(x) < w(y) then t(x +y) = 7w (y)
(the same implication as in Remark 1.21). Then the following conditions hold:

o G/~ has a least element, which is 7 (0).
e The fiber 1~ ((0)) is a subgroup of G.
o 77 is a 7~ (7w (0))-valuation.

For example, if P is the divisibility relation on an integral local ring R (P(x, y)
when y divides x), then P is a preorder satisfying the hypothesis of Lemma 1.25,
ie., m(x) < m(y) implies 7(x + y) = 7 (y). In that case, R/~ is in natural
correspondence with the poset of principal ideals of R, and < is linear if and only
if R is a valuation ring. Then, the group valuation given by the proposition is the
natural ring valuation on R.
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Assumptions 1.26. Suppose now G is an ordered abelian group.

Proposition 1.27. Let x, y € G. The following conditions are equivalent:

(D) x € Uyeo [=nlyl nlyll.
(2) For every convex subgroup H of G, if y € H, then x € H.

(3) The convex subgroup of G generated by x is included in the one generated
by y.
Definition 1.28. These equivalent conditions define a relation on G which is clearly
a preorder satisfying the necessary conditions of Lemma 1.25, with 1 (0)) ={0}.
This gives a valuation over G, which we call A, the Archimedean valuation. For
x € G, AT (A(x)) is called the Archimedean class of x. By abuse of notation, we
may identify the Archimedean value of an element with its Archimedean class.
The idea behind the statement A(x) < A(y) is that x is “infinitesimal” compared
to y, or that y is “infinitely greater” than x.

Equivalently,
1 1
A < AG) e xe (]2 Ly
n>0
|yl € ﬂ ]n|x|, —i—oo[.
n>0

Let us draw a picture (not scaled correctly) which intuitively shows how the
Archimedean classes look like. Suppose G has exactly four Archimedean classes
A(0) < 81 < 8, < 83. Then G looks like Figure 1.

There is no standard terminology in the modern literature when it comes to
the Archimedean valuation and related notions. Some use the keyword “convex’
to refer to all those notions, others use the very obscure names ‘“‘i-extension” or

>

“i-completeness”. We draw our inspiration from older sources: we choose to use the
terminology of [Gravett 1956], which, on top of being a good introductory paper,
sets up notation which we find more intuitive and easier to work with.

Remark 1.29. A convex subgroup H < G is equal to the union of the convex
subgroups of G generated by each x € H. So H is entirely determined by its direct
image A(H), which is an initial segment of A(G). We can note that the set C(G)
of convex subgroups of G is totally ordered by inclusion, and that H +— A(H) is
an order isomorphism between C(G) and the set of nonempty initial segments of
A(G) ordered by inclusion.

83 (S‘) (37 83

e

Figure 1. A group with four Archimedean classes.
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We can also note that the cosets of some convex subgroup H < G are all convex,
because the translations are strictly increasing. So the quotient of G by some convex
subgroup H is naturally endowed with a total order, as defined in Definition 1.2.

Definition 1.30. Let H be a subgroup of G, and § € A(G). We define
H_s={xe H|A(x) <}

We introduce a similar notation for the conditions < §, =4, .... More generally, if
P C A(G), we define Hcp ={x € H| A(x) € P}.

1.4. Orthogonality and tensor product. We work with Assumptions 1.18, i.e., M
is a monster model of DOAG, C > A < B are Q-vector subspaces of M, C [}* B,
and ¢ = (cy, ..., cy) is a tuple from C.

Definition 1.31. Let p1, ..., p, € S(A). We say that the tuple of types (p;); is
weakly orthogonal if | ; p;(x;) is a complete type over A in the union of the
pairwise-disjoint tuples of variables x1, ..., x,.

There is a link in [Mennuni 2022, Proposition 4.5] between orthogonality and
convex subgroups. We state a generalization:

Lemma 1.32. Let G be some Aut(M /A)-invariant Q-vector subspace of M, and
takec,d e M. Ifce (G+ A) Fd, thentp(c/A) and tp(d/A) are weakly orthogonal.

This holds in particular when G is some Aut(M/A)-invariant convex subgroup.

Proof. Suppose towards a contradiction that they are not. Then tp(d/A) is not
complete in S(Ac), i.e., ct(d/A) has a point in A+ Q- ¢, and this point is in A+ G.
By strong homogeneity, there exists an automorphism o € Aut(M/A) such that
o(d)e A+G. As G is Aut(M /A)-invariant, we have d € A+ G, a contradiction. [J

Example 1.33. Suppose A is the lexicographical product
Q Xlex Q Xlex Q<R Xlex R Xlex R.
Let ¢; = (0,0, «/5) c) = («/5, 0,0), c3 € M such that

e ](o, N,0), (%,0, o)[.
N=>0

Let G be the convex subgroup ﬂN>O ](—I/N, 0,0), (1/N, 0, 0)[. Then we can
show by Lemma 1.32 that tp(cp/A) is weakly orthogonal to both tp(c;/A) and
tp(cz/A) using G.

Actually, we need not choose G to show that the type of ¢ is weakly orthog-
onal to that of ¢;; we may choose instead, for instance, the convex subgroup
My=o ], —1/N,0), (0, 1/N,0)[. In fact, this works for any Aut(M/A)-invariant
convex subgroup of G which properly extends (-, ](O, 0,—1/N), (0,0, 1/N)[.
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The same cannot be said for c3: G seems to be the only valid witness for orthogo-
nality. Indeed, ¢, belongs to H = UN<w [(—N, 0,0), (N, O, O)], which is the least
Aut(M/A)-invariant convex subgroup properly extending G, whereas ¢3 ¢ A+ H',
with H' = UN<w[(O, —N,0), (0, N, 0)] the largest Aut(M/A)-invariant proper
convex subgroup of G (note that H' witnesses orthogonality between c3 and c).

We conclude that the type of ¢, is weakly orthogonal to the two other types, but
for very different reasons. As it is harder to prove weak orthogonality between
¢ and c3, ¢p 18, in some sense that will be made formal in the next section, more
related to c3 than it is to cy.

This example suggests that there are “several layers” of weak orthogonality
in DOAG. We understand them by defining several ways to partition our tuple
(with vall, val%, val}) that refine each other. The finer the partition, the easier it
becomes to find a block extension, the harder it is to “glue” the elements of the
block extension. Actually, the reason why c; is more related to c¢3 in the above
example is exactly because Valk(cl) * Vall,(cz) = Vall,(cg), and the reason why ¢,
and cj are still weakly orthogonal is because Vali (c2) # Vali (c3).

In model theory, the standard way to “glue” global invariant types is via the
tensor product:

Definition 1.34. Let p, g be Aut(M/A)-invariant global types. We define the tensor
product of p by g to be the Aut(M/A)-invariant complete global type

pE)®q() ={p@&, ¥, m) | meM", 3a = qan, pX) @&, ad,m)}.

The tensor product is associative, but not commutative in general. However, two
types that are weakly orthogonal must necessarily commute. Conversely:

Fact 1.35. In DOAG (in fact in any distal theory; see [Simon 2013, Proposi-
tion 2.17]), two global Aut(M /A)-invariant types that commute must be weakly
orthogonal.

Lemma 1.36. Let Fy, F> be closed subspaces of S(A). Suppose p| and p, are
weakly orthogonal for all p; € F;. Then the set F| X F, seen as a topological
subspace of S(A), is exactly the topological direct product Fy Xtop F2, via the
homeomorphism

h:pi(x1) U pa(x2) = (p1(x1), pa(x2)).

Proof. The map h is clearly a continuous bijection between compact separated
spaces, and thus it is a homeomorphism. U

1.5. Relation to Dolich-independence. We make some short comments on how our
result on DOAG relates to the work of Dolich [2004], their Section 8 in particular.
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Dolich defines in their paper a geometric independence notion in terms of “halfway-
definable cells”, which we call [Plich 1t is shown that it coincides with 1f in
any o-minimal expansion of RCF. To motivate their results, Dolich also gives five
axioms for independence notions (allegedly from unpublished notes of Shelah),
four of which are always satisfied by nonforking in any theory, and the fifth, called
“chain condition”, is a weakening of the independence theorem. They also define an
independence notion called “non-1-dividing”, with a combinatorial definition which
strengthens that of nonforking; let us write it [!1"9. They claim that, in case some
independence relation satisfies the five axioms in a given theory, non-1-dividing is
the weakest relation satisfying those axioms, and they show that | P°li°h satisfies
the five axioms in any o-minimal theory. In particular, we have [Polich ¢ | 1-d c |f
in any o-minimal theory, and those inclusions are equalities in expansions of RCF.

Note that, if we generalize the independence notion C Jf:t B to any o-minimal
theory by the definition “any closed bounded interval with bounds in dcl(AB)
having a point in dcl(AC) already has a point in dcl(A)”, then it follows from
Corollary 1.8 that /9 € [ and hence [P°lh € | This inclusion is strict
in general, for there is an example in RCF where C Jth B holds and C \If':xg B
fails, which implies C JB{’“Ch B. So the main difference between the geometric
independence notion introduced by Dolich and ours is that ours is easily shown to
be weaker than nonforking in the general case, and the difficulties come when we
prove that it is actually as strong as nonforking in DOAG, while [P°lich is clearly
stronger than nonforking, and it is difficult to prove the other direction in RCF.

While we do not know whether [P°lh = |fin DOAG (it would be a strengthening
of our result), we remark that [!"4 = |f in any theory (DOAG in particular)
where |f = [, Indeed, one may easily show that [I™ satisfies the chain condition,
using the fact that it satisfies extension. If 1™ = f, then it follows that ' satisfies
the five axioms. By maximality of 114 we have [f < |9, and the other inclusion
always holds.

2. How to glue types via ad hoc valuations

This section has a dual purpose. On one hand, we want to establish the gluing
properties (GL3), (GL2), (GL1). On the other, we need to set up the machinery
necessary to prove those properties, including the definition of the valuations val’A
fori € {1, 2, 3}. This machinery will also be used in Sections 3 and 4. Our approach
is to go back and forth between those two subjects (the gluing properties and the
machinery), but before we do that and dive into the formal details, we introduce to
the reader the geometric ideas that are at play, while keeping it somewhat informal.

A cut over some (Q-vector subspace A can be written as exactly one of the two
following forms:
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A coset of some A-type-definable convex subgroup G. Examples of such cuts
include singletons of A (with G trivial), irrational numbers (with A =Q and G
the group of infinitesimals), power series of infinite support with A = R(¢) and
G =(, 1—t", t"[ (the order is that for which ¢ is positive and infinitesimal), or
the singletons ¢y, ¢, from Example 1.33. Those points can always be written
as the limit of some sort of sequence of elements of A, either a pseudo-Cauchy
sequence (as in Kaplansky theory) with respect to the Archimedean valuation,
or some sequence whose behavior mimics that of a standard Cauchy sequence
of real numbers.

e An A-translate of one of the two connected components of G \ H, with G
some nontrivial A-type-definable convex subgroup, and H the greatest proper
A-V-definable convex subgroup of G.

a+ H the cut

e M
ac A a+G

Examples of such cuts include (A-translates of) elements which are infinitesi-
mal (G the group of infinitesimals, H trivial) or infinite (H the convex closure
of A, G =]—o00, +00[) with respect to A, or intermediate elements such as c3
in Example 1.33. Extensions of A generated by those elements always have a
new (not in A(A)) Archimedean class.

We call the second case ramified, because it is the analogue for the Archimedean
valuation of ramified points in valued fields. The first case is the analogue of
residual and immediate points, and we call it Archimedean. The essential data of
the cut of some singleton ¢, what really matters for the study of independence, is
whether the cut is Archimedean or ramified, and which A-type-definable group G
is involved (we call this group G(c/A)). This classification of 1-types is already
interesting on its own, but it turns out that it can very naturally be extended in two
crucial directions:

» Another description of independence in dimension one: if M is a monster
model extending A, what are the type-definable groups G corresponding to
global Aut(M/A)-invariant extensions of some unary type of a singleton ¢
over A?

o A description of types in any dimension, in terms of the description in dimen-
sion one.

Let us discuss the first direction. Let ¢ be such that ¢ 1* M. First of all, by
some saturation arguments, global Aut(M/A)-invariant cuts are always ramified
with respect to M. Secondly, if we define H(c/A) (even in the Archimedean
case) as the greatest proper A-V-definable convex subgroup of G(c/A), then the
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interval ]H (c/A), G(c/A)[ (in the chain of convex subgroups) can be seen as some
approximation of the radius of the cut of ¢ over A. The intuition is that in order to
have independence, |H (c/M), G(c/M)] has to be a finer approximation, i.e., we

must have
H(c/A) < H(c/M) < G(c/M) < G(c/A)

and any other setting will imply forking dependence. Moreover, if all those inclu-
sions were strict, then some phenomenon similar to Corollary 1.8 would occur, and
lead to forking dependence. In conclusion, ¢ must be ramified with respect to M,
and satisfy one of the two following conditions:

e H(c/M)= H(c/A), and G(c/M) is the least M-type-definable convex sub-
group which strictly extends H (c/A). We call this type inner.

e G(c/M)=G(c/A), and H(c/M) is the greatest M-V-definable proper convex
subgroup of G(c/A). We call this type outer.

Gie/ay — _H/AD

° . M
outer types

The same kind of ideas are explained in the author’s PhD thesis [Hossain 2024,
Remark 2.1.7] in order to describe independence in valued groups. They may prove
enlightening to the readers who are familiar with valuation theory.

Let us now discuss the second direction. It should be easy to see that A-
translations, and multiplication by a nonzero rational number, do not change whether
a point is Archimedean or ramified, and which group G corresponds to its cut over A.
The real challenge consists in understanding how things are affected by addition:
given o, B € {Archimedean, ramified} x {A-type-definable convex subgroups} the
descriptions of the respective cuts of ¢, d over A, what is that of ¢ +d? After some
computations, the reader may realize that the answer is only uncertain (it depends
on ¢, d) when o = 8, else the answer is always the same, and it is one of the two
descriptions «, 8. One may recognize here the behavior of a valuation, and indeed,
it turns out that there exists some total ordering of the descriptions for which the
map M — {Archimedean, ramified} x { A-type-definable convex subgroups} is an
A-valuation (it corresponds to val%). Now, if we manage to reduce to the study of
a separated tuple with respect to this valuation, we will have total control over the
type of this tuple, and over its global invariant extensions. It should now be more
clear to the reader why valuations are so heavily involved in this paper.

Now we establish the statements that we made in a way which is more suitable
to formal proofs. We work with Assumptions 1.18, i.e., M is a monster model
of DOAG, C > A < B are Q-vector subspaces of M, C\ch'ft B,and¢=(cy,...,cp)
is a tuple from C.
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2.1. Basic definitions and classification of the cuts.

Lemma 2.1. Letc,d € M, and let a € A, such that ct(c/A) = ct(d/A). Then
ct(c+a/A)=ct(d+a/A).

Proof. If not, then there exists a’ € A which lies strictly between ¢ +a and d +a.

*—o—o—
d+a c+a
Then a’ — a € A lies strictly between ¢ and d, contradicting the hypothesis.

— 0 — 00— 0— (]
¢ d d+a c+a

We hope the figures make the proofs easier to understand. However, we do not
want them to be misleading, so we would like to say that they may not cover all the
possible cases. For instance, if @ were negative, then the correct picture would be
reversed.

Definition 2.2. By Lemma 2.1 (and by saturation), A acts by translation over the
set of all the cuts of M over A. For ¢ € M, denote by Stab(c/A) the stabilizer
of ct(c/A).

Note that such a stabilizer is only a subgroup of A, which is clearly convex in A,
but not in M.

Definition 2.3. Letd € M. If d ¢ A, then we define
G(d/A) = ﬂ{]—|a|, lal[ :a € A\ Stab(d/A)},
else we define G(d/A) = {0}. Either way, we also define
H(d/A) = U{[—lal, lall:a € Stab(d/A)}.

We view G(d/A) as an A-type-definable set, and H(d/A) as an A-V-definable
set. They have the same points in A, however they do not have the same points in
M when d ¢ A. They are A-(type/V)-definable convex subgroups. By convention,
if Stab(d/A) = A, then G(d/A) is the definable convex subgroup |—o0, +00[ of
all elements.

Example 2.4. In Example 1.33, G(c2/A) = G(c3/A) = G, and H(cy/A) =
H(c3/A) = H'. However, G(c1/A) is the group of elements which are infinitesimal
with respect to A, and it is distinct from G. As for H(c;/A), it is trivial.

Likewise, for arbitrary A, if A(0) < A(d) < A(A\{0}) (i.e., d is infinitesimal
with respect to A), then H(d/A) is trivial, and G(d/A) is the type-definable group
of elements which are infinitesimal with respect to A.
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If A(d) > A(A), then H(d/A) is the convex subgroup generated by A, whereas
G(d/A) is the whole group.

Remark 2.5. We always have G(d/A) > H(d/A). By definition, H(d/A) is the
convex subgroup generated by Stab(d/A), i.e., the least A-Vv-definable convex
subgroup containing Stab(d/A). In case d € A, G(d/A) is the largest A-type-
definable convex subgroup disjoint from A \ Stab(d/A). For all d, d’ € M, we have

in fact
Gd/A)=Gd'/A) = Hd/A)=H('/A),

the only case where the implication is not an equivalence being when one point is
in A and some A-translate of the other is infinitesimal with respect to A. We also

have
Stab(d/A) = Stab(d'/A) <= H(d/A)=H(d'/A).

Proposition 2.6. Letd,d' € M. If G(d/A) < G(d'/A), then G(d/A) < H(d'/A).

Proof. By definition of G(d/A), there must exist a € A \ Stab(d/A) such that
a€G(d'/A). By Remark 2.5,a € H(d'/A)\ G(d/A). O

Let us now build Valg. Recall that convex subgroups are totally ordered by
inclusion.

Lemma 2.7. Foralld,,d, e M,we have G(d1+d>/A) <max(G(d;/A), G(dy/A)).

Proof. Suppose for a contradiction that G(d; +d>/A) > max(G(d1/A), G(d2/A)).
Then there must exist a € Stab(d; +d,/A) such that a & Stab(d; /A). As Stab(d; /A)
is a convex subgroup of A, we also have a/2 ¢ Stab(d;/A), so there exists a; € A
which lies strictly between d; and d; +a/2.
di + % dr + %
— o — o —9o — @

di dr

Then a; + a; lies strictly between d| + d, and d; + d» + a, contradicting the fact
that a € Stab(d; +d»/A).

a a
dl+§ d2+§ d1+d2+a
—e 00— 00— — " —0—— ]
d d> di+d»

Definition 2.8. By Lemma 2.7, the map x — G(x/A) is an A-valuation, so we
set vall (x) = G(x/A).

Note that, by definition, we always have G(d/B) < G(d/A) for all d € M.
Furthermore:

Proposition 2.9. Foralld e M, ifd Jf}“t B,then H(d/B) > H(d/A).
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Proof. Suppose H(d/B) < H(d/A). Then there exists a € Stab(d/A) such that
a & Stab(d/B). Thus we can find b € B which lies strictly between d and d + a.

d d—T—a

On one hand, b — a lies strictly between d and d — a.

d—a d d—T—a

As Stab(d/A) is a group, we have on the other hand —a € Stab(d/A), that is,
ct(d+a/A) =ct(d/A) =ct(d —a/A). In particular, no point from A lies in the
closed interval with bounds b and b — a. On the other hand, d lies strictly between
b and b — a, which implies d Jf;t B. O

In the cut-independent setting, one may intuitively see G(c/A) as a distance
that approximates the position of ¢ “from the top”, while H(c/A) approximates ¢
“from the bottom”. Then, when we go to a larger parameter set B, we get a finer
approximation.

Proposition 2.10. Let a € A, and d € M. Then the following conditions are
equivalent:

ed—acG(d/A) andd ¢ A.
o A(d—a) & A(A).

Proof. Suppose d —a € G(d/A). If we had A(d —a) € A(A), then there would
be a’ € A such that A(d —a) = A(a’). This would imply a’ € (G(d/A)NA) =
Stab(d/A). Since, for some n, d —n|a’| < a < d+n|d’|, as na’ € Stab(d/A), it
follows that ct(d/A) = ct(a/A), and thus d = a, proving the first direction.
Conversely, suppose A(d —a) ¢ A(A). By definition of G(d/A), in order to
show that a € (d + G(d/A)), it suffices to show that a € 1d — |d’|, d + |&'|[ (i.e.,
|d —a| < |d’|) for every a’ € A\ Stab(d/A). Suppose towards a contradiction
this fails for some a’. Then A(d —a) > A(a’), and this inequality is strict by the
hypothesis. As a’ & Stab(d/A), let a” € A lying strictly between d and d +a’.

"
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Then |d — a”| < |d’|, and thus A(d —a”) < A(d — a). We then apply Remark 1.21
to get A(d —a) = A(d —a" —d+a) = Ala—a") € A(A), a contradiction. [
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Definition 2.11. If a satisfies the conditions of Proposition 2.10, then we say that a
is a ramifier of d over A. We write ram(d/A) for the set of those ramifiers, and we
say that d is ramified over A if this set is nonempty. We say that d is Archimedean
over A whenever it is not ramified over A.

In Example 1.33, ¢; and ¢; are Archimedean over A, c3 is ramified over A, and
0 is a ramifier.

Remark 2.12. If d € M, then d is ramified over A if and only if it satisfies the
following equivalent conditions:

(1) The coset d + G(d/A) has a point in A, and d & A.
2) A(A+Qd) D A(A).
Moreover, as AN G(d/A) = Stab(d/A), ram(d/A) is a coset from the quotient

A/ Stab(d/A), and thus all its elements lie in the same coset of H(d/A). It turns
out that d does not belong to that coset:

Lemma 2.13. Letd e M\ Aanda € A. Thend —a ¢ H(d/A).

Proof. Suppose towards a contradiction that there exists a’ € Stab(d/A), with
|d —a| < |d’|. Then a € ram(d/A), thus A(d —a) ¢ A(A), and in particular
A(d —a) < A(a"). By Remark 1.21, A(d — (a+a’)) = A(d’) € A(A), and thus
a+a ¢ ram(d/A). This contradicts the fact that a € ram(d/A), and the fact
that a’ € Stab(d/A). O

Corollary 2.14. Let d € M be ramified over A, and consider two elements a and a’
inram(d/A). Then A(d —a) = A(d —a’).

Proof. We have d —a ¢ H(d/A) > a —d’, thus A(d — a) > A(a — d’), and by
Remark 1.21 we have A(d —a) = A(d—a+a—a')=Ad —a’). O
Definition 2.15. Let d € M be ramified over A. We define §(d/A) as A(d — a) for

some a € ram(d/A). This definition does not depend on the choice of the ramifier
a by Corollary 2.14.

Note that §(d/A) is the unique element of A(A+ Q-d) \ A(A).

Remark 2.16. Let d be ramified over A, and a € ram(d/A). Then, as G(d/A)
and H(d/A) have the same points in A, one can easily compute ct(5/A(A)).
A convex subgroup is induced by its Archimedean classes, so by definition of
the Vv-definable convex subgroup H = H(d/A), for any model N containing A,
A(H(N)) is the least initial segment of A(N) containing A(Stab(d/A)). Now, as
e A(G(d/A))\ A(H), we clearly have ct(§/A(A)) =ct= (A(Stab(d/A))/A(A)).

Many notions that we manipulate behave very differently with ramified and
Archimedean points, often leading to case disjunctions. For instance, the following
statements show us that cuts do not look the same for Archimedean and ramified
points:
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Lemma 2.17. Letd € M. Then ct(d/A) C (d + G(d/A)) (as type-definable sets).

Proof. By contraposition, let d’ € M be such that d —d’ ¢ G(d/A). Then, by
definition, there exists a € A \ Stab(d/A) such that |d —d’| > |a|. Let a’ € A lie
strictly between d and d +a. As either d +a or d — a lies strictly between d and d’,
either a’ or a’ — a lies strictly between d and d’. Thus ct(d/A) # ct(d'/A). O

Proposition 2.18. Let d € M be Archimedean over A. Then the A-type-definable
set ct(d/A) coincides with d + G(d/A).

Proof. Suppose d ¢ A, else the proposition is trivial. We have the inclusion
d+G(d/A) Cct(d/A),asd+ G(d/A) is a convex set containing d and disjoint
from A. The other direction follows from Lemma 2.17. O

Proposition 2.19. Let d € M be ramified over A. Then ct(d/A) can be written as
an A-translate of one of the two connected components of G(d/A) \ H(d/A).

These translates are exactly the two thick black segments in the last line of
Figure 2. The connected components of some set will always refer to its maximal
convex subsets.

Proof. Let a e ram(d/A). By Lemma 2.17, we have
ct(d/A) CSd+G(d/A)=a+G(d/A).

By Lemma 2.13, d & (a+ H(d/A)), which is the convex closure of ram(d/A) C A,
and thus a + H(d/A) must be disjoint from ct(d/A). It follows that ct(d/A) is
included in the connected component of (a+ G (d/A))\ (a+ H(d/A)) containing d.

Let C be that connected component, and d’ € C. There does not exist a’ € A
lying between d and d’, for such a’ would be in

(a+G(d/A)NA=ram(d/A) Ca+ H(d/A),

and a’ would also belong to C as C is convex, contradicting the fact that C is disjoint
froma+ H(d/A). U

Corollary 2.20. With the hypothesis from Proposition 2.19, if a is in ram(d/A),

and d' is another point from M, then d’ =4 d if and only if the following conditions
hold:

o ct(A(d' —a)/A(A)) =ct(A(d —a)/A(A)) (hence A(d' — a) is not in A(A)).
e d <a<=d<a.

Proof. The first condition is equivalent to d' —a € G(d/A) \ H(d/A). The second
condition ensures that d’ lies in the correct connected component. (]
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. A(G(=d/A)) ACM)
A(0) 3(d/A)
a+G(d/A)
@ @

a d

Figure 2. A ramified point, its corresponding Archimedean class, and
their cuts.

The two statements Proposition 2.18 and Proposition 2.19 yield a simple clas-
sification of the cuts over A. In order to consider nonforking extensions of types,
we now have to deal with ways to refine those cuts to cuts over a larger parameter
set B. As we classified the cuts over A by looking at Aut(M/A)-invariant convex
subgroups, we have to compute what are the Aut(M/B)-invariant convex subgroup
corresponding to their refinements.

Definition 2.21. If G is an A-type-definable convex subgroup, then we define the
A-V-definable convex subgroup
Ga= | [-lal. lall.
acANG
If H is an A-V-definable convex subgroup, then we define the A-type-definable
convex subgroup B
H*= (") 1-lal. lall.
acA\H

Remark 2.22. Let d € M. We have

H(d/A) < H(d/AM <HA/A)P <Gd/A)p <G(d/A)y < G(d]A)

and

G(d/A) s =H(d/A), H@/A=Gd/A).
Moreover, if d 14" B, then by Proposition 2.9 we recall
H(d/A) < H(d/B)<G(d/B)<G(d/A).

2.2. Weak orthogonality. Now we start to deal with global invariant extensions, in
order to prove (GL1).

Lemma 2.23. Let d € M \ A be Archimedean over A, with d Jf;;t B. Let p be a
global Aut(M /A)-invariant extension of tp(d/B). Then G(d/B) = G(d/A) (as
B-type-definable sets), and

pPx)Ex—deGd/A\NGA/A)u.

Note that the statement holds even if the element d is ramified over B.
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Proof. Suppose towards a contradiction that G(d/B) < G(d/A). Then there exists
b inside B \ Stab(d/B) such that b € G(d/A). Let b, € B lie strictly between d
and d + b. Likewise, as —b is also in G(d/A) \ Stab(d/B), we find b, € B which
lies strictly between d and d — b. Then the closed interval with bounds b1, b,
contains d and is strictly included in d + G(d/A) = ct(d/A), which contradicts
cut-independence.

By Proposition 2.18, as p extends tp(d/A), we necessarily have

p(x) Ex—deGd/A).

Let ¢ = p in some elementary extension. As p is Aut(M/A)-invariant, we
have ¢ Jf/';t M, and thus G(c/M) = G(d/A) by the above paragraph (c is of
course Archimedean over A). Asc—d € G(¢c/M), and d € M Z ¢, we have
d eram(c/M),and thusc—d &€ H(c/M)=G(c/M)y = G(d/A)py. We conclude
px)Ex—d¢G(d/A)y. O

Lemma 2.24. Let d € M be ramified over A, withd 1" B, and let a € ram(d/ A).
Then A(d —a) & A(B).
Moreover, if p is a global Aut(M / A)-invariant extension of tp(d/B), then either

Gd/B)=G(d/A) and px)Ex—acGA/A\NG/A)u

o H(d/B)=H(d/A) and p(x)l=x—ae HA/AM\ Hd/A).

Proof. Recall that, by definition of ram(d/A) (see Proposition 2.10 and the definition
that follows), A(d — a) is not in A(A). Suppose we have A(d — a) = A(b)
for some b € B. Let n > 0 such that |b|/n < |d — a| < n|b|. Then we have
d €la—n|b|,a—|b|/n]Ula+b/n,a+ n|b|]. By cut-independence, one of those
two intervals has a point in A, say, a’. We have |b|/n < |a—a’| <n|b|, and therefore
A(b)=A(a—a’) € A(A) F A(d — a) = A(b), a contradiction.

As d is ramified over A, and p extends tp(d/A), it follows from Proposition 2.19
that p(x) Ex—a e G(d/A)\H(d/A).

Suppose towards a contradiction that p(x) =x—a € G(d/A)y\H(d/A)M. Then
there exist m, my € M suchthatm| € H(d/A), my € G(d/A), and p(x) = |m| <
|x —al| < |mal, ie., p(x) = x € la—|mz|,a—|mi|]U[a + |mi|,a+ |m2|]. As
m; & H(d/A) and my € G(d/A), each of those two intervals is included in each
connected component of a + (G(d/A) \ H(d/A)). As a result, none of those
intervals belongs to p by Corollary 1.8, a contradiction.

By Lemma 2.23 and Remark 2.22, if we had p(x) =x —a € G(d/A)p (resp.
p(x) =x —a & H(d/A)?), then we would have

p)Ex—aeHd/AHM\H(/A) (tesp. p(x) l=x—a€G(d/A)\G(d/A)m).

To conclude, it now suffices to show the two following properties:
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(1) G(d/B) <G(d/A), thentp(d/B) =x—ae G(d/A)p.
(2) If H(d/B) > H(d/A), thentp(d/B) l=x —a ¢ H(d/A)5.
Let us proceed:

(1) By hypothesis, let b € B\ Stab(d/B) such that b € G(d/A). Let b’ € B lie
strictly between d and d + b.

b —b d+b
B R R —

a d b’

Then the interval I with bounds b’ — a, b’ — b — a is included in G(d/A), and
tp(d/B) =x—ac€el.

b'—b—a d+b—a
B R R R .~
0 d—albp —a

(2) By hypothesis, let b € Stab(d/B) such that b ¢ H(d/A). Then we have
ct(d —b/B) =ct(d/B) = ct(d + b/ B), which implies a & [d — |b|,d + |b|]. As a
result, tp(d/B) =x —a & [—|b], |b]]. [l

Lemmas 2.23 and 2.24 imply:

Corollary 2.25. Let d € M be such that d 1\ B. Let p € S(M) be a global
Aut(M/A)-invariant extension of tp(d/B). Assume p is not realized, i.e., d ¢ A.
Then there exists f an A-definable map such that one of the two following conditions
hold:

o The cut over M induced by p is one of the two connected components of the
translation by f(d) of G(d/A)\ G(d/A)y. In that case, G(d/B) = G(d/A).

o The cut over M induced by p is one of the two connected components of the
translation by f(d) of H(d/AYM \ H(d/A). In that case, H(d/B) = H(d/A).

Proof. If d is Archimedean over A, then the first condition holds with f =id, as
stated in Lemma 2.23. If d is ramified over A, then either the first or the second
condition holds with f : x — x —a for some a € ram(d/A), by Lemma 2.24. [

Remark 2.26. If d € A, while only one of the conditions from Corollary 2.25 holds,
we might still have G(d/B) = G(d/A) and H(d/B) = H(d/A) at the same time.
For instance, this is the case whenever A(d) < A(B \ {0}), and B has no element
that is infinitesimal compared to A.

In fact, one can see that p is the type of an M-ramified point which adds an
Archimedean class § which is cut-independent over A(A): the two conditions of the
statement expresses that § either leans left or right with respect to A(A) and A(M).
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Remark 2.27. For all d € M, recall from Remark 2.22 that G(d/B) = H(d/B)®.
As aresult, if H(d/B) = H(d/A), then G(d/B) = H(d/A)®. In particular, we see
that in either case of Corollary 2.25, p(x) implies x — f(d) € G(d/B). Likewise:
Lemma 2.28. Let d € M such that d 1{* B, and d ¢ A. Let p be a global
Aut(M/A)-invariant extension of tp(d/B). Then p(x) implies x ¢ (M + H(d/B)).
Proof. Let f be the A-definable map witnessing Corollary 2.25.

As G(d/A) > G(d/B), we have

Gd/A)m = G(d/B)y > H(d/B).

If the second condition holds, let G = G(d/B) and H = G(d/B)y, else let
G= H(d/B)M and H = H(d/B). Either way, G and H have the same points in M,
px)Ex—f(d)eG\H,and H > H(d/B). Suppose towards a contradiction that
there is m € M such that p(x) =x —m € H(d/B). Then, as p(x) =x — f(d) € G,
we have m — f(d) € G, yet m — f(d) € M. Therefore m — f(d) € H. This
is a contradiction, as we cannot have at the same time p(x) =x — f(d) € H,
px)Ex—meHand f(d)y—meH. U

We established that realizations of unary global invariant types belong to some
cosets of convex subgroups, and not others. Just as in Lemma 1.32, we may relate
those statements to orthogonality in order to prove (GL1).

Lemma 2.29. Let dy, .. d be tuples of M such that, for all i, tp(d /A) and
tp(d<, /A) are weakly orthogonal Then the tuple of types (tp(d 1/4), . tp(d /A))
is weakly orthogonal with respect to Definition 1.31.

Proof. We show by induction on i that (tp(c?l/A), cel, tp(c;’;» /A)) is weakly or-
thogonal.ﬁThe statement is trivial if i = 1. By thg induction Pypothesis, we have
Uj<i tp(d;/A) = tp(d<;/A). By hypothesis, tp(d; /A) Utp(d-;/A) = tp(d<;/A),
and we conclude by induction. (]

Lemma 2.30. Let 571, 572 be two tuples from M. Assume for all f in LC(Q) that
tp(f(d2)/A) is weakly orthogonal to tp(dy/A). Then tp(d,/A) is weakly orthogonal
to tp(dy/ A).

Proof. Let d= =4 d2 It suffices to show that d = =4d, dz By quant1ﬁer elimination,
this holds if and only if, for every f € LC(Q), we have f (d) =,7 f (dz) which is
exactly the hypothesis of the statement. ([

Corollary 2.31. Let di € M be a singleton, and let 6?2 € M be a tuple. Let V be the
Q-vector space dcl(Aciz), and let G be some Aut(M /A)-invariant convex subgroup
of M. Suppose we have V C (A+G) #d,. Thentp(d;/A) and tp(d}/A) are weakly
orthogonal.

Proof. This follows immediately from Lemmas 1.32 and 2.30. (]
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Let us now prove (GL1):

Proposition 2.32. Let ¢ be a finite tuple from M that is Val}g-separated, and let
(¢); be its Valk-blocks. Suppose we have (p;(X;))i, a weak Val}g-block extension
of ¢. Then (p;); is weakly orthogonal.

Recall from Definition 1.22 that types in a block extension are Aut(M/A)-
invariant. In particular, we have ¢; [}* B for each i.

Proof. Enumerate the ¢; in increasing order of their values. Let N be some |M|"-
saturated, strongly |M|*-homogeneous elementary extension of M, and let c?, eEN
be a realization of p;. By Lemmas 2.29 and 2.30, it suffices to show that for all 7,
for all f € LC(Q), tp(f(¢;)/M) is weakly orthogonal to tp(c.;/M). This is trivial
if f=0.

Suppose f # 0. By val! p-separatedness, we have val B( f(c)) = vall p(Ci). Let
H = H(f(¢;)/B). As H is a B-V-definable group, H(N) is Aut(M /N)-invariant.
Astp(f (c?,-) /M) is a global Aut(M /A)-invariant extension of tp( f(¢;)/ M), we have
f(c?,-) & (M+ H(N)) by Lemma 2.28. Let V = dcl(Mali). By Corollary 2.31, it
suffices to show that V C(M+H(N)). Letve V. Let g e LC(Q) and m € M be
such that v = m+ g(d<,) Let & be the A-definable map w1tnessmg Corollary 2.25
applied to g(d<,) (which is not in A by separatedness). As val is a B-valuation,
and the values of the blocks before ¢; are strictly smaller than that of ¢;, we
have G(g(¢-;)/B) < G(c¢;/B). Thus G(g(c-;)/B) < H by Proposition 2.6. By
Remark 2.27, .

gd<;)—hog(c.) € G(g(c<)/B) < H.

It follows that v =m +hog(¢~;)+(g(d=i) —hog(¢~;)) € (M+ H(N)), concluding
the proof. ([

Let us now build val?:

Lemma 2.33. Letd,d € M be such that G(d/A) = G(d'/A), d is Archimedean
over A and d' is ramified over A. Then G(d +d'/A) = G(d/A) and d + d' is
Archimedean over A.

Proof. Leta eram(d’/A),and G=G(d/A)=G(d'/A). Then the coset ((d+a)+G)
has no point in A and contains d +d’. In particular, d +d’'+ G C ct(d +d'/A). By
the ultrametric inequality for the valuation vall,, G(d+d’/A) < G. By Lemma 2.17,
ct(d +d'/A) is contained in d +d’ + G(d +d’/A). Therefore, we have

d+d +GCctd+d/A) C((d+d)+G(d+d'/A) C((d+d)+G).

As aresult, G(d+d'/A) = G. This concludes the proof, as (d+d")+G(d+d'/A))
has no point in A. (]
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Corollary 2.34. The following satisfies the conditions of Lemma 1.25: x <y if
and only if either Val/lq x) < Valix (), or they have the same value and x is ramified
over A, or they have the same value and y is Archimedean over A.

Definition 2.35. We define Vali to be the valuation induced by the above preorder.
It is clearly an A-valuation which refines vall,.

This new valuation splits the Valix -blocks in two, putting the A-ramified points
below the others. In Example 1.33, we have Vale (c1) < Vali (c3) < Vali (c).
Let us now prove (GL2):

Proposition 2.36. Let ¢ be a finite tuple from M that is Vali-separated, and let
(C;)i be its val%-blocks. Then (tp(c;/A)); is weakly orthogonal.

Note that the weakly orthogonal types are types over A here, as opposed to the
types in Proposition 2.32, which were global types. The respective restrictions over
A of non-weakly orthogonal global types can very well be weakly orthogonal.

Proof. Just like in Proposition 2.32, enumerate the blocks in increasing order of
their value by vali. Choose i and f € LC(Q) with f # 0. As in the proof of
Proposition 2.32, it suffices to find G an Aut(M/A)-invariant convex subgroup of
M such that f(¢;) € (A+ G), and for all g € LC(Q), g(¢-;) € (A+G).

« Suppose the coordinates of ¢; are ramified over A. Then we choose G = H(¢;/A).
By separatedness, G = H(f(¢;)/A). Now, for any g € LC(Q), by Proposition 2.6
we have G(g(c.;)/A) < G, and hence there exists some a in A \ Stab(g(c-;)/A)
such that a € G. Let a’ € A be such that a’ € |g(¢-;) — |al|, g(¢~;) + |a|[. Then
g(c<i) €la’ —lal,a' +lall S (A+G).

o Suppose the coordinates of ¢; are Archimedean over A, and let g € LC(Q). This
time we let G = G(¢;/A). By definition of being Archimedean, f(¢;) & (A + G).
Either G(g(¢.;)/A) < G, in which case we have g(¢.;) € (A+H (¢;/A)) C(A+G)
just as in the above item, or G(g(¢-;)/A) = G, in which case g(c.;) is ramified
over A as val3 (g(¢;)) < val3(¢:), and therefore g(¢-;) € (A + G).

This concludes the proof. ]

2.3. Tensor product. We saw that the blocks of a block extension for the coarsest
valuation are weakly orthogonal, and thus can be glued by just taking the union.
This will no longer be the case for finer valuations: the tensor product of the blocks
will no longer commute, and we will have to choose the order of the factors. For
the third valuation, which is yet undefined, this choice will have to be taken with
care, because some choices may give a global type which does not extend our type
over B.

The following proposition shows us how to properly glue the elements of a
val3-block extension.
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Proposition 2.37. Let ¢ be a finite tuple from M such that ¢ 1y* B. Suppose ¢ is a
Valg—block (i.e., a tuple having only one block) that is VaI%-separated, and let ¢,
(resp. ¢>) be the block of B-ramified (resp. Archimedean) elements of ¢. Suppose
(p1, p2) is a weak val%—block extensions of ¢. Then ¢ satisfies the restriction to B
of the tensor product of p1, p» in any order.

Note that, although the restrictions to B of p; ® p, and p>» ® p; coincide, these
two global types are distinct, i.e., (p1, p2) is not weakly orthogonal. This will be
explained in the next section.

Proof. By Proposition 2.36, (tp(¢i/B))ie1,2) is weakly orthogonal, so tp(cj/B) is
complete in S(B + Qc3), and it coincides in particular with (p1)|z+qg,. It follows
that ¢ = (p1 ® p2)|s, and the same reasoning can be applied to p> ® p;. ([

Let us now build Val%:

Lemma 2.38. Let dy, dy € M be two points which are ramified over A and have
the same valﬁ-value. Suppose §(d1/A) < §(dr/A). Then Vali (di +dr) = Vali (dr)
and §(d| + dy/A) = 5(dy/ A) (as defined in Definition 2.15).

Proof. Let a; e ram(d;/A). Then, by Remark 1.21, A(d| +dr —a; —az) =68(dr/A).
Therefore, d| +d; is ramified over A, and §(d1+d»/A) =6(d»/A). By Remark 2.16,
we have

ct- (A(Stab(d>/A))/ A(A)) = ct. (A(Stab(d; + dr/ A))/ A(A)).

However, those stabilizers are convex subgroups of A. Thus the sets of their
Archimedean classes are initial segments of A(A), so this equality of cuts implies

A(Stab(dy/A)) = A(Stab(d; +da/A)).

It follows that Stab(d,/A) = Stab(d; + d>/A). Thus H(d>»/A) = H(d| +d»/A),
and thus Vali‘ (dp) = Valil (dy + d»). This concludes the proof, as d», d| + d» are
both ramified over A. O

Corollary 2.39. The following satisfies the conditions of Lemma 1.25:

either Vali (x) < Valf‘ (v), or they have the same value and are
X<y <= both Archimedean over A, or they have the same value, are
both ramified over A, and §(x/A) < 8(y/A).

Definition 2.40. We define Vali as the valuation induced by the above preorder. It
is clearly an A-valuation which refines valf‘.

The valuation splits the ramified Vali—blocks in a way which depends on the
Archimedean classes § added by their elements. Note that, while for i € {1, 2}, ValiA
factors through the quotient by A-elementary equivalence (these are model-theoretic
objects), Vali‘ is an algebraic object that is no longer refined by types.
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We need to define additional notions in order to better understand Val?9 -block
extensions. Contrary to val% and vall, a weak Val% -block extension of some tuple
might not be strong. We need to find necessary and sufficient conditions for such a
block extension to be strong.

Proposition 2.41. Let ¢ be a finite Val% -block of B-ramified points from M that is
val3 p-Separated, and let @)i=(...,cj js.-.))i be the Val3 -blocks of ¢. Suppose
the indices i are ordered such that i <k if and only lf 8(¢;/B) < 8(¢k/B). Let
de M pe another tuple, and let d be the subtuple of d corresponding to ¢; in C.
Then ¢ =g d if and only if the following conditions hold:

(1) For each i, we have (Z =p ¢;. In particular, each c?,- is a val%-block of B-
ramified points that has the same Vali; -value as ¢.

(2) Foreveryi andk,i < k if and only if(S(cZ-/B) < 8(071{/3).

Proof. For each i and j, let b;; € ram(c;;/B).
Suppose ¢ =p d (then (1) holds). Let i, k, j, [ be indices. If i < k, then

tp(¢/B) k= |xij — bij| < |xx — bul/n  for every n.

Hence A(d;;j—b;;) < A(dy—by). Moreover, by Corollary 2.20, we have 6(d;; /B) =
A(d;j — b;;) (and similarly for k/), and (2) holds.

Conversely, suppose that (1) and (2) hold. Let f; be in LC‘Z’I"(@), and let

=Y, ﬁ(l;i). We have to prove that ¢’ =), fi(¢;) and d’' =), f,-(c?,-) have
the same cut over B. This is trivial if each f; is zero, else let k be the maximal
index for which fj is nonzero. By Vali;—separatedness, Val% (fi(cx)) = Val% (ckj) for
any j. Moreover, fi((cxj — byj);) is a linear combination of elements of G(cx/B),
so it belongs to G(c;/B), and fk(l;k) is a ramifier of f;(cy). Likewise, we have
£:(&) — f:(b;) € G(¢;/B) for any i. It follows by maximality of k that

8(ck/B) = A(fe(@) — felbi) > A(f @) — fi (b)) 3)

for each i # k. By the conditions of the list, this also holds for d. Choose an
arbitrary index j. There exists n € w-¢ and ¢ € {1} such that f;(cy) — fx (l;k) lies
between &(cx; — bk j)/n and en(cyj — byj). By the first condition, this must hold for
¢ replaced with d (with the same &, n). Moreover, as (3) holds for d forall i #k
and N > 0, we have | f; (d,) fi (b,)l < |dyj —byjl/N. By choosing N large enough,
and by summing everything, we get that d’ — b’ lies between & (dxj — byj) /(N + 1)
and (N + 1)(dy; — byj), and we get the same property with d replaced by c. Then

ct(A(c"—b")/A(B)) = ct(A(crj — bij)/ A(B))
= ct(A(dkj — bij)/ A(B))
— ct(A(d' —b)/A(B)).
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The second equality is a consequence of Corollary 2.20 applied to ¢y, di; (by
the hypothesis ¢; =g di). The other equalities follow from the inequalities of the
previous paragraph. We also have

d<b & e¢=-1 < <P
As a result, by Corollary 2.20, we have ¢’ =g d’, concluding the proof. O

Remark 2.42. We recall some facts from previous subsections. Let ¢ be a finite
Valé-block of B-ramified points from M that is VaI%—separated, and let (¢;); be its
Val3B—blocks. Let (p;); be a weak Val3B-block extension of ¢. By Corollary 2.25,
and by separatedness, there exists G (resp. H) a unique A-type-definable (resp.
A-V-definable) convex subgroup such that H < G, and exactly one of the following
conditions holds for each i:

(1) For every nonzero f € Lcla! (@), there exists b € B such that we have
pix) E f(x))—beG\Gu.

(2) For every nonzero f € LCI%!(Q), there exists b € B such that we have
pi(%) = f(5) —be HY \ H.

Of course we know exactly what G and H are, but this abstraction will simplify

the definitions and proofs.

The following notion will mostly be used to understand strong Val3B -block exten-
sions, and to prove (GL3):

Definition 2.43. If the first condition of Remark 2.42 holds, then we say that p; is
outer, else p; is inner.

HM inner types
- — o _ G
outer types Gy

Lemma 2.44. Let ¢ be a finite Valﬁ—block of B-ramified points from M that is
Va13B—sepamted, and let (¢;); = ((..., ¢ .- beits VaI%—blocks. Suppose the
indices i are ordered such that i < k if and only if §(¢;/B) < 8(cx/B). Let (p;); be
a weak Valfg-block extension of ¢. Let I (resp. O) be the set of indices i such that p;
is inner (resp. outer). Then the following are equivalent:

o (pi); is a strong Val3B -block extension of ¢.
e Foreveryiel,o€ O,we havei < o.

Proof. The realizations of |, p; satisfy the first condition of Proposition 2.41, so
we are trying to characterize when some of them satisfy the second condition. Let
H = H(¢/A) < G(¢/A) = G be the convex subgroups witnessing Remark 2.42.
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Suppose we have i i€ I and 0 € O such that 0 < i. Let d = U pj- Then, as p;
is 1nner we have 8(d /M) € A(HM) Likewise, 8(d /M) & A(GM) Therefore,
S(d, /M) < S(do /M), so d #p ¢, and we proved the top-to-bottom implication.

Conversely, suppose we have i < o forevery i € I, 0 € O. In order to satisfy the
second condition of Proposition 2.41, it suffices to prove that the following partial
type is consistent:

- > 1 .
a@ = i@ U{Ixipo =il < - lxira = bil i < kon > 0]
i

with f(i) an arbitrary choice of a coordinate of ¢; for each i, and with b; a ramifier
in ram(c;r;)/B). Let us build a realization B of g.

Let (@;)icr = Uiel pi. We define by induction, for each i € I, a tuple ,5,- = pi
such that for i < k in I, we have A(Biri) — bi) < A(Brrxy — br). Let N be an
| M |*-saturated, strongly |M|*-homogeneous elementary extension of M contain-
ing (a;)ics. Let k € I, and suppose we defined Ei e N4l for every i < k. By
saturation, let y € N such that y € HY \ H, and A(y) > A(Biri) —b;) foralli <k,
which means that y € HM \ (H) .5 ap,.,- Such a y exists, as we are only
dealing with indices of inner types. Then, by Corollary 2.20, there exists ¢ € {41}
such that by + ey =y axri). By strong homogeneity, there exists o € Aut(N /M)
such that o (axrk)) = b + ey- We set ,Bk = a(ozk)

We can similarly define (,8(,)060 Then (,Bl),E Juo satisfies ¢, concluding the
proof. ([l

Now we can prove (GL3):

Proposition 2.45. Let ¢ be a finite Val% -block of B-ramified points from M that is
VaI%—separated, and let (¢;); be its Val%-blocks. Let (p;); be a strong Val%-block
extension of ¢. Then some tensor product of the p; is consistent with tp(¢/B).

Proof. Suppose the indices i are ordered such that i < k if and only if we have
8(c;/B) < 8(ci/B). Define I, O, G, H just as in Lemma 2.44. Let

511|=p1=UPi, 070|=I90=UP0-
iel 0€0
As the conditions of Lemma 2.44 are satisfied, if we had a; =g (¢;);e; and
a@o =p (C»)oco, then by Proposition 2.41 we would clearly have a;ap =p c.

Moreover, .
G(a;/M)=H" <Gy = H(ao/M).

Thus, one clearly sees that &; and @ are Valjzw—blocks of distinct values, so their
types over M are weakly orthogonal by Proposition 2.36. Therefore, if the respective
types over M of @; and @ are tensor products of the p;, then so is the type of a; .
As a result, we can assume that either / or O is empty.
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Suppose O = @. For k € I, and ¢’ = (¢;);=, let us show that ¢x = pyp, with D
the Q-vector subspace generated by B¢'. This implies that tp(¢/B) is consistent
with the tensor product of the p; in increasing order. Let f be nonzero in LClé! (@).
By val3,-separatedness, we have 8(f(¢y)/B) = 8(¢/B) (call this Archimedean
class 8). Let b be in ram(f (¢x)/B). Asi € I, we have py(Xy) = f (Xx)—be HM\ H.
It is enough to show that f(¢y) —b € HP, for the cut over M corresponding to the
pushforward of py by f would be included in ct( f (¢x)/D), and we could conclude.
Fori >k, let §; =8(c;/B). By VaI%—separatedness, A(D)=A(B)U{é; |i > k}. By
definition of 7, we have § < §; for every i > k. Moreover, we have by Remark 2.16

ct(di/A(B)) = ct> (A(H) N A(B)/A(B)).
As aresult, A(H)NA(D) = A(H) N A(B) and
ct(8/A(D)) = ct-. (A(H) N A(D)/A(D)).
Thus § € A(HP), concluding the proof.
A(0) 8
— ——o——
A(H)  AHDP)

Now, if instead I = &, then a similar proof would show that the tensor product
of the p, in decreasing order would be consistent with tp(¢/B). (]

Corollary 2.46. The property (GL3) holds.

Proof. Proposition 2.45 deals with the particular case of a Valfg-block. Then, given
the global invariant extensions of the types of each Val% -block from Proposition 2.45,
some tensor product of those global types witnesses the statement, by Proposi-
tions 2.37 and 2.32. U

3. How to build a block extension

In the previous section, we defined the key valuations val’,, and we proved the
properties (GL3), (GL2), (GL1). In this section, we give a proof of (BE3). The
main technical goal is to show that J,CXtB coincides with J}EVB , when what we put
on the left is a val,-separated val3-block. This will show the existence of a weak
block extension, and then it will not be hard to show that such a block extension
can be chosen strong. We work in this section with Assumptions 1.18, i.e., M is a
monster model of DOAG, C > A < B are QQ-vector subspaces of M, C J,i‘,“ B, and
¢=(ci,...,cp) is atuple from C.

3.1. The Archimedean case. In this subsection, we deal with the case where ¢ is a
Valz—separated block of B-Archimedean points from M.
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Remark 3.1. Suppose ¢ =(cy,...,c,)isa VaI%—separated block of B-Archimedean
points from M. As EJ,C/;“ B, the ¢; must be Archimedean over A. Indeed, by contra-
position, if ¢; is ramified over A for some 7, then we cannot have §(c;/A) € A(B),
otherwise there would exist b € B, a € A such that §(c;/A) = A(c; —a) = AD),
and thus ¢; would lie between a + b/n and a + nb for some n € Z, which would
contradict ¢ Jf/}“t B. Now, as A(c; —a) ¢ A(B) we have a contradiction with the
hypothesis that all the ¢; are Archimedean over B.

Assumptions 3.2. On top of Assumptions 1.18 (M a monster model of DOAG,
C > A < B Q-vector subspaces of M, CJthB, and ¢ = (cy,...,c,) a tuple
from C), we assume that ¢ is a Val%—separated block of B-Archimedean points
from M. By Remark 3.1 and Lemma 2.23, let us also fix G = G(¢/A) = G(¢/B).

Lemma 3.3. Let p; € S(M) be a global Aut(M / A)-invariant extension of tp(c;/B).
Suppose q is a complete global extension of tp(¢/B) which extends | J; pi. If we
have q(X) = f(X) — f(C) & G for all nonzero f € LC"(Q), then q is Aut(M/A)-
invariant.

Proof. Suppose towards a contradiction ¢ is not Aut(M /A)-invariant. Then there
exists a nonzero f € LC"(Q), and a cut X over M, such that ¢(X) = f(X) € X,
and the global 1-type induced by X is not Aut(M/A)-invariant. As ¢ i B, we
have f(¢) \I,igv B. By Lemma 2.23, we clearly see that the two global Aut(M/A)-
invariant extensions of tp(f(¢)/B) correspond to the translates by f(¢) of the two
connected components of G \ G . We obtain a contradiction by showing that X
coincides with one of those. It is enough to show that ¢ (X) = f(X)— f(¢) € G\ G y.
By hypothesis, we just need to have ¢(¥) &= f(X) — f(¢) € G, which follows from
the fact that ¢ is a val};-separated block. Indeed, val}, (£ (¢)) = val}, (¢), and therefore
f(©) is Archimedean over B, and G(f(¢)/B) = G. This implies by Proposition 2.18
that tp(f(¢)/B) =y — f(¢) € G, concluding the proof. O

It turns out that the space of global Aut(M/A)-invariant extensions of tp(¢/B)
in the Archimedean case has a very simple description:

Proposition 3.4. Let N be some |M|"-saturated and strongly |M | " -homogeneous
elementary extension of M. Let H = (Gy)(N) be the convex subgroup of N
generated by G(M), and let N' be the ordered abelian group N /H, which is a
model of DOAG by saturation. Let F| C SIEI(M) be the closed set of Aut(M/A)-
invariant extensions of tp(c/B), and F» C § ‘a({O}) be the closed set of types of
Q-free tuples. Then the map

g :tp" @/ M) > tp" (@i — ¢; + H); /{0})

is a well-defined homeomorphism F| — F».
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Proof. Let f € LC"(Q) be nonzero, and let@ € N €l realize a global Aut(M/A)-
invariant extension of tp(c/B). Then, by separatedness, f(¢) is Archimedean
over A, and G(f(¢)/A) = G. Thus f(¢) — f(a) € Gy by Lemma 2.23, i.e.,
f(©)— f(a) € H. No nontrivial linear combination of (¢; — «;); belongs to H, and
hence (¢; —a; + H); is Q-free.

Moreover, if,fj’ =y «, then we have f((B; —c¢; + H);) > 0 in N’ if and only if
FU(Bi—¢i)i) € (Npeylm, +ool in N, if and only if the same holds for &. Therefore
(Bi —ci+ H)i =) (i —c; + H); in N'. Tt follows that g is well-defined, and it is
continuous by definition (and quantifier elimination).

Let p;, p» € F; be distinct. Then there exists two distinct cuts X, X, over M,
and f € LC"(Q) nonzero, such that p; (X) = f(X) € X;. However, by Lemma 2.23,
X; must be the translate by f(¢) of a connected component of G \ G ;. As a result,
one of the X; (say, X) is the leftmost connected component, and the other is the
rightmost one. We have

p1®) E f(X) — f(©) <Gu.

Thus g(p;) = f(x) < 0. With the same reasoning, g(p;) = f(X) > 0, and we
conclude that g(p;) # g(p2), proving that g is injective.

Now let us s prove surjectivity. Let /3 be a Q-free tuple from N’. Let ,8 be a
preimage of,B by 7 : N — N'. Let d; € N such that A(d;) > A(B;) for every i.
Let d» € N such that A(dy) € A(G)\ A(Gyy). Then |d;| and |d;| have the same cut
over G(M): +oo0, the cut of positive elements larger than all the elements of G(M).
By strong homogeneity, there is some o € Aut(N/G(M)) such that o (|d;]) = |da|.
Since o fixes G(M), o (H) = H. Thus ¢’ : w(x) — m(o(x)) is a well-defined
automorphism of the ordered group N'. As ,5’ is Q-free, so is o/(,é’). As G(B) isa
preimage of o’(B"), none of its elements is in H. Moreover, |0 (8;)| < o(|di]) =
|d»| € G for every i. Thus o(B:) € G. As tp" (B'/{0}) = tp" (o' (B)/{0}), and
we are looking for a preimage of this type by g, we may assume o = id, and
thus, by Q-freeness of ,5/, f(ﬁ) € G\ Gy for every nonzero f € LC"(Q). Let
p=tp((c; + Bi)i/M). As B; € G for all i, p extends tp(¢/B), and it is Aut(M/A)-
invariant by Lemma 3.3. Thus p € Fj, and it is a preimage of tp(B//{O}) by g.

We showed that g is a continuous bijection, and we conclude by compactness
and separation. ([l

Since F, is nonempty, we have in particular proved the following:

Corollary 3.5. If ¢ is a val%—separated block of B-Archimedean points from M,
then we have ¢ %" B.

The next subsection gives tools to understand what F> looks like. For the most
part, it is used to deal with the ramified blocks.
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3.2. Archimedean groups. We need to define algebraic concepts in Archimedean
groups in order to better understand the global invariant extensions of the types of
ramified blocks. Let us start with well-known facts:

Proposition 3.6. Let G be an ordered abelian group. Then G has at most two
Archimedean classes (including A(0)) if and only if it embeds into (R, +, <). In
that case, for all x € G, for all u € R.o, there exists a unique embedding of
ordered groups o : G — R sending x to |L.

The idea of the proof is to send each y € G to - (sup{r € @ | Ay < x})~\.

Remark 3.7. In the special case G = R, we see that an embedding of ordered
groups o : R — R is uniquely determined by the choice of o (1), and hence o
actually coincides with the automorphism x + o (1) - x. This establishes an easy
description of the group of ordered group automorphisms of R, which is naturally
isomorphic to the multiplicative group R .

Definition 3.8. We define P, the space of half-lines in dimension n (plus the
origin) as the set of orbits of R” under the automorphisms of the ordered group R.
We call P the canonical map R” — P

Suppose G is an Archimedean ordered abelian group, and let & be a finite tuple
from G. By the universal property of Proposition 3.6, we see that P™ (o (1)) is
always the same for any ordered group embedding o : G — R. As a result, we can
define P+ () € PIEI as this unique class.

Remark 3.9. If f € LC"(Q), then f commutes with any automorphism. Thus one
can easily show that f(P* (i) = P*(f(4)) € P] for any u € R". However, P{ is
not very complicated to describe: f (Pt (x)) is either R~ ¢, R_¢ or {0}.

Definition 3.10. Let u € R". We say that P*(u) is Q-free if u is Q-free. By
Remark 3.9, this definition does not depend on the choice of the representative u.

Proposition 3.11. Let G be an ordered abelian group. Then for any subgroup H
of G, and A(0) # 6 € A(G), the quotient

Hs=H<s/H_g
as defined in Definition 1.30 is Archimedean.

In the literature, the (Hs)sca(m) are called the “components” of H.

Definition 3.12. Let § € A(M), and u a tuple from M_;. By Proposition 3.11,
we can define P (i) = Pt (u + M_s) with respect to the Definition 3.8 in the
Archimedean group M<s/M_;.

Suppose that d= (di,...,dy)is a Valfg-block of B-ramified elements of M, and
define § =6(d;/B) € A(M). Let b; € ram(d;/B).

Then we can define |P+(3/B) = Pt((d; — b;);). As H(d;/B) < M_s, by
Remark 2.12, this definition does not depend on the choice of the b;.
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Proposition 3.13. Let d= (d1, . ..,dy,) be a finite valy-block of B-ramified points
from M. Then d is valy-separated if and only if P*(d/B) is Q-free.

Proof. Let b; € ram(d /B), and let § = A(d /B). Then d is not val> p-separated if
and only if val3 s(f (d)) < val3 (d) for some nonzero f e LC"(Q), if and only if
there exists such an f with A(f (d) —f (b)) < 8, if and only if we have f such that
{0} = F(PY((d; —b):)) = f(PF(d/B)), if and only if P+(d/B) is not Q-free. O]

3.3. The ramified case.

Assumptions 3.14. In this subsection, on top of Assumptions 1.18 (M a mon-
ster model of DOAG, C > A < B Q-vector subspaces of M, C [} B, and
¢=(ci,...,cy) atuple from C), we assume ¢ = (c;); is a val};-separated val};-block
of B-ramified points. Fix G = G(¢/B), H = H(¢/B), § = 8(¢/B). For each i, let
b; be in ram(c;/B), and write b= (b));.

Recall that Corollary 2.20 characterizes the type of a ramified singleton in terms
of cuts of Archimedean classes. We can now extend this characterization to the
type of our Val3B—separated ramified Va13B-block:

Proposition 3.15. Let d= (d;); be a tuple from M. Then we have d= B C ifand
only if the following conditions hold:

e d; =p c; for every i.

edisa Val%-block, i.e.,8(d;i/B) =45(d;/B) foreveryi, j.

« P*(d/B) =P+ (@/B).

Proof. Suppose the conditions of the list hold. Let f € LC"(Q) be nonzero. Then,
as ¢ is val}-separated, P*(¢/B) is Q-free. Therefore A(f(¢) — (b)) =6. As a
result, ct(f(¢)/B) is the translate by f (l;) of one of the connected components
of G\ H. The same holds for d , but we need to make sure that f(¢) and f (3) lie
in the same connected component. Notice that f(¢) lies in the rightmost one if and
only if (f(¢) — f(b) + M_5) > 0 in the ordered group M<s/M_g, if and only if
P(f(@) — f(B)) = Roq, if and only if Ro = f (P ((c; — b)) = f(P*(c/B)).
Now, by the hypothesis P (d/B) = P*(¢/B), those conditions are equivalent to
f (c_i ) lying in the rightmost connected component, and we get the bottom-to-top
direction.

Conversely, suppose now d= B C, in particular the first condition holds. As for
the second, d must be a val3B -block; otherwise it would be witnessed in its type
by formulas (|x; — b;| > n|x; — bj|), for some i # j, which would contradict
the hypothesis on ¢. By strong homogeneity of M, let o € Aut(M/B) be such
that o (¢) = d. The equivalence relation A(x) = A(y) is an V-definable subset
of S?(@), and therefore it is invariant by o. As a result, the map

o't (x+ M) > (0(X) +M_g3/p)
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is a well-defined automorphism of ordered groups from the quotient M<s/M_; to
M<5(3/B)/M<5(J/B)’ which sends each ¢; — b; to d; — b;. Let T be an embedding

of ordered groups M@((}/B)/M — R. Then

<8(d/B)
PT(&/B) 3100’ ((c; — b)) = t((d; — by);) € PT(d/B).
Thus the last condition of the list holds, concluding the proof. O

Lemma 3.16. Choose an arbitrary index i. Assume p is a global Aut(M/A)-
invariant extension of tp(c;/B). Then g = p Utp(¢/B) is a complete type in S(M).
Note that ¢ may not be Aut(M/A)-invariant. We will see an example soon.
Proof. Proving that g is consistent is easy: choose d a realization of p in some
strongly | B|"-homogeneous elementary extension N of M, choose o in Aut(N/B)

such that o (c;) = d, then o (¢) is a realization of q.
Letx =q, and 8 = A(a; — b;). As a; = p, we have

8" € (AG)\ A(Gwm)) U (AHM)\ A(H)).

In particular, it does not belong to A(M). For every j # i, not only do we have
A(aj—bj) ¢ A(B) as oj =p cj, but in fact we have A(a; —b;) =&’ by the second
condition of Proposition 3.15. In particular, & is a Vali,[ -block, and we have

PY@/M)=P"((aj —b;);) =P (@/B) =P*(/B).

The last equality follows from Proposition 3.15, and the others from the definitions.
We established that, for all 4 = q, Bisa val3,-block, and P+ (B/M) =P*(a/M).
By Proposition 3.15 (with ¢, B replaced by «, M), in order to check that g is
complete, it is enough to show that for every j, the pushforward g; of g by the j-th
projection is a complete type in S(M).

Let f € LCY(Q) be the projection on the j-th coordinate.
« On one hand, ¢;(x;) = x; > b; if and only if f(P*(¢/B)) > 0.

e On the other hand, we have
q(X) = ct(A(xj —bj)/AM)) = ct(A(x; — bi)/A(M)) =ct(§'/ A(M)).

The first equality follows from the fact that the realizations of g are Val;o’w -blocks,
and the last equality follows from Corollary 2.20, as p is complete. In particular,

qj(x)) | (A (x; — bj)/ AM)) = ct(8'/ A(M)).
Then we can apply Corollary 2.20 to show that g, and thus g, is complete. U

Proposition 3.17. Let i (if it exists) be such that c; is Archimedean over A. Then
tp(c;/ B) has exactly one global Aut(M ] A)-invariant extension p, and p Utp(c/B)
is a complete, Aut(M / A)-invariant global type in S(M).
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Proof. Suppose for simplicity ¢; > b; (else apply the proposition with c;, b; replaced
by —c;, —b;). Recall that ¢ Jf/‘;t B, and thus tp(c;/B) must have at least one global
Aut(M/A)-invariant extension. By Lemma 2.23, G(c;/A) = G, and the types
P>, p< over M corresponding respectively to the cuts

ct- (ct(ci/A)/ M) = ct- (bi + G(M) /M),
ct-(ct(ci/A)/ M) = cto(bi + G(M)/M)

are clearly global Aut(M/A)-invariant extensions of tp(c;/A). These two types
are the only ones implying that x — b; € G\ Gy. As ¢; > b;, only p- ex-
tends tp(c;/B). By Lemma 2.23, there are no other global Aut(M/A)-invariant
extensions of tp(c;/B).

Let ¢ = p- Utp(¢/B), which is complete by Lemma 3.16. Let us show that
g is Aut(M/A)-invariant. As P*(c/B) is Q-free, the realizations of ¢ are Val?u—
separated by Proposition 3.13. As a result, for every nonzero f € LCY(Q),

q&) E f(F) = f(b) € G\ Gu.

As G = G(cj/A) and Gy are Aut(M/A)-invariant, we only have to show that
X = f(b) + Gy is Aut(M/A)-invariant as a subset of M, because

q(X) Ect(f(X)/M) € {ct- (X/M), ct-(X/M)}.

However, as a subset of M, X coincides with f (I;) +G(M). If £(¢) is Archime-
dean over A, then X = ct(f(c)/A)(M), which is invariant under Aut(M/A). Else,
by definition, there exists a € A such that f(¢) —a € G(M). However, we also have
f(©)— f(l;) € G(M), and therefore X = a + G(M), which is Aut(M /A)-invariant.
This concludes the proof. O

Note that p-., and thus g, is outer (with respect to Definition 2.43).

Remark 3.18. If j #i, and c; is ramified over A, then tp(c;/B) might have two
global Aut(M/A)-invariant extensions, and the union of each of those extensions
with tp(¢/B) would be a consistent, complete type in S(M). However, one of the
two will not be Aut(M/A)-invariant, as it will not be consistent with p-. In the
above proof, we would encounter a problem where we would want to show that X
is Aut(M /A)-invariant, because we would have to deal with the case where f(c)
is Archimedean over A, and X = f (l;) + H.
This is exactly what happens in the following example:

Example 3.19. Let A = Q, B = Q + Q+/2, ¢ a positive infinitesimal element, and
let c; = /2 +¢ and ¢; = ¢ - /2. Then cic Jth B, and cjcp is a Val%—separated
block. Moreover, tp(c;/B) has exactly one global Aut(M/A)-invariant extension,
and tp(cp/B) has two, one of which is p, the type of a positive element that is
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infinitesimal with respect to M. Then g = pUtp(cica2/B) is complete and consistent
in S(M), but not Aut(M/A)-invariant. The reason is that

g, ) EV2<x <V2+e.

Proposition 3.20. Suppose c; is ramified over A for every i. Choose an index i. Let
H' =H(/A) and G' = G(¢/A). If H # H' or G # G', then tp(c; / B) has exactly
one global Aut(M / A)-invariant extension, else it has exactly two. Moreover, if p is
such an extension, then p Utp(¢/B) is complete and Aut(M | A)-invariant in S(M).

Proof. We can assume b; € A for every j. Suppose ¢; > b;. As EJ,C;\“ B, recall that
H' < H<G<G' Let p_, p- be the global 1-types corresponding to the respective
cuts ct_(ct(c;/A)/M) = ct. (b; + H' /M), ct. (ct(c;/A) /M) =ct- (b; + G’y /M).
We note that p_, p.. are the only global Aut(M /A)-invariant extensions of tp(c; /A).
Moreover, p. (resp. p-) is consistent with tp(c; /B) if and only if H = H' (resp.
G=aG.

Now, let p be a global Aut(M/A)-invariant extension of tp(c;/B), and let
g = p Utp(¢/B). Then g is complete by Lemma 3.16. Let us show that g is
Aut(M/A)-invariant.

Let f € LC"(Q) be nonzero. One just has to show that the cosets f (I;) +H' (M)
and f(l;) + G’'(M) are both Aut(M /A)-invariant. However, H'(M) and G’ (M) are
both Aut(M/A)-invariant, and the b; were now chosen in A. This concludes the
proof. U

Note that p_ (thus p. Utp(¢/B)) is inner, while p- (thus p- Utp(c/B)) is outer.

Remark 3.21. The groups H' and G’ have the same points in A. By quantifier
elimination, it is not hard to show that G’ does not admit an A-(\V/type)-definable
proper convex subgroup that strictly contains H’. Recall that H' < H < G < G’
by cut-independence. As a result, if G # G/, then G cannot be A-type-definable.
Similarly, if H # H’, then H is not A-V-definable.

Corollary 3.22. If one of the c; is Archimedean over A, or H is not A-V-definable,
or G is not A-type-definable, then tp(¢/B) has exactly one global Aut(M/A)-
invariant extension. Else, it has exactly two. More precisely, if G is A-type-definable,
then tp(c/B) admits a global Aut(M /A)-invariant extension that is outer, while if
H is A-V-definable and none of the c; is Archimedean over A, then tp(c/B) has a
global Aut(M / A)-invariant extension that is inner.

3.4. Gluing everything together. Recall that we adopt Assumptions 1.18: M is a
monster model of DOAG, C > A < B are Q-vector subspaces of M, C Jf/',"t B, and
¢=(cy,...,cp)is atuple from C.

We now have enough tools to prove (BE3). We can actually prove the following
more precise statement:
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Proposition 3.23. Suppose ¢ is a finite Val%-block of B-ramified points from M
that is Val%-separated, and let (¢;)ice = ((..., Cik, ...))icE beits VaI%-blocks. Let
G =G(¢/B) and H = H(¢/B). Suppose the indices i € E are ordered such that
i <l if and only if we have 8(c;/B) < §(c;/B). Define I, O C E as follows:

o If H is not A-V-definable, then | = &, O = E.
o If G is not A-type-definable, then I = E, O = &.

o Else, I = &, and O is the least final segment of E containing the set of indices
o0 € E such that a coordinate of ¢, is Archimedean over A.

Either way, let J = E \ (1 U O). Then the following conditions hold:

(1) Foralli € 1,tp(c;/B) has exactly one Aut(M ] A)-invariant global extension p;,
and it is inner.

(2) Forall o € O, tp(c,/B) has at least one Aut(M /A)-invariant global extension,
of which exactly one is outer. Denote it by q,.

(3) Forall j € J,tp(cj/B) has exactly two Aut(M / A)-invariant global extensions:
rj, which is inner, and s j, which is outer.

(4) The map K — (pi)ier, (rj) jek, (5j) jes\k» (@o)oco is a bijection from the set
of initial segments of J to the set of strong Val%-block extensions of ¢. In
particular, ¢ admits exactly |J| + 1 strong Val%-block extensions.

Proof. Note that I, O, J are pairwise-disjoint convex subsets of E which cover E.
In fact, I is an initial segment of E, O is a final segment, and J is in-between. The
first two conditions are easy consequences of Corollary 3.22. The third condition
also easily follows from the fact that for all j € J, none of the c;; is Archimedean
over A. It remains to prove the last condition.

Suppose we have o € O such that tp(c,/B) has a global Aut(M/A)-invariant
extension ¢’ which is inner. Let us show that ¢’ cannot be extended to a strong
VaI%—block extension of ¢. Let (¢.).cr be some strong block extension of ¢. By
definition of O, there exists o', k such that o’ < o and ¢, is Archimedean over A.
As a result, g,/ is the unique global Aut(M/A)-invariant extension of tp(c,y/B) by
Corollary 3.22. Therefore, g/, = q,. As 0’ < 0, by Lemma 2.44, g, must be outer.
Thus ¢, # ¢, and we are done.

As a result, all the strong block extensions of ¢ extend (p;)ics, (go)oco- Then,
each such extension (g,). identifies with a subset of J: the set of all j such
that q} =r;. This concludes the proof, as Lemma 2.44 tells us that the valid choices
are exactly the initial segments of J. ([

Corollary 3.24. If C is a finite Val‘zi;-separated tuple from M such that ¢ 1 B, then
¢ admits a strong Val% -block extension.
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Proof. By Proposition 2.36, it is enough to show that each Val%g -block of ¢ has a VaI%—
block extension. The Archimedean val3-blocks of & coincide with its Archimedean
Vaﬁ9 -blocks, by definition of val%. We find a VaI% -block extension of those blocks
by Corollary 3.5 (the valid choices are built explicitly in Proposition 3.4), and we
find a block extension of the B-ramified Val%g -blocks by Proposition 3.23. (]

This concludes the proof of property (BE3).

4. Normal forms

We built in the last two sections a nice framework to get a fine understanding of a
particular class of tuples, the Vﬂl%—separated tuples. What remains for us to do in
order to prove Theorem 1.16 is to prove (NF3), which allows us to always reduce
to the case where we deal with such a nice tuple.

Assumptions 4.1. We work with Assumptions 1.18, i.e., M is a monster model of
DOAG, C > A < B are Q-vector subspaces of M, C Jth B,and ¢ = (cy,...,¢cp)
is a tuple from C. On top of that, by Remark 1.24, we may assume that ¢ is a lift
of a Q-free tuple from C/ A.

Remark 4.2. Now, if d is another lift of a Q-free tuple from C/A, then ¢ and
d are A-interdefinable if and only if they have the same size n, and there exists
some f € GL,(Q) such that the i-th component of d is an A-translate of the i-th
component of f(¢) for each i.

We have to show that ¢ is A-interdefinable with a val3B—separated tuple d, which is
cut-independent by Remark 1.24. In fact, d will also be vali-separated. This could
be useful, as we saw in Proposition 3.23 that we have to keep track of which points
from d are Archimedean or ramified over A in order to have a good understanding
of the global Aut(M/A)-invariant extensions of its type. By Remark 4.2, d is the
image of ¢ by a composition of A-translations, and a map from GL,,(Q). In order
to build d , we start with a particular basis of dcl(Ac¢) (remember that the definable
closure of a set is the (Q-vector subspace generated by said set in DOAG), then we
go through a process of several steps, where we apply A-translations and maps
from GL, (Q) to this basis. At the end of each step, our current tuple satisfies an
additional property from a list of conditions, the conjunction of which is a sufficient
condition to be a val};- and val’-separated tuple.

Remark 4.3. Recall that if d € M is a B-Archimedean singleton such that d 1" B,
then d is Archimedean over A (see Remark 3.1). In particular, G(d/B) = G(d/A).
Moreover, once again by Remark 3.1 and by cut-independence, if d is ramified over
A, then §(d/B) = 6(d/A). In particular, we have

A(C+ A)\ A(A) = A(C + B)\ A(B).
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The following definition allows us to enumerate our tuples in a way that helps us
to simultaneously consider their Vali’; -blocks and their Vali -blocks. The elements
of our tuples are indexed depending on the subgroups G(—/B), and the eventual
Archimedean classes § (—/ B) that they bring. We use the prime ’ to refer to elements
that are Archimedean over A and ramified over B. We use the tilde ~ to refer to
elements that are ramified over A (and thus over B if the tuple is cut-independent
from B over A). By elimination, the other elements are those that are Archimedean
over B and A.

Definition 4.4. Let I, J be totally ordered sets of indices, (G;);c; an enumeration
of the B-type definable convex subgroups, and (§;);c; an enumeration of the
Archimedean classes of A(C + B) \ A(B). Let those enumerations be built such
that G; C G if and only if i < k, and 6; < §; if and only if j < /.

We say that a tuple

dd'd = (dir) ik (dirjnn)ivjric (CZ;;;);;;;

of elements of C is under normal enumeration (with respect to A and B) if the
following conditions hold:

o All the d;; are Archimedean over B.

o All the df/.,  are Archimedean over A and ramified over B.

o All the d;j,; are ramified over A.
e For all i, k, we have G(djx/B) =G
e Forall i/, j/, k', we have G(d./,.,k,/B) =Gy and (S(d./,.,k,/B) =4

For all i, j, k, we have G(d:;;/B) = G+, and 8(d:5; /A) =45

ijk ijk
In this tuple, the ramified Val -blocks are the ((..., , TR, l],k, i
its Archimedean val3 -blocks the (.. ,k, ...)i, dts ramlﬁed val3 -blocks the

(... duk, .. ))~~ and its Archimedean val -blocks the ((..., di, ..., dl,,k,, )i

Definition 4.5. Let dd'd be a tuple under normal enumeration.

« For each i, define d as the tuple (..., djg, ...) whose elements vary with k.

e For each i/, define a” as the tuple ( d ],k,,. .) whose elements vary
with j'k’.

o For each i’j’, define d// , as the tuple (..., d, j,k,, ...) whose elements vary
with k.

« For each ij, define 5;}7 as the tuple (.. dlj,;, ...) whose elements vary with k.

One can note that the presence of the elements of d’ is the reason why none of
the valuations Valz, Vali; refines the other.
Let us now give the list of properties that we want to satisfy:



294 AKASH HOSSAIN

Definition 4.6. Let d d/ d be a tuple under normal enumeration with respect to A
and B. We say that dd'd is under normal Sform with respect to A and B if it is a lift
of a Q-free tuple from C/B, and the following conditions hold:

(P1) For all { and j, ci;j is a lift of a Q-free tuple from Mga;/MQ;T.
' J

(P2) Nontrivial linear combinations of dd' are Archimedean over A.
(P3) For all i, all the nontrivial linear combinations e of chZ’ satisfy G(e/A) =G

(P4) For all i, any nontrivial linear combination c¢ of the tuple cZ is Archimedean
over B (which implies G(c¢/B) = G; if the tuple is cut-independent, by (P3)
and Remark 4.3).

(P5) For all i’ and j’, all the nontrivial linear combinations ¢’ of the tuple El;’,jj ij!
are ramified over B, and satisfy 8(¢’/B) = 4.

Remark 4.7. Condition (P1) implies that each ramified Valz -block is Valix -separated.
The conjunction of (P2) and (P3) is equivalent to each Archimedean Vali -block
being Vali—separated. Likewise, (P4) (resp. (P5)) is equivalent to each Archimedean
(resp. ramified) va13B -block being val%—separated. As a result, if we manage to prove
that ¢ is A-interdefinable with a tuple under normal form, then this tuple would be
simultaneously Vali‘—separated and Va13B—separated, and (NF3) would follow.

Remark 4.8. From the definition of the normal form, if dd’ j 18 undg normal form
with respect to A and B, then one can note that any subtuple of dd'd is also under
normal form with respect to A and B.

Definition 4.9. Define C to be the Q-vector space generated by Ac. We define a
basis (resp. free tuple) of C over A as a lift of a basis (resp. free tuple) of C/A.

Remark 4.10. Remember that dim(C/ A) is finite. It is easy to see that any concate-
nation of lifts of bases of C<s/C_g, with § € A(C) \ A(A), is a free tuple over A,
and hence a finite tuple. In particular, A(C) \ A(A) is finite.

Lemma 4.11. For each ] letd be a lift of a basis of C<5 /C<5 , and letd be the
concatenation of all of the d Then foralleinC \dcl(Ad) there exists & € dcl(Ad)
such that e + ¢ is Archzmedean over A.

Moreover, if e is ramified over A, then we can choose ¢ such that there exists

8 € A(C)\ A(A) for which A(e+¢e) <8 < A(e).
Proof. Letus build ¢ by induction. Let ey =0¢€ dcl(AcZ ). If e+e¢,, is not Archimedean
over A, then let ace€ ram(e + e¢,/A), and let j, be such that (S~ =3d(e+e,/A).
By definition of d there exists v a linear combination of d for which we have
Ale+e,—a—v) < 8~n so letus set e,41 =¢, —a —v.

By finiteness of A(C) \ A(A), the sequence of the jn, and hence that of the ¢,
must eventually stop. The ultimate value ¢ of the e, witnesses the first part of the
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statement. If e is ramified over A, then ¢ %= 0 = ¢y, so fo exists and witnesses the
second part of the statement. O

Lemma 4.12. For each j, letd be a lift of a basis of C<s- -/ Cs., and letc_j be the
concatenation of all of the d Let (Un)n be a sequence of tuples such that d v, isa
basis of C over A for each n. Suppose that, for all n, there exists v\ a term from v,
v, a term from V41, and § € A(C)\ A(A), such that A(v) <8 < A(v)), and V41
is obtained from v, by replacing v/ by v).

Then the sequence (V,), must eventually stop.

Proof. Let N = |A(C) \ A(A)| < w. We may assume that the enumeration (§;); is
indexed by O, ..., N — 1. Let Z be the set of intervals

{1—00, 8oL, [80, 81L, [81, 8aL, - . ., [6n—2, Sn—1L, [8n—1, +00L}.

Define on Z the only total order making the canonical projection f : A(C) = 7
an order-preserving map. With respect to that order, let g be the unique order-
isomorphism Z — {0, 1, ..., N}. For each j between 0 and N, let F(n, j) be the
number of terms v from v, such that g( f(A(v))) = j. Finally, let p be the function

ni—> Fn,N)xo” + Fo,N—1D) xoV '+ 4+ Fn, 1) x o+ F(n, 0).

Then p has its values in the well-ordered set ™ *!. By hypothesis, for each 7, there
exists m < m’ such that F(n,m)=Fmn+1,m)+1, Fn,m)+1=F(n+1,m),
and F(n, j) = F(n+1, j) forevery j #m, m’. As aresult, p is strictly decreasing,
so the well-ordering forces the sequence (v,), to stop eventually. (|

Lemma 4.13. For each j, let ii Us be a lift of a baszs of Ces- /C<5 , and let u be
the concatenation of all the u ;. Then there exists dd'd a baszs of C over A, under
normal enumeration with respect to A and B, for which (P2) holds, and d =1u (so
(P1) holds as well).

Proof. Let wg be some basis of C over A containing u. Note that w, = itv, does
not witness the statement if and only if there exists a nontrivial linear combination
v’ of U, that is ramified over A. In that case, let v be some term of v, that appears
in v/, chosen such that A(v) is maximal. By valuation inequality, we must have
A(v) = A(v'). Apply Lemma 4.11 to find u” € dcl(Au) and § € A(C) \ A(A) for
which A(v' +u’) <8 < A(V') < A(v). Replace v by v/ +u’ in Wy, and let W,
be the new tuple obtained. Now, w, is also a basis of C over A containing u.
The sequence (v,), witnesses the hypothesis of Lemma 4.12, so it must eventually
stop, and its last element witnesses the statement. ([

Remark 4.14. If w = uv witnesses Lemma 4.13, and M is an invertible matrix of
size |v| with coefficients in @, then u(M7v) also witnesses Lemma 4.13.
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Lemma 4.15. Let dd'd = vd be a free tuple over A that witnesses (P1) and (P2),
and N = |0|. Then there exists M € GLy(Q) such that (Mv)d witnesses (P3) (and
thus (P1), (P2) by Remark 4.14).

Proof. This is by induction over N. Note that (P3) trivially holds if N =0, 1.

For every i, let v; be the vall,-block of v of value G;. Let i be maximal such
that v; is not Vali-separated. As long as v; is not Vali—separated, there must exist
e a nontrivial linear combination of v; such that G(e/A) < G;, then replace some
term of v; that appears in e by e (making that replacement corresponds to replacing
v by M0 for some M € GLy(Q)). As we have G(e/A) < G;, these replacements
always decrease the size of v;, and leave v-; untouched as the value of e is smaller,
so the Vali‘—blocks of value larger than G; remain separated. Thus we keep the
maximality of i. As a result, these replacements eventually stop, and they stop
before we removed all the terms from v;, because if there is only one term left in v;,
then v; is clearly separated.

By induction hypothesis, we can replace v.; by M U-; such that the tuple
(Mv_;)d witnesses (P3). It is now clear that (M5<l-)l7>,~c7 witnesses (P3). The only
changes we made to the original tuple v are operations from GLy (Q), concluding
the proof. U

Remark 4.16. Let 0 = dd'd = 5d be a free tuple over A that witnesses (P1), (P2)
and (P3). Let o; be the vall-block of ¥ of value G;. If we replace v; by Mv; in
w for some invertible matrix M, then the new tuple w’ still witnesses (P1), (P2)
and (P3).

Lemma 4.17. There exists a basis of C over A witnessing (P1)—(P4).

Proof. Let w = j[i"c? be a basis of C over A that witnesses (P1), (P2) and (P3).
For each i, as long as there is a nontrivial linear combination e of J that is not
Archimedean over B, replace some term of d that appears in e by e. Each of these
replacements removes a term from d and adds a new term to d/ This eventually
stops as the number of terms of d is finite and strictly decreases at each step.

By Remark 4.16, the new tuple w’ that we obtain after all these replacements
still witnesses (P1), (P2) and (P3). We perform these replacements for each i, and
the new tuple obtained clearly witnesses (P4). ([

Remark 4.18. Let i = dd'd be a free tuple over A that witnesses (P1)—(P4), and
i’ some index. Then, if we replace d'; by Md;, in w for some invertible matrix M,
it is clear that the new tuple still witnesses (P1)—(P4).

Lemma 4.19. Let w = da”d be a basis of C over A that witnesses (P1)—(P4). Let
d, ik be a term from d', and ¢ be a linear combination of d If we replace d, ke

by e=d; ik T ¢ in w, then the new tuple obtained is still a basis of C over A that
witnesses (P1)—(P4).
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Proof. First of all, as Val2 (d - ,k,) > val% (), e is Archimedean over A, and
G(e/A)=Gy. As Val% (e) max(val (dl ],k,) val3 %(€)), e cannot be Archimedean
over B. This implies that the A-ramified and B-Archimedean blocks of our new
tuple are left untouched, and hence we keep the properties (P1), (P4). Let u’ be the
new block of A-Archimedean and B-ramified points in the normal enumeration.
Then e lies in the block i’ o- In order to show that (P2) and (P3) hold in the new
tuple du’d we just have to show that the Val3 -block d Ul is Vali separated. Indeed,
it would follow that the Whole d u' is Valix separated, Wthh is clearly equivalent to
(P2) and (P3) being true in dii d

Any nontrivial linear comblnatlon of d 1}, can be written u + A - &, with u
a nontrivial linear combination of d d /s and A e Q. As (P2) and (P3) hold
in dd/d we have G(u/A) = ,/, and u is Archimedean over A. Then, we have
vali1 (u) > val3 1(e), and hence Val (u+xr-e)= Val3 (u). This value equals that of
the correspondmg block, Val3 (d d/ ), as (P2) and (P3) hold in dd’d Thus it equals
val’® " (a’ it!,), concluding the proof. O

Lemma 4.20. Let i = dd'd be a basis of C over A that witnesses (P1)-(P4), and
not (P5 ) Then there exists i’, j', and two Q-linear maps f, g € LC(Q), such that
v= f(dl’j ) +g(d,j ) is ramified over B, and 5(v/B) < §;

Moreover, if some d;,. i appears in v, then replacing it by v in W gives a new
tuple W' which is still a basis of C over A that witnesses (P1)—(P4).

Proof. By deﬁmtlon of (P5), there exists i’, j', and Q-linear maps f, g € LC(Q) so
that either v = f(d ) +g(d,, /) is not ramified over B, or §(v/B) # 4§

Note that f must be nonzero, otherwise the above hypothesis fails by (PD). By
(P1), (P2), (P3), dd/d is val’ -separated. As f is nonzero, val3 2(v) = vali (dl.’,),
and thus v is Archimedean over A, and G(v/A) = Gy = G(v/B). For all k/, k,
we have dl.’/ ke Ji,j,,; € B 4+ G (by the definition of being ramified over B), so
ve B+ Gy =B+ G(v/B). Therefore v must be ramified over B, and by hypo-
thesis we have §(v/B) # §;,. By valuation inequality (for val’ ), we must have
8(v/B) < 4/, and we get the first part of the statement.

Suppose that some d/,;,, appears in v. Then replacing diy by V' = f (Jlf,j,) is just
a replacement of d;, by Md;, for some invertible matrix M. By Remark 4.18, the
new tuple w” obtained by this replacement is still a basis of C over A that witnesses
(P1)-(P4). By (P2) and (P3), v' is Archimedean over A, and G(v'/A) =
Moreover, as all the coordinates of d /j are in B + G/, v/ must be ramified over B
Then, w’ is obtained by replacing v by v in (a normal enumeration of) w”. This is
exactly the operation described in Lemma 4.19, concluding the proof. ]

--

Theorem 4.21. There exists W = dd'd a basis of C over A that is under normal
form with respect to A and B.
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Proof. Let wo = dd' Od be a basis of C over A that witnesses (P1)—(P4).

Suppose Wy = dd'"d does not witness (P5). Then the hypothems of Lemma 4.20
holds in w,, so we do the replacement from this lemma. Let 1, be the new tuple
obtained.

To prove the theorem, we have to prove that the sequence (w,), must stop.

To do this, we once again build a strictly decreasing map with values in @®.
Define F(n, j) as the number of terms ¢ from d'" for which 8(c/B) =4;. Let

=|A(C)\ A(A)|. We may assume that the enumeration (§;); is indexed by
0,..., N —1. We define g as the map

ni—>Fn,N—D)xo" "+ Fn,N=2)x " 24+ -4+ F(n,1) xw+ F(n, 0).

For each n, the tuple w, is obtained from w, by replacing some term v from
d'" by a point v’ from d'"*! for which §(v'/B) < 8(v/B), so g is strictly decreasing.
This concludes the proof. U

With that, we proved Theorem 1.16, the main technical theorem of this paper
stating that [ = | in DOAG. The reasoning is explained in Section 1.2, and
the different steps of the proof are carried out in Proposition 2.32, Proposition 2.36,
Proposition 2.45, Corollary 3.24 and Theorem 4.21.

5. Regular ordered abelian groups

In this section, we define regular groups as first-order structures in the Presburger
language, and we state some key properties that they satisfy.

5.1. Quantifier-free types in the Presburger language.

Definition 5.1. The Presburger language is defined as
Lp= {+: -, <,0,1, (Dl”)l prime,n>0}-

Given an ordered abelian group G, we see G as an L p-structure by setting 0 (x)
as the predicate 3y, ["y = x, and setting 1 = min(]0, +o00|) if G is discrete, else we
interpret 1 as the only @-definable choice, 1 = 0 (this is the standard interpretation
of the language). A special subgroup of G is a pure subgroup (that is a relatively
divisible subgroup) A < G containing 1. Special subgroups will correspond to
definably closed sets in the groups we are interested in (see Corollary 5.11).

Define S’" t(A) to be the Stone space of quantifier-free types over A in m variables.
Given an m -tuple ¢, we write tp;(¢/A) as the partial type generated by the set of
quantifier-free formulas satisfied by ¢, with parameters in A, which only involve
the predicates (9;2),-0 (equality does not appear in these formulas either). We
write S;" (A) for the Stone space of all such partial types, and we call its elements
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the I-types. We define similarly tp_(c/A), S (A) for the quantifier-free formulas
which only involve the predicates =, <.

For ease of notation, define the set of indices J as the union of the set of primes
with {<}. For every j € J, we have natural restriction maps S&’;(A) — S;ﬁ (A), and
they are all surjective. We write (77;); for those maps.

Assumptions 5.2. We fix an ordered abelian group M, and a special subgroup
A < M, such that M is |A|"-saturated and strongly |A|*-homogeneous.

Lemma 5.3 (standard variant of the Chinese remainder theorem). Let L be a finite
set of primes, and N > 0. Then for all (a;); € MY, there exists b € M such that
M =0 (a;—b) foralll € L.

Corollary 5.4. The natural map S(’l'li(A) -1 prime S;"(A) is surjective.

Proof. For each [, leta; = (..., aj,...) € M™. By Lemma 5.3 and compactness,
for each i, there must exist b; € M such that 0,5 (b; — a;;) for all [, N. In particular,
tp;(b/A) = tp;(a;/A) for all /, which concludes the proof. ]

Remark 5.5. The map 7 : S(’;}(A) =3l jeJ S;” (A) is obviously injective. Note that
S™(A) is not a factor of the product of Lemma 5.3, so w may not be surjective.

5.2. Basic properties of regular groups. The class of regular ordered abelian
groups (ROAG) has several equivalent definitions. The ones that are necessary for
us are quantifier elimination in £p, and some compatibility conditions between
the <-types and the /-types. The definitions involving Archimedean groups and
definable convex subgroups are relevant, because they give a motivation as to why
we are interested in ROAG.

The equivalence between these different definitions is folklore. In this subsection,
we prove the easy implications between these equivalent definitions, and we give
references for the harder implications.

Definition 5.6. Let G be an ordered abelian group. We say that G is regular if,
for every positive integer n, every interval of G that contains at least n elements
intersects nG.

For any ordered abelian group G, we recall that div(G) refers to the divisible
closure of G, which we see as an ordered group to which the order on G naturally
extends.

Lemma 5.7. Let G = ROAG, and let A be a special subgroup of G. Let F be the
closed subspace of S (’]’}({4) of types of m-tuples that are Q-free over A (i.e., lifts in G™
of Q-free tuples from div(G) /div(A)). Then the map F — 7t - (F) X [} prime S]" (A)
is a homeomorphism.

In particular, 7;(F) = S;" (A) for every prime /.
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Proof. Two elements having the same type must have the same j-type for all j € J.
Therefore, the map is injective, and it is clearly continuous. Let us prove that it is
surjective.

Let p = (p ;j)j be in the direct product. Let ¢ = (¢;); be a realization of p_
which is Q-free over A. By Corollary 5.4, let ¢’ be some tuple which realizes
simultaneously all the (p;) for [ prime (¢’ might not be Q-free over A, but it does
not matter). Let us show that there exist d= (di)i<m such thatd; —c} € MNy=oN G
for all i, and d = p~ (in particular, d will be Q-free over A). The existence of d
will be established by a disjunction of two cases.

Suppose G is discrete. Let N > 0. Then, by regularity of G applied to the interval
[c;i — c c + N - 1], there must exist an integer k; between 0 and N such that
ci —c; +k 1 € NG. Let us show that ' = d))i = (ci+ki-1); = p<. If not, then
there must exist some atomic formula with predicate = or < which is satisfied by ¢
and not d’, or vice versa. Without loss, there must exist a € A, and some nonzero
f € LC"™(Z) such that f(¢) <a < f((c;i +k; -1);). By subtracting f((k; - 1);) to
the second inequality, f(¢) belongs to the interval [a — f((k; - 1);), a], which is
included in A as A is special, contradicting Q-freeness of ¢ over A. It follows that
d = p-, and we conclude by compactness that d exists.

Now, suppose G is dense. Let D be the special subgroup generated by A, and all
the (c;);. For every positive element a of D, the open interval ]Jc; — cg, ci — c; +al
is infinite, and thus contains an element of NG by regularity, for any N > 0. By
compactness, there exists, for each i, an element d; such that d; € [¢; —c}, ¢; —c;+al
for every positive a € D, and d; € (|y.o NG. Let d; = d] + c;. Notice that d; — ¢;
is a positive element which is infinitesimal with respect to D. It remains to show
that d = p-. Let f € LC"(Z) be nonzero, and a € A, such that f(¢) > a. As
eackl d; —c; is inﬁnitesimal with respect to D, this is also the case for f (c? —7) =
f@ — f(©), thus | f(d) — f(O)] < (&) —a, thus f(c) — f(d) < f(c) —a, and
we conclude that f (d) >a, proving that d |= P<.

In both cases, we have d Ep<. Asdi—ci e ING for every [ prime and N > 0,
we have d = p; for every [, which concludes the proof. O

Remark 5.8. Note that, in this proof, d; can always be chosen so that d; > ¢; for
each i (in the discrete case, replace k; by k; +N > 0). In particular, if we have ¢ =¢’
in the construction of the proof, then the tuple d that we build is distinct from ¢, and
reiterating this operation generates infinitely many pairwise-distinct tuples having
the same quantifier-free type as d. It follows that any consistent quantifier-free type
over A whose realizations are Q-free over A has infinitely many realizations.

Definition 5.9. Let G be an ordered abelian group, n < w and g € G. Define H,(g)
to be the largest convex subgroup of G for which we have (g + H,(g)) NnG =<
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(by convention, if g € nG, then H, (g) = {0}). This convex subgroup is definable:
Hy(g)={0}or {xeG|VyeG, (yl<nlx|=g+y ¢nG)},

for if x € G, z € G satisfy A(x) = A(z) (A is defined in Definition 1.28) and
7+ g € nG, then x ¢ H,(g) is witnessed by choosing y = z £ mn|x|, with m the
least natural integer for which |z| —mn|x| < n|x|.

In the literature, the set of the H,(g) for all g € G is called the n-spine of G.
This is a definable family of definable convex subgroups. One of the most general
“complexity classes” of ordered abelian groups that is still considered rather “nice”
is the class of ordered abelian groups with finite spines. This class contains in
particular the dp-finite ordered abelian groups. For reference, Section 2 of [Farré
2017] gives nice characterizations and a quantifier elimination result for this class.

Proposition 5.10. Let G be an ordered abelian group. Then the following conditions
are equivalent:

(1) G does not have any proper nontrivial definable convex subgroups.
(2) Forall g € G and alln < w, H,(g) = {0}.

) G is regular.

(4) The theory of G eliminates quantifiers in the Presburger language.

(5) There exists an Archimedean ordered abelian group elementarily equivalent
to G.

Proof. We establish the equivalence by proving (1) = (2) = (3), 3) = 4) = (1)
and (3) = (5) = (1).

The implications (1) = (2) and (5) = (1) are trivial, (3) = (4) is due to
[Weispfenning 1981, Theorems 2.3 and 2.6], and Presburger in the discrete case,
and (3) = (5) follows from [Zakon 1961, Theorem 2.5; Robinson and Zakon 1960,
Theorem 4.7].

Let us show (2) = (3) by contraposition. We have an interval I of G and an
integer n such that |/| >n and I NnG =@. If |I| <2n+1, then G is discrete, and
the points from / 47 -1 have the same cosets of nG as those of /, so we can assume
|[I| = 2n+ 1 by replacing I by IU(l +n-1)U (I +2n-1). Let f be a strictly
increasing map {0, ...,2n} — [,and h=min{fi + 1) — f(@) |0 <i <2n — 1}
As f is strictly increasing, we have i # 0. As & is minimal, we can sum n many
inequalities to get n - h < Z?;ol (fG+1)— f@) = f(n) — f(0). With the same
argument, n-h < f(2n) — f(n), and thus [f(n) —n-h, f(n)+n-h] C I, which is
disjoint from nG. It follows that & € H, (f(n)) \ {0}, so (2) fails.

Let us prove (4) = (1) by contraposition. Let G be an ordered abelian group with
a proper nontrivial definable convex subgroup H. Let A be a definably closed subset
of G such that H is A-definable. Let Ay = A>oN H and Ay = (A~ \ H) U {400}
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Let X_ = (ﬂ acA, beAy)ds b[), an A-type definable set which is nonempty by com-
pactness. For each prime /, let X; = () [V G, which corresponds to tp,(0/A). Let
us show that the partial type defined as g(x) : x € X_ N (), X; is consistent with
H and —H. Leta € Ay, b € A, N > 0. By compactness, it suffices to show
that ¥ = ]a, b[ N NG intersects H and —H, which is witnessed by N-a e Y N H,
and N-(b—a)e Y\ H. Now let h € H, g ¢ H be two realizations of g. Then
qftp(h/A) = g = qftp(g/A), but tp(h/A) # tp(g/A), and the theory of G does not
eliminate quantifiers in Lp.

9

[ Jos

g

e

A
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Note that in particular, the domain of the homeomorphism given by Lemma 5.7
is in fact a space of complete types.

Corollary 5.11. The definable closure of a parameter set A coincides with the
special subgroup it generates.

Proof. The special subgroup generated by A is clearly included in dcl(A). Con-
versely, if A is a special subgroup, and ¢ € A, then the 1-tuple c is Q-free over A,
and thus ¢ ¢ acl(A) by Remark 5.8. ([

There is another important corollary which allows us to better understand inde-
pendence:

Corollary 5.12. Let M =ROAG, let A < B be special subgroups of M such that M
is |B|T saturated and strongly |B|*-homogeneous, and let ¢ = (cy, ..., c,) € M".
Suppose ¢ is Q-free over B, and let F be the closed subspace of S" (M) of tuples that
are Q-free over M. For each j € J, consider the action of Aut(M/A) on m;(F).
Then the following conditions are equivalent:

(1) ¢ B (resp. ¢ 1”? B).

(2) Foreach j € J, tp; (¢/B), which is a partial type over B, can be extended to
an Aut(M /A)-invariant (resp. of bounded orbit) element of 7w (F).

Proof. First of all, note that the global extensions of tp(¢/B) realized by tuples that
are not Q-free over M divide over A, which implies that they have an unbounded
orbit (see, for instance, [Tent and Ziegler 2012, Exercise 7.1.5]), so we do have to
restrict ourselves to F.

For each j € J, F — m;(F) is an equivariant surjection, and thus the stabilizer
of a point of F is a subgroup of that of its image. So the cardinal of its orbit is
larger than the supremum of the cardinals of the orbits of each of its images, and
we get the top-to-bottom direction by contraposition.
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Suppose that for each j, we have p; € ;(F) a witness of the second condition:
it extends tp j (¢/B), and its orbit is a singleton (resp. bounded). Note that the orbit
of (p;); under Aut(M/A) is contained in the Cartesian product of the orbits of
the (p;);, and therefore it is also a singleton (resp. bounded). Now, by Lemma 5.7
and quantifier elimination, the map F — [ | ; 7j(F) is an equivariant bijection, so
the consistent global type corresponding to (p;); witnesses the first condition, and
we get the bottom-to-top direction. ([

Note that, given special subgroups A < B, a tuple ¢ will always be A-interdefinable
with a subtuple d which is Q-free over A (choose any of those subtuples, of maximal
length). Thus there is a natural equivariant homeomorphism between the space of
global extensions of tp(¢/B) and that of tp(d /B). Corollary 5.12 completes the
picture, and gives us easy conditions on d to check whether ¢ J}"V Borc J,bo B.

Remark 5.13. Corollary 5.12 raises one interesting question: does the orbit of
an element of || IE (F) coincide with the Cartesian product of the orbits of its
components? In other words, for p; € ;(F), is the natural (injective) map

Aut(M/A) /M Stab(p;) — [ [ Aut(M/A)/Stab(p,)
j .
a bijection? !

6. Invariance and boundedness of the global extensions of the partial types

Assumptions 6.1. Let M = ROAG, let A < B be special subgroups of M, let
A = max(|B]|, 2%)*, let ¢ = (c1, ..., cy) be a tuple from M, and suppose that
M is A-saturated and strongly A-homogeneous. Suppose ¢ is Q-free over B, and
let F' be the closed space of global types whose realizations are Q-free over M.
Foreach j € J, let pj =tp; (¢/B). A set of cardinality « is called small if M is
«t-saturated and strongly x *-homogeneous, else it is large.

By Corollary 5.12, in order to understand the global extensions of tp(¢/B) which
are invariant or have a bounded orbit under the action of Aut(M/A), one has to
understand for each j € J the global extensions in 7;(F) of p; which are invariant
or have a bounded orbit.

6.1. Partial types using equality and order.

Assumptions 6.2. On top of Assumptions 6.1 we fix M some |M|*-saturated,
strongly |M|*-homogeneous elementary extension of div(M) = DOAG.

Remark 6.3. Let d be some tuple from M. Then d = p- if and only if ¢ and d
have the same type over B in M.

Lemma 6.4. Let D be some small special subgroup of M. Let & = (a, . . ., 0ty_1)
be a tuple from M which is Q-free over D. Suppose for all nonzero f € LC"(Q),
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and for all d € D, we have f (&) & 1d, d+ 1[ (this interval of M being by convention
empty when 1 = 0). Then there exists o € Aut(M /D) such that o (&) is a tuple
from M.

Proof. Suppose by induction that we have o; € Aut(M /D) sending a; to a tuple
from M for some i < m (09 =id will do for i = 0). Let D; be the special subgroup
of M generated by Do;(a-;), which is exactly the relative divisible closure in M
of D+ ,_;Z-0oi(ar). Then, for all nonzero f € LC" " (Q), for all d € D;, we
have by hypothesis f(a>;) € 1d,d + 1[. Let us find 7 € Aut(M/D,-) such that
7(0i(et;)) € M. Then we could set 0,41 = T 0 0}, and conclude by induction.

By strong homogeneity of M, it is enough to show that any interval of M with
bounds in div(D;) U {00} containing o; (¢;) has a point 8 in M. Let I be such an
interval. If either the lower or the upper bound of / is in {#=00}, then 8 clearly exists,
one may choose some multiple of d with large enough absolute value if d £ 0, else
choose any nontrivial element with correct sign. Now, suppose I = ]d; /N1, d2/N>|,
with di € D;, Ny > 0 (by the Q-freeness assumption on &, o;(«;) € div(D;), thus
it does not matter whether the bounds of I belong to 7). Then [ has a point in
M if and only if |Nody, Nid,[ has a point in NyNoM. If M is dense, then I has
infinitely many points in M, and we can use the axioms of ROAG to conclude.

It remains to deal with the case where M is discrete. We established earlier that
the @-linear combinations of o;(@>;) do not belong to 1d, d + 1[ for any d € D;.
In particular, for every N € Z,

NiNyoi(e;) & | ) |Nadi + N -1, Nody + (N + 1) - 1]
NeZ

and by Q-freeness we also have Ny Nooi(o;) € {Nodi+ N -1| N € Z}. As aresult,
NiNyoi(a;) € IN2dy, N1da[\ INady, Nady + (N1 Ny +2) - 1], which must imply that
Nodi+ (NiN2+1)-1 < Nid, so I has at least NN, + 1 (in fact, infinitely many)
points in M, and we can also conclude with the axioms of ROAG. U

Lemma 6.5. Let « € M" be a tuple which is Q-free over B, and such that
p = tpPO%G(@/B) does not fork over A. Let D be a small special subgroup of
M containing B, and let q € S{y,;(div(D)) be an extension of p which does not
fork over A. Then g has a realization in M".

Proof. First of all, the realizations of g are Q-free over D. Let d € D, and let
f be a nonzero element of LC"(Q). By Lemma 6.4, one just has to prove that
qg(X) = f(X) €1d, d+1][. If not, then by Theorem 1.16, the interval [d, d + 1] must
have a point in div(A). By multiplying everything by a sufficiently large N > 0, the
interval |[Nd, Nd + N - 1] has a point in A, and Nd € D, so Nd € A. This implies
gia(X) = Nf(X) € INd, Nd + N - 1[, thus p(X) = Nf(X) € INd, Nd + N - 1],
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and Nf(a) € INd, Nd + N -1[. As Nd and @ are in A, we have Nf(a) € A,
contradicting Q-freeness of . U

Proposition 6.6. By Remark 6.3, let h be the natural injection
T (F) = Shoag(div(M)).

Consider the action of Aut(M/A) on Q = - (F). Then the following conditions
are equivalent:

(1) Some element of Q is invariant and extends p .

(2) Some element of Q has a bounded orbit and extends p .
(3) The partial type p- does not fork over A.

(4) The partial type p- does not divide over A.

(5) Every closed bounded interval with bounds in B containing a Z-linear combi-
nation of ¢ also has a point in div(A).

(6) For some p € Q extending p-, h(p) extends to some Aut(M/A)-invariant
type over M.

Proof. The directions (1) = (2) and (3) = (4) are immediate.

Let us prove (2) = (3). Let g € Q witness (2). For each prime [, let ¢;(X) in
S;' (M) be the partial type Pw(f(X)|n>0, feLC(Z), f #0}=tp;(0/M). Note
that g; is clearly invariant. Then the complete global type in F' corresponding to
(g<, (q)) (recall F > mw_(F)x ]_[l prime S;' (M) is a homeomorphism by Lemma 5.7,
so this type is consistent) has a bounded orbit, and thus does not fork over A, and
we get (3).

Let us prove (4) = (5). Suppose we have b, € B, f € LC(Z) such that the
formula f(c) € [b1, by] witnesses the failure of (5). Let us show that the formula
f(X) € [by, by] divides over A, witnessing the failure of (4). As in the proof of
Corollary 1.8, it is enough to find d =4 b; such that d > b,. As [by, by] has no
point in div(A), we have by, ¢ A, and thus the singletons b; and b, are both Q-free
over A. Now, by Lemma 5.7, one just has to show that tp_(b;/A) is consistent
with ]by, +o00[. If not, then all the elements in M of ]b,, +oco[ have a type over
A in M which is distinct from that of b;. As a result, by the characterization of
1-types in DOAG, there must exist in Ma point in div(A) N1by, b,], a contradiction.

Let us show (5) = (6). Suppose (6) fails. Then, by Theorem 1.16, p_ is incon-
sistent with the partial type {f(xX) € I | I € Z, f € LC(Z)}, with T the set of closed
bounded intervals with bounds in M that have no points in div(A). By compactness,
there exist finite subsets Z' C 7, G CLC"(Z) such that p_(X) = \/,ez,’gGG g(x)el.
Let D be the special subgroup of M generated by B and the bounds of the elements
of Z’. Then, for all p € Q extending p_, the restriction of p to D corresponds to a
type in Sy (D) which forks over A in DOAG.
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Suppose now, towards a contradiction, that (5) holds. Let g be the type of
Sﬁo A (B) corresponding to p-. Then g does not fork over A. By extension, let
q" € Sfioac(D) be an extension of ¢ which does not fork over A. By Lemma 6.5,
g’ must admit a reahzatlon ,B in M" (in particular ,8 Epo). Asq’ does not fork
over A, we have g(,B) glforallge G, 1 eZ. Asaresult,g. = tp<(ﬂ/D) cannot
be extended to any element of F. This means that in any elementary extension of M,
no realization of g is Q-free over M. By compactness, this means that there exist
finite subsets P € M, G’ C LC"(Q) \ {0} such that g_(X) = \/meP’gec, gA(J)?) =m

Then we can reach a contradiction by extending ¢’ once more: let D be the
special subgroup of M generated by DU P, and let g € S}, AG(1’5) be an extension
of ¢’ which does not fork over A. Then with the same argument, ¢ has a realization
¥y € M", and by hypothesis y is not Q-free over D, a contradiction with the fact
that g does not fork over A.

Suppose p € Q witnesses (6), and let us show that p is Aut(M/A)-invariant,
which would allow us to conclude the whole proof with the direction (6) = (1).
Let g € Sp AG(]VI ) be some global Aut(]\71 /A)-invariant extension of A(p), and
o € Aut(M/A). Then o extends uniquely to o', an automorphism of the ordered
group div(M), which fixes A pointwise. We clearly have i (o (p)) =o' (h(p)) (look
at the atomic formulas with predicate =, < that belong to X _, check that their
image by o is satisfied by the realizations of o’ (k(p))). By quantifier elimination
in DOAG, ¢’ is a partial elementary map in M. By strong homogeneity of M, ¢’
extends to some & € Aut(M). As o’ fixes A pointwise, so does ¢, and thus 6 (g) =¢q.
Now, we conclude that

o (p)=h~" " (h(p)) = h™" (" (quaivan) = h™" & (qaivan))
=h"' G (@ avan) =h™ @avan) =h~ (h(p) = p. O
The fifth condition of Proposition 6.6 is a very simple geometric condition, the

kind of statement that would be very satisfactory for a characterization of forking.
In the subsections 6.2 and 6.3, we look for similar conditions for the (p;);.

6.2. Partial types using a prime of finite index. For the rest of this section, we fix
a prime /.

Proposition 6.7. Let G be a torsion-free abelian group. Then for all N > 0, we
have in G® a T-definable group isomorphism between the two definable groups
G/1G and NG /|N+1g.

Proof. Let x,y € G, and N > 0. Suppose [Nx — ¥y € IN*!G. Then, as G is
torsion-free, we have x — y € [G. Thus the map

filVx+ NG x+1G
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is a well-defined group homomorphism which is clearly surjective. Now, if x ¢ [G,
then [Vx ¢ IN*1G, so the map is injective. U

Corollary 6.8. If |G has a finite index d, then () NG has index less than 2%,

Proof. Define a tree structure on [_J N>0 G /ING of root G, such that the parent
of some node x +I¥*'G is x +IVYG. Then every node has d children and the
tree has 8 levels, and thus it admits at most 2™ branches. To conclude, the map
x+ My VG (x +IYG)y is a natural bijection between G /My NG and the set
of the branches. O

Lemma 6.9. Let D be a small special subgroup of M. Suppose we have ey, e; € M
such that e\, eo € D +INM and ey — e; € lN_leor some N > 0. Then we have
tp;(e1/D) =tp,(e2/ D).

Proof. Any atomic formula with parameters in D and predicate in {0;» | m > 0} can
clearly be written 9;» (Ax —d), with A € Z, m > 0, d € D. We have several cases:

e AelZ,d ¢IM, in which case the formula always fails.
e A€elZ,d €elM,m =1, in which case the formula always holds.

e A €17, in which case A and [ are coprime. Therefore, by Bézout’s identities,
the formula is equivalent to 0;» (x — d’) for some d’ € D. By hypothesis on
the ¢;, this formula is satisfied by e; if and only if it is satisfied by e;.

e AelZ,delM,m > 1, in which case the formula is equivalent to the formula
Om-1((A/)x — (d/1)), and we reduce by induction to one of the above three
cases.

Either way, we clearly see that those formulas are satisfied by e; if and only if they
are satisfied by e, which concludes the proof. ([

Corollary 6.10. Let d be a tuple from M, which is Q-free over B. Then c? Epif
and only if for each f € LC" (Z) and each N > 0, either we have f(¢)— f(d) el M,
or neither f(¢) nor f(d) arein B+I1VM.

Proof. Any atomic formula ¢(x, ..., x,) with predicate in {0, | N > 0} can be
written ¥ (f (X)), with f € LC(Z) and Y an atomic formula on the same predicate
with one variable. As a result, d = p; if and only if tp,(f(d)/B) tp; (f(¢)/B)
for all f € LC(Z2). Fix f € LC"(2).

Suppose that we have f(¢) € B +IN M forall N > 0. For each N, let by € B such
that f(¢)—by €V M. Then tp,(f(E)/B) contains {0;v (x —by) | N > 0}. This inclu-
sion is an equality, for if O;» (f(d) by) for all N then f(d) f@©el™>m for all N
which clearly implies tpl(f(c)/B) tp,(f(a’)/B) In particular, tp,(f(d)/B)
tp;(f (¢)/B) if and only if f(d) f(©) €Ny INM.

Suppose now that there exists N > 0 such that f(¢) & B +I" M. The set of all
such N is a final segment of w. Choose N its least element. Let b € B such that
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f(©)—belN"'M (if N =1, then b =0 will do). Then, by Lemma 6.9, tp,(f (¢)/B)
is generated by the partial type

{Opv1(x =b)}U{—0on(x —b') | b € B}.
This concludes the proof. (]

Remark 6.11. If [M : [M] is finite, then by Corollary 6.8 the @-type-definable
equivalence relation {0;~ (x —y) | N > 0} is bounded (has a small number of classes)
and finer than the equivalence relation of having the same /-type over any parameter
set. Thus S;'(M) is small, and each orbit of S;'(M) under Aut(M/A) is obviously
bounded.

Moreover, the classes of this &-type-definable equivalence relation are all invari-
ant under Aut(M®4/ acl*4(2)). Thus Aut(M*®1/ acl*d(2)) acts trivially over S;'(M).

Let us recall that we adopted Assumptions 6.1 in this section: we have M a
monster model of ROAG, A < B special subgroups of M, ¢ = (cy, ..., c,) a tuple
from M which is Q-free over B, F the space of global types of tuples which are
Q-free over M, and p; =tp;(c/B).

Proposition 6.12. Suppose [M : I M] is finite. Consider the action of Aut(M/A) on
Q = S;'(M). Then p; has an invariant extension in Q if and only if every Z-linear
combination of ¢ belongs to [y (A + 1N M).

Proof. Suppose every Z-linear combination of ¢ belongs to [y (A + IV M). Then
p1(M) can be written as the intersection of A-definable sets of the form

X 1o (f(X) —a)},

with N > 0,a € A, f € LC(Z). As aresult, pj(M) is A-type definable (thus
Aut(M/A)-invariant), and its realizations deM" satisfy f(¢) — f (c?) €Ny INM
for all f € LC"(Z). By Corollary 6.10, p; is complete as an element of O, so we
get the right-to-left direction.

Suppose now that we have f € LC"(Z) and k > 0 such that f(¢) does not belong
to A+I¥M. Let p € Q be an extension of p;. By compactness and finiteness
of [M :IM], let @ € M be such that p(x) = 0n(f(X) —a) forall N > 0. As
[M: A+1*M]> 1, we must have by Proposition 6.7 the inequalities 1 < [M : kM=
[M :IMT*. Thus 1 < [M :IM]=[I*M : I**'M], so let m € I*M \ I¥*' M. Then,
by Lemma 6.9, tp;(«/A) = tp;(e +m/A). Let D be a special subgroup of M of
size < max(2™, |A|) containing A, and a system of representatives of the cosets
of Ny I M. By saturation of M, there is 8 € M such that tp;(8/ D) =tp,(ec—m /D)
(which implies B—a—m €( )y INM), and tp;(B/D)=tp;(a/D) forall j #1 (which
implies tp;(B/A) = tp;(«/A)). Then, by strong homogeneity of M, there exists
o € Aut(M/A) such that o () = B. Now, we have o (p)(X) E 01 (f(X)—a—m), a
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formula that is inconsistent with 0;c+1 (f(X) —a). As aresult, o (p) # p, concluding
the proof. U

6.3. Partial types using a prime of infinite index. We still fix a prime /, and we
assume here that [M : [M] is infinite.

Lemma 6.13. Let D be a small special subgroup of M, and a = (ay, ..., ay) a
finite tuple from M which is Q-free over D. Let § = (B1, . . ., Bm) be another tuple
from M such that tp;(B/ D) = tp;(a/ D). Then there exists ¥ = (Y1, ..., Ym) =p &

such that y; — Bi € (\y I[N M for all i.

Proof. As () IV M is large, choose by induction &; € (), I M such that &; is not
in the special subgroup generated by Daﬂs<l, and let B/ = B; +¢;. Then we have
Bi—B e Nl M, and ¢ is Q-free over the special subgroup generated by Da,B .
As a result, o (and hence (o; — /3 )i) is Q-free over D', the special subgroup
generated by D,B By Lemma 5.7, there exists in M a tuple € = (ey, ..., e,) such
thate; € () y INM for all i, and tp](e/D ) _tpj((a, B))i/D’) forall j #1. Let

=p/+e;. Then, forall j #1I, we have tpj (y/D’ )—tpj (a/D"). Moreover we have

— B €Ny INM forall i. Thus tp;(7 /D) = tp,(B'/ D) = tp,(B/ D) = tp,(&/ D),
so we conclude that y =p a. O

Remark 6.14. Recall that any discrete model of ROAG is an elementary extension
of Z. In particular, if [M : [M] is infinite for some /, then M must be dense. In that
case, the special subgroups of M (which are exactly the definably closed sets) are
its pure subgroups.

Lemma 6.15. Let («;);c; be a finite tuple from M which is Q-free over B. Suppose
that for each i € I, there exists N > 0 such that o; & B + 1" M, and choose Nj the
least of those integers for each i € 1. Then there exists (8;); =p (®;); such that
Bi —ay &1V M foreachi,k e l.

Proof. Note that by Remark 6.14, the special subgroups of M are exactly its pure
subgroups.

Let b; € B such that b; — «; € INi~! M. Suppose we can find a witness (y;); of
the statement with (;); replaced by ((o; — b;)/IVi~1); (N; will be replaced by 1).
Then we can choose g; = [Ni—1 ¥; + b;. For the remainder of the proof, we can
suppose without loss that N; =1 for every i (in particular, b; = 0).

Let V be the large F;-vector space M /M, and U < V the F;-vector subspace
(B+IM)/1p. Note that U is small: it is the image by B of M — M /[ p1. Note
also that we have o; € V \ U for every i € I. Now, let Iy € I such that (o;);ey,
is a lift of an [;-basis of the image in V /U of U+, _; F; - (a; +IM). Let D
be the special subgroup of M generated by B(«;);cs, and let U’ = (D +IM) /1M,
a small vector subspace of V containing U. As V /U’ is large, one can choose
an arbitrary tuple (B;)ic;, € M o whose image in V /"’ is F;-free. Now, for each
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nonzero f € LC/%l(Z), if m is the largest integer such that all the coefficients of f
lie in " Z, then we have

F((Bier,) €M > f((ct)iery)s F(Biicty) € BHI"T'M 3 f(@i)icr)-

Thus, tp;((«;)icr,/B) = tp;((Bi)ic1,/ B) by the same reasoning as in Corollary 6.10.
For eachi € Iy, as B; +IM ¢ U’, we have 8; ¢ D +1M, and thus 8; — oy & IM for
each k € I. By Lemma 6.13, we can suppose without loss that (8;)ici, = (¢i)ic,-

Choose o € Aut(M/B) such that o («;) = B; for every i € Iy. Let 8; = o («;) for
each i € I\ Ip. Then we have (B;)ic; =p (®;);e7. In order to conclude, we need to
show that 8; — oy & IM foreachi € I\ Iy, k € I. Choose i € I \ Iy. Then there
must exist f; € LC(Z) such that o; — f;((x)ker,) € B+1IM. Let e; € B be such
that o; — f; ((otx)ker,) —ei lies in IM. Then B; — f; ((Bx)ker,) —ei € IM, so we just
have to show that f; ((Bi)ker,) € D+IM. As o; & B+IM, some coefficient of f; is
coprime with /, which concludes the proof as (B + M )ey, is F;-free over U'. O

Lemma 6.16. Let («;); be some tuple from M. Then there exists in M a tuple (8;);
which is Q-free over B, and for which o; — i € [y IN M for every i.

Proof. One merely has to define by induction ¢; € [ /¥ M which does not lie in
the small special subgroup generated by B(a)ré<;, and choose §; = «; +¢;. U

Lemma 6.17. Let N > 0. Suppose we have fi, ..., fn € LC"(Z), as well as
Yi,....Yn €U, M/imM, such that every tuple of M which realizes p; satisfies
the formula \/; f;(X) € Y;. Then at least one of the Y; must have a point in B.

Proof. Let a; € Y; for each i. By Lemma 6.16, we can assume without loss that
(a;); is Q-free over B. Suppose towards a contradiction that none of the Y; has
a point in B. Then we can apply Lemma 6.15 to («;);, we find (8;); =p (o;);
such that, for all m > 0 and for all i, k, if ¢; € B+1"M, then B; —ay ¢ " M. In
particular, as Yy does not intersect B, we have 8; ¢ Yy for all i, k. Let o € Aut(M/B)
such that o (a;) = B; for each i. Then we must have (Ul Y;) N (Ul G(Y,-)) = .
However, as p; is Aut(M/B)-invariant, we must have p;(x) &= \/, fiX)eo:),a
contradiction. O

Let us again recall that we adopted Assumptions 6.1 in this section: we have
M a monster model of ROAG, A < B special subgroups of M, ¢ = (c1,...,¢,) a
tuple from M which is Q-free over B, F the space of global types of tuples which
are Q-free over M, and p; =tp; (¢/B).

Proposition 6.18. Consider the action of Aut(M/A) on Q = S;'(M). Let C be
the group of all Z-linear combinations of ¢. Then the following conditions are
equivalent:

(1) Some invariant element of Q extends p.
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(2) Some element of Q of bounded orbit extends p;.

(3) pi does not fork over A.

(4) p; does not divide over A.

(5) For each N > 0, we have (C+INM)N(B+I1"M)=A+I1" M.

Proof. The directions (1) = (2) and (3) = (4) are trivial.

Let us prove (2) = (3). For each prime I’ # [, we can define gy just as in
Proposition 6.6. It remains to show that there exists g. € w_(F) whose orbit
is Aut(M/A)-invariant. In some elementary extension of M, define by induc-
tion (a;);, (D;); such that D; is the special subgroup generated by Ma_;, and
a; € (\pep,lb, +oo[. Define g = tp_(a/M). Then, for all (Ay,...,A,) € Z"
and b € M, whether Zi Aia; > b depends uniquely on the sign of (%;); in the
antilexicographic sum Z", and it does not depend on b. Moreover, (a;); is clearly
Q-free over M. As a result, g is an Aut(M)-invariant (and hence Aut(M/A)-
invariant) element of 7 _ (F), and we conclude.

Let us prove (4) = (5). Let f € LC(Z) and N > 0 be such that f(¢) is
in B+INM\ A+IVM. Let b € B such that f(¢) —b € INM (we know that
b ¢ A+ M by hypothesis, and in particular it is Q-free over A as a singleton).
Let us show that the formula ¢ (X, b) := 0;v(f(X) — b) divides over A, which
implies that (4) fails. We can repeatedly apply Lemma 6.15 to find (b;); -, such
that bo = b, b; =g bj 1, and b; —b; ¢ IN M for all j #i. Then the set of formulas
{p(X, b;) | i < w} is clearly 2-inconsistent, so we can conclude.

Let us prove (5) = (1). Suppose (5) holds, and let us build an explicit invariant
element of Q which extends p;, witnessing (1). Define

F={(f,N)eLC"(Z) xw| f(&) € A+I"M}.

For each (f, N) € F, let ayn € A such that f(©) — arn € INM. Define the
partial type

p@ =P (f) —agpn) | (f,N) € FYU{=d0w (f(X) —e) | (f.N) ¢ F,e € M}.

Suppose towards a contradiction that p is not consistent with p;. Then, by com-
pactness, there exists a finite tuple (f;, N;, e;); such that, for every i, (f;, N;) € F,
and p;(¥) =\, 0% (fi(X) — ¢;). By Lemma 6.17 applied to ¥; = e; + ™ M, there
must exist i such that e; € B+INi M. As (f;, N;) ¢ F, we must have e; ¢ A+IVi M,
so e; € B+INi M\ A+I"i M. By hypothesis (5), we have p;(X) = =0 (fi(X)—e;),
which implies that p;(X) = \/k# Om (fi (X) —ex). We keep decreasing by induction
the size of this disjunction, until we inevitably reach a contradiction. As a result, p
must be consistent with p;, and it is clearly Aut(M /A)-invariant. This partial type is
of course complete as an element of Q, because every atomic formula with predicate
in {0;» | N > 0} and parameters in M either lies in p, or its negation lies in p. [J



312 AKASH HOSSAIN

7. Computation of forking

Let us prove Theorem 2 and Theorem 3.

Theorem 7.1. Let M = ROAG, let A, B C M, let k = max(JAB|, 2%, and let
c=(cy,...,cp) € M". Suppose M is k-saturated and strongly k -homogeneous. Let
C be the subgroup of M generated by ¢, and A’, B’ the special subgroups generated
by A, AB. Then the following conditions are equivalent:

« N B
ALY
« ¢ B.
o tp(¢/AB) has a global Aut(M®/A U acl®d())-invariant extension.

o The following conditions hold:

(1) Every closed bounded interval of B’ that has a point in C already has a
point in div(A").

(2) For all primes 1, if [M :IM] is infinite, then for all N > 0 we have
(CH+INMYNB' +INM)=A"+IVM.

Moreover, ¢ J,igv B if and only if the above conditions hold, and, additionally,
for every prime | for which [M : IM] is finite, we have C € A’ +(\y-o ! M.

Note that, if ¢ L% B, then tp(¢/AB) divides over acl®d(A). Thus it does not admit
any global Aut(M®1/A U acl®d(@))-invariant extension.

Proof. Firstly, we have A’ = dcl(A) and B’ = dcl(AB) by Corollary 5.11. Thus we
have ¢ L, Bifand onlyif ¢ L ,, B forevery L € {1f, 19, [P, [I"}. Secondly, given
¢ =(c}, ..., c,) amaximal subtuple of ¢ which is Q-free over A’, ¢ and ¢’ are A-
interdefinable. Thus one can show that for all of those independence notions we have
¢l B ifandonlyif ¢’ L, B'. Likewise, tp(c/AB) has an Aut(M®1/AUacl®(@))-
invariant extension if and only if tp(¢’/B’) has an Aut(M®4/A’ Uacl®d(@))-invariant
extension.

If & was not Q-free over B’, then one could show that & 9, B’ (hence ¢’ f,, B,
c J’,l}{’, B’, and tp(¢/AB) does not admit any global Aut(M®d/AUacl®d(2))-invariant
extension). Moreover, condition (1) would fail on some singleton of B\ A witnessing
the fact that ¢’ is not Q-free over B.

Suppose ¢ is Q-free over B'. For each j € J, let p; =tp;(c’/B’), and let F; be
the image by 7; of the space of complete global types with realizations that are
Q-free over M.

If condition (1) fails, then p. divides over A’ by Proposition 6.6, and if condition
(2) fails for some [, then p; divides over A’ by Proposition 6.18. Either way, we
have ¢’ L ,, B’ for every | € (Uf, 19, [Po, [invy,
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Suppose conditions (1) and (2) hold. Then p_ extends to an Aut(M/A’)-invariant
(thus Aut(M*4/ A’ Uacl®d(@))-invariant) element of F_ by Proposition 6.6, and, for
every prime [ for which [M : 1 M is infinite, p; extends to some Aut(M/A’)-invariant
extension of F; by Proposition 6.18. By Remark 6.11, for each prime / of finite
index, any global extension of p; is automatically Aut(M®1/A’Uacl®d(@))-invariant,
and thus it follows that tp(c’/A’B’) has a global Aut(M®1/A’ U acl®d(@))-invariant
extension. Moreover, by Remark 6.11, we know that p; extends to some element of
F; of bounded orbit under Aut(M/A") for every prime [ for which [M : 1 M] is finite.
By Corollary 5.12, & [* B’, so ¢’ If,, B' and ¢’ 1%, B'. Moreover, by Corollary 5.12,
we have ¢’ ™Y B’ if and only if, for every prime / for which [M : IM] is finite, p;
extends to some Aut(M/A’)-invariant element of F;. Then we can conclude using
Proposition 6.12. ([

Corollary 7.2. We have 1f = 15" jn ROAG, where ¢ \I,S: B, Shelah-independence,
is equivalent to tp(¢/AB) having a global extension which is Aut(M®4/ acl®(A))-
invariant.

Proof. Shelah-invariance is a weaker condition than being Aut(M®1/A U acl®d(2))-
invariant, which is weaker than nonforking in general. The other direction follows
from the theorem. O

We know (see Remark 1.5) that in any NIP theory, |f coincides with 1™ over
models. We can now refine that result for ROAG:

Corollary 7.3. Let A’ be the special subgroup generated by A. Then |f, = J}gv if
and only if A’ + (\y [N M = M for all primes | of finite index.

Moreover, [f = ™ if and only if for each prime 1, either M is I-divisible, or the
index [M : IM] is infinite.

References

[Chernikov and Kaplan 2012] A. Chernikov and I. Kaplan, “Forking and dividing in NTP, theories”,
J. Symbolic Logic 77:1 (2012), 1-20. MR

[Dolich 2004] A. Dolich, “Forking and independence in o-minimal theories”, J. Symbolic Logic 69:1
(2004), 215-240. MR
[Farré 2017] R. Farré, “Strong ordered Abelian groups and dp-rank”, preprint, 2017. arXiv 1706.05471

[Gravett 1956] K. A. H. Gravett, “Ordered abelian groups”, Quart. J. Math. Oxford Ser. (2) 7 (1956),
57-63. MR
[Haskell et al. 2008] D. Haskell, E. Hrushovski, and D. Macpherson, Stable domination and indepen-

dence in algebraically closed valued fields, Lecture Notes in Logic 30, Cambridge Univ. Press, 2008.
MR

[Hils and Mennuni 2024] M. Hils and R. Mennuni, “The domination monoid in henselian valued
fields”, Pacific J. Math. 328:2 (2024), 287-323. MR

[Hossain 2024] A. Hossain, “Forking in valued fields and related structures”, preprint, 2024. arXiv
2409.16393


https://doi.org/10.2178/jsl/1327068688
http://msp.org/idx/mr/2951626
https://doi.org/10.2178/jsl/1080938838
http://msp.org/idx/mr/2039358
http://msp.org/idx/arx/1706.05471
https://doi.org/10.1093/qmath/7.1.57
http://msp.org/idx/mr/91955
https://doi.org/10.1017/CBO9780511546471
https://doi.org/10.1017/CBO9780511546471
http://msp.org/idx/mr/2369946
https://doi.org/10.2140/pjm.2024.328.287
https://doi.org/10.2140/pjm.2024.328.287
http://msp.org/idx/mr/4739701
http://msp.org/idx/arx/2409.16393
http://msp.org/idx/arx/2409.16393

314 AKASH HOSSAIN

[Hrushovski and Pillay 2011] E. Hrushovski and A. Pillay, “On NIP and invariant measures”, J. Eur.
Math. Soc. (JEMS) 13:4 (2011), 1005-1061. MR

[Mennuni 2022] R. Mennuni, “The domination monoid in o-minimal theories”, J. Math. Log. 22:1
(2022), art. id. 2150030. MR

[Robinson and Zakon 1960] A. Robinson and E. Zakon, “Elementary properties of ordered abelian
groups”, Trans. Amer. Math. Soc. 96 (1960), 222-236. MR

[Simon 2011] P. Simon, “On dp-minimal ordered structures”, J. Symbolic Logic 76:2 (2011), 448—460.
MR

[Simon 2013] P. Simon, “Distal and non-distal NIP theories”, Ann. Pure Appl. Logic 164:3 (2013),
294-318. MR

[Starchenko 2008] S. Starchenko, “A note on Dolich’s paper”, preprint, 2008, available at https://
modnet.imj-prg.fr/preprints/papers/archive/131.pdf.

[Tent and Ziegler 2012] K. Tent and M. Ziegler, A course in model theory, Lecture Notes in Logic 40,
Cambridge Univ. Press, 2012. MR

[Weispfenning 1981] V. Weispfenning, “Elimination of quantifiers for certain ordered and lattice-
ordered abelian groups”, Bull. Soc. Math. Belg. Sér. B 33:1 (1981), 131-155. MR

[Zakon 1961] E. Zakon, “Generalized archimedean groups”, Trans. Amer. Math. Soc. 99 (1961),
21-40. MR

Received 8 Nov 2024. Revised 17 Jul 2025.

AKASH HOSSAIN:

akashoss42 @gmail.com

Institut de Mathématiques d’Orsay, Faculté des Sciences d’Orsay, Université Paris-Saclay, Orsay,
France

Current address: CEA-LIST, Site Nano-INNOV, Palaiseau, France

:'msp


https://doi.org/10.4171/JEMS/274
http://msp.org/idx/mr/2800483
https://doi.org/10.1142/S0219061321500306
http://msp.org/idx/mr/4439585
https://doi.org/10.2307/1993461
https://doi.org/10.2307/1993461
http://msp.org/idx/mr/114855
https://doi.org/10.2178/jsl/1305810758
http://msp.org/idx/mr/2830411
https://doi.org/10.1016/j.apal.2012.10.015
http://msp.org/idx/mr/3001548
https://modnet.imj-prg.fr/preprints/papers/archive/131.pdf
https://doi.org/10.1017/CBO9781139015417
http://msp.org/idx/mr/2908005
http://msp.org/idx/mr/620968
https://doi.org/10.2307/1993441
http://msp.org/idx/mr/120294
mailto:akashoss42@gmail.com
http://msp.org

Guidelines for Authors

Authors may submit manuscripts in PDF format on-line at the submission page.

Originality. Submission of a manuscript acknowledges that the manuscript is original and and is not,
in whole or in part, published or under consideration for publication elsewhere. It is understood also
that the manuscript will not be submitted elsewhere while under consideration for publication in this
journal.

Language. Articles are usually in English or French, but articles written in other languages are
welcome.

Required items. A brief abstract of about 150 words or less must be included. It should be self-
contained and not refer to bibliography keys. If the article is not in English, two versions of the
abstract must be included, one in the language of the article and one in English. Also required are
keywords and a Mathematics Subject Classification for the article, and, for each author, affiliation (if
appropriate) and email address.

Format. Authors are encouraged to use IATEX and the standard amsart class, but submissions in other
varieties of TX, and exceptionally in other formats, are acceptable. Initial uploads should normally be
in PDF format; after the refereeing process we will ask you to submit all source material.

References. Bibliographical references should be complete, including article titles and page ranges.
All references in the bibliography should be cited in the text. The use of BIBTEX is preferred but not
required. Tags will be converted to the house format, however, for submission you may use the format
of your choice. Links will be provided to all literature with known web locations and authors are
encouraged to provide their own links in addition to those supplied in the editorial process.

Figures. Figures must be of publication quality. After acceptance, you will need to submit the original
source files in vector graphics format for all diagrams in your manuscript: vector EPS or vector PDF
files are the most useful.

Most drawing and graphing packages — Mathematica, Adobe Illustrator, Corel Draw, MATLAB,
etc. — allow the user to save files in one of these formats. Make sure that what you are saving is vector
graphics and not a bitmap. If you need help, please write to graphics @msp.org with as many details
as you can about how your graphics were generated.

Bundle your figure files into a single archive (using zip, tar, rar or other format of your choice)
and upload on the link you been provided at acceptance time. Each figure should be captioned and
numbered so that it can float. Small figures occupying no more than three lines of vertical space can
be kept in the text (“the curve looks like this:”). It is acceptable to submit a manuscript with all figures
at the end, if their placement is specified in the text by means of comments such as “Place Figure 1
here”. The same considerations apply to tables.

White Space. Forced line breaks or page breaks should not be inserted in the document. There is no
point in your trying to optimize line and page breaks in the original manuscript. The manuscript will
be reformatted to use the journal’s preferred fonts and layout.

Proofs. Page proofs will be made available to authors (or to the designated corresponding author) at a
Web site in PDF format. Failure to acknowledge the receipt of proofs or to return corrections within
the requested deadline may cause publication to be postponed.



Model Theory

no. 3 vol. 4 2025

Classification properties for some ternary structures
ALBERTO MIGUEL-GOMEZ

Infinite cliques in simple and stable graphs
YATIR HALEVI, ITAY KAPLAN and SAHARON SHELAH

Forking and invariant types in regular ordered abelian groups
AKASH HOSSAIN

203

231

251



	 vol. 4, no. 3, 2025
	Masthead and Copyright
	01
	1. Introduction
	2. Conventions and preliminaries
	2.1. Fraïssé's theorem
	2.2. Generalised stability theory
	2.3. A primer on independence relations
	2.4. Relative Kim-independence

	3. Basic properties
	3.1. Definition of the H_4-free 3-hypertournament
	3.2. Existence of invariant extensions

	4. First proof of NSOP_4
	5. ≤_K-independence
	5.1. Defining ≤_K-independence
	5.2. A criterion for the strong witnessing property

	6. Second proof of NSOP_4
	6.1. Triviality of Conant-independence
	6.2. Relative Kim's lemma

	Acknowledgments
	References

	02
	1. Introduction
	Organization of the paper

	2. Preliminaries
	Stability and simplicity
	Graph theory

	3. Infinite cliques
	Simple graphs
	Graphs with stable edge relation

	4. The chromatic spectrum
	Appendix: An example by Hajnal and Komjáth
	Acknowledgments
	References

	03
	Introduction
	1. Forking in DOAG
	1.1. Cut-independence
	1.2. Outline of the proof
	1.3. Valuations
	1.4. Orthogonality and tensor product
	1.5. Relation to Dolich-independence

	2. How to glue types via ad hoc valuations
	2.1. Basic definitions and classification of the cuts
	2.2. Weak orthogonality
	2.3. Tensor product

	3. How to build a block extension
	3.1. The Archimedean case
	3.2. Archimedean groups
	3.3. The ramified case
	3.4. Gluing everything together

	4. Normal forms
	5. Regular ordered abelian groups
	5.1. Quantifier-free types in the Presburger language
	5.2. Basic properties of regular groups

	6. Invariance and boundedness of the global extensions of the partial types
	6.1. Partial types using equality and order
	6.2. Partial types using a prime of finite index
	6.3. Partial types using a prime of infinite index

	7. Computation of forking
	References

	Guidelines for Authors
	Table of Contents

